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Chapter 1

General introduction

In recent years, flexible molecular assemblies have attracted much attention in the context
of novel functional materials, [1–3] including functional molecular liquids (FMLs), [1] aro-
matic micelles, [2] and soft crystals. [3] FMLs are a new generation of fluid materials which
is a solvent-free and non-volatile at room temperature, combining the excellent optoelec-
tronic properties produced by the incorporated π-conjugated assemblies with the ease of
handling and stability of liquid materials. [1] Aromatic micelles are a series of amphiphiles
with aromatic moieties and polar alkyl chains as hydrophobic and hydrophilic groups, re-
spectively, which spontaneously form micellar molecular assemblies consisting of several
molecules in water, encapsulating various extended aromatic molecules and solubilizing
them in water. [2, 4, 5] Soft crystals are a group of solid-state materials that have highly
ordered structures but can transition between different phases with low activation free en-
ergy; [3] they exhibit remarkable stimulus-response properties such as mechanochromism
[6–9] and vapochromism. [10, 11] Excellent concepts utilizing flexible molecular assem-
blies have been proposed in rapid succession, and they are paving the way for new fields of
chemistry. However, their molecular design is not easy; the relationship between molecu-
lar interactions and macroscopic flexibility is complex, and it is difficult to synthesize them
predictably. Currently, it can only be assessed by exhaustive synthesis and measurement of
macroscopic physical properties. Therefore, it is urgent to predict in-silico the macroscopic
properties resulting from intermolecular interactions.

There are two major trends in in-silico chemistry: data chemistry and simulations based
on theoretical chemistry. Data chemistry predicts physical properties based on the classifi-
cation of data, [12–14] but it does not provide causal explanations. Theoretical simulations
can reproduce chemical properties from basic physics equations and chemical structures.
[15, 16] Simulations of the flexible molecular assemblies given by intermolecular interac-
tions require atomistic precision and long-time dynamics. In particular, molecular dynamics
(MD) simulations based on the Newton equation are good way to achieve atomically accu-
rate long-time dynamics, but reproducing the flexibility of molecular assemblies is a difficult
task due to limitations in computational resources.

MD simulations originated with Aneesur Rahmanś work on liquid argon, [17] and con-
tinue to develop and play an increasingly role in physical chemistry today. [16] In general,
MD simulations are based on three assumptions: to represent particle interactions as a func-
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tion of position, to adequately sample the statistical configuration of the molecular system,
and to compute the desired physical properties from the sample. MD simulations are of-
ten successful models that link atomic resolution and macroscopic properties with statistical
mechanics. The MD simulation is a well-successful model despite its bold simplifications.
[15, 16, 18, 19] The statistical dynamic ensemble of sampled atomic resolution and several
macroscopic physical quantities are linked by statistical mechanics. [15] However, the pur-
pose of MD simulations is not only to compute physical quantities; that is, causal modeling
based on domain knowledge is needed to derive essential insights. [16, 18, 19] Even if im-
proved computational power replaces the three assumptions of MD simulations with better
ones, causal modeling is still necessary and is an important task for researchers. [20]

In this thesis, we present two MD simulation studies that reveal causal explanations for
the flexibility of molecular assemblies: viscosity changes of FMLs and self assemblies of
aromatic micelles.

In Chapter 2, we present the study of the rheological changes of FMLs caused by alkyl
chains. We focus on four types of FMLs with pyrene as the functional π-core, [21] which
are non-volatile Newtonian liquids at room temperature. The four pyrene-FMLs differ only
in the number and substitution position of branched alkyl chains. The rheological properties
of these molecules deviate significantly from empirical theories of the viscosity of molecu-
lar liquids, i.e.the Stokes-Einstein relationship, which assumes a hydrodynamic sphere with
Brownian motion in a fluid. [22] Elucidating this mechanism at atomic resolution is im-
portant for the FML strategy of tuning physical properties by modulating alkyl chains. We
performed long MD simulations of tens of microseconds each, totaling submilliseconds,
which are sufficiently descriptive of the fluid properties of the pyrene FMLs. Furthermore,
through analyses using several spatio-temporal correlation functions reveal their character-
istic local liquid structures and provide a consistent causal explanation for the origin of their
anomalous rheology. This issue is reprinted with permission from J. Phys. Chem. B 2023,
127, 21, pp.4870-4885. Copyright 2023 American Chemical Society.

In Chapter 3, we present the study of aromatic micelles, focusing on their self-assemblies
and ability to encapsulate a wide range of extended aromatic molecules. [2, 4, 5] We re-
port MD simulations of two types of aromatic micelles called V-shaped polyaromatic am-
phiphiles (VPAAs) which form micelle-like non-bonded self-assemblies in aqueous solu-
tion. [23] The broad encapsulation capability indicates the high flexibility of self-assemblies
such as micelles. However, this flexibility masks experimental atomic resolution details,
making it difficult to gain insights that lead to molecular design. To sufficiently sample the
equilibrium structure of the VPAA assemblies in water, 10 microseconds MD simulations
and 1 microsecond replica exchange MD simulations were performed. Then, to reveal the
detailed molecular structures of the VPAA assemblies, we developed a novel similarity met-
ric that can be used for structural analysis of molecular assemblies and performed structural
clustering. Our simulations and new analytical methods provide a complete picture of the
ensemble of molecular structures of the VPAA assemblies and an explanation for their ex-
tensive encapsulation ability. This issue is reprinted with permission from J. Phys. Chem. B
2024 (https://doi.org/10.1021/acs.jpcb.4c06937). Copyright 2024 American Chemical So-
ciety.

In Chapter 4, we introduce a new methodology that improves on the method developed
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in the previous chapter. Root mean squared deviation (RMSD) is one of the most com-
mon metrics for comparing the similarity of three-dimensional chemical structures. How-
ever, calculating the RMSD of a molecular assembly requires establishing optimal atom
mapping, which creates difficulties due to combinatorial explosion. The novel method,
called molecular-oriented RMSD with branch-and-bound (mobbRMSD), uses the branch-
and-bound method to obtain an exact solution for RMSD. mobbRMSD is formulated in
molecular-oriented coordinates and can handle large, complex chemical systems that are
difficult to handle using conventional methods, such as molecular liquids, solute solvation,
and self-assemblies of large molecules. Our methodology integrates 3D structures and data
chemistry of soft molecular assemblies, paving the way to explaining the causal relation-
ships between the dynamics and properties of soft molecular assemblies that have remained
a black box.

Chapter 5 is a conclusion and provides a summary of this thesis and future research
prospects.
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Chapter 2

Liquid Structures and Diffusion
Dynamics of Alkyl-Pyrene Liquids

Functional molecular liquids (FML) based on alkylated π-conjugated molecules have
attracted attention as solvent-free and nonvolatile liquid materials with prominent optoelec-
tronic features. Recently, novel FML compounds containing pyrene as the functional core
were synthesized, and their rheological and photochemical properties were investigated.
Although the molecules differ only in the number of alkyl chain substituents and their sub-
stitution positions, their viscosity coefficients are largely different beyond Stokes-Einstein
relation on the assumption of the identical microscopic friction, indicating that local micro-
scopic molecular interactions are crucial for the macroscopic rheological properties. Here
we report a theoretical study on rheological properties of the alkyl-pyrene liquids by means
of atomistic molecular dynamics (MD) simulations. We performed long-time MD simula-
tions for tens of microseconds to obtain ample statistical samples of the alkyl-pyrene liquids,
and analyzed their liquid structures and diffusion dynamics based on spatio-temporal corre-
lation functions. We found formation of characteristic local liquid structures of π-π stacking
of the pyrene moieties and locally anisotropic and anomalous diffusion dynamics which re-
markably vary depending on the alkyl substituent patterns. The present results provide an
atomistic insight into macroscopic rheological properties of alkyl-π FMLs and molecular
design strategy for them.
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2.1 INTRODUCTION

Functional molecular liquids (FMLs) have attracted attention as a new generation of solvent-
free, nonvolatile room temperature fluid materials [1, 24] for various applications such as
organic light-emitting diodes, [25–27] luminescence, [28–35] photoconduction, [36–39]
molecular recognition, [40, 41] and energy storage. [42–45] Recently, a synthetic strategy
called alkyl-π engineering has been developed, allowing the synthesis of FMLs with promi-
nent properties by combinations of bulky yet flexible branched-alkyl chains and optoelec-
tronically active π-conjugated moieties. [24, 46, 47] The combinations lead to the formation
of entropy-driven fluid states because of the suppression of intermolecular interactions be-
tween π-conjugated moieties by the alkyl chains. This synthetic approach can therefore be
easily applied to a variety of π-conjugated molecules and thus is expected to greatly expand
the FML library. [1, 45, 47] Furthermore, aggregation structures of the π-conjugated moi-
eties in FMLs are controlled by the alkyl chain substituents and their substitution positions,
occasionally generating unexpected photochemical and rheological properties. [48]

Recently alkyl-π liquid compounds 1-4 containing pyrene (Figure 2.1a) as the func-
tional π-moiety were synthesized, and their rheological and photochemical properties were
investigated. [21] One phenyl group with two 2-hexyldecoxy substituents (-OC6C10) is
attached to pyrene for the compounds 1 and 2, and four of them are attached for the com-
pounds 3 and 4. Positions of the two 2-hexyldecoxy substituents are also different. The two
2-hexyldecoxy substituents are attached at the 3,5-positions of the phenyl group(s) for the
compounds 1 and 3, while they are attached at the 2,5-positions for the compounds 2 and
4. All these solvent-free alkyl-pyrene liquids behave as highly viscous Newtonian liquids at
room temperature, and any long-range order is absent in the neat liquid state.

Figure 2.1: Molecular structures of alkyl-pyrene liquids. (a) Chemical structures of the
compounds 1-4. (b) Representative snapshots of molecular structures of the compounds
1-4 in MD simulations of the alkyl-pyrene liquids. [48]

Although molecular structures of the alkyl-pyrene liquids 1-4 differ only in the number
of the alkyl chain substituents and their substitution positions, their rheological and photo-
chemical properties differ remarkably. [48] For the rheological properties, an experimentally
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measured complex viscosity coefficient of the compound 1 is five-fold larger than that of 2,
although the number of the substituents of the alkyl chains is identical and only the posi-
tions of the two 2-hexyldecoxy substituents are different (Table 2.2). Similarly, a complex
viscosity coefficient of the compound 4 is ten-fold larger than that of the compound 3. In
a comparison between the compounds with the same substitution positions, the viscosity
coefficients of the compounds 1 and 2 are larger than those of the compounds 3 and 4, re-
spectively. The viscosity coefficient of the compound 1 is then close to that of the compound
4. [48]

The variations of the viscosity coefficients among the compounds cannot be explained
by Stokes-Einstein relation on the assumption of the identical microscopic friction, [22]
indicating that local microscopic molecular interactions govern the macroscopic rheological
properties. Rotational relaxation measured by solid-state NMR experiments also showed
that rotational diffusion of the compound 3 is the slowest, those of the compounds 4 and 1
are comparable, and that of the compound 2 is the fastest. [48] These experimental results
indicate that the number of the alkyl chain substituents and their positions in the alkyl-π
liquids determine local liquid structures and intermolecular interactions.

However, the underlying molecular mechanism of the peculiar dynamics depending on
the number of the substituents and their position in the alkyl-π liquids remains obscure.
Especially, how the small difference in the positions of the alkyl substituents even for the
compounds with the same alkyl-π composition ratios, i.e., the differences between the com-
pounds 1 and 2, and between the compounds 3 and 4, strongly influence the dynamics are
unclear. Microscopic understanding of molecular interactions in the dynamic processes of
the liquids are therefore necessary to be obtained to explain the rheological properties con-
trolled by the alkyl-π engineering.

To regulate key properties of alkyl-π liquids such as liquid viscosity and separation of
functional π-conjugated moieties, empirical molecular design has been used. [24, 46] How-
ever, further molecular design of alkyl-π liquids through straightforward molecular screen-
ing suffers from combinatorial explosion, making exhaustive synthetic exploration imprac-
tical. In addition, it is not easy to experimentally determine at the atomic level microscopic
molecular structures of disordered materials, limiting understanding of their physical prop-
erties and rational control of the weak π-π interactions of the functional moieties.

Here we present a theoretical study on the rheological properties of the alkyl-pyrene
liquids, the compounds 1-4, by means of atomistic molecular dynamics (MD) simulations.
MD simulations have been utilized to investigate rheological properties of liquids such as
viscosity coefficients through analyses of microscopic dynamics and diffusion processes
of molecules in liquids underlying the rheological properties for various molecular fluids
including hydrocarbons, [49–51] ionic liquids, [52, 53] and deep eutectic solvents. [54–
58] For the bulk alkyl-π systems, the initial processes of order-disorder phase transition
were investigated by MD simulations for 1 µs in total, and their static liquid structures and
optoelectronic properties were analyzed. [59, 60]

However, because of highly viscous nature of the alkyl-pyrene liquids, much more long-
time MD simulations and more elaborated analyses are required. We therefore performed
in the present study long-time MD simulations for tens of microseconds to obtain ample
statistical samples of liquid conformations as well as their dynamics on the long-time scale
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in the viscous alkyl-pyrene liquids, and examined liquid structures and diffusion dynamics
simultaneously through extensive analyses based on spatio-temporal correlation functions.
We uncovered in atomic detail characteristic local liquid structures and locally anisotropic
and anomalous diffusion dynamics which remarkably vary depending on the number of the
alkyl substituents and their substitution positions. The macroscopic rheological behavior
of the alkyl-pyrene liquids is successfully explained by the microscopic liquid structures
and dynamics elucidated, providing insight into the molecular mechanism that governs the
rheology of alkyl-π liquids.

We first describe the MD simulation method and force field parameters of the com-
pounds 1-4 along with coordinate systems for theoretical analysis in COMPUTATIONAL
METHODS section. In the following RESULTS section, characteristics of diffusion of the
alkyl-pyrene liquids such as anomalous diffusion behavior and anisotropy are examined, and
viscosity coefficients are evaluated. Moreover, microscopic liquid structures and dynamics
are analyzed based on various spatio-temporal correlation functions. Finally, we discuss
microscopic molecular interactions and dynamics determining the rheological properties of
the alkyl-pyrene liquids along with implication for their photochemical properties in DIS-
CUSSIONS AND CONCLUDING REMARKS section.
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2.2 COMPUTATIONAL METHODS

2.2.1 Force field

For computational efficiency, the molecules were modeled with united atoms. A CHx (x =
1-3) group is treated as a single interaction site located at the carbon center. We employed
the TraPPE-UA force field, [61, 62] which is known to reproduce physical properties of
hydrocarbon compounds, [49, 63] with supplemental parameters taken from the OPLS-UA
force field [64] and those determined by quantum chemistry calculations. Partial charges of
most of the hydrocarbon united atoms are zero, while those of the united atoms around the
alkoxy groups are nonzero and were estimated using the resp method [65, 66] for coordinates
on the heavy atoms of model molecule. All quantum chemistry calculations were performed
using GAMESS (US) (2012 version). [67, 68]

Atom type definition

For atoms in the aromatic rings, sp2 carbon-hydrogen united atoms are represented by the
CH atom type of TraPPE-UA force field, and sp2 carbon atoms are represented by the C
atom type. In addition, four atom types related to biphenyl-like bonds between the pyrenyl
and phenyl groups were newly defined (Figure 2.2a-c), as potential energy surface around
the biphenyl-like bonds are complex and thus potential energy functions related to the bonds
are newly determined by quantum chemistry calculations (see next section). The atom types
of the carbon atom in the pyrenyl ring attached to the phenyl group are defined as CP, and
that in the phenyl group is defined as CB. In addition, CX and CY were defined to distinguish
the bond angles of the phenyl group. Force field parameters for non-bonding interactions
of those newly defined atom types are set to be the same as those of the CH and C ones.
sp3 carbons of the alkyl chains with 1, 2, and 3 C-H bonds are treated as united atoms
represented by the C1, C2, and C3 atom types of the TraPPE-UA force field, respectively.
The force field parameters are summarized in Tables 2.8, 2.9.

Intramolecular interaction

In the use of the TraPPE-UA force fields, bond lengths are supposed to be fixed. Thus,
potential energy parameters of bond stretching force constant are not provided. However,
the PMEMD of Amber program packages, which was computationally very efficient and
was therefore utilized in the present study, is not able to fix the bond lengths of heavy atoms.
The bond stretching motions were therefore allowed in the present MD simulations by the
PMEMD program with the force constant parameters taken from OPLS-UA.

According to the Amber-type force field, the total potential energy, UTOT(q), which is a
function of the coordinates of the united atoms, q), is divided into a non-binding component
UNB(q) and an intramolecular bonded terms as given by

UTOT(q) = UNB(q) +
∑

i∈bonds

UBOND
i (q) +

∑
j∈bends

UBEND
j (q) +

∑
k∈dihedrals

UDIHED
k (q). (2.1)
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Figure 2.2: Atom type definition. (a) Atom types in a 1-phenylpyrene part. Newly defined
atom types are depicted in red. (b) Atom types and partial charges of 2,5- and
3,5-dialkoxyphenyl groups. All partial charges not shown here are set to zero. (c) Carbon
atom types in a 2-C6C10 group. C1 atom marked with an asterisk is an asymmetric carbon
atom. (d) Atom labels for defining the molecular axes. Here, C16 is located at the
1-substituent position.
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Here, these sums include all bonds, bends, dihedral angles, and out-of-plane bends (im-
proper torsions). Those potential energy contributions are expressed as

UBOND
i (q) =

1

2
kBOND
a(i)b(j)

(
rij − r0a(i)b(j)

)2
, (2.2)

UBEND
i (q) =

1

2
kBEND
a(i)b(j)c(k)

(
θijk − θ0a(i)b(j)c(k)

)2 (2.3)

and
UDIHED
i (q) =

1

2
kDIHED
a(i)b(j)c(k)d(l),n

[
1 + cos

(
nφijkl − ω0

a(i)b(j)c(k)d(l),n

)]2 (2.4)

where rij is the bonding length between atoms i and j, and r0a(i)b(j) is the neutral bonding
length of the corresponding atom types. The subscripts a(i) and b(j) denote the atom types
for atoms i and j. Similarly, θijk and θ0a(i)b(j)c(k) are the bending angles and the neutral
ones. The dihedral angle potential is represented by a linear combination of n out-of-phase
Fourier series. φijkl is the dihedral angle and ω0

a(i)b(j)c(k)d(l) is a phase shift parameter. These
potential functions are characterized by the corresponding force constants kBOND

ab , kBEND
abc and

kDIHEDRAL
abcd,n , respectively.

Nonbonded interaction

The nonbonded energy consists of a sum of a two-body repulsive and dispersion energy
term, ULJ(q), and a Coulomb interaction energy, UCOUL(q),

UNB(q) = ULJ(q) + UCOUL(q), (2.5)

where

ULJ(q) =
∑
i>j

4ϵa(i)b(j)

((
σa(i)bj

rij

)12

−
(
σa(i)bj

rij

)6
)
, (2.6)

UCOUL(q) =
∑
i>j

qiqj
4rijπε0

, (2.7)

rij is an interatomic distance, σa(i)b(j) and ϵa(i)b(i) are the Lennar-Jones parameters. We em-
ployed Lorentz-Berthelot combination rules for the nonbonded parameter mixing, which
are also used in TraPPE-UA and AMBER. ε0 is the electric constant, and qi is the partial
charge. According to standard heterocyclic and hydrocarbon chain models of the TraPPE-
UA force field, the partial charges of the pyrene rings and the alkyl chains are set to zero.
Regarding the phenyl rings with methoxy-groups, partial charges at heavy atoms, which rep-
resent the Coulombic interaction sites of the united atoms, were determined by a restrained
electrostatic potential (RESP) fitting on the heavy atoms at the M06-2X/6-31G(d) level of
theory (Figure 2.2b). In addition, 1-2 and 1-3 non-bonded interactions are excluded, and
1-4 Lennard Jones and Coulombic interactions were reduced to 0 and 1/2, respectively.

12



Refinement of intramolecular force field parameters

Potential energy functions around the biphenyl-type bonds are very complex due to hydro-
gen atom collisions and stabilization by electronic delocalization between conjugated π or-
bitals. We, therefore, refined the intramolecular force field parameters around the biphenyl-
type bonds. Quantum chemistry calculations at the M06-2X/6-31G(d) level of theory were
carried out for 1-phenylpyrene and potential energy curves along six degrees of freedom
around the biphenyl-type bond were computed. Through the least square fitting to the po-
tential energy curves obtained by the quantum chemistry calculations, force field parameters
of kBOND

CP−CB, kBEND
CX−CP−CB, kBEND

CY−CP−CB, kBEND
CP−CB−C*, kDIHEDRAL

**−CP−CB−**, improper, r0CP−CB, θ0CX−CP−CB,
and θ0CY−CP−CB were determined (Tables 2.8, 2.9). The same parameters were used for all
the compounds 1-4 studied.

2.2.2 MD simulation

Non-bonded interactions were treated with a 14 Å spherical cutoff and analytic tail cor-
rections for the Lennard-Jones interactions. The particle mesh Ewald method was used
for Coulomb interaction. Time evolutions of the particles were computed by the velocity
Verlet algorithm, and the Langevin thermostat was utilized for temperature control. All
intramolecular degrees of freedom were not constrained. Molecular dynamics simulations
were performed using AMBER 14 and 16 packages. [69]

To determine an appropriate time step, preliminary calculations were carried out for
the compound 4 in NVE ensemble for 10 ns with different time steps, i.e., 2, 4, and 5 fs,
respectively. For the time steps of 2 fs and 4 fs, the total energy, a conserved quantity,
was generally conserved with fluctuations around the mean value; the magnitudes of the
fluctuation were 0.01% at 2 fs (the mean is 35,318 kcal/mol, and RMS fluctuation is 4.5
kcal/mol) and about 0.05% at 4 fs (the mean is 35,928 kcal/mol, and RMS fluctuation is
18 kcal/mol) (Figure 2.3a). However, numerical integration immediately diverged for the
time step of 5 fs. We therefore used the time step of 2 fs for the production calculations
of long-time MD simulations, considering a stability required for analyses of the long-time
dynamic behavior. We also confirmed that the total energy and thermodynamic quantities
(temperature, pressure, and density) remained stable for the system in NPT ensemble for 2
µs with the time step of 2 fs (Figure 2.3b).

Simulation cells in a three-dimensional periodic boundary condition consisted of 200
molecules. The 2,5-substituents of the liquid alkyl-pyrene compounds 2 and 4 possess possi-
ble conformational isomers because of rotation of the phenyl groups. Hence, the compound
4 has eight atropisomers in the given molecular symmetry. Furthermore, a chiral carbon
exists at the second carbon atom from the ether oxygen in the 2-hexyldecoxy (OC6C10)
group. Two chiral chains are therefore present in the 2,5- or 3,5-OC6C10 groups. Ex-
perimentally, those groups were shown to be racemic. [21, 70] In the present simulation
systems, the atropisomers were evenly mixed. Preliminary simulations at 300 K confirmed
that the atropisomers of the phenyl group were exchangeable by thermal fluctuation. For
the enantiomers, the two OC6C10 groups were modeled to be one (S)-type and one (R)-
type substituents, respectively, for computational simplicity. Bulk properties are expected
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Figure 2.3: Time evolutions of quantities along MD trajectories. (a) Energy components
along trajectories in NVE ensemble calculated for 10 ns with time steps of 2 fs and 4 fs,
respectively. (b) Energy components and thermodynamic properties along a trajectory in
NVT ensemble calculated for 2 µs with time steps of 2 fs.
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to be less affected by enantiomers, because the two substituents on the chiral carbon are
the n-hexyl group and the n-octyl group, respectively, which are approximately the same
length.

An initial configuration of molecules in the simulation box was set by packing 200
molecules which were translated and rotated as a rigid body from a single molecular struc-
ture optimized in the gas phase. The initial simulation boxes are cubic ones with a side length
of 85 Å for 1-2 and 105 Å for 3-4, respectively. The set up was performed by Packmol. [71]
After the initial coordinates were energy minimized, MD simulations for equilibration were
performed in NPT ensemble at 1 atm. The system was heated to 1,000 K in 100 ps, ran-
domized at 1,000 K for 100 ns, cooled to 400 K in 5 ns, and equilibrated at 400 K for 10
µs. The system was then cooled down to 300 K in 5 ns and equilibrated at 300 K for 5 ns
(Figure 2.4a). The production runs were performed at 300 K from the equilibrated systems.

Figure 2.4: A simulation system and definition of molecular coordinates. (a) A snapshot
of an equilibrated simulation system of 1. (b) Definition of the body-fixed coordinates. The
origin was set at the center of gravity of the pyrene ring. X-, Y-, and Z-axes were defined
by the long axis of the pyrene ring, the short axis of it, and the axis perpendicular to the
pyrene plane, respectively. The unit vectors associated with these axes are labeled eX

i , eY
i ,

and eZ
i , respectively. The positive and negative directions of X- and Y-axes for the

compounds 1 and 2 are distinguished as they are in Cs symmetry. The 1-position of pyrene
is located in the first quadrant. (c) Definition of the cylindrical coordinate system in the
body-fixed coordinates. Three coordinates (ϱ, φ, z) are defined by an axial distance ϱ from
Z-axis, the azimuth φ from X-axis on XY-plane, and the axial coordinate z, respectively.

We performed MD simulations for 50 µs for compounds 1 and 2, and for 25 µs for
3 and 4, respectively. The coordinates were sampled at every 10 ps. In addition, as the
alkyl-pyrene compounds are viscous liquids and thus their molecular dynamics on a wide
time scale are correlated, structural samplings at smaller time steps are required to examine
the time correlation. To reduce conformational storage, the correlation time domain was
divided into three domains, sim 10 ps, sim 10 ns, and sim 10 µs. For the shortest time
domain of sim 10 ps, we performed 5,000 and 2,500 short MD simulations for 100 ps
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starting at snapshots of every 10 ns in the aforementioned MD simulations for 50 µs and 25
µs, respectively, and sampled the coordinates at every 10 fs. Displacement of the coordinates
of the center of gravity of the entire system was removed for analysis of time correlations.

2.2.3 Body-fixed coordinates

Unlike simple systems composed of isotropic monoatomic molecules, structures and dy-
namics of molecular liquids are in general complex. Especially in alkyl-π liquids, rigid
aromatic π-rings and flexible alkyl chains coexist in a molecule, producing anisotropic ag-
gregation and diffusion. To analyze the complex intermolecular structure and dynamics, the
molecular position and orientation are expressed in the molecular frame defined by the long
axis of pyrene as the X-axis, the short axis as the Y-axis, and the normal to the aromatic
plane as the Z-axis (Figure 2.4b).

Given rotational degrees of freedom of the biphenyl-like bonds of the alkyl-pyrene liq-
uids, the compounds 1 and 2 in the ensemble average were treated with the Cs symmetry
with a mirror plane of the pyrene aromatic ring lying in the plane of the X- and Y-axes.
Hence, no distinction between the positive and negative values in the Z-axis was made.
Here, the X-axis is defined such that the phenyl group at 1-position is located in the first
quadrant. The compound of 3 and 4 were treated with the D2h symmetry as well, and no
distinctions between the positive and negative values in the X-axis and Y-axis, respectively,
were made in addition.

To measure intermolecular correlations, a local molecular coordinate system of a target
molecule is introduced. We consider the body-fixed coordinate system, which is a local
molecular coordinate system of the pyrene aromatic moiety, to monitor time evolutions of
environments around the target molecule. In the following, unless otherwise specified, the
indices i, j, . . . are labels of molecules, and the number of molecules contained in the system
is represented by N . The centroid of the pyrene ring of the i-th molecule is expressed as

ri(t) =
1

np

np∑
l=1

qil(t), (2.8)

where qil is the coordinate of the l-th united atom in the pyrene ring of the i-th molecule,
and np is the number of the united atoms constituting the pyrene ring.

A set of three orthogonal unit vectors eX
i , eY

i , and eZ
i that represent the molecular frame

of the i-th molecule at time t is also defined with snapshot coordinates in the trajectory
as follows: First, unit vectors {ẽX

i , ẽ
Y
i } connecting the geometric centers of specific united

atoms are defined as

ẽX
i (t) =

rX
i (t)− rX′

i (t)∣∣rX
i (t)− rX′

i (t)
∣∣ (2.9)

and

ẽY
i (t) =

rY
i (t)− rY′

i (t)∣∣rY
i (t)− rY′

i (t)
∣∣ , (2.10)

where rX
i , rX′

i , rY
i , and rY′

i are geometrical centroids of the atomic sets chosen to define long
and short axes of a pyrene ring. For the long axis, the atoms C01, C06, C07, C08, C09 and
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C10 are selected for rX
i , and the atoms C02, C03, C13, C14, C15 and C16 are selected for

rX′
i . For the short axis, the atoms C01, C02, C03, C04, C05 and C06 are selected for rY

i ,
and the atoms C01, C02, C10, C11, C12 and C13 are selected for rY′

i . eZ
i is first defined

by the cross product of eZ
i = ẽX

i × ẽY
i . Since {ẽX

i , ẽ
Y
i } of snapshot coordinates are not

orthogonal in general due to intramolecular deformation, we defined eX
i and eY

i by eX
i = ẽX

i

and eY
i = eX

i × eZ
i .

Furthermore, a time-dependent affine transformation function Pi is defined as

Pi(r, t) = Ri(t) [r − ri(t)] , (2.11)

where r is a three-dimensional position vector and Ri(t) is a rotation matrix associated with
the orthonormal basis vectors {eα

i (t)} given by

Ri(t) =
(
eX
i (t), e

Y
i (t), e

Z(t)
i

)⊤
. (2.12)

The function Pi(r, t) moves the coordinate to the body-fixed coordinates of the i-th molecule
at time t, and provides a vector with three scalar components

Pi(r, t) =
(
PX
i (r, t), P

Y
i (r, t), P

Z
i (r, t))

)⊤ (2.13)

which represents coordinates in the body-fixed system. This transformation is generally
non-commutative because it is an affine transformation consisting of translation and linear
transformation.
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2.3 RESULTS

2.3.1 Translational diffusion

Since the alkyl-pyrene liquid system has no macroscopic anisotropy, translational diffusion
is isotropic in a long-time domain regardless of initial orientations of the molecules. How-
ever, molecular liquids generally undergo anisotropic translational diffusion in a short time
domain because of anisotropic shape of the molecule. To quantify the anisotropy of the dif-
fusion process in a short-time domain, the alkyl-pyrene liquid trajectories were analyzed by
anisotropic mean square displacements (a-MSDs) expressed as

σ2
α(t, t0) =

1

N

N∑
i=1

(Pα
i (ri(t+ t0), t0))

2 , (2.14)

where α is associated with the X-, Y- and Z-axis, respectively. The XYZ components of
σα(t, t0) are defined in the molecular local frame at t = t0 expressed by the basis vectors
{eα(t0)}. The sum of the three a-MSDs is the standard isotropic mean square displacement
(MSD),

σ2(t, t0) = σ2
X(t, t0) + σ2

Y(t, t0) + σ2
Z(t, t0). (2.15)

The diffusion anisotropy ratio is defined by normalizing the anisotropic values as

ς(t, t0) =
σ2
α(t, t0)

σ2(t, t0)
. (2.16)

Given that the alkyl-pyrene liquids do not exhibit macroscopic bulk anisotropy experimen-
tally, the three components converge to 1/3 in the long-time limit.

The translational diffusion processes of the compounds 1 to 4 are presented in Fig-
ure 2.5. A common feature of the alkyl-pyrene liquids is an anomalous diffusion [72,
73] due to a cage effect appearing from sub-picoseconds and lasting up to microseconds.
After simple diffusions on the sub-picosecond time scale, the diffusions drastically slow
down in sub-picoseconds to tens of nanoseconds, and then gradually increases on the mi-
crosecond time scale (Figure 2.5a, b). In the time region of sub-picoseconds to tens of
nanoseconds, the exponents of time for MSDs decrease to ∼0.2, indicating a strong sub-
diffusion (Table 2.1). After 5 microseconds, then, the diffusion processes become normal
again; the exponents of time are ∼1.0. This transition from subdiffusion to normal diffu-
sion is typically seen for dynamics of caged particles in a crowded environment. [74, 75]
The temporal change in the diffusion characteristics is closely correlated with behavior of
the diffusion anisotropy (Figure 2.5d, e). In the short time less than sub-picoseconds, the
diffusion anisotropy ratios are almost the same, expressing a simple diffusion before the
molecules experience a cage effect. The diffusion anisotropy ratios then remarkably devi-
ate from the average value in sub-picoseconds to tens of nanoseconds. In the compounds
1 and 2, the anisotropic diffusion components along the X-axis representing the long axis
of the pyrene ring become the fastest ones. The components along the Y-axis representing
the short axis of the ring are also faster than the average values. The anisotropic diffusion
components along the Z-axis perpendicular to the pyrene ring then become very slow. In
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Figure 2.5: Translational diffusion properties of the compounds 1-4. (a) Isotropic MSDs
of the compound 1-4. The slopes of the lines were calculated by least squares for the
specified intervals. The detailed values are summarized in Table 2.1. (b),(c) Time
derivatives of the isotropic MSDs. Gray areas indicate the 99.9% confidence intervals for
the Student′s t distribution. (d) a-MSDs along X-, Y-, and Z-axes (red, blue, and green),
respectively. (e) Diffusion anisotropy ratios, ςα, defined by Eq. 2.16. Dashed line indicates
1/3 for the isotropic convergence.
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the case of the compounds 3 and 4, in contrast, the anisotropy components along the Z-axis
and the Y-axis become the fastest and slowest ones, respectively. The components along
the X-axis do not largely deviate from the average values. The deviations of the anisotropic
diffusion components are attributed to characteristic local intermolecular structures in the
alkyl-pyrene liquids as described below. The anisotropy of diffusions then decays in the
long-time domain after tens of nanoseconds, except for the compound 3 which presumably
exhibits a conformational relaxation slower than the simulation time.

