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On well-posedness of some one-dimensional
dispersive equations with analytic nonlinearity

By

Luc MOLINET* and Tomoyuki TANAKA™**

Abstract

This note is a résumé of the result obtained in [22]. We consider the Cauchy problem
for one-dimensional dispersive equations with a general nonlinearity. As a typical model,
our equation includes the generalized Benjamin-Ono equation with the generalized dispersion:
st — 0o DS u + 0, (uF ™) = 0 for a € [1,2] and 1 < k € N. We obtain the unconditional local
well-posedness of the Cauchy problem in H*(T) for s > 1 — ﬁ in the periodic case. We
also discuss the non-periodic problem, which is omitted in [22].

§ 1. Introduction

This note is a résumé of the result obtained in [22]. In Section 1, we present the
main results obtained in [22] and explain ideas to show the main theorem. In Section
2, we set some notation and collect useful estimates. In Section 3, improved Strichartz
estimates are shown. In this note, we state such estimates in a slightly generalized form
compared to Proposition 3.5 in [22]. In Section 4, we present the main idea for the proof
of a priori estimate, by focusing on how to recover the derivative loss. We also present
the estimate for the difference. In Section 5, we briefly describe how to treat the real
line case, which was not contained in [22].

In [22], the authors studied the Cauchy problem associated with the following
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equation:
(1.1) Ou+ Lot1u+ 0. (f(u)) =0, (t,x) € R x M,
(1.2) u(0,z) = up(x), =€ M,

where M = T(= R/27Z), under the following two hypotheses on L,; and f:

Hypothesis 1. L, is the Fourier multiplier operator by —ip,4+1 where po41 €
CH(R) N C?*(R\{0}) is a real-valued odd function satisfying, for some &, > 0, pl,,1(§) ~

£ and plly1(€) ~ €2 for all € > &.

Hypothesis 2. f : R — R is an analytic function whose Taylor series around the

origin has an infinite radius of convergence.

Famous equations in this class (1.1) are the generalized Korteweg-de Vries equation
(gKdV)

s+ 03u + 0, (f(u)) =0

that corresponds to Loi1 = 02 with o = 2 as well as the generalized Benjamin-Ono
equation (gBO)

s — HO2u + 0,(f(u)) = 0,

where H is the Hilbert transform (Fourier multiplier by —isgn(¢)) which corresponds
to Loy = —HO? with a = 1.

The Cauchy problem associated with this type of a dispersive equation has been
extensively studied by many authors, starting with the work of Kato [7] (see also [1]).
See Section 1 in [22] for the development of the well-posedness theory of (1.1).

In what follows, we concentrate on the periodic setting M = T, except in Section
5. We also always assume that the initial data is real-valued, so we only consider real-

valued solutions. Before stating our main result, let us recall our notion of solutions:

Definition 1.1.  Let s > 1/2. We will say that v € L>=(]0,T[; H*(T)) is a
solution to (1.1) associated with the initial datum uy € H*(T) if u satisfies (1.1)-(1.2)
in the distributional sense, i.e. for any test function ¢ € C°(] — T, T[xT), it holds

/OOO /11‘[(¢t + Lay19)u + <;5;L-f(u)} dx dt + /E $(0, Yuo dz = 0.

Remark 1.1.  We notice that u satisfies the Duhamel formula associated with (1.1)
if u is a solution to (1.1) in the sense of Definition 1.1. See Remark 1.4 in [22] for details.



ONE-DIMENSIONAL DISPERSIVE EQUATIONS WITH ANALYTIC NONLINEARITY 55

Let us recall the notion of unconditional local well-posedness that was introduced
by Kato [8], which is, roughly speaking, the local well-posedness with uniqueness of
solutions in L>°(]0,T[; H*(T)).

Definition 1.2.  We will say that the Cauchy problem associated with (1.1) is
unconditionally locally well-posed in H*(T) if for any initial data ug € H*(T) there
exists T = T(||uo|lm=) > 0 and a solution uw € C([0,T]; H*(T)) to (1.1) emanating
from ug. Moreover, u is the unique solution to (1.1) associated with ug that belongs to
L>(]0,T[; H*(T)). Finally, for any R > 0, the solution-map ug — w is continuous from
the ball of H*(T) with radius R centered at the origin into C([0,T(R)]; H*(T)).

Our main result is the following (Theorem 1.1 in [22]):

Theorem 1.3 (Unconditional well-posedness).  Assume that Hypotheses 1-2 are
satisfied with 1 < o < 2. Then for any s > s(a) = 1 — #Jrl) the Cauchy problem
associated with (1.1) is unconditionally locally well-posed in H*(T) with a maximal time
of existence T > g(||uo||gser) > 0 where g is a smooth increasing function depending

only on Loy1 and f.

The work by Kim-Schippa [11] motivated us to study the Cauchy problem of (1.1).
They showed the local well-posedness for the generalized Benjamin-Ono equation in
H3/4(T). Our result can be seen as a generalization in terms of class of equations and
an improvement in terms of unconditional uniqueness. Remark that they also deduced a
priori estimate for the generalized Benjamin-Ono equation in H*(T) for s > 1/2. In this
work, they used the short-time X*® norm method developed by Ionescu-Kenig-Tataru
[6], together with modified energy estimates.

Remark 1.2.  One may wonder how s > s(a) =1 — appears. This is due

(0%
2(a+1)
to the following nonlinear interactions: there are 3 input high frequencies of the same
order as the output frequency whereas all other input frequencies are much lower. This

is one of resonant interactions. See Remark 1.5 in [22] for details.

