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ON THE LOGARITHMIC POLE DIFFERENTIALS

by
Hiroaki Terao

(Department of Mathematics, University of Tokyo)

&0, Introduction

In this note we treat a hypersurface which may have
singularities and the complement of it in complex projective
space B, 1t is well known that the cohomology over T of
HP-D, where D is a reduced divisor, can be represented by closed
rational form on‘}};1 with fihite order pole along . This is the

algebraic de Rham theorem by Grothendieck [41].

On the other hand K. Saito defined the sheaf of iogarithmic
pole differentials along D,and he conjectured it will be related
to the local tovological property of the complement of D. But
now our problem here is global one and is the following;

Problem: Can the cohomology of IB=D be obtained by the

complex of logarithmic pole differentials®

This problem is not solved yet, but is partially solved
affirmatively. When D is a non-singuiar hypersurface, it was
obtained with stronger results than us by Griffiths [3] aﬁd
Deligne [2]). Here we treat D with singularities,and we know
that the complex of logarithmic pole differentials have relation
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to the singularities of D.

§1. Definition of logarithmic differentials and the results

of Griffiths

Definition 1: TLet X be a complex manifold and D a reduced

divisor (i.e. all multiplicities of components are one). We define;

fkaD)x::z@mggerms of rational g-form; Q%ﬂ is holomorphic}

fﬂ(long)x: S bmegerms of rational q-forms;
Q%m & deezare holomorphic}
, where @ is a local equation of D at x in X.

And we can define two sheaves on X;

a a
oty = Joatan)
Q% 1ogkDd) = ézkff(logkb)x

which are called the sheaf of g-forms with k-th pole along D and

the sheaf of g-forms with logarithmic k-th pole along D respectively.

K. Saito conjectured the following;

Saito's conjecture: If,Q}(logD) is locally free at x, then
X-D is locally K(T, 1) at x.
(In general a topological space X is called K(®, 1) if

W&(X) vanish for all i32.)

And he researched his conjecture in case of a discriminant

with respect to a coxeter group., It is related to the lecture of
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Yano-Sekiguchi in this symposium.

But now we treat only global problems, so we use the notations;
Al =Tx, QHxp))

Bi =T1(X,S]9(long)).

For example, when X is = (xl,...,xn) and D is hyperplane defined

dx
by X, = 0, > is not an element of Bg but that of Ag. In general
ey
1
it is clear that Ai includes Bi for every q, k. We call the element

of BE logarithmic pole differentials.

Griffiths proved the following theorem U3];

Theorem 2: If V is non-singular hypersurface in complex

projective space of dimension n,
N n-1 n,_J
g/%Ak_l —> gH(P-V;T)

is injective for any k.

And we havé the algebraic de Rham theorem by Grothendieck L4];
Theorem 3: Let X be a compact smooth complex manifold and

D an ample reduced divisor in X.

Then

BPr(x, U x)) =~ 5P(x-p;T)
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, where_Ql_o(*): =Lgﬂf(k) and
T, Qe = 5T ) HTo, Qe 53

In-case X = Hy, this theorem asserts that the cohomology
. class of Hp(X-D;E) can be represented by a rational differential
p-form with finite order pole along D.

In the light of Theorem 3, Theorem 2 asserts that if & is
a closed n-form with k-th order pole along D, then (4 represents
zero class in Hn(Hy-D;m) if and only if @ = d*’for some
(n-l)—form‘w~with (k-1)~th order pole along D, under the assumption

of smoothness of D.

§2. Formulation of problem by using spectral sequence
Let X and D satisfy the assumption of Theorem 3 throughout

this paragraph.

From now on we use the terms of spectral sequence which

will clarify the significance of logarithmic pole differentials.

Definition: K': = (T(X, QL *)), d)
<. d ,9-1 4 q d g+l d
K= (o> A ] = A — A0 — )

Thus we have a filtered complex

' d . » ®
K DHDKiDKi-\-lD.’:Kn-{-l =0

We are going to research the spectral sequence of this

filtered complex.
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Then we can state Theorem 2 by using this spectral sequence;

Theorem 2': TUnder the assumption of Theorem 2, we have

E?’q - anq (paa=n).

Fxplanation: Theorem 2 asserts that

Ai/dAn-l -1k ) —> ﬁn(K’)

_ k-1 n-k

is injective for any k., This means the natural map induced by

the inclusion
" (

. n .
Kq_‘_l) —> H (Kq)

is injective for any q, and we have
Ep,q = Hn(Ger‘) %GrpHn(K') - Ep!q

1 00

for any p, q satisfying pga=n.
This result is going to be generalized later.,

Now the Ea-terms of this spectral seguence correspond to

the logarithmic pole differentials!;

Theorem L4:

-'—é-Eg-k-l’k

— 1%, O (1og(k-1)D)) — BY(X, O (1ogkd))
q-k,k

—» E2

41 ¢
— 1, Q (log(k-1)D)) —>--
is an eéxact sequence,

proof: Notice Zg-k'k =‘1(X,£1?(long)).
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Thus we can state our fundamental conjecture about logarithmic

pole differentials;

Conjecture: Our spectral sequence degenerate at Ea-terms

for any D.

