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Some remarks on Volume 17 of the Taisei Sankei

Mitsuo MORIMOTO*

Abstract

We shall see how the determinant was introduced in Volume 17 of the Taisei Sankei (1711), where the
full expansion formulas of determinant of orders 2, 3, 4 and 5 were given in connection with the elimination
theory of the system of algebraic equations with several unknowns. We shall examine, among others, the
exactitude of the description of determinants.

§ 1. About the Taisei Sankei

The Taisei Sankei KEFiFE is an encyclopedic work of mathematics written by three math-
ematicians Seki Takakazu B42471 (1640s—1708), Takebe Kata'akira ##8%E ] (1661 —1716) and

Takebe Katahiro & E 54 (1664—1739) during 1683—1711. Although many English transla-

tions of the title have been proposed, e. g., Accomplished Classic of Mathematics [2], Complete
Book of Mathematics (5], Great Accomplished Mathematical Treatise [4], Summa of Mathe-
matical Canon (SK), etc., we designate it in this paper by the romanised Japanese title Taisei

Sankei.

The work is composed of twenty volumes preceded by an introductory volume.

Volumes 16 — 20 treat the theory of equations: that is,

Volume 16 j#ffii#E Discussions of problems, procedures and extractions,

Volume 17 42/#f# Types of problems (direct calculations, implicit problems, concealed
problems, submerged problems),

Volume 18 Ji#3% Restoration of defective problems,

Volume 19 5B I Operational examples (implicit problems, concealed problems),

Volume 20 5B T Operational examples (submerged problems).
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The theory of resultants and determinants, which is one of the most remarkable achieve-
ments of Seki, is expounded in Volume 17, while Volume 19 presents 15 examples to show how
to apply this theory to concrete problems. Recently, the speaker translated these two volumes
into English (see [12] and [13]).

Parts of this paper were presented orally at the **Mathematical Texts in East Asia Mathemat-
ical History" Workshop, March 11 — 15, 2016, Hainan, China and at the Bumwoo Conference
on the History of Asian Mathematics, August 23 — 26, 2016, Seoul, Korea (see [10]).

§ 2. Manuscripts of the Taisei Sankei

There are more than 20 manuscripts of the Taisei Sankei (see Komatsu [1]). But in this
paper, we work with the following four manuscripts.

1. MS University of Tokyo: This manuscript is called the Kashti edition #E/I/4 and dates
back to the Takebe Katahiro's time (ca. 1710),

2. MS Tokyo Science University: This manuscript dates back to ca. 1780,

3. MS Kyoto University B: This manuscript dates back to ca. 1850,

4. MS Kyoto University A: This is another manuscript conserved in the Library of Kyoto
University (date unknown).

Note that the pages in MSS are numbered 1r (1 recto), 1v (1 verso), 2r (2 recto), 2v (2
vecto), etc. In MS U. Tokyo, each page has 12 lines of 20 characters with no punctuation. In
MS Tokyo Science U., each page has 10 lines of 20 characters with no punctuation. In MS
Kyoto U. B, each page has 12 lines of 20 characters with vermilion punctuation. In MS Kyoto
U. A, each page has 12 lines of 20 characters with vermilion punctuation.

§3. Three rules

Now we use the notation of modern mathematics. Let n be an integer.

§3.1. Rule of cross multiplications
Consider the simultaneous system of equations:

Po70 —|-P0’1£Ij' +- - —i—P(),n_lZBn_l =0

P P, s +P oz =0
G.1) 1,0 *+rigr + +1n-1T

Po1o+Pp11x+ - +Py 112" =0
Then we have the equation
Poo Poax -+ Pon—2 FPon-

(3.2) det Pio Pii1 - Pip—o Py

P 10Pn-11- Pocin—2Pu_1n-1
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This theorem is called the rule of cross multiplication 3¢ 314 in the Taisei Sanklei, where the
determinant is defined recursively in n by the Van der Monde formula.
§3.2. Rule of varied multiplications
The coefficient matrix in (3.2) is called symmetric (with respect to the anti-diagonal) if

PO.j: n—1—j3,n—1; j:O717"'7n_2
P =P, 1_jn-o2 J3=01---,n-3

Pr20=PFPn,-1:1.