Remark 1.3.  The proof of Theorem 1.3 also works on the real line M = R. More-
over, if we restrict ourselves to the purely dispersive case L,y = 0, DY, we can exploit
the classical Strichartz estimate (Lemma 5.1), instead of Lemma 3.3. Therefore, we
can improve Theorem 1.3, i.e., we can show the unconditional local well-posedness for
the Cauchy problem associated with (1.1) in H*(R) for s > 1 — § with s > 1/2. The
restriction s > 1 — % comes from the same nonlinear interaction as discribed in Remark
1.2. In this case, we put two high frequencies in L{°L? and remaining two high fre-

quencies in L2LS° (whereas other ones are put in L{,). Roughly speaking, Proposition

1,
5.2 allows us to conclude that Dy 27 tu € L2(]0,T[; L (R)) if u € L>(]0,T[; H*(R)).
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Then, one derivative loss can be recovered if 2(s — 4 + ) > 1< s > 1 — . See also
Remark 5.1. However, we frequently use the Sobolev embedding H'/?*(R) <« L>°(R),
so we need to assume s > 1/2 at the same time.! Notice that, thanks to the Strichartz
estimate (Lemma 5.1), the regularity threshold is improved to s > 1 — ¢ with s > 1/2

from s > 1 — See Section 5.

_a
2(atD)"

Our aim in this note is to explain ideas to show the unconditional local well-
posedness for (1.1). The proof of Theorem 1.3 is based on the energy method. In
the energy method, it is important to obtain a priori estimate (which corresponds to
Proposition 4.7) and the difference estimate (which corresponds to Proposition 4.8) at
the desired regularity. As studied in [1], the standard energy method allows us to get
the unconditional local well-posedness in H*(T) for s > 3/2. By the standard energy
method, we mean a series of techniques that consists of the parabolic regularization, the
Kato-Ponce commutator estimate [9], and the Bona-Smith argument [4]. See Subsection
9.4 in [15] for instance. In this argument, however, the dispersive part L,; does not
play any role. To go below s < %, we must utilize the dispersive nature of the equation.
For that purpose, it is reasonable to decompose functions with respect to frequencies
(such as the Littlewood-Paley decomposition), and then we look into nonlinear interac-
tions closely. We also use the symmetrization argument, which roughly corresponds to
the integration by parts (in space) in the standard energy method. In [22], the authors
followed the argument developed by the first author and Vento [17] in which they uti-
lized the dispersion for nonresonant nonlinear interactions. The key observation in this
argument originates from Zhou [25]: it holds that u € X5 "' if u € L H? is a solution.?
See Lemma 4.6 and Case 2 in Subsection 4.3. This argument has the same underlying
idea as the normal form reduction conducted by Babin-Ilyin-Titi [2]. They showed the
unconditional uniqueness for the KdV equation in L?(T). The normal form reduction
is based on the integration by parts in time and has been widely applied to dispersive
equations. For the recent development of the normal form reduction, see [5, 12, 14]
and references therein. This result [2] is recovered by the first author and Vento [17].
On the other hand, if we have resonant interactions, we need additional work. In [17],
they studied (1.1) with f(u) = u?, and showed the unconditional local well-posedness
in H*(M) for s > 1 — § with (s,a) # (1/2,1) and M = R or T. Note that when
f(u) = u?, the oscillation is always strong enough to close estimates, i.e., they did not
face resonant interactions in [17]. However, in our case, (1.1) includes high degrees of
polynomials, so we need to treat resonant interactions. For that purpose, we exploit the
improved Strichartz estimate (Proposition 3.4) introduced by Koch-Tzvetkov [13]. This

LOf course, even for nonresonant cases, our analysis depends on this embedding, so s > 1/2 is used
in many steps (also in our definition of solution (Definition 1.1)).

2However, there is a subtle problem in applying this observation to our argument, i.e., the bound-
edness of the multiplication of 1 7y in X511, See (4.1) and (4.3).
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estimate is favorable if the nonlinearity has a derivative. In the proof of Proposition
4.7, we chop the time interval [0, 7] into small pieces, depending on the space frequency.
This enables us to transfer a part of derivatives from the Duhamel part to the linear
part, which results in giving us a better estimate than the Sobolev embedding. See Case
1 in Subsection 4.3. In this note, we state this estimate in a slightly more generalized
manner than that in [22].

Finally, we also remark that in [22], a priori estimate (Proposition 4.8 in [22]) is
stated with the frequency envelope. The frequency envelope is a weight in the frequency
space which is increasing like log N when || ~ N, and the authors used this technique to
show the continuous dependence. Depending on the sequence of initial data {ug,}n>1
converging to ug in H*(T) as n — oo, we can choose envelopes {wn } yeanigoy of positive
numbers such that

e Wy <wson <dwpy for 1 < <2 and wy 7 +oo,

o |luollmg = llwn(1V N)*|[Prnuol[rz ez, < oo,

o sup,.s [Juo s < 0.

See Lemma 4.1 in [13] for the construction of envelopes. The key observation is the
following: we would like to show the convergence u(™ — w in LF H whereas we have
a priori bound for «(™, v in LF H?, which is slightly stronger than L7°H;. Here, u(™)
(resp. u) is the solution to (1.1) emanating from ug, (resp. up). This method enables
us to bypass the Bona-Smith approximation argument. We believe that the frequency
envelope makes the proof much simpler than the Bona-Smith argument. However, in
this note, we do not treat this method for the sake of simplicity. Modification from a
priori estimate (4.5) in the Sobolev setting to estimates with frequency envelopes ((4.8)
in [22]) (and other related estimates such as (2.1)) is straightforward.

