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The hypergeometric function and WKB solutions

By

Takashi AOKI? Toshinori TAKAHASHI*and Mika TANDA***

Abstract

The hypergeometric function is a constant multiple of the Borel sum of the WKB solution
of the hypergeometric differential equation with a large parameter which is recessive at the
origin. The constant can be computed explicitly.

Introduction

The aim of this article is to relate the hypergeometric function containing a large
parameter to the WKB solutions of the hypergeometric differential equation with the
large parameter. It is well known that the hypergeometric differential equation

2

d“w dw
(0.1) x(l—x)w+(c—(a+b+1)x)%—abw—0,

has a solution defined by the hypergeometric series
o0
n b n
(0.2) F(a,b,c;x) = Z Mm”

which is convergent in the unit disk with the center at the origin in the complex plane
and defines a holomorphic function called the hypergeometric function (cf. [4], [5]).
Here the Pochhammer symbol (a), stands for a(a + 1)(a +2)---(a +n —1). If a
solution w of (0.1) is holomorphic at the origin, then it is a constant multiple of the
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hypergeometric function. The hypergeometric function can be analytically continued
to a multi-valued holomorphic function defined in C — {0,1}, which is also called the
hypergeometric function. We put a large parameter 7 in (0.1) by setting

1 1
(0.3) a=§+om, b=§+ﬁn, c=1+n.

Here «, 8 and 7 are complex constants. Next we eliminate the first-order term of (0.1)
by introducing a new unknown function ):

(0.4) w:x_%_%ﬂ(l—x)_%_ww
The equation for v has the form

d? N
05) (- 2z +PQ)v =0,

where the explicit form of @) is given in §2. The WKB solutions of this equation are,
by definition, formal solutions of the form

e [ 502,

oo
Here S = Z n7 S, is a formal solution of the Riccati equation
j=—1

ds
(0.6) =+ S% =n?Q

associated with (0.5). If we take a suitable normalization of the integral in a WKB
solution 1, it is Borel summable under some assumptions and the Borel sum of v is an
analytic solution of (0.5). Thus we arrive at the following natural question: What is
the relation between the solution of (0.5) coming from the hypergeometric function and
the Borel sums of WKB solutions?

Partial answer to this question has been obtained by the third author [10], where
the relation between a basis of the solution space consisting of hypergeometric func-
tions and another basis given by the Borel sums of WKB solutions is obtained up to a
multiplicative constant by comparing the monodromy matrices.

In this article, we employ another method and give an answer to our question for
F(a,b,c;x) including the determination of the constant that is left undermined in [10].
We use a special way of normalization for WKB solutions, namely, normalization at the
origin, one of the regular singular points. Using this normalization and the discussion
by Koike and Schéfke (cf. [7]) concerning the Borel summability of WKB solutions,
we find that one of the WKB solutions is corresponding to a holomorphic solution of
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the hypergeometric differential equation. Thus the Borel sum of the WKB solution is a
constant multiple of the hypergeometric function. We determine the constant by evalu-
ating the WKB solution at the origin. This idea is inspired by [8]. As an application, we
obtain a formula which gives an asymptotic expansion of the hypergeometric function
with respect to the large parameter.

The authors thank the referee for the constructive comments.

§1. WKB solutions normalized at a regular singular point

We consider the differential equation

d? 9
1.1 ( _ 4 ) —0,
(1.1) T trQ)Y
N .
where Q = Q(z,n) = Zn_] Q; is a polynomial of 7! whose coefficients are rational
j=0

functions of x. The logarithmic derivative S := 1)’ /1) of the unknown function satisfies
the following Riccati-type equation:

s

(1.2) =

+ 8% = Q.

There are two formal solutions ST = Z nJ S;—L of the above equation corresponding
j=—1

to the choice of the branch of the leading term S=, = +/Qy. Here the branch of v/Q

is chosen suitably. The WKB solutions of (1.1) have the form (cf. [6])

exp ( / Sidx)

If we set

Ly o (D
(13) Sodd = 5(8 ) )a Seven = 5(8 + 5 )7
we have
(14) S+ = Oodd T+ Sevena ST =- odd + Seven
and

1d

(15) Seven = _Ed_ log Sodd

In other words, we can take the following special normalization of the integral of Seyen:

1
/Sevendx - _5 log Sodd-
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Hence

(1.6) ! exp (:I:/Sodddx>
Sodd

are WKB solutions of (1.1).
In the sequel, we assume that 22 is holomorphic in a neighborhood of the origin.

