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Sheaf theoretical study of bicomplex hyperfunctions 

By 

Yutaka MATSUI* 

Abstract 

In this article, we introduce the results of the sheaf theoretical study of bicomplex hyper-
functions in [6]. 

§ 1. Introduction 

The hyperfunctions was introduced by M. Sato in [10] as a generalization of func-
tions. It is well-known that they are more natural and useful than distributions in 

studying linear partial differential equations with real analytic coefficients. The theory 

of hyperfunctions has vastly developed as algebraic analysis [11]. 

Bicomplex algebra was introduced by Segre inspired by the work of Hamilton and 

Clifford on quaternions. It is defined by 

(1.1) IB¥C = {Z =釘十⇔jI z1,z2 EC}, 

where j is another imaginary unit commuting with the imaginary unit i of C. Since瞑

is commutative and has zero divisors, it is more difficult to study bicomplex functions 

than complex functions. Nevertheless, we can define the notion of holomorphicity of 

bicomplex functions similarly to that of complex functions. The study of bicomplex 

holomorphic functions is called bicomplex analysis ([3], [7]). See [4] and [5] for the 

author's recent works. 

Colombo et al. introduced the notion of bicomplex hyperfunctions in [1] as a natural 

generalization of classical hyperfunctions to bicomplex analysis. They proved a van-

ishing theorem of a relative cohomology group of the sheaf of bicomplex holomorphic 

functions and the flabbiness of the sheaf of bicomplex hyperfunctions. See also [9] and 

[12] for further developments. 
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In this article, we introduce the result of [6] on the idempotent representation of 

bicomplex hyperfunctions, which is based on the idempotent representation of bicomplex 

holomorphic functions and the functorial techniques of sheaf theory. By our methods, 

we can reconstruct the theory of bicomplex hyperfunctions and develop it into the theory 

of bicomplex microfunctions. 

This work was supported by the Research Institute for Mathematical Sciences, an 

International Joint Usage/Research Center located in Kyoto University. 

§ 2. Preliminaries 

§ 2.1. Bicmnplex numbers 

In this subsection, we review the definitions and fundamental properties of bicomplex 

numbers. See [3] and [7] for more details. 

Let <C be the field of complex numbers with the imaginary unit i. We define the set 

of bicomplex numbers by 

(2.1) JIB(C = {Z =勺十砂JIZ1,Z2 EC}, 

where j is another imaginary unit independent of and commuting with i: 

(2.2) i #-j, ij = ji, i2 = j2 = -1. 

By defining the addition and multiplication naturally,邪(Chas a structure of a commu-

tative ring. The set of zero divisors of賎(Cwith O is described as 

(2.3) 釣＝｛Z= z1 + z2j E lIBCC I zf + z名＝O}.

Note that a zero divisor is a non-unit element of JIB(C. Setting 

(2.4) e= 
1 + ij + 1 -ij 

2 
'et= 

2'  

e and et are the non-complex idempotent elements satisfying with ee t = 0. 

For Z = z1十z2jE IIB<C, we define the surjective ring homomorphisms <l>e: IIB<C ------+ <C, 

<I> et : IIB<C→ C by 

(2.5) 叫(Z)＝釘ー z2i, <I>et (Z) = z1 + z四

respectively. Then any bicomplex number Z has the idempotent representation 

(2.6) Z=如（Z)e+位 (Z)et.
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By the idempotent representation, the set of zero divisors with O is represented by 

(2.7) 6。=｛z = <I>e(Z)e + <I>et (Z)et E IIBC I <I>e(Z)<I>et (Z) = O} = Ce u cet. 
In the case of several bicomplex variables, for Z = (Z1,..., Zn) E屈C叫 wealso 

define the maps<I>e: JIBCn一enand<I>et : JIBCn一Cnby 
(2.8) <I>e(Z) = (<I>e(Z1),...,<I>e(Zn)), <Pet(Z) = (<I>et(Z1),...,<l>et(Zn)) 

respectively. Then we have the idempotent representation of Z E耶Cnas 

(2.9) Z = <Pe(Z)e + <Pet (Z)et. 

In order to emphasize components, we may identify an image of a point by <l>e (resp. 

<!.>et) with a point of thee-axis cne (resp. the eLaxis (C叫） inJIB(Cn. Namely, we may 

use the notation of%（国） ＝cne, <I> et (IIBC門＝ C叫 andso on. 
We can also define the notion of mutlicomplex numbers, similarly. We omit the 

details. 