For the proof of Theorem 1.3, see Section 6 in [22]. We also point out that we can
show that the solution constructed in Theorem 1.3 is global when we can control the
potential energy [, F'(u)dz, where F(z) = [ f(y)dy. See Theorems 1.2 and 1.3 in [22].

§ 2. Notation, function spaces and basic estimates

§2.1. Notation

Throughout this note, N denotes the set of nonnegative integers. For any positive
numbers a and b, we write a < b when there exists a positive constant C' such that
a < Cb. We also write a ~ b when a < b and b < a hold. Moreover, we denote a < b
if the estimate b < a does not hold. For two nonnegative numbers a,b, we denote
aV b:=max{a,b} and a A b := min{a,b}. We also write (-) = (14| -|*)'/2,
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For u = u(t, z), Fu = @ denotes its space-time Fourier transform, whereas Fyu = 4
(resp. JFiu) denotes its Fourier transform in space (resp. time). We define the Riesz
potentials by D3g := F1(|¢]*F,.g). We also denote the unitary group associated to the
linear part of (1.1) by U, (t) = e trat1 ie.,

Ug(t)u = F; L (P18 FLu).
Let x € C§°(R) satisfy
0<x<1, xl1,y=1 and suppx C [-2,2].
We set ¢(&) := x(&) — x(2¢). For any [ € N, we define
$20(€) 1= 9(27'€), Yo (7,€) = dou (T — pata1(§)),
where ipy11(€) is the Fourier symbol of L,41. By convention, we also denote

Po(§) = x(28) and (7, &) = X(2(T — pat1(§)))-

Any summations over capitalized variables such as K, L, M or N are presumed to be
dyadic. We work with non-homogeneous dyadic decompositions, i.e., these variables
ranges over numbers of the form {2¥;k € N} U {0}. We call those numbers non-
homogeneous dyadic numbers. It is worth pointing out that >\ ¢n(§) = 1 for any
£ €z,

supp(¢n) C {N/2 < [{[ <2N}, N >1, and supp(¢o) C {[¢] <1}
Finally, we define the Littlewood-Paley multipliers Py and Q); by
Pyu= F; Y (¢nFpu) and Qru= F (1 Fu).

We also set Q>N 1= ZKZN Qr and Q<y = EKSN Qk-

§ 2.2. Function spaces

For 1 < p < oo, LP(T) is the standard Lebesgue space with the norm || - |[z». For
s € R, H*(T) is the usual L2-based Sobolev space equipped with the norm

1/2
mmﬁz(ZMvNWwww;).

N

If B, is one of spaces defined above, for 1 < p < oo and T" > 0, we define the space-time
spaces LY B, := LP(R; B,) and L%.B, := LP([0,T]; B;) equipped with the norms (with
obvious modifications for p = 00)

1/p T 1/p
Hqu=<4WMJ%ﬂQ wdnw%&=(4|mmwaﬁ),
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respectively. For s,b € R, we introduce the Bourgain spaces X** associated to the
operator L,+1 endowed with the norm

. ~ 1/2
Jull x0 = ( > / <£>25<T—pa+1(£)>2b|ﬁ(ﬂ£)\2dT> :
f=—o00 — 00

We define the fuction spaces Z° with s € R, as Z° := L H® N X* 5! endowed with
the natural norm

“uHZS = ||'U/||L§’°HS + ||U||Xs—1,1.

We also use the restriction in time versions of these spaces. Let T > 0 be a positive
time and B be a normed space of space-time functions. The restriction space Br will
be the space of functions u :)0, T[XT — R or C satisfying

|lullpy :=inf{|lv]|g |v:RxT —-RorC, v=uon]0,T[xT} < occ.

§ 2.3. Basic estimates

In this subsection, we collect some fundamental estimates. Well-known estimates
are adapted for our setting f(u).

Lemma 2.1 (Lemma 2.2 in [22]).  Let s > 0. Then we have the estimate

(2.1) [wvl[ms S flull e

vllpoe + l[ullzo [0l are-

In particular for any fized analytic function f with f(0) = 0, there exists an analytic
function G = G|[f] that is increasing nonnegative on Ry such that

(2.2) 1f ()l zs S Gllullzee) 1wl

We will frequently use the following lemma, which can be seen as a variant of the
integration by parts.

Lemma 2.2 (Lemma 2.4 in [22]).  Let N € 2Y U {0}. Then,

‘ /T T1(u, v)wdz

S llullzz vl ez |0z w| Lee

where

(2.3) (u,v) := v0, Pau + ud, Pav.
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§ 3. Improved Strichartz estimates

In this section, we establish improved Strichartz estimates which play an important
role in our estimates. Since we treat the general operator L1, we first have to restate
the standard Strichartz estimate.

Definition 3.1.  For a € [1,2], we define f(a) := 1/4(a + 1).

We make use of the Strichartz estimate in the Bourgain space, which is originally
obtained in [3].

Lemma 3.2. There exists C > 0 such that for any v € X0:b(a)
HUHL;{z < C‘|”||x0,,8(a)+1/4.

Lemma 3.2 enables to establish the following Strichartz estimate on a fixed time

interval:

Lemma 3.3. Let 0 < T < 1. Then there exists C' > 0 such that for any u €
L*(T),

Ua(t)ullps, < OTY* ]| 2.

