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1. Introduction

Recently, fuzzy switching functions or fuzzy logic functions have
been studied by many researchers because of their potential applicability
to many fields such as computer science, system engineering and social
science in an uncertain enviromment ( see, for example, Kandel and Lee
[1979] or Dubois and Prade[1980)}). A fuzzy switching function is a
function represented by a logic formula composed of variable xi(i=l,-~,
n) and logic operations AND(°), OR(+) and NOT( ),where the variables Xy takes
the value in the closed interval [0,1] and the logic operations AND, OR
and NOT mean min, max and 1- , respectively.

It is easily shown that the number of distinct n-variable fuzzy
switching functions is finite, but enumerating them exactly is very difficult,
In fact, despite many attempts (Kameda and Sadeh[1977],Kandel[1978,1981],
Mukaidono[1979]), the exact number of n-variable fuzzy switching functions has

been reported only in the cases of n=1,2,3 (Mukaidono[1979]), and the upper

and lower bounds of the number are not tight (Kameda and Sadeh{1977])

or are very complex (Kandel[1981]).



This paper proposes new canonical forms of fuzzy switching functions
which are composed of the disjunctive and conjunctive parts. Using the
new canonical forms, we could obtain the exact number of 4-variable fuzzy
switching functions (Berman and Mukaidono[1981]) and an asymptotic bound for the

number of n-variable fuzzy switching functions.

2. Fuzzy Switching Functions

A logic formula is a formula composed of each variable xi(i=l,°',n)

and logic operations AND(:), OR(+) and NOT(ﬂb. If wvariables X, takes

a value in the closed interval [0,1] and the logic operations are defined

as follow:

=min(x,,x

X17%2 1°%2

), x1+x2=max(xl,x2), xl=l—xl,

then a logic formula represents a fuzzy switching function or fuzzy logic

function which is a mapping from [0,1]n to [0,1}.

{Example 1] A logic formula,

2° %%,

represents a fuzzy switching function F(xl,xz,x3):[O,l]3+[0,l]; for example,

(xl+x2-;5)'(;i+;é+x3+xl-x2)+x
F(0.1,0.2,0.3)=0.2-0.9+0,2=0.2.
Hereafter, for simplicity, we will identify a logic formula with
the fuzzy switching function represented by it and omit the symbol * in the
logic formula so far as there is no confusion. Then, the above example
fuzzy switching function is written such as

B I L R

F= (x4, %) (xF 4 4 Fx) %) ), X (1)

A literal is a variable x, or ;i, the negation of X A phrase or

product term is a conjunction of one or more literals and a clause or sum

term is a disjunction of one or more literals. In the definition of the
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phrase or clause, it is assumed that any repeated literals are removed

from it. There are two kinds of phrases: one is a contradictory phrase

or complementary phrase, which contains a factor Xi;i for at least one

variable xi; the other is a simple phrase, which does not contain the above.

Similarly, there are two kinds of clauses: one is a tautological clause

or complementary clause, which contains a factor xi+xi for at least omne

variable xi; the other is a simple clause, which does not. If a contra-

dictory phrase or tautological clause contains all variables as factors,
then it is called complete.

It is known (Mukaidono[1972,1975], Davio and Thayse[1973])
that there are two kinds of canonical forms of a fuzzy switching function

F: the canonical disjunctive form

and the canonical conjunctive form

L ----=-=(3),

where Fsp(Fcp) is a disjunction of simple phrases ( completed contradictory
phrases) and Fsc(Fcc) is a conjunction of simple clauses ( completed
tautological clauses). These canonical forms are determined uniquely for
any fuzzy switching function by ignoring the order in which phrases or

clauses occur.