The rule of cross multiplication for a symmetric coefficient matrix is called the rule of var-
ied multiplication Z2 &% in the Taisei Sankei.  Note that we transform a pair or two equations
of degree n, then the transformed simultaneous system of equations is symmetric. Because of
this fact, the symmetric case has a different name.

§3.3. Rule of deletion/generation

Problem: Letn be an integer. Consider the system of equations:
(3.3) Ro+ Riz+ Roz®>+ -+ Ry 12" 1 =0, 2"=Q"

where R;, 7 =0,1,2,--- ,n — 1 and ) are given constants. Eliminate the unknown .
The equation (3.3) implies the simultaneous equation (3.4):

( RO +R1.’E —I—RQQjQ +... +Rn_1xn—1 — 0’
R,_1Q™ +Ryx —|—R1x2 S +Rn_2xn—1 =0,

(R1Q"  +RQ™x —I—R;;Q”;I;Q 4. _|_R0xn71 -0
By the rule of cross multiplication, we can eliminate x as follows:

Ry Ry Ry -+ R,
R,1Q" Ry Ry - Ry o
(3.5) det | R, 2Q" R, 1Q" Ro -+ R, 3| =0

RiQ"  R:Q"™ R3Q"--- Ro
In fact, we used the rule of varied multiplications because the coefficient matrix in (3.4) is
symmetric. This is the modern interpretation of the rule of deletion/generation 5 &%.

Notes: This problem was very popular in the early days of wasan. The cases n = 2 (quadratic)
and n = 3 (cubic) were quite well-known in the beginning stage of wasan. In the Hatsubi Sanpo
FMETE (1674), Seki Takakazu treated the problems of elimination only for these cases.
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Later, the octic case (n = 8) was stated and published by Nakane Genkei H#RIt3E (1662
-- 1733) in the Shichijobeki Enshiki L:He%E5 X (Procedures for the Octic Power, 1691).

In the Taisei Sankei (1711) the exposition was only up to the cases n = 4 (quartic) and
n = 5 (quintic) but the problem is clearly stated along with the theory of determinant (resultant).

§4. Statements in the Taisei Sankei

§4.1. Problem 17-56 (English translation)

Suppose given a pair of two quadratic formulas and transform it to obtain'

First formula b,a]| [b+ax =0

4.1)

Second fo r mula | [d,c]| [d+ cx =0]

(c is regarded as b in the symmetric case. )
Formula to be folded by the quadratic power

(4.2) [Ro, R1] | [Ro + Riz = 0]

Three rules for the quadratic case

)i Heik: Quadratic rule of cross multiplications

N 0m)  [+1bc] HWT (&) [—1lad]

%31k Rule of varied multiplications

2R (BN [+162] WT (-BHOK)  [~lad]

37k Rule of deletion/generation

HE(BYR) [+1R3] AWM (—BHMY) [-1R2Q?

In the notation of modern mathematics, the three rules can be stated as follows:
Quadratic rule of cross multiplication: (4.1) implies

det(ba> —be—ad=0.
dc

ITo translate this text into English, we transcribe the ten branches by alphabet as follows:

o2 W T ko g B O® T %
a b ¢ d e f g h i+ 3

In the translation a formula in the bracket [ ] is the transcription in modern mathematical notation.
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Rule of varied multiplication: If ¢ = b (symmetric), then

det[24) =02 —ad—o0.
db

Rule of deletion/generation: If (4.2) and 22 = Q?, then

0 1 2 212
det [ To R = R2 - R2Q*=0.
© <R1Q2R0> 0 !

§4.2. Problem 17--57 (English translation)

Suppose given a pair of two cubic formulas and transform it to obtain

First formula [c,b,a] | [c+bx+ az? = 0]
(4.3) Second formula | [f,e,d]| [f +ex+dz? = 0]
Third formula li,h,g]| [i + hz + ga® = 0]

(If these formulas are symmetric, d is regarded as b, g as c and h as f.)
Formula to be folded by the cubic power?

