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Rational singularities with C*-action.

by ZKei-ichi WATANABE

(Nagoya Institute of Technology)

Introduction.

Let k be a field of characteristic 0, Y be a normal vafiety
of finite type over k and ¢: ¥' — Y be a resolution of Y. A;
péint y of Y is called a rational singularity ([T.E], Chap.I, §3)
if (8%, (0,,)), = 0 for g > 0. It is known that R%0,(0,,) is
independent of the resolution ¢ and that the‘higher direct images

reflect the ring-theoretic properties of the local ring O For

Y,y’
example, if y is an isolated singularity, (chb*(oy.))y is isomorphic

Y) (0 < g <dim Y - 1) and,

is a Cohen~Macaulay ring if and only if (Rgé*(oy,))y

to the local cohomology modulé Hg+l(0

consequently, Oy,y , .
=0 for 0 < q < dim ¥ - 1. From these facts, we are led to consider
thevfollowing quéStion; "Is it possible to describe the moduleév
(Rqé*(oy,))y by purely ring-theoretic data of OY,y ?“i The first aim
of this paper is to show that that is indeed the case if y is an
isolated singularity with C*-action.

If (Y,y) has a C*—action,‘we can attach a normal graded ring

R to (Y,y). Hereafter, we will use the lahgauge of graded rings and
graded modules. To get the result, we‘consider the space'Proj(Rh)

- defined in E.G.A. Chap.II,s 8. As this space is described directly
from R, we can describe the geometric properties of this space from
the ring-theoretic properties of R.and there is a proper birational

map from Proj (R?) to Spec(R). If we know that Proj(R¥) has only

rational singularities, then we can express Rqé*(oy,) by the
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cohomology groups of Proj(Rh) and hence by the local cohomology
‘groups of R. This idea was carried out by Pinkham [P] when dim R = 2
and by the author [Wl] in some special cases. The essential part

of the proof is to show Proj(Rh) has only'rational singularities

under the assumption that Spec(O ) - {y} has only rational

Y,y
singularities.

It was shown by Demazure [D] that the normal graded ring R
is characterized by X = Proj(R) and a "rétional coefficient Weil
divisor" D on X (we will write R = R(X,D) in this case). This
expreséion is very helpful to construct examples of graded rings.
In §3, we will give a condition for R(X,D) to be a canonical
singularity in terms of (X,D);

By our theorem, R(X,D) is a rational singularity if and only
if Hq(x,nD) =0 for ¢ > 0 and n > 0, once we know that Spec(R) =~ {y}
has only rational singularities. But the condition "Spec(R) - {y}
has only rational singularities" is a rather delicéte one if the

fracticonal part of D has singular points even if X is smooth. We

will give some partial answers to this problem in §4.



§ 1. Notations and preliminaries.

In this paper, we will use the following notations.

(1.1) Notation. k is a field of characteristic 0.

R = n@0 Rn is a Noetherian normal‘gradedvrlng with R0 = k.

l“-=R=

- ngo Rn’ the unique graded maximal ideel of R.

If M= ngz Mn is a graded R-module or S = ngz Sn is a graded

ring, we put Mlt = @, M, or S|0 = ﬁ@O S, - Note that Slo is again

a graded ring.

Y

Spec(R) and y = {m}eY.

u=Y - {y}.

Il

®: Y' ——Y is a resolution of the singularities of Y. (In
this paper, we don't treat y' itself. We only treat the higher

direct images Rpéi(oy;) (p>0), which are independent of the resolutior

,_chosen.)

X = Proj(R), Ox(n) = k(n).
Note that X is a normal projective variety over k, since R is a
normal graded ring finiteiy generated over k.

Hq(R) is the g-th local cohomology group of R with respect to

m. Note that Hq(R) has the natural structure of a graded R-module.

KR = (H (R))* (4 = dim(R)) is the canonical mcdule of R. (See
[G.W], p.184, for the definition of the functor ( )*.)

a(rR) = max{n[(Hm-(R))n # 0} = - mln{nl(KR) # 0}.

