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A FULL-INFORMATION BEST-CHOICE PROBLEM WITH ALLOWANCE

Fuk? BEYE  XEAA Mitsushi Tamaki)
0. INTRODUCTION |

The basic form of Lhe full-information best-choice problem, originally studied
by Gilbert and Mosteller (1966) can be described as follows: Let Xi, i=1,%,...,n be
the value attached to the i*" item and suppose that XI,X;,,,,,Xn are independent
and identically distributed random variables froﬁ 2 known contfnuous distribution
functfon F. On arrival of the)i‘h item, we observe X: and decide inmediately
either to accept or reject this itenm, weighing the po?sibility of obtaining a better
item against the risk of losing the current item, The objective is to maximize
the probability of choosing fhe overall best, i,e,,the item which has the largest
value among all, assuming no solicitation of the previously rejected item~ If the
n-1 items have been rejected, the last one must be accepted, Generalizations and
thensions of this problem were made by Pefruccelli(lQSZ) and Tamaki (1986)

In the real situation, though the chosen item is not the overall Best, we will
be satisfied with it if its value is sufficiently large compared with the overall
best, This motivates our problems, In Séction [, an allowance function AL) will
be introduced, Let x be the value of the chosen item and y be the largest value
among all, then this selection is a success il x2y- o(y). We seek an optimal

strategy, which maximizes the probability of success,

l,  ALLOWANCE MODEL

Here Xy, Xz,..., Xo are assumed to be independent and identically distributed
non-negative random var{ables from a known continuous distribution funcfion F (x)
F(x) is also assumed to be increasing on the set where 0<F (x)<l.

Let Yy=max {X(, Xz, ..., X5}, 1SjSn, and p(y) be a prescribed allowance function
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defined on[0,®): Then the state of the decision process after having observed
Xl,Xz,._,,Xn;kicanwbe‘ﬁescriqu as (x,y, &), 0SxSy, 0Sk<n, if Xa—x=x and Y,-x=y(note
that k represents the number of the remaining observations available) and choosing

Xn-x in this state can be regarded as a success if Yo- Q(Va) SXa-xSYo,

‘To make the subsequent analysis simple, we put the following two assumptions

on Q(y).

(AL} pP(y) is 2 continuous function of y with 0S p(y)ém

(A2) y- oy is non-decreasing in y,

(A1) is a natural assumption, .Now let
B={{x, y) : y-ply) Sxgy |,
then (AZ)‘assurés that, for each k, it is not optimal to accept Xa-x in state
(x,y,%) for which (x,y)¢ E. This is easily seen because, under (A2), if (x, y)¢ E
then (x,Y')¢ E for y'2y and because the maximum value observsd so far does nol |
decrease as time goes, This is why we.confine our attention to state (x,y, k) for
which (x, y)€ E. It (x, yJE B, x is called a candidate with respect to y (sometimes
x is simply called 2 candidate), It»should be noted that
qnder (Az), if x is 2 candidate with respect to y, then
x is also a candidate with respect to y' when (x3)y'<y, ey
Défine
/9(x)=s‘up r: ,y)EE}.

, fﬂx) then represents the maximal value of y, for whifh x remzins candidatg,, It
follows from(Al) and (A2) thaﬁiﬂ(x) is increasing ?n x where F(ﬁ(x))(l, but possibly

have several discontinuily points. To guarantee that /3(x) is a continuously



increasing function, (A2} must be replaced by
(A2)'  y-ply) is increasing iny,

Two typical cases of (O(y) which satisfy (Al) and (A2) are as follows.

Corresponding IB(x) is also given:

Example | (proportional ailowance)

el =ry,  y20
(H(X) =x/F, x20 where T=l-r and 05:1<lL,

Example 2 (constbant allowance)
P =minly, ¢}, y20 and >0
F(x) =xtc, x20.
Example 1 satisfies: (A2)' but Example 2 does not satisfy (A2)'.