Table 2.1: Exponents of anomalous diffusion in time domains of 1 ps to 1 ns and 5 to 10 µs.

1 2 3 4
1 ps to 1 ns σ2

X 0.20 0.22 0.23 0.23

σ2
Y 0.20 0.22 0.24 0.24

σ2
Z 0.19 0.23 0.21 0.24

σ2 0.20 0.22 0.23 0.24

5 to 10 µs σ2
X 1.07 1.08 1.18 1.11

σ2
Y 1.09 1.09 1.10 1.09

σ2
Z 1.09 0.97 1.09 1.05

σ2 1.07 1.09 1.07 1.08

To characterize the rheologic properties of the FMLs, we compare viscosities of the
liquids obtained from the computed translational diffusion coefficients above with the ex-
perimental ones. [21] Note that the complex viscosity coefficients were experimentally mea-
sured with a rheometer and no frequency dependence was found for all compounds. [21]
The complex viscosity coefficients were therefore regarded as the viscosities of the liquids
which are defined with the complex viscosity coefficients in the zero frequency limit. [76]

A straightforward computational evaluation of a viscosity coefficient would be based on
the Green-Kubo theory with time correlations of stress tensor components. [15] However, it
is a formidable task to compute a well-converged accurate time correlation for viscosity for
the highly viscous alkyl-pyrene liquid systems. Note that the alkyl-pyrene liquids become to
exhibit the normal diffusion after sim5 µs as seen above (Figure 2.5), and thus the calcula-
tions of the time-correlations require impractically long time MD trajectory calculations and
huge data storages. We therefore introduced an approximation based on the Stokes-Einstein
relation to qualitatively evaluate a viscosity from the computed diffusion coefficient. The
viscosity, η, is thus obtained with a diffusion coefficient, D, as

η ≈ kBT

AπaD
, (2.17)

where kB is the Boltzmann constant, T is the absolute temperature, and a is the radius of
the hydrodynamic equivalent sphere of the molecule. The quantity A depends on whether
the boundary conditions are assumed to be ”sticky” (A = 6) or ”slippery” (A = 4). We
employed the latter value, which is known to be more realistic for neat molecular liquid.
[74, 77]

20



Using the slope of the isotropic MSD of the diffusion region in the long time limit, the
diffusion coefficients calculated by MDs for the finite periodic boundary systems [78, 79]
are given by

DMD = lim
t→∞

1

6

dσ2(t, t0)

dt
. (2.18)

The diffusion coefficients in the thermodynamic limit were then evaluated by an analytic
correction formula derived by Yeh and Hummer [80] as

D ≈ DMD
(
1− Aξa

6L

)−1

(2.19)

where, ξ ≈ 2.837297, and L is length of the cubic simulation cell.

The radius of the equivalent sphere of the molecule, a, was estimated with the averaged
radius of gyration as

a =
1

tsim

∫ tsim

0

dt

√√√√ 1

napm

napm∑
l=1

‖qil(t)− ri(t)‖2 . (2.20)

where napm is the number of united atoms in the molecule, qil is the coordinate of the l-th
united atom of the i-th molecule, and tsim is the simulation time.

The diffusion coefficients and the radii of the equivalent spheres of the molecules were
evaluated with the averages of the time derivatives of the isotropic MSDs (Figure 2.5b, c)
and the radius of gyration in 9-10 µs where the time derivatives of the isotropic MSDs are
temporally almost constant. The statistical errors during the correlation time are sufficiently
small (Figure 2.5c), indicating that clear statistical differences in the diffusion processes
between the compounds exist. It should be noted, however, that the diffusion process of
the compound 3 did not completely reach the equilibrium as their anisotropy components
were not fully converged (Figure 2.5e). The diffusion coefficient derived from Eq. 2.18
with the isotropic MSD evaluated by the present simulations even for tens of microseconds
is therefore still an approximated estimate.

Table 2.2 summarizes the viscosity and diffusion coefficients along with the averaged
radii of gyration and the simulation cell sizes. The computed viscosity coefficients of the
compounds 1, 2, and 4 (3.5, 1.8, and 5.6 Pa·s, respectively) are in qualitative agreement with
the experimental ones (6.1, 2.3, and 6.2 Pa·s, respectively). [21] The viscosity coefficient of
the compound 2 is the smallest one, and those of the compounds 1 and 4 are 2-3 times larger
than that of the compound 2. Although the absolute magnitudes of the computed viscos-
ity coefficients of the compounds 1 and 4 are slightly deviated from the experimental ones,
respectively, presumably due to lack of sufficient accuracy of the force field and the simu-
lation time, the relative order of the coefficients is successfully reproduced by the present
simulations.

The computed viscosity coefficient of the compound 3 (10.6 Pa·s) is, in contrast, largely
underestimated compared with the experimental one (58.0 Pa·s), although it is the largest
one among the compounds considered and thus is in line with the experimental evidence.
The large discrepancy of the computed coefficient may originate from lack of the suffi-
cient simulation time despite the present long-time MD simulation calculation for tens of
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Table 2.2: Molecular weights, averaged radii of gyration, a, length of the cubic simulation
cell, L, computed translational diffusion coefficients, DMD, thermodynamic limit
translational diffusion coefficients, D, and viscosity coefficients, η, of alkyl-pyrene liquid
compounds 1-4. Numbers in parentheses for a and L indicate the standard deviations, and
numbers with ± for DMD and D indicate the 99.9% confidence intervals for the Student′s t
distribution. See Appendix for methods for the calculation of confidence intervals.

1 2 3 4
Molecular weight 759.19 759.19 2430.23 2430.23

a (Å) 6.93(0.28) 6.81(0.30) 10.12(0.31) 9.26(0.29)

L (Å) 63.29(0.04) 63.35(0.04) 94.72(0.04) 94.86(0.04)

DMD (×10−12m2s−1) 0.11±0.02 0.21±0.04 0.027±0.006 0.046±0.011

D (×10−12m2s−1) 0.14±0.02 0.27±0.05 0.034±0.008 0.058±0.014

η (Pa·s) 3.5+0.8
−0.5 1.8+0.4

−0.3 10.6+3.3
−2.0 5.6+1.7

−1.1

η (Pa·s) (Exp.)a 6.1 2.3 58.0 6.2
a Experimental values. [21]

microseconds. In fact, the anisotropic MSDs for the compound 3 (Figure 2.5e) are not
yet converged in the simulation time as described above. A longer MD simulation would
therefore be required to obtain the converged value of the larger viscosity coefficient.

2.3.2 Rotational diffusion

We analyzed rotational self-diffusion of the molecules which also exhibits anisotropy. [81–
83] Given the anisotropic shape of the pyrene molecule, the time evolutions of the rotational
dynamics of eX

i (t), e
Y
i (t), and eZ

i (t), which represent the body fixed axes of the molecular
frame of the pyrene moiety of the i-th molecule were monitored individually. The time
correlation function of the rotational dynamics is given by

ωα(t, t0) =
1

N

N∑
i=1

ωα
i (t, t0), (2.21)

where ωα
i is a rotational time correlation function of the i-th molecule expressed as

ωα
i (t, t0) = P (2) (eα

i (t+ t0) · eα
i (t0)) , (2.22)

and P (2) is a normalized quadratic Legendre polynomial defined by

P (2)(x) =
3

2
x2 − 1

2
. (2.23)

The time correlation function which exhibited complex behavior involving decays on mul-
tiple time scales was then fitted by an analytic function to estimate decay time constants of
the correlation.
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For the analytic function, we employed a linear combination of the Kohlrausch-Williams-
Watts (KWW) extended exponential functions [84–86] given by

ω̃α(t) =
K∑
k=1

cαk exp

[
−
(

t

tαk

)κα
k

]
. (2.24)

Here, tαk is the KWW correlation time, and κα
k is a distribution parameter which stretches

the time decay curve when the value lies between zero and one and compresses the decay
curve when the value is greater than one. cαk is a coefficient of the linear combination and is
constrained so that the sum of the coefficients is one. The average lifetime of the rotational
correlation function was then obtained by

τωα =
K∑
k=1

cαk t
α
kΓ [(κα

k τ
α
k )

−1]

κα
k

, (2.25)

where Γ[x] is the gamma function. The fitting to the mixed KWW function was performed
with K = 4, and the optimized parameters are shown in Table 2.3. See Appendix for details
of the parameter fitting.

The rotational correlation functions of the compounds 1-4 are shown in Figure 2.6. For
all the rotational correlations around the X-, Y-, and Z-molecular axes, those of 2 decay most
rapidly, followed in order by 1, 4, and 3. The order of the relaxation times is consistent with
experimental observations of viscosity and solid-state NMR measurements. [21] The initial
decreases within ∼1 ps can be interpreted as a simple rotational diffusion of the molecule
before the molecule experiences a cage. [77] In the initial time domain, 1 and 2 decrease by
∼ 4% and 3 and 4 by∼ 1%. The decays are then considerably slowed until nanoseconds due
to restriction of the cage, followed by faster exponential relaxation on a longer time scale.

Table 2.4 summarizes the average rotational lifetime τωα . The average decay times of
1 are more than two-fold larger than those of 2 for all the molecular axes, and similarly
the decay times of 3 are about 1.5 times larger than those of 4, despite that the numbers
of the substituent are the same for the compounds 1 and 2, and for 3 and 4, respectively.
The relative order of the rotational decay times in terms of the compounds is the same as
that of the diffusion coefficients of translational diffusion seen above. For the compounds 1
and 2, clear rotational anisotropy was seen; τωZ are ∼1.4 times and ∼1.8 times larger than
τωX and τωY , which nearly coincide, for the compounds 1 and 2, respectively, attributed to
remarkably slow decay of ωZ of the compound 1 in the time region of microseconds or
longer (Figure 2.6c). In contrast, no difference in the decay time among the molecular
axes was found for 3 and 4, indicating that those compounds exhibit isotropic rotational
relaxation.
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Table 2.3: Fitting parameters for a parametric analytical rotational correlation function
ω̃α(t).

1 2
α k cαk tαk (ns) κα

k cαk tαk (ns) κα
k

X 1 0.945 432 0.617 0.902 172 0.670

2 0.025 8.40×10−2 0.515 0.072 4.29×10−1 0.333

3 0.021 2.66×10−4 1.638 0.021 3.27×10−4 2.009

4 0.009 6.34×10−4 1.171 0.005 6.30×10−4 1.731

Y 1 0.940 425 0.609 0.905 167 0.664

2 0.023 5.93×10−2 0.561 0.058 2.59×10−1 0.381

3 0.022 1.76×10−4 1.846 0.021 4.30×10−4 1.501

4 0.015 4.72×10−4 1.286 0.016 1.73×10−4 2.286

Z 1 0.928 792 0.616 0.862 267 0.725

2 0.039 2.90×10−2 0.312 0.084 3.05 0.461

3 0.022 1.67×10−4 2.310 0.032 2.22×10−4 1.741

4 0.011 4.49×10−4 1.392 0.022 7.37×10−3 0.449

3 4
α k cαk tαk (ns) κα

k cαk tαk (ns) κα
k

X 1 0.747 3329 1.219 0.945 1420 0.885

2 0.231 451 0.773 0.040 11.6 0.508

3 0.014 2.09×10−1 0.428 0.008 5.47×10−3 0.446

4 0.008 2.74×10−4 1.037 0.007 3.50×10−4 1.278

Y 1 0.947 2423 0.897 0.928 1342 0.919

2 0.037 18.8 0.492 0.053 23.7 0.505

3 0.009 1.17×10−4 1.755 0.010 1.68×10−4 1.139

4 0.007 2.39×10−3 0.409 0.009 4.18×10−3 0.380

Z 1 0.944 2483 0.843 0.925 1245 0.877

2 0.037 14.1 0.468 0.050 16.7 0.516

3 0.010 1.32×10−3 0.366 0.014 5.48×10−3 0.352

4 0.009 1.27×10−4 2.007 0.011 1.97×10−4 1.205
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Figure 2.6: Rotational relaxation functions. (a) ωX(t). (b) ωY(t). (c) ωZ(t). Dots indicate
calculated values of ωα(t) at sample times, the solid lines are analytical stretched
exponential curves, ω̃α(t), fitted to the calculated values, and gray areas are the 99.9%
confidence intervals for the Student′s t distoribution. Insets show initial relaxations
(0.9 ≤ ωα ≤ 1.0) in a short time region.

Table 2.4: Lifetimes τωα of rotational correlations. τωα is defined by Eq. 2.25 and was
calculated by approximating the analytical function defined by Eq. 2.24. The numbers in
parentheses are the RMSE for the data of the fitted curves.

1 2 3 4
τωX (ns) 593 (0.0556) 205 (0.0524) 2382 (0.1135) 1425 (0.0813)

τωY (ns) 589 (0.0556) 202 (0.0498) 2419 (0.0739) 1298 (0.0701)

τωZ (ns) 1071 (0.0612) 283 (0.0601) 2563 (0.0997) 1231 (0.0670)
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2.3.3 The van Hove distribution function

Static and dynamic nature of alkyl-pyrene liquids in liquid equilibrium state is characterized
through the van Hove distribution function which is a spatio-temporal correlation function of
two-body density fluctuation. [87, 88] The van Hove distribution function in the body-fixed
coordinates of the molecules, G(r, t), is given by

G(r, t) =
1

Nρ(t)

N∑
i=1

N∑
j=1

δ (r − Pi (rj(t), 0)) (2.26)

where ρ(t) is the number density of the system given by N/V (t), and V (t) is the volume of
the system at time t. The initial time of the time correlation, at which the body-fixed flame
of the molecule i is determined, is set to 0 in Eq. 2.26. The van Hove distribution function
can be divided into a self-component and a distinct-component

G(r, t) = GSELF(r, t) +GDIST(r, t). (2.27)

The self-component is given by

GSELF(r, t) =
1

Nρ(t)

N∑
i=1

δ (r − Pi (ri(t), 0)) (2.28)

and the distinct-component is

GDIST(r, t) =
1

Nρ(t)

N∑
i=1

N∑
j ̸=i

δ (r − Pi (rj(t), 0)) . (2.29)

The static pair correlation function called the spatial distribution function (SDF), [89, 90]
g(r), is given by the distinct-component at t = 0 as

g(r) = GSELF(r, 0). (2.30)

2.3.4 Static structures

The SDFs given by Eq. 2.30 microscopically characterize static molecular structures of the
alkyl-pyrene liquids in equilibrium. Figure 2.7 depicts SDFs of 1-4 around the pyrene moi-
eties. One can discern sharp and periodic peaks of the densities of 1 and 2 which develop
from the pyrene moiety along the Z-axis at every 4 Å. As the aromatic plane of the pyrene
moiety lies in the XY-plane, the periodic peaks represent columnar multiple π-π stacking
of the pyrene rings. Note that the FMLs do not exhibit any macroscopic system anisotropy.
Thus, the columnar structures do not create a persistent one-dimensional order, but repeat-
edly form and collapse as described later.

The local coordination number was calculated by integrating the SDF with respect to a
subspace. [89] To analyze the anisotropic columnar structure developing along the Z-axis
more quantitatively, a spatial distribution function in a cylindrical coordinate (Figure 2.4c)
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Figure 2.7: SDFs of pyrene rings around the reference molecule of the compounds 1-4. (a)
Isosurfaces of the SDFs at values of 0.50 (blue mesh surfaces) and 2.50 (red mesh
surfaces). (b)-(d) Two dimensional maps of the SDFs on planes spanned by two of the
three axes of the body-fixed coordinates of the reference molecule, XY-plane (b), YZ-plane
(c), and XZ-plane (d). In each row, the compounds 1-1 are aligned from left to right. All
figures are depicted to the same scale, and images of the reference molecules without alkyl
chains were included.
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is introduced. Similarly, the number density of the columnar structure along the Z-axis,
nG(z, t), is defined by

nG(z, t) = ρ̄

∫ ϱa

0

ϱdϱ

∫ 2π

0

dφ

∫ inf

− inf

dz′GDIST(r, t)δ(z′ − z), (2.31)

where ρ̄ is the time averaged number density of molecules given by ρ̄ = N/V̄ , V̄ is the time
averaged volume of the system, ϱ is the radial distance from the Z-axis, and φ is azimuth.
ϱa a is the cut-off distance and was set to 5.0 Å. In particular, at t = 0, nG is the cylindrical
integral of the SDF, denoted as ng(z) = nG(z, 0). The accumulated number of the SDF in
the cylinder along the Z-axis, N g(z), is given by

NG(z) =

∫ z

0

ng(z′)dz′. (2.32)

The number distribution in the cylinder along the X-axis is compared with the homogenous
number distribution

NH(z) = ρ̄

∫ ϱa

0

ϱdϱ

∫ 2π

0

dφ

∫ inf

− inf

dz′ = πϱ2azρ̄ (2.33)

which represents the number distribution of liquid without structure. As the number distri-
butions are symmetric along the Z-axis, those of the positive and negative z are averaged.

The periodic peaks of the SDF of 1 are bolder than those of 2 (Figure 2.7). In fact, ng(z)
of the compound 1 persists progression of the periodic peaks up to 20 Å, while the periodic
peaks of 2 disappear in 8 Å(Figure 2.8a). The observation indicates that the columnar
multiple π-π stacking of 1 is stronger than that of 2, despite that the numbers of the phenyl
substituents in 1 and 2 are identical (one). In the case of 1, the two hexyldecyl alkyl chains
substituted at the 3,5-positions of the phenyl group extend outward from the pyrene ring and
thus the π-π stacking of the pyrene rings are less disturbed by the alkyl chain substituents
(Figure 2.1b). In contrast, one of the two OC6C10 alkyl chains substituted at the 2-position
of the phenyl group in 2 points inward and covers the pyrene ring, which hinders stronger
π-π stacking interaction of the pyrene rings (Figure 2.1b). Because of the strong columnar
multiple π-π stacking of 1, the accumulated number N g of 1 along the Z-axis is considerably
larger than that of the homogenous number distribution, NH, and differs by about 1 in the
limit of z →∞ (Figure 2.8b).

The SDFs of 3 and 4 do not exhibit periodic peaks of the columnar structures (Figures 2.7
and 2.8). The numbers of the phenyl substituents in 3 and 4 are increased to four, and thus
influence of the substituents become substantial. Nevertheless, the compound 3 forms a
π-π stacking pair which is represented by strong peaks of the SDF above and below the
pyrene ring (Figure 2.7c, d) and a single strong peak of ng(z) (Figure 2.8a). As described
above, the two OC6C10 alkyl chains substituted at the 3,5-positions of the phenyl groups ex-
tend outside from the pyrene ring in 3 (Figure 2.1b), allowing the compound 3 to establish
one strong dimeric π-π stacking interaction between two molecules. However, the increased
volume of the substituents compared with 1 and 2 prevents elongation to the columnar struc-
tures of more than trimer with multiple π-π stacking of the pyrene rings (Figure 2.8a). In the
case of 4, the pyrene ring is completely isolated from those of other molecules (Figure 2.7)
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Figure 2.8: Average number densities and number distributions of the SDFs in the
body-fixed cylindrical coordinates of the compounds 1-4. (a) Average number densities
ng(z). (b) Number distributions N g(z) and number distributions for the homogeneous
distribution, NH(z).
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because the pyrene ring is fully covered by the OC6C10 alkyl chains substituted at the 2-
position of the four phenyl groups (Figure 2.1b) as described above. The closest molecules
are located in diagonal positions in the XZ- and YZ-planes (Figure 2.7c, d) where the
molecules can maximally avoid steric hindrance of the OC6C10 alkyl chains at the 2- and
5- positions of the phenyl groups. Accordingly, molecules cannot approach to the pyrene
ring along the Z-axis, and thus the accumulated number of 4 along the Z-axis is significantly
smaller by 0.3 than that of the homogeneous distribution (Figure 2.8b).

2.3.5 Dynamic structures

Spatio-temporal behavior of the van Hove distribution functions is examined to gain a micro-
scopic insight into the rheological properties of the alkyl-pyrene liquids based on the liquid
structures analyzed above. Figure 2.9a-c depicts temporal changes of the self-diffusion
components of the correlation functions GSELF(r, t). The order of the decay times of the
positional distribution peaks is 2 < 1 < 4 < 3, which is in line with the viscosity coefficients
(Table 2.2). The compounds 1 and 2 exhibit temporally anisotropic decays of the positional
distribution peaks appearing as elliptical distributions in the cross-sections of the XZ- and
YZ-planes. The retarded decays along the Z-axis indicate that the diffusion along the Z-axis
which is perpendicular to the plane of the pyrene ring is slowed in those compounds. In
contrast, an isotropic decay of the positional distribution peak with a nearly complete round
distribution is seen for the compound 4.

The observed temporal anisotropy of the microscopic positional distributions underlies
the anisotropies of the a-MSD components shown in Figure 2.5d, e. The anisotropy of the
a-MSD components of 1 and 2 are significantly larger than that of 4. The a-MSD com-
ponents of 1 and 2 along the Z-axis is considerably smaller than those along the X- and
Y-axes. The observation of the anisotropy of a-MSD is consistent with the temporal behav-
ior of GSELF(r, t) described above. Given that the pyrene aromatic rings form the columnar
structures through the multiple π-π stacking interactions in 1 and 2, which is absent in 4, the
anisotropy of the diffusion is governed by the characteristic liquid structures of the pyrene
rings which are controlled by the alkyl chains of the substituent groups.

In the case of 3, temporally anisotropic decay of the positional distribution peaks of
GSELF(r, t) is also observed (Figure 2.9a-c). The distribution peak is distorted into an el-
liptical shape on 10 nanoseconds or longer time scale, and thus shows a slower translational
diffusion along the Z-axis. The anisotropic decay is attributed to the strong pairing of the
pyrene rings through π-π stacking interaction described above. However, unlike 1 and 2,
the π-π stacking does not grow to form a columnar structure and is terminated at the for-
mation of the strongly bound dimeric pair as described above. The smaller a-MSD com-
ponents (Figure 2.5e) therefore represent the translational diffusion of the overall dimeric
form of which the shape is not significantly anisotropic, while the translational diffusion
of each monomer molecule in the dimer is strongly affected by the strong anisotropic π-π
stacking interaction, which underlies the anisotropy of the positional distribution peaks of
GSELF(r, t).

Difference in anisotropy among the compounds 1-4 described above is also well ex-
plained by their structural characteristics. The columnar aggregates of 1 and 2 give rise to
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Figure 2.9: The van Hove distribution functions around the reference molecules of the
compounds 1-4. (a)-(c) Two dimensional maps of self-parts, GSELF(r, t), on planes
spanned by two of the three axes of the body fixed coordinates of the reference molecule,
XY-plane (a), YZ-plane (b), XZ-plane (c). In each panel, the compounds 1-4 are shown
from the left, and correlation time of 10, 100, 1,000 and 10,000 nanoseconds are shown
from the top. (d)-(f) Two dimensional maps of distinct parts, GDIST(r, t). (g) The number
density distributions along the Z-axis, nG(z, t), defined by Eq. 2.31.
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the rotational anisotropy of τωα where τωZ , i.e., the out-of-plane rotational decay of the stack-
ing axis is remarkably larger than the in-plane decays of τωX and τωY while the isolated pyrene
structure of 4 results in the anisotropic behavior of τωα (Figure 2.4 and Table 2.4). Similar to
the a-MSD components, the isotropic behavior of 3 is attributed to the strong π-π stacking
pair where the overall pyrene rings rotate together.

Spatio-temporal behavior of the liquid structures are also examined by the distinct com-
ponent of the van Hove correlation function, GDIST(r, t), shown in Figure 2.9d-g. Progres-
sion of peaks along the Z-axis expressing the columnar structure for 1 is maintained on the
sub-microsecond time scale, while that for 2 decays faster and disappears in tens of nanosec-
onds. A pair of peaks of the strong π-π stacking pair of 3 is also kept on the sub-microsecond
time scale. Thus, marked difference in the dynamic behavior of the liquid structures among
those compounds was observed. It should, however, be noted that the temporal decay of
GDIST(r, t) involves both internal collapse of the structured aggregates and diffusion of the
entire structured aggregates without collapse, and thus GDIST(r, t) is not capable of distin-
guishing between them to identify the structural dynamic origin of the temporal character of
the liquids.

2.3.6 Spatially resolved two-body time correlation function

To clearly describe collapse of the π-π stacking structure, we introduce a spatially resolved
two-body time correlation function of the mutual orientation of the pyrene planes as

Ψα(r, t) =
1

Nρ(t)

N∑
i=1

N∑
j ̸=i

δ (r − Pi(rj(0), 0)) ξ
α
ij(t, 0), (2.34)

where ξαij is the two-body rotational correlation function given as

ξαij(t, t0) = P (2)
(
Ri(t+ t0)e

α
j (t+ t0) ·Ri(t0)e

α
j (t0)

)
. (2.35)

Eq. 2.34 is therefore a two-body rotational spatio-temporal correlation function of the molecule
j in the body-fixed coordinate system of the molecule i which changes in time. Since the
mutual orientation of the pyrene planes is a good index of the π-π stacking structure, the
decay of the correlation function represents the collapse of the stacking structure. Note that,
unlike the van Hove distribution function which approaches to a uniform distribution of 1/ρ
in the long-time limit, the correlation function given by Eq. 2.34 decays to zero if the π-π
stacking structure completely collapses because it includes the rotational correlation.

Similar to the analysis of SDFs described above, we compute the number density distri-
bution along the Z-axis as

nΨ
α (z, t) = ρ̄

∫ ϱa

0

ϱdϱ

∫ 2π

0

dφ

∫ ∞

−∞
dz′Ψα(r, t)δ(z′ − z) (2.36)

with ϱa=5 Å, which well represents distribution of the columnar structure (Figure 2.10).
To quantify the lifetime of the stacking structure, the average lifetime along the Z-axis is
calculated as

τΨα (z, t) =

∫ ∞

0

nΨ
α (z, t)

nΨ
α (z, 0)

dt. (2.37)
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The temporal changes of peaks of nΨ
α (z, t) were fitted with the mixed KWW equation as

used for the fitting of the rotational correlation function described above (Eq. 2.24), and the
average lifetimes of the peaks were evaluated. The fitting to the mixed KWW function was
performed with K = 4 and the sum of cαk was modified to match nΨ

α (z, 0). The optimized
parameters are summarized in Table 2.5 and 2.6. The peaks of which temporal behaviors
were examined are the first, second, and third peaks at z=4.0, 8.0, and 12.0 Å for 1 and 2,
the first sharp peak at z=4.0 Å for 3, and broad peaks at z=20 Å for 3 and 4, respectively
(Figure 2.11a-c). Anisotropy of the correlation time was also examined by the ratio as

pΨ(z) =
2τΨZ (z)

τΨX (z) + τΨY (z)
. (2.38)

Figure 2.10: Number density distributions along the Z-axis for spatial decompositions of
rotation relaxation correlation functions, nΨ

α (z, t), for the compounds 1-4.
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Table 2.5: Fitting parameters of the KWW function for nΨ
α (z, t) for compounds 1 and 2 for

z=4.0 and 8.0 Å. Terms with cαk of less than 1% are omitted.

z=4.0 Å

1 2
α k cαk tαk (ns) κα

k cαk tαk (ns) κα
k

X 1 0.296 999 0.491 0.193 377 0.509

2 0.023 260 1.24 - - -

3 0.014 2.56×10−4 1.28 - - -

4 0.003 2.00×10−2 5.84×102 - - -

Y 1 0.319 863 0.497 0.180 403 0.497

2 0.008 6.40×10−4 4.52×102 0.011 99.9 1.41

3 - - - 0.010 2.47×10−4 1.25

4 - - - 0.003 1.00×10−2 3.17×103

Z 1 0.309 3769 0.776 0.194 1161 0.768

2 0.010 5120 5.72×1010 0.005 8.13×10−5 5.00×101

3 0.009 8.00×10−5 5.85×103 0.004 1.81×10−2 0.342

4 0.007 1.77 0.241 - - -

z=8.0 Å

1 2
α k cαk tαk (ns) κα

k cαk tαk (ns) κα
k

X 1 0.134 565 0.507 0.043 182 0.603

2 0.005 160 7.26×1013 0.003 2.69×10−4 1.44

3 - - - 0.002 6.92×10−2 0.528

4 - - - 0.001 2.84×103 2.00

Y 1 0.106 607 0.447 0.044 187 0.591

2 0.033 354 1.00 0.003 354 0.350

3 0.005 1.60×10−4 1.21×108 0.002 1.60×10−4 1.05×105

4 0.003 6.40×10−4 1.21×108 0.001 5.17×103 7.57

Z 1 0.138 2653 0.692 0.045 617 0.698

2 0.006 1.35×10−4 2.07 0.004 1.54×10−4 1.94

3 0.002 6.27×10−1 0.505 0.001 0.118 0.464
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Table 2.6: Fitting parameters of the KWW function for nΨ
α (z, t) for compounds 1 and 2

(z=12.0 Å) and compounds 3 and 4 (z=20.0 Å). Terms with cαk of less than 1% are omitted.

z=12.0 Å

1 2
α k cαk tαk (ns) κα

k cαk tαk (ns) κα
k

X 1 0.055 415 0.510 0.0178 94.2 0.552

2 0.008 248 1.180 0.0013 2.89×10−4 1.439

3 0.003 2.03×10−4 1.807 0.0004 7.73×10−2 1.051

4 0.001 9.81×105 0.179 - - -

Y 1 0.055 392 0.521 0.0173 86.0 0.518

2 0.006 230 1.254 0.0014 2.72×10−4 1.40

3 0.003 391 0.521 0.0006 138 2.32

4 0.002 4.52×103 0.304 - - -

Z 1 0.061 1528 0.612 0.0167 212 0.574

2 0.003 1.43×10−4 2.083 0.0014 2.17×10−4 1.53

3 - - - 0.0012 4.72 0.567

4 - - - 0.0002 5.30×10−2 1.80

z=20.0 Å

3 4
α k cαk tαk (ns) κα

k cαk tαk (ns) κα
k

X 1 1.00×10−3 2921 0.225 2.39×10−3 1153 0.985

2 0.34×10−3 432 1.86 0.28×10−3 26.6 0.409

3 0.08×10−3 2.09 0.225 0.26×10−3 1.16×104 4.32

4 0.07×10−3 2.75 1.40 0.08×10−3 4.84×10−4 0.749

Y 1 1.06×10−3 2172 1.50 1.26×10−3 3729 1.73

2 0.27×10−3 277 2.12 1.24×10−3 629 1.23

3 0.09×10−3 2.17 0.152 0.40×10−3 62.8 0.471

4 0.08×10−3 2.83 1.45 0.09×10−3 3.69×10−4 0.734

Z 1 1.06×10−3 2437 1.30 1.91×10−3 1082 0.568

2 0.27×10−3 268 1.95 0.95×10−3 1511 1.37

3 0.09×10−3 1.83 0.177 0.08×10−3 2.77×10−4 0.900

4 0.08×10−3 2.58 1.27 0.05×10−3 1.62×10−1 0.504
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Figure 2.11: Temporal decays of peaks of the number density distributions along the
Z-axis for spatial decompositions of rotation relaxation correlation functions, nΨ

α (z, t), for
the compounds 1-4. (a) Decay curves of the first peaks at z=4.0 Å for 1, 2 and 3. (b) Decay
curves of the second peaks atz=8.0 Å for 1, 2, and z=20.0 Å for 3 and 4. (c) Decay curves
of the third peaks at z=12.0 Å for 1 and 2.