Proposition (1.2) ([H.R],85). There is a canonical isomorphism

of graded R-modules

B(R) ¥ 0, HETT (X, Ogm) (a2 D)
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As is shown in [D], the graded ring R is determined by X and
a rational coefficient Weil divisor D. Namely,

Theorem (1.3) ([D1, 3.5).' If T.is a homogeneous element of
degree 1 in ﬁhe quotien£ field of R (we may assﬁme‘the éxistencé
of T#0 by adjusting the grading of R, if nécessary), then there
exists unique divisor DeDiv(X,Q) = Div(X) & Q, such thaﬁ ND is an
ampie Cartier divisor for some positive‘integer N and

| Rr; = 1%(x, 0y (nD)) 1" |
'fdr every n>0. (For the definitibn of Ox(nD), seé [D],V§l or [Wl].f

We will fix this D and we will write R = R(X,D) if we want to |
specify D. If R = R(X,b), then Ox(n) gkox(nD) for every integer
n ([W1, (2.1)). '

(1.4) We have the following commutative diagram of morphisms;

gt r {y}

= Y
x <& c¥ = ¢"(x,p) n Proj (RY) —— v

«5\\\\\\ J 1

C = C(X,D) - U
, + : .
where C (X,D) = Specx(ngO Ox(n)), Cc(X,D) = Specx(negZ OX(n)) is an
+ + + . .
open subset of C (X,D) and § = c-cC. The morphism ¥ is a

projective morphism, W(S+) ={y} and the restriction of ¥ on C is an

isomorphism. The graded ring RY is defined in E.G.A. Chap. II, §8.

(It is easy to see that c' is naturally isomorphic to Proj(R?).)
The morphism ™ is the structure morphism and, so, is an affine
morphism. The restriction of 7 to S+ is an isomorphism. Watching

this diagram, we have the isomorphisms

)
ct c

rRYy, (0

e

#1(c’, 0 ) v e Bx, optm)) v HIM ) |
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§ 2. A criterion for rational singularities.

In this section, we will give a necessary and sufficient
condition for R to be a rational singularity.

Definition (2.1). Let Z be a normal scheme essentially of
finite type over k and let f: Z2' —— 'Z be a resolution of
éingularities of Z.. We say Z has rational singuiarities if

le*(o = 0 for i>0. Notevthat,-in our terminology, Z has rational

zt)
sigularities if Z is smooth.

We say a ring A is a rational singularity if Spec(A) has
rational singularities.

Theorem (2.2). R is a rational singularity if and only if
the following conditions hold; (i) U = Spec(R) - {m} has rational
singularities. (ii) R is a Cohen-Macaulay ring. (iii) a(R) < 0.

(Proof) Let V¥: C+ — Y be as in (1.4). The conditions (ii)

and (iii) implies that R%¥, (0 ,)
C

-that the resolution ¢ factors through ¥. Put & = Qo¥, If C+ has

= 0 for g>0. Now, we may assume

rational singularities, then by Leray spectral sequence, we have

RqQ*(Oy,) i ng*(o +) for every q and R is a rational singularity..
, Cc

Conversely, if R is a rational sihgularity, it is known that
R is Cohen-Macaulay and the condition (i) is trivial.- The
condition (iii) follows from (1.4) and the. above argument if we can
prove that'C+ has rational singularities. So, it suffices to prove

Lemma (2.3). If U has rational singularities, so does C+. .

To prove this lemma, we need the following

Theofem (2.4) (Boutot). Let B be a k—algebra essentially of

finite type over k and let A be a subalgebra of B which is a direct -
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summand of B as an A—module. If B is a rational sihgularity, so is A.
(The author heard the proof of this theo;em orally from M. Hochster
and does not kndw.where the proof is to be published.) |

(Proof of (2. 3)) As the condition is local, it suffices to
prove that o (W) has rational 31ngularit1es for every affine
open set W“of X. As C = Specx(ng0 Ox(n)) and U g C = Specx(nezox(n)),
it suffices t0‘prove'the followin;

Lemma {(2.5). If s =9, SA is a graded k-algebra essehtially
of finite type over k and if S has retional siﬁgularities, theh‘

so does S andbsl0 =

0 ngo Sn'
(Proof) As SO is a direct summand of S as an SO 0

has rational singularities by (2.4). If we take a variable T over

S and if webput deg(T) = -1 in the'graded ring S{T}, it is easy to
see that SI0 is isdmorphic to (S[T])O'asigraded k-algebras and the
lattef has rational singularities since so does s[T]. This concludes
the proof of Theorem (2.2). |

Corollary (2.6). If U has rational singularities; then

r3s, (O " (H%”(R)) | for ax1.