Proof. See Lemma 2.1 in [16]. O

Now we prove the improved Strichartz estimates with using Lemma 3.3. In this
note, we claim them in a slightly generalized form, compared with Proposition 3.5 in
[22]. In the proof of Proposition 4.7, we use (3.1) with (p,q) = (4,4), (3,00). We point
out that it is crucial to keep the time integrability p in the right hand side of (3.1) so
as to reach s = s(a) in Theorem 1.3. For that purpose, how to choose ¢; y plays an
important role in the proof below. This type of argument can be found in Lemma 2.4
in [23] for instance.

Proposition 3.4. Let2<p<4<qg<oo,a€c[l,2], N>1,0<T <1 and
f e L>(0,T[; L3(T)). Suppose that u € C([0,T]; L*(T)) satisfies

Oyu + Loyiu+ O f=0
on |0, T[xT with Lo+1 satisfying Hypothesis 1. Then,

_B(a Q)+l 1
(3.1) |Pyullpe s ST INPlets “([[Pyullze L2 + | Pn fllze p2)-
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Proof. We divide the interval in small intervals of length ~ TN ~!. In other words,
we define {I; n}jesy so that Uc; Ijn = [0,T], [Ijn| ~ TN~ and #Jy ~ N. By
the hypothesis, we see that | Pyu(t)||7. € C([0,T]). For j € Jy, we choose ¢; ny € Ij n
at which HPNu(t)H%% attains its minirrfum on I; y. Observe that

¢
Pru(t) = e~ t=cim) Lot Puy(c; v) + / e~ (= Lasipy g (¢ dt!

Cj N
for ¢t € I; . We see from the hypothesis 2 < p <4 < ¢ < oo, the Hélder inequality (in
time) and the Bernstein inequality (in space) that

1/p 1 1 1 b l/p
( Z ||PNU||]zp(Ij’N;Lg)) S N4_q( Z 1~ _4||PNU||1£4(1J»7N;L3)) .

JeJIN JeJIN

Lemma 3.3 and the definition of ¢; x show that

1/p
( Z |I',N|1_Z ||6_(t—0j7N)La+1PNU(CJ‘7N)||I[)/4(Ij7N;L§))

JEJIN
1/p
5 ( Z |Ij,N’1_pB(a)HPNU(CJ"N)”ii)
JjE€JIN
1/p
<7 ﬁ(a)Nﬁ(a)< Z/ IPxu(®)]? dt) — R N Pyl e

JEIN 15,

Next, we estimate the contribution of the Duhamel term. Lemma 3.3 and the Holder
inequality in time imply that
(% s

P )1/17
JjeJIN LA(I;,n;L%)

1/p
p
(Z [In|' 7 (NII NI“B(O‘)/ IIPNf(t')HLgdt’) )
Ijn

JEJIN

e—(t—t’)La_,’_l PN@xf(t/)dt/

Cj,N

1/p
<7- ﬂ<a>Nﬁ<a><Z / Py F)5, ) — P10 NPO) Py fll s 2.

JjeJIN

Then, the Minkowski inequality shows (3.1), which completes the proof. O

Remark 3.1.  In the right hand side of (3.1), there is a negative power of T'. This
is cancelled out by a trivial inequality ||uf|zz s < T VP |l Lse iz after summing over N.
The reason why we keep the time integrability at this point is that we would like to
change the summation order of ¢4, and L% without a loss. Since p < 4, we note that
—B(a)+1/p > 1/8 > 0. In the proof of well-posedness, we take T" sufficiently small, so
it is important to have a positive power of T' in the last step.
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§4. A priori estimate

In this section, we discuss how to build the proof of a priori estimate (Proposition
4.7) for the solution of (1.1). As explained in Section 1, we have to recover the loss
of one derivative coming from the nonlinear term 0,(f(u)). Because of the periodic
setting, there is no linear smoothing effect. Since we do not make use of a nonlinear
transformation, we have either to exploit some nonlinear smoothing effect or to share
this derivative on different high frequency functions in the case there are many of them.
For that purpose, it is helpful for us to look into the resonant function (€241 defined
as below). If the resonant function is small, this corresponds to the (nearly) resonance
whereas if the resonant function is large, this corresponds to the nonresonance. In
the nonresonant case, we exploit Bourgain type estimates to recover the lost derivative
while in the resonant case we share the derivative on different high frequency functions
by exploiting improved Strichartz estimate (3.1). At this stage, one of the fundamental
well-known observations is that for dispersive operator satisfying Hypothesis 1, nonlinear
terms of the form wius...ux, k > 2, are nonresonant in the case of a single high frequency
function together with much lower frequency functions. By Bourgain type estimates,
we mean HQZLUHng < L7t |ul| o for L > 1. Recall that Q, is a projection operator
restricting |7—pq (§)] ~ L. If L is sufficiently large, we can recover the derivative loss (see
Case 2 in Subsection 4.3). Such estimates are available when the nonlinear interaction is
nonresonant. However, there is a delicate problem in using these estimates. In order to
use Bourgain type estimates, we first multiply u € C([0,T]; H*(T)) by 1j9, 1) to expand
the integral interval from [0, T] to R. Since the multiplication is not bounded in X5~ 11
following [17], we decompose 1y 7] into two functions: a high (temporal) frequency part
that is small enough in L' to recover the derivative loss (see (4.2)) and a low (temporal)
frequency part which commutes to Q in L7, (see (4.3)).

