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Abstract

In this paper, we study the asymptotic behavior of the successive min-
ima associated with high powers of a Hermitian invertible sheaf on an
arithmetic variety. As a consequence, we prove that the arithmetic
x-volume function, which is introduced by Yuan, is homogeneous, bi-
rationally invariant, and continuous on the arithmetic Picard group.
We also obtain the arithmetic Hilbert-Samuel formula for vertically nef
Hermitian invertible sheaves.

Introduction

Let X be a projective arithmetic variety of dimension d and 15;3(X ) the
arithmetic Picard group of X. For a C°°-Hermitian invertible sheaf L €
lsi\c(X ), we have two arithmetic analogues of the classical h® of invertible
sheaves, which are

RO(H(X, L), || - |15,) = log#{s € H*(X, L) | ||s[|L,, < 1}

sup sup —
and ) )
XX, L), |- ll5p) = log volp {s € H*(X, L)r | [Is[l5, < 1},

where voly, is the Haar measure on H°(X, L) normalized as
voly (H*(X, L)r/H*(X,L)) = 1

(see Conventions and terminology, (7) and §I1). In [I5], Moriwaki defines
the arithmetic volume of L as

EO(HO(X’ mL)v || ' HME)

sup

volll) =l =7

(cf. Definition B2ZT)) and studies its basic properties. He shows that the func-
tion vol : Pic(X) — R is homogeneous and extends uniquely to a homogeneous
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250 HIDEAKI IKOMA

function vol : P/)I\C(X) ®z Q@ — R. The main results of Moriwaki [I5], [I6] are
the continuity and the birational invariance of the arithmetic volume function
vol : Isl\C(X) ®z Q — R (cf. [16, Theorem 3.2] and [I5l Theorem 4.3]). As
is indicated in [I5], Moriwaki’s results have many applications such as the
arithmetic Hilbert-Samuel formula, the generalized Hodge index theorem, the
arithmetic Bogomolov-Gieseker inequality, etc.

In this paper, we define the arithmetic y-volume of L as

RE(X,mL), || - lmh)

sup

(D) = s =

(cf. [24] and Definition B221]) and study its properties. Actually, we shall see
that almost all of the results in [I5] and [I6] also hold for our vol*. We prove

that the arithmetic x-volume function takes values in R, is homogeneous on
Pic(X), and extends uniquely to a homogenous function

vol" : Pie(X) ®z Q — R

(cf. Corollary B33]). The purpose of this paper is to prove the continuity and

the birational invariance of the arithmetic x-volume function on Pic(X)®zQ.
Theorem A (cf. Theorem BAAT]). Let V C Pic(X) ®z Q be a finite di-

mensional Q-vector subspace of ISI\C(X) ®zQ and || - |lv a norm on V ®qg R.
Then, there is a positive constant Cy depending only on (V.|| - ||v) such that

the inequality

ol (£2) — vol* ()] < Cx(max{lllv, v DT - (1€ = nlly + 16 — ©llsup)

holds for any &,m € V and for any ¢,vb € C™(X), where £ = ¢ +
(Ox,e || - [|*") and n¥ = n+ (Ox,e”¥] - [|*").
Theorem B (cf. TheoremB.1T]). Let 7w : X' — X be a birational morphism

of projective arithmetic varieties. Then, for any C°-Hermitian Q-invertible
sheaf L on X,

- —~%

vol ' (7*L) = vol ().

o~

Roughly speaking, our function vol " is “geometric” and related to vertically
nef Hermitian invertible sheaves whereas the function vol is “arithmetic” and
related to nef ones (cf. Conventions and terminology, (8)). By the continuity

of \70\1X7 we can show the arithmetic Hilbert-Samuel formula for vertically nef
Hermitian invertible sheaves. We note that Moriwaki [I5] proves the formula
only for nef Hermitian invertible sheaves.

Theorem C (cf. Theorem B51). Let L = (L, h%) be a C°°-Hermitian
Q-invertible sheaf on X. If L is relatively nef and ci(L) is semipositive on
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SUCCESSIVE MINIMA ON ARITHMETIC VARIETIES 251

X0, then
vol' (L) = deg(é:(L)%).
Our strategy to prove Theorems A and B is to study the boundedness of
successive minima associated with high powers of a Hermitian invertible sheaf.
Let L be a C*®-Hermitian invertible sheaf on X. If H’(X, L) # 0, the last

L

successive minimum of (H*(X, L), || - l|5up) are defined as

e1,...,eg € H'(X, L) is a }

0 T2 P, .
s (X 2, ) =i s sl | G4 Bl ) B

(see §LTlfor details). Our key technical result is the following theorem bound-
ing the asymptotic behavior of the successive minima. Theorems A and B
follows from Theorem D by the work of Yuan [22] and Moriwaki [15], [16].

Theorem D (cf. Theorem [[28]). Suppose that X is normal. Letr > 0 be
a positive integer and let L1, . . ., L, be C*°-Hermitian invertible sheaves on X .
Then, there are two positive constants ag, 0 > 0 and a non-zero polynomial
with non-negative real coefficients, P € R[T], which depend only on Ly, ..., L,
and X such that the inequality

)\max(HO(X; alLl +---+ arLr)a H : | a1L1+~~-+aTLr)

sup

< P(lay| + - - - +|ay]) - olaal+Flarl

holds for any integers ay,...,a, € Z with |ay| + -+ - + |a.| > ao.