[Example 2] The following two formulas (4) and (5) are the canonical
disjunctive form and canonical conjunctive form, respectively, of the

fuzzy switching function F of Example 1;

P X)) X bR Xy h X XX Ko X Xy = mmmmmm oo oo (4)
F F
SP cp

=(xl+x2)(xl+ 2+x3)(xl+x1+x2+x3)(xl+x2+x2+x3) —————————— (5).
F F
sc cc
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Let V and Vn be a set of {0,1/2,1} and the n-dimensional Cartesian
product of it, respectively. A simple phrase corresponds to an element of
v? and vice versa as follows: a simple phrase o corresponds to an element A=

(al,---,an) if ai=l iff xi exists in a, ai=O iff xi exists in a and ai=l/2 iff

X, and X, do not exist in a;for example, a simple phrase X)Xy corresponds to an

element (1,1/2,0) of V3 and so on in the case of n=3. Furthermore, there
is a one-to-one correspondence between a set of completed contradictory
phrases and V'-B", where B={0,1}; for example, a completed contradictory

phrase ;i;‘ corresponds to an element (0,1/2,1) of V3—B3 and vice

2%2%3
versa. The number of elements of vt is 3n and that of Vn--Bn is 3n—2n.

Therefore, it is evident that the number of distinct n-variable fuzzy

switching functions is clearly smaller and their exact number is consid-

3% 302" 2x3toof

erably smaller than 27X 2 2 because the absorption law holds
for simple phrases and completed contradictory phrases. On the other, all
distinct canonical dusjunctive forms ( which are disjunctions of minterms)
of binary switching functions represent always distinct fuzzy switching
functions respectively; therefore, a self-evident lower bound of the
number of n-~variable fuzzy switching functions is 2 n. In the section 7,
we will show better upper and lower bounds of it.

A partially ordered relation ¢ on Vn, which describes ambiguity and
plays an important role in the theory of fuzzy switching functions, is
defined as follows: for all ai,aj of V, aicaj iff either 1/2§:ai§;aj or
1/2:> aiz_aj. We always have l/2¢ai for all a; of V. Moreover, ay of
(1/2,1] and aj of [0,1/2) cannot be compared with each other. aiCaj means

that a; is more ambiguous than or equal to aj. The relation ¢ is extensible

n
f . =(- oo = . o : i,
to V as follows: for A (al, ,an), B (bl’ ,bn), A¢B iff aicbi for all i



3. B-cquivalent Fuzzy Switching Functions

A fuzzy switching function F and a binary switching function f are
said to be B-equivalent to each other if f(A)=F(A) holds for every element
A of B%.  For example, we can interpret that the logical formula Fsp(FSC)
of the canonical disjunctive ( conjunctive) form (2)((3)) of a fuzzy
switching function F represents a binary switching function f£. Then, the
fuzzy switching function F and the binary switching function f are B-
equivalent to each other. 1In general, there are many fuzzy switching
functions each of which is B-equivalent to a binary switching function f,
but their number is finite. The set of all fuzzy switching functions each
of which is B-equivalent to f is written as B-eq(f). If two fuzzy switching
functions F, and F, are equivalent when we interpret them as binary switching

1 2

functions, that is, F1 and F2 are elements of B-eq(f) of a binary switching

function f, then we say also that Fl and F2 are B-equivalent to each other.
[Example 3] If we interpret the formula (1) of Example 1 as a binary
switching function f, then the Karnaugh map of f can be illustrated as in v
Figure 1. For example, a fuzzy switching function represented by
': - o X K e e e e e e e e o e e e e e e e e e e e e
F X)X FK X, K X - (6)
is different from the fuzzy switching function represented by (1), but it

satisfies the same Karnaugh map of Figure 1 as a binary switching function.

That is, in this example, F, F' and f are B-equivalent to each other.

As mentioned above, the logic formulas FSp of (2), a disjunction
of simple phrases; o+ - fu (aiiqj,iﬁ), ----------------- (7)

and FSC of (3), a conjunction of simple clauses;

Byttt By (LB, 1A) —mmmmmmmmmmene (8)
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are considered to represent the same binary switching function f if we
interpret them as binary switching functivns. They are examples of the
formulas representing f. Hereafter, we say the representation (7) of a

binary switching function f to be a disjunctive form ( D-form) of f and the

representation (8) to be a conjunctive form ( C-form) of f. There are

many D-forms and C-forms representing f for, in general, any given binary
switching function f, although their number is finite. That is, it is
possible in the binary switching theory that different D-forms ( C-forms)
might represent the same binary switching function. But, in the fuzzy
switching theory, different D-~forms ( C-forms) always represent different
fuzzy switching functions, respectively.