In state (x,y, k}, we have two alternatives; acceptance(stopping) and rejection
(continuance), Let sk {x,y) be the probability of success when we accept the
candidate and ¢« (x,y) be the corresponding probabilivt’y when we assume continuation
in an optimal manner, It is easy to see that s« {x,y) (cx(x,y)) depends on (x,7y)
only through x (y). So we simply write s« (x) and cx(y) for them  Put, for (x, y)€EE
and 05k<n, | | -

Vi (%, y) =max s« (x), ck(§)}.- , (1, 2)

Then we have the following recursive relations

s;(x)={F(ﬁ(x))}". v0§k<u o . | (1. 3)

e (1) =F (5=p(5)) cacs 0413w vac (6 30 AF ) 415 vacs (1 1) 47 (1) (1. 4)

: : 12k<n,

with the boundary condition co (y) =0,
Eq. .(l, 3),“ immediate Siuce all the remaining observations must have values not
greater fl;an ’F(x)’ fo‘r .our .sclecti;n X;_x to bé 2 sucéess. After zleaving state

(x, 7, %), Xn-xs+: is observed but rejected if it is not a candidate, i,e,,
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Xn-x+<y-ply).  Otherwise state makes tramsition into (t,y, k=1 or (t, t, k-1):
depending on wﬂether Xn-x+13t<y o1 Xa—x+1=t2y, This yields Bq. (1. 4). Note that
Bq. (1. 2) for k=n-1 is defined only for x=y due to‘X|=Y1 ahd the proﬂabiliiy of
success is calculated as §5 va—y (%, x) dF (x)

We start with the following lemma,

Lemma |, 1, Assume that (Al) and (AZ) hold. Then, for each k,

¢x (y) is continuous and non—increasing in vy,

Proof. Denote by ¢, i=1,2, an optimal strategy followed after leaving state
(x, ys, k), where yiDyz(2x) and compare the following two situations:

situation 1: We leave (x, y1, k) and use G|,

situation 2: We leave (x,yz k) and use &'y,
It is easy to see from (I, 1) that the success in situation [ is alsova success in
situation 2, Thus the probability of success in situvation 2 is at least as large as
cx (y1), and consequently cu{yz)2cx{y:).. Continuity follows by induction on k from

(L. 4).

Remark, We can prove dcy (y) /dyS0 by induction on k assuming all.differentiability
required,. Let f({t)=dF(t)/dt, then differentiating formally both sides of (I, 4) :
yields | » | |
ck’(y)=é(yip(y))ck-ﬂ (y)

! -0 1 {y-p() fve-i (y=ply), ¥} -c-c (y))

F3= pon (7o (4, 1) Z3¥1 AR (1),
tx—1(y) and ve—( (t,y) are non-increasing in y from.the kn@uciibn hypothesis and
_l-ﬂ'(y)éO from (Ai).' Henc?, each term in the right Side of thé above equation is

non-positive and ¢\ (y) 20,
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Let, for 05k<n,
Ge={(x, ¥J € B: s (x}2cx(y) }.
Then it is optimal to accept the candidate in state (x,y,k) for which (x, y)€ Gy

Since, under (Al) and (A2), sw(x) is increasing in x, where s. (x)<I (because Blx)

is increasing), the following theorem is an immediate consequence from Lemma I, I,

Theorem I, 2. Assume that (Al) and (A2) hold. Then, for‘k;l, there exist two
critical numbers |

ac=inf fys s (y)2ex (v) ), ' ' (L 5)

be=inf {y: sx (- 00) 2ex () 1, o | (L. 9)
and 2 non-increasing continuous function

P ly)=inf (x: su (x) 2cu (y) } ‘axﬁ.yébx, ' (.1
such that

6x={(x, y) + P (¥) xSy, axSyshu JU{(x, y) ¢ y-00y) $x5y, bely ),
When k=0, a2o=bo=0 and Go=E.
Remarks, (1) 11 X; is bounded, i, e, there exists A such that F(t)=1 for t24
then a.§A~ﬂ(A) sincé sx (x) =1 for x2A-p(A)
{2) Assume that (Al} and (A2)' hold, - Then ﬁ(x) is continuously increasing and so
is s« (x), where sx (x)<I.- Hence, in this case, (1.5)—(1.7) can be reduﬁed to the
following forms:
a, 15 the unique root y of the equation
s (y) =ea (y) | S L)

bx is the unique root y of the equation

sx (y=plv)) =cx ly) N (L 6"
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and Jx (y) is the unique root x of the equation

