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MODULI OF PARABOLIC CONNECTIONS
ON CURVES AND THE RIEMANN-HILBERT
CORRESPONDENCE

MICHI-AKI INABA

Abstract

Let (C,t) (t = (t1,...,tn)) be an n-pointed smooth projective curve of
genus g and take an element A = ()\y)) € C"" such that — 37, )\;Z) =
d € Z. For a weight «, let M&(t,A) be the moduli space of a-stable
(t, X)-parabolic connections on C' and let RP.(C,t)a be the moduli
space of representations of the fundamental group m1(C\ {¢1,...,tn}, *)
with the local monodromy data a for a certain a € C™". Then we prove
that the morphism RH : M&(t,A) — RP.(C,t)a determined by the
Riemann-Hilbert correspondence is a proper surjective bimeromorphic
morphism. As a corollary, we prove the geometric Painlevé property of
the isomonodromic deformation defined on the moduli space of parabolic
connections.

1. Introduction

Let C be a smooth projective curve over C and t1,...,t, be distinct points
of C. For an algebraic vector bundle E on C and a logarithmic connec-
tion V: E = E® QL(t1 + -+ + tn), ker V| e\ ,,...4,3 becomes a local
system on C \ {t1,...,t,} and corresponds to a representation of the fun-
damental group 71 (C \ {t1,...,tn}, *), where V" is the analytic connection
corresponding to V. The correspondence (E,V) = ker V" |cn (4, ... ¢} is said
to be the Riemann-Hilbert correspondence. If | C E|;, is a subspace satisfying
res;,(V)(l) C I, then V induces a connection V' : B/ — E' @ QL (t1 + -+ tn),
where E' := ker(E — (E|;, /1)) and res;, (V) means the residue of V at ¢;. We
say (E’,V') is the elementary transform of (E,V) along t; by . Note that

ker VO [en (1.t} = ker(V) " oy}
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408 MICHI-AKI INABA

We put

A (d) == W)Zisr e ld+ 3 A =0
2%
for integers d,r,n with » > 0, n > 0. We write t = (¢1,...,t,) and take an
clement A € A (d).
Definition 1.1. We say (E, V, {l&”}lggn) is a (t, A)-parabolic connection
of rank r if
(1) E is a rank r algebraic vector bundle on C,
(2) V:E - E®QH(t1 + -+ t,) is a connection, and
(3) for each t;, I is a filtration E|,, = 1§’ 51" 5. 219, 51 =0
such that dim(1{" /1{") ) = 1 and (res;, (V) = A\id g, ) (187) < 187, for
7=0,...,7—1.
The filtration L(f) (1 <4 < n) is said to be a parabolic structure on the

vector bundle E. For a parabolic connection (E,V, {l;i)}), the elementary

(
j .

Then an elementary transform gives a transformation Elmgz) on the set of

transform of (E, V) along t; by [ ") determines another parabolic connection.

isomorphism classes of parabolic connections; see section Bl ([B]) for the pre-

cise definition of Elmgi). Then the Riemann-Hilbert correspondence gives a

bijection RH between the set
(1) {(E, V, {lj(z)}) : parabolic connection of rank r}/ ~
and the set
(t1) {p:m(C\{t1,...,tn}, x) = GL,(C) : representation} / =,
where ~ is the equivalence relation generated by x ~ Elmljg) (z), (E,V, {Zy)})

~ (B, V,{I{"N)©0c (tx) and (B, V, {I{"}) ~ (B, V,{l"}) and / 2 means the
isomorphism classes. The bijectivity of RH immediately follows from the the-
ory of Deligne [4]. Indeed take any representation p : w1 (C\{t1,...,tn}, %) —
GL,(C). Then p corresponds to a locally constant sheaf V on C'\{t1,...,¢,}.
By [4} II, Proposition 5.4], there is a unique pair (E, V) of a vector bundle F
and a connection V : E — E®QL(t1+- - -+t,) such that all the eigenvalues of
res, (V) lie in {A € C|0 < Re(A) < 1} and ker V" [en g4, ..., 3 = V. We can
take a parabolic structure {l?} on E compatible with the connection V. Then
(E,V, {lj(z)}) becomes a parabolic connection and RH([(E, V, {l](z)})}) = p.
So RH is surjective. Let (E,V, {lj(z)}) be a (t, A)-parabolic connection and
(E'V, {(l’);z)}) be a (t, \’)-parabolic connection such that RH([(E,V, {lj(l)})})

Licensed to Kyoto University. Prepared on Tue Jul 2 01:23:02 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



MODULI OF PARABOLIC CONNECTIONS ON CURVES 409

= RH([(E, V', {()'"}))), namely ker V*"|c\ g1, ..o} Zker(V) | s}
By Proposition B, there is a (t, p)-parabolic connection (Ej, Vq, {(ll)y)})
and a (t, p’)-parabolic connection (Ej, V1, {(l’l)y)}) such that (E, V, {ly)}) ~
(B ViAW), (B9 AW ~ (B VL A{0)])) and 0 < Re()”
<1, 0 < Re((u’)gi)) < 1 for any i4,j. Since ker V§"|en g4yt

ker(V1)*" |\ {t1,....t,}, We can see by [4, II, Proposition 5.4], that (E1, V1)
(B4, V4). So we have (B, V,{I{"}) ~ (E1, V1, {()§"}) ~ (E1, V5. {@)"})
~ (E", V', {(l');l)}) Thus we obtain the injectivity of RH.

Unfortunately, we cannot expect an appropriate algebraic structure on the
moduli space of the elements [(E,V, {ly)})] in the set (f); so, it is natural
to consider the moduli space of isomorphism classes of parabolic connections
in the moduli theoretic description of the Riemann-Hilbert correspondence.
However, we must consider a stability when we construct the moduli of para-
bolic connections as an appropriate space, so we set M&(t, A) as the moduli
space of a-stable parabolic connections; see Theorem 2] and Definition 2.1
for the precise definition of Mg&(t, ). Next we consider the moduli space
RP,.(C,t), of certain equivalence classes of representations of the fundamental
group m1(C \ {t1,...,ts},*). Here two representations are equivalent if their
semisimplifications are isomorphic. (There is not an appropriate moduli space
of the isomorphism classes of the representations of the fundamental group.)
For a construction of a good moduli space containing all the representations,
we must consider such an equivalence relation; see section Pl for the precise

~—

1R

definition of RP,.(C,t)a. The most crucial part of the main result (Theorem
22)) is that the morphism RH : M&(t,A\) — RP,(C,t)a determined by the
Riemann-Hilbert correspondence is a proper surjective bimeromorphic mor-
phism. This theorem was proved in [7] for C = P! and r = 2. However
there were certain difficulties to generalize this fact to the case of general
C and r.

One of the most important motivations to consider such a theorem is the
search for a geometric description of the differential equation determined by
the isomonodromic deformation; see section [ for the precise definition of
the isomonodromic deformation. This differential equation is said to be the
Schlesinger equation for C' = P!, the Garnier equation for C = P! and r = 2,
and the Painlevé VI equation for C = P!, » = 2 and n = 4. M. Jimbo,
T. Miwa and K. Ueno give in [I2] and [I3] an explicit description of the
Schlesinger equation. In this paper, we will constrct a space M with a mor-
phism 7 : M — T such that there is a differential equation on M with respect
to a time variable ¢ € T which is determined by the isomonodromic defor-
mation. If we fix a point tg € T, 7~ !(to) should become a space of initial
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conditions of the differential equation determined by the isomonodromic de-
formation. Take any point # € 7~ 1(¢y) and consider the analytic continuation
~ starting at x and 7y coming back to the initial point ¢y such that v is a
solution of the differential equation determined by the isomonodromic defor-
mation. Then 7 should come back to a point of 7=1(ty). We will generalize
this property to the geometric Painlevé property. Roughly speaking, the geo-
metric Painlevé property is the property of the space where the differential
equation is defined and any analytic continuation of a solution of the differen-
tial equation stays in the space; see Definition [2.4] for the precise definition of
the geometric Painlevé property. In fact we will take M as the moduli space
MCO‘/T(‘E,T, d) of a-stable parabolic connections and 7 : Mé"/T(E,T, d —» T
as the structure morphism. For example let us assume that C = P! and
take an a-stable parabolic connection x = (E, V, {l;z)}) such that E = Og/.
Let v : [0,1] — Ml‘.?‘xT/T(E,r, 0) be a path starting at  and 7y ends at
m(x) such that ~ is a solution of the differential equation determined by the
isomonodromic deformation. Then the ending point (1) corresponds to an
a-stable parabolic connection (E’,V’,{(l’)g-i)})7 but E' may not be trivial.
So we recognize that it is not enough to consider only trivial vector bundles
with a connection. We should also consider non-trivial vector bundles with a
connection.

Our aim here is to construct a space where the isomonodromic deformation
is defined and has the geometric Painlevé property over every value of A. (It
is not difficult to construct such a space over generic A, but it is difficult
to construct over special A.) In fact, that space is nothing but the moduli
space of a-stable parabolic connections and the result is given in Theorem [2.3]
which is essentially a corollary of Theorem Here note that the properness
of the morphism RH is very essential in the proof of Theorem 2331 The
geometric Painlevé property immediately implies the usual analytic Painlevé
property. So we can say that Theorem 23] gives a most clear proof of the
Painlevé property of the isomonodromic deformation. As is well known, the
solutions of the Painlevé equation have the Painlevé property, which is in some
sense the property characterizing the Painlevé equation (and there were many
proofs of the Painlevé property). So the usual analytic Painlevé property
plays an important role in the theory of the Painlevé equation, but we can
see from the definition that the “geometric Painlevé property” is much more
important from the viewpoint of the description of the geometric picture of
the isomonodromic deformation.

To prove the main results, this paper consists of several sections. In section
[, we prove the existence of the moduli space of stable parabolic connections.
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MODULI OF PARABOLIC CONNECTIONS ON CURVES 411

An algebraic moduli space of parabolic connections was essentially consid-
ered by D. Arinkin and S. Lysenko in [I], [2] and [3] and they showed that
the moduli space of parabolic connections on P! of rank 2 with n = 4 for
generic A is isomorphic to the space of initial conditions of the Painlevé VI
equation constructed by K. Okamoto [I6]. For special A, we should consider
a certain stability condition to construct an appropriate moduli space of par-
abolic connections. In the case of C = P! and r = 2, K. Iwasaki, M.-H. Saito
and the author already considered in [7] the moduli space of stable parabolic
connections and they proved in [§] that the moduli space of stable parabolic
connections on P! of rank 2 with n = 4 is isomorphic to the space of initial
conditions of the Painlevé VI equation constructed by K. Okamoto for all
A. An analytic construction of the moduli space of stable parabolic connec-
tions for general C' and r = 2 was given by H. Nakajima in [I4]. However,
in our aim, the algebraic construction of the moduli space is necessary. The
morphism RH determined by the Riemann-Hilbert correspondence is quite
transcendental, which is explicitly shown in the case of C = P!, r = 2 and
n = 4 in [8]. This statement makes sense only if we construct the moduli
spaces M&(t,A) and RP,(C,t), algebraically. Moduli of logarithmic connec-
tions without parabolic structure are constructed in [I5]. For the proof of
Theorem 211 we do not use the method in [I7]. We construct Mé"/T(’E, r,d)
as a subscheme of the moduli space of parabolic A},-triples constructed in [7].
We also use this embedding in the proof of the properness of RH in Theorem
2.2

In section Bl we prove that the moduli space of stable parabolic connec-
tions is an irreducible variety. For the proof, we need certain complicated
calculations and this part is a new difficulty, which did not appear in [7].

In section [6 we consider the morphism RH determined by the Riemann-
Hilbert correspondence and prove the surjectivity and properness of RH.
This is the essential part of the proof of Theorem Notice that for generic
A, any (t,A)-parabolic connection is irreducible and so all (t, A)-parabolic
connections are stable. Moreover we can easily see that the moduli space
ME(t, X) of parabolic connections for generic A is analytically isomorphic via
the Riemann-Hilbert correspondence to the moduli space RP,.(C,t), of rep-
resentations of the fundamental group 71 (C \ {t1,...,t,}, *). However, for
special A, several parabolic connections may not be stable and the stability
condition depends on a. So we can see that the surjectivity of RH is not
trivial at all for special A, because for a point [p] € RP,.(C,t)a, we must find
a parabolic connection corresponding to [p] which is a-stable. Moreover, the
moduli space M&(t, A) of a-stable parabolic connections is smooth, but the
moduli space RP,.(C, t), of representations of the fundamental group becomes
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singular. So the morphism RH : M&(t,\) — RP,(C,t)a, is more complicated
in the case of special A than the case of generic A. We first prove the sur-
jectivity of RH in Proposition In this proof, we use the Langton’s type
theorem in the case of parabolic connections. This idea was already used in
[7]. Secondly, we prove in Proposition that every fiber of RH is compact
by using an embedding of M&(t, A) into a certain compact moduli space. In
this proof, we cannot use the idea given in [7], so we develop a new tech-
nique again. Finally we obtain the properness of RH by the lemma given by
A. Fujiki.

In section [} we construct a canonical symplectic form on the moduli space
Mg (t,A) of a-stable parabolic connections. Combined with the fact that
RH gives an analytic resolution of singularities of RP,.(C,t)., we can say
that RP,.(C,t)a has symplectic singularities (for special a) and RH gives a
symplectic resolution of singularities. For the case of » = 2, H. Nakajima
constructed the moduli space Mg(t,A) as a hyper-Kéhler manifold and it
obviously has a holomorphic symplectic structure. Such a construction for
general r is also an important problem, although we do not treat it here.

In section B we first give in Proposition Bl an algebraic construction of
the differential equation on Mé’/T(E, r,d) determined by the isomonodromic
deformation. Finally we complete the proof of Theorem

2. Main results

Let C be a smooth projective curve of genus g. We put

n

—
T, = (tl,...,tn)ECX~-~><C'tiyétjfori;éj

for a positive integer n. For integers d,r with r > 0, recall the definition of
Ag")(d) given in the introduction and the definition of (t,A)-parabolic con-
nection for (t,A) € T, x Agn)(d) in Definition [T

Remark 2.1. Take a (t, A)-parabolic connection (E,V, {ly)}) By condi-
tion (3) of Definition [T we have

n r—1

deg E = deg(det(E)) = — Y _resy, (Vaer ) = — 3 > A7 =d.
i=1 i=1 j=0

Take rational numbers
O<a§i) <ozgi) <-<al <1

for i = 1,...,n satisfying ag-i) + ag.f/) for (i,7) # (7', 5").
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MODULI OF PARABOLIC CONNECTIONS ON CURVES 413

Definition 2.1. A parabolic connection (E,V, {l }1<1<n) is a-stable
(resp. a-semistable) if for any proper non-zero subbundle F' C E satisfying
V(F)C F®QL(t1 + -+ t,), the inequality

deg F + 0 Y0 ol dim((F|e, 0 1$2)/(F e, 0 187))

rank F'
< degE+ X7, 30 ol dim(@? /1)
(resp. <) rank F

holds.
Remark 2.2. Assume that a = (ay)) satisfies the condition: For any

integer v with 0 < r’ < rank(F) and for any (552))3j17;dnk( ) With e;i) €
{0,1} and 377, eg-i) =7/ for any i,

n rank(E) 4
Z Z a(z) rank(E)ey)) ¢ 7.
i=1 j=1

Then a parabolic connection (E, V, {lgz)}) is a-stable if and only if (E,V, {lgz)})
is a-semistable.

Let T be a smooth algebraic scheme which is a smooth covering of the
moduli stack of n-pointed smooth projective curves of genus g over C and
take a universal family (C,y,...,%,) over T.

Theorem 2.1. There exists a relative fine moduli scheme

M& (8,7, d) — T x Al (d)

of ac-stable parabolic connections of rank r and degree d, which is smooth and
quasi-projective. The fiber M§ (tz, ) over (z,A) € T x A(n)( d) is the moduli
space of a-stable (ts, )\)—pambolzc connections whose dimension is 2r?(g—1)+
nr(r— 1)+ 2 if it is non-empty.
Definition 2.2. Take an element A € A!™ (d). We call A special if
(1) )\g»i) — /\g) € Z for some i and j # k, or
(2) there exists an integer s with 0 < s < r and a subset {j},...,ji} C
{0,...,7 — 1} for each 1 < i < n such that
Y >N ez
i=1 k=1

We call A resonant if it satisfies condition (1) above. Let (E,V, {l](z)}) be a
(t, A)-parabolic connection such that A does not satisfy condition (2)
above. Then (E,V, {Zy)}) is irreducible. Here we say a (t., A)-connection

(E,Vg, {lj(l)}) is reducible if there is a non-trivial subbundle 0 # F C E
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such that Vi(F) € F® Qb ((f1)s + - + (a)s). We say (B, Vg, {I\"}) is
irreducible if it is not reducible. We call A € A™ (d) generic if it is not special.

Fix a point # € T. Then the fundamental group 71 (Co\{(t1)x, - - -, ()}, *)
is generated by cycles a1, f1, ..., a4, B, and loops 7; around ¢; for 1 <i <n
whose relation is given by

9 n
[Le;8 s [T = 1.
j=1 i=1

So the fundamental group is isomorphic to a free group generated by 2g+n—1
free generators. Then the space

Hom (71'1 Co \ {(F)zs s (En)a}, %), GL?"(C))

of representations of the fundamental group becomes an affine variety isomor-
phic to GL,(C)?9*t"~1 and GL,(C) acts on this space by the adjoint action.
We define

RP,(Cy,t,) := Hom (71 (C \ {(t1) s - - -, (tn)a}, %), GL,(C)) //GL,(C)

as the categorical quotient by the adjoint action of GL,(C); that is,
RPT(CE,EE) is the affine scheme whose affine coordinate ring is the invari-
ant ring with respect to the adjoint action of GL,(C) on the affine coordinate
ring of Hom (m1(C \ {(t1)z - -, (tn)a}, %), GL.(C)). If we put

n i)\1<i<n nr
~A$~ ) = {a = (ag- ))Ogjgrfl €C

a(()1)a(()2) ) _.a((Jn) _ (_1)rn} 7
then we can define a morphism
RP,((C)z, ts) — A
o) a=(a")
by the relation
det(X 1, — p(7)) = X" +a X7V 4o al?,

where X is an indeterminate and I, is the identity matrix of size r. Note that

for any G L, (C)-representation p of 71 (Cp \ {(t1) 2 - - (tn)z}, %),

det(p(m1)) - - - det(p(m))
= det(p(B,)) " det(p(ay)) ™" det(By) det(ay) - det(p(1)) ™"
x det(p(ay)) "t det(B;) det(ay) =1

and so the equation aél)agf) - ~aén) = (—1)"" should be satisfied.
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MODULI OF PARABOLIC CONNECTIONS ON CURVES 415

We can define a relative moduli space RP,(C,t) = [[,cp RP(Cy,ts) of
representations. Let 7' — T be the universal covering. Then RP, (C,t) xr T
becomes a trivial fibration over 1. So we can define a morphism

RP.(C,t) xp T — T x A™.
We define a morphism
(1) rh: AP (d) 5 A~ ae AW
by

r—1

H (X — exp(—Qﬂ'\/—_l)\;i))) =X"+ aszlX’“*l et aéi).

§=0
For each member (E,V,{Z§i)}) € Mg (tz, N), ker(VO™ o \ ((71)on(@n)o}) DE
comes a local system on Cy \ {(t1)s,- - -, (tn)z }, where V* means the analytic
connection corresponding to V. The local system ker(V*|c \ (i), .. (0n)o})
corresponds to a representation of 71(Cy \ {(£1)x,---, (fn)z},*). So we can
define a morphism

RH(, ) : ME (t,A) — RP:(Cq, t2)a,
where a = rh(X). {RH(, )} induces a morphism
(2) RH : M&p(t,r,d) xp T — RP.(C,t) x¢ T
which makes the diagram

Mgy (b, d) xp T — RP,(C &) x7 T

l I

TxA™@ 22 4™

commute.
The following is the main theorem, whose proof is given in section [6l
Theorem 2.2. Assume « is so generic that a-stable < a-semistable.
Moreover, we assume ™n —2r —2>0ifg=0,n>1ifg=1andn > 1 if
g > 2. Then the morphism

RH: Mg/T(Evrv d) xp T — (RP.(C,t) x7 T) X ym A (d)
induced by @) is a proper surjective bimeromorphic morphism. Combined

with Proposition [[1], we can say that for each (x,X) € T X A&”) (d),

(1) RH; x) : M& (t2, A) — RP.(Cy,t2)a is an analytic isomorphism of
symplectic varieties for generic X and
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(2) RH(;x : ME (tz,A) — RP.(Cy,t.)a gives an analytic symplectic
resolution of singularities of RP.(Cy,ty)a for special X.
Here we put a = rh(\).