Y‘) v
(Proof) 1If U has rational singularities, so does ct by (2.3)

+). On the other hand, we have
c A

and we have Rqé*(éi,) g RqW*(O
seen’ in (1.4) that the latﬁer is isomoiphic‘to (Hq+l(R))|0 fof Q>1.
Remark 1f U has ratlonal 51ngular1t1es, then Hq(R) (q<d) has
finite length and i q(R\'\:Rq 1@ (Oy,) by the duallty theorem and Grauert-
Rlemenschqeider vanishing theorem.k As Hq(R)m Hq l(X U (nD)), we ‘have

“If X is a no-mal pro;ective variety over k and if D is a

rational coefficient Weil divisor satisfying the conditions (a) ND

is an ample Cartier divisor for some positive integer N (b) C(X,D)
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has rational singularities, then Hq(x,ox(nD)) = 0 for g < dim X
and n<0." o
Definltlon (2 7Y. If U has ratlonal 51ngular1t1°s, we deflne .
Py (R) = dlmde l@ (0y4) |
and we w1ll call it the geometrlc genus of R. Note‘that if U has
rational 51ngular1t1es, R is a ratlonal 51ngular1ty if and only 1f4
R is Cohen-Macaulay and p (R) = 0.
Corollary (2.8). If R is a Gorenstein ting’and‘if”U has
ratienel singnlaritiee,qthen pg(R)'= Ziig) dimR . ‘
(Proof) In this case, de“lcp*(oy.) N H(R) | o R*(-a(R) | by
(2.6) and [G.W], (3.1.4). S -
| Sn is a COhen—Maeaulay«graded :ing

Remack (2.9). 1€ = 8,

with SO = k and 1f xeS is an S—regular element, then a(S)
= a(s/xS) - m. So the 1nvar1ant a(s) can be computed from that.of
an Artinian ring and if S is Artinian a(s) = max{n]S #0} Also,

if R = k[X;,...,%X4) is a polynomlal ring, then a(R) = —zl 1 deg(Xif
([G.W], (2.2.8) and (2.2.10)).

]/(fl:-fy;fs)‘be a

Corollary (2.10). Let R = k[Xl,...,Xd+s

complete intersection and assume that U has rationel singularities.
Then, R is a rational singularity if and only if zj deg(f ‘<z deg(X ).
(The geometrie genus of R is compnted in [W2] if R is a
hypersurface with isolated singularity.) |
Remark (2.11). If U has rationalbsingularities, then so
does X by (2.5). But U may have non-rational singulérities even
if X is smooth. We'Qill treat this problem in §4. /
Remark (2.12). Te prove that R is a rational singularity, it

suffices to show that R is a rational singularity, since "rational
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singularity” is an open condition and Y has a k*-action.
§ 3. A criterion for canonical singularities.

In this section, we put R = R(X,D), where Dﬁ=¢{pv/qveDiVCX)EQ;
(We assume that pV and qv are relatlvely prlme 1ntegers for every v,

qV>0 and ND is an ample Cartler divisor for some p031t1ve 1nteger

N. We will le pv, qv and N for this meanlng throughout thlS paper )

For a normal varlety z, we denote by wz

(Z))’ where i: Reg(Z) _ Z is theﬁ

the duallzlng sheaf

of % deflned by w, ‘~ 1*( QReg

1nc1u51on map and n = d1m Z. As wz 1s a lelsorlal 0 —Moaule, we>”

= OZ(KZ) forvsoﬁe‘KéaDlv(Z). We w1ll call K the )

Z
canonical divisor of Z. Also, we put wér]

can wrlte '

= 1*((9 Ly giQZ(IKZ)‘

_, Reg(z))
Definition (3.1) (M.Reid). (Y,y).is;a;canqnical;slngularity if
1t satlsfles the follow1ng condltlons.