§ 2.2. Bicomplex holomorphic functions 

In this subsection, we review the definitions and fundamental results in bicomplex 

analysis. See [3], [7] and [8] for more details. 

For any bicomplex number Z = z1 + z2j E IBl(C, we define the norm IIZII of Z by 

(2.10) IIZII = v1z叶2+ |z2 2. 
認 hasa structure of a topological space induced by it, which is isomorphic to the 

Euclidian space C:2. Moreover, the maps<I>e and虹 arecontinuous and open. 

Let !1 c IIBC be an open set, F: !1→ IIBC a bicomplex function on n and Z,。E!1. 
We say that F is bicomplex differentiable at Z。ifthe limit 

(2.11) lim 
Z→Z。
Z-Z。¢e。

F(Z) -F(Zo) 

Z-Z。

exists, which is denoted by F'(Z0). We also say that F is bicomplex holomorphic on 

0 if F is bicomplex differentiable at any point of 0. We denote the set of bicomplex 

holomorphic functions on O by OJIBic (0). Then OJIBic has a sheaf structure. 

The idempotent representation of bicomplex holomorphic functions plays an impor-

tant role in bicomplex analysis. 

Theorem 2.1. Let Z。El!ll(C and F a bicomplex function on a sufficiently small 
neighborhood O of Z。.ThenF is bicomplex holomorphic on O if and only if there exist 
complex holomorphic functions Fe and Fet on <Pe(O) and <Pet (0) respectively such that 

(2.12) F(Z) = F0(Z0)e + F0t (Z0t)et 
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holds on n. 

By Theorem 2.1, we can immediately generalize fundamental properties of complex 

holomorphic functions of one variable such as Taylor's theorem, theorem of identity and 

so on to those of bicomplex holomorphic functions. 

We denote the sheaf of complex holomorphic functions of one variable by Oic. We 

can represent Theorem 2.1 in terms of sheaves as follows. 

Corollary 2.2. We have an isomorphism of sheaves 

(2.13) 叫 c~ %-10cee ① ①e10Cetet. 

In the case of several bicomplex variables, let n C JIB(Cn be an open set, F: n ------+ JIB(C 
a bicomplex function on n. We say that Fis bicomplex holomorphic on n if and only 
if F is partially holomorphic in each variable on n. We denote the sheaf of bicomplex 
homolorphic functions of several variables by Oiaicn. Then we also have an isomorphism 

(2.14) 叫 cn~%-10c叫覆叱;.10四 etet'

where Oien is the sheaf of complex holomorphic functions of several variables. 

We can also define the notion of mutlicomplex holomorphicity, similarly. We omit 

the details. 

§ 2.3. Bicomplex hyperfunctions 

Let V c町 bean open set and O c lIBCn a bicomplex neighborhood of V. Namely, 
V=町 noholds. Colombo et al. in [1] proved that the cohomology group Hi(n; OJIBicn) 
of OJIBicn supported by V vanishes if p # 3n and defined the notion of bicomplex hyper-
functions as 

(2.15) 島icn(V)= H炉(goBCn)

by using an abstract Dolbeault complex, which is a resolution of the sheaf OJIBicn of 

bicomlex holomorphic functions. They also proved that B匝icnis a flabby sheaf on町

and the duality theorem 

(2.16) H炉(JIBC叫0BCn)＝（O屈cn(K))'

holds for any compact convex subset K of lIBC匹

Similarly, Vajiac-Vajiac in [12] defined the notion of multicomplex hyperfunctions of 

one variable. 
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§ 3. Sheaf theoretical study of bicomplex hyperfunctions 

In this article, we study bicomplex hyperfunctions by sheaf theoretical way. We 

mainly treat objects in the derived categories Db（町） andD囁び）． Here,for a topo-

logical space X, we denote the derived category of bounded complexes of sheaves of 

<ex-modules on X by D竹X).See [2] for more details on the derived category. 
In the derived category Db（町）， thesheaf of classical (complex) hyperfunctions, 

denoted by Ben in this article, is isomorphic to the complex RI]賊n(Ocn)|股n[n], which is 

concentrated in degree 0. Note that we omit the orientation sheaf since it is trivial. 

Considering the previous research of bicomplex hyperfunctions, it is natural to study 

the complex RI]艮n(Oiacn) of sections the sheaf Oiaicn supported by記 Inorder to study 

it, let us consider the following diagonal embedding 

(3.1) 恥n←ナ良ne＋賊net←+cne + cnet = lIBCn 

of the real space町 intothe bicomplex space IBlCn. The idempotent representation 

(2.14) of bicomplex holomorphic functions induces the following isomorphism. 