This conjecture means that the complex of logarithmic pole
differentials determine the cohomology of X-D. 1In fact if this
conjecture is true, we have;

“hi iéoEi’i'ic B (X-D3T) .

. I
BN, Q' (logkD)) = f§bEg

§3. El-dngeneracy and the codimension of singular locus of D

From now to the end we consider only complex projective

space H§1 as X.

Thedegeneracy of our spectral sequence is related to the

codimension of singular locus of D, that is;

V,0q

Theorem 5: Fl

= 0 for l<p+q<codimH§(ZD)-l, where 3D is

singular locus of D.

Corollary 6: If D is non-singular, we have

EE,q - Equ (p+q=n)
and Es’q = 0 (l<p+g<n).
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l,n-p n-p

proof: H( EE- —?E{’ P 50 ) g2t ?P

> and we know
from Thecrem 5 that E;,q = 0 for pyq = n-1.

So we get E?’q = Eﬁgq (p+q=n) if n>2.

In case n is two, we can prove without using the result of
Theorem 5.

This 'is a generalization of Theorem 2',

the idea of proof of Theorem 5:

We define a filtered complex as follows;

. i d' i+l 4 _i+2
Li-k = (-«=—->Hk Y Hk+l — Hk+2 —3ee )
where H;: = \rational i-forms on T with at most k-th order

pole along D with total degree zero (invariant under m*-actméhi}

‘. i i+l |, .
and d': Hk —> Hk+1 is defined by
d'w) = %%Aﬂ)forfﬂ belonging to H;.

(Q is a defining equation of D.)

By definition we have a filtered complex;

csvo iy N C oo .
)

We can reduce Theorem 5 to the following two lemmas;

Lemma 7: (XK. Saito (61)

Hl(Lk) = O for any k and i<height OL = codimﬂp(ib),
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. . 18 20 .
is an ideal generated b == ==\ and (i )
Wherea g yXag a’gn ’ O,'..’gn

geeey

is homogeneous coordinate of R51.

Remark: This lemma implies that if ?éH; satisfying %’)éAS’ = 0

i - (
then there exists %€ H;_i such that %3-;\72 = if i<codimgp(2D).

So this is a generalization of de Rham's lemma in our case.

Lemma 8:

1 k,i-k

rk+l
1

it oLty & it Ly L5 uter®k) - E

\i+ ? /‘

l(L

(G

kel
In the diagrame above fed is surjective. -

(The constructions of morphisms are omitted.)
Combining Lemma 7 and Lemma 8, we have Theorem 5.
We have the following corollaries easily;

Corollary 9: Hq(HP-D;ﬂI) = 0 for l<q<codimH§x(2D)-1.

This is known results in topology([5))}. It is an easy

application of partial Poincare duality.

Corollary 10: T(#, (' (logd)) = By = O for 1<i<codim n(ZD)~1.
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Corollary 11: If ¢ is a closed i-form with k-th order pole

along D, then ¢ represents zero class in Hn(Hy-D;E) if and only
if ¢ = d¥ for some (i-1l)-form ¥V with (k-1)-th order pole along

D, under the assumption of 1<i<codime(ED)-1.

Remark: This result is in L2 when D is smooth divisor in

any compact smooth complex manifold X instead of H?.

About the first éohomology, we have;

1

Theorem 12: Eg' = Ei, that is,

L 1
T, Q7 (10gD)) = v (F'-p;5T)
proof: Take Poincareé residue of a closed l-form with
single vole along D, and we have constant function on each

component of D. So we can choose basis of left handside

{Q@ ‘”k}’ where

goe ey
dQl daq .

J
@, = d,—— = d,—=
R HCNE

Q = Oi~ka; factorization into irreducible ‘polynomials

di = degQi (i:l'ooc’k)

-

They are also the basis of Hl(Hy-D;E).

Thus we have known our spectral sequence degenerates at
El-terms for lower cohomology than codimeCzD)—l. So the easiest
conjecture is that our spectral sequence degenerates at E_ -terms

1

for every dimensional cohomology, but it is false;
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Txample: Let D be three projective lines in two dimensional
complex projective space, and D is defined by the equation

{Q = Xyz = O}. If our spectral sequence degenerates at El-term,

then Hz(Ké) —_— H2(K'l) is injective (see the explanation of
Theorem 2').