We prove Theorem D in §L.2land §L.4] by induction on dimension. Although
our proofs are much involved, all of the tools we use are due to Yuan and
Moriwaki and have already appeared in [22], [I5], and [I6].

This paper is organized as follows: in Section 1, we give a proof of the
main technical estimate on asymptotic behavior of the successive minima
(Theorem [[22.1)). In Section 2, we prove a multi-indexed version of the fun-

damental estimate, which is essential in the proof of the continuity of vol©
(Theorem 2T7T]). In Section 3, we introduce several types of arithmetic vol-
ume functions and study their properties: i.e. the birational invariance, the
homogeneity, and the continuity (Theorems B.IT] B:3:2] and BAT]). We also
give some applications of our results.

Conventions and terminology. According to Moriwaki [15], [16], we fix
the conventions and terminology used in this paper.

(1) Let r be a positive integer. For a = (a(1),...,a(r)) € R", we set

lally :=la(D)] +--- + |a(r)],
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252 HIDEAKI IKOMA

the L'-norm of @ € R". Let R be a ring and M a left R-module. For
L= (L(),...,L(r)) € M®" and for a = (a(1),...,a(r)) € R®", we write

a-L:=a(l)L(1)+- -+ a(r)L(r)
for simplicity.

(2) Let K be either Q or R, V' a K-vector space, and d a positive integer.
A function f: V — R on V is said to be positively homogeneous of degree d
if the equality

fpv) = p*f(v)

holds for any non-negative p € K>¢ and for any v € V.

We endow the K-vector space V' the inductive limit topology defined by
V = 1lim W, where W runs over all finite dimensional K-vector subspaces of
V and each W has the relative topology induced from W ®x R. A function
f:V = RonV is said to be continuous in the weak sense if f is continuous
with respect to the above topology on V: in other words, f is continuous
in the weak sense if, for any finite dimensional K-vector subspace W C V|,
the restriction flw : W — R extends uniquely to a continuous function
(flw)~ : W @k R — R (cf. [16, Lemma 4.2]).

(3) Let X be a scheme (resp. a complex analytic space). Let Lq,..., L,
be invertible sheaves on X and my,...,m, integers. In this paper, the tensor
product LY™ ® --- @ LE™r of invertible sheaves is denoted by

miLly + -+ m. L,

in the additive way.
Let Y — X be a morphism of schemes (resp. complex analytic spaces) and
F an Ox-module. The image of the restriction map

Im(H(X,F) — H'(Y, Fly))
is denoted by H°(X|Y, F).

(4) An arithmetic variety X over Spec(Z) is an integral scheme quasi-
projective and flat over Spec(Z). For a field K over Q, the fibred product
X Xspec(z) Spec(K) is denoted by Xk. Let Rat(X) be the rational function
field of X and Kx the algebraic closure of Q in Rat(X). X is said to be
generically smooth if Xg is smooth over Spec(Q). By Hironaka’s resolution
of singularities [I1], there is a projective birational morphism g : X — X of
arithmetic varieties such that X is generically smooth. We call the morphism
i a generic resolution of singularities of X.

(5) Let X be a reduced complex analytic space. A C%-function ¢ : X — C
on X is said to be a C*°-function on X if, for any complex manifold X’
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SUCCESSIVE MINIMA ON ARITHMETIC VARIETIES 253

and for any analytic map 7 : X’ — X, the pull-back 7*(¢) = ¢po 7 is a
C°°-function on X’. In the same way, a C-Hermitian invertible sheaf L on
X is said to be C°°-Hermitian if, for any complex manifold X’ and for any
analytic map 7 : X’ — X, the pull-back 7*L is a C*°-Hermitian invertible
sheaf on X’. Furthermore, we say that c;(L) is semipositive on X if, for any
complex manifold X’ and for any analytic map 7w : X’ — X, the first Chern
form ¢ (7*L) is semipositive pointwise on X'.

Assume that X is compact. Let L and A be two invertible sheaves on X and
s € HO(X , A) a global section that is non-zero on each irreducible component
of X. Let || - ||* be a norm on H(X,L). The subspace-norm induced from
(HY(X, L), | - ||*) via the injective homomorphism

HO(X, L — A) 2% H(X, L)
is denoted by || - ||sub(5

(6) Let X be an arithmetic variety. The complex analytic space associ-
ated with X¢ is denoted by X.,. The set of all isometry classes of C*°-
(resp C%)-Hermitian invertible sheaves on X is denoted by Pic(X ) (resp.
Plc(X C%)). Let K be either Q or R. We set PIC(X)K = Plc(X) ®z K and
Plc(X COg = Plc(X C%) ®z K. Note that there is a canonical injection
Plc(X)K — Plc(X CO)k.

Let O$" be the structure sheaf on X with the canonical metric h°. Let
L be a C%-Hermitian Q-invertible sheaf on X and ¢ : Xoo — R a C9-function
on X. We define a C°-Hermitian Q-invertible sheaf L? on X as

L? .= L+ (0x,e 2¢pcan),

We can regard a real number A as a constant function on X, and define the
C°-Hermitian Q-invertible sheaf L* on X in the same manner.