[r]

(1) wy ., is an 1nvert1ble 0 —module for some integer r. -

: Y,:Y
[r] .

(11) @ (mY.) Y,y"

Recently, R. Elklk proved that‘a canon1ca1‘51ngular1ty is ak“
ratlonal 31ngular1ty ([E ]) and a ratlonal Gorensteln 51ngular1ty
is a canonlcal 31ngular1ty by deflnltlon.A K

‘Proposition (3.2). "If R = R(X,D) is a canonical -singularity,
then r(Kx+D');= a'D for ‘some poSitive integer r and an integefr:a“

with a' < -r, where we put D' = Z(qv—l)/qv’

(Proof) As ® (wy.)c:w (wC[r])(:w[r], it suffrces’to prove
the'following two lemmas.

Lemma (3.3). wér] is invertible if and only if I(KX+D')*i§

linearly equivalentvto;a'pyfOrysome;integer a'
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(Proof) This follows from the calculation of C1l(R) and
cl(mR). (cf. (1.6) and (2.9) of {Wl].)
Lemma (3.4). (i) mc+ 2 8y Ox(Ky#+D'+nD) . In other words,
K, = -S++1r*(KX+D').‘
(ii) - If r.(K#D') = a'D, then ¥*(wl™)) v 0 , (r.m* (K +D")+a's";
. . c
=w  ((a'+r)sh). | '
c : S o 7
(Proof) (i) If D is a Cartier divisor, then C' is an Al-bundle

over X and this formula is well known. In general, if we put CT

-+
(N)

is a Cartier divisor by the assumption and we can get w + by
. ‘ » _ » c

N) -

= ¢ - ‘ . 1 o
= Specx( ngﬂ Ox(nND)), then C is an A" -bundle over X, since ND

C C C C
(M) ey, W [r] P [r]
“(ii)  As Wp is equal- to w™;" on U =C - S5, W*(wR )
C )

= m[f](bs+) gvo +(r.ﬂ*(KX+D')+(b—r)S+) for some integer b. On the
c . C :

other hand, the restriction of W*(wér]) to S+ is trivial,'since S+

contracts to a point by ¥. As st is linearly equivalent to -m*(D)

(ID},2.9), and as r.(KX+D') = a'D, wevget W*(Qér])

v 0 +((b—a'—'r)S+) i 0k+(w*((a'+r~b)D). This implies b = a'+r.

- C C )
(In fact, since ?*(wér]) is invertible, (a'+r-b)D is an integral
implies

'divisor and if nD is an integral divisor, Ox(nD) i 0x

n=0, since ND is ample.)

Corollary (3.5). (i) VY,(w ,) = wp if and only if a(R) < 0.
. - C ’ .

(ii) If r.(KX+D') = a'D for some integer a', then Y*(w{i])

= mér} if and only if a'< -r.

y . L ~ 0 . l’ . :
(Proof) (i) = By [Wl],«(2.8), wp = 2, H (X, OX(KX+DV+nDJ) v
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. : .0 NS . |
“and w*(wc+) v 8, H (X, Oy(K.+ D'+ nD)) % wpl, by (3.4). Thus - -

¥, (0 +) = wp if and only if a(R)<0 by the definition of a(R).
C : .

(ii) If r'(Kx+ D') = a'D, then mér] ~ R(a') as graded R-modules
[r] 0 - R 0
and ‘!’*(w_c_'_ ) v ngr H (X, Ox(r(Kx+D-)+nD))g ngr H (X, Ox((a'+n)D)) .
Thus T*(w[il) = mé?l if and only if a'+r £ 0.
(]

Corollary (3.6). 1If C+(X,D) has canonical siggularities and
and if r.(Kx+D') = a'D for some positive integer r and for some
integer a' with a' < -r, then R = R(X,D) is a canonical singularity.