Theorem 3.1. We have an isomorphism 

(3.2) Ril股n(Ocn)|知

：：：：： ｛》e|五lRIT知 e(C:)か e)I知 0e[-2n]①<I>et|ミ]Itr応 et(()炉et)I即 0tet[-2n]

in Db（町）．

By the fundamental results of classical (complex) hyperfunctions Bien, we can reprove 

the vanishing theorem of the complex Ril股n(OJIBicn) IIRn and the flabbiness of the sheaf 

BJIBicn of bicomplex hyperfunctions as a corollary of Theorem 3.1. 

Corollary 3.2. (i) The complex Ril股n(O匝Cn)|良nis concentrated in degree 3n. 

(ii) Redefining B屈Cn= H3n(RI'股n(OBCn)|恥n)as a sheaf, we obtain an isomorphism 

(3.3) 恥cn~<I>e|五;B◎ ee① %|ミ;B心 etet.

(iii} The sheaf BJIBicn is flabby on町．

Similarly, we can define the notion of multicomplex hyperfunction of several variables 

and obtain its idempotent representation. We omit the details in this article. See [6] 

for the details. 

§ 4. Bicomplex microfunctions 

Let us consider microlocally the study in the previous section. 
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In the derived category Db(TiふC門， thesheaf of classical (complex) microfunctions, 
denoted by Cicn in this article, is isomorphic to the complex μ町(Oien)[n], which is 

concentrated in degree 0. Here μ艮n(Ocサisthe microlocalization of Oien along ]Rn, 
which is an object of Db(Tiふen). See [2] for more details on the microlocalization 
functorμ. 

Considering our study of bicomplex hyperfunctions in Section 3, it is natural to 

study the microlocalization μ股n(O匝en)of OJIBicn along記 Inorder to study it, let us 

also consider the diagonal embedding 

(4.1) 艮n←ャ股ne＋股net←+cne + cnet = llllCn 

of the real space罠ninto the bicomplex space IIBCn and the following morphisms 

‘.,'／ヽ
｀
l

2

3

 

．

．

 

4

4

 

（

（

 

t<I>' 
Tふ屈cn←町 XTJRne<Cne <I>e 一年 Tふぷne,

股ne
tcp' 

TふBCn己町 XT* et 
¢ 

図”etcnぶ—$ T* 股netcnet JRnet 

induced by the maps T虹： rncn→ TCneand T<I>et: TIBlCn---+TC向． Then
the idempotent representation (2.14) of bicomplex holomorphic functions induces the 

following isomorphism. 

Theorem 4.1. We have an isomorphism 

(4.4) μ股n(OJIBcn) c:::-t<I>:注¢》e-;μ股ne(Ocne)[-2n]e①ti｛サ＊i》e一心μJR.net(01四et)[-2n]et 

in Db(1;ふIBlC門．

By the vanishing theorem of the complex μJRn (Oen), we can prove the vanishing 

theorem of the complex μ恥n(OJIBcn) and define the notion of bicomplex microfunctions. 

Theorem 4.2. The complex μJRn (OJIBcn) is concentrated in degree 3n. 

Definition 4.3. We define the sheaf of bicomplex microfunctions by 

(4.5) c肘Cn= H臼μ)Rn(OJIBicn)). 

By the fundamental results of classical (complex) microfunctions Ccれ， weobtain the 

fundamental properties of bicomplex microfunctions as a corollary of Theorem 4.1. 

Theorem 4.4. (i) We have the idempotent representation of C!Blicれ

(4.6) CJIBcn ~ t此心C心 ee①t蛉団芯Cか etet. 

(ii) The sheaf CJB¥icn It;ふJB¥ICnis conically flabby on TiふBC匹
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(iii) There is a natural exact sequence on町

(4.7) 0 ---+Olfficn厨→ Blfficれ→九C廊Cn---+0, 

where ir: Ti出BCn→町 isthe natural projection. 
(iv) There exists the spectrum isomorphism of sheaves on艮n

(4.8) sp: B屈CnニェCBC叫

where 1r: T;ふBCn→町 isthe natural projection. 

Similarly, we define the notion of multicomplex microfunctions of several variables 

and obtain its idempotent representation. We omit the details in this article. See [6] 

for the details. 
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