Sk (x)=culy), axSyShe . : (.n'

Lemma [, 3., Assume that (Al) and (A2)' hold, Then

Gx+1§Gx, 0§k<n~l,

Proof! Let k*>0 be the smallest k such that GyFE. Then,-by'the cpntinuity
property ofrsk(x) and cx (y), there exists a non-empty set (subset of Gi) defined by
Ge={(x, ) EGx: x=F (y) }, k2k*
To prove the lemma, it is sufficient to show tha}, for (x,y)Eﬁh
| Cawt (¥) 25 wer (x), | - (L 8)
From (I.4) and the assumption that (x, y) €Gy, | | |
Cart (V) =F (y-L5)) e (Y) +15- 0n v (8, ¥) dF (t)
Hx vt y) dF () +15 v (L, 1) dF (1) |
=F (y-p()) ox (1) +13- w0 (9) 4F (1) 413 5 (1) 4F 1)
=F (x) o (y) +1% su (t) dF (t)
=F (x) sx (x) $§3 sx (L) dF (1),
where the last equality follows since ¢x (v)=sx (x}) on (x,y)Eﬁ... Thus, {rom the
moﬁotonicity property of sx(t) with respect to t,
Cirt (¥) =5k (x)
=F (x) sx (x) 415 sx (t) dF(t) =5k (x)
2F (x) sx (x) +sx (x) f% dF (x) -sxe0 (x)

=5y {x) =Sx+1 (x)

={l-F(F(x))}{F(ﬁ(ﬂ)l y

13V

0,

which proves (L. 8),
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Vkemarh Example 2 (constant ailowance) does not satisfy (A2)', but it is easy to
show by induction that ay by, and Puly) can be determined by (L 5)'-(L.7)" and
Lemma [, 3 still holds if F(2;)<I. We can acLiev; success witﬁ certainty if F(2¢)=I.
In this case, there exists a finite number A such that A=inf {x: F(t)=l, t2x }<2c,
Hence, we employ a strategy which accepts an item whose‘valug exceeds A-c and, if

no such item appears in the first n-1 observations, abcepts the last item,

What is left is to determine the sequences. of the decision numbers f{a.} and
(Bk}, and the sequence of fhe decision functfon‘fx(y) for 1xSyShy.  Hereafter we
-assume (Al) and (A2)’, unless otherwise specified_ Letting k=1 in (1.3} and (I, 4)
yields
s (x).=F (plx)), |
¢ (y) =1-F (y-ply)).

Thus, frem (1. 5)'-(l.7)", a, is the unique root y of the equation

F(FW)) 4F (y-p0)) =1, I | (L. 9)
b, is the unique root y of the equation

Flr) +F (r-plr)) =1, o (L. 10)
an‘d | ) .

Fol=Ft les () -0 (en (). )

For %22, corresponding quantities are difficult to be obtained by solving
recursively (1, 2)~{l.4). Repeated use of (I.4) yields, for yDO,
x (1) =32 IF (r= () 1= 1032 orr e (8 1) 4F (0 455 vac (2, 1) 4F (1)1,
In particular{ for y2bx=y, »
Cx (y)v =220 [F(y-ply))] - e F (B XTER (1), ' - (L 1)
which follows because the optimal strategy, after leaving state (x,y,kL

immediately accepts a candidate that appears due to the monotonicity property of
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Gx given in Lemma 1. 3. This makes it easy to calculate by,

Lemma [, 4, The decision humbef bx, 12k<n, is the unique root y(be—n) of the
equation

PO =g F =P ] - o (F(AMDT2ER (). (L 13)

Proof. From (L. 6)', by« is the value of y which equates Sx(y~p(y)) with ¢y {y),
Thus the result is immediate from (l.12), since bx2bx—, from Lemma I, and

sk(y-p(y))=(F({9(Y-(J(Y))}“={F(y)}“ from the definition of A().