Figure 2.10 depicts temporal changes of nΨ
α (z, t) and their peaks. The sharp peaks of

the compounds 1 and 2 decay in microseconds, and their lifetimes, τΨα (z), were remarkably
different from one another as listed in Table 2.7. First, large anisotropies, pΨ(z), of about 2
to 3 were observed for all the peaks of 1 and 2. The large anisotropy indicates that the decay
of the Z-axis of the body-fixed coordinate is significantly slower than the other axes. The
different rotational decays are explained by the columnar structure where the π-π stacking
of the pyrene ring elongates along the Z-axis. The mutual rotations of the X- and Y- axes
can proceed in the π plane while keeping the π-π stacking, whereas that of the Z-axis needs
to destroy the stacking, giving rise to the large anisotropies. As described above, the decay
of the Z-axis therefore is a good index of the collapse of the columnar structure.

The decay of the peak for the stacking pair of the compounds 1 and 2 is distance de-
pendent. The decay of the peak at a larger distance in the columnar structure is faster
(Table 2.5). τΨZ (z) of the peak at 12.0 Å for the compound 1, 2,471 ns, is significantly
smaller than that at 4.0 Å, 4,175 ns. The decay time constant at 12.0 Å for the compound
2, 290 ns, is four times smaller than that at 4.0 Å, 1,391 ns. Note that the pair at a larger
distance in the columnar structure more includes the pyrene rings at the edges of the col-
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Table 2.7: Average lifetimes of spatial decompositions of rotation relaxation correlation
functions at peak positions z, τΨα (z), and correlation time anisotropy ratios, pΨ(z).

1 2 3 4
z (Å) 4.0 8.0 12.0 4.0 8.0 12.0 4.0 20.0 20.0

τΨX (ns) 1837 1009 825 687 311 144 - 1896 1859

τΨY (ns) 1656 1178 767 722 325 147 - 1708 1661

τΨZ (ns) 4175 3219 2471 1391 718 290 - 1682 1554

pΨ 2.4 2.9 3.1 2.0 2.3 2.0 - 0.9 0.9

umn. The distance dependency of the decay of the peak therefore indicates that the columnar
structure collapses faster at its edges.

The decay of the peaks of the compound 1 is slower than that of the compound 2
(Table 2.7), although those compounds form the columnar structures. The decay time con-
stant of 1 at 4.0 Å is three times larger than that of 2, and the ratio of the time constants
increases as the pair distance is larger. The difference in the decay time constant between
the compounds 1 and 2 indicates that the π-π stacking of the former is stronger than that of
the latter. The longer columnar structure of 1 than 2 shown in Figures 2.7 and 2.8 is con-
sistent with the observation. Despite the strong π-π stacking of 1, however, the columnar
structure undergoes collapse in the microsecond timescale, maintaining liquidity by prevent-
ing macroscopic grow of a solid columnar structure.

Unlike the compounds 1 and 2, the compounds 3 and 4 do not form a columnar structure
as described above (Figures 2.7 and 2.8). A broad peak of τΨα (z) appears at 20.0 Å for
4 (Figure 2.10), and its anisotropy is small (pΨ(z) is 0.9) (Table 2.7), indicating that the
pyrene ring is isolated. The decay time constant is 1,554 ns, which is remarkably smaller
than that of 1 and larger than that of 1. In the case of 3, a broad peak of τΨα (z) at 20.0
Å similar to that of 4 is also observed. However, in addition, a strong peak of τΨα (z) at 4.0
Å for the pairing by the direct π-π stacking described above (Figures 2.7 and 2.8) is found.
The pairing peak at 4.0 Å lasts during the simulation time, indicating that the π-π stacking
dimeric structure is considerably stable. Because the small anisotropy and the decay time
constant of the peak at 20.0 Å for 3 resemble those for 4, τΨα (z) of the peak at 20.0 Å for 3
expresses overall dynamics of the stable dimeric form.
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2.4 DISCUSSIONS AND CONCLUDING REMARKS

We performed long-time MD simulations of the alkyl-pyrene liquids of the compounds 1-4
and comprehensive analyses of their molecular structures and dynamics. The alkyl-pyrene
liquids consist of the alkyl-π molecules in which a planer aromatic π conjugated system
of pyrene is linked with modifying phenyl groups with long alkyl chains, furnishing the
compounds with the nature of liquid by preventing the pyrene from forming a crystal. Rhe-
ological properties of the alkyl-π systems are controlled by changing composition ratio of
the alkyl chains to the pyrene π-core. Furthermore, changing substituent positions of the
alkyl chains also remarkably alters the rheological properties even though the composition
ratio is kept identical.

To examine the rheological properties of the alkyl-π liquids, long-time dynamics simula-
tions are required because of their high viscosities. However, atomistic models of the alkyl-π
liquids without coarse graining are also necessary to understand the molecular mechanism
of the rheology control by changing the substituent positions. Previous theoretical studies
based on MD simulations for 1 µs in total showed that chemical stimulated phase transition
of alkyl-π liquids to an ordered phase where experimentally measured viscosity significantly
increases is attributed to formation of multilayer π-π stacking columnar structures. [59, 60]
However, the MD analyses were limited to an initial process of the ordered structure forma-
tion and static properties of the liquid structures due to short trajectory lengths. We therefore
carried out long-time MD simulations for tens of microseconds in total with atomic molec-
ular models, and succeeded in semi-quantitatively reproducing the rheological properties
experimentally observed (Table 2.2). [21] The comprehensive analyses for the long-time
trajectories shed light on tight correlation of structural and dynamic characteristics of the
alkyl-pyrene liquids in an atomic detail underlying the rheological properties. The spatio-
temporal analysis unveiled that the slight differences in the substituent position significantly
affect solvent structures and dynamics, and in turn alter the rheological properties, showing
a critical importance of the atomistic models for elucidation of the rheological properties of
the alkyl-π liquids.

The MD simulations and the spatiotemporal analysis based on the van Hove functions
uncovered that the alkyl-pyrene liquids are underlay by the characteristic local liquid struc-
tures depending on the substituents (Figures 2.7-2.11, Table 2.7). The compounds with one
substituent of the phenyl group with the long alkyl chains, i.e., the compounds 1 and 2, form
the columnar structures established by the π-π stacking between the pyrene rings. Because
of the smaller ratios of the substituents to the pyrene core, the substituent effect is moderate,
invoking the π-π stacking between the pyrene rings in the local structures. Moreover, the
positions of the substituents of the alkyl chains influence the π-π stacking character. The π-π
stacking columnar structures of the compound 1 with the 3,5-substitutions of the alkyl chains
to the phenyl ring develop longer in length and lasted longer in time for several microsec-
onds. In contrast, the compound 2 with the 2,5-substitutions of the alkyl chains form shorter
columnar structures with a shorter lifetime. The more fragile nature of the local columnar
structure of the compound 2 is attributed to the alkyl chain substituted at the 2-position.
Because the alkyl chain at the 2-position points toward the pyrene ring (Figure 2.1), it can
cover the pyrene ring and thus facilitate dissociation of their π-π stacking.
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In the case of the compounds 3 and 4 which are chemically modified with four phenyl
substituents with the alkyl chains, no elongated columnar structure was observed. Because
of the larger composition ratio of the alkyl chains, the progressive formation of the π-π
stacking of the pyrene rings is arrested. Instead, the compound 3 forms the π-π stacking
structure of a pair of the pyrene rings without elongation. The pairing stacking structure
lasted for more than the simulation time, showing its high stability. Despite the large com-
position ratio of the alkyl chains, the high flexibility of the alkyl chains permits the pyrene
rings to form the strong π-π stacking pair interaction. However, as the bulky alkyl chains
are in turn excluded from the π-π stacking side of the pyrene rings and thus are rendered
to move to the other sides, the progression of the π-π stacking leading to formation of a
columnar structure is prohibited. In the compound 4, the pyrene ring is surrounded by the
alkyl chains and isolated from other pyrene rings. As described above, the alkyl chains sub-
stituted at the 2-positions of the phenyl rings covering the pyrene ring prevent the pyrene
rings from establishing the π-π stacking interaction.

The local structures of the alkyl-pyrene liquids also underlie the anisotropic characters
of the molecular diffusion and the rotational relaxation (Figures 2.5, 2.6, 2.7-2.11 and Ta-
ble 2.4). The formation of the columnar structures in the alkyl-pyrene liquids of the com-
pounds 1 and 2, considerably slows translational relaxation along the Z-axis in the molecular
frame which is the axis perpendicular to the pyrene π plane as well as rotational relaxation
of the Z-axis. The strong π-π stacking interactions in the columnar structures arrest those
motions destroying the π-π stacking. In contrast, any anisotropy of the relaxations is absent
for the compound 4 because the pyrene ring is isolated from other pyrene rings and thus
lacks the π-π stacking interaction. In the case of the compound 3, the strong paring π-π
stacking structure moves together, and the π-π stacking pair exhibits an isotropic overall
movement.

The rheological properties of the alkyl-pyrene liquids were strongly influenced by their
local liquid structures. First, dynamics of the alkyl-pyrene liquids clearly exhibit anomalous
diffusions. Given that the anomalous diffusions appear for the alkyl-pyrene liquid of the
compound 4 where the π-π stacking is absent as well as for the other alkyl-pyrene liquids
which forms the stacking local structures, the basic nature of the anomalous diffusion is
not related to the π-π stacking but originates from the long alkyl chains of the substituents
which are expected to give a viscoelastic caging effect as seen in polymers [91, 92] and
liquid crystals. [93] In addition, as the remarkable variation of the rheological properties
of the alkyl-pyrene liquids are created by the differences in the composition ratios of the
alkyl chains to the pyrene ring and the substituent positions of the formers, the local con-
tact interaction between the pyrene rings and the alkyl chains in the liquids determines the
rheological properties. It is suggested that more extensive microscopic contacts between the
π plane of the pyrene rings and the alkyl chains where the entangled interaction is absent
lead to faster diffusion, which well explains that the alkyl-pyrene liquids of the compounds
1 and 2 possess a higher composition ratio of the pyrene ring to the alkyl chain providing
more contacts between the π plane of the pyrene ring and the alkyl chains than those of
the compounds 3 and 4 (Figure 2.1a), and the mean diffusion coefficients of the former are
larger than the latter (Table 2.2).

Furthermore, the local liquid structures which remarkably vary depending on the sub-
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stituent positions of the alkyl chains also affect the diffusion processes. As the compound
3 forms the pairing π-π stacking structure, the contact interaction between the pyrene plane
and the alkyl chain in the liquid of the compound 3 is less than that of the compound 4,
well explaining the smaller diffusion coefficient of the former despite the identical compo-
sition ratio of the pyrene ring to the alkyl chains (Table 2.2). Although the slower diffusion
of the compound 3 observed in the present MD simulations is in qualitatively agreement
with that observed in the experiment, [21] however, the decrease of the diffusion coefficient
is quantitatively underestimated. It is noteworthy that long-chain alkanes composed of 15
or 16 carbon atoms comparable with the alkyl chain substituent of the alkyl-pyrene liquids
possesses the melting point around room temperature. [94] Given the dense alkyl chains
in the liquid of the compound 3 which prevent the π-π pairing structure from elongation to
the columnar one described above, therefore, the liquid may approach to a less fluidic phase
where the diffusion is largely arrested. Unfortunately, modeling of such a significantly less
fluidic phase would require a MD simulation on a much longer time scale with more elab-
orated molecular models, which is impracticable with the current computational resources.
In fact, the anisotropic components of the mean square displacement are not yet converged
in the simulation time even for several microseconds (Figure 2.5e).

The lack of temporal convergence for the compound 3 in the long-time region directly
affects evaluation of the diffusion coefficient discussed in relation to the results in Figure 2.5
and Table 2.2, as the normal diffusion was only observed in the long-time region. However,
the analyses other than that of the diffusion coefficient in the present study, i.e., the analyses
of the rotational relaxation and the spatio-temporal correlations mainly showed temporal-
behaviors of time-correlations on the shorter time scale, and thus the lack of temporal con-
vergence in the long-time region does not directly influence the analyses. Nevertheless, as
thermal equilibrium of the system of the compound 3 is not ensured because of the lack of
temporal convergence in the long-time region in Figure 2.5e and the pairing stacking lasted
for more than the simulation time in Figure 2.11a, a possibility that the initial conformations
of the time-correlation functions are not in thermal equilibrium remains for the compound
3.

The compounds 1 and 2 form the characteristic π-π stacking columnar local structures
in their liquids. Their diffusions are therefore retarded by decrease of the contact interaction
between the π plane of the pyrene rings and the alkyl chains due to the formation of the π-π
stacking columnar structure. The columnar structure of the compound 2 is short because
of interference of the alkyl chain at the 2-position of the substituent phenyl ring with the
π-π stacking of the pyrene rings. Together with the high composition ratio of the pyrene
rings to the alkyl chains, therefore, the diffusion coefficient of the compound 2 is large
(Table 2.2). In contrast, the longer columnar structure of the compound 1 due to absence of
the interference of the alkyl chain significantly reduces the contact interaction between the π
plane of the pyrene rings and the alkyl chains, and thus slows the diffusion (Table 2.2). The
collapse dynamics of the columnar local structures examined by the spatiotemporal analysis
little affect the diffusion processes as the lifetimes of the columnar structures are sub-micro
to microseconds (Table 2.7 and Figure 2.11), while the difference in the MSD between the
compounds 1 and 2 already appears in a much shorter time, i.e., sub-nano to nano seconds
(Figure 2.5b).
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As described above, a diffusion coefficient computed for a finite-size system in a peri-
odic boundary condition is affected by a hydrodynamic interaction. As seen in the analytic
correction formula for the finite-size effect derived by Yeh and Hummer [80] (Eq. 2.19), the
correction is comparable to the diffusion coefficient computed for the finite-system if the
size of the molecule is comparable to the system size.

Although the long columnar local structures of the compound 1 which extended to
lengths comparable to half of the system size were formed, however, the lifetime of the
columnar local structure was shown to be shorter than the time scale of the normal diffusion
(Figures 2.5b, c and 2.11, and Table 2.7). Thus, it is more appropriate to treat the diffusion
as diffusion of the individual small molecules in the inhomogeneous micro-environment
than diffusion of the large aggregates of which the structures are kept during the diffusion.
The finite-size effect is therefore less significant for the present systems (Table 2.2).

In summary, the contact area between the aromatic rings, pyrenes, and the alkyl chains
determines the magnitude of the viscosity coefficient of alkyl-pyrene liquids. The com-
pounds 1 and 2 have fewer substituted alkyl chains than 3 and 4, resulting in a larger area
of pyrene-alkyl chain interface, smaller intermolecular friction, and faster diffusion rate. In
addition, the π-π stacking columnar structure reduces the number of pyrene rings exposed
to the alkyl chain environment. Thus the compound 1, which forms a longer stacked struc-
ture, has a slower diffusion rate than the compound 2, because of greater intermolecular
friction. Similarly, the compound 3, which forms a pairing π-π stacking structure, diffuses
slower than the compound 4, whose π-core is in an isolated environment. In previous stud-
ies of other alkyl-π liquids, the phase transition to an ordered phase in which multilayer π-π
stacking grows in chemical stimuli response, and a viscosity increase was observed. [59,
60] Our mechanism can provide a consistent explanation for this as well.

Finally, it is noteworthy that the alkyl-pyrene liquids of the compounds 1-4 feature pho-
toluminescence as the pyrene core exhibits strong absorption and fluorescence of visible
light. [21] Interestingly, photochemical properties of absorption and fluorescence spectra
and photochemical dynamics remarkably differ among the compounds 1-4. The local liquid
structures characterized by the interaction between the pyrene rings unveiled in the present
study is therefore expected to control the photochemical properties of the alkyl-pyrene liq-
uids. A theoretical analysis of the photochemical properties of the alkyl-pyrene liquids is
now on-going in our group and will be reported elsewhere.
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2.5 APPENDIX

2.5.1 Force field parameters

Table 2.8: Force field parameters of liquid-pyrenes for non-bonding and bonding.

LJ parameters.
Atom type σ (Å) ϵ (kcal/(mol)−1) Mass

CH,CY 3.695 0.100 13.02 Aromatic

C,CP,CB,CX 3.700 0.060 12.01 Aromatic

C1 4.650 0.020 13.02 sp3

C2 3.950 0.091 14.03 sp3

C3 3.750 0.195 15.04 sp3

O 2.800 0.109 16.00 ether

Bonding parameters.
Bond type kBOND

ab (kcal/(molÅ2)−1) r0ab (Å)

CP-CB 340.0 1.483a

C*-C* 469.0 1.400

C1-C2 310.0 1.540

C2-C2 310.0 1.540

C2-C3 310.0 1.540

C -O 372.4 1.373

O -C2 308.6 1.416
a Parameters newly determined by quantum chemistry calculations.
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Table 2.9: Force field parameters of liquid-pyrenes for bending, dihedral, and improper
torsion.

Bending parameters.
Bond type kBEND

abc (kcal/(mol)−1) θ0abc (deg.)

CB-CP-CX 52.755a 118.275

CB-CP-CY 52.755a 121.725

CP-CB-C* 53.389a 121.030

C*-C*-C* 85.000 120.000

C*-C -O 87.289 119.290

C -O -C2 67.843 118.200

O -C2-C1 88.706 121.870

* -C1-* 124.25 112.000

* -C2-* 124.25 114.000

Dihedral parameters.
Bond type paths No. kDIHEDRAL

abcd,n (kcal/(mol)−1) φ0
abcd,n (deg.) n

**-CP-CB-** 4 1.657a 180.0 2

1.380a 0.0 4

-0.274a 180.0 6

**-C2-C2-** 1 0.706 0.0 1

-1.136 180.0 2

1.573 0.0 3

**-C1-C2-** 1 0.700 180.0 1

0.900 180.0 2

0.550 0.0 3

**-C -C -** 1 3.625 180.0 2

**-C -CH-** 1 2.650 180.0 2

**-CH-CH-** 1 5.300 180.0 2

**-O -C2-** 1 0.383 0.0 3

**-C -O -** 1 1.610 180.0 2

Improper torsion parameters.
Bond type kDIHEDRAL

abcd,n (kcal/(mol)−1) φ0
abcd,n (deg.) n

CP-CB-**-** 4.31a 180.0 2

CB-CP-**-** 6.63a 180.0 2

C*-C*-**-** 1.1 180.0 2
a Parameters newly determined by quantum chemistry calculations.
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2.5.2 Parameter fitting for the mixed KWW function

Parameters of the mixed KWW function Eq. 2.24, i.e., {ck}, {tk}, and {κk} with k =
1, 2, . . . , K , were numerically determined by the following fitting procedure. Since the
parameter fitting is non-linear, a regularized least squares method was employed. The cost
function is given by a function of a sampling time vector s ≡ {si} with i = 1, 2, . . . ,M , the
parameter vectors c, t, κ, and a regularization coefficient λ as

χ(s, c, t,κ, λ) =
1

2

M∑
i=1

{ω̃(s, c, t,κ)− ωi}2 + λL(c, t,κ), (2.39)

where ωi is the estimated correlation function at time si, and L(s, c, t,κ) is the L2-norm
regularization term

L(c, t,κ) =
1

2

K∑
k=1

(
c2k + t2k + κ2

k

)
. (2.40)

To avoid being trapped in a local solution, an annealing optimization with an inverse tem-
perature parameter β was performed. The procedure is summarized as follows:

Set initial values of the KWW coefficients c = {ck,0}, the inverse temperature β = β0,
and the cost value E = E0 � 1. Generate candidate coefficients c′ = {c′k} with a random
number sequence ϵ = {ϵk}, k = 1, 2, . . . , K given from a multi-normal distributionN (0, I),
where 0 is a K-dimensional zero vector and I is a K × K identity matrix. To ensure the
condition that the coefficient is a positive value, scaling with an exponential function is
performed as

c′k =
ck exp(ϵk)∑K
k=1 ck exp(ϵk)

. (2.41)

Find argmin
τ ,κ

χ(t, c′, τ ,κ, λ) to obtain candidate KWW function parameters t′ and κ′ by

using the BFGS method. Accept the candidate parameters with probability

P (c′, t′,κ′; c, t,κ) = min (1, exp [−β(χ(c′, t′,κ′)− χ(c, t,κ))]) (2.42)

with the Metropolis-Hastings criteria, or return to Eq. 2.41 if rejected.

If the cost value E ′ = χ(c′, t′,κ) is lower than the minimum value in the previous
iteration cycles, update E with E ′, and the inverse temperature β is replaced by β′ multiplied
by the scaling factor ξ > 1. The calculation ends when the number of iterations exceeds the
specified number NANIL. If not, go back to Eq. 2.41.

The calculation above was performed with K = 1 with λ = 1.0 × 10−5, β0 = 1.0,
ξ = 1.2, and NANIL = 1000. The parameters determined for K = 1 were used as the initial
values of the corresponding parameters of the calculation for K = 2. An initial value of
0.01 is assigned to the newly added coefficient c2. The components of the mixed KWW
function were increased up to K in the same manner. The expansion of linear combination
in the KWW function of which the number of terms is K is terminated when the coefficient
of the newly added K + 1-th term is less than 1.0× 10−5.
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2.5.3 Confidence interval estimations

Accuracy evaluations of computational estimation of physical quantities have been car-
ried out through the following procedures. For N independent random variable samples
{X1, X2, . . . , XN}, the unbiased variance (UV) is given by

S2 =
1

N − 1

N∑
i=1

(
Xi − X̄

)2 (2.43)

Here, X̄ is the sample mean which is the estimator to be found.

The confidence intervals were evaluated for the long-time domain of the time correla-
tion function to assess statistical convergence for physical quantities representing diffusion
behavior. A time-average for a time correlation function Ci(t, t

′) over the simulation time
tsim for the molecule i,

Xi(t) =

∫ tsim−t

0

Ci(t
′, t′ + t)dt′ (2.44)

was treated as a single sample which was assumed to be independent when estimating the
confidence interval of the autocorrelation function for the delay time t. Thus, the number of
independent samples is 200, which is the number of molecules in the simulation system. Let
µX be the population mean and σ2

X be the population variance of the probability distribution
that Xi follows. We also assume from the central limit theorem that the distribution of
the sample mean X̄ converges to a normal distribution with the mean µX and the variance
σ2
X/N as the number of samples N →∞. In this case, the 99.9% confidence interval of the

Student′ t distribution is determined by

X ∈

[
X̄ − sN−1

√
S2

N
, X̄ + sN−1

√
S2

N
,

]
(2.45)

where sN−1 is the two-sided 99.995% interval of the Student′s t distribution with N − 1
degrees of freedom, and sN−1 ≈3.340 when N=200.
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Chapter 3

Self-assembly of V-shaped Polyaromatic
Amphiphiles

V-shaped polyaromatic amphiphiles (VPAAs) form micelle-like non-bonded self-assemblies
in aqueous solution and feature prominent properties of encapsulation and solubilization for
various types of hydrophobic molecules. To understand microscopic molecular characteris-
tics underlying the wide capability of solubilization, the atomic-level molecular structures of
the self-assemblies of VPAAs were investigated by microseconds molecular dynamics (MD)
simulations. The MD simulations showed that VPAAs spontaneously formed quasi-stable
self-assemblies in close agreement with experimental observations. To characterize the mi-
croscopic structures of the assemblies and their conformational changes, we developed an
RMSD-based structural similarity metric applicable to molecular assemblies. Through con-
formational classification by an unsupervised clustering, highly stable conformations de-
pending on the number of constituent molecules in the assemblies were identified. The
analysis revealed that the stable conformations of the VPAA assemblies flexibly reorganized
depending on the number of constituent molecules, well explaining the wide capability of
solubilization of hydrophobic molecules of various sizes and shapes.
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3.1 INTRODUCTION

Molecular capsules create nanometer-sized space inside, which can provide a microenviron-
ment isolated from bulk solution and thus potentially utilized for containers through host-
guest encapsulation [95–102] and reactors. [103–107] Self-assembly fragments forming
molecular capsules through various interactions such as non-covalent hydrogen-bonding,
[95, 96, 103, 104] coordinative metal-ligand, [97, 98] hydrophobic, [99] and van der Waals/C-
H ones [100] have been developed. One can control capsules′ molecular properties of host-
guest encapsulation and reactors by altering the chemical structures of assembly fragments
and molecular interactions among them. For example, a well-shaped molecular capsule con-
stituted by rigid polyaromatic panels and assembled through strong metal-ligand coordina-
tion encapsulates C60 fullerene of which the size and the shape match those of the cavity of
the capsule, and changes its photo-properties. [101] The well-formed cage also furnishes the
capsule with the selectivity of encapsulation of substrates. [102–105] For the well-shaped
self-assembly capsules with metal-ligand coordination, their formation processes were mi-
croscopically investigated by means of molecular simulations. [108–110]

Recently, Yoshizawa and co-workers have continued to synthesize a series of bent aro-
matic amphiphiles with aromatic moieties as hydrophobic groups and flexible alkyl chains
with charged polar groups as the hydrophilic head. [2, 4, 5] The V-shaped polyaromatic
amphiphiles (VPAAs) consist of two anthracene panels aligned in a V-shape as the hy-
drophobic groups which form micelle-like non-bonded self-assemblies in aqueous solution
(Figure 3.1a). [23] VPAAs are characterized by prominent properties of encapsulation and
solubilization for various types of hydrophobic molecules. [23, 111–116] Especially, un-
like well-shaped molecular capsules, the self-assemblies can encapsulate a wide variety of
hydrophobic carbons of different sizes and shapes, including hydrophobic dyes, [23, 111,
112] aromatic catalysts, [113] stacked planer aromatic compounds, [114–116] and curved
nanocarbons. [114] The prominent feature of the wide capacity of encapsulation indicates
the high flexibility of molecular conformations of the self-assemblies like micelles. Several
experiments also revealed interesting properties of the interior of the hydrophobic cavity
as a molecular reaction field, [113] and showed that the modulation of the V-shaped panel
affects the encapsulation properties. [23, 111, 112, 116–119]

The self-assembly of VPAAs was examined by various experiments, such as 1HNMR
spectroscopies between poor and good solvents, [23] the dynamic light scattering analysis
(DLS), [23] measurement of the average particle size by atomic force microscopy (AFM)
on mica surfaces, [23] and the ultrafast spectroscopy using solvatochromic fluorescent probe
molecule. [112] Based on the DLS and AFM results, the number of constituent molecules
of VPAA assemblies in an aqueous solution was estimated to be 4-6. [23] However, the mi-
croscopic conformations of VPAA assemblies are experimentally unclear. The difficulty in
microscopic characterization is due to the molecular flexibility of VPAA assemblies, which
prevents the formation of certain dominant conformers. Thus, despite that numerous VPAA
analogues have been synthesized, their design principle remains in the dark. [2, 5]

In the present study, we theoretically investigated microscopic structures of VPAA1 and
VPAA2 assemblies in aqueous solution (Figure 3.1c). VPAA1 and VPAA2 differ only in
their hydrophobic side chains, i.e., VPAA1 possesses two ammonium cations, while VPAA2
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Figure 3.1: Structure of VPAA molecules and an MD simulation system. (a) Chemical
structure of VPAA molecules with two different polar chains, VPAA1 and VPAA2.
Arrows indicate the bonds of which force field parameters were determined. (b) Molecular
structure of VPAA1. (c) A snapshot of an MD simulation system of VPAA1 in aqueous
solution. The red and blue points represent water and chloride ions, respectively.

does two zwitterionic sulfobetaine groups (Figure 3.1a). By molecular dynamics (MD)
simulations, sizes distributions and lifetimes of the spontaneously formed assemblies were
examined. The lifetimes obtained by the MD simulations were found to be much longer
than predictions of collision frequency by a simple coaggregation theory, [120] and indeed
frequent collisions without molecular exchange were observed in time-series of molecular
assembly distributions. This demonstrates that microscopic structures consisting of finite
conformers are important for the stability of the assemblies.

We therefore characterized the microscopic structures and dynamics of the assemblies by
unsupervised clustering of the trajectory conformational data using distance matrices with a
root mean square displacement (RMSD) between the conformers, which has been a widely
utilized metric to compare their structural differences. [18, 19] For the purpose, we first
developed a methodology, symRMSD, which allows one to efficiently evaluate an RMSD
between the flexible molecular assemblies in which the constituent molecules freely change
their positions and orientations in the trajectories and thus straightforward atom numbering
prerequisite for a standard RMSD calculation is precluded.

We then performed unsupervised clustering of the conformers by a hierarchical density-
based clustering method, HDBSCAN, [121] using distance matrices based on symRMSDs.
The conformational clustering revealed in clarifying microscopic molecular details of tran-
sient structures of the assemblies dynamically appearing in the trajectory data. The analyses
revealed characteristic local structures in the assemblies which differ depending on the size
of the assemblies and the side-chains, providing a molecular insight into the prominent en-
capsulation and solubilization properties of the aromatic amphiphiles VPAA.
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This chapter is organized as follows. The COMPUTATIONAL DETAIL section provides
details of MD simulations and the definition of molecular assemblies. In the RESULTS
section, we first describe the computational results of the mean lifetimes of VPAA assem-
blies obtained by MD simulations and comparison of them with a simple coaggregation
theory. Then, we introduce the RMSD-based distance function for quantitative structural
comparison of VPAA assemblies. We also describe the algorithm of symRMSD to solve
the combinatorial problem caused by the internal exchange and symmetry of molecular as-
semblies. The clustering analysis with the distance function to classify VPAA assembly
conformers are then described. Differences in stability depending on the number of con-
stituent molecules and the side-chains are discussed based on atomic coordinates of the
conformers in the DISCUSSION section. Finally, a summary of the present study is given
in the CONCLUSION section.
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3.2 COMPUTATIONAL DETAIL

3.2.1 Force field

We treated two different VPAA molecules, VPAA1 and VPAA2, which possess different
polar alkyl chains, i.e., mono-cationic trimethylamine groups and zwitterionic sulfobetaine
groups, respectively (Figure 3.1a). All MD simulations were performed with a force field
based on Amber. [69] We used the general amber force field [122] and TIP3P force field
[123] in AmberTools 2015, [124] except for effective atomic charges, and parameters for
intramolecular terms including bonds connecting the benzene ring and the anthracene pan-
els, indicated by arrows in Figure 3.1a. The force field parameters of the connecting bonds
between benzene and anthracenes were determined by quantum chemistry calculations.

The Amber energy function is described as

E =
∑
k

abond,k (rk − req,k)
2 +

∑
l

aangle,l (θl − θeq,l)
2

+
∑
m

∑
n

adihedral,mn

2
(1 + cos(nωmn − γmn))

+
∑
j

∑
i>j

{
κCl
ij

qiqj
4πε0rij

+ κLJ
ij εij

((
r0,ij
rij

)6

− 2

(
r0,ij
rij

)12
)}

,

(3.1)

where bond distances rk, bond angles θl, dihedral angles ωmn, and inter-atomic distances
rij , are the variables of molecular geometry, ε0 is the electric constant, and the others are the
force field parameters. We employed the standard excluding/scaling parameters of κCl

ij and
κLJ
ij .

We first performed quantum chemistry calculations to obtain potential energy curves
along degrees of freedom including the connecting bonds of a 1,3-di-anthracenyl-benzene
part of VPAAs. The effective charges were determined with the restrained electrostatic
potential fitting for electronic density [65] obtained by quantum chemistry calculations at the
M06-2X/6-31G(d) level of theory with the polarizable continuum model of water solvent.
[125] For VPAA2, we used a basis set 6-31G+(d) for anionic sulphate groups. All the
quantum chemistry calculations were carried out using GAMESS (US) (2012 and 2014
versions). [67] The atomic charges determined are summarized Figure 3.2.

The force field parameters of the connecting bonds were then determined by fitting the
energy function, Eq. 3.1, to the potential energy curves of quantum chemistry calculations.
The new atom types for the carbon atoms forming the connecting bonds in the anthracene
rings and the benzene ones were defined as xa and xb, respectively. The standard atom types
of ca and ha were also set to the other aromatic carbon atoms and the hydrogen ones in those
rings. The bonding length and Lennard-Jones parameters of cp were employed for those of
xa and xb. We determined the force field parameters of the energy terms of the following
five angles: bending angles of ca-xa-xb and ca-xb-xa, improper dihedral angles of ca-ca-xa-
xb and ca-ca-xb-xa, and a dihedral angle of ca-xa-xb-ca. We determined parameters of the
energy terms of those angles, aangle,l and adihedral,mn, in Eq. 3.1 by least square fitting. The
equilibrium angles of the bending angles of ca-xa-xb and ca-xb-xa, the improper dihedral
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Figure 3.2: Effective atomic charges of VPAA1 (a) and VPAA2 (b) in the elementary
charge unit. The effective charges of the symmetrically unique atoms are shown.
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angles of ca-ca-xa-xb and ca-ca-xb-xa, and the dihedral angle of ca-xa-xb-ca were set to be
120, 180, and 0 degrees, respectively. The periodicities of n = 2 and n = 2, 4, 6, and 8
were chosen for the improper dihedral angles and the dihedral ones, respectively. The poten-
tial energies were evaluated only along each of the angles, since evaluation of the potential
energies at a great number of geometry points in the correlated space of the five angles is
computationally too demanding. We therefore performed a least square fitting of each of
the amplitude parameters with respective to the corresponding potential energy curve, and
iterated the fitting one by one until convergence. We employed 67 samples in total: 13
samples for ca-xa-xb, 14 samples for ca-xb-xa, 10 samples for ca-ca-xa-xb, 17 samples for
ca-ca-xb-xa, and 13 samples for ca-xa-xb-ca. Despite that the procedure does not guarantee
convergence of the iteration, the parameters were well converged in 50 iterations within neg-
ligible deviations of 0.2 kcal/mol per one sample conformation because of small geometric
correlations of the angles found in the quantum chemical geometry optimizations for the
evaluation of the potential energy curves.