Corollary (3.7). If X and D satisfies one of the following
"conditions and if r.(KX+D') = a'D for some positive integer r and
an integer a' < -r, then R = R(X,D) is a cénonical singularity.

(i) X has canonical singularities and D is an ample Cartier
divisor (in this case, D' = 0).

(ii) U has rational singularitiés? X is a factorial variety
and Py =1 (mod. qv) for every V. _

“(Proof) By (3.6), it suffices to prove that C+(X,D) has canonical
singularities in both cases.  In case (i), ct is an Al—bundle over
X. - In case (ii), C+ has ratidnal singularities by (2.3) and

+ . . . .
C 1s a Gorenstein variety since w +

C

and by (3.4). So, in both cases, C+ has canonical singularities.

is invertible by our conditions

Remark. The conditions of (3.2) are not the sufficient
condition for R to be a canonical singularity, even if we assume
that U has canonical singularities.' For example, if X = Pl and if

D = 3/4.P for some point PePl, Kx = -~-2P and we have 3(KX+D‘) = -5D.

In this case, U is smooth and (X,D) satisfies the conditions of (3.2).

But R(X,D) is not a canonical singularity since R(X,D) is not a

- 10 -
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Gorenstein ring and two-dimensional canonical singularities are

Gorenstein rings (cf. [R]).
§ 4. Some criteria for U to have rational singularities.

If we want to construct rational singularities with C*-action,
it is:important to know the .condition for U = C(X,D) to have rational
Singularities by (2.2). So we-consider the problem;_"Fiﬁdrthei |
conditions on (X,D) fdr C(X,D) to have rational singularities (or
to be smooth). Although we cannot give the complete answer, we can
solve the problem in some useful cases.

(4.1) ([Wl], (3.1)). If (X,D) satisfies the following
conditions, then C(X,D) has rational singularities. -

(i) X has rational singularities.

(ii) - If xeX is a singular point of X, D is a Cartier divisor
on some neighborhood of x. |

(iii) If xeX is a smooth point of X, Supp( D -(Dj) is normal
crossing at’x.

Proposition (4.2). Take a point xeX and put A = O If

X,x°

D is linearly equivalent to %.V, where V is a Cartier divisor near

x defined by feA (we assume p and g are relatively prime and 0<p<q),
there is an étale covering from Spec(A[Z]/(Zq—f){T,T_ll) onto
C(X,D)xXSpec(A). (Where Z and T are variables over A.)

(Proof) Put C(X,D)XXSpec(A)V= Spec(B), where B = ngz OX(nD)x
= A" ga+np>0]. If we take p' (0<p'<q) so that pp'+bg=1l for
some integer b, it is easy to see that B = A[bep',prq,(prq)—l]

- ]
v Afu,v,v 1]/(uq--fvp ). If we define the A-homomorphism

- 11 -
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¢: B — A[Z,T,T_l]/(zq—f) by putting ¢ (u) = ZTP' and ¢ (v) = Tq,
¢ is an etalé ﬁomomofphism:and wé get the desired result.

Corollary (4.3).‘ Under the assumptions of (4.2),

'(i) C(X,D)xXSpec(A)‘has ;ational singularities if and only
if'Spec(A[Z]/(Zq-f)) has rational siﬁgularities,

(ii) C(X,D)XXSpe?(A)'is smooth if and only if X and V are
smooth atrk or X is smooth at x and g=l. v k .

FCorollary (4.4). Let us assume that k isialgebraiCally
closed and (X,D) satisfies the conditions bf (4.2) at x. If
X is smooth at x, dim X = 2, qSl and if V is singular at x, then
C(X,D)xxSpec(A) has rational singulérities if and only if the
singularity 6f V at x is analytically isdmorphic to one of the
following ones. A

(i) If g>6, xy=0.

(ii) If g=5,4, xy=0 or x2=y3.

(iii) If g=3, x°=y" (n=2,3,4,5).

(iv) If q=2, x®=y" (n22), x(y*-x")=0 (n22), x’=y"(n=3,4,5),
or Y(yz—x3)=0.

(Proof) Straightforward from (4.3) and the classification

of rational Gorenstein surface singularities. (cf.[A])
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