Remark 2.3. (1) If we take a sufficiently generic, then « satisfies the
condition of Remark So we have a-stable < a-semistable.

(2) In section 7, we will show that Mg (t2,A) and RP,(C,,t.)a become
symplectic varieties.

(3) For the case of r = 1, (RH)(,, x) is an isomorphism for any (z,A) €
T x A™(d) and RPy(Cy,t2)a is smooth for any a.

(4) In Theorem 222 we consider the case n > 1. As is stated in [I8, Propo-
sition 7.8], the Riemann-Hilbert correspondence for the case of n = 0 gives
an analytic isomorphism between the moduli space of integrable connections
and the moduli space of representations of the fundamental group, but in that
case the moduli space of integrable connections may be singular.

Since RP,(C,t) x7 T — T is a trivial fibration, we can consider the set of
constant sections

Fr = {0’ :T — RP.(C,t) x7 T} .
As is stated in Remark [6.2]

p is reducible, or
RP.(Cy,t2)3m8 = [p] € RP:(Cy, ty)a | dim (ker (p(’yi) —eXp(—27r\/—1/\§-i))IT>>
> 2 for some 1, j

is just the singular locus of RP,(C,,ts)a. If we put
RP,(Ca,t0)h := RP(Co t)a \ RP;(Cas t0)30%,

then RH |Mg (E.n) - ME (tz, A\)¥ = RP,.(C,,t.)% becomes an isomorphism,
where we put M& (t,, ) := RH(y)(RP:(Cy, £,)3). Put

(RP,(C,t) xp T)* = [T RP@.t)k

(z,a)eT x Al

Then the restriction ]:f% of Fr to (RP,(C,t) x¢ T)! gives a foliation on
(RP,(C,t) x7T)*. The pull-back ]}g/[ = RH_l(]-']u%) determines a foliation on
(M&) (b, 7, d) x 7 T)* where (Mg (t,r,d) xrT)* = RH™'((RP(C, t) x1T)").
This foliation corresponds to a subbundle of the analytic tangent bundle
e(Mg/T(E,r,d)xTT)ﬁ determined by a splitting

D*: 7*(0F") — O}«

&p(Erd)xrT)?
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MODULI OF PARABOLIC CONNECTIONS ON CURVES 417

of the analytic tangent map

an ~ % an
('-‘)(J\/[gL/T(Evr'rd)><TT)ﬁ T GT - 07

where 7 : (Mé"/T(E,r, d) xp T)! — T is the projection. We will show in
Proposition BI that this splitting D is in fact induced by a splitting

D . ’/T*(@T) — @Mg/T(£7T>d)

of the algebraic tangent bundle, where 7 : g/T(E, r,d) — T is the projection.

In order to explain the concept of the geometric Painlevé property, let us
review here several notions introduced by K. Iwasaki in [9].

Definition 2.3 (see [9]). A time-dependent dynamical system (M, F) is a
smooth fibration 7 : M — T of complex manifolds together with a complex
foliation F on M that is transverse to each fiber M; = 7=1(¢), t € T. The
total space M is referred to as the phase space, while the base space T is
called the space of time-variables. Moreover, the fiber M; is called the space
of initial conditions at time t.

Definition 2.4 (see [9]). A time-dependent dynamical system (M,F) is
said to have the geometric Painlevé property if for any path v in T and any
point p € M;, where t is the initial point of -, there exists a unique JF-
horizontal lift , of v with initial point p. Here a curve in M is said to be
F-horizontal if it lies in a leaf of F.

Dﬁ(fr*@%") obviously satisfies the integrability condition
[Du(fr*@%"), Dn(fr*@%”)} C Du(fr*G‘%")
because it corresponds to the foliation ]:'}jw Since
COdim(Mg‘/T(E,r,d)xTT)ﬁ ((Mg/T(Ea 7 d) X T) \ (Mg/T(Ea & d) X ff‘)ﬁ) > 2,
we can see that D(7*(©r)) also satisfies the integrability condition
[D(7*(©1)), D(x*(Or))] C D(x*(Or)).
Then the foliation j—}ﬁw extends to a foliation Fj; on Mg‘/T(E, r,d)x7T. We can

see that Fj; descends to a foliation Fj; on Mg‘/T(E, r,d) which corresponds to
the subbundle D(7*(01)) C @MS‘/T(EW@)' By construction, we can see that

(Mg‘/T(f:,r, d), F M) becomes a time-dependent dynamical system with base

space T'. As a corollary of Theorem 2.2] we can prove the following theorem
whose proof is given in section [8
Theorem 2.3. Under the assumption of Theorem 2.2], the time-dependent

dynamical system (M(?‘/T(E,T, d),]:M) determined by the differential system
D(n*O71) has the geometric Painlevé property.
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3. Elementary transform of parabolic connections
For a parabolic connection (E,V, {ly)}) on (C,t), put
E' :=ker(E — E|;, /I')).
Then V induces a connection V' : B/ = E' ® Q4 (t1 + - - + t,,) such that the
diagram

B Y B oLt 4+ )

l l

E —Y 5 EQQL(t 4 +1,)

commutes. Let E'|; = (l’)(()p) > (l’)gp) DD (l')fnp,)q be the inverse image
of the filtration Z((]p) S - 5 1) = 0 by the linear map E'\;, — El, and
(l’)?_)q S -5 (1% = 0 be the image of the filtration E(—tp)|:, = l(()p) ®
O(—tp) D -+ D l((lp) ® O(—tp) by the linear map E(—tp)|;, — E’[;,. Then
(l/)fkp)
j. Then (E', V', {(l’);z)}) becomes a parabolic connection on (C,t). We call
(E', V', {(l’)gl)}) the elementary transform of (E, V, {lj(l)}) along ¢, by lép)
Definition 3.1. We define a functor Mc¢ 7 (t,r,d) from the category of
locally Noetherian schemes over 1" to the category of sets by

Meyr(tra)(s) = {(B, V. (L")} / ~

for a locally Noetherian scheme S over T, where

becomes a filtration of E’|;,. For i # p, we put (I’ )(Z) -i) for any

(1) E is a vector bundle on Cg of rank r,

2) V:E—=E0Q s((t)s+-+ (tn)s) is a relative connection, that
is, V is a morphism of sheaves such that V(fa) = a® df + fV(a) for
f€0Ocg and a € E,

(3) Eliys = l(l) 5 -2 1Y = 0is a filtration by subbundles on (£;)s

such that res(gi)S(V)(lj )) C lg.i) fori=1,...,nand j =0,1,...,r—1,
and o

(4) for any s € S, E®Kk(s) is of degree d and dim ((Z§Z)/Z§21> ® k(s)) =1
for any 1, j.

Here (E,V, {l; Z)}) (E', V' {( );Z)}) if there is a line bundle £ on S such
that (E, V, {1} ”}) (B V' A1) e L.

Remark 3.1. Take any member (E,V, {l(i)}) € MC/T(~ r,d)(S). Then
res;,) (V) induces a morphism )\( l(l /l O l(l /l 1 and A = ()\( ))
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MODULI OF PARABOLIC CONNECTIONS ON CURVES 419

Agnn)(d)(S). So we obtain a canonical morphism

5\ : MC/T(E,T, d) — hA(n)(d).

Since there is a canonical morphism M, /T( r,d) — hp, we obtain a mor-
phism

(#,A) : Me)p(t,r,d) — hy x =h

A (d) T DT A (d)”

Definition 3.2. For C-valued points A € A™(d)(C), z € T(C), (z,A)
can be considered as a morphism hgpecc — b7 X hA(">(d)' Then we put

Me, (tz,A) = M7 (t,7,d) x hspec C-

R al™ (ay

Me, (£, A) can be considered as a functor from the category of locally Noe-
therian schemes over C to the category of sets.

For a locally Noetherian scheme S over T', take any member (E, V, {ly)}) €
Me,r(t,r,d)(S). For (p,q) with 1 <p<mnand0<q<r, weput

E = ker (E s (E|(t~p)s/lgp>)) .
Then V induces a relative connection
V' E — B @ Qe s((t)s + -+ (ta)s)
such that the diagram

B Y B0 s(0)s+ o+ (E)s)

l l

E — E® Qs s((t)s+-+ (tn)s)
is commutative. Note that the sequence
E(=tp)s)l@)s = E'lays — Eli,)s

is an exact sequence. Im¢ = l((zp) is a subbundle of E‘(fp)s and Im 7 = ker is
a subbundle of E'|; ) . Moreover kerm = lép) ® Ocy(—(tp)s) is a subbundle
of E(—(t,)s Nit,)s- Let Bz, = (l’)ép) DD (l’)i”)q be the inverse image
by ¢: E'|; s = El,)s of the filtration ng) S 51" Then each (l’)gp) is
a subbundle of E'|; ). for 0 < j <7 —q. Let (1%, 5+ > (I')% be the
image by 7 E(—(tp)s Ni,s = E'li,)s of the filtration l(p) ® Ocg(—(tp)s) D
P © Ocy (~(f,)s). For each j with 0 < j < ¢, 1% ® Oc, (~(F,)5) /15"
OCS(—( tp)s) — (I )ff:)qﬂ is a subbundle of E(—(%,)s) (i,)s/ kerm & Imm =

ker¢. So (l’)v(np_)qﬂ is a subbundle of E'|(; ,  for any j with 0 < j <.
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For i # p with 1 < ¢ < n, we put (Z’);i) = lj(-i) for 0 < j < r. Then
(£, V' Al); l)}) becomes a member of Mc,7(t,7,d — q)(S). We say (E', V',
{( )(z)}) is the elementary transform of (£, V, {Z(Z)}) along (%,)s by l(p) The
elementary transform induces a morphism

(3) Elmé”) : MC/T(E,T, d) — MC/T(E,T, d—q)
Q] (@)

(4) (E7v7{l_j }) = (E/7v/a{(l/)j })
of functors. For any member (F,V, {lgz)}) € Mc,r(t,7,d)(S), we have

(p) ()

Elm” o Elm{" (B, V, {1}

_ (p) (#)

- Elmrliq(E/a vlv {(l/)jz })

= (B(~(1)3), VIn(~(iys 15 @ Ocs(=(H)s)})-
If we put
(5) bp :MC/T(E7T7d_T) QMC/T(EaTad)
©

(B, VALY = (B © Oc(fy), V ®idoy 5, +idp © do ), {1 © Oc(iy)}),

then we have b, o Elm@q ) Elmgp) =id e, (5,ra) We can also check that

Elm{” 0 b, o Em'? = b, o Elm{") o Elm"),

= idMC/T(Ef"ad_Q).

Thus Elmép) is an isomorphism:

Elm MC/T( ryd) — ./\/lC/T( r,d—q).

Take any C-valued points z € T(C), A € A (d)(C). We put
()P, APy = @ADL AP AP 1A AP 1)
and ()\’)(i) : )\(i) for i # pwith1 <i <mand 0 < j <r—1. Then
N = (V)1) € Al (d—q)(C). For amember (E,V, {I{"}) € Mc, (£, A)(S),
Elm ((1 (E,V, {l§ 1) € Me, (tz, N)(S). So Elmgp) induces an isomorphism
(7) Elm{") : Mc, (£2,A) = M, (t;, X').
Take a point A € AL (d)(C). We can write

r—1 u

H )\(p) H (p) 2 7

=0 k=1
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where Re(pu (p)) > Re(uép)) > -+ > Re(p (p))7 Im(ﬂ;p)) > Im(ug-i)l) if
Re(u§p)) = Re(,ugﬂ) and z is an indeterminate. For any member (E, Vg,
{l§i)}) € Mec, (t-,A)(S), we can find j(k),jik), e ,j(k()) for 1 < k < u satis-

CPe

fying 0 < j; << jfn()p) < r such that
k

(ker (res(gp)w(VE) - N;(f) .jd) l(’(’i))/(ker (res(,;p)m (Ve) — ‘uip) .id) [(1(’2) )

m+1

(p)
lp>/l PO

for m = 0,...,m{" = 1. Let Elg, = )¢ > @) > > )" >

(1) = 0 be the filtration by subbundles satisfying rank(l’) p)/( )]_H 1 for
j=0,...,7—1and

(l’)é”):(k@f (resﬁp)I(VE)—m(f)'id) ﬂl(ﬂ?) + ()

forq:O,...,r—l,Whereq:r—(mép)—m)—zk<k,gum$), 1<k<wand
0§m<m§€p). We put

mgp) mgﬂp) m,(up)

PR |

(V(()p) I/(p)) (u(lp),...,,ugp),...,ugf),...,uép),...,p&p),...,ug’)),

J
— (B, Vg, {(l’)gz)}) determines an isomorphism

uj(i) = Ago fori #pand v := (I/('i))i,j. Then the correspondence (E, Vg, {ZY)})

(8) ap : Me, (te, A) — Me, (te, V)

of functors.

Looking at the change of A under the transformations Elmgi) and b;, we
can easily see the following proposition, which is useful in considering the
Riemann-Hilbert correspondence in section [6l

Proposition 3.1. Composing the isomorphisms a;,b; and Elm fori =
1,...,n,5=1,...,r gwen in @), @) and @), we obtain an zsomorphzsm

9) o Me, (tz,A) = Me, (tz, 1)

of functors, where 0 < Re(p; G )) <1 for anyi,j.

As a corollary, we obtain the following:

Corollary 3.1. Take X € A" (d) and p € A" (d') which satisfy rh(\) =
rhip) € Asﬂn), where Th is the morphism defined in [{l). Then we can obtain
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by composing a;, ai_l, b, b; 1 and Elmg-i) an isomorphism

g Me, (t2,2) = M, (tz, 1)

of functors.
Proof. Applying Proposition [3.I] we obtain an isomorphism
o: Mec, (tz, N) == M, (ts,v)
of functors, where 0 < Re(u?
assume that Re(v)) > Re(”) > --- > Re(v") for any i and Im(p") >

Im(u](-il) if Re(uj(-i)) = Re(uj(-izl). Applying Proposition Bl again, we have an

) < 1 for any 7, j. By composing a;, we may also

isomorphism
o' Me, (b2, p) = Me, (t, 1)
Then
(0') oo Me, (te, A) = Me, (ta, 1)
is the desired isomorphism. (I

4. Moduli of stable parabolic connections

Before proving Theorem 2] we recall the definition of parabolic AL -triple
defined in [7]. Let D be an effective divisor on a curve C. We define A}, as
Oc @ NL(D)Y with the bimodule structure given by

f(avv) = (fa,fv) (fuaEOC=U€Qlc(D)V)>
(a,v)f:(fa+v(f),fv) (fvaEOCfUEQé(D)V)'

Definition 4.1. We say (E1, Eq, ®, F,.(FE1)) is a parabolic AL-triple on C
of rank r and degree d if

(1) Ey and Ey are vector bundles on C of rank r and degree d,

(2) ®: AL ® By — Es is a left Oc-homomorphism, and

(3) FE = Fl(El) D] FQ(El) DD F[(El) D Fl+1(E1) = El(—D) is a
filtration by coherent subsheaves.

Note that to give a left Oc-homomorphism @ : AL ® By — Es is equivalent
to giving an O¢c-homomorphism ¢ : £; — Fs and a morphism V : £} — Fo®
Q4 (D) such that V(fa) = ¢(a)@df + fV(a) for f € Oc and a € E;. We also
denote the parabolic A},-triple (E1, E2, ®, F\.(E1)) by (E1, E2, ¢, V, Fi(E)).

We take positive integers 31, 82,y and rational numbers 0 < o} < -+ <
a; < 1. We assume v > 0.
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Definition 4.2. A parabolic AL -triple (Ey, E2, @, F.(E1)) is (a,3,7)-
stable (resp. («, 3,)-semistable) if for any subbundles (Fy, Fy) C (Eq, Es)
satisfying (0,0) # (Fi, F») # (E1, E») and ®(A} D) ® F1) C F, the inequality

B1deg F1(—D) + B2(deg Fo — yrank Fy) + (1 Z e length(%)
51 rank Fl + 52 rank F2
< Pideg E1(—D)+B2(deg By —vrank Es)+5; Z] L o length( 4 +1](“3E) )
(resp. <) (1 rank Eq + s rank FEo

holds.

Theorem 4.1 (see [7], Theorem 5.1). Let S be an algebraic scheme over
C, C be a flat family of smooth projective curves of genus g and D be an
effective Cartier divisor on C flat over S. Then there ezists a coarse mod-
uli scheme MD/ o8, T(r,d,{di}1<i<nr) of (&', B,7)-stable parabolic A},-triples
(E1,Eq, @, F . (FE1)) on C over S such that r = rank By = rank Fy, d =
deg Fy = deg F5 and d; = length(FE, /F;11(E1)). If &' is generic, it is projec-
tive over S.

Definition 4.3. We denote the pull-back of C and t by the morphism
T x A (d) — T by the same characters C and t = (f1,...,%,). Then D(E) =
t; + -+ +t, becomes an effective Cartier divisor on C flat over T x Al )( d).
We also denote by X the pull-back of the universal family on A (d) by the
morphism T x A&n)(d) Al )(d) We define a functor MC/T( ,7,d) of the
category of locally Noetherian schemes to the category of sets by

MEr (& d)(S) = {(E. VAN }/ ~,

for a locally Noetherian scheme S over T x A (d), where

(1) E is a vector bundle on Cg of rank r,
(2) V:E-E® QC /s(D (t)s) is a relative connection,

(3) Eliys = Z(Z) D l(z) <D Z(Z)l 5 1Y = 0 is a filtration by subbun-
dles such that (res,) (V) — ()\j )5)([5—“) C 1521 for 0 < j <r-—1,
i=1,...,n,and

(4) for any geometric point s € S, dim(lg-i)/lj(?l) ® k(s) = 1 for any 1, j

and (E,V, {lj(z)}) ® k(s) is a-stable.
Here (E,V, {ly)}) ~ (E', V', {l;(i)}) if there exists a line bundle £ on S and
an isomorphism o : E = E’ ® L such that o|;, (lj(.i)) = l;(i) ® L for any 1,7,
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and the diagram

E —— E®Ql.(D{)

o swia |

EoL Y% B el (D)oL

commutes.

Proof of Theorem [Z.1] Fix a weight a which determines the stability of

parabolic connections. We take positive integers (1, 82, and rational num-

bers 0 < &\ < ay) < - < @ < 1 satisfying (8, + o)l = gral” for

any 7,j. We assume v > 0. We can take an increasing sequence 0 < o} <
- < o), < 1such that {af]1 < i < nr} = {d;i) lgign,lgjgr}_

Take any member (E,V,{l§i)}) € Mé"/T(E,r, d)(S). For each 1 < p < rn,

there exists i,j satisfying &;i) = a,. We put Fi(E) := E and define in-
ductively F,41(E) = ker(F,(E) — E\(gi)s/lg-i)) for p =1,...,rn. We also
put d, := length((E/Fp+1(E)) @ k(s)) for p =1,...,rn and s € S. Then

(E,V, {l](z)}) — (E,E,idg,V, F,(E)) determines a morphism

. o T D(%),a,3,
L MC/T(ta T, d) — MC/(T)XAQL)(’Z) (Ta da {di}lgignr)7

where M?/(;)’a/’ﬁﬁ(r, d,{d;}1<i<nr) is the moduli functor of (a/, 3, v)-stable

1
D(¥)

Note that a parabolic connection (F,V, {ZY)}) is a-stable if and only if the
corresponding parabolic A}D(t)—triple (E,E,id,V,F.(F)) is (&, 3,7)-stable
since v > 0. We can see that ¢ is representable by an immersion. So we

can prove in the same way as [7l, Theorem 2.1] that a certain subscheme
Mg‘/T(‘E, rld) of Mg(t)’o‘/’ﬁ’7 (r,d,{d; }1<i<nr) is just the coarse moduli scheme
of ./\/lg/T(t, r,d).

Applying a certain elementary transformation, we obtain an isomorphism

g MC/T(E,T, d) ;> MC/T(EaTa d,)

parabolic Al . -triples whose coarse moduli scheme exists by Theorem E.11

of functors, where d’ and r are coprime. Then J(MCO‘/T(E, r,d)) can be consid-
ered as the moduli scheme of parabolic connections of rank r and degree d’
satisfying a certain stability condition. We can take a vector space V such that
there exists a surjection V ® Oc, (—m) — E such that V ® k(s) — H°(E(m))
is isomorphic and hi(E(m)) = 0 for i > 0 for any member (E,V,{ly)}) €
U(Mg‘/T(t,r, d)) over s € T. We put P(n) := x(F(n)). Let £ be the universal

family on C x Then we can construct

P
Tx A (d) Q“OtV®oc<—m>/C/TxA$."’(d)'
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a scheme R over Quot? which parametrizes connections

V®Oc(—m)/C/TxA™ (d) _
Vi€ = E&EQL(D (ts)) and parabolic structures & @), = l(()l) DD
l,(i)l 5 1 = 0 such that (resiz,), (V) — (:\gi))s)(ly)) C l](_zl for any ¢,j. Then
PGL(V) canonically acts on R and for some open subscheme R® of R, there

is a canonical morphism R* — U(Mg‘/T(E,r, d)) which becomes a principal
PGL(V)-bundle. So we can prove in the same manner as [0, Theorem 4.6.5]
that for a certain line bundle £ on R*, £ ® L descends to a vector bundle on
C X AC () (Mg‘/T( ,7,d)), since r and d’ are coprime. We can easily see

that the universal families V, {ij(l)} of connections and parabolic structures
on £ ® L also descend. So we obtain a universal family for the moduli space
J(M(?‘/T(E, r,d)), and MCO‘/T( ,7,d) in fact becomes a fine moduli scheme.