Then (1.1) has a regular singularity at z = 0. We set
Res\/Q(z,1) =t p=po+n 'pr+n “pat- -

and assume that pg # 0. It follows from the discussion given in Proposition 3.6 of [6]
that

(1.7) R_eg Sodd = ¢n

with

(1.8) S+ ——
. c=p
4p°n*

Note that p and ¢ are convergent power series of 77! by the assumptions. Now we set
c
(1.9) T(2,n) = Soaa(z,7) — .

I whose coefficients are holomorphic in a

/037 T(x,n)dz

is well-defined. We may take cnlogx as the normalization of the integral / ﬂda:.
x

Then T'(x,n) is a formal power series in 7~
neighborhood of the origin and

Definition 1.1.  Formal solutions of (1.1) of the form

(0 _ 27 :
(1.10) (10 \/mexp (j:/o T(x,n)da:)

are called the WKB solutions normalized at the origin.

Under the above notation, we have

Theorem 1.2.  Assume Repg > 0 and set z/;f) = x—%—cnwf). Then ¢(0)
Borel summable in a neighborhood U of the origin and its Borel sum éf) s holomorphic
in U x {n; Ren >> 0}. Moreover, &)Sf) (0,m) = (cn)_% holds.
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Proof. Since Re pg > 0, the real part of pg log x tends to —oo when z — 0 along any
integral curve of Im\/Qodx = 0 flowing into the origin. It follows from the arguments
given in [7] that wf) is Borel summable in U — {0} for a neighborhood U of the origin
and that the Borel sum ‘Ilf) is holomorphic in (U —{0}) x {n; Ren >> 0}. Hence ¢+ is
also Borel summable in U — {0} and i)f) is holomorphic in (U — {0}) x {n; Ren > 0}.

By the definition, z/;f) has the form

(1.11) exp (n/o T 1( dw)Z ~3 ¢, (x)

where T"_; denotes the leading term of T'(x, ) with respect to  and ¢;(z) are holomor-
phic functions defined in a neighborhood of the origin. We can take termwise evaluation:

J00,m) =S 9 ¢;(0)
j=0

= e i o) T (fo Tl ")dx)

= (en) 2.

=0

By the definition, the Borel transform of 1/;3?) is

o0

(1.12) D% Z + (@) 2,

gy
x
where we set t(z) = / T_1(x)dz. The radius of convergence of the above series can be
taken uniformly Whenoa: tends to the origin and constants concerning the estimates for
discussing Borel summability can be taken uniformly in {x; 0 < |z| < §} for sufficiently
small 6 > 0. Thus 1;58) (x,n) is Borel summable in a neighborhood of x = 0. This
implies {O} x {n; Ren >> 0} is a removable singularity of the Borel sum @f)(x,n).
Since nézﬂ 1 (0,n) is a convergent power series with a finite radius of convergence, y% *
@D(O) (0,y) is an entire function of y of exponential type. Hence we can evaluate g )(x n)
at x = 0 directly for sufficiently large n:
(0)

1 o (w, .,

5900,7) = —

_ JO
=5 /m 533/ Yy (@, y) exp(—ny)dydx
=/ 3750, ) exp(—ny)dy

0

=90, 7).
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Thus we have @f)(o,n) = 7,5&0)(0,77) = (en)~ 2. O

§2. Exact WKB analysis of the hypergeometric differential equation

In this section, we consider (1.1) for the case where Q = Qo + 1~ 1Q; with

(a = B)*x* +2(2a8 — ay = By)z ++°
4x?(x — 1)2 ’
> —z+1
S 422(z— 1)

(2.1) Qo =

(2.2) Q=

As is mentioned in Introduction, this comes from the hypergeometric differential equa-
tion (0.1) by introducing a large parameter n as (0.3) and changing the dependent
variable w to a new one 1 as (0.4).

We assume that the triplet of parameters («, (3,7) does not belong to the exceptional
sets E; (j =0,1,2) defined by

Ey={(@,8,7) € C* | aBy(a—p)(a=1)(B-7(a+8-7) =0},
By = {(,8,7) € C°| ReaRe fRe(y — a)Re(y - ) = 0},
By = {(a,3,7) € C* | Re(a — B)Re(a + B — 7)Rey = 0}.