§4.1. Preliminary technical estimates

Let us denote by 17 the characteristic function of the interval |0, T[. As discussed
above, 17 does not commute with @,. To avoid this difficulty, following [17], we further
decompose 17 as

(4.1) 1p = 19% + 175, with F(12%)(r) = x(r/R)F(17)(7),
for some R > 0 to be fixed later.
Lemma 4.1 (Lemma 3.6 in [20]).  For any R > 0 and T > 0, it holds

(4.2) 17 | STARTY,
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and
high
1175 e + TR S 1.

Lemma 4.2 (Lemma 3.7 in [20]).  Assume that T > 0, R > 0, and L > R.
Then, it holds

(4.3) 1QL(X%w)llzz . S 1Qesullzs .
for all u € L?(R; x T,).
Now, we define the resonant function 2;.

Definition 4.3.  Let j € N. We define Q;(&1,...,&41) : Z7T — R as
Jj+1

Qj(fl, .. ,§j+1) = ZpoHrl(gn)
n=1

for (&1,...,&541) € ZITY, where pot1 satisfies Hypothesis 1.

In the proof of Proposition 4.7, we make use of the following two types of nonres-
onant interactions. Note however that on the real line, if we restrict ourselves to the
purely dispersive operator L,4+; = 0, D%, Lemma 4.4 is enough to close the proof since
we can use a stronger estimate (Proposition 5.2) than Proposition 3.4 for the resonant
case. See Section 5 for details.

Lemma 4.4 (Lemma 4.4 in [22]).  Let k > 1 and (&1, ...,k12) € ZFF2 satisfy

ij §j = 0. Assume that |§1] ~ |€2] 2 [&s] if k=1 or [&1] ~ |&2] 2 |€5] > k max;j>4 [§]
if k> 2. Then,

|Qet1(as -y €pra)| 2 1E€3]1E ]
for [&1] > (maxecp.¢0) [Phir (E)])Y.

Lemma 4.5 (Lemma 4.5 in [22]).  Let k > 2 and (£1,...,k 2) € ZFF2 satisfy
S E = 0. Assume that [€1] ~ |62 > |&] 2 [l if k=2 or &1 ~ |&f > [&] 2 |4l

with |€3 + &4] > kmggi |&;] if k> 3. Then,
-
Qet1(&1y -5 k)| 2163 + &all&a ]
for |&1| > (maxec(o ¢0) [Pha1 (E)])V.

Let (&1,...,&k0) € ZFF2 and (74,. .., Thio) € R¥2 satisfy 25;2 ;= 25;2 T =
0. Set o(7,€) := T — pat1(§). Assume that |Qx11(&1,- .-, Ekt2)| 2 L for some L > 1.
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It follows from the definition that Qx11(&1,- .., &kr2) = Zf 1 0(75,&5). Then, by the
triangle inequality we have

|

) 1
(4.4) maX{|0(ijfj)| cg=1...k+ 2} > m|9k+1(§1, o€k 2

Recall that @, is a projector on |7 — pay1(§)| ~ L. Therefore, when (&1, ...,&k12) €
7ZF*2? satisfies the assumption of either Lemma 4.4 or Lemma 4.5, at least one of
{o(7j,&)}; has a high modulation, i.e., 2 L/k. This property is used to recover the
derivative loss. See Case 2 in Proposition 4.7 for example. See also Lemma 2.2 in [17]
for details.

Remark 4.1.  In the proof of Proposition 4.8 in [22], we used the following esti-

mate:

T2y < I (Pr, Qs (10%0), Py, 1%, Pyit, -+, Py, @)
+ I (P, Qe (L51), Py, Q> (1°51), Py, -+, Py, 1)
J(Z)(PN1Q<<L(1150WV> P, Qer(1°51), Pr,Q> 10, -+, Py, 1)
-+ J2 (Pn, Qe (151), Py, Qe r,(110), Pny Qe -+, Pry Q> 10),

where L = N3N{¥ and R = Nll/SNg/S. See Case 2 in the proof of Proposition 4.8 in
[22] for details. However, there are errors in this estimate and the subsequent argu-
ment. As observed in (4.4), L (resp. R) should be defined as L := N3N{/k (resp.
R := N{’N;’?/k), and then we obtain ||Py, Q> (1§02, < [Py, Qzrillzs, <

kN3 ' N[ %|| Py, xo01 for instance. A factor of k also appears in the estimate of 1hlgh.
Thanks to Hypothesis 1, such an additional factor k does not cause any problems. A
similar comment applies to Case 3 in the proof of Proposition 4.8 and Subcase 3.1 and

Subcase 3.2 in the proof of Proposition 5.1 in [22].

§4.2. Estimates on solutions to (1.1)

For nonresonant interactions, we use either Lemma 4.4 or Lemma 4.5 to recover the
derivative loss. For that purpose, we put the solution u in X*~ 1. Indeed, if u € L°H?
satisfies (1.1), it easily follows that v € X5 "' as soon as s > 1/2 (see Lemma 4.6).
Here, the restriction s > 1/2 comes from the Sobolev embedding H'/?*(T) <—> Le°(T).
In [17], the first author and Vento put u in the space Y* : = X514 X5=%:8 for the
KdV equation so as to show the unconditional local well-posedness in H*(M) for s > 0
and M = R or T. They used the nonresonant structure of the nonlinearity twice to put
u in Y®-norm in a priori estimate and to control Y®-norm. This is reminiscent of the
second normal form reduction conducted in [2]. See also [18, 19, 20] for well-posedness
results below s < 1/2 with using this argument.
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Lemma 4.6 (Lemma 4.7 in [22]). Let0< T <1, s > 1/2 and uw € LFH; be
a solution to (1.1) associated with an initial datum vy € H*(T). Then u € Z3 and it
holds

lull zg. S Nullogerrs + Gllull g el e ars

Moreover, for any couple (u,v) € (L HZ)? of solutions to (1.1) associated with a couple
of initial data (ug,vo) € (H*(T))? it holds

lu = vl gs—r S llu =l poo gz + Glllullzge g + vl m )l = vll oo gz

The following proposition is one of main estimates in [22].