(44) [R()? R17 R2] [RO + Rlx + R2x2 e O]

Three rules for the cubic case

V£ 3¢ HElE Cubic rule of cross multiplication

O () [+lafh] &TF [+1bdi] HIKBE [+ceg]
HILT: () [—laei] &CBE [—1bfg] WIT ¥ [—1ledh)

%31k Rule of varied multiplication
HOEE (—BOO) [+1laf?] 48T (—BY) [+10%)]
PHX (—BY) [+1c2e]
HIXT: (—B)(R) [—laei] ZKWC (ZE) [—2bcf]

1% Rule of deletion/generation

HH (—BY(R) [+1R3]  EWEE (B [+1R3Q3
BEFERE T (—B) [+1R3Q%]
FEH BT (ZB)(Y) [—3RoR1 R2Q%]

2In this problem, we transcribe the Reality 5, the Square /7, the Side ## and the quotient # by Ro, R1, R2 and Q,
respectively.
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Restate the problem in modern mathematics. If we have (4.3), then

cba
det| fed | =cdet cd — bdet fd + a det ‘]_Ce
. h g i g i h
thg
=afh+ bdi + ceg — aet — bfg — cdh = 0.

This is called the rule of cross multiplications.
In the symmetric case, that is, d = b, g = ¢, h = f, the rule of cross multiplications is
called the rule of varied multiplications:

cba
det | feb | =af?+ b+ c*e — aei — 2bcf = 0.
i fc
Suppose (4.4) and —Q3 + 23 = 0, where Ry, R;, Ry and Q3 are known. Because we have

Ro + Rll‘ + R2$2 = 0,
RQQS + Roil? + R1$2 = O,
RlQS + RQle' + R().CC2 = O,

the rule of varied multiplications implies the rule of deletion/generation:

Ry Ri Ry
det | RoQ® Ry Ry | = R+ R}Q* — 3Ry R1R2Q* + R3Q° = 0.
R1Q% R2Q® Ry
§4.3. Problem 17—58 (English translation)

Suppose given the pair of two formulas of degree 4 and transform it to obtain:?

6,7,8,a]| [0+ ~yz+ Ba® 4+ az® = 0]

First formula || [

Second formula| [0, 7, (, €] [0+ nx + C2? + ex® = 0]
[ [
[ [

(4.5)

Third formula

Fourth formula

A Ky 1] p+ A+ ko + = 0]

7,0, V]| [+ ox + Ex? + vad = 0]

3In order to translate the original text into English, we have to fix the rule of transcription of the twenty eight lodges
by alphabets as follows:

o0 B OB oL B OAE O} 4 O OE & = A
a B~ 6 € ¢ n 0 L D N 7 I3
Z B ¥ b O ® B =z OB oM B kK ®H B
o w™ p o T v ¢ x Y w Q FE H #

Note that we need only 42 = 16 (52 = 25) characters for a determinant of degree 4 (degree 5), respectively.
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(In the symmetric case,we regard e as 5, . asy, kasn, v as d, asf and o as p. )
Formula to be folded by the (fourth) power:

(4.6) [Ro, R1, Ra, R3] | [Ro + Rix + Rox® + Rsa® = (]

Three rules for the quartic case

—3E)iz¢ ek Quartic rule of cross multiplication

ARBEE () [+laCin] AEMGEE [+lanué] A3ZZE [+1abko]
TULMEZE +1Bepo] JTUEAHE [+1P8merw] THEE [+1860Av]
B2t +1lyern] KRREBEZE [+1yCur] K3HPEEE [+1400¢]
e DR BE +16eXé] BRAZE [+10Co] BEXE [+1inkv]

[ [ [

[ [ [

| | |
R4 (%) [—laCpo] AELE [—lankn] FASHEEE [—1abX(]

[— (- (-

(- (- (-

(- (- (-

JUDREBE 1B8eAr] Ju¥fEE [—18nuv] JikFZE [—18000]
D fERE 1vepl] KRAHE [—1yCr] E3bLE [—190kv]
g 1dexo] HEREE [—16¢C ] BEARE [—16n€)

%31k Rule of varied multiplication

fARRESE (—B) ()
TURESE (ZBY)
KRG (ZB)
AR (—B) (%)
TUREREEE (—BY)
RFERYE (—B)