Remark. Let O(y)=0 and denote by tx the corresp;nding decision number by, Them
from (1, 13), tx satisfies |

(Fp) ) *=Z, 20 (F(y) )70 (F())*0dF (1) (1.13)"
or equivalently

{Fi)) =22 (F AR () )X/ (k=i 1),
This is the well known result in the full-information best-choice problem(see

Gilbert and Mosteller 1966 or Sakaguchf 1973)

The following lemma provides an algorithm for calculating ax and P« (y) for
2xSyShy, when 2., by, and % (y) for a.SySb, and 1Ss<k are given, We use notation

Ty=1(b;-y, by, izl

Lemma 1.5 2, by, and Pi(y) for a,SySby are calculated from (1, 9)-(L.11), Assume
that a, bs, and S (y) for a.SySb, are known, where [Ss<k (28k<n),. First solve
be from (I, 13) and let i (I1Si<k) be the integer such that ax—,€l,. Then ¢\ (y) for

©ag-15y8hy, Ak, and‘?k(y) for axSysSbyx can be calculated asvfbllows:
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(i) Let

(M RR@), 2k
Al(y) = :
. 1. P=k

and define, for igjsk,

{ (ak"h bi]r ]:1
I;'=
Iy, i<jsk,

Then, for ye€l,’,
ox (v) =4 U)Z}:é{F(f-P(Y))}""’!?— My; {F(ﬁ(X))# dF (x) ‘U.14)
+2;:}21+1(y)53;<y>lF(ﬁ(x))W dF(xi, |
wherevthe vacuous sum is assumed po"be 0,
(i) 2a is the wnigue root y in {ax-s, bs] of the equation
su (1) =exly)
(iii)

\7&(y)=F”‘(5ch(y))~ﬁ(F“(&/ck(yi)) , xSyShy , (1. 15)

Proof, Fix y€I,’ for given j and define

Sl sl
d! (y)=
!

(72
A

y-ply), 08f5j-1.
Then it is easily seen from Lemma [, 3 that, after leaving sfate {x, y, k), the optinmal
strategy immediately accepts Kn-p, 08¢<k, il Xn;,;dg(Y). Thus
cx (Y) =258 Me2ztaF{ds ()} IS, o0 s (x) AF (x),
which, comhiﬁed with (1, 3), vields (1.14); (ii) and {iii) -are from (1.5)" and

(L.n'.

Remark, It is easy to see from remark of Lemma 1,3 that Lemmhs I.4 and f.5 hold

for Example 2(constant allowance) with F(2¢)<l.
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In principle, repeated use of Lemma l.5_§uccessively determines
a1, by and Pu(y) for yElay, b.]

12, bz and F2({y) for yElaz, b,]

When F is a uniform distribution on [O,i], some simpiification can be done in
calculating the decision numbers and the decision functions for Examples | and 2
Taking account of |

t/1 (proportional‘alléwahéﬂ
g {
t+c (comstant allowance)
we have, for x<{l-p(l), - | |
T F(BE)I=dF (1) =x= @ (B} mdt+fi- o dt
r+7 {1- {x/7) ™) /. {m+1) (proportional allowance).
—{.c+ll—(x+c)”*‘}/(m+l) (congtant allovance)

Hence, the following corollary is immediate from Lemmas [, 4 and [, 5,

Corollary 1.6, Assume that F{) is a uniform distridbution on [0,1]. Let, for
fixed k,
: H B A ) £<k
Z.g(”= :
L, I
then (1. 13)- (L. 15) can be written as follows: -
(i) Example ! (proportional allowance)

bx is the unique root y in (bx-:, 1] of the equation

yR=Z 5y (Fy) 20 (0 (L-yY) /1)



For y€I," (igjsk),
e (1) =A (NS 326 (ry) =2 {rtr (1-y#* 1) / (0t 1)}
253 A ga s (1) 04T {1-(H (1) /D2 11/ (04 D))

and
P ly) =t lex (y)] 7"

(ii}) Example 2{comstant allowance with 0<c<1/2)

be is the unique root y in {(bx-y, [] of the equation

ye=Z 20 (y-¢) *70 (et (1-y') /i),
For y€I,' (i$jsk),
cx (y) =A, (Y)Z}’:é (y=c) PP {ct (I-y2+Y) / (p+1)}