Figure 3.3 shows potential energy curves with the newly determined forcefields around
one of the two connecting bonds of 1,3-di-anthracenyl-benzene evaluated by quantum chem-
istry calculations at the M06-2X/6-31G(d) level of theory. In the calculation of the potential
energy curves, geometry of all degrees of freedom except for each of the angles were opti-
mized. One can discern that the potential energy profile of the dihedral angle around ca-xa-
xb-ca is rather flat around the perpendicular angle due to the cancellation of the conjugation
of the two π systems and the steric hinderance.

Table 3.1: Force field parameters of the connecting bond between a benzene ring and an
anthracene panel of VPAA.

Bonding parameters
atom type aangle (kcal/mol) θeq (degree)

ca-xa-xb 29.888 120

ca-xb-xa 40.244 120

Improper dihedral parameters
atom type adihedral (kcal/mol) γ (degree) n

ca-ca-xa-xb 2.140 180 2

ca-ca-xb-xa 2.085 180 2

Dihedral parameters
atom type adihedral (kcal/mol) γ (degree) n

ca-xa-xb-ca -1.449 0 2

0.405 0 4

0.515 0 6

0.222 0 8
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Figure 3.3: Potential curves for the newly determined parameters. (a), (b) Potential energy
curves along bending angles, ca-xa-xb (a), ca-xb-xa (b). Lines with diamond symbols
(blue), inverse triangle ones (red), triangle ones (black) represent the potential energy
curves obtained by the quantum chemistry calculation, the modified molecular force field,
and GAFF, respectively. (c), (d) Improper dihedral angles (ca-ca-xa-xb (c), ca-ca-xb-xa
(d)). (e) A dihedral angles, ca-xa-xb-ca.
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3.2.2 MD simulation

We performed conventional MD (cMD) simulations of 27 molecules of VPAA1 and VPAA2,
respectively, in aqueous solvents to examine the structures and dynamics of amphiphilic
micelle-like assemblies of VPAAs. Both simulation systems, VPAA1 and VPAA2, contains
17,351 water molecules. The VPAA1 system contains an additional 54 chloride ions. The
VPAA1 system and the VPAA2 one contain 54,645 atoms and contains 55,077 atoms, respc-
tively. We constructed the initial simulation systems randomly because experimental struc-
tural data for the VPAA assemblies were not available. A priori modeling of self-assemblies
is extremely difficult because it is impossible to distinguish whether the instability is an in-
herent property of the self-assembly or due to modeling failure. The arrangement of solute
molecules was constructed using the software, packmol. [71]

The procedure for randomizing the initial structure is as follows: First, energy minimiza-
tions of the systems were performed in 1,000 step. Then, the systems were heated up from
0 K to 300 K in 2 ns, and equilibrated for 2 ns at 300 K in NVT ensemble. NPT simulations
for 10 ns at 300 K then followed to determine the simulation box sizes. After equilibrations,
the box sizes were nearly constants and cubic, and they were determined to be 82.01 Å per
side for VPAA1 and 82.07 Å per side for VPAA2, respctively. Finally, we heated up the
systems to 1,000 K and then cooled down them to 300 K in NVT ensemble (equilibration
at 300 K for 2 ns, heating up from 0 K to 300 K in 2 ns, equilibration at 1,000 K for 10
ns, cooling down from 1,000 K to 300 K in 2 ns, and equilibration at 300K for 2 ns) to
randomize the solute positions.

After equilibration to randomize initial conformations, the conformational sampling at
300 K for 10 µs in NPT was performed. The box sizes of the simulation systems quickly
converged to cubes of about 82.01 and 82.07 Å on a side for VPAA1 and VPAA2, respec-
tively. The concentration of VPAA in the simulation systems, 81 mM, was set to be high
compared to experimental ones (∼2.0 mM) [23] to stimulate the exchange of VPAAs among
assemblies in the systems and thus to obtain sufficient equilibrium distributions of the as-
sembly size. Despite the concentrations of VPAAs being high, the clusters were observed to
be well isolated from one another, allowing analysis of the assembly size.

To obtain equilibrium ensembles, we also performed replica exchange molecular dynam-
ics (REMD) simulations, [126] since the relaxation times of VPAA assemblies are relatively
slow. First, we determined the highest temperature (380 K) of REMD at which sufficient ex-
changes between assemblies were obtained. The initial structures for replicas were prepared
in the same manner as those of the cMD simulations. The initial structures of each replicas
were prepared in the same manner as for the conventional MD simulations. The number of
the replicas was 40 each for VPAA1 and VPAA2, and the target temperatures were set to
realize enough exchange between each replica as 300.00, 301.70, 303.41, 305.12, 306.85,
308.60, 310.37, 312.16, 313.97, 315.80, 317.65, 319.52, 321.41, 323.32, 325.25, 327.20,
329.17, 331.16, 333.17, 335.20, 337.25, 339.32, 341.41, 343.52, 345.65, 347.80, 349.97,
352.16, 354.37, 356.60, 358.85, 361.12, 363.41, 365.72, 368.05, 370.40, 372.77, 375.16,
377.57, and 380.00 K. The exchange attempts were performed at every 2 ps. Equilibrium
simulations were performed for 1 µs in NPT ensemble. The average exchange probability
was 20%. Snapshots were recorded every 10 ps and used for analysis.

54



3.2.3 The VPAA assembly definition

We analyzed the temporal behavior of the assembly size defined geometrically. One of the
simplest definitions of irregularly shaped molecular aggregates is to set a threshold of the
intermolecular nearest neighbor distance. The nearest neighbor distance is defined as the
shortest distance between two atoms belonging to different molecules. [127] The aromatic
carbon atoms were used to calculate the interatomic distances, and the threshold was set to
5 Å. Any pair of molecules whose nearest neighbor distance is below a threshold is defined
as being in the same assembly. In the following, molecular assemblies constituted by M
molecules of VPAA1 and VPAA2 are denoted as (VPAA1)M and (VPAA2)M , respectively.
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3.3 RESULTS

3.3.1 Time evolution of the VPAA assemblies

In general, multiple assemblies with the same number of constituent molecules appear in the
simulation systems during the trajectory calculation. The number of the VPAA assemblies of
M molecules at time t is denoted by N(M, t). The total number of all the VPAA assemblies
is expressed as

N0(t) =
∞∑

M=1

N(M, t), (3.2)

and the fraction of the VPAA assemblies of M molecules is X(M, t) = N(M, t)/N0(t).
Using the average of M as M̄(t) =

∑∞
M=1 MX(M, t), the product N0(t)M̄(t) is a conser-

vative quantity and is equal to the number of the VPAA molecules, Nmol, in the simulation
systems.

The time evolutions of the fraction and their statistics are summarized in Figure 3.4.
Changes of X(M) indicating exchanges of VPAAs among the assemblies are observed fre-
quently and intermittently during the simulation (Figure 3.4a). These exchanges occur on
a sub-microsecond timescale and that of VPAA1 is particularly slow compared to VPAA2.
Formation of more than eight assemblies in either system is rare, and they decay in sub-
microseconds to microseconds.

As shown in (Figure 3.4b), the average sizes show moderate growth in cMD, while they
quickly converge to constants in one microsecond REMD trajectories; these of VPAA1 and
VPAA2 approach M̄ ∼6.0±0.8 and M̄ ∼5.2±0.8, respectively. Here, the first 200 ns sam-
ples of REMD are discarded, and statistics are computed from the last 800 ns samples. The
numbers indicated by ± are the standard deviations. Equilibrium distributions of X(M) in
cMD and REMD are shown in Figures 3.4d and e, respectively. While the equilibrium dis-
tributions computed from cMD still contain large confidence intervals (Figure 3.4d) because
of the long autocorrelations in the cMD trajectories, REMD shows adequate convergence
(Figure 3.4e). Thus, we analyze the equilibrium distributions of REMD hereafter.

In the REMD size distributions, (VPAA1)6, (VPAA1)7, (VPAA2)5, and (VPAA2)6 are
dominant (Figure 3.4e). These numbers of molecules in the dominant assemblies are equal
to or slightly larger than the experimental estimates, M ∼ 4 to 6. [23] The MD simulations
were performed in high concentrations of ∼ 81 mM compared to experimental one of ∼2.0
mM to obtain sufficient samples within the limited simulation time as described above.
Given that the critical micelle concentrations, which is the concentration that balances the
growth due to intermolecular collisions and decay rate of aggregation, are ∼1.0 mM for
VPAA1, and ∼0.03 mM for VPAA2, [23] the overestimation of the average number sizes
in the simulation are therefore reasonable. Despite the high concentration conditions, a
certain extent of free species (M=1) is present. This suggests that free species are involved
in molecular exchange between the VPAA assemblies.

At high temperatures (340 K and 380 K), free molecules increase and the distribution
peaks shift to smaller values (Figure 3.4e). However, the stability of the assemblies is not
compromised, and even at 380 K the distribution still peaks at M=5 for both VPAA1 and
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Figure 3.4: Size distributions of VPAA assemblies. (a) Stack plots of the assembly size
distributions in cMD. (b) Time evolutions of the average distribution numbers of the
constituent molecules, M̄(t), in cMD. Red lines represent the means in the 100 ns
windows, and pink areas represent the standard deviations in the windows. (c) Time
evolutions of M̄(t) in REMD. (d) Equilibrium distributions of X(M) in the cMD
simulations. Error bars indicate 95% confidence interval for the Student′s t distribution,
and independent samples were obtained by block averaging method. See the Confidence
interval estimations section in APPENDIX for details. (e) Equilibrium distributions of
X(M) at different temperatures in the REMD simulations. Error bars are the same as in
(d).

57



VPAA2. The distribution shapes of VPAA1 and VPAA2 are almost identical at 380 K.
This is because at high temperatures, entropic hydrophobic interactions are dominant and
differences in their side chains are neglected.

It is noteworthy that the growth of the VPAA assemblies stops at certain sizes even under
highly concentrated conditions. For both the VPAA1 and VPAA2 assemblies, those with
M¿8 disappear soon after formation and cannot last for a long time (Figure 3.4a). The
observation indicates that the growth of unlimited aggregates such as agglomerated colloids
or micelles is very slow or does not occur.

3.3.2 Lifetime of molecular assembly

To discuss the stability of the VPAA assemblies, we first define the lifetime of the assembly.
We introduce the set, ZM = {(i1, i2, . . . , iM) | 1 ≤ i1 < . . . < iM ≤ Nmol}, whose ele-
ments are M -tuples of M -combinations of indices of the Nmol molecules, im. The number
of elements of ZM (M -tuples) is therefore

(
Nmol
M

)
. For z ∈ ZM , the indicator function θ(t; z)

returns 1 if and only if all molecules indexed by z at time t are present in the same assem-
bly by the aforementioned definition and no other molecules belong to the same assembly.
Otherwise, it returns 0. We define the survival time correlation function for the assemblies
of M molecules as

Ψ(t;M) =
1

T

∫ T

0

dt0
∑
z∈ZM

θ(t0 + t; z)θ(t0; z), (3.3)

where T is simulation time. Ψ0(M) ≡ Ψ(t = 0;M) is the time average of the number of
the assemblies of M molecules N̄0X̄(M), where N̄0 and X̄ is the time averages of N0(t)
and X(M, t), respectively, and X̄(M) = Ψ0(M)/

∑∞
M=1 Ψ0(M) holds. After a VPAA

assembly collapses, the same molecules may form again the same assembly by chance,
and thus the indicator gives a certain value at this large lag time t. However, as combina-
tion of molecules forming the assembly is enormous, the limit of the correlation function
limt→∞ Ψ(t;M)/Ψ0(M) converges to nearly zero.

The mean lifetime of the assemblies of M molecules is defined by

τ(M) =

∫ ∞

0

dt
Ψ(t;M)

Ψ0(M)
. (3.4)

The time correlation functions calculated from the cMD trajectories are shown in Figure 3.5.
Here, the cMD trajectories in the first 1 µs were discarded and those in the last 9 µs were used
for the analysis. Most of the correlations begin to decay at around 10 to 100 nanoseconds
and disappear in a few microseconds. The lifetimes depend significantly on the number
of molecules in the assembly; those for M=4,6,7 for VPAA1 and M=4,5 for VPAA2 are
relatively long, respectively (Figure 3.5a and b).

As a qualitative measure of the lifetime of assemblies, a simple molecular coaggregation
model is considered for comparison. Here, we use the Smoluchowski coagulation equation
of a sphere in Brownian motion without interaction potential. [120] Assume that the M
molecular assembly is a sphere and its radius R is related to M as

R(M) = r1M
1/3 (3.5)
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Figure 3.5: Survival time correlation functions for VPAA assemblies of M molecules. (a)
VPAA1. (b) VPAA2. The red circle plot with error bars represents the estimated mean
lifetime τMD, and the error bars represent 95% confidence intervals from the Weibull
distribution. Vertical bars indicate mean lifetimes windowed every 1 µs. See APPENDIX
for details on confidence interval estimation.
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where r1 is a proportional constant. In the equilibrium state, distributions of molecules and
assemblies are assumed to be spatially uniform. In terms of a given M molecular assembly,
the collision rate is defined as

λcol(M) =
∞∑

M ′=1

K(M,M ′)ρ(M,M ′), (3.6)

where K(M,M ′) is the flux of the collision between an M -molecular assembly and an
M ′-molecular one at the contact radius

K(M,M ′) = 4π (D (M) +D (M ′)) (R (M) + R (M ′)) , (3.7)

where D(M) is the diffusion constant of the M -molecular assembly. ρ(M,M ′) is the con-
centration of M ′-molecular assemblies around the given M -molecular assembly in the MD
system,

ρ(M,M ′) =

(
1− M

Nmol

)
ρ(M ′), (3.8)

where ρM is the concentration of the molecular assemblies given by N̄0X̄(M)/V and V =
L3 is the average box volume of the system with L as one side. From Einstein-Stokes
equation, [79] an inversely proportional relationship between the diffusion coefficient and
D(M) is obtained as

D(M) = vr−1
1 M1/3 (3.9)

with a proportionality constant, v. The mean diffusion coefficient is then defined by

D̄ =
∞∑

M=1

D(M)X(M). (3.10)

Using Eqs. 3.6-3.10, the collision rate equation is derived as

λcol(M) =
4πr1D̄∑∞

M=1 M
− 1

3X(M)

Nmol∑
M ′=1

(
1− M

Nmol

)
ρ(M ′)

(
M

1
3 +M ′ 13

)(
M− 1

3 +M ′− 1
3

)
.

(3.11)
The formula represents a Brownian kernel with fractal dimension three. [128, 129] We
define the average collision time by

τcol(M) =
1

λcol(M)

. (3.12)

The mean diffusion coefficient in Eq. 3.11 was computed with the cMD trajectory by

D̄ =
1

6
lim
t→∞

d

dt
MSD(t), (3.13)

using the mean squared displacements

MSD(t) =
1

Nmol

Nmol∑
I=1

‖cI(t)− cI(0)‖2 , (3.14)
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where cI(t) is the center of mass of the I-th molecule at time t. The mean diffusion coeffi-
cients were obtained by fitting a linear function to the 1,000-2,000 ns interval of the MSD in
the cMD simulation. The molecular radius, r1, in Eq. 3.11 was approximated by the radius
of gyration of the molecules in the REMD simulation as

r1 =
1

T

∫ T

0

dt
1

Nmol

Nmol∑
I=1

√√√√ 1

Natom

Natom∑
j=1

‖rjI(t)− cI(t)‖2, (3.15)

where Natom is the number of atoms in a molecule, and rjI represents the coordinate of j-th
atom in I-th molecule. The calculated values of D̄ and r1 are summarized in Table 3.2. The
concentration of the M -molecular assembly, ρ(M), in Eq. 3.11 was evaluated with the size
distributions obtained by the REMD simulation (Figure 3.4e).

Table 3.2: Mean diffusion constants, radii of gyration, and box sizes L. Numbers with a
positive or negative sign indicate the 95% confidence intervals from the Student′s t
distribution, and numbers in parentheses indicate the standard deviation. See APPENDIX
for details on confidence interval estimation.

VPAA1 VPAA2
D̄ (10−9m2/s) 0.091±0.010 0.066±0.005

r1 (Å) 5.4 (0.06) 5.7 (0.16)

L (Å) 82.01 (0.03) 82.07 (0.03)

The lifetimes of the assemblies, τMD, and the average collision times, τcol, are listed in
Table 3.3. τMD of both the VPAA1 and VPAA2 assemblies found in the cMD simulations
are tens of nanoseconds to sub-microsecond, while τcol are 5 to 7 ns and are thus 10 to
100 times shorter than τMD. Although we assumed spheres in Brownian motion without
interaction in the evaluation of τcol, the considerably large differences between τMD and
τcol indicate that the VPAA assemblies are stable once formed, and molecular exchange
by collision is a relatively rare event. In fact, the frequent collisions without molecular
exchange are seen as many instantaneous spikes of the assembly size change in the time-
series of the molecular assembly distributions shown in Figure 3.4a.

As mentioned above, the lifetimes of the VPAA assemblies are dependent on the num-
ber of molecules, M . For example, one can discern clear differences in τMD between the
assemblies of different sizes (e.g., 219 ns for M=5 vs. 817 ns for M=6 for VPAA1, and
408 ns for M=5 vs. 240 ns for M=6 for VPAA2), The size dependence of the lifetime
implies that the conformations of the assemblies are not completely random, and they form
short-lived structures of which microscopic conformations differ depending on the number
of molecules constituting the assemblies. Comparing VPAA1 and VPAA2, the lifetimes
of VPAA1 tend to be about twice longer than these of VPAA2, expect for M=5, imply-
ing that the side-chains also play a role in the formation of the short-lived structures of the
assemblies.
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Table 3.3: Mean lifetimes, τMD, and average collision times, τcol, of the VPAA assemblies.
Positive and negative numbers attached to τMD and τcol represent 95% confidence intervals
based on the Weibull and Student′s t distributions, respectively. See APPENDIX for details
on confidence interval estimation.

M VPAA1 VPAA2
τMD (ns) τcol (ns) τMD (ns) τcol (ns)

1 51+104
−24 4.7+0.6

−0.5 139+123
−53 6.4+0.6

−0.5

2 93+1298
−67 5.1+0.6

−0.5 51+359
−42 7.0+0.6

−0.5

3 297+26774
−244 5.4+0.7

−0.5 145+333
−92 7.4+0.7

−0.6

4 741+323
−472 5.7+0.7

−0.6 425+96
−240 7.7+0.7

−0.6

5 219+70
−121 6.0+0.8

−0.6 408+171
−27 8.1+0.7

−0.6

6 817+219
−287 6.3+0.8

−0.7 240+101
−80 8.4+0.8

−0.6

7 737+288
−405 6.6+0.8

−0.7 191+135
−81 8.8+0.8

−0.7

8 375+1387
−221 6.9+0.9

−0.7 55+598
−44 9.3+0.8

−0.7

3.3.3 Molecular symmetry corrected RMSD

We characterized the short-lived molecular structures of the assemblies appearing in con-
formational thermal fluctuations. We performed a clustering using a hierarchical clustering
method with RMSD which is used as a standard method because of its robustness. [121]
RMSD is a good metric to characterize difference in molecular structures and thus often
used for macromolecules such as proteins. [130] Unlike a protein which consists of a sin-
gle peptide polymer chain, however, the molecular assemblies treated in the present study
undergo highly flexible conformational changes in which VPAA molecules constituting the
assemblies freely change their positions and orientations in the assemblies. Hence, the use
of RMSDs for the molecular assemblies suffers from difficulty arising from symmetry of
positional permutation of the molecules in the assembly and rotation/reflection symmetries
of each molecule in the assembly and of the entire assembly itself. The symmetries preclude
a straightforward assignment of atom numbering of the assembly undergoing the positional
and conformational changes in a trajectory prerequisite for the RMSD calculation.

For the VPAA assemblies, therefore, an atomic index matching between the compared
atomic coordinates in the minimization of RMSD with respect to translations and rotations
is needed. Because of the permutation search for the atom index matching, the time com-
plexity of finding the globally optimal solution is naivelyO(n!) for a molecule consisting of
n atoms. No methods to globally minimize RMSD in polynomial time without using fixed
atomic index matching or fixed molecular superpositions are known so far. [131–133] Thus,
we first propose a matching algorithm without the fixed superposition specific to homolo-
gous molecular assemblies.

The algorithm is based on atomic indices permutation corresponding to molecular sym-
metry and a branch-and-prune method. We first represent a molecular assembly structure
consisting of M molecules with n atoms as an M × n matrix {X(M)}jI = xjI where xjI
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denotes j-th atomic coordinate of the I-th molecule in the assembly, and thus I and j are
indices satisfying 1 ≤ I ≤ M and 1 ≤ j ≤ n, respectively. The conventional minimized
RMSD between two assemblies X(M) and X′(M) is defined by

d
(
X(M),X′(M)

)
= min

R∈R

√√√√ 1

Mn

M∑
I=1

n∑
j=1

‖xjI − x̄−R (x′
jI − x̄′)‖2. (3.16)

where, x̄ and x̄′ are the centers of mass of X(M) and X′(M), respectively, and R is the total
set of normalized rotation matrix, R, corresponding to the dimension of xjI . We define an
injective function of the molecular permutation µ : I 7→ I , that exchange indices of the
index sets I = {1, 2, . . . ,M}. The total set of µ, M, is equal to the total set of M -order
permutations.

We then introduce the permutation operations to implement the molecular symmetry.
The molecular symmetry manipulation function, ν : J 7→ J , exchanges indices of the
index set J = {1, 2, . . . , n}. The total set of ν, NS , is a much smaller subset than the
set of n-order permutations since ν works only for the molecular symmetry. The C2v

symmetry operations {E,C2, σv, σvv′
} for the VPAA molecules are taken for the set of ν,

NS = {νE, νC2 , νσv , νσvv′
}, respectively. νC2 corrects the symmetric rotation around the C2

axis by 180◦. Although the atom indices changed by νCσv
and νCσv′

do not overlap with
the original ones by any rigid-body rotations, νCσv

and νCσv′
are used to find the minimum

RMSD between conformations undergoing a mutual rotational around the C2 axis by ∼90◦.

For simplicity, we denote a tuple of the functions as φ = (µ, ν1, . . . , νM) ∈ M×NS
M

and the total set of φ as F =M×NS
M . For X(M), these functions act on the indices of the

atomic coordinates in the form of{
P
(
X(M), φ

)}
jI

= xνI(j)µ(I), (3.17)

where P
(
X(M), φ

)
represents a set of atomic coordinates after the operations of φ, and I

and j are indices satisfying 1 ≤ I ≤M and 1 ≤ j ≤ n, respectively.

For the total set of the molecular symmetry correction functions, F , the molecular sym-
metry corrected RMSD (symRMSD) is defined by

d∗
(
X(M),X′(M)

)
= min

φ∈F

(
X(M),P

(
X′(M)

, φ
))

. (3.18)

In this setting, the number of the total set of possible permutations is #F = M !SM , where
S is the number of the molecular symmetry operations. Even in the range of M ∼ 10,
this factorial computational cost is too demanding to analyze microseconds conformational
changes.

It should be noted that, from definition, the molecular assembly structure and symRMSD
form a metric space without the positivity and the triangle inequality; for given X(M) and d∗,
d∗
(
X(M),X′(M)

)
≥ 0, d∗

(
X(M),X(M)

)
= 0, and d∗

(
X(M),X′(M)

)
= d∗

(
X′(M),X(M)

)
,

are satisfied. However, each pair of structures is not identifiable, i.e., it can be

d∗
(
X(M),X′(M)

)
= 0
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for
X(M) 6= X′(M)

.

For X(M) and X′(M) that satisfies

d∗
(
X(M),X′(M)

)
= 0,

we can conclude an equivalence relation

X(M) ∼ X′(M)

in the sense that the structure is physically equivalent. Also, the triangle inequality

d∗
(
X(M),X′(M)

)
≥ d∗

(
X(M),X′′(M)

)
+ d∗

(
X′′(M)

,X′(M)
)

does not always satisfy.

3.3.4 Branch-and-prune method

To compute the symRMSD efficiently, we implement a heuristic branch-and-prune method.
In the following, for a natural number m where m ≤ M , m coordinates of molecules are
taken from these of M -molecule assembly,

{
X(m,θm)

}
jI

= xj,θm(I), where θm is an injective
function that maps {1, 2, . . . ,m} to {1, 2, . . . ,M}, I and j are indices satisfying 1 ≤ I ≤ m

and 1 ≤ j ≤ n, respectively. For d∗
(
X(M),X′(M)

)
, hereafter, X(M) and X ′(M) are referred

to as the reference and the target structures, respectively.

First, two molecules are chosen from each of the reference M molecular assembly and
the target one, and symRMSDs d∗

(
X(2,σ),X′(2,σ′)

)
, for the possible combinations of the

two molecules, σ and σ′, are calculated. Let N (2)
cand be the number of the combinations, i.e.,

N
(2)
cand = (M2 )

2. Those with smaller symRMSD values are then taken as the root nodes.
Here, the number of the nodes N

(2)
rec is determined by the ceiling function, ceil(precN

(2)
cand),

where prec is a cut-off parameter, 0 < prec ≤ 1. Next, one molecule not yet selected from
each molecular assembly is taken and added to the reference and target structures of the
root nodes. For the newly selected molecule, the molecular symmetry correction is only
performed. This step generates N

(2)
rec (M − 2)2S candidates, the number of which is N (3)

cand.
The RMSD values of these candidate structures are calculated, and again the candidates are
narrowed down in the ratio of prec into the child nodes. This process is repeated until m
reaches M .

This algorithm omits inefficient assignments between molecular assemblies of which
small portions already exhibit a large RMSD, effectively reducing a computational cost of
searching the total space of the substitution operations. A shortcoming, however, arises if
prec is too small and in turn the number of the branches records is too small, the true solution
may be cut out to the space of the prune branches.

Furthermore, by straightforwardly extending Eqs. 3.17 and 3.18 to multicomponent sys-
tems and modifying the algorithm, symRMSD can also deal with host-guest systems, hetero
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micelles, and systems containing solvent molecules. However, such host-guest systems
often contain a larger number of molecules than can be directly handled by the present
algorithm. An exact solution algorithm for the generalized symRMSD using the branch-
and-bound method is presented in Chapter 4.

The specific procedures are given in the branch-and-prune algorithm as follows: Let
xIj ∈ Rd×1 be the j-th atomic coordinate of the I-th molecule, where d is the spatial dimen-
sion. For given molecular assembly coordinates X and X′, minimizing Eq.(17) is equivalent
to minimizing the following squared deviation (SD) with respect to R, µ, {ν1, ν2, . . . , νM}:

SD (R, µ, {νI}) =
M∑
I=1

n∑
j=1

∥∥xIj −Rx′
µ(I)νI(j)

∥∥2 (3.19)

Where, xjI and x′
jI are atomic coordinates corresponding to X and X′, respectively. We

denote I-th molecular coordinates as a d× n matrix XI ∈ Rd×n

{XI}j = xjI . (3.20)

Using relation of RR⊤ = I, SD can be algebraically transformed as

SD (R, µ, σ) =
M∑
I=1

tr
[
X⊤

I XI

]
+

M∑
I=1

tr
[
X′⊤

I X′
I

]
− 2

M∑
I=1

tr
[
X⊤

I RX′
µ(I)Pσ(I)

]
, (3.21)

here, σ(I) is a mapping with {1, 2, . . . , S} in the codomain and S is the number of molec-
ular symmetries. Ps ∈ Rn×n is a permutation matrix corresponding to a molecular sym-
metry, defined by {Ps}jj′ = δjνs(j′), here δij is the dirac delta. The index s corresponds to
the molecular specific symmetry, respectively. For example, in the case of C2v symmetry
molecule, the permutations of the atomic sequences corresponding to the symmetry groups
E, C2, σ, and σ′, respectively, are encoded by s = 1, 2, 3, and 4. Since all terms except
the third term on the right-hand side are constant terms, this problem can be considered as
maximizing the third term on the right-hand side. Transforming the third term of Eq. 3.21,
we define the partial evaluation equation as

Lk (m,m′, s) = max
R∈R

k∑
I=1

tr
[
X⊤

mI
RX′

m′
I
PsI

]
. (3.22)

here, k is a natural number satisfies 1 ≤ k ≤M , m = {m1,m2, . . . , nk}, m′ = {m′
1,m

′
2, . . . ,m

′
k}

with 1 ≤ mI ,m
′
I ≤M s = {s1, s2, . . . , sk}with 1 ≤ sI ≤ S, and SO(d) denotes the special

orthogonal group of order n, respectively. Let the constatnt term as

G =
M∑
I=1

tr
[
X⊤

I XI

]
+

M∑
I=1

tr
[
X′⊤

I X′
I

]
. (3.23)

If m and m′ are permtatuins on {1, 2, . . . ,M}, then G − 2LM(m,m′, s) matches SD of
some candidate atom matching. Thus, the branch-and-cut (BC) algorithm is implemented
as an algorithm that efficiently enumerates prospective LM and calculates SD using their
maximum element as the heuristic solution.
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The BC algorithm starts with k = 2, and the exhaustively enumerated Lk is stored in a
priority queue, Qk, and kept as candidates with a percentage of hyperparameter prec. After
the enumeration is completed, a possible index is added to the end of the candidates in
the queue, and the enumerated Lk+1 are stored in the Qk+1. The pseudo code of the BC
algorithm is summarized in Algorithm 1.

Algorithm 1 Branch and cut

Require: {XI} , {YI} ,XI ,YI ∈ Rd×n, 1 ≤ I ≤M
Require: {Ps} ,Ps ∈ Rn×n, 1 ≤ s ≤ S
Require: prec ∈ (0, 1]

1: Let Q2 be a priority queue for L2 ▷ Lk is given in Eq. 3.22.
2: for m ∈ {1, . . . ,M} choose 2 do
3: for m′ ∈ {1, . . . ,M} choose 2 do
4: for s ∈ {1, . . . , S} × {1, . . . , S} do
5: Add {m,m′, s} to Q2

6: end for
7: end for
8: end for
9: for k ∈ {2, . . . ,M − 1} do

10: Let Qk+1 be a priority queue for Lk+1

11: for mk,m
′
k, sk ∈ The top prec percentage elements of Qk do

12: for mk+1 ∈ {1, . . . ,M} \ {mk} do ▷ Let A \B be the set difference.
13: for m′

k+1 ∈ {1, . . . ,M} \ {m′
k} do

14: for sk+1 ∈ {1, . . . , S} do
15: Add {(nk, nk+1), (n

′
k, n

′
k+1), (sk, sk+1)} to Qk+1

16: end for
17: end for
18: end for
19: end for
20: end for
21: L∗

M ← The LM value of top elements of QM

22: d∗ ←
√

1
Mn

(G− 2L∗
M) ▷ G is given in Eq. 3.23.

23: Return d∗

As a benchmark, we assessed the accuracy of this algorithm, the computational costs,
and the actual computational times versus the cut-off parameter, prec. The accuracy was
evaluated by the average error between the symRMSDs of the full search and the branch-
and-prune one given by

E =
1

Ntest

Ntest∑
I=1

(
d̃∗ (Xl,X

′
l)− d̃ (Xl,X

′
l)
)
. (3.24)

where Ntest is the number of test samples, Xl and X′
l are the l-th samples, d̃∗ is the sym-

RMSD obtained by the branch-and-prune search, and d∗ is that obtained by the full search.
Since the accuracy for the smaller symRMSD is more important for applications, the mean
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errors for the 50% and 10% samples with the smallest d∗, E50 and E10, respectively, were
also calculated. The computational cost is defined by the number of RMSD evaluations in
the algorithm.

We randomly selected 20 snapshots from the REMD trajectories for the reference struc-
tures, Xl. For the target structures, X′

l, 50 snapshots were randomly taken for M=4 (i.e.,
Ntest=20×50=1,000), 25 snapshots for M=5 (Ntest=500), and 10 snapshots for M=6 (Ntest=200),
respectively. The actual computation time is defined by the average of wall-clock times each
of which was required to evaluate a symRMSD for a single pair of structures on a single cpu
(Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80 GHz) per core.