Let (E,V, {lj )}) be a universal family on C xp Mé"/T(E,r, d). We define a
complex F* by

FO.= {sGEnd(E) ’s|t~ixMa/ (§7T7d)(l~§.i)) C l~](z) for any i,j} ,

Fri={seend(B) 0l p(D®) |resy s are,, 60 (8) () CILY, for amy i 5},
Vre : FO — FY Vze(s)=Vos—soV.

Let (A,m) be an Artinian local ring over T x A(n)( d), I an ideal of A sat-
isfying mI = 0. Take any member (E,V, {Z(Z)}) € C/T( ,m,d)(A/T). We
denote the image of Spec A/m — Mg/T( ,7yd) by x. The structure mor-
phism SpecA — T x AS")(d) corresponds to an A-valued point (t,A) €
T(A) x (A&n)(d)> (A). Let C x SpecA = |J, U, be an affine open cov-
ering such that Ely, ga/r = O;‘Z®A/I, #{ilt; € Uy} < 1 for any o« and
#{alt; € Uy} <1 for any i. We can obviously take a vector bundle E,, on U,
such that there is an isomorphism E, ® A/I —qf—j—> Ely.ga/r- If t; € U,

we take a basis e, es,...,e, of E, such that l@l = <el|ti®A/I>,l£i22 =
( )y .,ly) = (e1y, ). The connection
matrix of V|g, ., , With respect to the basis e @ A/I,... e, ® A/I can be
given by a matrix Q, € M, (QéA/I/(A/I)((ti)A/1)|Ua®A/I) such that

)\5121 ® A/I w12 cee W1r
0 A“2®A/1 way
0 0 AP AT
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We can take a lift Q, € M,(Q} /a(ti)lu,) of Qq such that

A
)\5‘21 &)12 e &)lr
Qa t; O >\7(jz2 . (DQT‘ )
0 0 o AW

which induces a connection V,, : B, — E, ®QéA/A((t1 +tot-+1n)a). We
define a parabolic structure {(la)g-i)} on E, by (la)gll = {(e1ls,), (loé)gl2 =
(il eale), v (1)Y= (etltys.-sermtle,). Then (Ea,Va,{(la)}"}) be-
come a lift (E,V, {l§i)})|Ua. If t; ¢ U,, we can easily take a lift (F,, Va,
{(t)"}) of (B, V. {I'"D|v.. We put Uss := Us N Up and Ungpy = Uy N
Us NU,. Take a lift 034 : Eulv,, — Eslu,, of the canonical isomorphism

ba %5
Eolv., ® A/I = Ely,,0a/1 —— Ep

Uas @ A/1. We put

. -1 : -1
Uapy + = ¢O¢|U&[3'y © <0fya Uag~ © 9%3 Uag~ © 96Q|Ua[3'y - ldEu‘Uaﬁ,Y) o (rba

VaB i = Pa © (Vahm —0500°V5 O%a) © ¢ Vs -

Then we have {uapy} € C*({Us}, FO®I) and {vag} € C*({Us}, F* @I). We
can easily see that

d{vaﬁ} = _VJ-'O {uaﬁfy} and d{uaﬁ"y} =0.
So we can define an element

(B, V") = [({uapy b {vas})] € B({Ua}, F* @) = HA(F* @ k(x)) @ 1.

Uapgys

We can easily see that (E,V, {l;l)}) can be lifted to an A-valued point of
Mé"/T(E,r, d) if and only if w(E,V,{l§i)}) = 0 in the hypercohomology
H2(F* @ k(z))® 1.
Consider the homomorphism
Tr:H*(F @k(z) ol —H Q2 )® 1
[{u;ﬂ'y}u {/U(/xﬁ}] = [{Tr(u:xﬁ'y)}7 {Tf(”&ﬁ)}]~

Then we can see that Tr(w(FE, V, {ZY)})) is just the obstruction class for lift-
ing (det E, \" V) to a pair of a line bundle and a connection with the fixed
residue det(X4) over A. Here det(Ay) = (Z;;é(xy))A)lﬁiS". Since Picg/T is
smooth over T', there is a line bundle L on C4 such that L& A/T = det(E). We
can construct a connection V° : L — L ® QéA/A(fl + -+ + t,) because
H'(End(L) ® QéA/A((fl + - +1,)a)) = 0. We can find a member u €
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HO(End(L) ® O} 4((Fr + -+ + 1) a)) such that u® A/I = V° @ A/I -
A" V. Then (L, V° — u) becomes a lift of (det(E), A" V). If we put u) =
res;i®A(@0—u)—Ej(5\;i))A, then we have (V) € I for any i and > 1, u(® = 0.
Note that there is an exact sequence

H(I® End(L) @ Qf, 4 ((F1+ - +10)4))

— PIeendlL) @, 4((E+ - Mlia = GBI

i=1
D12 ' (I 0éndL)® 0}, ,) — 0,
where f is given by f((vi)i<i<n) = > 1 ¥. Then we can find an element
we I Y (End(L) @ Qp, /A((fl + -+ +1,)a)) such that res; o 4(w) = p®
for any 7. Then (L,V° — u — w) is a lift of (det(E), \" V) with the residue
(det(X)4). Thus we have Tr(w(E, V,{I{"})) = 0. Since (F1)¥ @ Q} ,, = F
and (F°)Y @ Q4 = F', we have
H?(F* ® k()
=~ coker (H' (F' ® k(z)) = H' (F' ® k(z)))
v

= ker (HO((F!)" 004 r0k(x) ~ H(F°) @904 )7 @k(2))

= ker (HO(F* @ k(z)) = HY(F' @ k()"
and a commutative diagram

H2(F* ® k(z)) — H?(Q2,)
- I

Ker <H°(]~'O ® k() 253 BHO(F' © k(:c)))V s ker (H0(0c,) 4 HO(9,))

We can see by the stability that the endomorphisms of (E, V, {ZNSZ) D ®k(z) are
scalar multiplications. So we have ker (H(F° @ k(z)) — HO(F' ® k(z))) =
k(x) and the canonical inclusion

. : ker (HO(OCI) LN HO(Qéx)) — s ker (HO(]-'O ® k(z)) Y23 HO(F' @ k(z )))

is an isomorphism. Hence Tr is an isomorphism and w(E,V, {l(i)}) =0
because Tr(w(E,V,{Zy)})) = 0. So we have proved that MC/T( ,7,d) is
smooth over T' x Agn)(d).

Take an affine open set M C MC/T( ,7,d) and an affine open covering
Cy = U, Ua such that Ely, = OF" for any o, #{i[ t;{y N Us # 0} < 1
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for any « and #{o| t;|lps NU, # 0} < 1 for any i. Take a relative tan-
gent vector field v € O, ME . &, r,d)/TXA(T")(d)(M)' v corresponds to a member
(Be, Ve {(1)}) € M&p(E, 7, d)(Spec Onyle]) such that (B, Ve, {(1l){"}) @
Oulel/(€) = (E,V,{I"})|c,,. where Onrle] = On[t]/(t?). There is an iso-
morphism

[ E€|UQ><SpeCO1\4[6] = O[?:xSpcc(’)M[e] = E‘U Y OM[G}

such that o, ® Oprle]/(€) : E. ® Onrle]/(6)ly, = Ely, ® OM[ 1/(€) = E|u.
is the given isomorphism and that |, 1((le )( )) = l |UQ><Spec(9M [q if
ti|1\/[ N Ua 75 (Z) We put

— -1 _id-
Uap = Pa ©Pg 1dE|Ua5®oM[F]’

Vo 1= (pa ®1d) 0 Ve|u, 00410 © Pa’ = VIv.00md-
Then {uap} € CH(e) @ FY)), {va} € C%(e) ® Fi,) and

d{uapt = {upy = tay +tap} =0, Vrefuas} = {vs —va} = d{va}.
o [({uap}, {va})] determines an element ops(v) of HY(F},). We can check

that v — o(v) determines an isomorphism

: ~ 1 °
oM 9MCO‘/T('577”7d)/T><A5.")(d)(JM) — H (Fyy).

These isomorphisms oj,; induce a canonical isomorphism

g GMg/T(E,r,d)/TxA&‘)(d) — Rl(m T al (@) (F*)s

where T Al (a) C—1Tx Ag")(d) is the projection. From the hypercoho-

mology spectral sequence HY(F? @ k(z)) = HPTY(F* @ k(x)), we obtain an
exact sequence

0 — k(z) — HY(F°(z)) — H(F'(x)) — HY(F*(x)) — H (F°(x))

— HY(FY(2)) = k(z) =0
for any x € MC/T( r,d). Here we denote F'®k(z) by F°(x) and so on. So we
have dim H*(F*(z )) = —2x(]-'0( )) + 2, because H(F'(z)) = H'(F°(z))
and H'(F'(z)) 2 HO(F°(z))". We define & by the exact sequence

0— & — End(E —>@Hom( (Z(Z /1 z))( )) — 0.

Inductively we define &, by the exact sequence

00— & — St — éHom (Z}j) (), (Z,Sll/i,?)) (ac)) 0.
i=1
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Then we have &._1 = F°(x). So we have
X(FO(2)) = x(End(E(x))) — nr(r — 1)/2 = 1*(1 — g) — nr(r — 1)/2.

Thus we can see that every fiber of Mg‘/T(E,T, d) over T X A (d) is equi-
dimensional and its dimension is 2r%(g — 1) + nr(r — 1) + 2 if it is non-
empty. O

Proposition 4.1. Let (E,Vg, {l;l)}) € MC/T(E,T, d)(S) be a flat family
of parabolic connections over a Noetherian scheme S over C. Then the subset

U* = {s € S|(B, Vi, {I\"}) @ k(s) is c-stable}

is a Zariski open subset of S. Take a flat family (E,V g, {lgz)}) € Mc(t,A)(9)
of (t,X)-parabolic connections over a Noetherian scheme S over C. Then

U = {s € S|(E, Vg, {I{"}) @ k(s) is irreducible}

is a Zariski open subset of S. Note that a parabolic connection (E,V g, {ly)})
is reducible if there is a subbundle 0 # F C FE such that Vg(F) C F ®
QL(t1+ ...+ tn). A parabolic connection (E,Vg, {151)}) is wrreducible if it is
not reducible.

Proof. Take (E,Vg, {lj(z)}) € M(t,r,d)(S). As in the proof of Theorem
21, a member of (E, E,id,V,F.(E)) € Mf/(;”)xA(T”)(d)(r’ d,{d; }1<i<nr)(9),

D(t . . .
where Mc/(T)xA‘T")(d)(T’ d,{d;}1<i<nr) is the moduli functor of parabolic
A

® /T—triples without stability condition. By [7, Proposition 5.3],

S* ={s e S|(E,E,id,V,F.(E)) ® k(s) is (’, B3,7)-stable}

is a Zariski open subset of S. As in the proof of Theorem 2] (E,V, {l;z)}) ®
k(s) is a-stable if and only if the corresponding parabolic A}D(
(e, 8,7)-stable. So we have S = U*.

Next take a flat family (E, Vg, {ly)}) € Mc(t,A)(S) of (t, A)-parabolic

connections. Take any subbundle F C E ® k(s) such that (Vg ® k(s))(F) C
F®QH(t1 + -+ +t,). We have a commutative diagram

0. -triple is

(v
Fls, M Fs,

! !

N .. (VERK(s)
By, @ k() =TSO B o ).

Licensed to Kyoto University. Prepared on Tue Jul 2 01:23:02 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



430 MICHI-AKI INABA

Then we can see that the eigenvalues {,u;-i)} of res;, (V) are eigenvalues of
res;, (Ve ® k(s)). So the set
F' is a non-zero proper subbundle
P := < (rank(F),deg(F))| of E ® k(s) such that
(VE®k(s))(F) CF@Q&(t + - +tn)

is finite, because deg(F) = —3>_, ,ug-i). For (r',d") € P, put Py gy(m) =
r’(m — g + 1) + d’ which is a polynomial in m. Then consider the Quot-

scheme Q(, 4 := Quo tE/IZ(;]é)@k(S)) Porantm and tet FO'd) ¢ EQ s be

/ d,
the universal subsheaf. Let Y(,+ 4y be the maximal closed subscheme of Q(,+ 4/
such that the composite

(VE)Y(r’,d’)

= By, gy — By,
/7d/
@Oty + -+ ty) — (EY<7-I,d/>/]:1(/7;,,,, d/))) @QL(t + -+ 1)
is zero. Since the structure morphism f(, 4y : Y(,» 4y — S is proper,

Uirr =8\ U for,ay(Yirary)

(r',d")eP

is a Zariski open subset of S. ([
Proposition 4.2. The set

RP.(C,t)"" = {[p] € RP.(C,t)|p is an irreducible representation}

is a Zariski open subset of RP.(C,t).
Proof. Note that for the quotient morphism

p: Hom(m (C\ {t1,...,tn},*), GL.(C)) — RP.(C,t),

Z C RP,(C,t) is a Zariski closed subset if and only if p~1(Z) is a Zariski
closed subset of Hom(m (C \ {t1,...,tn},*), GL-(C)). There is a universal
representation p given by

P() Oy (C\ (1t} 9. G L (©) 7 Obtom(ms (C\{t1.stn 12, GL ()

ﬁ(ﬂl) OHgm (m1(C\{t1,....tn },*%),GL,(C)) —> OHom(ﬂ'l(C\{tl’ itn},*),GLr(C))

~ BT or

p(5) : OHom(m(C\{tl,...,tn},*),GL (©) — OHom(m(C\{tl, itn},%),GLr(C))
fori=1,...,9gand i = 1,...,n. For 0 < v’ < r, consider the Grassmann
variety

I (&)
Gr' = Grass; (Opgu(r, (\ (t1.....t0}.9).GL, (C)))
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and let V C (’)g:, be the universal subbundle. Let Y, be the maximal closed
subscheme of Gr’ such that

plai)y,, (Vy,,) C Vv,
p(Bi)y,, (Vy,) C Vy,
p(vi)y,, (Vy,,) C Vv,

fori=1,...,gand j=1,...,n. Since the structure morphism
frr 2 Yo = Hom(my (C\ {t1,...,tn}, %), GL(C))

is a proper morphism, |J,, fr(Y;) is a Zariski closed subset of
Hom(m (C \ {t1,...,tn}, *), GL:(C)) which is preserved by the adjoint ac-
tion of PGL,(C) on Hom(m(C\ {t1,...,tn}, %), GL.(C)). So p(U, fr (Ys))
is a Zariski closed subset of RP,.(C,t). Thus

{[p] € RP.(C,t)|p is an irreducible representation}
= RP.(C,t) \p(U frr(Yrr))

is a Zariski open subset of RP.(C,t). O

Remark 4.1. Assume that n > 3if g =0 and n > 1if g > 1. Then
RP,(C,t)"" is non-empty.

Proof. Note that the fundamental group 71 (C'\ {t1,...,t,}) is a free group
generated by ai, b1, .., g, Bgs 11y, Yn—1. If g > 1, consider the GL,(C)-
representation p of w1 (C'\ {¢1,...,t,}) given by

A1 0 0 0 po0 00 0

0 A 1 0 0 Loy 00 0

01 p 0 0

plar) = : o p(Br) = S
8888 i 0000 - 0
00 00 - u

plaz), p(B2), - .., plag), p(Bg), p(11); - - -, p(Yn—1) are arbitrary matrix.
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Then we can see that p is an irreducible representation. If g = 0, then consider
the GL,(C)-representation p given by

A1 00 0 po 000 0
0 A 10 0 1 00 0

0 1 0 0

ply) =11 & 1 o) = |

C o 0000 - 0

0 0 0 O I

o(¥3), .., p(yn—1) are arbitrary matrix.
Then we can see that p is an irreducible representation. (]

5. Irreducibility of the moduli space

In this section we will prove the irreducibility of Mg (tz, ), which is the
fiber of MC/T( ,7,d) over (z,A) € T x A (d). We simply denote C, by C,
t, by t = (t1,...,t,) and t; +--- +t, by D(t). First consider the morphism

(10) det : M&(t,A) — M (t,det(N))
(B, V. {I!"}) = (det E, det(V)),

where det(V) is the logarithmic connection on det E induced by V and det(A)
= (Z; é/\gZ ylsisn ¢ A(n (d). Note that a line bundle with a connection is
always stable. We can also construct M¢(t, det(A)) as an affine space bundle

over Pict, whose fiber is of dimension
hY(End(det F) ® QF) = h°(Q4) = g.

Thus M¢(t,det(X)) is a smooth irreducible variety of dimension 2g.

We can prove the smoothness of the morphism ([I0). Indeed let A be an
Artinian local ring over M¢(t, det(A)) with maximal ideal m, I an ideal of A
satisfying mI = 0 and take any A/I-valued point (E,V, {l](z)}) of M&(t,A)
over Mc(t,det(X)). Let (L,Vy) be the line bundle with a connection on
(C, t) which corresponds to the morphism Spec A — M (t,det(X)). We write
(E,V, {ly)}) = (E,V, {l(-i)}) ® A/m and put

F = {s € End(E }Tr =0 and s(t )(lﬁ)) C ﬂ for any i,j} ,

Fi = {s € End(E)o0k (D ’Tr =0 and s(ti)(l_(ji))cly_a_l for any i,j} .
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We define a complex F3 by
Vrs cF)3s»Vos—s0VeEF.

Then the obstruction class for the lifting of (E, V, {l](l)}) to an A-valued point
(E,V,{I'"}) of M&(t, ) with (det(E),det(V)) 2 (L, V) lies in H*(Fg) @ 1.
Using the same method as in the proof of Theorem 2], we can see that

H2(Fg) & (ker(H°(FY) — HO(F)))”

and we can see by the stability of (£, V, {ly)}) that ker(H°(FY) — HY(F})) =
0. Hence the morphism det in ([I0) is smooth.

From the above argument, it is sufficient to prove the irreducibility of the
fibers of the morphism (I0) det : M&(t,A) — Mc(t,det(A)) in order to
obtain the irreducibility of M&(t,A). So we fix a line bundle L on C and a
connection

Vi IL—>L®Qé(t1+-~-+tn).
We set
ME(t, L) = {(E,v, {17}) € M&(t, M)| (det E. det(V)) = (L,VL)}.

Then M&(t, A, L) is smooth of equidimension (r — 1)(2(r 4+ 1)(g — 1) + rn).
Proposition 5.1. Assume that g > 2 and n > 1. Then M&(t,\, L) is an
irreducible variety of dimension (r —1)(2(r +1)(g — 1) + rn).
Proof. By taking the elementary transform, we can obtain an isomorphism
o: Mc(t, A\, L) = Mc(t, X, L),
with r and det L' coprime. Consider the open subscheme

= , V, Y e t, A o is a stable vector bundle
N {(EV{ZJ(Z)}) ME&(t, A, L) o(E) bl b dl}

of M&(t, X, L).

Step 1. We will see that N is irreducible.

Let Mc(r, L") be the moduli space of stable vector bundles of rank r with
the determinant L'. As is well known, Mq(r,L’) is a smooth irreducible
variety and there is a universal bundle £ on C' x M¢(r, L). Note that there is
a line bundle £ on M¢(r, L) such that det(€) =2 L ® L. We can parameterize
the parabolic structures on & (s € M¢(r, L')) by a product of flag schemes

U= ﬁ Flag(€

i=1

tiXMc(’I‘,L’))v

which is obviously smooth and irreducible. Let {ij(z)} be the universal family
over U, where

ol =1 ST 5 - 510, 519 =0
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is the filtration by subbundles for ¢ = 1,. .., n such that dim(l~§-i))s/(l~§-21)s =1
for any i,j and s € U. Consider the functor Conny : (Sch/U) — (Sets)
defined by

V is a relative connection

satisfying (ress, xs(V)— A;i))([§i))5

C (Zj(zll)g for any 7,7 and det(V)

=(Vi)s®Ls

Conng (S)={V : E — Es @ QL(D(t))

We can define a morphism of functors
Conny — QuotA}j(t)@g/CxU/U
V= A}:)(t) ® &y 3 (a,v) ® e ae+ V,(e) € &y,

which is representable by an immersion. So there is a locally closed subscheme
Y of Quot AL ®E/CXU/U which represents the functor Conny. We will show

that Y is smooth over U. So let V : & — & ® Q&(D(t)) be the universal
connection and put

FO .= {s € End(€)

Tr(s) =0 and s

tixy((l~§-i))y) C (l;(z))y for any i,j} ,
o= {s € £nd(€) © OL(D(1) | Tr(s) = 0 and resy .y (5)((")y)

C ([J(:)_l)y for any i,j},
V;{;:}'gas'—)@os—SO@e}'&.