(7) Let X be a projective arithmetic variety and L = (L,h%) a C°-
Hermitian invertible sheaf on X. Since H°(X, L) is torsion-free, we can iden-
tify an element in H°(X, L) with its image in H*(X, L) := H*(X,L) @z
Q. Moreover, we have the natural inclusions H°(X, L)g C HO(X, L)g C
H°(X,L)c = H°(Xw, Lso) by the GAGA theorem. The supremum-norm
of a section s € HY(X, L)g is defined as

I 5 := sup{ls|z (@) | € Xoc},

where |- |7 is the norm of L. If X is generically smooth, then we fix a volume
form ®x on X,,. The L*metric on H(X, L)¢ with respect to ®x is defined
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254 HIDEAKI IKOMA

hE.(s,t) ;:/X hE(s(z), t(z)) P x

oo

for s,t € H*(X, L)c.

(8) Let X be a projective arithmetic variety and L a C°°-Hermitian invert-
ible sheaf on X. A section s € H(X, L) is said to be small if Hs||SLup <1
Moreover, s € H*(X, L) is strictly small if ||SHSLup < 1. In this paper, we con-
sider the ampleness of Hermitian invertible sheaves only on generically smooth

arithmetic varieties (see [19]).

e ample: Suppose that X is generically smooth. L is said to be ample
if L is ample on X, the first Chern form c¢;(L) is positive pointwise
on X, and, for sufficiently large m > 1, HO(X7 mL) is generated by
the strictly small sections in H°(X, mL).

e nef: L is vertically nef if L is relatively nef and ¢;(L) is semipositive
on X, (Conventions and terminology, (5)). L is horizontally nef if
@(él(i\p)) > 0 for any closed horizontal arithmetic curve I' on X.
If L is both vertically and horizontally nef, then L is said to be nef.

e cffective: L is said to be effective if L has a non-zero small section.
We write L > 0 if L is effective.

Let L be a C°°-Hermitian Q-invertible sheaf on X. L is said to be ample
(resp. vertically nef, horizontally nef, nef) if there is a positive integer m > 1
such that mL is an ample (resp. a vertically nef, a horizontally nef, a nef) C>-
Hermitian invertible sheaf on X. By the arithmetic Nakai-MoiSezon criterion
of Zhang, if X is generically smooth and L is nef, then, for any ample A,
L + A is ample (cf. [26, Corollary (4.8)]).

1. Boundedness of the successive minima

1.1. Quick review of first properties. Let M be a finitely generated
Z-module, M, the torsion part of M, and Mpyee = M /Mo, the free part of
M. Let || - || be a norm on Mg := M ®z R and vol a Haar measure on M.
We call the pair (M, | -||) a normed Z-module. Let

A -l) = {v € Mg |[Jo]] < 1}

It is well known that any compact centrally o-symmetric convex body A C Mg
is obtained thereby: i.e. A is the closed unit ball with respect to some norm
on Mg (cf. [I0, Ch. 1, §1, Theorem 4]). We abbreviate A(M, |- ||) as A if no
confusion can arise. The dual normed Z-module (MY, || - ||V) of (M, ]| -||) is
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SUCCESSIVE MINIMA ON ARITHMETIC VARIETIES 255

the dual Z-module MV = Homgz(M,Z) of M with the dual norm ||-||V defined

as
IFIIY == sup [lv]~*

v ]\/[R

f(v)=1
for f € M. For a normed Z-module (M, || - ), Mgee N A is a non-empty
finite set and we can define the invariants h° and h' of (M, || -|) as

RO(M, || -||) := log #(Miree N A) + log § Myor

and

WAL ) o= RO |- |1Y) = log (MY N AY),
respectively, where AV is the polar set of A in My. Moreover, if M # My,
we define the arithmetic Euler characteristic of (M, || - ||) as

. vol(A)

XM, || - |) = log (W/Mfree)
which does not depend on the choice of the Haar measure vol. If M = M,
X(M,| - |I) is defined to be log M. Let h be a Hermitian metric of real
type on Mc = M ®z C and || - |5, the norm on My associated with the
metric h. We call the pair (M, h) a Hermitian Z-module. For a Hermitian
Z-module (M, h) of rank I, we can take ej,...,e; € M having the property
that M/Zey + - - - + Ze; is torsion and define

> + IOg ﬁMtora

— 1
deg(M,h) :=log}(M/Zey + - - - + Ze;) — 3 logdet(h(e; ® 1,e; ® 1))1<4 <1,

which does not depend on the choice of e,...,e;. Let vol, be the Haar
measure on My associated with h. Then, for any normed Z-module (M, || -])),

XM, || - [|) = deg(M, h) + log voly (A).

If M # Mo, we define the last and the first successive minima of (M, || - ||)
as

Amax (M, || |]) :== inf{\ > 0| dimg(Mree N1 AA)g =1k M}
and
Amin (M, || - ||) :== inf{A > 0] dimg(Mpee N AA)g = 1}

respectively, where (Moo N AA)q is the Q-vector subspace of Mg spanned
by the elements of Mpee N AA. If M = Moy, we set Apax(M, || - ]) =
Amin (M, ]| - ||) = 1. Tt is clear that

Amax (M, || - 11) = Amax(Miree, || - ) and  Amin(M, || - [|) = Amin(Miree, || - 1])-

Our starting point is the arithmetic Riemann-Roch formula on Spec(Z) given
by Gillet and Soulé (see [8, Theorem 1] or [I5, Proposition 2.1 (1)]).
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256 HIDEAKI IKOMA

Lemma 1.1.1. Let (M, |- ||) be a normed Z-module. Then

—tkMlog6 < h°(M, || -|[) = h*(M, || - |) = X (M. || - )
< 2log(rk M) + rk M log(3/2).