Figure 3.6 and Table 3.4 summarizes the accuracy and the computational efficiency
of the branch-and-prune methods. For all M , symRMSDs evaluated with the branch-and-
prune method at prec=0.05 and above were in good agreement with the exact ones. Even at
prec=0.01, E was about 0.05 Å and remarkably small. Furthermore, E50 and E10 are smaller
than E, which is a favorable property of the branch-and-prune method, as errors are more
reduced for more important structures. The computational costs are heavily dependent on
prec. In the following analysis, we employed prec=1 for M=2 and 3, prec=0.05 for M=4, and
prec=0.01 for M=5 to 7, respectively.

Figure 3.6: Benchmark of the branch-and-prune method. (a) Mean errors for M=4, 5, and
6. (b) Relative calculation costs to those of the full search. (c) Actual wall-clock
computational times.
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Table 3.4: Benchmark results for branch-and-cut algorithm.

M prec Cost Time (s/run) E (Å) E50 (Å) E10 (Å)

4 (full search) (1.00) 0.81 - - -

0.1 0.26 0.37 5.0× 10−4 0.00 0.00

0.05 0.18 0.23 7.0× 10−4 0.00 0.00

0.01 0.11 0.12 5.4× 10−2 3.3× 10−2 0.00

0.005 0.10 0.10 1.5× 10−1 1.1× 10−1 1.0× 10−1

5 (full search) (1.00) 19.0 - - -

0.1 0.12 6.2 1.4× 10−3 1.4× 10−3 0.00

0.05 0.048 1.7 2.5× 10−3 2.0× 10−3 0.00

0.01 0.020 0.56 3.0× 10−2 7.7× 10−2 0.00

0.005 0.017 0.44 6.8× 10−2 4.2× 10−1 1.9× 10−2

6 (full search) (1.00) 538 - - -

0.1 0.062 348 3.2× 10−5 0.0 0.00

0.05 0.013 23 4.4× 10−3 8.0× 10−3 3.8× 10−2

0.01 0.0027 2.3 3.0× 10−2 2.7× 10−2 4.3× 10−2

0.005 0.0019 1.6 4.4× 10−2 3.4× 10−2 4.3× 10−2

3.3.5 Similarity matrix

A distance matrix between two conformations of VPAA assemblies defined with symRMSD
provides a useful means to characterize their internal dynamics. For given two sets of con-
figurational snapshots,

X = {X1, X2, . . . , XN1}

and
X ′ = {X ′

1, X
′
2, . . . , X

′
N2} ,

where N1 and N2 are the numbers of snapshots. The similarity matrix is defined by

{D∗ (X ,X ′)}ij = d∗(Xi,X
′
j) (3.25)

where i and j are indices satisfying 1 ≤ i ≤ N1 and 1 ≤ j ≤ N2, respectively. For
simplicity of notation, the self-similarity matrix is described as

D∗ (X ) := D∗ (X ,X ) (3.26)

From the definition, the self-similarity matrix, D∗(X ), is a non-negative real symmetric
matrix of which all the diagonal elements are zero.

Time evolution of conformational changes of the VPAA assemblies of M=2, 3, and 4 are
visualized by the self-similarity matrices of the cMD trajectories as shown in Figure 3.7.
Multiple rectangular blue regions appear in the heatmaps, indicating that symRMSDs are
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kept small for a certain time. The square blue regions around the diagonal therefore rep-
resent formations of metastable conformations which are transiently maintained, while the
off-diagonal rectangular blue regions express returns to the metastable conformations after
transitions to other conformations.

Figure 3.7: Self-similarity matrices for M=2, 3, and 4, (VPAA1)M and (VPAA2)M ,
respectively.

For M=2, off-diagonal rectangular regions of (VPAA1)2 and (VPAA2)2 appear repeat-
edly in Figure 3.7, indicating that transitions between only a few metastable conformers.
Lifetimes of the blue rectangular regions for (VPAA1)2 are sub-nanoseconds, while those
for (VPAA2)2 are often several times longer. This feature is the opposite to that of the mean
lifetimes of the molecular assemblies themselves, which was about two times longer for
(VPAA1)2 than for (VPAA2)2 (Figure 3.5 and Table 3.3). This indicates that the molec-
ular nature of the conformational changes within the assemblies is different from that of
the collapse of the assemblies; the conformational changes within an assembly are faster
in VPAA1 than VPAA2, while the molecular exchanges between different assemblies are
faster for VPAA2 than VPAA1.
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For M=3, the number of the off-diagonal rectangular regions is diminished compared
to M=2, because the number of conformers of the assembly increases as the number of the
molecules in the assembly increases. This behavior is more pronounced for (VPAA1)4. As
contrary, (VPAA2)4 shows an extended off-diagonal rectangular blue region, indicating that
a stable dominant conformer exists.

3.3.6 Distribution of the symRMSD

As is seen from the self-similarity matrices, the VPAA assemblies undergo intermittent con-
formational changes on a relatively fast time scale compared to their average lifetimes. The
equilibrium distribution of the symRMSD was obtained by computing the self-similarity
matrices of the REMD trajectory. The number of structures used, Ndata, are listed in Ta-
ble 3.5. Up to M=4, all the data of the snapshots recorded every 100 ps were used. From
M=5 to 7, the snapshots were randomly resampled until completable.

Table 3.5: The number of sample snapshots, Ndata.

M 2 3 4 5 6 7

VPAA1 5792 9053 11608 11608 3073 2580

VPAA2 10880 10283 10981 10113 3012 2565

Distributions of the off-diagonal components of the self-similarity matrices of the sym-
RMSD are shown in Figure 3.8. The distributions around a small symRMSD (1-2 Å) in
(VPAA1)2 and (VPAA2)2 (Figure 3.8) are attributed to fragments of back-and-forth transi-
tions between metastable conformers seen in the self-similarity matrices (Figure 3.7). Sim-
ilar but smaller shoulders are present for M=3. The same behavior continues above M=4
for the VPAA1 assemblies, while a prominent peak appears below 2 Å in (VPAA2)4, which
likely represents the long-lived conformers observed in the self-similarity matrix described
above (Figure 3.7).

Figure 3.8: Equilibrium distributions of the symRMSDs for (a) VPAA1 and (b) VPAA2.
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3.3.7 Structural clustering

Data clustering by distance matrices is widely used for interpretation of molecular dynamics
trajectories. [18, 19] We performed a structural clustering by HDBSCAN, [121, 134] a
density-based hierarchical clustering method which is robust to noisy data, with the metric
of the symRMSD. HDBSCAN uses the minimum spanning tree to create a hierarchical tree,
and then the tree is compressed by minimizing an objective function by varying a threshold
λmin for noise determination. [121] Here, λmin is the symRMSD between the shortest data
points of one group and another or noise.

Using a distance matrix computed for data point set

X = {X1, X2, . . . , XNdata} ,

HDBSCAN assigns a group label k = 0, 1, 2, . . . , K to each data point, where K is the
number of groups automatically determined. k=0 is assigned to the noise data label. Note
that HDBSCAN is based on the relative roughness or density on static data points. Molecular
structures that appear at high frequency in equilibrium are therefore interpreted as metastable
structures. Similarly, data assigned as noises are interpreted as an ensemble of unstable
structures, which appear infrequently in equilibrium. As we are interested in physically
different structures, the mirror symmetry is also implemented in the distance matrix. The
self-similarity matrix is modified as

{D∗∗}ij := min
(
d∗ (Xi,Xj) , d

∗ (Xi, X̄j

))
(3.27)

where X̄i is the mirror symmetry structure of Xi. Also, HDBSCAN uses two hyperparam-
eters; i.e., the minimum cluster size Cmin and the minimum sample size Smin. We used
Cmin = Smin = floor(Ndata/100), where Ndata is the number of data and floor(·) is the floor
function, allowing for clear interpretation. The Excess of Mass algorithm was employed
to detect the most persistent groups. The analysis above was performed by using software
implemented by McInnes, Healy, and Astels. [134] For M=2 to 4, structural classifications
were performed using all structures obtained from the REMD trajectories. For M=5 to 7,
the Ndata structures were randomly resampled from the REMD trajectories. The number of
groups, K, and the non-noise ratio, 1 − α0, where α0 is the noise ratio are summarized in
Table 3.6. Details of the calculation results including the fractions of the numbers of the
samples in the groups are summarized in Tables 3.7 to 3.12.

Table 3.6: Results of HDBSCAN. K is the number of groups, and α0 is the noise ratio.

M 2 3 4 5 6 7

VPAA1 K 4 6 4 8 4 4

1− α0 0.824 0.474 0.457 0.515 0.289 0.319

VPAA2 K 4 4 6 6 4 6

1− α0 0.834 0.637 0.727 0.511 0.329 0.325
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Table 3.7: HDBSCAN results for M=2.

k

0 1 2 3 4

(VPAA1)2 Nk 1020 605 2290 280 1597

αk 0.176 0.104 0.395 0.048 0.276

Fk (Å) - 0.830 1.371 0.946 1.133

dk (Å) - 1.42 2.92 1.91 1.95

(VPAA2)2 Nk 1805 1946 5111 289 1729

αk 0.166 0.179 0.470 0.027 0.159

Fk (Å) - 0.801 1.381 0.846 1.055

dk (Å) - 1.21 2.60 1.38 2.25

Table 3.8: HDBSCAN results for M=3.

k

0 1 2 3 4 5 6

(VPAA1)3 Nk 5211 817 289 2176 329 352 329

αk 0.526 0.090 0.032 0.240 0.036 0.039 0.036

Fk (Å) - 1.119 1.024 1.461 1.688 1.051 1.304

dk (Å) - 3.194 2.263 3.379 2.110 3.206 2.026

(VPAA2)3 Nk 3729 463 3589 1946 556

αk 0.363 0.045 0.349 0.189 0.054

Fk (Å) - 1.098 1.386 1.538 1.530

dk (Å) - 3.173 3.090 3.031 3.657
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Table 3.9: HDBSCAN results for M=4.

k

0 1 2 3 4 5 6

(VPAA1)4 Nk 6300 1143 2106 1151 908

αk 0.543 0.098 0.181 0.099 0.078

Fk (Å) - 0.992 1.642 2.105 1.764

dk (Å) - 3.647 3.618 1.954 2.193

(VPAA2)4 Nk 2993 622 1864 1029 3146 592 735

αk 0.273 0.057 0.170 0.094 0.286 0.054 0.067

Fk (Å) - 1.070 1.757 1.002 1.036 2.390 1.233

dk (Å) - 3.386 3.575 1.365 0.672 3.348 3.456

Table 3.10: HDBSCAN results for M=5.

k

0 1 2 3 4 5 6 7 8

(VPAA1)5 Nk 5481 796 503 470 263 1501 536 939 81

αk 0.485 0.070 0.045 0.042 0.023 0.133 0.047 0.083 0.072

Fk (Å) - 1.674 2.671 1.637 1.554 1.486 1.097 3.016 2.543

dk (Å) - 3.814 4.411 2.867 4.296 3.472 4.146 3.524 4.055

(VPAA2)5 Nk 4946 2241 363 642 441 656 824

αk 0.489 0.222 0.036 0.063 0.044 0.065 0.081

Fk (Å) - 1.572 1.723 2.673 2.223 2.261 2.119

dk (Å) - 2.559 5.095 4.266 3.876 4.126 4.230
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Table 3.11: HDBSCAN results for M=6.

k

0 1 2 3 4

(VPAA1)6 Nk 2185 242 178 234 234

αk 0.711 0.079 0.058 0.076 0.076

Fk (Å) - 2.793 1.867 2.917 1.946

dk (Å) - 3.567 2.861 4.452 1.933

(VPAA2)6 Nk 2021 164 326 298 203

αk 0.671 0.054 0.108 0.099 0.067

Fk (Å) - 1.346 2.808 1.723 2.829

dk (Å) - 4.183 3.078 1.255 4.136

Table 3.12: HDBSCAN results for M=7.

k

0 1 2 3 4 5 6

(VPAA1)7 Nk 1758 104 220 373 125

αk 0.681 0.040 0.085 0.145 0.048

Fk (Å) - 1.824 2.596 3.148 2.037

dk (Å) - 4.425 4.806 4.520 4.091

(VPAA2)7 Nk 1731 98 139 245 115 97 140

αk 0.675 0.038 0.054 0.096 0.045 0.038 0.055

Fk (Å) - 3.792 3.342 3.182 4.184 3.573 3.009

dk (Å) - 4.925 4.167 3.870 5.728 5.115 5.264
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3.3.8 Representative structure

Let
Xk =

{
X

(k)
1 ,X

(k)
2 , . . . ,X

(k)
Nk

}
be the set of structures belonging to the group k, and Nk be the number of structures in the
Xk. Here,

αk =
Nk∑K
l=0

Nl

indicates the abundance ratio. The group fluctuation is also defined as

Fk(X) =

√√√√ 1

Nk

Nk∑
l=1

(
d∗∗
(
X,X

(k)
l

))2
. (3.28)

The structure with the minimum fluctuation among the data of the group k,

X(k)∗ = argmin
X

(k)
l ∈Xk

Fk

(
X

(k)
l

)
, (3.29)

is defined as the representative structure of the group k. The group fluctuation is then given
by

F ∗
k = Fk

(
X(k)∗) . (3.30)

If the distribution of data points belonging to the group k is isotropic, the representative
structure, X(k)∗, defined by Eq. 3.29 approximates the minima of a free energy basin. Note
that this approximation is justified if the free energy basin is sufficiently deep. However,
when the basin is shallow or multiple basins are fused, the representative structure is no
longer a local minimum conformer. The group fluctuation F ∗

k is a rough indication of
whether the group contains only a single basin and whether this approximation is justified
or not, i.e., for groups F ∗

k ∼ 1 Å or less, it is safe to assume that X(k)∗ is an approximately
locally stable conformer. In the following, we denote a representative structure, X(k)∗, and
the mirror symmetry structure, X̄(k)∗, for M molecular assembly of VPAA as (VPAA)M -k
and (VPAA)M -k′, respectively.

The self-similarity matrix of a set of the representative structures and their mirror sym-
metric structures is utilized to characterize the metastable structures. We define the reduced
self-similarity matrix as

Dself = D∗ (X =
{
X(1)∗,X(2)∗, . . . ,X(K)∗, X̄(1)∗, X̄(2)∗, . . . , X̄(K)∗}) . (3.31)

In particular, a symRMSD between a representative structure and its mirror symmetry struc-
ture,

dk = d∗
(
X(k)∗, X̄(k)∗) , (3.32)

is an indicator of the magnitude of symmetry of the structure with respect to the mirror or
the rotatory reflection. Furthermore, to compare the similarity between the representative
structures of VPAA1 and VPAA2, the cross-similarity matrix is defined by

D12 = D∗ (X1 =
{
X(1)∗, . . . ,X(K)∗, X̄(1)∗, . . . , X̄(K)∗} ,X2 =

{
Y(1)∗, . . . ,Y(K)∗,

})
,

(3.33)
where X(k)∗ and Y(k)∗ are the representative structures for VPAA1, and VPAA2, respec-
tively.
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3.3.9 Assemblies of two VPAAs

Nk, ak, F ∗
k , and dk for M=2 are summarized in Table 3.7. For both (VPAA1)2 and (VPAA2)2,

K=4 was obtained (Tables 3.6 and 3.7). The representative structures and the cross-similarity
matrix, D12, are shown in Figure 3.9. Diagonal elements of the cross-similarity matrix be-
tween (VPAA1)2 and (VPAA2)2 (i.e., the left half of the matrix shown in Figure 3.9e),
indicating that the representative structures of (VPAA1)2 and (VPAA2)2 are similar. Except
for k=2, F ∗

k of all the groups are small (∼1 Å) (Table 3.7) and thus each of the groups is
interpreted as an ensemble of structures in a single free energy basin. Stable hydrophobic in-
teractions of V-shaped anthracene panels characterizing the representative structures, rather
than interactions of the side chains, are therefore the dominant factor determining the free
energy surfaces of the conformers.

The reduced self-similarity matrix, Dself, for M=2 are visualized by nodes in a network,
where nodes corresponding to k and k′ represent the representative structures, and edges
connecting the nodes are associated with d∗ (Figure 3.10). For simplicity, the connection
of d∗ less than 2.8 Å are drawn by the edges in Figure 3.10. (VPAA1)2-2 and (VPAA2)2-
2 are the most abundant conformers, with αk=0.395 and 0.470. In these conformers, the
two anthracene panels of one VPAA cover one of the two anthracene panels of the other
VPAA in an angled direction (Figure 3.9b). Larger group fluctuations (F ∗

k =1.371 Å and
1.381 Å, respectively) than the other groups are also found. Hence, the structures belonging
to k=2 are more flexible presumably because of the lack of tight interaction between the
anthracene panels with a large hydrophobic interaction area, and have an entropic advantage
over the other conformers. dk of (VPAA1)2-2 and (VPAA2)2-2 are relatively large, 2.92
Å and 2.60 Å, respectively (Table 3.7), indicating that these structures break the mirror
symmetry. In contrast, the group fluctuations for k=1 and 3 are small (F ∗

k =0.830 Å and
0.946 Å for (VPAA1)2-2 and (VPAA1)2-2, and F ∗

k =0.801 Å and 0.846 Å for (VPAA2)2-2
and (VPAA2)2-2, respectively). In the structures of k=1 and 3, the anthracene panels form
strong hydrophobic interactions with face-to-face large contact areas (Figure 3.9a, c and
Figure 3.10), and the flexible side chains do not interfere with the hydrophobic interactions.

The conformers for (VPAA1)2 and (VPAA2)2 are similar, but slight differences appear
in their distributions. The abundance ratio of (VPAA2)2-2, αk=0.179, is larger than that
of (VPAA1)2-2, αk=0.104. In contrast, the ratio of k=4 are larger in VPAA1 (αk=0.276
for (VPAA1)2-2 and αk=0.159 for (VPAA2)2-2, respectively). These differences in sta-
bility are attributed to the structural differences in the side chains of VPAA1 and VPAA2
(Figure 3.11). The hydrophilic chains of VPAA1, the ethyltrimethylammonium group, are
relatively short, and in turn create a space on the edge of the V-shaped anthracene hydropho-
bic panels on the side-chain sides, whereas the long side chains of VPAA2, the sulfobetaine
group, fill the space. Thus, the structures of (VPAA2)2 are slightly more unstable than these
of (VPAA1)2 for k=2 and 4, in which the side chains of one VPAA interfere with hydropho-
bic interactions with the V-shaped anthracene panel of the other VPAA (Figure 3.9b and d).
For k=1, the side chains do not interfere with the hydrophobic interactions between the an-
thracene panels as they form direct contacts without the side chains. However, electrostatic
repulsions between the monopole positive charges of the side chains exist in (VPAA1)2,
leading to destabilization of the dimer formation.
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Figure 3.9: Representative structures of the assemblies of M=2. (a)-(d) Snapshots of the
representative structures of k=1 to 4, respectively. Aromatic groups are only depicted, and
side chains are omitted for clarity. (e) A cross-similarity matrix for (VPAA1)2 and
(VPAA2)2.
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Figure 3.10: Reduced self-similarity matrices visualized with nodes and edges in
networks. (a) (VPAA1)2 and (b) (VPAA2)2. Node sizes and color maps correspond to αk

and F ∗
k , respectively. Edges of d∗ less than 2.8 Å are depicted. Numbers in the node

indicates the group indices k and k′ assigned to the representative structures and their
mirror images, respectively.
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Figure 3.11: Typical MD snapshots of VPAA in aqueous solution. (a), (b) Side views. (c)
Top views. Aromatic groups and side chains are colored in orange and gray, respectively.

3.3.10 Assemblies of more than two VPAAs

The representative structures of which the abundance ratios, αk, are relatively high among
the classified groups for M=3 to 7 are shown in Figure 3.12 The cross-similarity matrices
are also depicted in Figure 3.13. Snapshots of all the representative structures are depicted
in Figures 3.16-3.25 in APPENDIX.

For M=3, structures of VPAA1 and VPAA2 were classified into six and four groups,
respectively, by HDBSCAN (Table 3.6). Among the classified groups, (VPAA1)3-3 and
(VPAA2)3-3 exhibit large abundance ratios (αk=0.240 and 0.189, respectively) (Figure 3.12a,
b). The structures are similar to each other as seen from the snapshots of the representative
structures (Figure 3.12a, b) and a small d∗ in the cross-similarity matrix (Figure 3.13a).
The structures are characterized by strong stacking hydrophobic interactions among the an-
thracene panels, which provide high structural stability.

For VPAA2, the group k=2, (VPAA2)3-3, also possesses a large abundance ratio (αk=0.349)
(Figure 3.12b), whereas an abundance ratio is small for the corresponding group for VPAA1,
(VPAA1)3-3 (αk=0.032), despite its structural similarity to (VPAA2)3-3 (Figures 3.12a and
3.17). In the representative structure of (VPAA2)3-3, hydrophobic interactions between the
phenyl groups and the anthracene panels in addition to those between anthracene panels
stabilize the structure (Figure 3.12b). As the hydrophilic chains are attached to the phenyl
group, the mono pole charges of the hydrophilic chains of VPAA1 more destabilizes the
hydrophobic interactions than the zwitterionic ones of VPAA2, leading to the smaller abun-
dance ratio of (VPAA1)3-3 than that of (VPAA2)3-3.
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Figure 3.12: Representative structures with abundance ratios of greater than 0.1. (a)-(h)
Snapshots of the VPAA assemblies for M=3 to 7, respectively. Aromatic groups are only
depicted and side chains are omitted for clarity.
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Figure 3.13: Cross-similarity matrices between VPAA1 and VPAA2 assemblies for M=3
to 7 ((a)-(e)), respectively.
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The smaller abundance ratio of (VPAA1)3-3 is also partly attributed to the group classi-
fication. VPAA1 was classified into six groups, which is more than four groups of VPAA2.
The structures of VPAA1 corresponding to those in the group k=2 for VPAA2 were classi-
fied into three groups, (VPAA1)3-3, (VPAA1)3-3, and (VPAA1)3-3, of which structures are
relatively similar to one another (Figures 3.13a and 3.17), and thus the abundance ratio of
(VPAA1)3-3 is diminished. However, the abundance ratio of (VPAA2)3-3 (αk=0.349) is still
significantly larger than the sum of the abundance ratios of those three groups of VPAA1
(αk=0.107) (Table 3.8), indicating the higher stability of (VPAA2)3-3 than VPAA1.

For M=4, a structurally symmetric conformation of (VPAA2)4-4 exhibits a high stability
(αk=0.286, Figure 3.12d). A small symRMSD between the mirror images of (VPAA2)4-4
is (dk=0.672 Å, Table 3.9) is attributed to its high symmetry. A small peak of the equi-
librium distribution at dk=0.672 Å shown in (Figure 3.8b) comes from (VPAA2)4-4. As
the group fluctuation is relatively small (F ∗

k =1.036 Å), the symmetric conformation is more
rigid and thus the well-organized interactions in the symmetric conformation are responsi-
ble for the high stability. Since a symmetric conformation of VPAA1, (VPAA1)4-4, is not
stable (αk=0.078. Table 3.9 and Figure 3.18) compared to that of VPAA2, the side chains
of VPAA2 contribute to the high stability. As is shown in Figure 3.14a, the long side chains
of VPAA2 establish hydrophobic interactions with the anthracene panels.

The assemblies of M larger than 4 show rather diverse structures. A small diago-
nal element of the cross-similarity matrix appears only for (VPAA1)5-5 and (VPAA2)5-5
(Figure 3.13c), and no similar structures other than them are found (Figure 3.13d and e).
The feature is attributed to rapid increase of the number of local free energy minima for
the assemblies of the larger M . As the multiple free energy basins are more likely to be
assigned to a single group, the similarity of the structures is lost. However, even in the di-
verse conformers, no cavities were formed in the hydrophobic cores to accommodate water
molecules. The strong hydrophobic interactions between the anthracene panels that exclude
water molecules well explain the high encapsulation ability of the wide range of extended
aromatic molecules. [135]

It is noteworthy that the aforementioned symmetric and stable structure, (VPAA2)4-
4 (Figure 3.12d), forms a core substructure in several structures of VPAA2 assemblies of
M¿4 (Figure 3.14b-f). The entire structures of M¿4 including the substructure of (VPAA2)4-
4, however, are not as stable as the substructure of (VPAA2)4-4 itself. For example, (VPAA2)5-
5 in which one VPAA is added to (VPAA2)4-4 is not a dominantly stable conformer (αk=0.063
and F ∗

k =2.673 Å, Figure 3.14b and Table 3.9) compared to the most stable one, (VPAA2)5-
5 (αk=0.222, F ∗

k =1.572 Å, Figures 3.13f and 3.21, and Table 3.10). In contrast, (VPAA2)4-
4 is included in (VPAA2)5-5 (Figure 3.14g) as a core substructure (Figure 3.14h). Given
that (VPAA2)4-4 is not a dominantly stable conformer (αk=0.094, F ∗

k =1.002 Å, Table 3.9)
among VPAA2 assemblies of M=4, structural stability of the larger assemblies is deter-
mined by consistent interactions among the entire molecules composing the assemblies, and
not by formation of a local stable substructure.
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Figure 3.14: Snapshots of (VPAA2)4-4 and representative structures of M¿4 including
(VPAA2)4-4 and (VPAA2)4-4 as substructures. (a) Left panel: (VPAA2)4-4 depicted in a
van der Waals representation. Aromatic moieties and side chains are colored in orange and
gray, respectively. Right panels: the same snapshots in a stick representation. Blue arrows
indicate key hydrophobic contacts between anthracene panels and side-chains. (b)-(f)
(VPAA2)5-5, (VPAA2)6-6, (VPAA2)7-7, (VPAA2)7-7, and (VPAA2)7-7, respectively.
Substructures of (VPAA2)4-4 are shown in orange. (g) (VPAA2)4-4. (f) (VPAA2)5-5.
Substructures of (VPAA2)4-4 are shown in green.
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3.4 DISCUSSION

Understanding of the prominent amphiphilicity of VPAA molecules such as high ability
of encapsulation and solubilization for various types of hydrophobic molecules requires
elucidation of both of structures and dynamics of their assemblies in water solvent. Strong
solvability of extended aromatic molecules and broad ability to encapsulate molecules of
different sizes and shapes need to simultaneously establish strong yet flexible hydrophobic
interactions which are generally contradictory properties.

The long time MD simulations for tens of microseconds in the present study clearly
showed that VPAAs spontaneously form assemblies of several VPAA molecules between
which VPAA molecules are exchangeable in the sub-nanosecond timescale (Figure 3.4).
The numbers of VPAA molecules constituting the assemblies are therefore statistically dis-
tributed. The numbers of molecules at the maximum distributions are 5-7 molecules for
VPAA1 and 4-6 molecules for VPAA2, respectively, which are in line with experimental
evidence, [23] and further growth of aggregation was not observed. The observed behavior
represents the prominent characteristics of the strong and flexible hydrophobic interactions
in the formation of the assemblies and strong amphiphilicity providing high dispersibility of
encapsulation.

The sub-nanosecond lifetimes of the assemblies are much longer than the estimates of
a simple molecular coaggregation model which only takes collisions of the assemblies into
account (Table 3.3 and Figure 3.5), indicating that the multiple VPAAs create a specific
structure on the potential surface, and their lifetimes are governed by the collapse of the
structures rather than collision between the assemblies. A key to understanding of molec-
ular mechanisms underlying the prominent encapsulation and solubilization properties of
VPAAs is therefore characterization of the intermolecular structures of the assemblies in
atomic detail.

We employed RMSD for the metric of the structural characterization, which is practi-
cally applicable for macromolecules such as proteins. However, the conventional method
to evaluate RMSD cannot directly be applied to the VPAA assemblies because the atom in-
dices of the molecules in the assemblies need to be reassigned in a trajectory, and the atom
index assignment requires rapidly growing computational cost proportional to factorial of
number of atoms, n, in a straightforward way as mentioned above. Several polynomial-
order methods to match the indices that give the minimum RMSDs have been proposed to
circumvent the problem including stable matching, [136] Monte Carlo method, [137] and
Hungarian algorithms. [137–140] However, these methods use a fixed superposition and are
not necessarily effective for the isotopic VPAA assemblies. Only if the comparison is be-
tween two structures that are perfectly congruent, theO(n log n) algorithm is known to find
their optimal matching, and an algorithm with less computational complexity is not known.
[141] Iwata, Satoh, and co-workers proposed an optimization algorithm without fixed su-
perposition. [132, 133] However, applying them to molecular assemblies is redundant and
ineffective computationally.

We therefore propose the index matching algorithm specialized for molecular assemblies
composed of the same molecules in the present study. We introduce symRMSD in which
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the index reassignment due to the intermolecular exchange of molecular positions in the as-
semblies and the intramolecular exchange of symmetry are incorporated. The combinatorial
explosion of the reassignment in the evaluation of symRMSD is then circumvented by the
branch-and-prune algorithm. The symRMSD method was shown to be computationally very
efficient (Figure 3.6), making it possible to compute RMSDs of the VPAA assemblies in-
cluding up to 7 molecules for which the number of combinations of the index reassignment
grows to 82,575,360 for a single snapshot conformation. Although the branch-and-prune
algorithm is an approximate heuristic method, the errors are sufficiently small especially
for smaller RMSDs which are more relevant for the structural characterization. The high
efficiency and robustness of the method allow one to characterize the structures of dynami-
cally flexible assemblies in an MD trajectory in which computations of many conformations
in the trajectory are required. In the present study, the symRMSD distance matrices along
the MD trajectories successfully captured the quasi-stable conformations and the temporal
transitions between them (Figure 3.7).

To further characterize the quasi-stable conformations in the trajectory in a more mi-
croscopic way, the classification of the conformations with the metric of symRMSD was
carried out. For discrete data on metric space, many algorithms are known, such as an
agglomerative single-linkage clustering, [142] Ward′s method, [142, 143] Bayesian classifi-
cation, [144] and k-means method. [143] In the present study, we used HDBSCAN, [121] a
density-based hierarchical clustering method which is robust to noisy data. An investigation
by Shao et al.[18] showed that a hierarchical clustering algorithm is effective when the num-
ber of clusters is unknown as in the present trajectory data. Also, the hierarchical clustering
is convenient for the symRMSD because data points used do not need to be embedded in a
metric space.

From the symRMSD distance matrices, the structures of the assemblies in the MD tra-
jectories were classified into several groups of the quasi-stable conformations (Tables 3.6
and 3.7, Figures 3.9, 3.10, 3.12, and 3.13). Populations of these quasi-stable conformations
are characterized by strong hydrophobic interactions of the V-shaped anthracene panels.
Because of the frustration of the hydrophobic interactions of the anthracene panels induced
by the V-shaped structure, the several quasi-stable conformations and the transitions among
them that furnish the assemblies with high flexibility appear. Furthermore, hydrophobic and
electrostatic interactions of the side-chains also modulate the population of the quasi-stable
conformations, giving rise to differences in the population of the quasi-stable conformations
between VPAA1 and VPAA2. The AMBER force fields are known to reproduce well the
local interactions that cause subtle differences in these conformers, such as π-π and CH-π
interactions. [145, 146]

The only small difference between VPAA1 and VPAA2 up to M=3 was seen because
the hydrophobic interactions between the V-shaped anthracene panels dominantly govern the
stability of VPAA assemblies. However, the non-noise ratio, 1 − α0, of VPAA1 decreases
up to M=4 (0.824, 0.474, and 0.457 for M=2, 3, and 4, respectively, Table 3.7), while
that of VPAA2 increases at M=4 (0.834, 0.637, and 0.727 for M=2, 3, and 4, respectively,
Table 3.7). The behavior of VPAA1 is simply interpreted by increase of the degree of
structural disorder due to increase of the number of molecules and the strong monopolar
repulsion between the amine groups of side chains in the assemblies. The peculiar high
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stability of the assembly of the four VPAA2 molecules originates from the presence of a
highly stable conformer (VPAA2)4-4 (Figure 3.12d).

The conformational classification successfully unveils the microscopic details of the
structural stability of the assemblies. The structural clustering identified the highly stable
symmetric conformation of the assembly of the four VPAA2 molecules, (VPAA2)4-4. The
stable structural unit of (VPAA2)4-4 was found in the larger assemblies of more VPAA2
molecules (Figure 3.13). However, the larger assemblies including (VPAA2)4-4 were rela-
tively unstable, and more stable conformations where the (VPAA2)4-4 structural unit is not
included and the hydrophobic interactions among the V-shaped anthracene panels are reor-
ganized were found. In contrast, although a conformation of the assembly of four VPAA2
ones, (VPAA2)4-4, was found to be unstable, a stable conformation of the assembly of five
VPAA2 molecules, (VPAA2)5-5, includes the structural unit of (VPAA2)4-4. Furthermore,
for the assemblies of more than six VPAA molecules, the non-abundance ratios significantly
decrease (Table 3.6) and no dominant conformations are found (Tables 3.11 and 3.12).
Many of the less stable classified conformations are characterized by the core substructural
unit with weakly attached molecules around the core unit (Figure 3.13). Those observations
indicate that the stable conformations of the VPAA assemblies are not determined by stable
structural cores composed of fewer molecules but are flexibly reorganized depending on the
number of molecules constituting of the assemblies. The flexible conformational reorgani-
zation of the VPAA assemblies well explains the prominent feature of the wide capacity of
encapsulation of hydrophobic molecules of different sizes and shapes.