+Hlal ] FESHE (B [+2am0pu] TURAETE (—B) [+182 1%
+2Bynm] JUEHE (CB) [+2060N] KESE (—BK) [—1—1’)/292]
+275Cu] R (B [+16° 2]
—laCu?] AEFRED (—B) [—lan’n] fasl5E (—B) [—1a6? )]
1,82)\7r] TURSHE (ZBY) [—280u) TUREHESE (ZB) [—280nu]
—1v2¢n] BB (TBY) [—2y0n0] BREE (—B) [—16%¢C)]

7% Rule of deletion/generation

= (—B) (B) [+1Rg] F2H%E B = (WUBY) [+4Ro R R2Q*]
% BTG (18 [+4RoR2R3Q°] A THML (2B [+2RIR3Q°)
LR (B [+1R3Q%]

HREA TR (TBHY) « [~ 4R0R1R3Q] HR RN (B [-2R3R3QY]
F=R= (—B) [-1R1Q*] 5 BEETR L (W) [—4R1 R3R3Q°]
=t (B [-1R3Q"?]

115

Notes on MSS (%) The character 74 (deletion, negative) is missing in the original text and is

supplemented here.

We shall restate three rules in language of modern mathematics. If we have (4.5). then we

“In this problem, we transcribe the Reality %, the Square 77, the Upper Side I, the Lower Side T 5§ and the

quotient F§ by Ro, R1, Ra, R3 and Q, respectively.
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have
0vpBa

On(e
UAK L

det

To&v
The quartic rule of cross multiplications is given as the expansion formula of the determinant of
a general matrix of degree 4:
In the symmetric case, we have the rule of varied multiplications:

0vpa
Oncp
pAT Y
T

det =0.

If we have (4.6) and Q* — 2* = 0, where Ry, R;, R, R3 and Q* are known, then we have

Ry R Ry Rs

RsQ* Ry Ri Ry
det 4 4 =0
RyQ* R3Q® Ry Ry

R1Q* RaQ* R3Q* Ry

Expand this determinate amd we have the rule of deletion/generation:

§4.4. Problem 17—59 (English translation)

Suppose given the pair of formula of degree 5. Transform it:

First formula | [e, 4,7, 5, ] €+ 0x + ya? + B + ax? = 0]
K+ 1+ 022 + nxd + Cat = 0]

[
[
4.7) Third formula | [0, &, v, u, A] [0+ &x 4+ va? + pa® + Azt = 0]
[
[

Second formula| [, ¢, 6,7, (]

Fourth formula | [v, 7, 0, p, 7] v+ 1T+ ox? + prd + mrt = 0]

O+ wzr + Y2 + x2® + ¢zt = 0]

Fifth formula | [Q,w, 1, X, 9]

In the symmetric case, we regard ( as 3, Aas~vy, pas 6, masd,past,ocas &, ¢ase, xask,y
as o and w as v.
Formula to be folded by the (fifth) power:

(4.8) [Ro, R1, Ro, R3, Ry] [Ro + Riz + Roz? + R3z® + Ryx* = (]

Three rules for the quintic case

VY3 /3¢ Heik: Rule of cross multiplication



Some remarks on Volume 17 of the Taisei Sankei

AESEE () [+langurQ]  AEREEWE  [+lanfvy]  AEZEGH [+1lanoow]
fi 3 [+labpvw]  ASLEEHE  [+1a08pQ]  ASMERHA [+1laboTy]
i fain 2 [+lawwoQ]  ATEEH [Hlawvyx] ATEER  [+1lawopy]
F AR [+lakuty] ALXEEW  |[+Hlakvpw] ALEEGIE  [+lakéox]
JURRRES) [+18¢€0Q]  JTREEM  [+18¢vvw] JURERWR  [+18CoTy)]
JCHE AR [+180ATQ]  TislEEEZS [+1606v¢] TSHERM  [+180omw]
JUFREE R [+1B8 vy JUEEE  [+18wnQ]  JUERS [+1Bo0d)]
e Ant! [+1B8kAow]| TLERERS  [+18kvTg]  JUEEEEW  [+18kEmy)]
I fe i [+1v¢prQ]  REEEE  [+1y¢Cvx] KREREEW  [+1yCopw]
JASKER 3 2w [+lyniwv]  REEEEE  [+1ynénQ] KREZERZ [+1ynord)
KA H A [+1vApQ] EEEEZS [+lywwve]  KAEEEH [+1yomy]