The next lemma is a variant of the Minkowski convex-body-theorem
[10, Ch. 2, §9, Theorems 1 and 2]. (1) is a direct consequence of [10, Ch. 2,
§9, Theorems 1 and 2] and (2) and (3) are due to Yuan (see the proof of [22]
Proposition 2.6(5) and (6)]).

Lemma 1.1.2. Let (M, || - ||) (resp. (M, h)) be a normed (resp. a Hermit-
ian) Z-module.

(1) We have

— 1tk M log(Amax(M, || - [|)/2) — log(rk M!)
< XML |- ) = log i Mior < — 1k M log(Amin (M, [| - [1)/2)-

(2) We have
deg(M, h) > — 1k M 1og Amax(M, || - ||n)-

(3) Let M’ S0 M be an injective homomorphism of Z-modules and hgyp
the subspace-metric on M. induced from the metric h on Mc. Then

deg(M, h) — deg(M’, hu) > —(tk M — tk M) log Amax (M, || - [|)-

Lemma 1.1.3. Let (M, ||-||) be a normed Z-module and 0 — M’ — M ER
M" — 0 an exact sequence of Z-modules. Then,

)‘maX(Mv H ' ||) < rk M" - /\maX(M/7 H ' ||sub) + )‘maX(MHa H ' Hquot)

and

A1{11111(1\4/7 H i ||Sllb)
ﬁM//

tor

Auin(M, - ) min{ A (M, |- ||quot>}.

Proof. The first inequality is well known (cf. [26, Lemma (4.4)]). We
note that, if M' = M{ ., then Apax(M, ] - ||) = Amax(M", ]| - [lquot) and, if
M’ # M|, and M" = M, then Apax(M, || - ||) < Amax(M', || - |lsup)- Now,
we prove the second inequality. If M = M, then the inequality is trivial.
Suppose that M # M, and let e € M be a torsion-free element of M with

llell = Amin(M, ]| - ||). If f(e) is torsion-free, then |le|| > | f(e)llquot >
Amin(M", || - ||quot )- If f(e) is torsion, then M’ - f(e) = 0 and § M/ .-e € M.
Thus

EM {0y - llell > Amin (M, | - [lsub)-
Hence we obtain the assertion. (]
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SUCCESSIVE MINIMA ON ARITHMETIC VARIETIES 257

Remark 1.1.4. We do not have any natural definitions of Apax(M, | - ||)

and Apin (M, || - ||) for torsion Z-modules. In order to ensure Lemma[T.T3] we
may define Apax (M, || - ||) and Amin (M, || - ||) as arbitrarily fixed positive real
numbers.

To end this subsection, we note, without proof, a trivial fact on induced
norms.

Lemma 1.1.5. Let V, W, V', and W' be four R-vector spaces and || - ||V’
a norm on W’'. We consider a commutative diagram:

Vv sub w

Tquot Tquot

v Sy

where the horizontal two arrows are injective and the vertical two are sur-
jective. We endow V' (resp. W) with the subspace-norm || - |W, (resp. the

quotient-norm | - ||qu0t) induced from (W', |- ||""). Then we have two norms
on Vi ice. the quotient-norm |- |5, oo induced from (V',||- ) and the
subspace-norm || - ||quot sup tnduced from (W, || - Hquot) These two norms are
related as

Hquuot sub < ”/UHsub ,quot

for any v € V. The equality holds if Ker(V' — V) = Ker(W' — W).

1.2. Bounds for the successive minima. Let X be a projective arith-
metic variety of dimension d. In this subsection, X is always assumed to be
normal. Let L be an invertible sheaf on X and ||-||™ a norm on H°(X,mL)g
for m > 0 (needless to say, if m = 0, mL stands for Ox). We consider the
normed graded Z-module

R(X,L) = @@ (X, mL), |- ™).
m>0

We say that R(X, L) is of bounded type if R(X, L) has the following property:

(B) For any positive integer mg > 1 and for any non-zero section s €
H°(X, mgL), there are two positive constants o(s) > 0 and 75(s) > 0
depending on s such that the inequalities

7o(8)™ - [lull ™ < |sEF @ ul| TR < g ()™ |

hold for any non-negative integers m,k > 0 and for any section u €
H(X,mL).

The following theorem is the core of this paper and shall be proved in .4l
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Theorem 1.2.1. Suppose that X is generically smooth and normal. If
R(X, L) is of bounded type, then there are two positive constants mg, o > 0
two non-zero polynomials with non-negative real coefficients, P,Q € R[T], of
degree at most d(d — 1)/2 and of degree at most d respectively, all of which
depend only on R(X,L) and X, such that the inequalities

exp(=Q(m)) < Auin(HO(X,mL), || - |™™)
< Amax(HO (X, mL), || - |™) < P(m) - o™

hold for any integer m with m > my.

Remark 1.2.2. (1) Without supposing that X is generically smooth
and normal, it is easy to see that, if the section ring R(X, L)g is
finitely generated over QQ, then the last logarithmic successive minima
are bounded from above by a linear function of m: i.e.

108 Amax (HO (X, mL), || - | ™) < O(m).

(2) In [, Proposition 2.6], Chambert-Loir proves that, without suppos-
ing that X is generically smooth and normal, the first logarithmic
successive minima are bounded from below by a linear function of m:
ie.

10g Amin(H(X, mL), || - [IF) > O(m)

for any C°-Hermitian invertible sheaf L on X. Thus the lower bound
in the above theorem is not optimal.