The present study uncovered that the VPAA assemblies form several quasi-stable inter-
mediate conformations and undergo transitions between them. The populations of the quasi-
stable intermediate conformations in the equilibrium state were also successfully evaluated
by the conformational classification. To further characterize the dynamic behaviour of the
assemblies, the kinetics of the conformational transitions need to be elucidated. For the pur-
pose, a kinetic analysis based on a Markov state model is on-going and will be published
elsewhere.
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3.5 CONCLUSION

The nano-sized molecular structures of the VPAA molecular assemblies in aqueous solu-
tions were investigated by the MD simulations for tens of microseconds and the classifica-
tion analysis of the conformational samples obtained by the MD simulations. Spontaneous
formation of the VPAA molecular assemblies in aqueous solutions, which is in line with
experimental evidence, and the flexible conformational changes in the assemblies were ob-
served in the MD simulations.

We then developed the classification analysis method based on the RMSD-based struc-
tural similarity metric where the difficulty of combinational explosion in the RMSD eval-
uation of molecular assemblies is circumvented by a heuristic algorithm. The developed
method is computationally very efficient, allowing one to extend microscopic structural
analyses based on RMSD to large molecular assemblies. The method in fact succeeded in
the molecular characterization of the quasi-stable microscopic conformations of the VPAA
assemblies appearing in the MD trajectories. The classification analysis then unveiled that
the quasi-stable conformations of the VPAA assemblies flexibly reorganize depending on
the number of constituent molecules, well explaining their prominent feature of encapsulat-
ing a wide range of hydrophobic molecules of various sizes and shapes.

By extending symRMSD to multicomponent systems, as proposed in this study, sym-
RMSD can also deal with host-guest systems, hetero micelles, and systems containing sol-
vent molecules. Algorithm 1 omits inefficient assignments between molecular assemblies
with subsystem that already has large RMSD, effectively reducing the computational cost of
exploring the entire space of replacement operations. However, it has the disadvantage that
if the cutoff parameter prec is too small, the solution space containing an exact solution is
more likely to be truncated. In addition, a fundamental problem with heuristic algorithms is
that there is no way to check whether the approximation is accurate for large-scale problems
that cannot be solved exactly by brute force. This problem is solved by the exact solu-
tion algorithm of generalized symRMSD using the branch-and-bound method introduced in
Chapter 4.
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3.6 APPENDIX

3.6.1 Sample size

To evaluate the accuracy of the estimation of the equilibrium distribution of the number
of constituent molecules in a molecular assembly, the following procedure was used. The
MD data give the total number of molecular assembly, N0(t), given by Eq. 3.2, and the
observed fraction of M molecular assembly, {X(M, t)} for M = 1, 2, . . . , Nmol and times
t = 0, 1, . . . T − 1. Let X(M) be the equilibrium probability distribution of M molecules
and its unbiased estimator is given by

X̂(M) =
1

T

T−1∑
t=0

X(M, t). (3.34)

We would like to know the confidence interval for the estimated X(M). As is well known,
there is a time correlation between snapshots of MD, and estimating confidence intervals
requires the assumption that the samples are independent. Based on the blocking procedure
to remove time correlations, we consider the following quantities:

zb(M) =
1

w

wb+w∑
t=wb+1

X(M, t) (3.35)

Here, w and b are natural numbers sufficient to wb = T , where w is a window width large
enough to remove time correlations. Note that the sample mean of zb is equivalent to X̂ , thus
finding a confidence interval for sample mean of {zb} is the same as evaluating a confidence
interval for X̂ . Assume that {zb}, b = 1, 2, . . . , Nb is an independent random variable, the
unbiased variance of zb is defined by

σ̂2 =
1

Nb − 1

Nb∑
b=1

(zb − X̂)2. (3.36)

We assume that X̂ follows the t-distribution according to the central limit theorem. Strictly
spelling, since zb is always positive, it is affected by censoring of the variable table, but we
consider the effect negligible with sufficient samples of large values of X(M). The 95%
confidence interval of X̂ is determined by[

X̂ − ξNb−1

√
σ̂2

Nb

, X̂ + ξNb−1

√
σ̂2

Nb

]
, (3.37)

where ξn is the two-sided 95% interval of the Student’s t distribution with n degrees of
freedom.

The size of the window w in Eq. 3.35 must be determined. With enough samples, the
upper limit of the asymptotic σ̂2 for a larger window width w corresponds to the true variance
of the mean. Figure 3.15 shows a plot of interval width ξNb−1

√
σ̂2/Nb versus w. The
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number of snapshots T for cMD and REMD were used as 90,000 and 8,000, respectively.
The plots continue to rise slowly relative to w, but generally appears to reach a plateau at
about thousands and handreds for cMD and REMD, respectively. REMD appears to have
shorter correlation times than cMD due to enhanced sampling by random walks in the state
space. Thus we employed w=10,000 (Nb=9) and w=1,000 (Nb=8) for cMD and REMD,
respectively.

3.6.2 Confidence interval of MSD

The MSD estimation also uses confidence intervals with window averaging. Using the same
notations as in Eq. 3.35, the window average for Eq. 3.14 is as

R̂ (t; b) =
1

w

wb+w∑
t0=wb+1

1

Nmol

Nmol∑
I=1

‖cI(t0 + t)− cI(t0)‖2

=

Nmol∑
I=1

3∑
j=1

1

wNmol

wb+w∑
t0=wb+1

(cjI (t0 + t)− cjI (t0))
2

=

Nmol∑
I=1

3∑
j=1

r̂jI (t; b) ,

(3.38)

where, cjI is the j-th Cartesian coordinate of the I-th molecular centroid and suppose that
1

wNmol

∑wb+w
t0=wb+1 (cjI(t0 + t)− cjI(t0))

2 is r̂jI(t; b). The diffusion coefficient in Eq. 3.13 is
obtained by taking t = s0, s0+∆, s0+2∆, . . . , s0+2Ns∆ at even intervals and least-squares
fitting.

D̂b =
1

6

∑2Ns

k=0(k −Ns)R̂ (s+ k∆; b)

∆
∑2Ns

k=0(k −Ns)2

=

Nmol∑
I=1

3∑
j=1

Ns∑
k=1

r̂jI (s+ (Ns + k)∆; b)− r̂jI (s+ (Ns − k)∆; b)

6∆Ns(Ns + 1)
k

=

Nmol∑
I=1

3∑
j=1

d̂jI(b)

(3.39)

Each d̂jI(b) is an independent random variable, a confidence interval with the Student′s t
distribution (Eq. 3.37) can be used for the mean of random variable d̂jI(b). Here, the sample
size is 3NbNmol, but since VPAAs form assemblies and are not independent particles, divide
this by the average number of constituent particles M̄ .

In accordance with the previous section, we set w=10,000 as the window size to be
considered an independent sample, the sample interval to be 1,000-2,000 ns, and the number
of samples to be Ns=500.
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Figure 3.15: Confidence intervals with respect to a block average window size w. (a), (b)
cMD. (c), (d) REMD.
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3.6.3 Confidence interval of mean lifetime

Then, we derive a confidence interval for the mean lifetime (Eq. 3.4). For the sampling
interval [wb+ 1, wb+ w], the estimate of Eq. 3.4 is as follows:

τb(M) =
1

wΦ0(M)

wb+w∑
t0=wb+1

T−1∑
t=0

Φ(t0 + t;M), (3.40)

where

Φ0(M) =
1

w

wb+w∑
t0=wb+1

Φ(t0;M) (3.41)

denotes the average number of assemblies tracked in the interval.

The decay of the VPAA assemblies does not necessarily follow the exponential distri-
bution since it can be caused by multiple events. Here, we assume that the mean lifetime
follows the Weibull distribution.

f(τ ;m, η) =
m

τ

(
τ

η

)m−1

exp

((
−τ

η

)m)
(3.42)

m is the shape parameter and η is the scale parameter. Transform variables of the Weibull
distribution with (

τ

η

)m

→ u,

u follows the exponential distribution exp(−u).
Suppose independent samples

τ1, . . . , τNb

are obtained from the Weibull distribution, and let

v =

Nb∑
b=1

Φb(τb/η)
m

the weighted sum, where,
Φb = Φ(wb+ 1;M).

The random variable v follows the following gamma distribution:

γ(v;Ndof) =
vNdof−1

Γ(ndof)
exp(−v), (3.43)

where,

Ndof =

Nb∑
b=1

Φb

and Γ(·) denotes the gamma function. The 95% confidence interval of v is

γ0.025,Ndof ≤ v ≤ γ0.975,Ndof , (3.44)

91



where γ0.025,Ndof and γ0.975,Ndof are the 95% intervals with equal areas around the median of
the gamma distribution of Ndof degrees of freedom. Since the expected value of the Weibull
distribution is ηΓ(1− 1/m), solving Eq. 3.44 for the mean lifetime yields( Ndof

Nb

∑Nb

i=1 τi
m

γ0.975,Ndof

)1/m

Γ

(
1− 1

m

)
,

(
Ndof
Nb

∑Nb

i=1 τi
m

γ0.025,Ndof

)1/m

Γ

(
1− 1

m

) . (3.45)

The shape parameter m was obtained by the least-squares method of Weibull plots; for
given sampled mean lifetimes

τ1, . . . , τNb

and mean number of assemblies
Φ1, . . . ,ΦNb

,

m was determined by the slope of the relationship

log log
1

1− F (b)
∝ log τ,

where F (b) is the cumulative distribution function, i.e.,

F (b) =
1

1 +Ndof

b∑
i=1

Φbi

and bi is the index of the i-th smallest τb.
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Figure 3.16: A reduced self-similarity matrix of (VPAA1)3. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values (left). Numbers in the
nodes indicate the group index k = 1, 2, . . . , 6 assigned to the representative structures
(right), and their mirror symmetric coordinates are denoted by k′, respectively.
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Figure 3.17: A reduced self-similarity matrix of (VPAA2)3. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values.
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Figure 3.18: A reduced self-similarity matrix of (VPAA1)4. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values.

95



Figure 3.19: A reduced self-similarity matrix of (VPAA2)4. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values.
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Figure 3.20: The reduced self-similarity matrix of (VPAA1)5. Edges between nodes with
the symRMSD value less than 3.0 Å are depicted with their values.
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Figure 3.21: A reduced self-similarity matrix of (VPAA2)5. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values.
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Figure 3.22: A reduced self-similarity matrix of (VPAA1)6. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values.
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Figure 3.23: A reduced self-similarity matrix of (VPAA2)6. Edges between nodes with
symRMSD values less than 3.0 Å are depicted with their values.
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Figure 3.24: A reduced self-similarity matrix of (VPAA1)7. Edges between nodes with
symRMSD values less than 4.5 Å are depicted with their values.
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Figure 3.25: A reduced self-similarity matrix of (VPAA2)7. Edges between nodes with
symRMSD values less than 4.5 Å are depicted with their values.

102



Chapter 4

Molecular-Oriented RMSD with
Branch-and-Bound

Root mean squared deviation (RMSD) is one of the most common metrics for comparing
the similarity of three-dimensional chemical structures. The chemical structure similarity
plays an important role in data chemistry because it is closely related to chemical reactivity,
physical property, and bioactivity. Despite the wide use of RMSD, the simultaneous deter-
mination of atomic mapping and spatial superposition of RMSD is still a difficult problem
to solve in polynomial time. We introduce an algorithm called mobbRMSD, which is for-
mulated in molecular-oriented coordinates and uses the branch-and-bound method to obtain
an exact solution for RMSD. Since mobbRMSD uses molecular topologies, it can handle
large and complex chemical systems such as molecular liquids, solvations of solute, and
self-assembly of large molecules, which are difficult to handle using conventional methods.
Furthermore, we propose a mobbRMSD-based structural clustering method for molecular
dynamics trajectories, which improves the exponential scaling of the computational cost
of mobbRMSD and asymptotically approaches polynomial scaling as the number of data
increases. Our algorithm is freely available at https://github.com/yymmt742/mobbrmsd.
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4.1 INTRODUCTION

The root mean square deviation (RMSD) is one of the most common ways to compare
the structural similarity of two molecular structures. [12, 147, 148] Structures of chemical
molecules are strongly related to their chemical reactivities, [149, 150] solid-state physical
properties, [151] and biological activities. [12, 13, 148, 152, 153] Atomic-resolution mea-
surements such as X-ray crystallography [154, 155] and molecular modeling methods based
on computational chemistry are cooperatively advancing chemistry. [156, 157] RMSD plays
an important role in the modeling and clustering that aid interpretation. [18, 19, 158] In re-
cent years, molecular science has also begun to be integrated with informatics, [12–14]
as evidenced by the increase in 3D chemical structure databases [159–161] and machine
learning models to predict 3D chemical structures. [162, 163] The quantification of 3D
structural similarity by RMSD is in high demand across research fields and must withstand
high throughput due to increasing data sizes.

Despite the wide use of RMSD, some RMSD problems are difficult to solve in polyno-
mial time. [131] This difficulty arises because the way of taking atomic mappings produces
combinatorial explosions when no atomic correspondence is given between the structures
being compared. If molecular coordinates are represented by N points on d-dimensional
Cartesian coordinates, which are written by matrices X and X′ on Rd×N , the generalized
RMSD is expressed as follows:

RMSD (X,X′) = min
R,c,ν

√√√√ 1

N

N∑
i=1

∥∥∥xi −Rx′
ν(i) − c

∥∥∥2, (4.1)

where xi and x′
i are the atomic coordinates corresponding to X and X′, respectively, ‖ · ‖

implies the L2-norm, R is a rotation matrix, and c is a translation vector. ν is a permu-
tation on {1, . . . , N}, where the domain of definition is appropriately restricted to avoid
unphysical atomic correspondences. RMSD calculations can be decomposed into two parts:
minimization concerning R and c for a fixed ν and ν for fixed R and c. These are called
optimal superposition and atom mapping, which can be solved by using the singular value
decomposition [164, 165] and the Hungarian algorithm, [138, 166, 167] respectively. These
iterative runs cannot escape from local solutions. In most practical cases in RMSD, this
difficulty is not apparent because a fixed superposition or atom mapping is available. On the
other hand, many algorithms have also been developed to find a global solution for RMSD:
[132, 138, 139, 168–172] that utilize protein backbones, [168, 169] enumeration of permu-
tation using molecular templates, [170–172] and perturbation methods. [132, 138, 139] In
recent years, several methods have been reported to find global solutions for RMSD using
the branch-and-bound (BB) method. [133, 173] BB is superior in that the exact solution is
guaranteed at the end of the algorithm and the maximum error is obtained even in the case
of early termination. [174–177] The generalized RMSD algorithms using BB are capable
of global optimization, but the numbers of applicable atoms are effectively limited to about
∼40. [133] Another drawback of these methods is the unavailability of molecular topology;
that is, the algorithm itself must be modified to restrict the atomic mapping to match the
atom type or to avoid mappings that cause bond breaks.
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We recently developed an RMSD optimization heuristic algorithm based on molecular-
oriented RMSD (moRMSD) and applied it to trajectory data obtained from microseconds
of molecular dynamics (MD) simulations of flexible macromolecular assemblies called aro-
matic micelles. We have succeeded in quantitatively analyzing flexible and diverse con-
formers of the aromatic micelles by structural clustering using moRMSD. Encouraged by
these results, we propose to refine and generalize the moRMSD methodology; moRMSD
describes a set of homologous molecules, and its applicability is not limited to molecular as-
semblies: such as molecular liquids, crystal structures, solvated structures, and so on. Here,
we introduce mobbRMSD, an exact solution method that combines BB and moRMSD. We
first introduce molecular-oriented coordinates describing a one-component molecular sys-
tem. After deriving mobbRMSD for the one-component system, the methodology is ex-
tended to multicomponent systems. This completes mobbRMSD as a reliable structural
similarity score that makes appropriate use of molecular information.

This chapter is organized as follows. The METHOD section reviews the branch-and-
bound method and describes the molecular-oriented coordinates and the formulation of mob-
bRMSD and algorithms. In the RESULTS section, computational experiments are carried
out and the performance of mobbRMSD is reported. We also compare it to several previous
methods. The DISCUSSION section describes the methodological position of mobbRMSD
and discusses early termination using the theoretical bounds. In the CONCLUSION section,
we summarize the paper and suggest some topics for further research. The APPENDIX sec-
tion presents some theorems and proofs used in the text.
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4.2 METHOD

4.2.1 Molecular-oriented RMSD

The molecular-oriented coordinate consisting of M molecules of n atoms is defined as

X = {X1, . . . ,XM} , (4.2)

where XI ∈ Rd×n is the I-th molecular coordinates, d is the spatial dimension, and n is the
number of atoms. The order of atomic coordinates is defined consistently for all molecular
coordinates in the topology of the molecule. The molecular-oriented RMSD (moRMSD) is
defined as

moRMSD(X,X′) = min
R,c,µ,ν1,...,νM

√√√√ 1

N

M∑
I=1

n∑
j=1

‖xj,I −Rx′
νI(j),µ(I)

− c‖2, (4.3)

where N = Mn, xj,I and x′
j,I are the Cartesian coordinates corresponding to jth atom of

XI and X′
I , respectively, c ∈ Rd is a translation vector and R ∈ Rd×d is a rotation matrix

that satisfies RR⊤ = I and det(R) = 1. I and det(·) indicate the identity matrix and
the determinant, respectively. νI and µ are permutations on {1, . . . , n} and {1, . . . ,M},
respectively. If we remove the geometric centroids from the coordinates in advance, i.e.,
X̃ = X − X̄ and X̃′ = X′ − X̄′, where X̄ and X̄′ are geometric centroids of X and X′,
respectively, c∗ = 0 always minimizes Eq. 4.3 concerning c. Therefore, c is ignored in the
following.

Hereafter, let R and SL be the total set of the rotation matrix on Rd and finite sym-
metric group (i.e., the total set of permutations) over {1, . . . , L}, respectively. From the
homogeneous molecular species assumption, µ is a permutation implying molecular ex-
change and its domain of definition M coincides with SM . Conversely, νI represents a
permutation of atomic indices in the Ith molecule, the domain of definition is restricted in
comparison to that of Sn by the molecular topology. For example, if the coordinates of a
water molecule are represented by an oxygen atom and two hydrogen atoms in that order
(i.e., XI = (xO,xH1,xH2)), there are only two permutations to consider, νE : (1, 2, 3) 7→
(1, 2, 3) and νC : (1, 2, 3) 7→ (1, 3, 2). Thus, the domain of definition for all permutations,
(µ, ν1, . . . , νM), is represented asM×T M , where T ⊂ Sn is a set of intramolecular atomic
permutations.

The difficulty of computing Eq. 4.3 is that #(SM × T M) = M !SM holds, where
#(T ) = S and #(A) denotes the cardinal of a finite set A. All of µ and νI depend on
the rotation matrix R each other. Accordingly, we regard this problem as a discrete opti-
mization and apply a standard method to effectively searches the solution space.
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4.2.2 Branch-and-bound

The branch-and-bound (BB) is an algorithmic framework for finding exact solutions to a
wide range of discrete and combinatorial optimization problems. [174–177] BB is summa-
rized as a repetition of two steps. (I) Generate child problems encompassing the solution
subspaces that have not been evaluated. (II) Evaluate child problems and discard those that
do not lead to the exact solution. The implementation of BB is achieved through the design
of three components: (i) the pruning rule, (ii) the branching strategy, and (iii) the search
strategy. [177]

The pruning rules represent a (set of) criteria for excluding a solution subspace from the
search. Since there is no universal rule, in most cases new rules must be derived for each
problem. Various formulations of the pruning rules have been proposed for NP problems
which are classified into several classes: variational lower bounds, [178] dominance relation,
[178–180] and linear programming. [181, 182]

The branching strategy represents the policy for generating child problems and thus
shapes the resulting directed tree. A good branching strategy minimizes the generation of
subproblems that do not contain exact solutions. The branching strategy affects the perfor-
mance of algorithms, especially in mixed integer programming. [183] The search strategy
determines the priority order in which vertices in the tree are searched. [177, 179, 180, 184–
186]

To apply BB to the calculation of moRMSD, we applied the following procedure. Re-
laxing the domain of the definition of R in Eq. 4.3, we derive a variational lower bound for
the objective function. Then, by gradually tightening the relaxation of R, monotonically in-
creasing partial objective functions are derived. The partial objective functions can be used
as a pruning rule because it serves as a variational lower bound for solution subspaces. After
describing the structure of directed trees created by the partial objective functions, a variant
of depth-first search is introduced as a search strategy.

4.2.3 Pruning rule

We first describe the objective function and its theoretical variational lower bound. For a
natural number p, we introduce a p-objective function, which is a variational lower bound on
a subset of the solution space. The p-objective function monotonically increases concerning
p, which allows us to prune the unnecessary solution subspaces.

Objective function

From the non-negativity, the calculation of Eq. 4.3 is equivalent to the minimization of the

squared deviation (SD),
∑M

I=1

∑n
j=1

∥∥∥xj,I −Rx′
νI(j),µ(I)

∥∥∥2. SD can be transformed into the
matrix trace form, [187] which can be expressed in functional notation as µ and νI as

SD(µ, ν1, . . . , νM) = G− 2 max
R∈R

M∑
I=1

tr
[
RX′

µ(I)P
(νI)X⊤

I

]
, (4.4)
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where P(νI) is the permutation matrix corresponds to νI , given by {δi,νI(j)}i,j∈{1,...,n}, δi,j
denotes the Dirac’s delta, tr[·] denotes the matrix trace, and G is the constant term defined
by

G =
M∑
I=1

tr
[
XIX

⊤
I +X′

IX
′
I
⊤
]
. (4.5)

It is reasonable to propose that the total set of P(νI) be written as {P1, . . . ,PS} independent
of I and we introduce a mapping σ : {1, . . . ,M} 7→ {1, . . . , S} in place of νI . We now
define the objective function to be minimized as

L(µ, σ) = −max
R∈R

M∑
I=1

tr
[
RX′

µ(I)Pσ(I)X
⊤
I

]
. (4.6)

Hereafter, letM and S be the total set of µ and σ, respectively. M coincides SM . Since
the maximization in Eq. 4.6 concerning R can be solved in constant time, [172, 188, 189]
the goal is to find an optimal µ, σ, i.e., min(µ,σ)∈M×S L(µ, σ).

Variational lower bound

By allowing R in Eq. 4.6 to be taken separately for each I , the following inequality is
derived (see APPENDIX for the proof):

min
µ′∈SM

M∑
I=1

FI,µ′(I) ≤ min
(µ,σ)∈M×S

L(µ, σ), (4.7)

where FI,J is the squared displacement matrix on RM×M defined by

FI,J = − max
R′∈R,

s′∈{1,2,...,S}

tr
[
R′X′

JPs′X
⊤
I

]
. (4.8)

Let

l0 = min
µ′∈SM

M∑
I=1

FI,µ′(I), (4.9)

be a variational lower bound of Eq. 4.6, and l0 takes the value [−G/2, 0]. Since the mini-
mization concerning µ′ in Eq. 4.7 is a linear assignment problem, it can be solved in polyno-
mial time using the Hungarian algorithm. [166, 167] The computational complexity of the
Hungarian algorithm is O(M3), but it is typically much faster in practice. [190, 191] Since
the evaluation of FI,J has a computational complexity proportional to M2S, the evaluation
of l0 is O(M2S +M3).

p-objective function

The assumption in Eq. 4.7 that all molecules rotate independently around the centroid is
too loose. The idea is to divide the molecular system into two subsystems; the rigid part

108



and remainder (Figure 4.1). Molecules contained in the rigid part are designated by atom
mapping to corresponding pairs. The remainder subsystem allows independent rotation of
each molecule. As the number of molecules in the rigid part increases, it approaches the
original objective function.

Figure 4.1: Sketch of p-objective function. (a) Reference and target structures. Each
molecule is labeled from 1 to 5 for both systems, respectively. (b) A rigid part. Atomic
mapping is identified by molecular matching and intramolecular permutations. Then, an
optimal superposition is performed for the subsystem and the cost is calculated. (c)
Remainder. An independent rotational superposition is performed for each molecular pair.
Then, a linear assignment is solved for the cost matrix to compute the cost of the remainder.

We introduce the partial sum of the molecular pair covariance matrices for any µ, σ, and
p ∈ {1, . . . ,M}, defined as

C(µ,σ,p) =

p∑
I=1

X′
µ(I)Pσ(I)X

⊤
I . (4.10)

Here, the p-objective function is defined as

lp(µ, σ) = − max
R(p)∈R

tr
[
R(p)C(µ,σ,p)

]
+min

µ′′

M∑
I=p+1

FI,µ′′◦µ(I), (4.11)

where µ′′ is a permutation on {µ(p + 1), . . . , µ(M)} and f ◦ g denotes the composition of
the mapping. The out-of-range sum in Eq. 4.11 appearing at p = M is treated as zero. The
first term is the trace of the partial covariance matrices and the second term is the linear
assignment concerning the remainder submatrix.

Simple algebraic transformations provide the inequalities for any p, ν, and σ (see AP-
PENDIX for the proof),

l0 ≤ lp (µ, σ) , (4.12)
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and
lp (µ, σ) ≤ lp+1 (µ, σ) . (4.13)

From the definition, the M -objective function is the equivalent of the objective function, i.e.,
lM (µ, σ) = L (µ, σ). Note that it leads that a pair of (µ′, σ′) is not a solution if lp (µ′, σ′) >
L (µ, σ). The computational cost required to evaluate Eq. 4.11 is O ((M − p)3).

Figure 4.1b represents the rigid part of the 3-objective function for the five propane
systems. Here, molecules 1, 2, and 3 in the reference system are mapped to target molecules
3, 4, and 2, respectively. At this point, the atom mapping for each molecule is specified
through a mapping σ. Then, an optimal rotation is applied to the established matching, and
the cost of the rigid part is calculated. Figure 4.1c illustrates the remainder. The cost of the
remainder is computed from the linear assignment, where the matrix element represents SD
for each molecule pair belonging to the remainder. Note that all rotational operations are
performed around the geometric centroid of the entire system, not the subsystem.

4.2.4 Branching strategy

In this section, a monotonically decreasing sequence of subsets of the solution space by
an equivalence relation is defined, which also follows the natural number p, similar to the
p-objective function. The equivalence relation and families of subsets determined for p are
called p-equivalence and p-vertices, respectively. By introducing parent-child relationships
into the p-vertices, a directed tree is defined, where the monotonically increasing nature of
the p-objective function appears in the weights associated with the p-vertices. Explanations
by trees help the design of efficient branching rules.

p-equivalence

Eq. 4.11 depends only on indices {1, . . . , p} within the domain of µ and σ. Therefore, if the
following relationship is determined for a given (µ1, σ1) and (µ2, σ2) ∈M×S , they are the
element of the solution space with the same p-objective.

(µ1, σ1)
p∼ (µ2, σ2) = {µ1(I) = µ2(I), σ1(I) = σ2(I), 1 ≤ I ≤ p} (4.14)

Since this relationship is reflexive, symmetric, and transitive, it is an equivalence relation and
we therefore call it a p-equivalence relation. Note that (µ1, σ1)

p∼ (µ2, σ2) =⇒ lp (µ1, σ1) =
lp (µ2, σ2) holds and hence we conclude that if lp (µ

′, σ′) > L (µ, σ), then any (µ′′, σ′′)

satisfying (µ′′, σ′′)
p∼ (µ′, σ′) is not a solution.

p-vertices

We divide the solution space by the p-equivalence relation, which we call p-vertices. p-
vertices are the quotient setM×S\ p∼ defined by the p-equivalence relation, that is,

Vp =
{
[µ, σ] p∼

∣∣ (µ, σ) ∈M× S} , (4.15)
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where [µ, σ] p∼ denotes the equivalence class
{
(µ′, σ′) ∈M× S

∣∣∣ (µ′, σ′)
p∼ (µ, σ)

}
. When

p < q,
q∼ is finer than

p∼, i.e., (µ, σ)
q∼ (µ′, σ′) =⇒ (µ, σ)

p∼ (µ′, σ′) always holds. In other
words, Vq is a refinement of Vp for p < q.

1, 2, and 3-vertices for M=3 and S=2 are illustrated in Figure 4.2. Here,M and S are
the total set of permutations on {1, 2, 3} and mappings on {1, 2, 3} → {1, 2}, respectively.
M includes 3! = 6 elements, denoted as µ1 to µ6. Similarly, S includes 23 = 8 elements,
σ1 to σ8. By focusing on I = 1,M and S are partitioned into 3 and 2 equivalence classes,
respectively, so 1∼ divides M× S into 3 × 2 = 6 parts (Figure 4.2a). In the same way,
corresponding to 2∼ and 3∼, V2 and V3 are given as the 6× 2× 2 = 24 and 24× 1× 2 = 48
parts, respectively (Figure 4.2b and c).

Figure 4.2: Definition of p-vertices for M=3, S=2. (a) 1-vertices.M and S are the total
set of permutations on {1, 2, 3} and mappings σ : {1, 2, 3} → {1, 2}, respectively. The
equivalence up to I = 1 for µ and σ is indicated by the yellow boxes:
{{µ1, µ2}, {µ3, µ4}, {µ5, µ6}} and {{σ1, σ2, σ3, σ4}, {σ5, σ6, σ7, σ8}}. The partitions
delimited by the black boxes correspond to equivalence classes created by 1-equivalence.
(b) 2-vertices defined by 2-equivalence relation, V2. (c) 3-vertices defined by 3-equivalence
relation, V3.

Each vertex v ∈ Vp is associated with the corresponding value of p-objective (Eq. 4.11),
which is represented by w(v). Hereafter, for simplicity, V =

⋃M
p=0 Vp be the total set of

vertices, where V0 = {M× S}. For any Q ⊂ V , let minQ be the minimum element in Q
with respect to w(v) (choose one if there are multiple).

The monotonically increasing nature of the p-objective in Eq. 4.13 appears here in the
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form that p < q, v ∈ Vp, v′ ∈ Vq, v ⊃ v′ =⇒ w(v) ≤ w(v′) holds. Also, from the
definition, every element of VM is a single point set, and thus for v ∈ VM , w(v) is equal
to the objective function (Eq. 4.6) for (µ, σ) in the single point set v. This shows that to
minimize the objective function, the task is to find minVM .

Branching

By constructing a tree with v0 ∈ V0 as the root and VM as the leaves, we can construct a
branching strategy to find minVM . One of the simplest is to connect all p to p+ 1 inclusive
of vertices across the hierarchy by edges, forming a tree corresponding to the enumeration
of factorials given by

E =
M−1⋃
p=0

Ep,p+1, (4.16)

where Ep,q denotes the set of edges between vertices spanning hierarchies p and q as

Ep,q = {(v, v′) ∈ Vp × Vq | v ⊃ v′}. (4.17)

The factorial tree given by Eq. 4.16 is easy to implement and memory management, and is
therefore described below.

Optimization of the branching strategies is not the subject of this paper, but we mention
a brief improvement of the strategies. Thinning out of p, i.e., E ′ =

⋃J−1
j=0 Epj ,pj+1

for p0 = 0,
pJ = M , and p0 < p1 < · · · < pJ , reduces the total number of vertices in the tree. However,
this does not necessarily reduce the number of subproblems generated. The skip of p can
eliminate some computations by memoization in exchange for increased memory usage.
(See APPENDIX for a detailed discussion.)

4.2.5 Search strategy

This section describes the last component of BB, the search strategy. One of the basic
choices is the depth-first search (DFS). [177, 186] DFS is easy to implement and saves
memory, but it can be inefficient because it randomly selects child vertices, and can lead to
thrashing. [186] Also, DFS can be inefficient in the presence of extremely deep branches,
[177] but this issue seems insignificant in our problem where the maximum depth of the tree
is fixed at M . The best-first search (BFS) keeps the entire subproblems and prioritizes the
most promising ones for selection. [177, 184] BFS has the disadvantage of large memory
usage and the possibility of not identifying a solution until the end of the search. [177] To
solve the drawbacks of DFS and BFS, hybrid methods exist that address the DFS and BFS,
such as cyclic best-first search. [179, 180]

The deep-sea-troll search (DSTS) is a variant of DFS with complete branching. [177,
185] DSTS evaluates all child vertices from the current vertex and selects the best one as
the next vertex. [185] DSTS improves the randomness of DFS while using less memory;
the maximum number of vertices that DSTS generates in the queue is at most 1+SM(M +
1)/2. The main motivation for using DSTS is to improve the efficiency of vertex weight
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calculation. The evaluation of Eq. 4.11 can be simplified by using the calculation results of
the parent vertex. (See APPENDIX for the details.)