For any fuzzy switching function F, let Fp be the fuzzy switching
function represented by the disjunction ( conjunction) of all prime implicants
( prime implicates) of the f which is B-equivalent to F. It was shown(
Mukaidono[1975b]) that, for any binary switching function f, the fuzzy
switching function represented by the disjunction of all prime implicants
of £ is equal to such a function represented by the conjunction of all
prime implicates of f. It is evident that if two fuzzy switching functions
F' and F" are B-equivalent to each other, then F; and F; are the same fuzzy

switching functions, which are also B-equivalent to F' and F".

[Example 4] For the example fuzzy switching function F of (1), Fsp and

FSC are given by

F xlx2+xlx3+xlx2+xlx2x3,

FSC=(xl+x )(xl+x2+x )

and Fp is given by

F,=x +x2x3 (% +%,) (X #X3) mmmmm s oo (9)
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4. New Canonical Forms of Fuzzy Switching Functions

In this section we introduce new canonical forms of fuzzy switching
functions. The following lemmas hold for the F__,F F and F of the
sp’ sc, cp cc
canonical forms (2) and (3) of a fuzzy switching function F. 1In the fol-
lowing, A* means a set of all elements of B" obtained from A by replacing
1/2 occurring in A with 0 or 1, and F(A*) means a set of values F(A') for

all elements A' of A*. For example, if A=(1/2,1,1), then A*={(0,1,1),

(1,1,1)} and F(A*)={0,1} for the fuzzy switching function F of Example 1.

[Lemma 1] (Mukaidono[1975])

For all A of Vn,
(1) F(A*)=FSP(A*)=FSC(A*)=FP(A*),
(2) F(A)=1=p F(A*)={1}< Fsc(A)=1 =1 Fp(A)=l,
(3) F(A)=0= F(A*)={0}<> Fsp(A)=0 = FP(A)=0,
(4) FA)=1/2< F(A*)={0,1}¢)FP(A)=1/2.
[Lemma 2] (Mukaidono[1975b])

For all A's of V",
(1) F(a%)={1} = Fcp(A)=0,

(2) F(a®)={0} = F . (8)=1.
By the above lemmas, we can obtain the following theorem.
[Theorem 1] Let F be a fuzzy switching function and

F=F +F and F=F -F
sp cp sc cc

be the canonical disjunctive and conjunctive forms, respectively. Then,

F =F *F

sp p cc
=F + - e e e e .

F T FCp (11)

S

(Proof) It is sufficient if we prove that (10) and (11) are valid for all
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elements of vt ( Preparata and Yeh[1972],Mukaidono[1975]). For any A of
Vn, F(A*) is equal to one of {0}, {1} and {0,1}. F, Fsp’Fsc and Fp are
B-equivalent to each other. Suppose F(A*)={0}, then, Fsp(A)=FP(A)=O (
Lemma 1 (3)). Therefore, (10) holds. Next, suppose F(A*)={0,1}, then,
F(A)=1/2=F_ (A)=F (). ‘Furthermore, F_ (A)Z1/2 always holds. Then, (10)
is also valid. Lastly, suppose F(A*)={1}, then, Fp(A)=l ( Lemma 1 (2))
and we can show that the right side of (10) is equal to Fcc(A)' On the
other hand Fcp(A)=O holds in this case ( Lemma 2). Therefore, we can
obtain FSP(A)=FSC(A)-FCC(A) because F=FSP+FCP=FSC'FCC. Therefore, we can
derive Fsp(A)=Fcc(A) where the both sides of (10) are equal to each other.

From the above, we can show that (10) always holds. 1In the similar

manner, we can prove (11). (Q.E.D.)