Let 7 > 1 be a positive integer and L = (L(1),..., L(r)) a family of C°-
Hermitian invertible sheaves on X. For a = (a (1)7 ,a(r)) € Z", we write

a-L:=a(l)L(1)+ -+ a(r)L(r)

for simplicity (Conventions and terminology, (1)). We denote the family of
invertible sheaves on X obtained by forgetting the Hermitian metrics of L by
L:ie. L =(L(1),...,L(r)).

Theorem 1.2.3. Suppose that X is generically smooth and normal. We
fix a volume form ®x on Xoo and consider the L?-norms with respect to ®x.
Then, there are two positive constants ag, o > 0 and a non-zero polynomial
with non-negative real coefficients, P € R[T], all of which depend only on L
and (X, ®x) such that the inequality

Amax(H(X, @ - L), || - |%F) < P(||al;) - olell

holds for any integers a € Z5, with ||al[y > ao.
Proof of Theorem L2 = Theorem X3l Let E = (E,hF) = L(1) &+
- @1+ L(r) be the C°°-Hermitian locally free sheaf on X, 7 : P(E) :=
Projx(Sym(F)) — X the projective bundle on X associated with E, and
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SUCCESSIVE MINIMA ON ARITHMETIC VARIETIES 259

L = Op(p)(1) the fundamental sheaf on P(E). Let mE := (mE, h™E) be
the m-th tensor power of F and Sym™ E the m-th symmetric power of F.
For a sequence of integers a = (a(1),...,a(r)) € Z%, with |la|; = m, the
Hermitian invertible sheaf a - L is isometrically embedded in the Hermitian
locally free sheaf mE. The natural projection mE — Sym™ E induces an
isomorphism
mE D @ a-L = Sym™E.
ac’y,
llali=m

Now we recall that the metrized tensor product is associative and commuta-

tive. For any positive integers my, ..., mg, there is a natural isometry
1 1
<Zmi>ED @ a L|® - ® @ a,- L
¢ lai|li=m1 llaklli=mp
1L
s @ wre(gi)e
lalli=>2; m: @

which is locally a rearrangement of a basis for (> m;)E. In the rest of the
proof, we denote such isometries simply by p.

Since we have a canonical isomorphism Sym™ F = w,mL,

H(P(E),mL) = H(X,Sym™ E) ~ @ H(X,a-L).
lalli=m
By use of this isomorphism, we define a Hermitian Z-module (H*(P(E), mL),
h(m™)) as
J_ —
(H(P(E),mL),h™) = P (X, a L),hg).
llalli=m

Claim 1.2.4. We denote the norm on H°(P(E), mL)g associated with the

metric h("™ by || - ||™. The graded normed Z-module
L
R(P(E), L) := @ M (P(E),mL), |- |"™)
m>0

is of bounded type.

Proof. This claim follows from [I5, Lemma 1.1.4]. Let s € H*(P(E), mgL)
be a non-zero global section of myL. We can regard the section s as a section
in H(X,moFE) via the injective homomorphism

H(P(E),moL) = H(X,Sym™ E) ~ P H’(X,a- L) CH(X,mE).

llalli=mo
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260 HIDEAKI IKOMA

Let U be a sufficiently small open subset of X, such that U is not empty on
each connected component of X, and that the inequality inf,er{|s,,,z(2)}
> 0 holds. We put

() = f {I5lo£(2)} > 0,
the positive constant depending on s. We may assume without loss of gener-
ality that the volume form ®y is given by the volume form w”(4=1 /(d — 1)!

associated with a Kéhler form w on X, since there is a positive constant

D > 1 such that
WA @d=1) WoAd=1)
Dl _<dy<D-— —
d—1)1 = =7 ([d=1)

at each point on X,. Applying [15, Lemma 1.1.4] to this situation, we can
find a positive constant 75 depending on U such that

/ hCLE('UJaaUa)(I)X < 7-22||a”1 / ha.i(ua’ua’)@X
Xoo .

for any a € Z%, and for any section uq € H°(X,a - L). Hence we have the
inequality

/ hmE(u, uw)Px < 7'22m / hmE(u,u)q)X
Xoo U

for any positive integer m > 0 and for any u € @”a”l:m H°(X,a-L). There-

fore,
/ RO E (5(sPF @ ), o5 © u))Bx
Xoo
> [ B (s 5 ), p(s%* )
U
_ k _
:/ (hmOE(s,s)> M (u,u)®x
U
> [ B wey
U
27’1(5)%'7'27%/ h™E (u,u)®x,
Xoo
so that

1% @ ul| ™m0 > (minfry (s), 75 )" ul]
for any two integers m,k > 0 and for any section u € H*(P(E), mL). Next,
we put

o1(s) == sup {[s],,p(7)}-
r€X o
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Then, it is clear that
s @ w|| TR < gy ()" - flul| ™) < (max{1, o1(s) )™ - ™

for any integers m, k > 0 and for any section u € H°(P(E), mL). O
We recall that P(E) is normal. By Theorem [[2] there are positive
constants mg, o, and a non-zero polynomial, P € R[T], of degree at most
(d+ 7 —1)(d+r —2)/2, which depend only on R(P(E), L), such that the
inequality
A (HO(P(E), m), || - ")) < P(m) - 0™

holds for any integer m > mg. On the other hand,
Amax(HOP(E), mL), |- ) = max { e (H(X, @+ L), |- [5)
a€Zl,
lalli=m
by definition of the norms || - ||™). Hence, we obtain Theorem [2.3l O
Let r be a positive integer. Let X be a projective arithmetic variety and
L= (L(1),...,L(r)) a family of C*-Hermitian invertible sheaves on X.
Theorem 1.2.5. Suppose that X is normal, but not necessarily generically
smooth. Then, there are two positive constants ag, o > 0 and a non-zero
polynomial with non-negative real coefficients, P € R[T], all of which depend
only on L and X, such that the inequalities