Proposition 4.7 (A priori estimate). Let 0 < T < 1, o € [1,2] and 2 > s >
s(a) :== 1/2 4 26(«). Let ug € H*(T) and let w € L>(0,T; H*(T)) be a solution to
(1.1)<(1.2) on [0,T]. Then there ezists an analytic function G = G|[f] that is increasing

and nonnegative on Ry such that
(4.5) lalfge mry < lluollZrs + TG llull yoio) lull zg llull s -

Remark 4.2.  There are typos in the statement of Proposition 4.8 in [22]. If we
state the estimate with the frequency envelope, we need to assume ‘ug € HZ(T) and
ue L>(0,T; H:(T)) not ‘ug € H*(T) and u € L>(0,T; H*(T))".

§4.3. Strategy for the proof of Proposition 4.7

In this subsection, we discuss how to recover the derivative loss coming from the
nonlinearity 0, (f(u)). For the complete proof, see Proposition 4.8 in [22]. The main
goal is to show that for any k£ > 1 it holds

(4.6) I, < CleMG(Co)C(]f(||U||X;—171 + [|ullLge s ) lull oo s -

where Cp := [[ul| ys(a) and
T

I =Y N

N>1

t
//ukP]%(?mudxdt'
0o JT

Once we establish (4.6), we obtain (4.5) by the Fubini-Lebesgue theorem, Hypothesis 2
and the standard argument of the energy method.

In the sequel we fix £ > 1. For simplicity, for any positive numbers a and b, the
notation a <p b means there exists a positive constant C' > 0 independent of k such
that a < C*b. Remark that a < k™b for m € N can be expressed by a <; b too since
an elementary calculation shows k™ < mleF for m € N. Here, e is Napier’s constant.
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We also focus on the sum over N > 1 since the sum over N < 1 can be treated easily.
By the symmetrization argument, I}, is estimated by

(4.7)
t k+2
t 2 ’
I Sk ) > N?* / / I(Py,u, Py,u) [ [ Py, udadt
N>1 Ni,...;Np 12, 0 JT =3
N1>N2o>N3>Ny>Ns=max;>5 N,
k+2 t k+2
+)0 > N?* / / 0.PxPyu [ Pv,udadt’
1=3 N>>1 Ni,....Nkia2, 0 JT j=1,j#
N12N22N32N42N5:maxj25 Nj
=: Jt =+ Jt,

where II(-, ) is defined in (2.3). The reason why we sum over N3 > Ny > N3 > Ny >
N5 = max;>5 IN; not simply Ny > --- > N is that we would like to make the cost of
choice less than (k +2)* to be able to sum over k. Note that Hypothesis 1 ensures that
the Taylor expansion of f at the origin has infinite radius of convergence. See Remark
1.3 in [22]. The most difficult term in (4.7) is the first term since the derivative lands
on either N7 or Ns, and we only treat J;. In this case, we use improved Strichartz
estimates (3.1) or Bourgain type estimates (Lemmas 4.4 and 4.5) depending on whether
the nonlinear interaction is resonant or nonresonant. We divide the contribution J; in
(4.7) into three cases: 1. No < N3 < kNy, 2. N5 > kNgor k=1,3. Ny > Ns.

It is worth noticing that the frequency projection operator Py ensures that the

contribution of Ny < N/4 does vanish. We thus can assume that N; > N/2 and
Ny 2 Ni/k with Ny > 1.
Case 1: Ny < N3 < kNy. It holds that Ny < kN, < k2N,. So, in this configuration,
we can distribute derivatives to four functions, i.e., we obtain N2t < g2(@s+1) y2st1 <
klONZSH since s < 2. When Ny < 1, we can easily close the estimate. Thus, we may
assume that Ny > 1. We notice that Ny, N3 > 1. By the Holder inequality, we put
Pn,u in L4T7w norm for j =1,2,3,4, and put other terms Py;u in L7, norm for j > 5.
Then, we use (3.1), the Young inequality and (2.2):

4
S NE TPy ules

N1 >No>N3>Ny>1 Jj=1

4
—48(c) 2s5+1 B(a) 70,4
ST Z Ny H Nj UNj
N1>N2>N3>Ny>1 j=1

a ¢ N4 smhe) N4 s=hla) N4 Ala)+1/2 s, drrs,drrs(a),dyrs(a),4
< 7—46() 3 (F) (F) (ﬁ) U U UL
N1,N2,N3>N4>1 1 2 3

S THHOGC) ful s [ o
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where Ug"” = [|Pxullze gs + [|Pxf(u)llzps for s € R, 1 < p < oo and K > 1.
Remark that if we merely use the Sobolev embedding H'/4(T) < L*(T), we only get
2s+1<4(s— 1) & s> 1

Case 2: N3 > kN, or k = 1. The case k = 1 is treated in [17]. So we focus on the case
N3 > kEN,4. Notice that Ny < No + N3 + (kK — 1)Ny < Na, so we have N1 ~ N,. Since
N7 > N is not possible, we have N ~ Nj ~ N,. In this configuration, we use Lemma
4.4. For simplicity, with a slight abuse of notation, we define the following functional:

Jg)(ul, ,’UJ]H_Q) = Z Z N28

N>1 Ni,...;Ni42,
N1~No~N,N3>>kNy,
N42N5:rnaxj25 N]

k42 ‘

//H(ul,uQ) Hujdxdt'
R JT i3

Setting R = N11/3N§/3/k, we split J; as

Jo < TP (Pn, 1,780, Py, 1401, Py, ii, -, Py, ,,0)

+ J (Py, 105, Pry 1R, Pty -, Py, )

+ Jg)(PNl 11&?1‘%/&7 PNz]-}t(,)ga’ Py, - - ’PNk+2'a) = Jc(j?l + J£?2 + Jg,)ii’

where @ is a suitable extention of u (see (2.1) and (4.1) in [22] for precise defini-
tions). Since Jg,)1 and Jc(j,)z have lilfﬁh, we can use (4.2): ||1?711g%h||L1 S TYARTS/A =
K3/ATYVANTY* NSt which is enough to close. On the other hand, thanks to Lemma

4.4, we further decompose Jg?g). Putting L := N3N{*/k, we obtain

Joo S JD (PN, QL (LER), Pry (15), Py, -+, Py, 0)
+ & (P, Qer (L50), P, Q2 L (1ER), Py iy -+, Py 10)
+J2 (Py, Q<<L(1i?§ﬂ)a P, Q<<L(1}f§ﬂ), Prn,Qzr8, - Py, t)
+--- 4+ Jég)(szl Q«L(li?gﬂ)y PN2Q<<L(1¥,)E@VL)= Pn, Qs+ vPNk+2QZL{L)
= I+ T

oo
Note that each Jg?l for I = 1,...,k + 2 has a high modulation term 2 L, and we
can get HQRLaHLf’x < L Y|l xon = kN3 PNy ||| xo.1, which allows us to recover the
derivative loss N3 with using Lemma 2.2. The reason why we put 1} ;4 on two functions
not one function is that we would like to get the positive power of T (i.e. T'/* in this
case). See Remark 4.1 and (4.18) in [22].

Case 3: Ny > Nj. In this case, roughly speaking, we compare |€3+&4| and k|&5| where
&; is the i-th largest frequency. If |{5 + &4] > k|5, we have a suitable nonresonance
relation (Lemma 4.5) whereas otherwise we can share the lost derivative between three
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functions. We split J; as

k+2
Jt<ZN23 / / PNl’u PN2 P<kN (HPNU)dCEdt‘
DD

k:N5<<M5N

k+2
TI( Py, u, Py, u) < H Py, u) dadt'| = 1% + g1,

where ) denotes » s 1> Ni,o.\Nito, for the sake of simplicity. Re-
N1>N2>N3>Ny>Ns=max;>5 N,

mark that if £ = 2, then the term It(?’) does not appear, and it holds that J; < Jt(3)
with the summation ) M<n, instead of D kN < M<nN,- Note also that the contribution
in respectively It(g) and Jt(g) of respectively N5 = 0 and N5 = M = 0 does vanish by
integration by parts. Therefore we can always assume that N5 > 1 in It(3) and that
M >1in Jt(g). For It(g), we put L¥ L2 (resp. L3L°) norm on Py,u and Py,u (resp.
Py, u for j = 3,4,5). We put L7, norm on other terms Py;u for j = 6,...,k+2. Then,
we use (3.1) (and the Young inequality and (2.2)) to |[Py;ul| s p for j =3,4,5:

5
> N[ IPwullzs e

N3>Ny>N5>1 Jj=3

5
< 7-36() Z Ny H Nf(a)+1/4U](3],f
N3>Ny>Ns5>1 Jj=3

_ N-\B@+1/4 7 ar N Bla)+1/4
< 7—38(a) N. 38(a)+1/4 (_5) (_5) US(Ot),?)Us(a),SUS(a),g
- N3>N42>N5>1 ° N3 Ny N3 Ny N5

ST 32 (OR) $6 T 6(Co) ull
K>1

LooHé(O‘)

since —38(a) +1/4 < 0 for a € [1,2].
For Jt(?’), we can argue similarly to Case 2 with Lemma 4.5 instead of Lemma 4.4.

In this case, we decompose u into @ = Q> e /xl + Q< rrne kU after taking a suitable
extention 4 of u.

§4.4. Estimate for the difference

We provide the estimate (at the regularity s—1) for the difference w of two solutions
u,v of (1.1).

Proposition 4.8 (Proposition 5.1 in [22]). Let0< T <1, a € [1,2] and 2 >
s > s(a) := 1/2 4+ 28(a). Let u and v be two solutions of (1.1) belonging to Z3
and associated with (1.2) and vy € H*(T), respectively. Then there exists an analytic
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unction G = at is increasing and nonnegative on suc a

tion G = G[f] that is i : d ti R, such that
||w||2L§.9H;—1 < [luo — voll3s-n + TYAG(|Jul| 25 + [oll zg Mwll o= lwl] e a1

where we set w = u — v.

The strategy for the proof of Proposition 4.8 is essentially the same as that of
Proposition 4.7. Remark that the equation for w = u — v has fewer symmetries than
the original equation, so the case-by-case analysis becomes slightly complicated.