By the above theorem, we can introduce the following new canonjcal
forms, which are also determined uniquely for any given fuzzy switching
function. These canonical forms of a fuzzy switching function F are composed
of a D-form and C-form of the binary switching function which is B-equivalent

to F.

[Theorem 2] Let F be a fuzzy switching function. Then,

F=Fsp+(l/2)'FSc —————————————————————— - ———(12)

P=F (F H1/2) oo s (13).
(Proof) FCCZLI/Z and Fcpf;l/Z always holds. Therefore, (12) can be proved
by Theorem 1 as follows: F=F +F =F *F +F =F *(F +1/2)+(1/2)‘F =
Sp ¢cp p cc cp p - cc cp

F *F +(1/2)+(F +F = +(1 . . i imi
o Fee (1/2)+¢( > Cp) Fsp (1/2) FSC We can also prove (13) in the similar

manner. (Q.E.D.)

[Example 5] For the fuzzy switching function (4) or (5) of Example 2,

X XX Ryt XoPag %= () ))) (b)) (b, 4%4) () HxpFx, )
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holds because of FSP=FP'FCC ( Theorem 1), and (xl+x2)(xl+x2+x3)=xl+x2x3+

X.X,.X.X. because of F_ =F +F ( Theorem 1). Also, the new canonical forms
1727273 cc p cp
of that function are

F=xlx2+xlx3+xlx2+xlx2 3+(1/2)(x1+x2)(xl+x2+x3),

=(xl+x2)(xl+X2+x3)(l/2+x1x2+xlx3+xlx2+xlx2x3)

5. Enumerating D-forms of Binary Switching Functions

As described above, for any given binary switching function f, in
general, there are many D-forms and C-forms representing f. Let DF(f) and

CF(f) be the sets of all D-forms and all C-forms of f, respectively.

[Theorem 3] Let f be a binary switching function. The number of distinct
fuzzy switching functions each of which is B-equivalent to f is obtained
by the product of the numbers of distinct D-forms and C-forms of f; that is
|B-eq (£) |=|DF(£) |x|CF(£)|.

(Proof) Let F.=a +---+0Lm and FC=81-----Bn be a D-form and C-form of £

d 1

respectively, where oy is a simple phrase and Bi is a simple clause. Then,

we can show that F=Fd+(l/2)-Fc ————— ———— e —(14)
is a fuzzy switching function which is B-equivalent to f as follow: first,

it is evident that (14) is B-equivalent to f because F, and FC represent

d

the same binary switching function f and take the same value of B={0,1}
simultaneously when an input to them takes the value of B". Next, we need
to show that (14) is representable without the constant 1/2 for (14) to be

a fuzzy switching function. From Theorem 1, F. and Fc can be represented

d

by using F_ of f as follows: F =F *F' , F =F +F' , where F' and F' are
p d "p cc c p cp cc cp

a conjunction of completed tautological clauses and a disjunction of

completed contradictory phrases, respectively. Then,



N
[y
<

‘F =F_°F' + +F' )=F *F' +(1/2)F +(1/2)F' = ' +1/2)+
Pt (1/2) "F_=F_"F{ +(1/2) (F_+F] )=F_-F! +(1/2)F +(1/2)F =F (F_ +1/2)
(1/2)F' =F -F' 4F' =F +F' , that is, it can be represented without the
cp p cc cp d cp
constant 1/2. The above facts prove that (1l4) is a fuzzy switching function

which is B~equivalent to f and that, if F_ or FC is replaced with another

d
D-form or C-form of f respectively, then (14) represents a different fuzzy
switching function which is also B-equivalent to f. Conversely, any fuzzy
switching function F can be represented by F=Fsd+(l/2)FSC from Theorem 2,
where Fsp and FSC are a D-form and C-form of f, respectively, each of which
is B-equivalent to F. That is, any fuzzy switching function which is B-
equivalent to f can be represented by the form of (14). In addition, if
F=Fsp+(l/2)FSc and F'zF;p+(1/2)F;c are two distinct fuzzy switching func-
tions which are B-equivalent to f, then FSp must be different from F;p,
or Fsc different from F;c' Therefore, there is a one-to-one correspondence
between the fuzzy switching functions which are B-equivalent to f and the
fuzzy switching functions represented by the form of (l4). The above fact

proves the theorem. (Q.E.D.)