Amax(H(X,a- L), || - [55) < P([la]ly) - o2

sup
holds for any integers a € Z" with ||al|1 > ao.
Proof of Theorem 23 = Theorem[LZHl Let p: X — X be the normal-
ization of a generic resolution of singularities. Since X is normal, we have
1+0 ¢ = Ox and a natural isometry

(H'(X,a-L). || [&5) = (H(X,a- @ L), | - |&575).

sup sup
Thus we may assume without loss of generality that X is generically smooth
and normal. Next, by [I5, Corollary 1.1.2], there is a positive constant D such
that ) ) )
- 18" < - IS5 < DA+ all)® ) - [|g:"

for any a € Z%,. Thus we may replace L? with sup in Theorem 2.3

For any € € {£1}", we put eL = (e(1)L(1),...,e(r)L(r)). By Theo-
rem [[L.2.3] there are positive constants ag(€), o(€), and non-zero polynomials
P(e) € R[T], depending only on €, L and X, such that

Amax(HO(X,a - €L), || - [I255) < P(e)([lall1) - o (€)1

holds for any non-negative a € Z%, with a1 > ao(€). We put

ag = max{ag(e) | e € {£1}"}, o =max{o(e)|ec {£1}"},
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262 HIDEAKI IKOMA

and we can find non-zero polynomial with non-negative real coefficients, P €
R[T1], such that
P(t) = max{P(e)(t) | € € {£1}"},

for any non-negative real number ¢t € R>(. Hence we conclude. ([

Remark 1.2.6. Theorems [[.2.3] and hold also for C°-Hermitian in-
vertible sheaves L by standard arguments as in §3.

1.3. Preliminary results. Let Y be a smooth projective algebraic vari-
ety over the rationals Q and K := H°(Y, Oy). Let A be an invertible sheaf on
Y. The base locus Bs(A) of A is a subset of Y defined as

Bs(A) := {y € Y| s(y) = 0 for all sections s € H(Y, A)}

(cf. [14} I, Definition 2.1.20]). We can endow the base locus Bs(A) with the
scheme structure defined by the ideal sheaf

b(A) :=Im(H (Y, A) @9 A®™ — Oy).

We call the base locus Bs(A4) with the above scheme structure the base scheme
of A. Note that there is a natural surjection H(Y; A) ®g Oy — H°(Y, A) @k
Oy. We say that A is free if Bs(A) = 0. The following lemma is easy.
Lemma 1.3.1. (1) For any invertible sheaves A, A’ on Y,
Bs(A+ A") C Bs(A)UBs(A"). In particular, if A" is free and A — A’
is effective, then Bs(A) C Supp(4 — A’).

(2) Let Z be a closed algebraic subvariety of Y. Then Bs(A|z) C Bs(A)
nZz.

(3) Let m: Y = Y be a birational morphism of smooth projective alge-
braic varieties. Then b(m*A) = 7% b(A).

An invertible sheaf A on Y is said to be wvery big if, for a very ample
invertible sheaf B on Y, A — B is effective.
Lemma 1.3.2. (1) If A is big on Y, then mA is very big on'Y for a
sufficiently large integer m > 1.

(2) If A is very big on Y, then mA is very big on Y for any positive
integer m > 1.

(3) Let A be a very big invertible sheaf on'Y. There is a proper Zariski-
closed subset S C'Y having the property that, for any closed algebraic
subvariety Z C'Y not contained in S, the restriction Alz is very big
on Z.

(4) Suppose that A is very big and free on'Y. Let f Y — Py (H(Y, A))
be the K-morphism defined by A. Then dim f(Y) = dimY .

Proof. (1) Let B be a very ample invertible sheaf on Y. By Kodaira’s
lemma [I4] I, Proposition 2.2.6], there exists a positive integer m with the
property that mA — B is effective.
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(2) is clear.

(3) We can put S := Supp(A — B). If a closed algebraic subvariety Z is
not contained in S, then (A — B)|z is effective and B|z is very ample.

(4) We consider a commutative diagram,

H(YV,A) @k Oy — A

]

H(Y, B) ®x Oy — B,

where B is very ample on Y and the vertical two arrows are given by a non-
zero global section of A — B. The homomorphism H’(Y, B) — H%(Y, A) yields
a rational map pr : Pg (H(Y, A)) --» Px (H(Y, B)). Since B is very ample,
dimpr(f(Y)) = dimY. Hence we conclude. d

Proposition 1.3.3 (Bertini). Suppose that A is very big and free on'Y and
let f:Y — Pr(HY(Y,A)) be the K-morphism defined by A. Let y1,...,ym
be closed points on'Y . Then, there is a Zariski-open subset U of the complete
linear system |A| == Pg (H(Y, A)V) with the following two properties:

(i) If dimY > 2, f~1(H) is geometrically irreducible and smooth for
any H € U. If dimY = 1, f~Y(H) is geometrically reduced for any
HeU.

(i) For any H € U and fori=1,....,m, y; ¢ f~*(H).