Let A be an Artinian local ring over U with maximal ideal m and I an ideal
of A satisfying mI = 0. Take any A/I-valued point z of Y over U. We put
Z:=x ® A/m. Then the obstruction class for the lifting of z to an A-valued
point of Y lies in H'(F} ® k(Z)) ® I. We can see that H*(F} @ k(7)) =
H(F) @ k(z))Y = 0 because £ ® k(Z) is a stable bundle. Thus Y is smooth
over U. We can see that the fiber Y of any point s € U is isomorphic to the
affine space isomorphic to H(F} @ k(s)). So Y is irreducible. Consider the
open subscheme

Y {x ey ‘U—l(gm, V k@), {(I{").}) is a-stable}

of Y. Then we obtain a morphism Y’ — Mg(t, A, L) whose image is just V.
Thus N is irreducible.
Step 2.

dim(ME(t, A, L)\ N) <dim ME&(t,\, L) = (r — 1)(2(r + 1)(g — 1) + rn).
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For the proof of Step 2, it is sufficient to show that there is an algebralc
scheme B with dim B < (r — 1)(2(r 4 1)(g — 1) + rn) and a surjection B —
o(M&(t,X\,L)\ N). Take any member (E, Vg, {lj(-l)}) €o(M&(t,A\,L)\ N).
Let

O=FEyCE,CEyC---CFE,=F
be the Harder-Narasimhan filtration of E. Note that s > 1 because r and
deg E = deg L' are coprime. Put Ej, := Ey/Ej_, for k = 1,...,s. For each
E}, there is a Jordan-Holder filtration

0=E"cEVcE® c...c E'"™ = E,.

We put E( V= =K, )/E(Z D for i = 1,...,mg. Put r(]) = rankE( ) and d(j) =
50 by the moduh space M(r,(C ),d(]))

and degree dk whose dimension is

deg E(] ). We can parameterize each E

of stable bundles of rank T(J )

dim Extl(E,(cj),E,ij)). Replacing M (r; (9) d(j)) by an étale covering, we may

assume that there is a universal bundle E,gj Von C x M (r,(cj ), d(j )). If we put

X = (a:,(f))e H (j) d(] ®det( )U)%L ,
Ty

1<k<s,1<j<my

then X is smooth of dimension —g + >7;_, 77" dim Ext (E,ij),E’,ij)). Re-
placing X by its stratification, we may assume that the relative Ext-sheaf
Extéxx/x (5,532),5121)) becomes locally free. We put V~V,£2) := X and 5,22) =
6_‘,51) <) 6_‘,52) if the extension

0— E,(:) — E,(f) — E,(f) —0
splits. Otherwise we put

W =P, (EXtéxX/X(g£2)7gél)))
and take a universal extension

0— (glgl))w(z) ® ﬁ,(f) — 5122) — (géz))wliz) —0

for some line bundle E( ) on W(2). We define W 7 and Eéj) inductively on

(

j as follows: Replacing W I 1) by its stratification, we may assume that

the relative Ext-sheaf Extc W= oD ((glgj))wlyﬂ),g;gjfl)) is locally free.

Then put W,gj) = W,E] Y and Ekj) = 5,? Ve (g,gj))w(j) if the extension
k

0— E,(f_l) —>E,(€j) — E,(Cj) —0
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splits; otherwise, we put
) 1 () (3-1)
ij = P* (EXtCXWIEj_l)/W)Ej_l)((Sk] )ngj,l),gkﬂ ))
and take a universal extension
(3-1) (4) (4) ()
0— (5kj )Wlij) ®£kj — gkj — (5; )Wlij) —0

for some line bundle Eéj ) on W,EJ ). We can see by the construction that

the relative dimension of W,Em’“) over X at the point corresponding to the
extensions

0— E,E:jfl) — E,ij) — E’,(Cj) —0 (j=2,...,my, E,il) = E,il))
is at most 1 —my + 30 <<y, dim Eth(El(cj)vE;(j))' We put
W .= Wl(ml) Xx - Xx VNVS(m*)

and &, := (Slgm’“))w for k = 1,...,s. Replacing W by its stratification, we
assume that the relative Ext-sheaf Extlcxw/w(gg, &1) is locally free. Then we
put Wy := W and & := &, ® & if the extension

0— Fy — Ey — E5— 0
splits and otherwise we put
Wa i= P, (Exthww (2, 61))
and take a universal extension
0— (E1)w, @ Lo — E — (E)w, — 0

for some line bundle £5. We define Wi, and & inductively as follows: Re-
placing Wj_, by its stratification, we assume that the relative Ext-sheaf
Extlcxwk_l/wk_l((E_k)wk_l,é’k,l) is locally free. Then we put Wy, := Wj_4
and & := & @ &1 if the extension

0—>Ek,1—>Ek—>Ek—>O

splits and otherwise we put

Wk = P* (EXtéXkal/kal((Ek)wk—l’é‘k—l)>
and take a universal extension
0— (Ep—1)w, @ L, — & — (gk)Wk — 0

for some line bundle £j on Wy,. We put v, :=rank Ej, for k=1,...,s.
Claim. dim Ext'(E}, Ey/) < rpri (29 — 2) for k' < k.
Take a general point ¢ € C. We prove this claim in the following three
cases.
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Case 1. deg(EY, ® Ex(t)) > 0.
By the Riemann-Roch theorem, we have

dim Hom(Ek(t), Ek/) — dim HO((Ek/)V ® Ek(t) ® wc)
= rri(1 — g) + deg((Ex(1)" @ Ey).
Here we have Hom(Ej(t), Ey) = 0 because Ej(t) and Ej are semistable and
deg((Ex(t))Y @ Ex/) < 0. So we have
dim Eth(Ek, Ek/) = dim HO (E]\;/ ® Ek ® wc)
< dim HY(EY, ® Ex(t) ® we)
=it (g — 1) — deg((En(t))” ® Ep)
<rpre(g—1) + rere
§ rkrk/(Qg - 2)

Case 2. deg(E}), ® Ex(t)) < 0.
Note that there is an exact sequence

0— HYE, ® B, @wc(—p1 — - — pag—3))
— HY(Ey, ® By, @we(—p1 — -+ — pag-a))
— HY(E), ® Ex @ we(—p1 — -+ — p2g—a)|pa,_s) = C™".
Since deg(EY, ® E,@wc(—p1—- - +—p2g—3)) < 0 and Ej, and Ej are semistable,
we have
HY(EY, ® Ex, @ we(—p1 — -+ — pag—3)) = 0.
So we have dim HO(EIX, ®EL @we(—p1 — - — P2g—4)) < riry. Inductively

we can see that
dim H°(E), ® E, @ we(—p1 — -+ — pag—2-m)) < rxr (m — 1)

for 2 < m < 2g — 2, because there are exact sequences

0— HYE) ® Ex @ we(—p1 — = P2g—2-m+1))
— H%(E), ® B, @ we(—p1 — -+ — Pag—2-m))
— HO(E;\C// ® Ek ® wc(—pl ... _p29727m)|pgg_2_m+1) &~ QTRTR

for 2 < m < 2g — 2. Thus we have
dimExtl(Ek, Ek/) = dlmHO(E,X/ & Ek ® UJC) S Tk'rk’(zg — 3)
Case 3. deg(E), ® Ex(t)) = 0.
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Put F := E,\c/, REy@we(—p1—--- —p2g—3). Then F is semistable of degree
0. Let 0=Fg C F1 C --- C F; = F be a Jordan-Hoélder filtration of F. If we
put t € C sufficiently general, we may assume that O (t — pag—3) # Fi/Fi-1
for any i. Then we have

Hom(Oc(t — p2g—3), By, ® Ey @ we(—p1 — -+ — p2g—3)) = 0.

Since there is an exact sequence

0=HE), ® Ex @wc(—p1 —+ — pag—a — 1))
— HY(EY, @ By @ we(—p1 — -+ — pag—4))
— HO(E,\C// ® Ek (39 wc(—p1 — = p29_4)‘t) > CrETR
we have dim HO(E), @ E, ® we(—p1 — + — pag—4)) < rgryr. Inductively we

can see that
dim H(Ey, ® By @ we(—p1 — -+ — pag—2-m)) < ririe (m — 1)

for 2 < m < 2g—2. So we have dim Ext'(Ey, Ey/) = dim H(E), ® Ey®@wc) <
kT (29 — 3).

Thus the claim has been proved.

We can see that the relative dimension of W) over Wj_; at the point
corresponding to the extension

00— E,_1 —E, —E,—0
is at most

dimExt' (Ey, Bx—1) — 1< =1+ > dimExt'(Ej, By)
k'<k—1

<1+ Y (20 -2))

1<k/<k

if 0 » Ex_1 — Ej — Ej, — 0 does not split. If the extension 0 — Ej_; —
E. - E, =0 splits, the relative dimension of W} over Wj_; is at most
14> cperTeTk(29 — 2). Then we can see that the dimension of W, at
the point corresponding to the extensions

0=EyCE C---CE,=E, Ey=Ey/E;,
0=E"cEMc...cE™ =E, EY=EY/E/"Y,
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is at most

—g-i-i:ZdlmExt k),E(J))

k=1j=1

+ Z 1—my + Z dimExtl(E,ij), E,(j))

1<i<j<my

+zs: ~1+ Y dimExt'(E, Ey)

k=2 1<k'<k

< - g—i—iZdlmExt k),E(]))

k=1j=1

+ Z 1—my + Z dimExtl(E,ij), E,(j))

1<i<j<my
+1—s+ Z rerR(29 — 2)
1<k’'<k<s
<ZZ D)2( 1) +1) +Z L-me+ > (P g-1)+1)
b1 el k=1 1<i<j<my

—g+1—s5+ Z Z T,(C)r,(c],)(Zg—Q)

1<k/<k<s 1<i<my,1<j<m/

éZZ(ré"’>2<g—1>+z S g1

k=1i=1 k=11<i<j<my

—gt1+ > > 2779 (g — 1)

k<k’1<i<myg,1<j<m,,

=(r* = 1)(g - 1)

because we have s > 1.
Consider the product of flag schemes

7 =[] Flag(& )
i=1

over Wy and put € := (€;)z. Then there is a universal parabolic structure

Elor = 1§ ST 5 510, 519 =0
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for each i = 1,...,n. The dimension of Z at the point corresponding to the
extensions

O0=FyCFE,C---CE;=F, E_‘k:Ek/Ekfla
0— E](;)) c E]il) C..C E](:w) = B, E’ij) _ E;gj)/E;ij_l)a
and the parabolic structure

Ely, =19 2515...019, 519D =0 (i=1,...,n)

is less than (r2 —1)(g— 1) +7r(r— )n/2 = (r — 1)((r+ 1)(g — 1) + rn/2).
Consider the functor Conny : (Sch/Z) — (Sets) defined by

V is a connection such that
(rest, xs(V) = A7) ((@)s)
C (l~§l+)1)s for any 1, j
Conngz(S) = V: € = Es @QG(D(t)) | and det(V) =V, ® L

via an identification £ =

L ® L for some line bundle
Lon S

We can see that Connyz can be represented by a scheme B of finite type over
Z. Let

V:Ep — Ep @ QL(D(t))

be the universal connection. If we put

FY = {u € End(€) ’Tr(u) =0 and u|tixy((Z§-i))y) C (lNJ(z))y for any i,j} )
Fo = {u € End(€) ® Q& (D(t)) |Tr(u) = 0 and
restixy(u)((ij(-i))y) C (l;(fz )y for any i,j} ,
Vs i F) D urs Vs ou—uoVre € Fy,

then the fiber B, of B over x € Z is isomorphic to the affine space
H(F} @ k(z)). Put

B = {x €B ‘0'_1 (EI, V ® k(z), {l;m ® k(m)}) is a—stable} :
Then there is a canonical morphism
B — M&(t,A\, L)\ N
and the homomorphism

H°(Vrs @ k(z)) : H(F§ ® k(z)) — H°(F; ® k(x))
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is injective for z € B', because End(€ ® k(x), V @ k(z), {l~§-i) ®k(z)}) =2 k().
If we put

Ui={u: E0k(z) > E0hk(@)| ul’ @ k(x)) LV @k(z) and A"u=id },
for x € Z, then we have a morphism
1:U =B u—uo(Vek()ou

We can see that the tangent map of ¢ at id is just the homomorphism
H°(Vrs ® k(x)) which is injective. We may assume that the morphism

¥ : B — (B’) is flat by replacing B’ by a disjoint union of subschemes.
So we have for any x € B’,
dimy (o) 1 (B') = dimy (B) — dimg ¢~ (¢ ()
< dim(Z) + dim, B., — dim, «(U)
< dim(Z) + dim H°(F§ @ k(z)) — dim H°(F @ k(z))
<(r=12Fr+1)(g-1)+rn),

because
dim coker(H*(FJ @ k(z)) — HY(Fy @ k(x))) = (r —1)((r +1)(g — 1) +rn/2).

Note that M&(t, X, L) \ N can be covered by a finite union of such ¢(B’)s;
hence, we have

dim(MEt, X\, L)\ N) < (r—=1)2(r+1)(g — 1) + rn).

So Step 2 is proved. By Step 1, Step 2 and the fact that the moduli space
Mg(t, X, L) is smooth of equidimension (r — 1)(2(r + 1)(g — 1) 4+ rn), the
moduli space M&(t, A, L) is irreducible. O

Proposition 5.2. Assume that g =1 and n > 2. Then M&(t,\, L) is an
irreducible variety of dimension r(r — 1)n.

Proof. Composing certain elementary transforms, we obtain an isomor-
phism

o: Mc(t, A\, L)~ Mc(t, X, L),

where r and deg L’ are coprime. Put
N = {(E, V,{I}) € M&(t, A\ L)| o(E) is a stable bundle} :

As in the proof of the previous proposition, we can show that N is irre-
ducible. So it suffices to show that dim(M&(t,X,L) \ N) < r(r — 1)n be-
cause M&(t, A, L) is smooth of equidimension r(r — 1)n. Take any member
(B, V. {"}) € o(M&(t, A\, L)\ N). Let F, C Fy_; C -~ C Fy = E be the
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Harder-Narasimhan filtration of E. Note that s > 1. We can inductively see
that the extension

0— F,/Fpp1 — E/Fp s — E/F, — 0

must split for p = 2, ..., s, where we put Fs;1 = 0. Then we have a decompo-
sition E = Fy & - -- @ E,, where each E, is semistable and p(Eq) < p(E2) <
- < W(Es). We can write E, = EB p], where each F), ; is a successive

extension of a stable bundle F,E 7 and F % Fpk) for j # k. We can see that

F,; 2 G ®--- @ G,y,, where each G is a successive non-split extension of
F(j) We put rl(yj) = rankF(j) and d(j) = degF(j). Let Mc(r,(,j),dz()j)) be the
moduli space of stable bundles on C' of rank r(j ) and degree d;j ), Replacing
Me( 1(,] ), dl(f )) by an étale covering, we may assume that there is a universal
bundle }',gj ) on C x Mc (rl(,j ),d(j )). We can construct non-split extensions
Gi,. .., Gm of F) such that Fo; = (G1®- ®Gn) ® k(x) for the point zg

of Mc(’l“;gj), déj)) corresponding to F,gj). We put Fp,; :=G1 & - &Gy, and

wi=d@ihe I Mot d)| (et (F; @ k() = L

1<p<s,1<5<r, DJ

Then dimW = —1+ 37 r,. We put € := @, ,Fp,;. Then parabolic
structure can be parameterized by the product of flag schemes

U= f[l Flag(€

over W. The relative dimension of U over W is 7(r — 1)n/2. Let {Zgz)} be the
universal parabolic structure on &;. Note that

)

End(EQk(z @@End 0. ®k(2)) D P Hom(F, ;@k(x), Fyr@k())

p=1 j=1 pr<q j,k

for a point x € W and the group

Z Cpiidr, ore) + 3 D ai?

p<q j,k

cpj € C7,

€ End(€ ® k(x)) %9 € Hom (Fpj @ k(x), Fo @ k()

acts on the fiber U, of U over x. Note that we can take a section a €
Hom(F, ; ® k(z), Fqr @ k(x)) with a(t1) # 0 or a(t2) # 0 if p < g. So we
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may assume that a(tz) # 0 for some o € Hom(F,, 1 ® k(x), Fpo+1.1 @ k(x)).
Modulo the action of the group

Zcmld; Q@ k(x)|cp; € C* 5,

l(l) ® k(y) (y € U,) can be parameterized by an algebraic scheme whose
dlmenswn is at most r — 22:1 rp. Moreover, modulo the action of the group

idegri) + Y > a%?al? € Hom (F,; @ k(x), Fyp @ k(2)) 3 .

p<q j,k

1(2)1 ® k(y) (y € U,) can be parameterized by an algebraic scheme whose
dimension is at most r — 2. Then, modulo the action of G, l£121 ® k(y) and

552_)1 ® k(y) (y € U,) can be parameterized by an algebraic scheme whose
dimension is at most 2r — 37, 7, — 2. So we can take a finite number of
subschemes Y7, ...,Y; of U such that dimY; < -1+ szl rp+r(r—1)n/2—
dope1Tp=7(r—1)n/2—1and Uizl G, (Y;), = U, for any point z € W. We
put Y := Hézl Y;. Replacing Y by its stratification, we may assume that the

dimension of

Fg {s € End(&,) |Tr(s) = 0 and s(t )(l(z)) (l}m)y for each i,j}

is constant for y € Y. There exists a scheme Z over Y such that for any
Y-scheme S, we have

V is a relative connection such
that (resy, s(V) = A)((I")s)
C (1521)5 for any ,j and
det(V)= (VL) ® L

Z(S): V:gs—>55®Qlc(t1+...+tn)

We can see that each fiber of Z — Y over y € Y is an affine space isomorphic
to

Fy1 = {s € Hom(&,,& ® Q&(t1 + -+ t,)) [Tr(s) = 0 and
resti(s)(ig)) (Z§l+)1) for any i,j} .

Let V:Ey = &4 ® QL(t1 + -+ +t,) be the universal relative connection. If
we put

VARES {y €z ‘0'_1 ((5,@, {ij(z)}) ® k(y)) is a-stable} ,
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then there is a natural morphism f: Z° — Mg&(t, A, L). For each z € Z over
y € Y, consider the homomorphism

A Fg ® k(z) — F; @k(z); Vi(s):=V.os—s50V..

Then the group Stab, of automorphisms g of the parabolic bundles (&,
{(ZEZ))U}) which induce the identity on det(&,) acts on the fiber Z, and the
tangent map of the morphism Stab, 3 g — gz € Z° at id is just the homo-
morphism V! which is injective. Replacing Z* by a finite disjoint union of

subschemes, we may assume that Z* ER f(Z#) is flat. Then we have
dimy(,) f(Z¢) = dim, Z° — dim, f_l(f(z))
< dim, Z° — dim;q Stab,
= dim, Z° — dim F)
< dimy Y + dim; Z; — dim F,)
< dim, Y +dim F,) — dim F})
<dimY +r(r—1)n/2<r(r—1)n—1.
Here z € Z® and Z° 5 z — y € Y. Since M&(t, A, L) \ N is a finite union of
such f(Z*®)s, we have dim(M&(t,X,L) \ N) < r(r — 1)n. O
Proposition 5.3. Assume that rn — 2(r +1) > 0 and r > 2. Then
Mg (t, X, L) is an irreducible variety of dimension (r —1)(rn — 2r — 2).
Proof. First we will show that the Zariski open set

N = {(E,v, {(1}) € Mg (t, A\, L)| dim End(E, {1{"}) = 1}

is irreducible. There exists an integer ng such that h'(E(ng)) = 0 for any
(E,V, {lj(-z)}) € Mg (t,A, L). Then we can easily construct a smooth irre-

ducible variety X and a flat family of parabolic bundles (E, {ij(l)}) on P! x X
over X whose geometric fibers is just the set of all the simple parabolic bun-
dles (F, {ZSZ)}) satisfying h'(E(ng)) = 0 and det E = L. We can take an
isomorphism det E = L @ £ for some line bundle £ on X. The functor
Conny : (Sch/X) — (Sets) defined by

V is a relative connection
satisfying (res;, (V)

Conny (U) = { V: By — Ey @ Qi (D(t) | -A)(([1))  (I))w
for any 4,7 and

det(V) = (VL)U ® L

is represented by a scheme Y of finite type over X. We can see by the same
proof as Proposition [(5.] that Y is smooth over X whose fiber is an affine
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space of dimension h9((F3);) for x € X, where
Fl= {s € End(E) ® QL. (D(t)) [Tr(s) = 0 and

restixX(s)(lg-i)) C l~§:)_1 for any i,j} .
So Y is irreducible. Let
V:Ey — Ey @Qbi(t + -+ t,)
be the universal relative connection and put
Y = {y ey ‘(EN,@, {ly)}) ® k(y) is a—stable} :

Then Y’ is a Zariski open subset of Y and it is irreducible. A morphism,
Y’ — Mg (t,\, L), whose image is just N is induced. Thus N becomes
irreducible.