Deep-sea-troll search

For a given tree, DSTS can be expressed by iteration of the two operations: descend and
ascend. Descend generate children from the current vertex selecting the best one and repeat
as often as possible. Ascend selects the best vertex from the unexplored vertices in the
current hierarchy, and if not possible, mark the parent vertex as explored and ascend one
level in the hierarchy. During these processes, unnecessary search space can be discarded
by dequeuing vertices that are worse than the current candidate solution.

Figure 4.3 shows a schematic example of DSTS for M=3 and S=2. LetQ andQp be the
subset of V and Vp, respectively; i.e., forQ ⊂ V ,Qp = Q∩Vp. The vertex 1 with weight−8
is divided into children 2 through 7 by 1-equivalence, which have weights −2, −8, −3, −1,
−1, and −7, respectively (line 3 in Figure 4.3). Repeating this procedure until p reaches
M , we see that leaf 12 has weight −3 (lines 6 and 7 in Figure 4.3a). At this stage, the
process cannot continue, so the descend process is terminated. The ascend process is then
performed; A vertex with a weight greater than the current candidate solution (L = −3)
is removed from the queue in the bottom (Q3), resulting in Q3 becoming an empty set and
thus moving up one level in the hierarchy. Similarly, the vertex 10 is removed from Q2,
and vertex 9 is selected as the next vertex to complete the ascend process. The descend and
ascend processes are repeated, finally yielding a global solution of −6 at vertex 21 (lines
17 and 18 in Figure 4.3c). As a result, only 21 vertices are evaluated, although the total
number of vertices in the tree is 79. Compared to the full search cost of 48 (i.e., #(V3)), the
evaluation is reduced by about half or less.

The DSTS procedures are summarized in Algorithm 2. The binary operation Q − Q′

for a pair of finite sets in the algorithms implies their set difference. Algorithm 2 uses four
local variables: the current depth p ∈ {0, . . . ,M}, the vertex queueQ ⊂ V , the lower bound
L, and the upper bound L. If the tree is too large to complete DSTS, Algorithm 2 can return
the upper and lower bounds of L upon receipt of the termination signal.

When moRMSD is zero (i.e., when there exists a root-to-leaf path for which all vertex
weights are zero), DSTS is guaranteed to be an O(M2S) algorithm. Since the point match-
ing problem for congruent transformations can be solved in log-linear time, [141] this is
not worth mentioning, but it is important that differences between the compared structures
become smaller, DSTS approaches polynomial scaling algorithm.

4.2.6 Multi-component system

To accommodate general chemical systems, we extend to multi-component systems. There
are no mathematical difficulties here, except for some complications in notation. The molecular-
oriented coordinate of a multi-component system is defined by

X∗ =
{
X(1),X(2), . . . ,X(K)

}
, (4.18)
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Figure 4.3: Deep-sea-troll search with M=3 and S=2. (a) Results of the first DESCEND.
Each circle represents a vertex in Q, and the vertex weights are in the lower right corner of
each circle. L is updated with -3 at the vertex 12 (red arrow). (b) Results of the second
DESCEND. L is updated with -5 at the vertex 14. (c) Results of the third DESCEND. L is
updated with -6 at the vertex 21, which is the exact solution.
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Algorithm 2 Deep-sea-troll search
1: function DSTS(V0)
2:

(
p,Q, L, L

)
← (0,V0, w(minV0), 0)

3: repeat
4: (p,Q)← DESCEND

(
p,Q, L

)
5: if p = M then
6: L← min

{
L,w(minQp)

}
7: Q ← Q−Qp

8: end if
9: (p,Q)← ASCEND

(
p,Q, L

)
10: L←

(
if Q 6= ∅ then w(minQ) else L

)
11: until

(
L = L

)
or (Termination signal received)

12: return
(
L,L

)
13: end function
14: function DESCEND(p,Q, L)
15: while (p < M) and (Qp 6= ∅) do
16: v∗ ← minQp

17: Q ← Q∪
{
v ∈ Vp+1

∣∣ v ⊂ v∗, w(v) < L
}

18: Q ← Q− {v∗}
19: p← p+ 1
20: end while
21: return (p,Q)
22: end function
23: function ASCEND(p,Q, L)
24: while (p > 0) and (Qp = ∅) do
25: p← p− 1
26: Q ← Q−

{
v ∈ Qp

∣∣ w(v) ≥ L
}

27: end while
28: return (p,Q)
29: end function
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where K is the number of molecular species, X(k) ∈ Rd×M(k)n(k) is the molecular-oriented
coordinate of kth molecular species, and M (k) and n(k) are the number of molecules and
the number of atoms per molecule corresponding to molecular species k, respectively. The
moRMSD (Eq. 4.3) extends to

moRMSD∗ (X∗,X′∗) = min
R,c,µ,ν

√√√√ 1

N∗

K∑
k=1

n(k)∑
j=1

M(k)∑
I=1

∥∥∥x(k)
jI −Rx′(k)

ν(k)(j;I),µ(k)(I)
− c
∥∥∥2,
(4.19)

where x
(k)
jI and x′(k)

jI are the atomic coordinates corresponding to X∗ and X′∗, respec-
tively, N∗ is the total number of atoms in the system, i.e., N∗ =

∑K
k=1 M

(k)n(k), R and
c are a rotation matrix and a translation vector, respectively. µ = {µ(1), . . . , µ(K)} and
ν = {ν(1), . . . , ν(K)} are permutations on

∏K
k=1 SM(k) and

∏K
k=1 Tk

M(k)

, respectively, where
Tk ⊂ Sn(k) is the set of the intramolecular permutations. As before, translation c is ignored
by removing centroids from X∗ and X′∗. Let S(k) be the number of intramolecular permu-
tations for the species k given by #(Tk).

SD (Eq. 4.4) is modified to

SD∗ (µ,σ) = G∗ + 2L∗ (µ,σ) , (4.20)

where

G∗ =
K∑
k=1

tr
[
X(k)X(k)⊤ +X′(k)X′(k)⊤

]
(4.21)

and

L∗ (µ,σ) = −max
R

K∑
k=1

M(k)∑
I=1

tr
[
RX′(k)

µ(k)(I)
P

(k)

σ(k)(I)
X

(k)
I

⊤]
, (4.22)

respectively. σ is {σ(1), . . . , σ(K)} and σ(k) is mappings on {1, . . . ,M (k)} 7→ {1, . . . , S(k)},
and S(k) is the number of intramolecular permutations of kth molecular species. Eq. 4.22 is
the objective function to be minimized.

Thereafter, the variational lower bound, the (k, p)-evaluation function and (k, p)-equivalence
relation are redefined as Eq. 4.7, Eq. 4.11, and Eq. 4.14 for the single-component system,
respectively, where k and p are natural numbers representing chemical species and hierar-
chy, respectively. As a result, a DSTS algorithm for multi-component systems that has the
same interface is derived as Algorithm 3. See APPENDIX for details.
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Algorithm 3 Deep-sea-troll search for multi-component system
1: function DSTS*(V0,1)
2:

(
t, p,Q, L, L

)
← (0, 0,V0,1, w(minV0,1), 0)

3: repeat
4: (t, p,Q)← DESCEND*(t, p,Q, L)
5: if (t = K) and

(
p = M (t)

)
then

6: L← min
{
L,w(minQt,p)

}
7: Q ← Q−Qt,p

8: end if
9: (t, p,Q)← ASCEND*(t, p,Q, L)

10: L←
(
if Q 6= ∅ then w(minQ) else L

)
11: until

(
L = L

)
or (Termination signal received)

12: return
(
L,L

)
13: end function
14: function DESCEND*(t, p,Q, L)
15: while True do
16: while

(
p < M (t)

)
and (Qt,p 6= ∅) do

17: v∗ ← minQt,p

18: Q ← Q∪
{
v ∈ v∗\t,p+1∼

∣∣∣ w(v) < L
}

19: Q ← Q− {v∗}
20: p← p+ 1
21: end while
22: if (t = K) or (Qt,p = ∅) break
23: v∗ ← minQt,p

24: Q ← Q∪
{
v ∈ v∗\t+1,p∼

∣∣∣ w(v) < L
}

25: Q ← Q− {v∗}
26: (t, p)← (t+ 1, 0)
27: end while
28: return (t, p,Q)
29: end function
30: function ASCEND*(t, p,Q, L)
31: while k > 0 do
32: while (p > 0) and (Qt,p = ∅) do
33: p← p− 1
34: Q ← Q−

{
v ∈ Qt,p

∣∣ w(v) ≥ L
}

35: end while
36: if (k = 1) or (Qt,p 6= ∅) break
37: (t, p)← (t− 1,M (t−1))
38: Q ← Q−

{
v ∈ Qt,p

∣∣ w(v) ≥ L
}

39: end while
40: return (t, p,Q)
41: end function
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4.2.7 mobbRMSD

The discussion up to this point is summarized in Algorithm 4, which we call molecular-
oriented RMSD with branch-and-bound (mobbRMSD). The mobbRMSD procedure takes
input as a pair of molecular-oriented coordinates (

{
X(k)

}
and

{
X′(k)

}
for k = 1, . . . , K ,

respectively), and the intramolecular permutations determined by the molecular topologies{
ν
(k)
1 , . . . , ν

(k)

S(k)

}
for k = 1, . . . , K . The vertex weights of the tree can be calculated from the molecular pair
covariance matrices C

(k)
I,J,s and the remainder matrices F

(k)
I,J (Algorithm 4, lines 6 and 8).

These matrices are stored in memory as global variables. Since the calculations of the ele-
ments of C(k)

I,J,s and (F
(k)
I,J ) are is independent, it can be performed in parallel. The boundaries

of the objective function, L and L, are obtained using the DSTS algorithm (Algorithm 4,
line 12), which are then scaled into RMSD. Finally, the real interval encompassing the exact
solution of moRMSD is returned.

Algorithm 4 mobbRMSD for single component system

Require: X∗,X∗′ ∈
∏K

k=1 Rd×M(k)n(k)
, T ∗ ⊂

∏K
k=1 Sn(k)

Ensure: RMSD,RMSD ∈ R
1: G∗ ←

∑K
k=1

∑M(k)

I=1 tr
[
X

(k)
I X

(k)
I

⊤
+X′

I
(k)X′

I
(k)⊤
]

2: for k ∈ {1, . . . , K} do
3: for J ∈

{
1, . . . ,M (k)

}
do

4: for I ∈
{
1, . . . ,M (k)

}
do

5: for (s, ν) ∈ enumerate(Tk) do
6: P

(k)
s ←

{
δiν(j)

}
i,j∈{1,...,n(k)}

7: C
(k)
I,J,s ← X′(k)

J P
(k)
s X

(k)
I

⊤

8: end for
9: F

(k)
I,J ← −max

s′,R′
tr
[
R′C

(k)
I,J,s′

]
10: end for
11: end for
12: end for
13: V0,1 ←

{(∏K
k=1M(k)

)
×
(∏K

k=1 S(k)
)}

14:
(
L,L

)
← DSTS*(V0,1)

15: n∗ ←
∑K

k=1 M
(k)n(k)

16: RMSD←
√(

G∗ + 2L
)
/n∗

17: RMSD←
√

(G∗ + 2L) /n∗

18: return
(
RMSD,RMSD

)
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4.3 RESULTS

4.3.1 Implementation

The source code of mobbrmsd was implemented in Fortran, and the libraries can be called
from Fortran or Python interface. The spatial superposition algorithms are implemented for
the spatial dimensions separately, and the appropriate version is selected when the library
is called. The algorithms of Theobald, [189] Coutsias et al., [172] and Kabsch [164, 165]
were used for d=2, 3, and other cases, respectively.

Both 32-bit and 64-bit floating point are supported, and all results in this paper use
the 64-bit floating point version. A single mobbRMSD query is executed on a single core
process, and OpenMP executes each query in parallel. All tests, including the following
verification, were run on an Ubuntu system of Intel(R) i7-12700 2.1 GHz 20-core based
processors. The GNU Compiler Collection (GCC) version 9.4.0 was used for compilation,
and the OpenMP version 201511 was used for thread parallelization.

The correctness of the implementation was confirmed by the fact that the mobbrmsd
results of some matrix with uniform random numbers on [0, 1] matched the results of the
brute force search. The test systems are as follows: for one-component systems,

(n,M, S) = (1, 1, 1), (1, 2, 1), (1, 3, 1), (4, 1, 1), (4, 2, 1), (4, 3, 1), (4, 1, 2), (4, 2, 2), (40, 6, 1),

and two-component systems,{(
n(1),M (1), S(1)

)
,
(
n(2),M (2), S(2)

)}
=

{(5, 1, 1), (5, 4, 1)} , {(4, 2, 1), (5, 2, 1)} ,

{(8, 2, 1), (4, 2, 2)} , {(24, 3, 1), (24, 4, 1)} ,

respectively. The above tests were performed for spatial dimensions d = 2, 3, and 4. All
tests in the following sections are for d = 3.

4.3.2 Random coordinates

The random coordinates that represent an M molecular assembly of molecules consisting
of n atoms are defined as

Xsample(d,M, n, α) = sin
πα

2
Nd×Mn + cos

πα

2

n∑
j=1

Nd×M ⊗ e⊤
j , (4.23)

where Nd×Mn ∈ Rd×Mn and Nd×M ∈ Rd×M are random matrices whose matrix elements
are i.i.d and follow the standard normal distribution, respectively. ej is the indicator matrix,
i.e., ej = {δjj′}j′∈{1,...,n} ∈ RM×1 and ⊗ denotes the Kronecker product. The parameter
α ∈ [0, 1] controls the molecular density, where α=1 implies the dilution limit. Due to the
reproducibility of the normal distribution, each component of the Xsample also follows the
standard normal distribution.
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4.3.3 Computational cost

In calculating mobbRMSD, the covariance matrices (Eq. 4.10) and the remainder matrices
(Eq. 4.8) can be evaluated in polynomial time. In the following, the number of vertex eval-
uations in the DSTS process will be denoted Neval. As M and S increase, the computational
cost of mobbRMSD becomes approximately determined by the number of vertex weights
computed in DSTS, Neval. To check the quantitativity of this assumption, we check the
correlation between Neval and wall-clock time.

The Pearsonś correlation coefficient is defined as

r =

D∑
i=1

(ti − t̄)(Ni − N̄)√√√√ D∑
i=1

(ti − t̄)2
D∑
i=1

(Ni − N̄)2

(4.24)

where, Ni and ti are sampled Neval and wall-clock time, N̄ and t̄ are sample mean of Ni

and ti, respectively, and D is the number of data. r takes values between -1 and 1, implying
a proportional relationship between those two variables when close to 1 or -1. M , n, S,
and α, the correlation coefficients were calculated from 100,000 points based on random
coordinates defined in Eq. 4.23.

Figure 4.4 shows the change in the Pearsonś correlation coefficient for coordinates sam-
pled from Eq. 4.23 vs. M , n, α, and S. For any n and α, as M increases the correlation
coefficient approaches 1, remaining above 0.9 for M > 6 (Figure 4.4a). For n=1,000, the
variance-covariance matrix calculation is overhead and the correlation coefficient becomes
smaller overall, but remains above 0.8 for M > 7. Even in the range M ≤ 6, the corre-
lation coefficients approaches 1 as S increases (Figure 4.4b). These imply an asymptotic
proportional relationship between Neval and wall-clock time, indicating that Neval is a good
measure of mobbRMSD performance.

In the following, the number of vertex evaluations in the DSTS process will be denoted
Neval and treated as a computational cost. The best and worst cases of Neval are

1 +
1

2

K∑
k=1

M (k)(M (k) + 1)S(k) (4.25)

and

1 +
K∏
k=1

M(k)∑
p=1

M !

(M − p)!
S(k)p, (4.26)

respectively. As is well known, BB does not improve the worst-case, and the question is,
how much it improves the average computational cost.
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Figure 4.4: Pearson correlation coefficient between Neval and wall-clock time. (a) Plots of
Pearson correlation coefficients concerning M , n, and α. For all plots, S=1 was used. Each
point was calculated from 10,000 sample coordinate pairs. (b) Plots of Pearson correlation
coefficients concerning S, M , and α. For all points, n=10 was used and calculated from
10,000 samples.
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4.3.4 Test with random coordinates

We first show the performance of mobbRMSD using randomly sampled coordinates, then
compare it with previous methods. Here we discuss the pros, cons, and methodological
position of mobbRMSD. Finally, we show the performance of mobbRMSD using molecular
dynamics trajectories of molecular assemblies. The dependence of Neval on M and S in
random coordinates is summarized in Figure 4.5.

Figure 4.5: Computational cost scaling of mobbRMSD concerning M and S. (a) Semi-log
plots of M vs medians of Neval. All calculations were carried out for S=1 and used 20,000
and 10,000 random coordinate pairs for M=3-7 and 8-10, respectively. (b) Log-log plots of
S vs medians of Neval. All calculations were carried out for n=10 and used 20,000 random
coordinate pairs at each point.
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When the number of intramolecular permutations is fixed at 1, i.e., S=1, the semi-log
plots of M versus Neval show linear relationships regardless of n and α (Figure 4.5a). This
means that the computational cost of mobbRMSD scales exponentially with respect to M ,
which improves the factorial scaling concerning M to exponential. On the other hand, when
n is fixed at 10, a linear relationship appears in log-log plots for S versus Neval, which
implies polynomial scaling concerning S (Figure 4.5b). Here, the slopes of the M - and
S-dependency lines represent the base and the power constant, respectively, and the average
computational cost is proportional to aMSb with a and b as constants.

The slopes of the M -dependent lines increased when α=0.0 compared to when α=0.9
(Figure 4.5a). Conversely, the slopes of the S-dependent lines increased when α=0.9 com-
pared to when α=0.0 (Figure 4.5b). These trends represent the different effects of molecular
sizes on M - and S-dependency. As α approaches 1, the molecular size becomes relatively
smaller, coming closer to the dilution limit of the molecules and single-atom molecules
(n=1). The M -dependence is related to the interchange of molecular positions, so it is ad-
vantageous if the molecules are spatially well separated. In contrast, since S is related to
intramolecular permutations, larger molecular size allows for more efficient branch pruning.

Figure 4.6: Heat maps of the slopes of the Neval plots. (a) Slopes of the M -Neval semi-log
plots. Numbers inside the table represent the base to the power of M . (b) Slopes of the
S-Neval log-log plots. Numbers inside the table represent exponents in powers of S.
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A closer examination of the slopes of the lines reveals nontrivial behavior regarding
M -dependency (Figure 4.6a and Figure 4.7). Since the row with α=0.9 implies almost
the dilution limit, the slopes are close to 3.3 for any n. The row with α=0.0 increases
monotonically with n and approaches about 4.3. The analytical behavior of n → ∞ is
interesting, but will not be discussed further here. Focusing on rows with intermediate values
of α, e.g., α=0.6, the increase concerning n peaks at n=3 and then begins to decrease. This
is supposed to be because as n increases, the variance of the RMSD values for different
molecular matches increases, and branch pruning becomes more efficient.

The S-dependency is consistently more efficient for smaller α, and this is also true for
the rate of increase of the slope, i.e., the power constant. When S increases by a factor of 2
(from 3 to 6), it scales about 2 times in tandem when α=0.9 (2.2 to 4.6), but only 1.5 times
(1.8 to 2.7) when α=0.0 (Figure 4.6b).

Figure 4.7: Relationship between α and the average value of Neval. α is a parameter that
controls the molecular density of random coordinates, where α=1 implies the dilution limit.
All calculations were carried out for S=1 and used 20,000 and 10,000 random coordinate
pairs for M=3-7 and 8-10, respectively.
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4.3.5 Comparison with previous studies

In this section, we compare mobbRMSD to two previous methods. The linear program-
ming root-mean-square deviation (LP-RMSD) is applicable to general chemical structures
and does not require parameter tuning for the system, which provides approximate solutions
for generalized RMSD with simple operation. [192] LP-RMSD is computed in three steps:
the optimal superposition with initial atom mapping, updated atom mapping with the Hun-
garian algorithm, and superposition with updated atom mapping. IsometryOpt developed
by Nabika et al.takes a BB approach to the generalized RMSD problem that is similar to
mobbRMSD. [133] IsometryOpt is also an exact solution method, as is mobbRMSD. The
main difference is that IsometryOpt recursively partition the cubic parameter space as a grid,
where the cube represents the three degrees of freedom of the rotation matrix.

LP-RMSD and IsometryOpt were not developed assuming molecular assemblies; al-
though they can be applied to multiple molecules by partitioning the permutations processed
by the Hungarian algorithm into multiple subspaces, there is no guarantee that the molecular
topology will be preserved in such cases. Thus, comparisons were performed with coordi-
nates sampled from the standard normal distribution with the centroid shifted to zero, which
models a single-atom molecular system, i.e., n=1.

For LP-RMSD, function mdtraj.lprmsd implemented in MDTraj
(https://github.com/mdtraj/mdtraj, ver 1.10.0) was used, and for IsometryOpt, the software
XG-RMSD (https://github.com/striwata/X-GRMSD) was compiled in GCC version 9.4.0
and used in the same environment as mobbrmsd. All computational wall-clock time mea-
surements were performed with the built-in function in Python (ver 3.12.6), time.perf counter.

Figure 4.8: Comparison of mobbRMSD and LP-RMSD. Each point is calculated from the
standard normal distribution with its centroid shifted to zero. 300 random points are
depicted.

LP-RMSD results deviate from the mobbRMSD ones because LP-RMSD gives an ap-
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proximate solution; scatter plots with LP-RMSD on the horizontal axis and mobbRMSD on
the vertical axis are distributed in the lower half of the diagonal (Figure 4.8). Table 4.1
summarizes the mean errors and the precisions for each M , where the mean error was de-
fined as the expected difference between LP-RMSD and mobbRMSD, and the accuracy was
defined as the frequency with which mobbRMSD and LP-RMSD coincide, i.e., the percent-
age of points on the diagonal. The statistics were calculated on 10,000 sample coordinate
pairs. The mean errors between LP-RMSD and mobbRMSD are distributed around 0.3,
and their standard deviations become smaller as M increases (Table 4.1). The accuracy
decreases with M , because the distribution narrows as M increases, and the intersection of
the distribution and diagonal line decreases, as seen in Figure 4.8.

Figure 4.9 shows the distributions of computation times for mobbRMSD, IsometryOpt,
and LP-RMSD at each M . Since IsometryOpt reports the exact solution, the computed
RMSDs are equal to those of mobbRMSD, and what should be compared are the computa-
tion times (Figure 4.10). Up to M=14, mobbRMSD can report the exact solution faster on
average than IsometryOpt. In contrast, IsometryOpt improves the scaling behavior polyno-
mially above M=10, and at M=15, it reverses the order with mobbRMSD. The polynomial
scaling of IsometryOpt is consistent with that reported previously. [133] LP-RMSD can be
calculated at almost constant time (∼ 100 microseconds) without variation for all M . How-
ever, mobbRMSD is faster for M < 5, likely due to the native compilation and overhead
advantages.

As shown in the previous section, mobbRMSD scales exponentially concerning M ,
which is disadvantageous for larger M relative to IsometryOpt. This difference in scaling
appears to refer to the nature of the solution space where BB is applied. That is, Isometry-
Opt divides the continuous parameter space of the rotation matrix, so wasteful searches are
frequent with small M . However, since the rotation acts on the entire molecular system, the
variational lower bound is evaluated while preserving the relative positions of each atom.
This reduces the divergence of the branches due to the atom mapping, which is essentially
factorial scaling. The branching of mobbRMSD allows independent rotations for each atom
and does not consider their relative positions.
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M mean error accuracy

3 0.22 (0.25) 0.21± 0.008

4 0.30 (0.25) 0.10± 0.006

5 0.33 (0.23) 0.060± 0.005

6 0.33 (0.20) 0.037± 0.004

7 0.32 (0.18) 0.025± 0.003

8 0.32 (0.17) 0.017± 0.003

9 0.31 (0.15) 0.012± 0.002

10 0.30 (0.14) 0.007± 0.002

Table 4.1: Mean errors and accuracies of LP-RMSD. The mean errors and standard
deviations were calculated as the mean difference from mobbRMSD and accuracies were
calculated as the frequency with which the mobbRMSD value was matched. The numbers
in parentheses accompanying the mean errors and added to the accuracies represent the
standard deviation and the 95% confidence interval of the binomial distribution. 10,000
structural pairs sampled from the standard normal distribution were used.

Figure 4.9: Comparison of computation time distributions. Statistics on wall-clock times
for RMSD calculations for structure pairs generated from the standard normal distribution
are indicated. The sample numbers are 10,000, 1,000, 100, 20, and 10 for M=2-7, 8-10,
11-15, 16-19, and 20 for mobbRMSD and IsometryOpt, respectively, and 50,000 in all for
LP-RMSD.
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Figure 4.10: Performance comparison between mobbRMSD and IsometryOpt. All scatter
plots are depicted with the values of mobbRMSD and IsometryOpt on the horizontal and
vertical axis, respectively. The RMSD plots are in dimensionless units. The time plots
represent wall-clock time and are on a base 10 log-log scale with exponents on the ticks.
The sample numbers are 10,000, 1,000, 100, 20, and 10 for M=2-7, 8-10, 11-15, 16-19,
and 20, respectively. Contour distributions were estimated by the kernel density estimation
with a bandwidth of 0.2.
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4.3.6 Test with aromatic micelles

We demonstrate the application of mobbRMSD for macromolecular assembly systems,
aromatic micelles. Aromatic micelles are a type of amphiphilic molecule proposed by
Yoshizawa et al.[2, 5] that contain aromatic moieties in the backbone and form dynamic
self-assemblies of multiple molecules in water. V-shaped polyaromatic amphiphiles (VPAA)
are aromatic micelles, amphiphilic molecules with anthracene panels aligned in a V-shape
(Figure 4.11a). VPAA1 and VPAA2 differ only in their side chains, each having ammonium
cations and zwitterionic sulfobetaine groups, respectively. Microseconds molecular dynam-
ics simulations show that VPAAs spontaneously self-assemble and disassemble in water,
and at equilibrium, their size distributions consistent with experimental results [23, 114] are
observed (Figure 4.11b). It was defined in the present analysis that if the nearest-neighbor
distance between aromatic carbon atoms between molecules was less than 5 Å they be-
long to the same assembly (Figure 4.11c), and assembly sizes of VPAA1 and VPAA2 are
distributed between 5-8 and 4-7 molecules, respectively. Due to the incomplete stacking in-
teractions of the V-shaped anthracenes, the VPAA assemblies have many quasi-stable con-
formers and can dynamically transition between them with time constants of nanoseconds.

We computed the mobbRMSD between the aromatic moieties of VPAAs which are
relatively rigid, and the flexible side chains were disregarded. The number of atoms per
molecule n and of VPAA1 and VPAA2 are both 34, and the C2 molecular symmetry is
considered, i.e., S=2. The 10 molecular assemblies of VPAAs contain 340 atoms, making
it difficult to calculate exact RMSD using conventional methods. Hereafter, M -molecular
assemblies of VPAA1 and VPAA2 are denoted as (VPAA1)M and (VPAA2)M , respectively.
Figure 4.11d shows mobbRMSD progress records applied to (VPAA1)10. The three sam-
ples contain examples where an exact solution is found early in the process and the candidate
solution is repeatedly updated.

Figure 4.12 shows the distributions of Neval and wall-clock time for VPAA1 and VPAA2,
where the best and worst cases in Figure 4.12a are given by Eq. 4.25 and 4.26, and full
search implies M !SM . As discussed in the previous sections, the best and worst cases are
scaled by M2 and factorial, respectively, and the average Neval is again scaled exponentially
(Figure 4.12a). VPAA1 and VPAA2 differ only in side chains and hydrophilic groups,
which affect the distributions of conformers. This difference also affects the distributions of
Neval, but not significantly. However, the influence of molecular structure is evident in the
distributions when compared to random coordinates (Figure 4.12b). The wall-clock times
required for coordinates generated from the standard normal distribution for the same num-
ber of atoms is much slower than for VPAAs; for example, for M=10, a calculation that
takes an average of seconds with random coordinates completes in about 100 milliseconds
for VPAAs.
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Figure 4.11: VPAA (a) Chemical structures of VPAA1 and VPAA2. (b) Snapshot of
molecular dynamics simulation of VPAA1. The aromatic moieties and the side chains are
indicated in orange and black spheres, the red dots are water, and the blue spheres are the
counter ions (Cl−), respectively. (c) Snapshot of 4 molecular assembly of VPAA2 observed
in the simulation (denoted ((VPAA2)4). (d) Behavior of upper and lower bound of
mobbRMSD with respect to Neval for 3 samples of (VPAA1)10.
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Figure 4.12: Performance of mobbRMSD for VPAAs. (a) Semi-log plot of the distribution
of Neval concerning M . VPAA1 and VPAA2 are indicated in orange and blue violin plots,
respectively. Box plots attached to the violins indicate the quartiles, with the top, bottom,
and circles being the upper, lower quartile, and median, respectively. Horizontal lines
attached to gray vertical bars from top to bottom indicate Neval of the worst-case
calculations, the number of superposition evaluations required for a full search, and Neval of
the best-case calculations, respectively. Using structures randomly taken from MD
trajectories, 100,000 pairs were sampled in each system. (b) Semi-log plot of the
wall-clock time concerning M . The same samples as for VPAAs were utilized for a, and
the random system used 10,000 pairs generated from the standard normal distribution with
n = 34.
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4.4 DISCUSSION

4.4.1 Methodological characteristics

Given the results of the computational experiments, we clarify the methodological charac-
teristics of mobbRMSD. First, for problems with large M (M > 20), it is difficult to obtain
an exact solution using mobbRMSD. In such cases, either mobbRMSD must be terminated
early or IsometryOpt is used. However, IsometryOpt requires wall-clock times on the order
of milliseconds to seconds, which limits its applicability to tasks that require fast throughput,
such as clustering large data sets. In such cases, approximate methods such as LP-RMSD
are an alternative. Because LP-RMSD does not provide any theoretical guarantees such as
variational lower bounds, the appropriateness of the approximation must be carefully judged
for each system.

The advantage of mobbRMSD over previous methods is that molecules can be treated
explicitly. As the number of atoms per molecule, n, increases, mobbRMSD requires almost
no additional computational cost. In the range of M < 15, it is faster than IsometryOpt,
and faster than LP-RMSD while still providing an exact solution in the range of M < 5
(Figure 4.9). Since mobbRMSD can handle molecular assemblies and multicomponent
systems, even in this strict limit, there is no doubt that many interesting systems are in-
cluded here such as molecular liquids, solute solvation, and macromolecular self-assembly.
Moreover, early termination of mobbRMSD as an approximation may be a good choice in
some cases. One application is the asymptotic polynomial scaling minimum spanning tree
algorithm that exploits theoretical bounds on mobbRMSD, which will be discussed in a later
section.

4.4.2 Correlation between RMSD and computational cost

In RMSD applications, often only similar structure pairs are important. For example, in the
task of improving drug molecules, positive candidates are those within RMSD neighborhood
of the reference, [12, 148] and in the context of structural clustering, the minimum spanning
tree-based methods are often used. [158] Since moRMSD is locally proportional to the
multidimensional Euclidean distance, target structures with a certain value are distributed
on a hypersphere centered on the reference structure. As moRMSD increases, the number
of structures that fit the value increases rapidly and the information becomes less valuable.

Figure 4.13a shows the correlation between moRMSD and Neval for VPAAs. The shapes
of the distributions are slightly different for (VPAA1)10 and (VPAA2)10, with the latter being
slanted. The distributions of Neval change significantly bordering moRMSD of 5 Å for both
(VPAA1)10 and (VPAA2)10. Neval has a wide range reaching a maximum of 108 in the
region larger than 5 Å but does not exceed 103 in the region below 5 Å.

In order to quantify the effect of focusing on the small moRMSD region in Figure 4.13a,
we define a conditional quantile of Neval. Let the data points be

D = {(Ri, Ni)|i = 1, . . . , D},
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Figure 4.13: Correlation between RMSD and Neval. (a) Contour maps of simultaneous
distributions of moRMSD and Neval. The blue and orange contours indicate (VPAA1)10
and (VPAA2)10, respectively. The distributions were estimated by kernel density
estimation with a bandwidth of 0.2 for 100,000 samples. (b) Conditional quantiles by
moRMSD of Neval, and dotted lines above and below the solid line indicate the upper and
lower quantiles, respectively. The conditioning is moRMSD < R(f), where R(f) is a
percentile of f for moRMSD.
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where Ri and Ni are moRMSD and Neval, respectively. The conditional quartile is defined
for f ∈ [0, 1] as the quartiles of

{Ni|(Ri, Ni) ∈ D, Ri ≤ R(f)},

where R(f) is the percentile of the fraction f of

{Ri|(Ri, Ni) ∈ D}.