A fE [+1lyveATyx] EXEEW  [+lykprw] KLEHZ  [+1ykEpd]
5 Fefa 5 i [+16Cuvy]  BEREEE [+16¢vpQ] BERZERH  [+15Coox]
J5 LR I A [+1dnAoQ]  BEEEZ  [+1onpvve] HBEEEEWR  [+1dnomy)]
T S [+180 \vx]  EMEEE  [+100unQ]  EEEZ [+1600p9)

RN A LA [+1orApy]  BERfEmE  [+10kpog] BREEH  [+1okvmy]
DG [+leCpow] DREERLE  [+leCvry] DLEEEHER  [+1eCpy]

INSERS LN [+lenpATy]  DEESEW  |[+leprrw] LEEERZ  [+lenfod]

IS ASE | [+1leOpw]  D3MEHS [+1lefure]  DFEEEIE [+1eb€mx]

LRSI [+lecdox]  DFEER  [+lapmy]  DOFEEEZ [+lavpd)

MEEEN R)  [—langrow] MEEEGE  [—lanfo)] MEERR [—lanory)
JER SR Y [—1labur]  MALEEEH  [—1lablvyx] MAZEEW  [—1labopw]
IR RN ) [—lowpvyy]  MAEER  [—lawpQ]  M4ZELHE [—lawooy]
A2 fEsml [—lakpow] MELERE  [—lakvry] MLEEER  [—larxépy)]
LR E A [—15¢vTQ)]  JUREEEW. [—15C&vy]  JuRZEGM  [-18(oow]
JUL B [—180 vw]  TLEEEE [—180&nQ)]  TERZ [—1860oTd)]
TUARE b B [—18tAcQ]  TUFEEZ [—1Bwug]  TUREEWR  [—1Bomy]
TUAC RS SR [—18rATY]  TUEKEEM  [—1fkvrw] JTUKEERZ  [—1BkEo¢)
K [—1vCuow]  KEEEHE  [—17¢pQ KRERHAE  [—1y(ory]
JAERoRIE) 3! [—1ynATQ] KEEEEZS  [—1ynéve] KREZEHEH [—1ynorw]
AR [—1lvdvy]  EAEEE  [—lywrQ] KAZEEZ [—1yopd]

KA Bl [—1lyvkdpw] KLE#HRZS [—lykurd] KELEERIE  [—1yrénx]
5 e fia. b [—16¢CuoQ]  BREEHH  [—-10¢vvx] FHREER  [-15Copy)
5 I L [—1on vy]  BESEEE  [—1opnQ] BEEEHZ [—16nocg)
RN AP [—1600pQ]  BEMEES [—100pvg]  FEAEERIE [—150omx|
R4 ATES [—10kAox] BLBEER [—1okumy] BEREEZ  [—10kvpd]
IWYEEYER: LA [—leCury] DREEEW [—leCvpw]  DEEEGH  [—1eCCox]

DVERE sl [—lendow] DEERRZ  [—lenvre]  DEEEEWE  [—lenimy]
D} B [—1leOATx]  DEEM  [—leburw] D}EEEZ [—1ebEpd)

DAEER [—1letApt)] LfEms [—lapog]  DAEHEIE [—leavry]

Notes on MSS (%) IRE B should be [KEEH W if we follow the order of the 28 lodges.
But this term is wrongly written in the all MSS. The last line (the 12th line) of 32v is missing in
MS Kyoto U. A.