[Corollary 1] The number of distinct fuzzy switching functions which are

B~equivalent to a binary switching function f is obtained by the product
of the numbers of distinct D-forms of f and f; that is,

|B-eq (£) |=|DF(£) |x|DF(E)|.
(Proof) Let f=81---'8m be a C-form of f. Then, there is a corresponding
D-form Ei+"’+%%lof f; where Ei can be transformed into a simple phrase by
applying De Morgan's laws to Bi' That is, Ei+~"+§é corresponds to a
D-form of f in a one-to-one correspondence. Therefore, the number of
distinct C-forms of f is equal to the number of distinct D~forms of f.

This fact leads to the theorem by Theorem 3. (Q.E.D.)

10
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The above corollary shows that the problem of obtaining the number:
of fuzzy switching functions which are B-equivalent to f is equal to the
problem of enumerating D-forms of f and t. Therefore, we will consider,
hereafter in this section, the problem of enumerating distinct D-forms
of any binary switching function.

Let Vn(f) be a sub~set of Vn, which is composed of elements cor-
responding to simple phrases included ( be subsumed) by a binary
switching function f; that is,

Vn(f)=[Aa| Aa is the element corresponding to a simple phrase a such as
oacf}.
Vn(f) is a partially ordered set with regard to the relation ¢ ( the
relation ¢ was defined in the section 2 and is the same as the inclusion

relation between simple phrases).

[Example 6] The binary switching function f ( Figure 1) of our example
gives V3(f)={(l,l/2,l/2),(1,0,1/2),(1,1,1/2),(1,1/2,0),(1,1/2,1),(1/2,1,0),
(1,0,0),(,0,1),(1,1,0),(1,1,1),(0,1,0)}, which is illustrated as a partially

ordered set in Figure 2.

The maximum elements of the partially ordered set Vn(f) cor-
respond to the prime implicants of f. The set Vn(f) is determined
uniquely by the maximum elements. Especially, the set v is a partially
ordered set called an upper semi-lattice with the maximal element (1/2,
1/2,--+,1/2). V? is defined to be a set of each element A of V" such

that the number of 1/2's of A is i. Of course, VD is equal to B". The

0
n . , . . n n
set Vi(f) is defined in the similar manner. V%{f) means V (f)-VO(f), that

is, V%(f) is a partially ordered set obtained from Vn(f) ignoring the

11
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elementsof Vg(f).

[ xample 7] For our example f,
v (H)={(1,0,1),(1,1,1),(1,0,0),(1,1,0),(0,1,0)},

v (£)=1(1,0,1/2),(1,1/2,1),(1,1,1/2), (1,1/2,0, (1/2,1,0) },
V(0)={(1,1/2,1/D} , ViD= ¢,

V-‘:-(f)={(l,0,l/2),(l, 1/2,1),(1,1,1/2),(1,1/2,0),(1/2,1,0),(1,1/2,1/2) }.

A set {Al""’Aq}’ where Ai (i=1,--+,8) is an element of vi(f), is
c.:.lled an anti-chain of Vn(f) if they cannot be compared with each other,
tl at is, AigLAj (i#j) for all i and j. We consider, for convenience, here,

that the empty set is an anti-chain.

[Theorem 4] A D-form of f corresponds to an anti-chain {Al,--',AS}
of VI(E) by AXU- - UARSV(£)  mmmmmmmmmmmm e e (15)

and vice versa.

(Proof) Let al+---+as be a D-form of f. Then, {Al,"',AS} is an anti-
chain of Vn(f), where Ai is an element of vt corresponding to ai. Further-
more, (15) holds because a1+~--+as represents the binary switching func-

tion f. We can prove the reverse in the similar manner. (Q.E.D.)