In order to prove that Mg (t, X, L) is irreducible, it suffices to show that
dim(Mg; (t, A\, L)\ N) < (r — 1)(rn — 2r — 2) because Mg, (t, A, L) is smooth
of equidimension (r — 1)(rn — 2r — 2). For this, we will construct an algebraic
scheme W’ of dimension less than (r — 1)(rn — 2r — 2) and a surjection f :
W’ — Mg (t, A, L)\ N.

Take any parabolic bundle (FE, {l](z)}) such that rank F = r, degF = d,

dim End(E, {Zy)}) > 2 and h'(E(ng)) = 0. We will show that such parabolic
bundles can be parameterized by an algebraic scheme of dimension less than
(r—1)(rn/2 —r —1). We can write

E = 0pi(a1)%" @ Op1(a2)9? @ - ® Opi(as)®"™
with a1 < as < --- < ag. If lilfl 7 Opi(az)®72|y, ® - ® Opi(as)®
some k, then we replace (F, {ly)}) by its elementary transform along t; by
17("]€—)1’

Opl (a1 — ].)@7‘171 D Opl (al) D Opl (G,Q - 1)@'r2 DD Opl ((ls — 1)697’5

¢, for

which is isomorphic to the bundle

with a certain parabolic structure. Repeating this process, we finally obtain
two cases:

E = Opi(a)™,
lff—)l C Op1(a2)®™|y, & -+ ® Op1(as)®"

Case 1. £~ Opi(a)®".
Tensoring Opi1(—a), we may assume F = (’)gf. For a suitable choice of a

¢, for all 4 and r; > 0.

basis of (’)leff, we may assume that

lil_)z = k(t1)61 + k(t1)62 + -4 k(tl)ei
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fori=1,...,7, where ¢; is the vector of size r whose jth component is 1 and
. . 1
others are zero. Then the group of automorphisms of E fixing l£ )1, lfn )2, ey
1 s
1
B = {(aij) € GLT(C) \aij =0 for i > j} .
We put

p(1) := max {p

v, # 0 for some (vy,...,v )61(2) }

Applying a certain automorphism in B, we may assume that l£ ) = k(t2)ep(1)-

Inductively we put

p(i) := max {p ‘vp # 0 for some (vq,...,v,) € lv(nz_)i and

p # p(j) for any j < l}

fori=1,...,r. Applying an automorphism in B which fixes li )1, cee l£2)2+1,

we may assume that
2
12, =12+ k(t2)epn.

Then the group of automorphisms of E fixing both {l§1)} and {l§2)} is
B' = {(ai;) € GL.(C) |a;; = 0 for i > j and ap(;)pj) = 0 for i > j} .

Applying a certain automorphism in B’, we may assume that 153_)1 can be

generated by a vector w = (wq,...,w,), where each w; is either 1 or 0. Note
that we have n > 3 by the assumption of the proposition. The group of
automorphisms of E fixing {l(l)} {1(2)} and 1(71 is

aij:Oforz>j,
"o 3 Ap(i)p(5) = 0 fori>j
B" = (aij) € GL-(C) and there is ¢ € C* satisfying

g w; + Zk# a;pwy = cw; for any 1

Since the parabolic bundle (E, {ZY)}) has a non-trivial endomorphism, there
is (i,7) with i < j and p(#) < p(j) or there is some 4 satisfying w; = 0. Note
that » > 3 or n > 4 because we assume that rn—2r—2 > 0. First assume that
r > 3. If wyiy = wp) = 1 and p(i) < p(j) for some i < j, then we apply an
automorphism of the form (ag;) such that agr = 1 if k # p(i), agy =0 if k # 1
and (k,1) # (p(i),p(5)), ap(iyps) = 1 —c and ayyp(;) = ¢ for some ¢ € C\ {1}.
Then we can parameterize lg?’_)z modulo this action by an algebraic scheme
whose dimension is less than » — 2. If w; = 0 for some 4, then we apply
an automorphism of the form (ax;) such that agr = 1 for k # 4, a;; = ¢
(c e C*) and ay; = 0 for k # 1. Then l 2 can be parameterized modulo this
action by an algebraic scheme of dimension less than r — 2. Next assume that
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n > 4. If wyy = wy;) = 1 and p(i) < p(j) for some i < j, then we apply an
automorphism of the form (ay;) such that ag, = 1 if k # p(7), apg =0 if k #1
and (k,1) # (p(i),p(4)), ap(iyp(i) = 1 — ¢ and ap(;)p(;) = ¢ for some ¢ € C\ {1}.
Then we can parameterize lffi)l modulo this action by an algebraic scheme
whose dimension is less than r — 1. If w; = 0 for some 4, then we apply an
automorphism of the form (ag;) such that ag, = 1 for k # ¢, a;; = ¢ (c € C*)
and ag; = 0 for k # [. Then l$4_)1 can be parameterized modulo this action by
an algebraic scheme of dimension less than » — 1. Taking account of all the
above arguments, we can parameterize parabolic bundles (E, {l;Z)}) satisfying

E = Og} and dimEnd(E, {l](z)}) > 1 by an algebraic scheme of dimension
less than (r — 1)(rn/2 — (r 4+ 1)).

Case 2. F = Opi(a1)®" @ -+ ® Op1(as)®™ with r; > 0 and l:_)l C
Op1(a2)®™2;, @ -+ ® Opi(as)® |y,

For each p, we consider an identification Op1(a,)®"#|;, = C™ and denote
by ez(j,)j the element of this vector space whose jth component is 1 and others
are zero. We put

p(1) := min {p v, # 0 for some (v1,...,vs) € 17(01_)1 where

vy € Opi(ay)®7e|,, for any q}.

Applying an automorphism of E, we may assume that lgl_)l is generated by
1)

€p(1),j

) with j(1) = 1. Inductively we put

p(?) :=min ¢ p v](-p) # 0 for some Zv,(f)e((;,l € lf})z where
9,k

(p,7) # (p(k), j(k)) for any k < z}

fori=1,...,r and we put

j(@) :==1+max ({0} U{j(i")]i' <i and p(i") = p(i)}) .

Applying an automorphism of F fixing 151_)1, cee lﬁljl 41, We may assume that
1 1 1 1) . 1
15,7)1 = l£2i+1 + k(tl)eé(z)yj(i). Then each ZL)Z. is generated by e;()l)’j(l), e
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el()l(z) j(i) and the group of automorphisms of E fixing {l;l)} is

(af)1<j<r, 1<k<r, € End(O(ag)™, O(ap)™)

B = (apq)lgp,qgs for each (p, q)
IHSSrASkSr | (7)) € Aut(O(ay)™) and af(1) (1) = 0
for i > i’

Note that we have j(i') < j(7) if ¢/ < i and p(i') = p(i). We will also normalize
(2) :
{I;7}. First we put

(p'(1),—5'(1)) := min < (p,—j) vj(p) # 0 for some Zv(q) (2) ¢ 1(2) )
q,k

where we consider the lexicographic order on the pair (p, —j). Applying an
automorphism of E fixing {15»1)}, we may assume that l,(?_)l is generated by
(2)

€pr(1),4/(1)" Inductively we put

(P'(i), —j'(i)) := min {(p, —J)

P) £ 0 for some Equk e El ; and
(p7.7) # ('(k), (k) for any "<

for i =1,...,r. Applying an automorphlsm in B fixing lr 1oeees li it1> We

may assume that 152)

phisms of F fixing {ljl)} and {lj )} is

l(z)z_H + k(tg) ( )5 (0) Then the group of automor-

1<p,q<s l
B = {200 ey, € Bl @) = 0 for i > 1}

Applying a certain automorphism in B’, we may assume that l( )

(p) (3) where each w§p) is either 1 or 0. Then

€p.5>
the group of automorphisms of E fixing {l](-l)}7 {l§2)} and l@l is

~, can be

generated by a vector w =) w;

" _ Pg\1<p,g<s / X
B" = {(ajk)lgjgrp,lgkgrq € B'|for some c € C*,

Zaakwk = cw§p) for any p,j}.

Note that p(1) > 2 because lr1 1 C Opi(az)®2], @ -+ @ Opi(as)®=,. If
75 0 and w(lg(; # 0, then there exist elements ( i) of B" satisfying
11 1 1 1 1

agélz 1ttt + ) = Wil aff =1 for (p,5) # (p(1),4(1)) and

)= 0 for (p,j) # (¢.k) and (p.j.q,k) # (p(1),i(1),1,1). Applying such

i®

automorphlsms, 5 can be parameterized modulo this action by an algebraic
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MODULI OF PARABOLIC CONNECTIONS ON CURVES 449

scheme of dimension less than r — 2 when r» > 3 and 154_)1 can be parameter-
ized modulo this action by an algebraic scheme of dimension less than r — 1
when n > 4. If w](.f °) = 0 for some (po, jo), then we apply an automorphism
(aff) in B” satisfying a7} = 1 for (p,j) # (po.Jjo), afs’ = c (c € C)
and afl = 0 for (p,j) # (g,k). Then l( )2 can be parameterized modulo
this action by an algebraic scheme of dimension less than r — 2 when r > 3
l( )
dimension less than r — 1 when n > 4. Therefore we can parameterize par-
abolic bundles (E, {l;Z)}) satisfying E = Op1(a1)®™ @ -+ ® Opi(as)®" and
lfﬁl C Opi(az)®2];, @ -+ @ Opi(ag)®"s|;, for any 4 by an algebraic scheme
of dimension less than (r — 1)(rn/2 —r —1).

By Cases 1 and 2, we can construct an algebraic scheme Z of dimension

less than (7 —1)(rn/2—7r—1) and a flat family (E, {[EZ)}) of parabolic bundles
on P} over Z such that the set of the geometric fibers of (E, {[j(l)}) is just
the set of parabolic bundles (E, {lgz)}) satisfying rank E = r, degF = d,
dim End(E, {Zy)}) > 2 and h'(E(ng)) = 0. Note that the functor Conny :
(Sch/Z) — (Sets) defined by

and [, can be parameterized modulo this action by an algebraic scheme of

V is a relative connection
satisfying (res;, xs(V)

Conng(8)=1{ V : Eg—= Es@Qpi (ti+ -+ +1,)| =\ (1) € (1)) for
any 4, j and det(V) =
(Vo)s® L

can be represented by a scheme W of finite type over Z. Let V : Ey —
Ew ® Qi;l (t1 4+ - -+ t,) be the universal relative connection. If we put

Fy = {s € End(l:?)‘ Tr(s) =0 and s(l~§l)) C ij(z) for any i,j} )
Fi = {s € End(E) @ Qb (t1 + -+ -+ t,)|Tr(s) = 0 and
restixz(s)(l( )) C l(ll for any ¢ j}
vt R — Fl Vis)=Vos—soV,

then each fiber W, of W — Z over z is an affine space isomorphic to
HO(F} @ k(2)). If we put

W' = {p ew ‘(E, Vv, {ij(z)}) ® k(p) is a-stable} ,

then a morphism f : W' — Mg (t,A, L) is induced. Replacing W' by a

finite disjoint union of subschemes, we may assume that W’/ —— ! s fW") is
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flat. There is a canonical action of

Auto(E ® k(2), {Ii" ® k(2)})

= {g:E@k(z) = E®k(2)

g(l~§-i) ® k(z)) C l;m ® k(z) for any i, j
and \" g =id

on the fiber W, of W/ — Z over z € Z and we have f(gp) = p for any p € W
and g € Auty(F, {lj(z)}) Take p € W' lying over z € Z. Then the tangent
map of Auto(E ® k(p), {l~§-i) R k()}) 3 g+ gp € W, at id is the linear map
H°(V' @ k(p)), which is injective because (E ® k(p), V ® k(p), {I\"” ® k(p)})
is a-stable. So we have for any p € W',
dimy(,) f(W') = dim, W’ — dim, ' (f(p))

< dim, W' — dim;q Auto(E ® k(p), {I\" @ k(p)})

= dim, W’ — dim H°(F) ® k(p))

< dim, Z + dim, W/ — dim H°(F{ ® k(p))

< dim, Z + dim H(F; ® k(p)) — dim H(F) @ k(p))

=dim, Z+ (r—1)(rn/2 -7 —1)

< (r—=1)(rn—2(r+1)).
Here W’ 5 p— z € Z. Since Mg, (t, X, L)\ N can be covered by such f(W')s,

we have
dim (Mgi (6, A\, L)\ N) < (r — 1)(rn — 2(r + 1)).
Hence Mg, (t, A, L) is irreducible. O

6. Riemann-Hilbert correspondence

We take a point € T and denote C, and t, simply by C' and t. We
also denote the fiber of Mg‘/T(E,T, d) over z € T by M&(t,r,d). Sending

(E,V, {lii)}lgign) to ker V*|en f4,,...,4,,}» We obtain a holomorphic mapping
RH, : M&(t,r,d) — RP,(C,t),
which makes the diagram
Mg (t,r,d) 22y RP,(C,t)

! |
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commute. Here rh : Av(nn)(d) 3A= ()\;i)) —a= (ag-i)) € A is defined by

r—1
[T(x —exp(-2nv=12") = X" + a2, X" 4+ + 0l X + o
=0

i =1,...,n. If we denote the fiber of M&(t,r,d) over XA € A (d) by
ME&(t, A), then RH, induces a holomorphic mapping

RH(JE’A) : Mg(t,)\) — RPT(C,t)a

for rh(A\) = a. In this section we will prove the properness of this morphism
RH(, x) and obtain Theorem2l In order to prove the properness of RHy, x),
it is essential to prove the surjectivity of RH(, x) and compactness of every
fiber of RH(, ). For the proof of the surjectivity of RH(, x), it is essential
to use the following Langton’s type theorem.

Lemma 6.1. Let R be a discrete valuation ring with residue field k = R/m
and quotient field K. Take a flat family (E,V, {lj(z)}) of parabolic connec-

tions on C' X Spec R over Spec R whose generic fiber (E,V, {l;l)}) ® K is
a-semistable. Then we can obtain, by repeating elementary transformations
of (E,V, {ly)}) along the special fiber C' x Speck, a flat family (E’, V', {Z’gi)})
of parabolic connections on C x Spec R over Spec R such that (E', V', {l’gi)})@)
K= (E,V, {l§i)}) ® K and (E', V', {Z’;i)}) ® k is a-semistable.

Proof. This is just a corollary of the proof of [7, Proposition 5.5]. O

Proposition 6.1. Assume thatn > 3 if g =0 and that n > 1 if g > 1.
Then the morphism RH, x) : M&(t,X) — RP.(C,t)a is surjective for any
Ae A (d) satisfying rh(X) = a.

Proof. By Proposition B.I] we obtain an isomorphism

(11) o: Mco(t,A) = Mc(t, 1)

of functors, where 0 < Re(ug.i)) < 1 for any ,j. Note that ¢ induces an
isomorphism

ME(6.3) % ME (8, 1),

where M2 (t, ) (resp. ME"(t, p)) is the moduli space of irreducible (t,\)-
parabolic connections (resp. (t, p)-parabolic connections). By construction,
we have RH(z,p.) OU|MiCI:r(t7>\) = RH(JE’)\) |Mgr(t7>\).

Consider the restriction

RH(, ») : M (t,\) — RP.(C,t)1",
of RH, where MZ*(t, ) is the moduli space of irreducible parabolic connec-

tions and RP,.(C,t)I" is the moduli space of irreducible representations. For
any point p € RP,.(C,t)I*, p corresponds to a holomorphic vector bundle E°

Licensed to Kyoto University. Prepared on Tue Jul 2 01:23:02 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



452 MICHI-AKI INABA

on C\{t1,...,t,} and a holomorphic connection V° : E° — E"(X)Qlc\{t1 11111 i}
By [ 11, Proposition 5.4], there is a unique pair (F, V) of a holomorphic vec-
tor bundle E on C and a logarithmic connection V : E — E®QL(t1+- - +t,)
such that (£, V)|c\(¢,,....t,3 = (E°, V°) and that all the eigenvalues of res;, (V)
lie in {z € C|0 < Re(z) < 1}. We can take a parabolic structure {l;i)} on
E which is compatible with the connection V. Then (E,V, {l§-i)}) becomes
a (t, p)-parabolic connection such that RH, ,)(E,V, {l;z)}) = p. Thus we
have o1 (E, V, {l](z)}) € ME(t,X) C M&(t, ) (note that an irreducible para-
bolic connection is automatically a-stable) and RH(, x)(c(E, V, {Zy)})) =
p-

So it is sufficient to show that any member [p] € RP,.(C,t)a correspond-
ing to a reducible representation is contained in the image of RH(, x), in
order to prove the surjectivity of RH(, ). The fundamental group
m(C\ {t1,...,tn},*) is generated by cycles a1, 1, ..., a4, 8, and loops v;
around ¢; for i = 1,...,n whose relation is given by

g n
Hazﬂiaflﬂfl H”Yj =1
i=1 j=1

Since n > 0, the fundamental group is isomorphic to the free group gen-
erated by the free generators aq,S1,...,a4,8¢,71,.--,Yn—1. So the space
Hom(m (C \ {t1,...,tn},*),GL.(C)) of representations is isomorphic to
GL,.(C)%t"=! and it is irreducible. By Proposition .2l and Remark ET], the
subset of the points of GL,.(C)?97"~! corresponding to the irreducible rep-
resentations is a non-empty Zariski open subset. Thus there exists a smooth
affine curve T and a morphism f : T — Hom(m1(C \ {t1,...,tn}, %), GL.(C))
such that the image f(po) of a special point py € T corresponds to the repre-
sentation p and the image f(n) of n € T'\ {po} corresponds to an irreducible
representation. Since the morphism f corresponds to a family of represen-
tations of the fundamental group m1(C \ {t1,...,tn},*), we can construct a
holomorphic vector bundle E° on (C'\{t1, ..., t,})x T and a holomorphic con-
nection V° : E° — E°®Q%C\{th._.,tn})xT/T such that (E°, @o)|(0\{t1,..-,tn})xn
corresponds to the representation f(n) which is irreducible for n € T'\ {po}
and (Eov@O)|(C\{t1,...,tn})xpo corresponds to the representation p. By the
relative version of [4, II, Proposition 5.4], we can construct, after replac-
ing T by an analytic open neighborhood of pgy, a holomorphic vector bundle
E on C x T and a relative connection V : E — E® QL(t, + -+ + t,)
such that (E,@)\(C\{th_“’tn})xT &~ (E°,V°) and that all the eigenvalues of
res;,(V @ k(t)) lie in {z € C| — € < Re(z) < 1 — €} for any t € T, where € > 0
is a sufficiently small positive real number which depends on p. We can take
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a flat family of parabolic structures {l~§z)} on E which is compatible with V
and (E, V, {ZEZ)}) becomes a flat family of parabolic connections over T'.

We denote by (An) the category of analytic spaces. Let M¢(t,r,d)*™ :
(An) — (Sets) be the functor defined by

Mec(t, 7, d)*™(S)

F is a holomorphic vector bundle of rank r

on C xS,
ViE—=E®Qp, g5t +ta+ - +1tn)s)
is a relative connection and
=q(E,V, {lg(‘l)}) E|ti><S = léz) D) lgz) DEREES 17(},)1 2 lgz) =0 /N
is a filtration by subbundles such that

restixs(V)(Zy)) C lj(-i) for any 1, j
and for any s € S, deg(E|cx(s}) = d

and dim(1" /1) )|, = 1 for any i, j

for an analytic space S, where (E,V, {ly)}) ~ (E',\V', {l’g-i)}) if there is a line
bundle £ on S and an isomorphism g : E — E’® L such that g, (lj(-i)) = l’;i)
for any ¢, j and the diagram

E —T— E®OL.gs(tit - +1ta)s)

gl% g®idJ{%

B QL 25 B L0 g g(ti+:+tn)s)

is commutative. We can also define a functor M (t, X\)*" : (An) — (Sets)
similarly.