%31 Rule of varied multiplication
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R (—B) () [FlonurQ]  AEEEEE (CB)  [H2anfov]  ASMEERE (—B)  [+1ab0?)
Al RREE (TR [+20006Q) B (B [+F200kor] AFREERE (—B)  [+lad®o?]
LB () [2oukvv]  FILFEBERE (B  [+ak®€?] TURHEERE (B [+18%007]
TURBERE (—B) [+15%€%Q)) JUEERH (—B)  [+18%0%7]  JUERSHER (—B)  [+169607Q)
TURAEE (2B [+2Bviov]  TUKZCHERE (B  [+28yk€v]  TUESMERE (ZB)  [+28000v]
TUBER (TR [-+260wQ]  JUBBLCHES (ZBY)  [+2B0k€o]  TLLHEEE (2B [+2Be0€0]
TULREE (ZBY) [+256L§o] JUDLER () [42Benvr]  EREEERE (—B)  [+1v 0
RFARR (—B) [+172.2Q) ERFELARER (—B) [+ k%7 EEERER (CB)  [F1lyoneQ)]
K=ok (B [+27800kv] KEALE (CB)  [+2y0ko]  KDEZER (TE)  [+2venor]
Kob=h8E (B [+27v€ebv] OV LCBE (TR [F2vené] BREESRE (B [+20%n07]
BERSMEE (—B) [+15%60%Q)]  FEREAREE (—B)  [+16%%]  BELESE (B [+25enwu]
ks (CB) [+28€0.0] BB (B [+20e0kE] DEEEEE (—B)  [+12n€?]
DRSS (—B) [+1e26°7] DFAREE (B [+145°%Y]
AESEE (—B) () [~lago?]  MAEEFE (—B)  [-1an?Q] MAEEESR(—B)  [~lano’7]
LR (—B) [— 104927'(2] LR () [—2abiov]  fashacREE (TR [— 2a91<;§v]
AEER (—&) [—1av)] ﬁﬁl:ﬁ A () [2cukfo]  FACEER (B [~law® VT]
USSR (—B) [-18%v7Q)] TEREREE (B [—2B%¢ov]  JUESHEE (TB)  [-2B70v7
JURARER (2B [—287:£9) ILEEZVE% (CB)  [—2B8ykor]  JUBSMEER (T [—2B60£Q)]
TUBAER (&) [—2B810°] TUBHERE () [—2B0kvv]  TLL=SFER (TR [— 2,86007']
JLLPEE (CB) [— Qﬂewv] JUD R (TBY)  [2Ben€?] REEEE (B [—1v*n7Q)
KEAHE () [—272 mv] KEEERE (TB)  [—2yinov]  KESMEE (TE)  [—270009)
s A RERE (B [— 276/{ £ RDEREE (CB)  [-2yenév] RS (CB)  [—2velkT]
RO PREE (TR [—2ver?o] BHESR (—B)  [—10%wQ)  EES LS (B [-26%0k0)
J5 N FERESE () [— 2(56’/’]€O] Bk (B [—20e0%v]  BELFLE (CB)  [-20ensy]
DA (—R) (1] DFEESHEBE (TR [-2620u]

JH 7L Rule of deletion/generation
G2 (B () [+1R3] ST BRI (L) o) [+5R2 R R2Q]
RS R REDY (FLBY) [+5RER: R3Q°) FEFE B TR (1) [+5RER2R5QY]
FRPFE TR (1) [+5R5R3 R1Q") FITH PERL (1Y) [+5Ro RIR7Q"]
F7 B TRIL (TR 1) [+5ROR1 R2R3R4Q10] F EREPRERL (1K) [+5R0R2R3Q10]
J7VURGRY (—E%) [+1R3Q°] FiE FRE TR (B [+5RZR3R4Q]
FiHE BRI (TOBE) 2 [+4RIRaR3QY) Fi o PR OSBY) s [+6R1RERIQY)
PRI (—BE) o [+1R3Q] TR () [+5RIRsR2Q"
HaRg— - (—B) [+1R5Q15] PR — L (—B) [+1R3Q%]
FEET TR (FLE)(H) [~5R3R1R4Q° SEFE bRy (FLBY) [—5 Ry R2R3Q°)
FHT BRI (N () [~6Ro R R2Q°) FSTHRERE L (FLBY) [—5Ro R1 R3Q™]
FE BRI () [-5RoR3 R1Q"] Fep R (FLBY) [—5RoR3R{Q™]
SRR (T [~5R} R3 RaQ'7] 77 BRI (LB [~5R1 R3 R3Q 0]
Ji EFFE— 108 (1) [~5R) RaR3Q] B TR () [—5Ry RIR.Q"]

Notes on MSS (1) This term is not *“positive" (generation %) but “‘negative" (deletion 7).