We can conclude from the above theorem that the problem of obtaining
DF(f) is equal to the problem of obtaining anti-chains {Al,---,AS} of Vn(f)
such that 0L1+---+0LS ( oy corresponds to Ai) represents the binary switching

fuiction f. In addition, we can improve the above result as follows:

[Tieorem 5] The number of D-forms of a binary switching function f is
. n
equal to the number of anti-chains of Va(f)-

(Proof) An anti-chain {Al,°--,AS} of Vn(f) satisfying Afk/---\/A;=V3(f)

12



corresponds uniquely to an anti-chain of Vg{f) which is a subset of and

obtained from {Al,-~-,AS} by ignoring the elements of V Conversely,

n
0
an anti-chain {A',"',AE} of V%(f) corresponds uniquely to an anti-chain

n
0

satisfy (15). Therefore, the number of anti-chains of V%(f) is equal to

of Vn(f) by adding elements of V. to that anti-chain in such a way to
the number of anti-chains of Vn(f) satisfying (15). This shows that
the number of anti-chains of Vg(f) is equal to that of D-forms of f from

Theorem 4. (Q.E.D.)

[Example 8] We will enumerate the D-forms of example f. 1In order to do
so, we have to enumerate anti-chains of V%(f). V%(f) is obtained, as in

Figure 3, from Figure 2 by ignoring the elements of V3 Here, two elements

0"
(1,1/2,1/2) and (1/2,1,0) correspond to the prime implicants Xy and xé§3

of f, respectively. The number of the anti-chains can be enumerated as
fcllows: we can chose (1,1/2,1/2) and (1/2,1,0) independently as factors

of anti-chains because they are not related each other. There are two
cl.oices over (1/2,1,0): we can choose or not choose it. As for (1,1/2,1/2),
if we choose it, no other choices remain, but if we do not, we have 24=l6
choices because we can choose independently four elememts of Vi covered

by (1,1/2,1/2). 1In total, there are 1+16=17 ways regarding (1,1/2,1/2).

Therefore, the number of anti-chains, which is equal to the number of D-

forms, is 2x17=34.

We see that the number of D-forms of f is equal to the number of

anti-chains of V%(f). The set V%(f) is easily obtained from the set of
all prime implicants of f as follows: First, determine Vn(f) which is a

n . , , ;
set of elements of V' covered by the prime implicants and, next, ignore

the elements of Vg from the Vn(f). At present, we have no good algorithm

13
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. . n . '
to enumerate anti-chains of Va(f), but in the cases of small n we can

enumerate them by a computer in the similar manner described in Example 8.

6. An Algorithm Enumerating Fuzzy Switching Functions

Based on the results described in the previous section, we can
enumerate fuzzy switching functions which are B-equivalent to any binary
switching function f. Therefore, by summing up the number of all B-equiv-
alent fuzzy switching functions corresponding to the binary switching

n

functions of 22 , we can obtain the number of n~variable fuzzy switching

functions. Here, we have the following theorem:

[Theorem 6] If binary switching functions fl and f2 are elements of the

same NPN equivalent class (Muroga[1979]), that is, fl is obtained from
f2 by negating or permutating the variables or negating the function, then

the numbers of fuzzy switching functions which are B-equivalent to fl and

.

f2 are identical, that is, ]B-eq(fl)|=|B—eq(f2)
(Proof) The partially ordered set Vn(f) of a binary switching function f

is isomorphic even if the variables are negated or permutated. Furthermore,
the number of fuzzy switching functions which are B-equivalent to f is

obtained by lDF(f)lxlDF(?)I( Lemma 1). Therefore, the number is unchanged

even if the function is negated. (Q.E.D.)

The following is an algorithm enumerating n-variable fuzzy switching
functions:
(1) list thelNPN equivalence classes of n-variable binary switching func-

tions; Ol,-—-,os,

14
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(2) for each representative function fi of Oi, determine the number of
D-forms of f and f; IDF(f)I,]DF(f}I,

(3) ¢(n)f;|Ui|X,DF(fi)lXIDF(f;)f is the number of n-variable fuzzy switching
funct;ins.