There are canonical morphisms 7, Mc(t,r,d)*™ — A (d) and
LINCI Mce(t,r,d)™ — A (d'). Taking a sufficiently small open neigh-
borhood A of A in A" (d) and an open neighborhood A’ of y in A (d), o
extends canonically to an isomorphism

(A)

o 7T7(1n) (A) = 777(1@
A (d) A(d")

which makes the diagram
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commute. Replacing T' by an open neighborhood of pg, we have (E, V, {[EZ)})

€ Mty (A)(T). Then we have G UE, V) € T AT C

Me(t,7,d)*(T). For a sufficiently large integer ng, H' (67 (E);(ng)) = 0
and H(671(E)i(ng)) ® Oc(—ng) — 67 1(E), is surjective for any ¢t € T.
Let M (t,r,d) be the subfunctor of M¢(t,r,d) defined by

Me(t,r,d)(S)

for any t € S, H'(E(ng)) = 0 and
= (B, V. A{I}) € Mo(t,7,d)(S)| H(Ei(no)) © Oc(—no) — E;

is surjective

Then M (t,r,d) — Mc(t,r,d) is representable by an open immersion and
we have 67 1(E, V, {ly)}) € My(t,r,d)*(T). By the same argument as the
proof of Theorem 211 there is an algebraic scheme P on which PGLx acts
and there is a flat family (F,Vp, {l;f)]}) of parabolic connections on C' x P
over P which induces PGLy-equivariant morphism p : P — M (t,r,d)
such that the induced morphism (hp/hpgry)?®" — Mpy(t,r,d)Ze" is iso-
morphic, where (hp/hpar,)??" (resp. My (t,7,d)%%") is the sheafification
of hp/hpary (resp. Mg (t,r,d)) in Zariski topology. We can see that the
canonical morphism (hpan /hpgran)™ — (Mg(t,r,d)")™ is also an isomor-
phism, where (hpan/hpGLaNn)N (resp. (My(t,7,d)*™)™) is the analytic sheafi-
fication of hpan /hpgrar (resp. M (t,r,d)*"). Note that 5 Y(E,V, {lé”}) €
My (t,r,d)*™(T) C (Mg(t,r,d)*)~(T). Since the morphism hpan —
(My(t,r,d)*™)™ is surjective as sheaves in analytic topology, there is a mor-
phism ¢ : T — P such that g*(F, @p,{lg’)j})“" ~ 5-Y(E,V, {ij(l)}) after
replacing T by an open neighborhood of py. There is a ring homomorphism
9" OB = Oy, = C{z}, where C{z} is the convergent power series

T,po
ring. Then we have

T',po

(Fv @Fa {lg‘)]}) ®Op,g(p0) O(Yl“rfpo € M/C(tvrv d)( T ) - ./\/llc(tﬂ"7 d)(C{Z})

By Lemma GBIl we can obtain a flat family (E,V’, {[’;z)}) of a-semistable
parabolic connections over C{z} such that (E’, V/, {l~’§l)}) ®cysy Clz}[1/2] =
(F,Vp, {l;f)j}) ®0p. gnyy CL2HL/2]- Sincg we take a so generic that a-semi-
stable < a-stable, we have (E’,V~’,{l~’§-2)}) € Mg(t,r,d)(C{z}). Let h :
Spec C{z} — Mg(t,r,d) be the induced morphism and h* : Onmg (t,r,d) h(q0) —
C{z} be the corresponding ring homomorphism, where g is the closed point

of Spec C{z}. Then, replacing T' by an open neighborhood of py, we have a
morphism h*" : T — ME&(t,r,d) such that (h*")* = h* : Ome (t,rd).h(qo) =
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Of7,, = C{z}. By construction, we have h*"(po) = h(qo) and the diagram

T\ {po} —I— Hom(m(C\ {ts,...,tn},*), GL,(C))

| !

M (b, r,d) — RP,(C,t)

is commutative after replacing T' by an open neighborhood of pg. Since
RP,(C,t) is separated over C, we have RH(h*"(po)) = [p]. Hence RH, x)
is surjective. ([l

Remark 6.1. It was not obvious in Propositions [5.1], and that the
moduli space M&(t, A, L) is non-empty. However, we can see now that it is in
fact non-empty in the following way. We first take a simple parabolic bundle
(E, {l](z)}) of rank r on C such that det E = L. For the existence of such a
parabolic bundle, we may assume, by taking certain elementary transform,
that r and deg L are coprime. Then the existence for ¢ > 1 follows because
the moduli space of stable bundles of rank r with the fixed determinant L
on a curve of genus g > 1 is non-empty. For the case of C = P!, we may
assume that £ = Og] and we can take a parabolic structure {Z§i)} on E such
that End(E, {lj(z)}) = C because n > 3. We want to construct a connection
V:E = E®Q(t + - +t,) such that (E,V,{ly)}) becomes a (t, A)-
parabolic connection with the determinant (L, V). The obstruction class for
the existence of such a connection lies in H(F}), where

Fo = {s € End(B) @ Qb (11 + -+ + 1,)|Tr(s) = 0 and
resti(a)(ly)) C lg»i)_l for any ivj}-
If we put

FQ = {s € End(E) ‘Tr(s) =0 and sl (l§-i)) C ly) for any i,j} ,

then we have an isomorphism H'(F}) = HO(F)V. Since End(E, {lj(z)}) =C,
we have H?(FJ) = 0 and so H!(F2) = 0. Thus there is a connection V : E —
E®Q4(ty + -+ +1t,) such that (E,V, {lj(z)}) becomes a (t, A)-parabolic con-
nection. If this connection is irreducible, then (E, V, {l;z)}) becomes a-stable
and the moduli space M&(t, A, L) becomes non-empty. If (E,V, {ZY)}) is re-
ducible, then we take the representation p of w1 (C'\ {t1,..., s}, *) which cor-
responds to ker(V®"|cn\g¢,,....+,1)- Then [p] determines a point of RP.(C,t)a,
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where rh(A) = a. Since RH(, ) is surjective, we can take an a-stable (t, A)-
parabolic connection (E’, V', {Z’(-i)}) with the determinant (L, V) such that

RH(, »(E, V', {I''"}) = []. Hence we have Mg (t,\, L) # 0.
Proposition 6.2. Every fiber of RH(,; x) : M&(t,A) — RP.(C,t)a is
compact.

irr

Proof. Take any irreducible representation p € RP,.(C,t)X*. We want to
show that the fiber RH(m )\)( ) in M&(t, A) is compact. By Proposition B.1]
we can obtain an isomorphism

o Mc(t’A) ; MC(t’au’)a

of functors, where 0 < Re(u (Z)) < 1 for any 4,j. Then o induces an isomor-
phism
MEF(6,2) 5 ME (5, )

between the moduli spaces of irreducible parabolic connections. Note that
ME(t,X) C M&(t, ). So o also induces an isomorphism

RH(;I)\)( ) — RH(w u)( )-

By [, II, Proposition 5.4], there is a unique pair (E,Vg) of a bundle E
on C and a logarithmic connection Vg : £ — E® Q})(tl + -+ +t,) such
that the local system ker(VE')|c\gt,,...4,1 corresponds to the representation
p and all the eigenvalues of res;,(Vg) lie in {z € C|0 < Re(z) < 1}. Then
the fiber RH(Q},M) (p) is just the m‘odulli space of parabolic structures {ly)}
on E which satisfy (res;,(Vg) — ,u;-l))(ly)) C lj(-il for any 4,j. So RH(_zlu) (p)
becomes a Zariski closed subset of a product of flag varieties. Thus RH(_I1 ) (p)
is compact. Since the fiber RH 1)\)( ) of RH, ) over p in Mg(t, ) is
isomorphic to RH( . “)( ) via o, it is also compact.

Now take a reducible representation [p] € RP,.(C,t),. We may assume
p=p1® - @ ps with each p, irreducible. We will show that RH(_xlk)([p})
is an algebraic constructible subset of M&(t, A). For this, we will construct
an algebraic scheme Z over C and a morphism f : Z — Mg&(t, A) such that
f(Z) =RH!([p]). By Proposition Bl we can get an isomorphism

@ Mo(t,A) — Mo(t, 1)
of functors such that 0 < Re(uy)) < 1 for any 4,5 and RH, )(e) =
(RH(;, ) op)(e) for any e € Mc(t, A)(C). Take any member e € M&(t,A)
such that RH(, x)(e) = [p]. Put ¢(e) = (E,V, {l](l)}) Then there is a filtra-
tion 0 = Fy C F} C Fy C -+ C Fy = E by subbundles such that V(Fy) C

F, @ QL(t1 + -+ + t,,) and for the induced connections Vy : Fj/Fy_1 —
Fy/Fr—1 @ QL(t1 + -+ + t,,), there is a permutation o of 1,...,s such that
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ker V3™ |c\(t1,... 4,3 corresponds to p,(xy for any k. Note that (Fi/Fy_1,Vy)
is uniquely determined by p, (1) because pq (1) is irreducible and all the eigen-
values of res;, (Vy) lie in {z € C|0 < Re(z) < 1}. Now we will construct Z
and f. For each k with 1 < k < s, there is a unique pair (Ey, Vj) of vector
bundle E) with a connection V : Ex — Er @ QL(t1 + - + t,,) such that
ker V3™ |c\(t,,... .+, corresponds to py and all the eigenvalues of res;, (V) lie in
{z € C|0 < Re(z) < 1} for i = 1,...,n. Take a permutation o of (1,...,s).
Put Vi := V. (Extt(E,(2), Ex(1))) and let

00— (Eg(l))yl — FQ(U) — (Eg(g))yl — 0

be the universal extension. We may assume that Extéxyl/y1 (Eo(3))vis FQ(U))
is a locally free sheaf on Y; by replacing Y7 by a disjoint union of locally closed
subschemes. Inductively we put

Yy = V*(Ethchk_l/Yk_l ((Ea(kJrl))kal?Flgg)))
and let
0 — (F)y, — F7 — (Bogern)ve — 0
be the universal extension. We may assume by replacing Y, by a disjoint

union of locally closed subschemes that Extéxyk /v (Bo(kr2))vie F, ,51)1) is a
locally free sheaf on Y. There is a universal extension

0— (Frgi)l)yr—l — F7SU) — (EO'('I"))YT—l —0
and we obtain a filtration
0=: Fy” € {7 i= (Boq)vay € (F3 )y, , oo C (B T)y,, C F.

Consider the functor Conngyy, _, /v, _, from the category of algebraic schemes
over C to the category of sets defined by

Conngyy, /v,y (S) :=

V is a relative connection,
V((F7)s) € (F7)s @ QL(D(Y))
for 1 <k <r—1 and for
V:F9 = F9 @QL(D(t))| the connection

v on (FL7)s/(F7))s

induced by V,

V,(:) = (Vomy)sfor 1 <k <s—1

Then we can see that Conny, , can be represented by an affine scheme Y (%)

-1
over Y,._1. Let

V. (F;a))yg SN (FT(U))YU ® Qlc(tl 4o +tn)
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be the universal connection. The set of parabolic structures {l )} on (F, (J))

E(y) (y € Y(@)) such that (res;,(V @ k(y)) — u§.i))(l( )) C lj(Jrl for any 4,j can
by parametrlzed by a closed subscheme Z(?) of a product of flag schemes over

Y. Let {(I )(Z)} be the universal parabolic structure on (Fr( ))Z<<’>' Put
2 = {2 € ZO|p  F") @ k(2),V @ k(2), {[\” @ k(s)}) is a-stable}.

Then Z(°) is a Zariski open subset of Z(9) and induces a morphism fo
Z(9) — M&(t,A). By construction we have RH(I A)([ ) = U, fr(Z).
Thus we can see that RH(m A)([p}) is a constructible subset of M&(t,A) by
Chevalley’s Theorem.

So it is sufficient to show that RH(I A)([ ]) is stable under specialization

in the compact moduli space Mg(t)’a B Y (r,d,{d;}1<i<nr), in order to prove
the compactness of RH(_mlj)\)([p]). Here Mg(t)’a/’ﬁ"y(r, d,{d;}1<i<nr) is the
moduli scheme of (&, 3,7)-stable parabolic A}D(t)—triples appearing in The-
orem AJ] which contains M&(t,A) as a locally closed subscheme. Take
any scheme point z; € RH(_;?A)([pD and a point zo of the closure {2}
of {z1} in MCD(t)’a/’ﬁ’W(r, d,{di}1<i<nr). Let K be the residue field k(z;)
of z1. Then there exists a discrete valuation ring R with quotient field K
which dominates (’)m 0 The inclusion Om,wo — R induces a flat family
(Ey, By, @, F.(Ey)) of parabolic AD(t -triples on C' x Spec R over R. Here
the left OCXSpeCR -homomorphism o : AD(t @ FE; — Eo corresponds to a
palr (¢, ) of an OCXSpccR homomorphism ¢ : E1 — E, and a morphism
V:E — Ey®QL(t + - + t,) satistying V(as) = ¢(s) ® da + aV(s)
for a € Ocxspecr and s € FEi. We also denote (El,E2,<I> F, (El)) by
(E~1,E~2,Q~S,@,F*(E1)). Let n be the generic point of Spec R and & be the
closed point of Spec R and put

(B, B2, ¢,V, F.(Ey)) = (E1, B2, 6,V, Fu(E1)) @ K
(Eia Eéa (b/a VlvF*(E]/.)) = (E17 E27 é7 @7 F*(El)) Y k(f)

Note that ¢ is isomorphic and Vg = (¢)~! o V becomes a connection on
FE := E4. There exists a filtration

(050) = (F(O)aV(O)) C (F(l)vv(l)) c--C (F(S)vv(S)) = (EaVE) QK K’

such that K’ is a finite extension field of K and that each (F(®)/F@®E—1) T())
@+ K' is irreducible, where V(@) is the connection on F®) /F®+1) induced by
V(®). We may assume that (F® /F®=1D V() corresponds to the represen-
tation p,. Note that there is a discrete valuation ring R’ with quotient field
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K’ which dominates R. Let & be the closed point of Spec R’. The filtration
{(F® v®)} induces filtrations

0= FO c BV .. B9 = By wp R

0= O C B ¢ o C B — Byon R,

such that each Fj(p)/ﬁ'j(p_l) is flat over R’ for j = 1,2 and ﬁ'l(p) QK =F®),
Fz(p) ® K' = (¢ ®id)(F®)). By construction, we have (¢ ® id)(ﬁ‘l(p)) C FQ(p)
and (V®id)(F?) ¢ F{" @ QL(t; + -+ + t,). Let
¢(p) : F1p)/F1p71) — Fép)/ﬁz(pil)
V) - Ffp)/ﬁ’l(p_l) — FQ(p)/FQ(p_l) R Q&(t 4+ ty)

be the morphisms induced by ¢ and V. We can construct a parabolic struc-
ture on (F® /F®=1) V®) and obtain (t, \"))-parabolic connections of rank
rp and degree d,. Extending this parabolic structure, we can obtain a flat
family of parabolic structures F*(Fl(p)/ﬁ’l(p_l)) on Fl(p)/ﬁ’l(p_l). Repeating
elementary transforms of the flat family

(Ff”/ﬁfp*”,Fé’”/ﬁéﬂ’*“,%,ww,m(ﬁf”)/ﬁ“’*%)

along the special fiber C'x{{’}, we obtain a flat family (G’gp), G’2 ; gb’ VN’

(G’(p))) f (a;,, B,,7p)-semistable A}D(t)—triples for some weight (v, 3,,7p)-
We may assume that (a,, 3,,7,)-semistable < (a,, 3,,,7,)-stable. This flat
family defines a morphism

(p)

D(¢t),

f:SpecR' — M, Otp’ﬂ’“%(rp,dp7 {dz(p)hgigmp).

Note that the moduli space MA" (£, A®)) of a-stable (t, A\®))-parabolic
connections for a certain weight o, is a locally closed subscheme of

MCD(t)ﬂ;ﬁpwp(

the moduli space MS" (t, /\(p)). Since (G’(p) G’ép), 104 () V’(p)) ® K’ is equiv-
alent to the irreducible connection (F®)/F®~1) V() which corresponds to

a constant family of the irreducible representation p,, we have f(Spec K') C

RH(zlk(p))(pp), where RH, ) is the morphism

Tp, dp, {dgp)}lgigmp) and the image f(Spec K) is contained in

RH, yo) : ME" (6, A")) — RP, (C.t) )

determined by the Riemann-Hilbert correspondence and rh()\(p)) = aP,
Since RH(_lA(p))(pp) is compact by the previous proof and f(Spec K') is

contained in RH (pp), the closure of f(Spec K') must be contained in

(z )\(p))
RH(xlk(p))(pp). In particular, f(&') is contained in RH( )\(p))(pp) C
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ME™ (¢, AP, So the special fiber (é’ G’(Qp), " V~’(p (G’(p))) ® k(&)

®) ® k(£') must
be isomorphic. Then ¢®) ® k(¢') also becomes isomorphic and ¢/ = ¢ @
k(€) must be an isomorphism. Thus ¢ is an isomorphism. Let {Z( } be

becomes a (t, AP ))—parabolic connection which implies that QS’

the flat family of parabolic structures corresponding to F (El) Then we
have (res;, (V) = AP0l or)(1S7) € 6(I{),). Thus (B}, B}, ¢/, V', F.(E})) €

M"‘(t A)(R) which is equwalent to g € M&(t,X). Then we have zy €
RH(_;E x (o)) Therefore RH(x x([p]) is stable under specialization in

Mg D(t).e ’ﬁv(r, d,{di}1<i<nr). Hence RH(;%)\)([p]) becomes a compact sub-
set of M&(t, A). O
Proof of Theorem 221 We will prove that

RH(w))\) : Mg(t,)\) — RPT(C,t)a

is an analytic isomorphism for generic A and gives an analytic resolution of
singularities of RP.(C,t), for special XA. First note that RP.(C,t), is an
irreducible variety since by Proposition it is the image of the irreducible
variety Mg (t, A) by RH(, x). We set

P(C )5
p is reducible or
=< [p] € RP.(C,t),| dim (ker (p(’yi) - exp(—?wx/—lA;Z))Ir)) ,

> 2 for some 1, j

where 7; is a loop around ¢; for 1 < i < n. Then we can see that RP,.(C,t)3in8
is a Zariski closed subset of RP,.(C,t),. We will see that it is a proper closed
subset. Since dim M&(t,A) = 2r?(g — 1) + nr(r — 1) + 2 and RH(, ) is
surjective, we have dim RP,.(C,t)a < 2r%(g—1) +nr(r — 1) +2. On the other
hand, RP,(C,t)a is a Zariski closed subset of the r?(2g+n—2)+1 dimensional
irreducible variety RP,.(C,t) defined by nr — 1 equations given by

(12) det(XI, — p(7i)) = X" +a X"+ 40" X+l (i=1,...,n).

r—1

Note that the equation det(p(y1))---det(p(y)) =1 = (—1)”%81) . ~-aé") is
automatically satisfied and so the condition [I2]) is in fact equivalent to nr—1
equations. So we have

dim RP.(C,t)a > 12294+ n—2)+1— (nr — 1) = 2r%(g — 1)+ nr(r — 1) +2

and then we have dim RP,.(C,t)a = 2r%(g — 1) + nr(r — 1) + 2.
First consider the locus RP,.(C,t)'" N RP,(C,t)5"8 in RP,(C,t)5"8 corre-
sponding to the irreducible representations. By Proposition[3.I] we can obtain
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an isomorphism
o MC(t7 A) = MC(t7 H)7

where 0 < Re(uy)) < 1 for any 4,j. We note that o also induces an isomor-
phism
o ME(t,A) = ME(t, ).

Take any point [p] € RP.(C,t)I™ N RP.(C,t)5ne. By [4 11, Proposition 5.4],
we can take a unique pair (E, V) of a vector bundle E on C and a logarithmic
connection V : E — E ® Q4 (t1 + --- + t,) such that ker V™ o\ (b1 stn}
corresponds to the representation p and all the eigenvalues of res;, (V) that
lie in {z € C|0 < Re(z) < 1}. Then the fiber RH(_;“)([p]) is isomorphic to

the moduli space of parabolic structures {l?} on E whose dimension should
()
J
of (E,V) are only scalar multiplications. So the fiber RH(_;A)([p]) also has
positive dimension. For a general point & of RP.(C,t)'™ N RP,.(C, )58 we
have

be positive because p;’ = ugf) for some 7 and j # j’ and the automorphisms

dimRH_ ', () + dimg (RP,(C,t)3" N RP(C, t)3")
< dim ME(t,A) = 2r2(g — 1) + nr(r — 1) + 2.
Thus we have dim (RP,(C, t)¥" N RP,(C, t)5"¢) < 2r?(g—1)+nr(r—1)+2 =
dim RP,(C, t)a.