This means;

Ag/ anl —> Ag/ an}

is injective and thus AgndAé = dAi.
2 1 1l C s . .
We have AandA2 = dB2 by the very definition of logarithmic

pole .

On the other hand

¢ - xq(ydz-zdz)
QZ

®

is an element of Bé and

¢ = -2x3(xdyAdz+deAdx+deAdy)

QZ
But we can show that if

‘»: —%?(xdyAdz+deAdx+zdxAdy)

Q
an element of dAi, then P must belong to an ideal generated by
28 29 29}
{ax, 3y, 223 = {yz, zZX, xy}.

It is contradiction because xé&{yz,ix,xy}, so we know
El-degeneracy is false in this case.

Then is E_ ~degeneracy true in this case?

2

The answer is yes.
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§h. E,-degeneracy of restricted polynomials

Definition 13: If @ is a homogeneous polynomial, then

Q is called separated type if QO is a sum of monomials without

common variables.

Example: @ = xyz, Q = xéfyaz, and Q = x§+yé+z3

3

4+ xyz is not."

are polynomials

of separated type and § = xéyy

Theorem 14: If @ is a volynomial of separated type, we

have;

Eg,q = 'Y for any p, q satisfying p4q=n.

the idea of proof: We defined a filtered complex L° in

the idea of proof of Theorem 5,

o

. i ~i
One can define 7. and B, as usual:

k k
Zk: = {(ﬂ)éHk H }d'tn.) = O}
~i L i-l i
Bk. =d Hk-—lCHk

Using thrse, the E -dégnﬁéracy'at top term (n-th cohomology)

2

reduces to the following lemma;

Lemma 15: If diEhH§+§ = dgi;l for any k, then we have
Eg’q :EEJ _

for any p, q satisfying pyq=n.

Remark: In Lemma 7, we stated %i = E; for any k and

i<codimeCED).
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K. Saito proved in [6] that there exists positive integer

1 such that Z is included in By

K+l for any i and k,

But in fact one can prove that 2; is included in §;+l for
any i and k in this case. Moreover we know '

n ~n _n+l
az = dB~H, .

So the assumption of Lemma 15 is equivalent to

n+l
deka.IFdB when i=n.

Lemma 16: If Q is a polynomial of separated type, then
there exists the complementary space 52 satisfying the following
three conditions;

(i) 720 =73 +Dn

k k
s ~n n+l  =~n n+l xn . nyl
(ii) dZ,nHy 7 = dB aH  J+dDiaH "]
~n _n¥l ~n
(iii) de Hk 1= dD k 1

The proof of this lemma is complicated, so it is omitted in

this note.

By the remark above and Lemma 16, we can show;

~n nyl  ~n .ntl ~n
@t = dBARDT e dDY
~n ~n
= 2y _q*aDy 5
~I
= dZy

Thus we have proved Theorem 14.
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Corollary 17: 1If Q is a polynomial of separated type and

D = {Q = O} is a hypersurface with isolated singularities inHy.
then Eg’q = Eggq for any p, q.

proof: By using Theorem 5, one knows Eg‘q

= 0 if p4ggn-2.

Combining Theorem 14, we have the result above.
Remark: The following two conditions are equivalent;

(i)‘ Equwz E%;?qur p, q satisfying p+gq=n

(ii) Let D be a cone iﬁ En*l defined by @ = 0 and X be a
homogeneous algebraic vector field which is tangeptiéltto
the each level surfaces of D. Assume that divX vanishes
on D. There exists a homogeneous/algebraic vector field
Y which tangents to the each level surfaces of D

satisfying divX = Qdivy.

So this is also a problem of differential equations,

- 13 -



119

REFERENCES

[1] P. Deligne: Theorie de Hodge II, Publ. Math.
IOHOE.SD, uO (1971)’ 5-58-

[2] P. Deligne: Theorie de Hodge III, Publ. Math.
I-HlEcS-’ 44 (1974)9 5-72

13] P. Griffiths: On the periods of certain rational
integrals I, Annals of Math., 90
(1969), 460-495,

[4] A. Grothendieck: On the de Rham cohomology of algebraic
varieties, Publ, Math. I.H.E.S.,

29 (1966), 96-103,

[5] M. Kato: Topology of k-regular spaces and
algebraic sets, Manifolds~Tokyo
1973, Univ., of Tokyo Press, (1975),
153-159,

6] K. saito: On a generalization of de-Rham lemma,
(to appear),

[7]1 P. Deligne: Equations differentielles 2 points
singuliers réguliers, Lecture Notes
in Math. 163, Springer, Berlin,
(1970).

18] s. Iitaka: On logarithmic Kodaira dimension of
algebraic varieties, (to appear).

- 14 -