It should be move to the ""negative" part. This is a common error of all the MSS. (x2) The
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coefficient 4 (PUEX) is an error. It should be 5 (F.B%). This is a common error of all the MSS.
(x3 and %4) The coefficient 6 (7NEX) is an error. It should be 5 (71.E%). This is a common error of
all the MSS. (x5) The coefficient 1 (—EX) is correct in MSS U. Tokyo, Kyoto U. B and Kyoto
U. A, but MS Tokyo Science U. is wrong here with the coefficient 2 (—-E&%). (x6) The power %%
is written with the formal style in MSS U. Tokyo and Tokyo Science U., while it is written with
the simplified style Ifs in MSS Kyoto U. B and Kyoto U. A. This term is erroneously written as
FZ 5 EHRREPY (FE) in MS Kyoto U. B. (The characters 111 and # look similar.) MS Kyoto
U. A is right at this term.

We shall restate three rules in the language of modern mathematics

Suppose (4.7). Then we have

€eodypPa
ktOnc

det| o&vpuX|=0.
VTOpPT

Quixo

This is called the quintic rule of cross multiplications.
The quintic rule of varied multiplications is the rule of cross multiplications for a ~“sym-
metric" coefficient matrix.
Suppose (4.8) and Q° — x® = 0, where Ry, R1, Ro, R3, R4 and Q° are known. Then
the rule of varied multiplications implies

R() R1 R2 R3 R4
RiQ> Ry Ry Ry Rs

det | RsQ°R4Q° Ry Ry Ro | =0
RoQ® R3Q° RyQ®> Ry Ry
R1Q° Ry@Q° R3Q® R4Q° Ry

This is called the quintic rule of deletion/generation.

Around 2008, Komatsu Hikosaburo prepared a *“critical" version of the Taisei Sankei. First
four volumes were published by RIMS, Kyoto University but others are still circulating privately,
for example., at the Nagoya seminar on the history of mathematics. In the Komatsu version, the
rule of deletion/generation for the four multiplications is corrected accordingly.

§5. What is shiki 3\ for Seki Takakazu?

Engaging ourselves in the mathematically faithful translation of Volume 17 of the Taisei
Sankei RJRF#E into English, we want to transcribe a Japanese technical term into one specific
English term. For example, siz % is transcribed into a “‘number". But sometimes a Japanese
term has dual meanings and cannot be put into a single English term. This is the case for shiki
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#. Although it was not clearly recognized by the authors of the Taisei Sankei, this term has two
meanings: a = formula" or an "equation".

tianyuanshu Kiufli (tengenjutsu)

Mathematics of Seki Takakazu and Takebe Katahiro stemmed from the Chinese mathemat-
ics. In fact, they studied Zhu Shijie's 4t 5E: the Suanxue Qimeng ¥i°¢7%5E (1299, Introduction
to Computational Studies)and learned the tianyuanshu and extended this mathematical ideas
into the boshohao 15E7%, with which they could handle polynomials of several unknowns.

With the tianyuanshu we can handle polynomials of one unknown: the unknown x is rep-

0 . .
resented by the column vector 41 A polynomial, for example, +1 — 2x + 32 is represented

+1
by a column vector, in this case, | —2

+3
In general a polynomial in x is represented by a shiki =X, which is a column vector dis-

played on on the counting board B # (suanpan) by means of two kinds of counting rods &5
(suanchou). (BK (sangi) in Japanese). A red rod represents +1; a black rod —1. We propose
to use the term "“configuration" to mean the column vector on the counting board.

The Method for Solving Hidden Problems

Seki Takakazu B=Z£H1 wrote the Kai Indai no Ho f#FE/E 2% (ca. 1685) (The Method for
Solving Hidden Problems) and expounded the theory of the algebraic equation of one unknown.
This book follows the Suanxue Qimeng but the exposition becomes general and abstract.

There are 5 sections in the book.

1. 377t (Placement of the celestial unit)

0
+1
(Introduction of the unknown x)
2. Jnjk (Addition and Subtraction)
a d a+d
bl +|e|l=|b+e
c f ct+ f

(Addition and subtraction of polynomials in z.
(a+bx +cx®) +(d+ex+ f2*) = (a+d)+ (b+e)x+ (c+ f)z?