Under this assumption we see that there are two distinct zeros ag, a; of Qodz? which
do not coincide with the regular singular points 0, 1 co and which are called the turning
points of (1.1). Moreover, the Stokes curves

(2.3) Im /m VQodzr =0 (a=agor a))

are non-degenerate (cf. [1], [6]).
In the sequel, we assume further that Re~y > 0. There is at least one Stokes curve
flowing into the origin, one of the regular singular points (cf. [1]). We take the branch

of Qo so that \/ Qg ~ 21 holds near the origin. Then the residue of Syqq at the origin
. x
is

g =
(2.4) E{ESSOdd = 9

and the WKB solution Qﬁf) defined as in the preceding section is recessive (cf. [6], [11])
on any Stokes curve that flows into the origin. A typical configuration of the Stokes
curves of our equation are given in Figure 1 for the case 0 < Re a < Re v < Re 3.
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_|_

Figure 1.

Here the larger dots designate the turning points, the wavy line connecting the turning
points indicates the branch cut for \/Qo and the plus or the minus signs on the Stokes
curves show which WKB solution is dominant.

Applying Theorem 1.2, we see that x_%_%wio) is Borel summable in a neighbor-
-3 \Iff) (x,n) is holomorphic in U x{Ren >> 0}
for a neighborhood U of the origin. Going back to the unknown of the hypergeometric

hood of the origin and the Borel sum z ™2

differential equation, we see that

(a+B—7)
1 (« 2wn (0)

(2.5) wi(z,g) =2 2 F(1-a2)r 70 (2,7)

is a holomorphic solution of (0.1). Thus we conclude that there is a constant Cy so that

1 1
(2.6) F(§ +om, 5 + Bn, 1+ ’W?;fv) = Cow(,n)

holds. By the second statement of Theorem 1.2, we can evaluate the right-hand side at
x = 0 and find Cy. Hence we have

Theorem 2.1.  Under the assumptions and notation given above, the following
relation holds in a neighborhood of the origin:

1 1 (a+B8—7)
F(§ + an, 3 + 6n, 1 +777;90) = \/%x_%_j’fl(l — w)_%_fw\ll(f)(a:,n).

It follows immediately from Watson’s lemma (cf. [3]) that

Corollary 2.2.  Under the same assumption as Theorem 2.1, we have the fol-
lowing asymptotic expansion formula in a neighborhood of the origin:

1 1 (at+B-7)
F(E +ai, 5+ 6,1 +777;5”) Ty %f%*%(l —a) e (),

as n — oo.
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Remark.  To obtain asymptotic expansion formulas for x which is far from the

origin, we need to solve the connection problems of the WKB solution normalized at

the origin. The connection problem for WKB solutions normalized at a turning point

can be solved by using the standard theory (cf. [6]) and the relation between those two

normalizations of WKB solutions can be described in terms of the Voros coefficient of

the origin (cf. [2], [9], [11]; see also [10]). To carry this plan out, we must modify slightly

the definition of the Voros coefficients for the hypergeometric differential equation given

in [2], [9]. These will be done in our forthcoming paper.

1]

[9]
[10]

[11]

References

Aoki, T. and Tanda, M., Characterization of Stokes graphs and Voros coeflicients of
hypergeometric differential equations with a large parameter, RIMS Kokyiroku Bessatsu
B40 (2013), 147-162.

, Parametric Stokes phenomena of the Gauss hypergeometric differential equation
with a large parameter, to appear in J. Math. Soc. Japan.

Costin, O., Asymptotics and Borel summability, Chapman and Hall/CRC, 2008.
Erdélyi, A. et al., Higher Transcendental Functions, Bateman Manuscript Project, Vol.
I, California Institute of Technology, McGraw-Hill, 1953.

Iwasaki, K., Kimura, H., Shimomura, S. and Yoshida, M., From Gauss to Painlevé,
Friedr. Vieweg & Sohn, Braunschweig, 1991.

Kawai, T. and Takei, Y., Algebraic Analysis of Singular Perturbation Theory, Translation
of Mathematical Monographs, vol. 227, AMS, 2005.

Koike, T. and Schéfke, R. On the Borel summability of WKB solutions of Schrodinger
equations with polynomial potential and its application, to appear in RIMS Koékyiroku
Bessatsu.

Shen, H. and Silverstone, H. J., Observations on the JWKB treatment of the quadratic
barrier, Algebraic analysis of differential equations from microlocal analysis to exponen-
tial asymptotics, Springer, 2008, pp. 237-250.

Tanda, M., Parametric Stokes phenomena of the Gauss hypergeometric differential equa-
tion with a large parameter, Doctoral Thesis, Kinki University, 2014.

, Exact WKB analysis of hypergeometric differential equations, to appear in
RIMS Kokytaroku Bessatsu.

Voros, A., The return of the quartic oscillator, The complex WKB method, Ann. Inst.
H. Poincaré Sect. A (N.S.) , 39 (1983), 211-338.