Here, for example, the number of NPN equivalence classes in the

cases of n=1,2,3,4 are 2, 4, 14, 222, respectively ( Harrison[1961]).

[Example 9] Let us enumerate the fuzzy switching functions which are
B-equivalent to our example f. As stated in Example 8, IDF(f)|=34. V%{f}
is illustrated in Figure 4. 1In this case, it is evident that the number
of the anti-chains is 22=4. Therefore, the number of the fuzzy switching

functions which are B-equivalent to f is 34x4=136.

7. The Number of Fuzzy Switching Functions in Four or Fewer Variables .

According to the algorithm of the previous section, the number of
four-or-less-variable fuzzy switching functions is enumerated as in Tables
1 —- 4. 1In the tables, the first column indicates the label of the NPN
equivalence class ( we used Harrison's labels for n=3 and 4), the second
column is the number of elements of each equivalence class, the third are the
minterms of the representative binary switching function f of each equiv-
alence class, the fourth is the number of D-forms of f, the fifth is the number
of D-forms of ?; the sixth is the number of fuzzy switching functions which
are B-equivalent to f, and the last column is the total number of the fuzzy
switching functions which are B-equivalent to one of the NPN equivalence
class. The last line shows the number of n-variable fuzzy switching func-
tions. We enumerate them by hand for n=1, 2, 3 and by computer in the

case of n=4.

15
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[Example 10] The label of our example f can be found to be 6 as shown

in Table 3 by negating Xy and X, and the function.

8. Upper and Lower Bounds of the Number of n-Variable Fuzzy Switching

Functions

In this section, Y(n) denotes the number of n-variable fuzzy switch-
ing functions.

n
[Theorem 7] Lp(n)<23 .

n n,—

(Proof) We can show from Corollary 1 that !B—eq(f)l<2lva(f)'x2‘va(f)|§
n .n n .n n n ,n n
ZIV _VOI =23 =2 . Therefore, u)(n)<22 x23 ~2 =23 . (Q.E.D.)

This theorem shows that Kameda's result( Kameda and Sadeh{1977])

n
is incorrect, because their result was y(n)> 27 .
3 3"

VA S
[Theorem 8] Lp(n)>22 T K , where

_ 3

K=/n(1+ =)

(Proof) This result can be obtained by applying Stirling's approximation
to the fact that the number of the factors of the longest anti-chains is

m(™) r 1
22 ™ Ghere m= 22—1 . (Q.E.D.)

. n _
[Theorem 9] %&g Vlogzw(n =3.

(Proof) It is easily shown from Theorem 7 and 8. (Q.E.D.)

It can be shown ( Berman and Mukaidono[1981a]) that we can improve

the upper and lower bounds described above ( Theorem 7 and 8).

16



223

9. Conclusion

It has been shown that the problem of enumerating n-variable fuzzy
switching functions can be reduced to the problem of enumerating disjunctive
forms of any binary switching function f, which can be solved by enumerating
anti-chains of the partially ordered set composed of simple phrases covered
by f. Using the above finding, we are able to enumerate the exact number

of four-variable fuzzy switching functions, which is 160,297,985,276.
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W
%3 0 1 1|0

0 0 1 1]1 (1,0,1/2)(1,1/2,1)(1,1,1/2)(1,1/2, O)(l/§>l 0)

Figure 1: Karnaugh map of the (1,0,1) (1,1,1) (1,0,0) (1,1,0) (0,1¢)
example binary switching Figure 2: A partially ordered set V3(f) of the

i f. . ; . ;
function example binary switching function f.

1, 1/?\1/2)

NN .

(1,0,1/2)(1,1/2,1)(1,1,1/2)(1,1/2,0)(1/2,1,0) ’ (0,0,1/2) (0,1/2,1)
Figure 3: The set V%{f) of the example binary Figure 4: The set V%(f) of the
switching function f. example binary switching

function f.
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