§5. On the real line case

In this section, we briefly describe how we can obtain a priori estimate on M =R
corresponding to Proposition 4.7. Once we establish a priori estimate (and the differ-
ence estimate corresponding to Proposition 4.8), the unconditional local well-posedness
follows from a standard argument (see Section 6 in [22]). We remark that estimates in
Subsections 2.3 and 4.1 and Lemma 4.6 still hold on the real line.

As in Proposition 4.7, we have to recover the derivative loss. On the real line, we
can utilize the Strichartz estimate proved in [10] instead of Lemma 3.3 if we take Lq41
as a purely dispersive operator: Loi11 = 0,D for a € [1,2]. Actually the proof of a
priori estimate in this case becomes simpler than that of Proposition 4.7 and mainly
follows the arguments used in [24]. Recall that the Bourgain type estimates allow us to
close nonresonant interactions for s > 1/2. So, we estimate the resonant interactions
with some s lower than s(«), which turns out to be s > 1— ¢ with s > 1/2. See Remark
1.3.

Lemma 5.1 (Theorem 2.1 in [10]).  Let u € L*(R) and « € [1,2]. Then,
1D 4 Ua ()ullparee S llullze.
By using Lemma 5.1, we can obtain the real line counterpart of Proposition 3.4.

Proposition 5.2. Leta€[1,2], N>1,0<T <1 and f € L*(]0,T[; L*(R)).
Suppose that u € C([0,T]; L*(R)) satisfies

Ou~+ 0, Dgu+ 0y f =0
on |0, T[xR. Then,
1,1 _a
IPyullpzree ST IN2T1(|[Pyullrz  +IPnfllrz, )

Proof. 'The proof is the same as that of Proposition 3.4 with Lemma 5.1 instead
of Lemma 3.3. O

Recall that for nonresonant interactions, we can close the estimate for s > 1/2.
With using Proposition 5.2 for resonant interactions, we can obtain the following.
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Proposition 5.3 (A priori estimate). Let 0 < T < 1, a € [1,2] and 2 > s >
Stine(@) == 1 — § with s > 1/2. Let ug € H*(R) and let uw € L>(]0,T[; H*(R)) be a
solution to (1.1)~(1.2) on [0,T]. Then there exists an analytic function G = G[f] that
1s increasing and nonnegative on Ry such that

(5.1)  ulizm; < luolt + TG (|lul

gotine(e) T HU\|Z§+)HU| zz\|ullLoe s -

The proof is essentially the same as that of Proposition 4.7. However, thanks to
Proposition 5.2, we do not have to compare |3 + &| and k|&5| as in Case 3 in the
proof of Proposition 4.7. We use Lemma 4.4 while Lemma 4.5 is not necessary. The
case-by-case analysis becomes simpler than that of Proposition 4.7: 1. N3 > (kN4 Vv 1)
or k =1and 2. N3 < (kNy V1), provided Ny > Ny > N3 > Ny = max;>4 N; for
k > 2. The case N3 > (kN4 V 1) is exactly the same as Case 2 in Proposition 4.7.
In the case N3 < (kN4 V 1), it is enough to distribute one derivative coming from the
integration by parts (Lemma 2.2) to two functions Py,u and Py,u. More precisely,
when Ny ~ Ny > N3 > Ny and (kN4 V 1) 2 N3, we see from Lemma 2.2, the Holder

inequality, Proposition 5.2 and (2.2) that

2. 2

N>1 Niy,...;Ngy2,
N1>No>N3>Ng=max;>4 Nj,
Ni~Nz,N3<(kNsV1)

k42
PNlu PN2 H PN udxdt'

t
Sk ||U|LooH30 Z N128<N3>/ | P, ull 2 | Py wll 2 || Pyl oo || Prv, wll oo dt’
Ny~N3>N3>Ny, 0
N3<(kN4\/].)

1/2 1/2
ullf e > (N3) 2 (N) 2| Payull g2 e | Pyl 2 e
N4§N3<(kN4V1)

in 2
allf 20 YOGS S TY2Cull g o)l e s
N3

Sk \/_HUHLOOHS

Sk T71/2||u||L°°HS

where sjne(a) = 1 — ¢ and 5o = max(sine(a),1/24+). We can also prove the differ-
ence estimate corresponding to Proposition 4.8 on the real line with the assumption
§ > Sline(®) = 1 — § with s > 1/2. See also Proposition 3.2 in [24]. Therefore, the un-
conditional local well-posedness for (1.1)—(1.2) with L,4+1 = 0, D¢ is obtained in H*(R)
for s > Sjine() with s > 1/2.

Remark 5.1.  One may try to put four functions in L4T’x as in Case 1 in Proposition
4.7, but one obtains the same restriction on s as discribed above. To see this, we use
the Strichartz estimte with different indices, i.e., (see Theorem 2.1 in [10])

IDS D50 (tuoll Ls1a S lluollzz-
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Following the proof of Proposition 3.4, we obtain

_1 2—a
[Pyvullzs, ST SN™S ([[Pyvullzare + 1Py fllzazs)-

So, we can recover the derivative loss if 2s + 1 < 4(s — 2_70‘) & 52> 1—F = Sine().

Remark 5.2.  Recently, in [21], the authors improved Theorem 1.3 in terms of
regularity. They proved the unconditional well-posedness for (1.1) under Hypotheses

1-2 in H*(T) for s > 1 — § with s > 1/2. This result proved in [21] also holds on the

real line with exactly the same proof. See Remark 1.2 in [21]. In other words, they
treated more general operators than L,41 = 0, D¢ on R. For this, they introduced the

bilinear version of the linear improved Strichartz estimates (See Proposition 3.1 in [21]).
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