The plot of the conditional quantiles decreases monotonically as f decreases, with a steep
drop near f=0.1 (Figure 4.13b). The steep drop suggests that targeting only small moRMSDs
can make the computations more efficient. The correlation between moRMSD and Neval and
the steep drop in the conditional quantile are observed in both VPAAs, independent of M
(Figures 4.14 and 4.15).
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Figure 4.14: Simultaneous distribution of moRMSD and Neval for VPAAs. The blue and
orange contours indicate VPAA1 and VPAA2, respectively. The distributions were
estimated by the kernel density estimation with a bandwidth of 0.2 for 100,000 samples.
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Figure 4.15: Conditional quantiles by moRMSD of Neval. Dotted lines above and below
the solid line indicate the upper and lower quantiles, respectively. The conditioning is
moRMSD < R(f), where R(f) is a percentile of f for moRMSD.
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4.4.3 Early termination

The strong correlations between RMSD and computational costs observed in the previous
section raise the following question; if there is no prospect of structural similarity, can the
calculation be terminated early? This is possible in some cases. Hereafter, terminating the
computation at the first leaf evaluation of the DSTS is referred to as the greedy method. Fig-
ure 4.16 shows the distributions of the lower and upper bounds, RMSD and RMSD, which
are given by the greedy method. Since RMSD ≤ RMSD, no distribution appears in the
lower half of the diagonal. As M increases, the distributions shift upward, which means that
on average the gap between the lower and upper bounds widens. The populations left out of
the shift, indicated by the arrows in Figure 4.16, appear in the lower left of the distribution,
but it does not appear in the data of the standard normal distribution; these populations are
unique to molecular data because stable structures appear with high frequency and pairs of
similar ones are picked up frequently.

Figure 4.16: Distributions of lower and upper bounds of RMSD by the greedy method.
RMSD and RMSD on the horizontal and vertical axis, respectively, are defined by
Algorithm 4.

VPAA1 and VPAA2 show nearly the same trend, but for M > 7, the peak positions of
the distributions for VPAA2 are slightly to the right of the VPAA1 ones. This difference
seems small but has a significant role. Suppose that only points below 2.0 Å are of interest.
If the point lies where RMSD > 2.0 Å, then the solution never has a value below 2.0 Å,
and the calculation can be terminated at that point. Applying this condition to (VPAA1)10,
the boundary with RMSD=2.0 Å passes through the peak of the distribution, so about half
of the points will survive. In contrast, for ((VPAA2)10), the boundary passes to the left of
the peak of the distribution, indicating that most points need no further calculation. Thus,
for the case of (VPAA2)10, only the cost of the greedy method can determine which points
should be computed.

Here we introduce a cutoff parameter λRMSD ∈ [0,∞] and consider imposing a termina-
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tion condition of

λRMSD <

√
1

n∗ (G
∗ + 2L) (4.27)

at the DSTS algorithm (Algorithm 3). Then mobbRMSD can be used as an algorithm to
evaluate the exact solution if it is less than λRMSD and the interval

[
RMSD,RMSD

]
other-

wise, where λRMSD < RMSD holds. The average computational costs and wall-clock times
with the early termination for each λRMSD are shown in Figure 4.17. As λRMSD approaches
zero, the log-log plots for M and Neval approach a straight line, since almost all calculations
are terminated on the greedy method. For λRMSD=2.0 Å, (VPAA1)10 is still exponential
scaling, but (VPAA2)10 is almost polynomial. If λRMSD is further reduced to 1.0 Å, both
(VPAA1)10 and (VPAA2)10 become polynomial scaling.

Figure 4.17: Change in computational scaling as the cutoff parameter, λRMSD is varied. (a)
log-log plots of Neval for M . (b) log-log plots of wall-clock time for M .

In terms of wall-clock time, even M=10 can be performed in submilliseconds (Figure 4.17b),
which is comparable in speed to approximate methods such as LP-RMSD (Figure 4.9). The
scaling behavior by a cutoff in Figure 4.17 shows that the speed at which the average com-
putational cost improves to polynomial as λRMSD decreases depends on the system.
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4.4.4 Minimum spanning tree

Finally, we mention an application of mobbRMSD to structural clustering. For structural
data,

X = {X∗
1, . . . ,X

∗
D} ,

the distance matrix of moRMSD can be computed as a symmetric matrix 1 and a minimum
spanning tree (MST) can be constructed from this matrix. [193, 194] For a given weighted
undirected graph, a spanning tree is a tree that contains all of its vertices, and MST is the
one with the smallest sum of edge weights. [195]

Now, we consider a distance matrix

RλRMSD ∈ [0,∞)D×D

where each entry is RMSDi,j which is computed by the lower bound of mobbRMSD for
X∗

i ,X
∗
j ∈ X using cutoff λRMSD. Let the MST constructed from the matrix R be{

VλRMSD , EλRMSD

}
,

where VλRMSD is {1, 2, . . . , D} and EλRMSD is the set of pairs of indices and their weights with
(D − 1) members, i.e., ek ∈ EλRMSD is given by

ek =
{
ik, jk,RMSDik,jk

}
.

If
RMSDik,jk

< λRMSD

then it is the exact solution, so if the maximum edge weight in MST is less than λRMSD,
then all weights in MST are exact. Also, since MST is a spanning tree with the minimum
sum of edge weights, no entry in the distance matrix RλRMSD can be included in MST which
could have a solution smaller than the maximum weight in MST. Therefore, the exactness
of MST is also guaranteed. To efficiently build MST by mobbRMSD, we just need to find
the appropriate cutoff depending on the system.

Although the computational cost of mobbRMSD is independent of the number of data
points, the maximum edge weights of MST depend on the density of data points; as the
number of data points D increases, the data point becomes denser. λRMSD that constitutes the
exact MST can therefore be made smaller. This indicates that by increasing the data size, the
cost of constructing MST by mobbRMSD may asymptotically approach polynomial costs.

It would also be possible to have an algorithm that automatically determines the appro-
priate cutoff parameter. One idea is to first create the distance matrix of RMSDi,j with a
sufficiently small cutoff λ0, and then create MST. Here, edges with weights above λ0 may
not be correct. Hence, with an updated λ1, e.g., the maximum weight of the MST, only the
entries of the distance matrix corresponding to edges above λ0 are recalculated. For the re-
calculated distance matrix, update the MST. The above procedure is repeated an exact MST
will eventually be determined. The implementation and performance measurement of such
automatic determination is a subject for future research.

1Because moRMSD does not satisfy the triangular inequality, this matrix is not strictly a distance matrix.
It therefore cannot be used in algorithms that assume a metric space.

139



4.5 CONCLUSION

A branch-and-bound (BB) algorithm, mobbRMSD, has been developed to find an exact so-
lution of RMSD. It uses molecular-oriented coordinates that allow for easy incorporation
of molecular topologies. The calculations of RMSD are inherently factorial in complexity.
mobbRMSD improves the average scaling exponentially to the number of molecules M and
polynomially to the number of intramolecular permutations S. The wall-clock time has been
measured for random test coordinates, and confirmed to be sub-milliseconds to milliseconds
for M up to 10, a speed applicable to high throughput analysis. The performance is indepen-
dent of the number of atoms per molecule. Comparing mobbRMSD with a similar previous
method, IsometryOpt, mobbRMSD is faster for M < 15, but as M increases, the calcula-
tion slows down due to poor scaling. The exponential scaling concerning M is an obvious
drawback, but there is room for improvement in the pruning rule and branching strategy.
Currently, mobbRMSD has loose restrictions on the relative positions of molecules, and
this may be improved by using additional variational lower bounds and/or branching of the
solution space.

Even if the computation terminates early, mobbRMSD provides upper and lower bounds
on the interval containing the exact solution. From this, introducing a cutoff parameter
λRMSD in the termination condition improves the computational cost up to M2S while guar-
anteeing exact solutions in cases where the solution is smaller than λRMSD. This allows the
minimum spanning tree with mobbRMSD to be computed efficiently for series data, and
the cutoff parameter can be reduced as the data increases. Automated determination of the
optimal cutoff parameter is also a future topic.

Compared to targets of conventional methods, mobbRMSD can be applied to wide mul-
tiple molecular systems, including molecular liquids, solute solvation, macromolecular self-
assemblies, and so on. Minimum spanning tree can be used for many structural clustering
methods, shedding light on soft molecular assemblies that have been difficult in the past,
and paving the way for precise structural analysis.

4.6 DATA AND SOFTWARE AVAILABILITY

The code for performing and testing mobbRMSD can be found on Github
(https://github.com/yymmt742/mobbrmsd) and is available for reuse under the MIT licence.
Trajectory data for VPAAs to reproducing this work are available at Zenodo
(https://doi.org/10.5281/zenodo.14232873).
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4.7 APPENDIX

Let d,M, n, S ∈ N andM, S andR be the finite symmetric group on {1, . . . ,M}, the total
set of mappings from {1, . . . ,M} to {1, . . . , S}, and the total set of rotaton matrices on Rd,
respectively. The objective function is organized and reiterated Eq. 4.6.

Definition 1 (Objective function). For X1, . . . ,XM ,X′
1, . . . ,X

′
M ∈ Rd×n, P1, . . . ,PS ∈

Rn×n, and (µ, σ) ∈M× S , define the following functions:

L(µ, σ) = −max
R∈R

M∑
I=1

tr
[
RX′

µ(I)Pσ(I)X
⊤
I

]
Definition 2 (Variational lower bound). Define

l0 = min
µ′∈M

M∑
I=1

FI,µ′(I),

where
FI,J = − max

R′∈R,
s∈{1,...,S}

tr
[
R′X′

JPsX
⊤
I

]
.

4.7.1 Proof of Eq. 4.7

Theorem 1. l0 ≤ min
(µ,σ)∈M×S

L(µ, σ) holds.

proof.

min
(µ,σ)∈M×S

L(µ, σ)

= min
(µ,σ)∈M×S

(
−max

R∈R

M∑
I=1

tr
[
RX′

µ(I)Pσ(I)X
⊤
I

])
(⇐ Definition of L)

≥ min
(µ′,σ′)∈M×S

M∑
I=1

−max
RI∈R

tr
[
RIX

′
µ′(I)Pσ′(I)X

⊤
I

]
(⇐ Expanding the domain of R)

= min
µ′∈M

M∑
I=1

− max
RI∈R,

sI∈{1,...,S}

tr
[
RIX

′
µ′(I)PsIX

⊤
I

]
(⇐ σ′(I) is replaced by sI)

= min
µ′∈M

M∑
I=1

FI,µ′(I) (⇐ Definition of FI,J)
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4.7.2 Proof of Eq. 4.12

Definition 3 (p-objective function). For p ∈ {1, . . . ,M} and (µ, σ) ∈ M × S , define the
equations

lp(µ, σ) = − max
R(p)∈R

tr
[
R(p)C(µ,σ,p)

]
+min

µ′′

M∑
I=p+1

FI,µ′′◦µ(I),

where C(µ,σ,p) and FI,J is defined by Eqs. 4.10 and 4.8, respectively, and µ′′ denotes a
permutation on {µ(p+ 1), . . . , µ(M)}.

Theorem 2. For any (µ, σ) ∈M× S , l0 ≤ lp(µ, σ) holds.

proof.

lp(µ, σ)

= −max
R∈R

tr

[
R

(
p∑

I=1

X′
µ(I)Pσ(I)X

⊤
I

)]
+min

µ′′

M∑
I=p+1

FI,µ′′◦µ(I), (⇐ Definition of lp)

≥
p∑

I=1

(
−max

RI∈R
tr
[
RIX

′
µ(I)Pσ(I)X

⊤
I

])
+min

µ′′

M∑
I=p+1

FI,µ′′◦µ(I),

(⇐ Expanding the domain of R)

≥
p∑

I=1

− max
RI∈R,

sI∈{1,...,S}

tr
[
RIX

′
µ(I)PsIX

⊤
I

]+min
µ′′

M∑
I=p+1

FI,µ′′◦µ(I),

(⇐ Maximize concerning sI)

=

p∑
I=1

FI,µ(I) +min
µ′′

M∑
I=p+1

FI,µ′′◦µ(I), (⇐ Definition of FI,J)

≥ min
µ′′′∈M

(
p∑

I=1

FI,µ′′′◦µ(I) +
M∑

I=p+1

FI,µ′′′◦µ(I)

)
(⇐ Expanding the domain of µ′′)

= min
µ′′′′

M∑
I=1

FI,µ′′′′(I)

= l0
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4.7.3 Proof of Eq. 4.13

Theorem 3. For any (µ, σ) ∈M× S , lp(µ, σ) ≤ lp+1(µ, σ) holds.

proof.

lp(µ, σ)

=−max
R∈R

tr
[
RC(µ,σ,p)

]
+min

µ′′

M∑
I=p+1

FI,µ′′◦µ(I)

(⇐ Definition of lp)

≤−max
R∈R

tr
[
RC(µ,σ,p)

]
+ Fp+1,µ(p+1) +min

µ′′′

M∑
I=p+2

FI,µ′′′◦µ(I)

(⇐ Narrowing the domain of µ′′)

=−max
R∈R

tr
[
RC(µ,σ,p)

]
− max

R′∈R,
s′∈{1,...,S}

tr
[
R′X′

µ(p+1)Ps′X
⊤
p+1

]
+min

µ′′′

M∑
I=p+2

FI,µ′′′◦µ(I)

(⇐ Definition of FI,J)

≤−max
R∈R

tr
[
RC(µ,σ,p)

]
− max

R′∈R
tr
[
R′X′

µ(p+1)Pσ(p+1)X
⊤
p+1

]
+min

µ′′′

M∑
I=p+2

FI,µ′′′◦µ(I)

(⇐ Narrowing the domain of s′)

≤− max
R′′∈R

(
tr
[
R′′C(µ,σ,p)

]
+ tr

[
R′′X′

µ(p+1)Pσ(p+1)X
⊤
p+1

])
+min

µ′′′

M∑
I=p+2

FI,µ′′′◦µ(I)

(⇐ Narrowing the domain of R and R′)

=− max
R′′∈R

tr
[
R′′ (C(µ,σ,p) +X′

µ(p+1)Pσ(p+1)X
⊤
p+1

)]
+min

µ′′′

M∑
I=p+2

FI,µ′′′◦µ(I)

(⇐ Linearity)

=− max
R′′∈R

tr
[
R′′C(µ,σ,p+1)

]
+min

µ′′′

M∑
I=p+2

FI,µ′′′◦µ(I)(
⇐ Definition of C(µ,σ,p)

)
=lp+1(µ, σ)
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4.7.4 DSTS algorithm for multi-component system

In this section, we derive a DSTS algorithm for multi-component systems. The objective
function for multi-component systems is organized and reiterated from the text (Eq. 4.22).

Definition 4 (Notation). For given K ∈ N, let M (1), . . . ,M (K), n(1), . . . , n(K), S(1), . . . , S(K) ∈
N and M (0) = 1. For k ∈ {1, . . . , K}, letM(k) and S(k) be the finite symmetric group on
{1, . . . ,M (k)} and the total set of mappings from {1, . . . ,M (k)} to {1, . . . , S(k)}, respec-
tively.

Definition 5 (Solution space). Let K =
(∏K

k=1M(k)
)
×
(∏K

k=1 S(k)
)

. For (µ,σ) ∈ K, µ
and σ are denoted as µ = (µ1, . . . , µK) σ = (σ1, . . . , σK), respectively.

Definition 6 (Objective function). Let X(k)
1 , . . . ,X

(k)

M(k) ,X
′(k)
1 , . . . ,X′(k)

M(k) ∈ Rd×n(k) and
P

(k)
1 , . . . ,P

(k)
S ∈ Rn(k)×n(k) for k = 1, . . . , K . For (µ, σ) ∈ K, define the objective function

as follows.

L∗ (µ,σ) = −max
R

K∑
k=1

M(k)∑
I=1

tr
[
RX′(k)

µ(k)(I)
P

(k)

σ(k)(I)
X

(k)
I

⊤]
(4.28)

As in Eq. 4.9, by expanding the solution space concerning R, we obtain the variational
lower bound of Eq. 4.28.

Definition 7 (Variational lower bound). Define

l0,1 =
K∑
k=1

min
µk∈M(k)

M(k)∑
I=1

F
(k)
I,µk(I)

, (4.29)

where,
F

(k)
I,J = − max

R∈R,
s∈{1,...,S}

tr
[
RX′(k)

J P(k)
s X

(k)
I

⊤]
. (4.30)

Theorem 4. The following inequality holds.

min
(µ,σ)∈K

L∗(µ,σ) ≥ l0,1 (4.31)

Proof.

min
(µ,σ)∈K

L∗ (µ,σ) ≥
K∑
k=1

min
(µk,σk)∈M(k)×S(k)

L(µk, σk)

≥
K∑
k=1

min
µ′
k∈M(k)

M(k)∑
I=1

F
(k)

I,µ′
k(I)

Then, we take t ∈ {1, . . . , K} and p ∈ {1, . . . ,M (k)}, and define the (t, p)-objective
function. As with p-objective function, the (t, p)-objective function also has inequalities
that holds as t and p increase.
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Definition 8 ((t, p)-objective function). For given (µ,σ) ∈ K, define

lt,p (µ,σ) = −max
R∈R

tr
[
RC̃∗(µ,σ,t,p)

]
+ F̃ ∗(µ,t,p), (4.32)

where

C̃∗(µ,σ,t,p) = C̃
(µt,σt,p)
k=t +

t−1∑
t′=1

C̃

(
µt′ ,σt′ ,M

(t′)
)

k=t′ , (4.33)

and C̃(µ,σ,p) is defined by Eq. 4.10 for k = t. Also,

F̃ ∗(µ,t,p) = min
µ′

M(t)∑
I=p+1

F (t)
I,µ′◦µt(I) +

K∑
t′=t+1

l
(t′)
0 , (4.34)

where, F (t)
I,J and l

(t)
0 are defined by Eq. 4.8 and Eq. 4.9 for k = t and µ′ is a permutation

on {µt(p+ 1), . . . ,M (t)}.

C̃∗(µ,σ,t,p) denotes the variance-covariance matrix obtained by sum up the variance-
covariance matrices of each molecule up to indices t and p, and F̃ ∗(µ,t,p) is the variational
lower bound of the remainder. Similarly to the p-objective function, the following incre-
mentality holds for the (t, p)-objective function.

Theorem 5. For any t, p, and (µ,σ) ∈ K, the following inequalities hold.

l0,1 ≤ lt,p (µ,σ)

lt,p (µ,σ) ≤ lt,p+1 (µ,σ)

lt,M(t) (µ,σ) ≤ lt+1,1 (µ,σ)

(4.35)

Proof. As in Theorem 2.

As with Eq. 4.14 in the single-component system, we define the equivalence relation for
elements of the solution space K. Again, this equivalence relation implies equivalence of
the value of partial objective function, i.e., two candidate solutions (µ,σ) and (µ′,σ′) in
the equivalence relation satisfy lt,p(µ,σ) = lt,p(µ

′,σ′).

Definition 9 ((t, p)-equivalence). For any (µ,σ), (µ′,σ′) ∈ K, define the binary relation

(µ,σ)
t,p∼ (µ′,σ′) =

{
µt′ = µ′

t′ , σt′ = σ′
t′ , for 1 ≤ t′ < t

(µt, σt)
p∼ (µ′

t, σ
′
t)

, (4.36)

where,
p∼ is defined by Eq. 4.14.

Theorem 6. Binary relation
t,p∼ is an equivalence relation.

Proof. Both = and
p∼ are equivalence relations.

Theorem 7. For given t, p, for any (µ1,σ1) , (µ2,σ2) ∈ K, if (µ1,σ1)
t,p∼ (µ2,σ2), then

lt,p (µ1,σ1) = lt,p (µ2,σ2) holds.
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Proof. From the assumption (µ1,σ1)
t,p∼ (µ2,σ2), for any (µ1,σ1), (µ2,σ2) ∈ K, C̃∗(µ1,σ1,t,p) =

C̃∗(µ2,σ2,t,p) and F̃ ∗(µ1,t,p) = F̃ ∗(µ2,t,p).

As in the single component systems, we construct a weighted tree from (t, p)-equivalence.
The tree also has the monotonically increasing concerning vertex weights along the branches.

Definition 10 ((t, p)-vertices). For given t and p, define V (t,p) = K\t,p∼. and w(v) = lt,p(µ, σ)
for v ∈ V (t,p), where, (µ, σ) is the representative of v. Also, define V (0,1) = {K} and
w(v) = l0,1 for v ∈ V (0,1).

Theorem 8. For given t, if p < q then V (t,q) is a refinement of V (t,p). Also, if t < u then
V (u,q) is a refinement of V (t,p).

Proof. From definition, for any (µ1,σ1), (µ2,σ2) ∈ K, if p < q and (µ1,σ1)
t,q∼ (µ2,σ2),

then (µ1,σ1)
t,p∼ (µ2,σ2). The same goes for the others.

Definition 11 (Edges from (t, p) to (u, q)). Define the edges from (t, p) to (u, q) as

E (t,p,u,q) =
{
(v, v′) ∈ V (t,p) × V (u,q)

∣∣ v ⊃ v′
}
. (4.37)

Definition 12 (Factorial tree). Define (V∗, E∗), where,

V∗ =
K⋃
t=0

M(t)⋃
p=1

V (t,p), (4.38)

and

E∗ =

 K⋃
t=1

M(t)−1⋃
p=1

E (t,p,t,p+1)

 ∪(K−1⋃
t=0

E(t,M(t),t+1,0)

)
. (4.39)

Finally, we present the modified DSTS algorithm in Algorithm 3, where we use the
following notations: The main loop remains almost same as in Algorithm 2. DESCEND∗

is modified from the original one to a double loop to increment t in addition to p. When p
is incremented to M (t) with t fixed, child vertices are created by the (t + 1, p)-equivalence,
which is always the root of the (t+1)-tree. The same applies to ASCEND∗ from the original
one.

Definition 13 (Minimum element in queue). For Q ∈ V∗, let minQ be the minimum ele-
ment concerning w(v), and if there is not one, choose an arbitrary one.

Definition 14 (Conditioning of queue). For Q ∈ V∗, Qt,p = Q∩ V (t,p).
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4.7.5 Memoizing

The bulk of the DSTS calculation is to compute the vertex weights of the tree. Here we
present several techniques to calculate them more efficiently. As in Eq. 4.10, C̃(µ,σ,p) is the
sum of X′

µ(I)Pσ(I)XI
⊤ specified by µ, σ. The bulk of the sum can be memoized; for any µ

and µ′, if µ
p−1∼ µ′, then

C̃(µ,σ,p) = C̃(µ,σ,p−1) +X′
µ(p)Pσ(p)Xp

⊤

and
C̃(µ′,σ,p) = C̃(µ,σ,p−1) +X′

µ′(p)Pσ(p)Xp
⊤

hold, where C̃(µ,σ,p−1) is the common part and can be used over. This is also true for σ.
In Algorithm 3, vertex weights are evaluated when the algorithm adds child vertices to the
queue (lines 18 and 24). If we can use a common term for all child vertices here, we only
need to compute the matrix addition once at each vertex. This can be accomplished by
noting the computed C̃(µ,σ,p) for each vertex. Since the maximum number of vertices that
can be queued in Algorithm 3 is predetermined, the total amount of memory required to
memoize C̃(µ,σ,p) can also be calculated in advance.

Eq. 4.34 is linear with respect to t and t′, and the second term on the right-hand side
can be precomputed at the start of Algorithm 3. The constants {l(1)0 , . . . , l

(K)
0 } can be trans-

formed into the summation form {f0, . . . , fK}, where

fk =
K∑

t=k+1

l
(t)
0

and fK = 0. This simplifies Eq. 4.34 to

F̃ ∗(µ,t,p) = min
µ′

M(t)∑
I=p+1

F̃
(t)
I,µ′◦µt(I)

+ ft,

and can be found using the Hungarian algorithm for (M (t) − p)× (M (t) − p) matrix.

4.7.6 Thinning out of p

In this section, we consider edge thining, i.e.,

E ′ =
J−1⋃
j=0

Epj ,pj+1
(4.40)

for p0 = 0, pJ = M , and p0 < p1 < · · · < pJ . This reduces the number of tree vertices, but
is not necessarily a good branching strategy.

For an M -molecular one-component system, if we consider Ep,q for p + 1 < q, the set
of child vertices v∗\ q∼ created from v∗ ∈ Vp contains (M−p)!

(M−q)!
elements. The number of
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evaluation of vertices in the greedy method for Eq. 4.40 is
∑J−1

j=0
(M−pj)!

(M−pj+1)!
, which is more

than in the original tree. Thus, thinning would not be a good choice if one wants to use
greedy methods or early termination.

The child vertex set v∗\ q∼ can be partitioned by
q−1∼ , each group can use a common

remainder of the vertex weight calculation. That is, it is equivalent to memoizing the solution
to the linear assignment problem in Eq. 4.34. This may be advantageous if the search is
protracted.

4.7.7 Coordinate ordering

The order of the reference molecular coordinates {X1, . . . ,XM} affects the ordering of the
vertex weights, but not the order of the target coordinates. It is not trivial in which order it
is most effective to place the reference molecules, but one idea is to sort the molecules in
descending order of their autovariance GI = XI

⊤XI ; i.e., molecules far from the centroid
are placed closer to the root. The software mobbrmsd supports this sorting.
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Chapter 5

Conclusion and the future prospects

We have performed molecular dynamics (MD) simulations of two flexible molecular assem-
blies: functional molecular liquids and aromatic micelles. The detailed analysis of the MD
simulations consistently illustrates that differences in chemical structure lead to differences
in macroscopic physical properties. This is a fundamental achievement that will inform the
following experiments in terms of molecular design and allow theory and experiment to
mutually test hypotheses.

In Chapter 2, MD simulations of tens of microseconds (submilliseconds in total), long
enough to reproduce the hydrodynamic properties of the four alkyl-pyrene liquids, allowed
a comprehensive analysis of their molecular structure and dynamics. The MD simulations
reproduced well that the branched alkyl chains in the alkyl-pyrene liquids prevent crystal-
lization of pyrene and that they exhibit liquid properties. The spatio-temporal correlation
function analysis based on the van Hove function uncovered that the alkyl-pyrene liquids
are underlay by the characteristic local liquid structures depending on the substituents. The
compounds with one substituent of the phenyl group with the long alkyl chains form the
columnar structures established by the π-π stacking between the pyrene rings. Because of
the smaller ratios of the substituents to the pyrene core, the substituent effect is moderate,
invoking the π-π stacking between the pyrene rings in the local structures. The position of
the alkyl chain substituents affects the π-π stacking properties; that is, the alkyl chain cov-
ering the pyrene ring promotes the dissociation of the π-π stacking, making the columnar
structures fragile. For the compounds with four substituent, the progressive formation of
the π-π stacking of the pyrene rings is arrested. The position of the alkyl chain substituents
affects whether the π-π pairing stacking structure the pyrene rings can be formed.

The reasons why the local liquid structure of alkyl-pyrene liquids affects the rheological
properties are as follows. The dynamics of all alkyl-pyrene liquids, regardless of whether π-
π stacking is present or not, clearly show anomalous diffusion due to the long alkyl chains,
similar to polymers and liquid crystals. The remarkable changes in the rheological proper-
ties of alkyl-pyrene liquids arise from the differences in the composition ratio of alkyl chains
and pyrene rings and positions of the substituents, so we can see that the local contact in-
teractions between pyrene rings and alkyl chains in the liquid determine the rheological
properties. The substituent positions of the alkyl chains change the local liquid structure
and change the magnitude of the contact interactions between the pyrene surface and the
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alkyl chains. The viscosity coefficients obtained from MD simulations and the order of
microscopic contact areas between pyrene and alkyl chains obtained from spatio-temporal
correlation functions well explain the viscosity coefficients in the experiments. In summary,
the contact area between the aromatic rings, pyrenes, and the alkyl chains determines the
magnitude of the viscosity coefficient of alkyl-pyrene liquids. The formation of π-π struc-
tures reduces the number of pyrene rings exposed to the alkyl chain environment, leading to
larger intermolecular friction and larger viscosity coefficients.

The above details the mechanism by which branched alkyl chains cause the rheological
changes of alkyl-pyrene systems. It is also known that the photochemical properties of
these systems changes depending on the local liquid structures. One interesting question is
whether the experimental photochemical properties can be reproduced by differences in the
local liquid structures, as observed in this study. We are working on an analysis using an
exciton transfer model based on excited-state quantum chemical calculations, the results of
which will be reported elsewhere.

In Chapter 3, we performed MD simulations of the nano-sized molecular structures of
two types of aromatic micelles called V-shaped polyaromatic amphiphiles (VPAAs) which
form micelle-like non-bonded self-assemblies in aqueous solution. From the MD simula-
tions for tens of microseconds, we observed the spontaneous formation of the VPAA as-
semblies in aqueous solution and flexible structural changes within the assemblies. The
results of the MD simulations were consistent with experimental evidence and provided
sufficient samples for classification analysis of detailed atomic structures. To investigate
the microstructure of molecular assemblies, we developed an improved RMSD-based clas-
sification analysis method. The difficulty of combinatorial explosion in RMSD evaluation
was avoided by a heuristic algorithm, symRMSD. This method has successfully identified
quasi-stable conformers of the VPAA assemblies that appear on MD trajectories, and their
diversity well illustrates their prominent feature of encapsulating a wide range of hydropho-
bic molecules of various sizes and shapes.

This study successfully classified the static structure of the VPAA assemblies. Extending
this method to dynamic structure analysis would be an interesting application. We are cur-
rently attempting to analyze the dynamic structure of VPAA using the Markov state model,
[19, 196, 197] the results of which should be published elsewhere.

The two simulation experiments of flexible molecular assemblies described above are
typical examples of how MD simulations can clearly demonstrate the mechanism between
chemical structure and macroscopic properties. It would be helpful to extend the developed
methods to the analysis of general molecular assemblies, rather than stop at each of these.

In Chapter 5, we have improved on the shortcomings of the method developed in Chapter
3 and developed a powerful method called mobbRMSD that supports general molecular
assemblies. mobbRMSD is a branch-and-bound (BB) algorithm for the exact solution of
RMSD. mobbRMSD can handle large molecules because it employs molecular topology
using molecularly oriented coordinates. mobbRMSD reduced the factorial cost of RMSD
calculations to exponential cost on average, and was able to compute an exact solution within
milliseconds of wall-clock time, even for 10 molecules, which was previously difficult. This
speed is at a level applicable to high-throughput analysis such as clustering analysis.
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Furthermore, by introducing an early termination parameter, an exact minimum span-
ning tree can be computed with asymptotic polynomial scaling with respect to the number
of data. Minimum spanning trees can be applied to many clustering methods. We are cur-
rently developing a mobbRMSD-based minimum spanning tree algorithm that automatically
determines the cutoff parameter, and applying it to the clustering analysis of water networks
in channel proteins. The results will be published elsewhere.

mobbRMSD is a general-purpose methodology, and several application ideas immedi-
ately come to mind. The first is its application to the Markov state model (MSM) as a
straightforward extension of the clustering used in the VPAA research. [19, 196, 197] Al-
though MSM has been developed for chiral macromolecules such as proteins, a return to
the principles reveals it to be a very powerful methodology that links statistical dynamic
ensembles to causal explanations. Currently, MSM for chiral single molecules is dominated
by RMSD-based methods, but the integration of mobbRMSD is expected to greatly expand
its range of applications.

The second is its application to persistent homology (PH) analysis. [198, 199] PH is a
mathematical method that focuses on structures such as holes, voids, and connected compo-
nents within a shape. PH is effective in extracting hidden structures from heterogeneous and
disordered data, and has been applied to amorphous and porous materials, [198] 3D protein
structures [199] in the field of physical chemistry. However, since PH is based on simpli-
cial complexes, it is not clear that a simplicial complex can be constructed from the space
formed by mobbRMSD. Investigating the nature of the metric space created by mobbRMSD
is a future task.

In summary, as this study demonstrates, explaining causal relationships from chemical
structure to macroscopic physical properties through atomic-level structural analysis pro-
vides useful insights for theorists as well as experimentalists. Our new methodology, mob-
bRMSD, enables structural analysis of flexible molecular assemblies and paves the way for
their understanding and in-silico molecular design.
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of Chemical Physics 2009, 131, 124126.

[140] L. Zhu, M. Amsler, T. Fuhrer, B. Schaefer, S. Faraji, S. Rostami, S. A. Ghasemi,
A. Sadeghi, M. Grauzinyte, C. Wolverton, S. Goedecker, The Journal of Chemical
Physics 2016, 144, 034203.

[141] M. Atkinson, Journal of Algorithms 1987, 8, 159–172.

[142] P. S. Shenkin, D. Q. McDonald, Journal of Computational Chemistry 1994, 15, 899–
916.

[143] B. E. Husic, V. S. Pande, Journal of Chemical Theory and Computation 2017, 13,
963–967.

[144] P. Cheeseman, J. Stutz in Advances in Knowledge Discovery and Data Mining,
American Association for Artificial Intelligence, USA, 1996, pp. 153–180.

158
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