Next we consider the locus RP,(C,t)2*4 C RP,(C,t):"¢ corresponding to
the reducible representations. For a point [p] of RP,(C,t):*d we may write
p = p1 P ps. If p; is a representation of dimension r; and its local monodromy
data is a; for ¢ = 1,2, then the set of such [p] can be parameterized by
RP, (C,t)a, X RP,,(C,t)a,. Note that the assumption rn — 2(r + 1) > 0 for
g=0,n>2forg=1and n >1 for g > 2 implies

dim (RP,,(C,t)a, X RP,(C,t)a,)
=2r¥(g—1)4+nri(ri —1) +24+2r5(g — 1) + nro(ry — 1) +2
<2(r +12)%(g— 1)+ n(ry +72)(r1 +75 — 1)
=dim RP,.(C,t), — 2.

Since RP,.(C,t): can be covered by a finite number of the images of such
spaces, we have

dim RP,(C,t)"? < 2r%(g — 1) 4+ nr(r — 1) + 2 = dim RP,(C, t)a.

Thus RP,(C,t)5" becomes a proper closed subset of RP,.(C,t),. If we set
RP,(C,t)! := RP.(C,t)a\RP,(C,t)$"8, then it becomes a non-empty Zariski
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open subset of RP,(C,t)a. We put MZ(t,A)¥ := RH(;{A)(RPT(C,t)g) and
consider the restriction

RH(, ) |arge,n): 1 ME(6,A)F — RP,(C, 1)},

Recall that o induces an isomorphism o : M&(t,A\)* — MZ(t,p)* which
is compatible with RH. For any point [p] of RP,.(C,t)4, we can see by
[4, II, Proposition 5.4] that there is a unique (t,p)-parabolic connection
(E,V,{lj(-i)}) such that RH(, ) (E,V,{lj(-i)}) = [p] because the parabolic
structure {lj(-i)} is uniquely determined by (E,V). So RH(, ,) gives a one-
to-one correspondence between the points of M&(t,u)* and the points of
RP,.(C,t)%. We can extend this correspondence to a correspondence between

o1 . o # RH(m‘u) #
flat families. Thus the morphism Mg (t, u)* —— RP.(C,t)% becomes

. . o u RH(z,A) ﬁ . .
an isomorphism and so M&(t,\)* ——— RP.(C,t)} is also an isomor-

phism. Hence the morphism RH, ) : M&(t,A\) — RP,(C,t)a becomes a
bimeromorphic morphism. If X is generic, we have MZ&(t,A)* = M&(t, ),
RP,(C,t)!, = RP,(C,t)a, and so

RH, ») : ME(t,A) — RP,.(C,t)a

is an analytic isomorphism.
In order to prove the properness of RH, x), we will use the following
lemma due to A. Fujiki:

Lemma 6.2 ([7], Lemma 10.3). Let f : X — Y be a surjective holomor-
phic mapping of irreducible analytic varieties. Assume that an analytic closed
subset S of Y exists such that codimy S > 2, X' := f~1(Y*?) is dense in X,
where Y¢ =Y \ S and that the restriction f|x: : X* = Y* is an analytic iso-
morphism. Moreover assume that the fibers f~1(y) are compact for ally € Y.
Then f is a proper mapping.

Applying the above lemma and using Propositions and [6.2] it suffices to
prove that codimpgp, (o 1), (RP-(C,t)5"¢) > 2 in order to obtain the properness
of RH(; »). Recall that we have dim RP,(C,t);*? < dim RP,(C,t), — 2. On
the other hand, M&(t,A)* is a non-empty Zariski open subset of MZ&(t,\)
and so we have dim (Mg (t, A) \ M&(t, A)f) < dim M&(t,A) — 1. Since the
dimension of every fiber of the surjective morphism

RH( 5
—

ME(t,X) \ M&(t, A)* RP,(C,t)3" N RP,(C, t)i"
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has positive dimension, we have
dim (RP,(C,t)i"8 N RP.(C,t)1")
< dim (M (6.) \ ME(£.M)) — 1
<dimME(t,A)—1—-1=dim RP,(C,t)a — 2.

Thus we have codimRPr(c)t)a(RPr(C’,t)fjng) > 2 and obtain the properness
of RH(; x) by Lemma B2 In particular, RH, x) : M&(t,A) = RP,.(C,t)a
gives an analytic resolution of singularities of RP,.(C,t)a for special A. By
the same argument, we can see that the morphism

RH : M&p(t,r,d) xr T — (RP,(C,t) xp T) X 4 AD (a)

is also a proper mapping. The existence of a symplectic structure is given in
Proposition [Z.11 O

Remark 6.2. Under the assumption of Theorem 2.2 RP,.(C,t), is a nor-
mal variety and the locus

p is reducible or
RP,(C,t)5¢ = { [p] € RP,(C, t)a| dim (ker (p(%) - exp(—Qﬂ's/——l)\;-i))Ir))
> 2 for some 1, j

is just the singular locus of RP,.(C,t)a.

Proof. Note that RP,.(C,t) is a Cohen-Macaulay irreducible variety by [5l,
Theorem 4(2)]. In the proof of Theorem 2.2] we showed that RP,(C,t), is
a Zariski closed subset of RP,.(C,t) defined by nr — 1 equations and it is of
codimension nr — 1 in RP.(C,t). Thus RP,(C,t), is Cohen-Macaulay. Since
RP,(C,t)% is isomorphic to M&(t, A)*, RP,(C,t)% is smooth. So RP,(C,t), is
regular in codimension one because codimgp, (¢ 1), (RP-(C, t)5"¢) > 2. There-
fore RP,.(C,t), is a normal variety by Serre’s criterion for normality.

We will prove that every fiber of RH(, x) over a point of RP,(C,t)3"8
has positive dimension. For a point [p] € RP.(C,t)I N RP.(C,t)3"8, we
have already showed in the proof of Theorem that dim RH(_;A)([p]) >
1. So take a point [p] € RP,.(C,t):*d. By Proposition Bl we can take an
isomorphism

o Mco(t,A) — Mc(t,p),

where 0 < Re(ug.i)) < 1 for any 1, j.

First we assume that p is an extension of two irreducible representations
p1, p2 and that ugi) # uy) for any j # j’ and any i. We denote the dimension
of p; by r;. Since RH ;) is surjective by Proposition[6.1] there is an a-stable
(t, X)-parabolic connection (E, Vg, {lj(l)}) such that RH, (¥, VE, {ZY)}) =

[p]. We put U(E,VE,{lj(-i)}) = (E’,VE/,{Z’gi)}). Since ,u;i) # ,u;l;) for any
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j # j' and any i, the parabolic structure {l'§-i)} is uniquely determined by
(E',VEg). So we have

End(E', Vi) = End(E', Vi, {I'\"}) = End(E, Vi, {I1"})

which is isomorphic to C because (E, Vg, {ZY)}) is a-stable. Then (E’, V)
cannot split. Thus the representation pgs corresponding to ker V¢ ‘C\{tl,..-,tn}
cannot split and so we may assume that pg/ is given by matrices

pE (o) = <p1(ozk) Al(f))) . e (Br) = (pl(ﬁk) BY > ’

0 pa(cu, 0 p2(Br)
(0)

pE (Vi) = (plg)%') pc(iz )) (1<k<g, 1<i<n-—1).
PANE)

Note that pgs(75) is uniquely determined by the above data. Consider the
family of representations over M (ry, o, C)297" "1 given by matrices

Hlaw) = (ﬂl(ak) A +Ak> B = (Pl(ﬁk) BO +Bk> |

0 p2 (o) 0 p2(Br)
(0)
p(vi) = (plg%) Cipz(;)cﬁ (I<k<g 1<i<n-1),

where matrices Ay, Bx(1 < k < ¢),Ci(1 < i < n — 1) move around in
M (r1,79,C)2977 =1 Applying the relative version of [4, II, Proposition 5.4]
and the transform o~!, we can obtain an analytic flat family (E,@,
{ij(z)}) of (t,A)-parabolic connections on C x M(ry,rqe, C)29t"=1 over
M(ry,79,C)%97"~1 which corresponds to p. We denote the point of
M(ry,79,C)%97" =1 corresponding to Ay = By = C; =0 (1 <k < g,1 <
i <n—1) by po. Then the fiber of (E, V, {ij(z)}) over pg is just (E, Vg, {ly)})
which is a-stable. So there is an analytic open neighborhood U of py such
that every fiber of (E,V, {igl)}) over a point of U is a-stable. Then the
family (E,@,{ly)})U induces a morphism f : U — Mg&(t,\) such that
fU) c RH(;I’)‘)([p]). The group

ul,, V
=1 n)

acts on M (ry, e, C)?97 1 by the adjoint action. If f(z) = f(y), then there
is an element g € G such that © = gy. So we have dim f(U) > (29 + n —
1)rirg — (rirg + 1) > 1, since we assume rn —2r —2 > 0if g =0, n > 2 if
g=1and n>1if g > 2. In particular, we have dim RH(_;?A)([p]) > 1.

u € C*
Ve M(Tl,TQ,C)
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Next we consider the case r > 3 or n > 2 and no assumption on the
reducible representation p. We may assume that p is an extension of two
representations pi1, po and denote the dimension of p; by r;. For each p =
1,2, there is an ay-stable (t,u,)-parabolic connection (Ep,VEp,{(lp)y)})
for some weight e, such that RH, ,, )(Ep, VE,, {(lp)gi)}) = [pp] and 0 <
Re((up)y)) < 1 for any ¢,5. We put d, := degE,. If we put A := {z €
C||z| < €} (e > 0), then we can take morphisms

mp: A — A(d,) (p=1,2)

such that m,(0) = p, and for m,(t) = {(u;)gz)} (t € A\ {0}), we have

(u;)gi) #+ (,u;,)y) for (p,i,7) # (p',4,5'). Replacing A by a neighborhood of
0, we can take a morphism ¢, : A — Mgp (t,7p,dp) which is a lift of m,
and satisfies ¢,(0) = (Ep, Vg, , {(lp);i)}). The composite RH oy, determines
a family p, of representations over A and p; @ p2 determines a morphism
¢ : A = RP.(C,t) such that ¢(0) = [p] and for ¢ € A\ {0}, the represen-
tation corresponding to ¢(t) satisfies the condition considered in the former
case. Then we have dim RH ™ '(p(t)) > 1 for any t € A\ {0} by the proof
of the former case. Since the base change RHA : M&(t,7,d)a — A is a
proper morphism, we can see by the upper semi-continuity of the fiber di-
mension of a holomorphic mapping that dim(RHa)~(0) > 1, which means
dimRH', ([o]) > 1.

Finally assume that » = 2 and n = 1. Let p be a reducible representation
such that [p] = [p1 @ p2] in RP2(C,t). In this case we have g > 2 by the
assumption of Theorem By Proposition 6.1l we can take an a-stable
(t, X)-parabolic connection (E,V, {l](z)}) such that RH(E,V, {l](z)}) = [p]
We put ¢(E, V, {lj(z)}) = (E,V, {(l’);z)}) Note that the local monodromy
pi(y1) is trivial for ¢ = 1,2, because p; is a one dimensional representation
and n = 1. So the representation pg: corresponding to ker(V')*"|cn (¢,,....e,}
can be given by the following data:

_(rrlew) @) (B B
PE/(%)-(lok pg(kak)>’ PE/(ﬁk)—(lok P2é€6k) (1<k<yg).

Note that the monodromy matrix

1 O
pE (M) = <0 ! )

pe (Bg)per (ag)pe (Bg) " pEr (ag) ™"+ per (Br)per () pir (B1) ™ pr (o)

is given by
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By the upper semi-continuity of fiber dimension, we may assume that p; % ps.
If ¢ = 0, then we can prove in the same manner as the first case that

dim(E,v,{lJ(,”}) RH(_;A)([p]) >2g—2>0. If ¢(© =0, then we may assume by

the upper semi-continuity of fiber dimension that lgl) # {(3) } Consider the
family of representations given by matrices

(0) (0)
ﬁ(a’“)‘<pl(§k) af)ggsk)’ W”‘(’)l(oﬂk) bfa(;;jk) (L<k<g),

where ay, b, (1 < k < g) move around in {¢ =0} C C?9. Here ¢y is given by

1 ¢ ~ _ _ 1 _ _ _ _ 1 _
(6 1) = #0atan)a8) i)™ - B (6r) plen)
Adding parabolic structure, we can obtain a family (E', V', {(Z’);Z)}) of (t, p)-
parabolic connections over a variety Y of dimension at least 2¢g. If we put

v i={y ey o (B VA0 ) @ k(y) s a-stable} ,

we obtain a morphism f’: Y’ — M&(t,A). We can see that f'(y1) = f'(y2)
if and only if there is an isomorphism ¢ : (E', V') @ k(y1) = (E', V') @ k(y2)
such that @((Z’);i) Rk(y)) = (Z’)gz) ® k(y2). The isomorphism ¢ corresponds
to the isomorphisms between the representations py,, p,, which is given by
an element of the group

)

So we have dim f/(Y’') = dimY’'—2 > 2¢g—2 > 0. Since f/(Y’) C RH(_I{)\)([p]),
we have dim RH(_;A)([pD > 0.

From all the above arguments, we have in any case that dim RH(_%1 » (o) =
1 for any [p] € RP.(C,t)5"8. Now take any point p € RP,(C,t)3ne. We want
to show that p is a singular point of RP.(C,t),. Assume that p is a non-
singular point of RP,(C,t),. By Proposition [[2 there is a non-degenerate
2-form w on M&(t,A). Via an isomorphism Mg (t, A)* BE RP,(C,t)%, we
can obtain a non-degenerate 2-form w’ on RP,.(C,t)% such that RH{, »)(w') =
W\Mg (¢,2)¢- Then &' can be extended to a form also defined in a neighborhood

CECX,GEC}.

of p because codimpgp, (¢ )., (RP-(C, t)5ing) > 2 and we are assuming that p is
a non-singular point. Since dim, RH(;IA) (p) > 1 for a point x € RH(;IA) (p),
there is a tangent vector 0 # v € ©pra(t,a),» such that (RH(g x))«(v) = 0.

For any tangent vector w € @Mé‘ (t,0),2> We have

w(v,w) = (RH{, 5) o) (v, w) = ' (RHg )« (v), RHg x))«(w)) = 0.
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Since w determines a non-degenerate pairing on the tangent space © ME (t,2),2
we have v = 0 which is a contradiction. Thus p is a singular point of
RP.(C,t)a. (]

7. Symplectic structure on the moduli space

Proposition 7.1. Put (C,t) = (C,,t,) for a point x € T and take a point
A€ Ag") (d). Then the moduli space M&(t,A) has a holomorphic symplectic
structure (more precisely an algebraic symplectic structure).

We can obtain the above proposition by the following two propositions.

Proposition 7.2. There is a non-degenerate relative 2-form w €

0 a (f 2
H (MC/T(ta r,d), QMg/T(i,r,d)/TxA&")(d))'

Proof. Take a universal family (E,@,{l}m}) on C X MCO‘/T(E,T, d). We
define a complex F* by
FO= {s € End(E) ‘5|t}ng/T(E7r,d)([§'Z)) C ly) for any i,j} ,

Fl= {s € End(E) ® Qé/T(D(E)) (eSF,x Mg, (E.r,d) (s)(ly)) Cfﬁl for any i,j},
and

Vre : F'3 s Vos—soVeFh
Notice that there is an isomorphism of sheaves

RY(7y

c/T

(E,r,d))*(f.) - GMg/T('E,r,d)/TxAﬁ")(d)’

where Mg, p(Erd) C xr Mg‘/T(E, r,d) — Mg/T(E, r,d) is the projection and
©

JVIg/T(E,r.,d)/TxAﬁfL)(d) is the relative algebraic tangent bundle on the moduli

space. For each affine open subset U C Mg‘/T(f, r,d), we define a pairing

H'(C x7 U, Fy) @ H'(C x7 U, Ffy) — H2(C x7 U, /1) = H(Or)
{uas}, {vat] ® {ugeh, {vi}]
= [{Tr(uag © upy)} = {Tr(uap 0 vg) — Tr(va 0 ugg)ll,

where we consider in Cech cohomology with respect to an affine open covering
{U,} of C x7 U, {uas} € CHF?), {va} € CO(F') and so on. This pairing
determines a pairing

. 1 5 ® 1 . (] .
(13) w:R (WMg/T(t,r,d))*(]: @R (TrJVIg‘/T(t,r,d))*(]: ) — OMg/T(t,r,d)-
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Take any point x € Mé"/T(E, r,d) which corresponds to a (t, A)-parabolic con-

nection (E,V,{l?}). A tangent vector v € eMg/T(E,r,d)/TxAﬁ."’(d)|z corre-

sponds to a flat family of (t, A)-parabolic connections (E, V, {ZNY)}) on C, X
Spec Cle]/(e?) over Cle]/(e?) which is a lift of (E,V, {lgz)}) We can see that
wle(v®@v) € H(QE ) TrT71> H?(F?) is just the obstruction class for the lift-
ing of (E,V, {ly)}) to a flat family over C[e]/(€3). Since the moduli space
Mg (t, A) is smooth, this obstruction class vanishes: w|,(v ® v) = 0. Thus w

is skew symmetric and determines a 2-form. For each point = € Mg‘/T(f, r,d),
let

H'(F) 5 H'(F)

be the homomorphism induced by w. Then we have the following exact com-
mutative diagram

x

o

HY(F,)Y — HY(F)Y — HY(F)Y — HY(F)Y — HY(R)Y,

HFS) — HF) — H(F) — HI(F) — H\(F)

where by, . .., by are isomorphisms induced by the isomorphisms F? = (F!)V®
Q i F L (FOY @ /7 and Serre duality. So § becomes an isomorphism
by the five lemma. Hence w is non-degenerate. O

Proposition 7.3. For the 2-form constructed in Proposition [[.2, we have
dw = 0.

Proof. Tt suffices to show that the restriction of w to any general fiber
Mg (t,A) over T x A (d) is d-closed. We may assume A generic, and so
/\g.i) — )\gf) ¢ Z for any i and 7 # j'. We also denote the restriction by w. Let

E,V, I)1) be a universal family on C, x MS (t,\) over Mg (t,A). We set
J Co Ca

FO.= {s € Snd(E)‘s tingx(t,)‘)(fy)) c i for any i,j}

Fl.= {s € End(E) ® Qéz (b4 +tn) restingz(tﬁA)(s)(Zy)) C Z§i+)1
for any i,j}
Vre : FO — F' Vze(s)=Vos—soV.

We also put

V := ker @“”l(cw\{tl,...,tn})ngm (6A)-
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Since there is a canonical isomorphism

ker V| e\ {t1,tn x Mg (8.3) — End(V),
we obtain a canonical homomorphism
(14) kerv%-!”(fzng; t.x) — Jx(End(V)),

where j : (Cp \ {t1,...,tn}) X ME (t,A) = Cp x Mg (t,A) is the canonical
inclusion. We will show by local calculations that the homomorphism (I4]) is
in fact an isomorphism. We can see by [4, II, Proposition 5.4] that there is
an isomorphism

( mf,y)av(m ) = ((O%HXM& (t,)\),(ti,y))@ruvA) ;

on the stalks at (t;,y) € C. x M& (t,X), where V> : (O“”

Dr
Cox Mg, (t,x),(ti,y)) -

®r
(Og:x Mg (t,A),(ti,y)> ® Qémeg;(t,A)/Mg‘w (e (Ei X Mg (, X)) is given by

fi df, A 2z 0 0 fi
fr df, 0 0 Az7'dz) \fr

where z; is a generator of the maximal ideal of O¢, ;,. With respect to this
isomorphism, we have

fin - fir
Foy Jra € 200 mg, (6.2, (1) T P> g and
(ti,y : . : foq € Og:ngf (), (t,9) forp<gq
fr,l e f'r‘,r *
91,1 g1,
(Flyan . )| 990 € O xnig (1,3), 01,971 Tor p = q and
(tey) = Jpq € ngng (t,)\),(ti,y)dzi/zi for p<gq
gra1 Gr.r v
and (Vre)ff' )+ (FO) ) = (F1E,) s given by
fixi fiz2 - fir dfin dfiz - dfir
fo1 fe2 - for dfa21  dfa2 - dfar
f'r,l fr,2 fr,r df'r,l df'r,2 dfr,r
0 O =AY D fredzifz - P =AY fedzi/z
Ay =AY ) fondzi/zi 0 v A A o rdzi )2
()\(()l) )\(l) D fradzi/z ()\(()Z) )‘(l) o) fr2dzifz; - 0
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Take any element

fir fie o figr
for fa2 0 for _
. | €aEndV))
fr,l fr,2 e fr,r
s an
= Js (ker V% |(Cz\{t1,,‘.,tn})><MCI (t,)\))(ti)y) .
AD \D

r—j M . an
For j # k, we have f;, = cjrz; for some function ¢; € OM{;’; ()"

Since f;  is a single valued function on (U \ {¢;}) x M for some open neigh-
borhood U of ¢; in C, and some open neighborhood M of y in Mg (t,A) and

/\iilk - )\ﬁj ¢ Z, we have ¢j, = 0, namely f;, = 0. On the other hand, we

have df; ; =0 for j =1,...,r. So we have f;; € O?v?g (t,A),y- Lhus we have
fin fe o S

fo1 fo2 0 for )
. . . . e (fo)?trz,y) m.]*(ker V(}:’n;‘Ca;\{tlw-wtn})(thy)

fr,l fr,2 Tt fr,r
(kervj:.‘c xMg (t )‘)) .
(ti,y)
So the homomorphism (I4) is surjective. The injectivity of (Id]) is obvious.
Thus (I4) is isomorphic.