Proof. Since Y is smooth over Q, Y ®gpec(i) Spec(C) is irreducible and
smooth for any geometric point Spec(C) — Spec(K). By Lemma [[3:2(4),
dim f(Y) = dimY. Thus, there is a Zariski-open subset of |A| with the
property (i) by virtue of the Bertini theorem [12] Corollaire 6.11, 2) and 3)].
For each y; € YV with 1 < ¢ < m, all of the hyperplanes H € |A| with
y; € f~Y(H) are contained in a hyperplane of |A|. Hence we conclude. O

1.4. Proof of Theorem [I.2.7] X is assumed to be generically smooth

and normal. Let L and A be two invertible sheaves on X. Suppose that Ag
is big and free on Xq and one of the following two conditions is satisfied:

e Lg is non-big on Xg (Case I).
e Lor a certain positive integer ap > 0, apLg — Ag is effective and
non-big on Xg (Case II).

(The crucial case is Case II. Case I is easy.) Since Ag is big, there is a positive
integer by > 0 (resp. ¢y > 0) such that bgAg is very big (resp. coAg — Lg is
effective). Let Y C X be a reduced closed subscheme of X of dimension d’ > 1
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with the following six properties:

(Y1) Y is either a generically smooth closed arithmetic subvariety of X
of dimension d’ > 2 or a finite union of closed horizontal arithmetic
curves on X.

(Y2) There is a section t; € H°(X, A) that is non-zero on each irreducible
component of Y.

(Y3) In Case II, there is a section t5 € HO(X7 apL — A) that is non-zero on
each irreducible component of Y.

Y4) If d’ > 2, the restriction by Agly, is very big and free on Yj.

(Y5) If d’ > 2, the restriction (coAg — Lq)ly, is effective on Y.

Y6) If d’ > 2, the restriction map H°(X, kboA)g — H(Y,kboAly)g is

surjective for any integer k£ with 1 < k < gd'~1

We put Ay = 2% ~1byA, d’ > 1, for simplicity.

Proposition 1.4.1. Suppose that X is generically smooth. Let s €
HO(X, Agr) be any non-zero section of Ay . Then, there are two positive con-
stants mg, o(s) and two non-zero polynomials with non-negative real coeffi-
cients, P,Q € R[T], of degree at most d'(d' — 1)/2 and of degree at most d’
respectively, depending only on R(X, L), (Ag,s), t1, ta, X, and Y, such that
the inequalities:

exp(—Q(m + k))
< Amin(HO(X|Y, mL — kAg), | - || )

sub(s®k), quot

< Amax(HO(X|Y, mL — kAg), || - |7

sub(s®k) quot)
< P(m—l—k;) . O'(S)"H_k

hold for any non-negative integers m, k > 0 with m+k > mq (for the definition
of || - Hiumb) ) .quot» S€€ Conventions and terminology, (5) and Lemma [LTH).

We start the proof of Proposition [[L4.1] with the following claim.

Claim 1.4.2. If Proposition [[.4.] holds for a fixed non-zero section sg €
H°(X, Ay), then the assertion holds also for any non-zero section s €
H(X, Ag).

Proof. If Lg is non-big, then HO(X7 mL — kA) = 0 for any k > 0. Hence,
the statement of Proposition [[L41]is clearly independent of the choice of s.
Next, we consider the commutative diagram:

R(s0®1th)®* y
HO(X,mL) 22 10X, (m + 24~ bgagh) L)

®S®kT

H(X,mL — kAg)

T@(s@té)m
H°(X,mL),

Rk
®sq
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where we put ¢, = t¥2° % € HO(X,2? 1byaoL — Ag'). Since R(X, L) is of
bounded type,

To(s0 @ th)™HF - lu @ s2k||)
< Jlu® sB* @ s @ ¢ ®F||m+2" " boaok)

< oo(s@th)™F - [lu® s

and

To(5 ® )™ - [lu ® 55| ™)
< Jlu® sB* @ s @ ¢, ®F||m+2" " boaok)

< 0g(s0 @ )™ lu @ s¥F||™

for any u € H*(X, mL — kA ). Thus

ro(s@th) \"
00(50®t/2) H ||sub ),quot

< fluf™ _(ools®ty) \" )
Hu”sub (s®k),quot — 7-0(50 ® t/2) H ||sub ),quot

hold for any u € H*(X|Y,mL — kAg). 0

Claim 1.4.3. If d’ > 2, there is a non-zero section so € H°(X, Ag_;) with
the following seven properties:

(Y0') The section sg is non-zero on each irreducible component of Y. We
denote the Weil divisor div(sg|ly) on Y by Y. The horizontal (resp.
the vertical) part of Y is denoted by Y;. = (resp. Y..,).

(Y1) If ' > 3, Y}L, is a generically smooth closed arithmetic subvariety

of X. If d =2, Y. is a finite union of reduced closed horizontal
arithmetic curves on X.

(Y2') The section t; € H’(X, A) is non-zero on each horizontal irreducible
component of Y.

(Y3') In Case II, the section t, € H’(X, agL — A) is non-zero on each hori-
zontal irreducible component of Y!.

(Y4') If d’ > 3, the restriction bOA@|qu is very big and free on Y.

(Y5') If d' > 3, the restriction (coAg — LQ)‘YQ} is effective on Y.