The scalar multiplication is taken for granted.)
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3. H3E (Multiplication)

0
+1

0
+1

X

+1

(Multiplication of two polynomials. Multiplication is assumed bi-linear.)

In Sections 1, 2 and 3 shiki 2\ means a formula, a polynomial, or a configura-
tion on the counting board. Note that a polynomial P(x) is an element of the
polynomial ring Q[z].

shiki 2 (a formula) is also called a virtual number ¥, while an ordinary num-
bers si called a true number (§#). This shows that the shiki is a mathematical
object which can be added, subtracted and multiplied.

4. tHiH (Cancellation)
a
Place | b | on the counting board and move this configuration to the left. % /c. Clear the

c
d
board. Place | e | on the board and cancel it with the left to obtain the equation to be
f
extracted B /720
d—a a—d
e—b|lor||b—e
f—c c—f

(We find the equation (@ — d) + (b — €)z + (¢ — f)x? = 0)

5. K% (Finding the numerical solution)
Apply the so called Horner's method to find a numerical solution.
(A positive solution must exit. If not, the problem is ill-posed.)

In sections 4 and 5 shiki 2 (more explicitely kaihoshiki 5 /530) is an equation
or an equation to be extracted. The equation P(x) = 0 can be considered as the
ideal of the ring Q[z]| which is generated by P(z).

N.B. Let R be aring. A subset I of R is a sub-ringif f, g € [ implies f + g, f —
g,fg € 1. Asub-ring [ of Risanideal if f € [ and g € R implies fg € I.
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Did Seki Takakazu discover the determinant?

Proposition 5.1.  Let R be a ring, for example Q, Q[y|, or Qly, z]. Let a,b, - - - be in the
ring R. If we have
a+bxr+cx? =0
d+ex+ fa’=0
g+ hx+ix? =0

then we can eliminate the unknown x:
(5.1) aet + dhc + gbf —afh — bdi — ceg = 0.

In the Kaifukudai no Ho fR4RE:Z 1% (ca. 1685) (Methods for Solving Concealed Problems)
Seki Takakazu stated Proposition 5.1 and called it the cubic method of cross multiplications 3¢
Rk (kojoho).

The left hand side of (5.1) is, in modern language, the full expansion formula of the deter-
minant of degree 3. The full expansion formula is given for the determinant of degree 2, 3, 4,
and 5 in the Taisei Sankei, Vol. 17.

There was no notation of det in the Taisei Sankei. 1f we dare to use the notation det, the
determinant was defined in Volume 17 of the Taisei Sankei as follows

abc
det | def | =adet( €7 ) —bdet ) +cdet €
_ hi h ef
ghi
=aei + dhc+ gbf — afh — bdi — ceg.

* There is no statement like

abc de f
det| def | =—det|abc
ghi ghi
* There is a statement like
abec kabc
det| def | =0 ifandonlyif det| kdef | =0
ghi kgh i

* There is no mention to the multi-linearity of det.

§ 6. Concluding Remarks

In the Taisei Sankei the determinant is an equation and has not a specific name. It is not
considered as a function of columns vectors (or row vectors) but rather as an equation.
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In the Taisei Sankei (1711) the determinant 17413\ is defined inductively by the Van der
Monde formula and the full expansion formulas of determinants of degree 2, 3, 4 and 5 are given
correctly. But in the process of transcription, copiers did not recalculate the determinant of the
fifth degree. One term in the full expansion formula of the determinant of degree 5 is in the
wrong ordering. This error is conserved in all MSS which I examined.

According to the way of presentation of rules of cross multiplication, varied multiplication
and deletion/generation, at least one of the authors realized the relation among them; that is, the
rule of varied multiplications is a special case of the rule of cross multiplications and the rule
of deletion/generation is a special case of the rule of varied multiplications. But the meaning of
the rule of deletion/generation remained obscure to the author who made a final copy, Takebe
Kata'akira. The given proof of the rule of deletion/generation is inconsistent of the arrangement
of the three statements:
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