Next we will show that V&% : (F0)a" — (F1)om is surjective. For this it is
essential to show the surjectivity of the morphism

(VrE )ity s (FOE ) — (FHE, (ty) € Co x ME (£, X))
at the stalks. Take any member

911 - Ginr
. 1
€ (F )l
9r,1 e Gr,r

For p > ¢ we can write goq = > oy ;,32 dz;, where bp,q € Oﬂﬁ, ()Y

for k > 0. We define a power series f,, = > po Oapqzk by a(o) = 0 and
ag,kg = (k—i—)\?(flp—)\,(fl )~ b(k Y for k > 1. Since Y reo b,(,,gzi is a convergent

. k) ko -
power series, we can see that > p- a‘g’ng is also convergent. So we have

k an i i
fra = 2hzo az(,,ng € chngm (), (t1.y) A0 dfp,q"‘O‘gflp_)‘v(flq)fp,qdzi/zi =

Ip,q- For gp,p € Og:xMco;(t)\),(ti,y)dzi’ we can find f,, € ngngm (), (ti,y)
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such that df,, = gpp. For p < g, we can write gpq = > 7o, b,(,]fng_ldzi

with b,(,lfg € O%&(t,k),y for kK > 0. For each k > 0, we put a,(,]fg = (k+

/\iilp — Aﬁ’lq)*lb,(,’fg. Since Y 7o bE];)q)zf is convergent, we can see that fp, , :=

and

[ (k) Kk - an
Y heo p.qz; is also convergent. Hence, we have f, , € chngm (), (s,9)

dfp.q + ()\fﬂp - )\gzq)f%qdzi/zi = gpq- By construction, we have

f1,1 fl,r
o e (P,
fnl e fr,r
and
f1,1 fl,r 91,1 o i
(Ve )il v 0 =] :
fnl o fr,r 9r,1 e 9r,r

Hence we obtain the surjectivity of V44 : (F0)an — (F1)m,
So we obtain an isomorphism

Rl(Wng(t,A))*((f.)an) — Rl(Wng(t,A))*(j*(gnd(V)))

of analytic sheaves. Then w corresponds to a canonical pairing

RY (g (60))« (7 (End(V))) x RM(Targ (5,2)) (7« (End(V)))
— R*(marg (t,A))*(ﬂ-]T/[lgx ) (Oumg )
({cap}], {eapt]) = {Tr(cas o ¢}

Note that R*(mazg (s, A))*(w;% e (Oniz 6.0)) = Ong (6.0)-

Take any small open subset M C Mg (t,A) and an open covering {U,} of
C. such that #{alt, € U,} = 1 for any ¢ and that §(U, N {t1,...,t,}) <1
for any «. If we replace U, and M sufficiently smaller, there exists a sheaf
E, on U, such that E,|v,nv, = CST:Uﬁ for any 5 # « and an isomorphism

bo : jxs(V)|v.xm — Eo ® Opy. For each a, 3, we put

Pap = (o © ¢gl By ® OMl(UaﬁUB)XJVI

. a
= 5| anvsx vt —= Ba ® Ontl . nv,)x -

Hence, j.(V)|c,xam is given by the transition functions {¢.5}. Next we con-
sider a vector field v € H°(M,©,;). Then v corresponds to a derivation
D, : Oy — Opy which naturally induces a morphism

D, : Hom(Eg|u,nvuss Eolv.nvs) @00 — Hom(Eglu,nuss Ealv.nu,) @O
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We note that v also corresponds to a morphism f, : Spec Oprle] = M, where
€2 = 0. Then (¢, X f,)*(j«(V)) corresponds to the gluing data {(1c, x
fv)*(pap)}. We can see the following equality:

(1c, X fo)" (®ap) = Pap + €Dy(@ap) :
Eslv.nvs ® Opmle] = Eolu,nu, @ Onle]
a+eb = pap(a) + €(pas(d) + Dy(pap)(a)).

So the isomorphism © 7 = R (7ar).(j. (End(V))ar) is given by
On 3 v [{d5" 0 Dulwap) 0 ¢p}] € R (mar)«(j= (End(Var)))
and
w(1,0) = [{T(Du(Pas) © Dulion) o pra)H € B2 (mar)u(nf (Onr) = Oy,
Thus we have
dw(u,v,w) = Dy(w(v,w)) + Dy (w(w,u)) + Dy (w(u,v))
+ w(w, [u,v]) + w([u, w],v) + w(u, [v,w])
= {Tr (Du(Dv(@aﬁ) © Du(py) © ra)
+ Dy(Duw(pap) © Du(ppy) © ¢ra)
+ Duw(Du(pap) © Do(#py) © 9ra)

+ Dw(‘P@B) o(DyD, — DvDu)(‘Pﬁ'y) O Pya
+ (Dqu - DwDu)(SoaB) © DU(()OB’Y) O Pya

+ Dul¢ap) © (DoDw = DuwDy)(ppr) © ‘P'ya)}
- { Tr (D“Dv(%ﬁ) © Dy (py) © Pra

+ Dy(pap) © DuDy(9p4) © Pra
+ Dqu(<Pa,8) oD, @ﬁ’y) O Pya

+ Du(pap) © Du(¢py) © Du(pra)
+ Dv(@@ﬂ) © Dw(@,@"/) © DU(QO'W)

+ Du(9ap) © Du(pps) © Dv(‘PWD }
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On the other hand, applying D,D,D, to @ag © 03y = Pa~y, We obtain the
equality

= DuDy Dy (9ap)ppy + DuDyDuw(ary) = PapDuDoDuw(ppy)
= DuDy(¢ap) © Du($py) + Duw(@ap) © DuDy(py)

+ DuDuw(pag) © Du(#py) + Du(pap) © DuDuw(0sy)

+ Dy Du(@ap) © Du($py) + Dulpaps) © Dy Duw(0py)

which implies
— d{Tr(DuDy Dy (9ap)ppa)}
- { r (D“D”(%B) © Du(#87) © Pra + Duw(pap) © DuDu(y) © #ya

+ Dqu(‘Paﬁ) © Dv(%”ﬁ'y) O Pya + Dv(@aﬁ) © Dqu(SDﬁ'y) O Pya
+ Dva(QOaﬂ) © Du(@ﬁ’y) O Prya

+ Du(pap) © DyDu(ppy) @va) }
We can also check the equality
Tt (Du($as) © Dol3y) © Du(92a) + Du(9as) © Dur(937) © Dulra)
+ Du(%as) © Dul9sy) © Duliya) )
=Tr ( — Du(®ap) Do (ppa) Duw(Pas)Psa + DulPary) Du(@ya)Duw(Pary) Prya
- @aﬁDU(S"BV)Dv(@vﬁ)Dw(Wﬁv)@va)

which means

— d{Tr(Du(pap)Du(Ppa)Duw(Pas)ppa)

= {Tr (Du(@aﬁ) 0 Dy(¢py) © Duy(#ra) + Du(Pap) © Duw(ppy) © Dul$ya)

+ Dy(ap) © Du(psy) © D”(@'ya)) }

Thus we can see that dw(u, v, w) = 0. O

Remark 7.1. (1) Put (C,t) = (C,t,) for a point z € T and take
A€ Ag")(d). Let (L,Vy) be a pair of a line bundle L on C and a con-
nection Vy, : L — L ® Q4 (D(t)) such that res;, (V) = Z;;é )\;i). Consider
the moduli space M&(t, A, L) of a-stable parabolic connections with the de-
terminant (L, V). Then we can see by the same proof as Proposition
that the restriction W‘Mg(t,)\,L) of w to M&(t, A, L) is also non-degenerate.

So M&(t, A, L) also has a symplectic structure.
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(2) By Proposition Bl we obtain a splitting @Mg/T(E,r,d)/A(r”)(d) ~ O @

®Mg/T(E,r,d)/TxA$’L)(d)' With respect to this splitting, we can lift w to @ €

HO (Q?\/I(‘?/T(ﬁr,d)//\i"’(d)) and we have dw = 0. This 2-form @ is nothing but

the 2-form considered in [I0] and [II]. Note that we have & -v = 0 for
v € D(n*Or), where D is the homomorphism given in Proposition Bl

8. Isomonodromic deformation

Let T — T be a universal covering. Then RP,(C,t) x7 T — T becomes a
trivial fibration and we can consider the set of constant sections

Fio— {a : T — RP.(C,t)! xp T},

where
RP(C.t) = J[ RP(C.tn)k.
(r,a)GTX.Aq(n")
The pull back ]:'g/[ = {RH '(0)} of these constant sections determines a
foliation on M&.(t,r,d)* xo T where Mg (t,r,d)* = RH™'(RP(C,t)%).
This foliation corresponds to a subbundle determined by a splitting

. =% an an
D7 (@T ) — GMg/T(Evrvd)uXTT

of the analytic tangent map

an

~xan
Mg, (Erd)t x o T O =0,

where 7 : Mé"/T(‘E, r,d)f X T — T is the projection. We will show that this
splitting D! is in fact induced by a splitting

D : ﬂ'*(@T) — GMg/T(E7T>d)

of the algebraic tangent bundle, where 7 : Mg‘/T(E, r,d) — T is the projec-
tion. This splitting is nothing but the differential equation determined by the
isomonodromic deformation.

Usually, the equation of the isomonodromic deformation is given by the fol-
lowing way: Assume C' = P! and take a Zariski open set U C Mg, XT/T(E, r,0)

such that a universal family on P! x U is given by (Og1, .V, {ZE—“}), where
V is given by a connection matrix

> (4; = (a\))1<n<r € Mo (Op)).

z—1;
i=1 v

Licensed to Kyoto University. Prepared on Tue Jul 2 01:23:02 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



MODULI OF PARABOLIC CONNECTIONS ON CURVES 475

Then the differential equation of the isomonodromic deformation is given by

(15) 04 A g gy, 2oy Hedd
ot ti —t, Ot ti— 1y

The equation ([IH) is called the Schlesinger equation and, needless to say, this
equation plays a great role in the explicit description of many differential
equations arising from the isomonodromic deformation. However, U and the
equation (I3 do not have the geometric Painlevé property. For example, take
a point x of U over t € T which corresponds to (O;‘fg , V, {lj(l)}) Take a path
v in Mgy, (t,r,d) starting at 2 and coming back to a point y over t such that
v is a solution of the differential equation determined by the isomonodromic
deformation. Let (F,Vp, {(l%f))]}) be the parabolic connection corresponding
to y. Then F may not be trivial and so y may not lie in U. Thus U and (I5)
do not have the geometric Painlevé property. Moreover, we want to describe
the isomonodromic deformation even on the locus contracted by RH. So the
equation (B itself is not enough for the explicit geometric description of the
isomonodromic deformation, because (I3) is defined only on a Zariski open set
and is not even defined in the higher genus case. In order to obtain the split-
ting D, we will go back to how the equation (IH]) arises as the isomonodromic
deformation. Take a local constant section o : 7’ — RP,.(C,t)* x1 T", where
T’ is an analytic open subset of T. Then o corresponds to a local system
V, on Cp: \ ((t1)7+ + - + (t,)7+) after shrinking 7”. The canonical flat con-
nection on Vo @ Op_ \ ((£1) g +-4(£2) ) €Xtends to an integrable logarithmic
connection

(16) V7 : Erp-1 (o)) — Eru-1(o(1)) ® Q¢,, log((t2) 17 + -+ + (tn)17))
whose induced relative connection is just @|CXTRH_1(U(T,)). The equation
([I5) comes from the integrability condition for V7. Taking the tangent di-
rection of o(T"), we obtain the splitting D. Precisely, we have the following
proposition:

Proposition 8.1. There exists an algebraic splitting

D . ’]T*(@T) — GN[g/T(E,T,d)

0~f the tangent map @MCQ/T(Emd) — (O1) whose pull-back to MCO‘/T(E7 r,d)*xp
T coincides with D*.

Proof. We will define the corresponding homomorphism ©p —
W*@MS‘/T(ﬁr,d)‘ Take any affine open set U C T and a vector field v €

H°(U,07). Then v corresponds to a morphism % : Spec Oyle] — T with
€2 = 0 such that the composite U < Spec Oyle] — T is just the inclusion

Licensed to Kyoto University. Prepared on Tue Jul 2 01:23:02 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



476 MICHI-AKI INABA

U < T. We denote the restriction of the universal family to C x 77~ (U) sim-
ply by (E, V, {lg”}) Consider the fiber product C x 1 Spec O -1 () [€] with re-
spect to the canonical projection C — T and the composite Spec O -1 () [e] —

Spec Oy €] “ T. We denote the pull-back of D(t) by the morphism C xr
Spec Or-1(v)le] — C simply by D(t)o (- We call (S,V‘g,{(lg)g-i)}) a
horizontal lift of (E,V, {Zj(z)}) if
(1) & is a vector bundle on C x7 Spec O -1 (el
(2) gt}xSpeCwal(U)[e] = (lg)(()i) D - D (lg)ii) = 0 is a filtration by
subbundles for i = 1,...,n,

B)VE: =€ QészpecOﬂ,l(U)[e]/w—l(U) (log (D(E)Oﬂ_l(U)[GO) is a
connection satisfying

(a)
VS(FJ(Z)(S)) C F],(Z) (5) X QéXTSpecwauu) [6]/7‘.71([]) (10g D(E)wal(u)[f]) s
where F j(i) (&) is given by
Fj(l) (&) :=ker (5 — g‘gixTSpCCOW—l(U>[e]/(lg);l)) .
(b) The curvature
&£ E . T
VeoVe: &= €& X Q%XTSpCC(’)7‘_71(U)[E]/7T*1(U) (lOg (D(t)(gw71(u)[e]>)

is zero.

(€) (rest, s speco 0, (VE) = A)()S) € (1), for any i,

where V¢ is the relative connection over Spec Or-1(v)le] induced

1)

by V¢. ‘ ‘
(@) (£, VE AN © Ors )/ (e) = (B, V, {))).
Here we define the sheaf QéXTSpCC Ot /71 (U) (log D(E)@Flw) [6])) as
the coherent subsheaf of Q(lszSpecOw,l(U)[e]/vrfl(U) (D(E)Oﬂ,lw)[e]) locally
generated by §~'dg and de for a local defining equation § of D(‘E)walw)[e]
and the sheaf ngTSpec O -1 e/ (V) (log (D(t)ow—uw[d)) as the coher-

ent subsheaf of ngTSpec Ot /71 (1) (D(‘E)@FI(U)[E]) locally generated

by G 'dg A de. Assume that the parabolic connection (E,@, {l}(z)}) is lo-

cally given in a small affine open subset W of C x 7~ 1(U) by a connection

matrix Ag~ldg, where g is a local defining equation of (t; x 7= *(U)) N W,

A€ M. (Ow), A((t; x =1 (U)) N W) is an upper triangular matrix and the
r—j

parabolic structure {ly)}w is given by (l~§-i))W = (%,%,...,%,0,...,0). Let
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W be the affine open subscheme of C x Spec Or-1(v)le] whose underlying
space is W and let g be a lift of g which is a local deﬁning equation of

(ti x Spec Or—1(17)[€]) N W. If we denote the composite Oy 4 Ql W im—i() =
Oy dg & Oyyde — Oy de be de, we can take a lift A € M, (Oy) of A such
that dc(A) = 0 and A((t; X Spec Or-1(17)[e]) N W) is an upper-triangular
matrix. Then the connection matrix Ag—'dg gives a local horizontal lift of
(E,V ALY w. We put

FO.— {u e End(B) ]u|t~m_1(U)(Z§“) cllV (1<i<n0<j< r)} :
wW(FO(EB)) ¢ FI(E) @ Q!

for any 4, j and the i 1mage of
FOE) S B0 2 Eli o)

is contained in lj(_zl for any 1, j

72— {u € End(E) © 0 |u(FP(E)) ¢ FY(E) @ O for any zg} :

Fli={ueé&ndB)o Q!

where we put

® Ocx pr1(v)de,
A de,

O = Qb1 0y 1) (D(E))
Q%= QCXTrl( )/rl(U( (t t))
7(
J

FO(E) := ker (E = Bl nr /1 ”)

Consider the complex

Fo L g L
defined by d°(u) = Vou—uoV+ude and d' (w+ade) = deAw+(Voa—aoV)Ade
for u € FO, w € End(E) ® g~'dg and a € F° such that w 4 ade € F*.

We can see that an obstruction class for the existence of a horizontal lift
of (E,V,{l;}) is in H2(F*) and the set of horizontal lifts is isomorphic to
H!(F*) if it is not empty. It is obvious that d° is injective and d* is surjective.
Take any member w + ade € ker(d'). Then we have d'(w + ade) = de Nw +
(Voa—aoV)/\de = 0. So we have w = Voa —aoV and d’(a) =
Voa—aoV +ade = w+ ade. Thus F* is exact at F'. Hence F* i
an exact complex. Thus we have H?(F*) = 0, H}(F*) = 0 and there is
a unique horizontal lift (£, V¢, {(15)§i)}) of (E,V,{l;}). We can check that

— (€, V¥, {(18);2)}) gives an Op-homomorphism O — W*(@Mca/T(gmd)).
Thus we obtain an O Mg, (Er, 4)~homomorphism

D : ﬂ'*(@T) — GMg/T(E7T>d)
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L) 7*(6Or). By construction

which is a splitting of the surjection © Mg (&,
we can see that the pull-back of D to Mé"/T(‘E, r,d)f x T coincides with Df. [J

Remark 8.1. (1) We can see by construction that the image D(7*O7r) is
in fact contained in the relative tangent bundle © Mg, 1 (Eord)/ AP (@

(2) As is explained in section 2, the subbundle D(7*0r) C @Mg/T(E,r,d) sat-
isfies an integrability condition and determines a foliation iy on Mg (t,r,d).
By the proof of Proposition Bl we can see that {RH(L)|L € Fps} coincides
with ]:R-

Proof of Theorem 23l Take any path + : [0,1] — T and a point T €
Mg)p(t, 7, d) such that () = 7(0). We take a lift & € M)y (t,r,d) x7 T of
x. We can easily lift v to a path 7 : [0,1] = (RP,(C,t) xp T) X 4 Agn)(d)
such that [0, 1] is contained in a leaf of Fp X 4 Agn)(d) and RH(Z) = 7(0).
Since a leaf of Fj; passing through Z is locally isgmorphic to T', we can take
a unique local lift 6. : [0,€) — Mg‘/T(t,r, d) xp T of 4 for small € > 0 such
that 6.(0) = & and d.([0, €]) is contained in a leaf of Fj;. Consider the set

there exists a lift o, : [0,t) — Mé"/T(f,r, d) xp T
A=t € (0,1]] of A|j) such that 6(0) = & and §([0,¢)) is contained
in a leaf of Fys

and put a := sup A. Assume that a < 1. Then there is a sequence {¢, },>0 in
A such that limy, o t = a. Since RH : M&.(t,r,d) x0T — (RP,(C,t) xr
T) X 4(m A (d) is a proper morphism, RH ™' (5[0, a]) is compact. Thus the se-
quence {8;, (t,)} in RH™'(7[0, a]) has a subsequence {6+, (tn,)} which is con-
vergent in RH™'(5[0,a]). We put Z, := limy_ o0 6t,, (tn,) € RH (5[0, a]).
Then RH(Z,) = #(a) and we can take a local lift 0, : (a — e,a + €) —
ME)p(t,r,d) Xp T of Y|(a—c,ate) for small € > 0 such that d4(a) = ¥, and
dq((a — €,a + €)) is contained in a leaf of Fp;. Gluing d, and d;, for some
tn € Awitht, > a—e, we can obtain a lift 6, : [0,a+€) = M) (t,r,d) x0T
of ¥][0,a4¢) Whose image is contained in a leaf of Fp;. Thus a + ¢ € A which
contradicts the choice of a. So we have ¢ = 1 and we can obtain a lift
01:[0,1] — MCO‘/T(E, r,d) xp T of 4 whose image is contained in a leaf of Fy;.
Taking the image by the projection Mé"/T(t,r, d) xp T — M(?‘/T(t,r, d), we
obtain an Fjs-horizontal lift § of « such that 6(0) = «. O
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