12558 Apwr (y) et [I-(F (y) #e) #+1]1/ (g4 1) )
and

S ly)=lex{y)] ' 7*-c,

177

Note that the smallest possible value of x to be accepted in state (x,y,k) is

bk-p(bx),' Hence, we may well conjecture that tkg’bk—‘o(bk),kgl, for any allowance

function satisfying (Al) and (A2)', where tk‘as defined in (1, 13)' is the decision

number of the corresponding non-allowance problem  However, this conjecture is not

true, The following corollary gives an example for which t.{bx—p(byx) holds for some

k,

Corollary L7, Let ply) be

{p(’y)éo, xSt
)0, x>

for fixed d such that t«Sd for some %22 ThEH't;<bx—{J(bk). '

Proof,' Define; for x20,

— 11—
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He (x) = (F(B(x)) ) *-Z80 (F(x)} 7465 (F(B(t))) *~2dF (1), (L. 16)
Then, when x2bx-1-p(bx—y), Hx(x) can be-expressed as |
He (x) =5k (x) —cx (B(x)),
because substituting y=p(x) into (L 12) yields
e (B =T B 01T (R (M) AF (1), x2baoumplbxea).
Considering that, from Lemms 1, Wa () is incressing in x when 12beoi-p(bany) and
that bu-p(by) is,- from (1,6)’.‘the uﬁique root x of the equation s;(i)=cx{ﬁ(n),
we find . | |
Ha ()20, 22 plb),
Thus, to prove txCby-pibu), it sulfices to Show H (10 <0,  Since Ly sabisfies,
from (L 13)', . -
(Ftad b X717 aF (6) = {F (L) D X320 AF (6 )70 (F A2 eaF (), (1, 17)
we have, from (l..16) and (I, 17), |
Ha (00 = F (B0 )T *SE2E (F (12705 (F (BI0)) =2 F (1) - (F (14) ) 2467, 4F (1)
SLF (B ) = F (1S5 (P L1717 (IR (BT A0 (R )] 2] dF
S3rEl F(0)1 0747 LFG0)) - (F (1)) ] dF (1) |
Q (when k22, o |
where the last equality follows from BlU)=t for tSd and the inequality follows [rom

p(f))t for tod,

It is of interest but difficult to investigate how the prbbability of success
depgnds on the uanderlying distribution F and the allowance fumction employed,
Before concluding this section, we make, for Examples | and 2, simple comparisons-:

between a uniform distribution on ([0, 1] and a triangular distribution on [0, 1] when

n=2. Denote by P(Success|F) the probability of success under an bptimal policy



when the underlying distribution is F. We accept the first item if X,2a( but

continue and observe the second item if X,<a.. Hence,

P(Subcesle)=Sr {l-F(t-p(t))}dF(i)+STIF(ﬁ(t))dF(t)

Let
x, 02xsl
Fu (x) =
{1, ol
and ‘
x%, 08xsl
Fr (X) = {
I, 21,

Wé have, from,straightforward calculation,

(i) Example [ (proportional allowance)
P(Success|Fy)=1-T/247/2 (147%),
P(Success|Fs)=1-T2/2472/2 (14T*),
P{Success|Fr)-P(Success|Fu)

T2 (-T2 + (1-T) T4 /2 (1472) (147*)

H]

1)V

0,
and

(ii) Example 2({constant allowance with ¢<1/2)
P(Success|Fu)=3/44c-c?
P(Success|Fr)=3/4+4c/3-2¢c%44c*/3
P(Success!FT)-P(Succesleu)

=¢ (l1+¢) {1-2¢) 2/3

v

0.

Does the inequality P (Success|Fr) 2P (Success|Fu) correspond to the stochastic

order relation Fr(x)SFu(x)? The answer is negative. Let

Fa (x) =1-exp (-Ax), x20 and AD0,
Then, for the constant allowance case,

P(Success|Fr)=1-exp {(-2Ac) /2 {exp (Ac) +exp (-Ac)},

which is clearly increasing inA. Thus P(Success|Fa ) 2P (Success[Fa, ) goes together

with Fa (x) 2B, (x) Tor A2,
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