(Y6') If &’ > 3, the restriction map HY(X,kbyA)g — HY (Y, kboAly1)g is
surjective for any integer k with 1 < k < 24’2,

Licensed to Kyoto University. Prepared on Thu Apr 4 01:39:01 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



266 HIDEAKI TKOMA
Proof. Let Ky :=H"(Y, Oy )q. By the properties (Y4) and (Y6), Aw_1,glv,
is very big and free on Yy and the homomorphism
H (X, Ag—1)g = H(Y, Aw—1lyv)e
is surjective. The image of

HY(X, Ag—1) = |Aw-10lvl
S — <S|YQ>KY

is not contained in a proper Zariski-closed subset of [Ag 1 gly,|. We can take
a non-zero section so € H°(X, Ag_1) with (Y0), (Y1), (Y2), (Y3), (Y4),
and (Y5') of the above properties by using Proposition [3:3 on Yg.

Next, we consider the exact sequence

0= (k — 272 Aly 2 kpo Aly — kboAlys — 0.

We recall that Yy is smooth if d' > 2. If d’ > 3, we have
HY(Y, (k — 27 )by Aly ) = 0

for any integer k£ with 1 < k < 9d'~2 by virtue of the Kawamata-Viehweg
vanishing theorem [I4], I, Theorem 4.3.1]. Thus the restriction

H°(Y, kboAly ) — H° (Y'Y, kby Aly1)g

is surjective for 1 < k < 2d' =2, O

We prove Proposition[[LZ.I] by induction on d’. The case where Y is a union
of arithmetic curves on X is treated in Lemma [[.4.4] below. Thus we suppose
d' > 2. Itk > [co/2% ~2b]m~+1, then one knows that H(X, mL—kAg_1) =0
since (k—1)Ag_1 —mL is effective. We put ¢, = [¢o/2¢ ~2by] +1 and assume
k < ¢ym. We consider the exact sequence

, ®S?(c6mfk)
0— m(L — CoAd/—l) ——F > mL — kAd/_l

= (ML — kAa—1)|(chm—k) div(so) = 0

Since Yy is reduced and ((cy — 1)Ag 1,0 — Lg)|y, is effective by (Y4) and by
(Y5), we obtain H*(Y,m(L — cjAg_1)|y) = 0 and an isomorphism

HO(X|Y,mL — kAg_1) = HY(X|(chm — k)Y, mL — kAg_1).
By the induction hypothesis, Proposition [LZ1] holds for Y;} . Since
HY(X|YY,mL — kAg—1)fee = H(X Yk, mL — kAa 1),

there are positive constants mg, o(sg), and 7(sg) and non-zero polynomials,
P, Q" € R[T), of degree at most (d' —1)(d' —2)/2 and of degree at most d' — 1
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respectively, all of which may depend on the choice of sg € HO(X , Aar—1), such
that the inequalities

exp(—Q'(m + k)

< Amin(HY(X|YY, mL — kAg 1), - ||bub )

)
< P’(m + k) - o(so)™T*

quot

< )\max(HO(X|Y17mL - kAd’* ) H Hsub

quot

hold for any non-negative integers m, k > 0 with m + k > my.
For a positive integer n, we have the divisor nY! := div(sy"|y) on Y.
According to [I5, Claim 3.5.8], the commutative diagram:

—nAg—1|div(so)

T ®80n

—nAg_1 Ox Ondiv(se) —0

T®SO T
@@ D)

0——=—(n+1)Azy_1 — > 0x — O(n41) div(se) — 0

0

yields an injective homomorphism oy, : =nAz —1]div(sg) =+ O(nt1) div(sy) and a
commutative diagram of exact sequences:

0—— _nAd’fl|div(so) L O(n+1)div(so) —0, div(sg) = 0

T ®s(()8" T

_nAd’—l Ox On div(sg) — 0.

0

By tensoring the diagram with mL — kAg _1, we have

Qn
0 —> (mL—(k+n)Ay_ldiv(sg) —= ML—kAy_1l(nt1)div(sg) —> ML—kAg qlndiv(sg) —> 0
T ®56®n T H
0 ——>mL—(k+n)Ay ; — > mL—kAy | — > mL—kAy 4l div(sg) — O

and an exact sequence:
0— HY XYY, mL — (k+n)Ag_1)
2o HO(X|(n+ 1)YY, mL — kAg 1)
— HY(X|nY', mL — kAgy_1) = 0.
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Consider a commutative diagram:

HY (XYY, mL — (k+n)Ag_1) —== H*(X|(n + 1)V, mL — kAg_1)

TquOt Tquot

H°(X,mL — (k+n)Ag_1) HY (X, mL — kAg_1).

®
®sy"

Since the vertical two arrows have the same kernels, we have

(HO(X|YY, mL — (k+n)Ag_1), || - |

sub(s?k ),quot,sub(ay,)

= (H(X|Y*,mL — (k +n)Ag—_1), || - | )

sub(s((?(kJrn)),quot

by using Lemma [[.T.5l Therefore,

Amax(H(X|(n+ )Y, mL — kAg 1), || - | )

sub(s?k),quot

<rkHY(X|Y',mL — (k+n)Ag_1)
e (XY mL — (k4 n)Ag 1), || - | )

sub(s?(kJr?L)),quot

+ Anlax(HO(X|nY17mL - kAd’—l)a H : ||(m) )

sub(s?k),quot

and
Amin(H(X[(n + )Y, mL — kAg 1), || - Hiumb)(s?k),quot)
Amin (HO(X Y, mL — (k +n)Ag_y), || - | ™ )

sub(sga(k_"n) ),quot

$HO(X YL, mL — (k4 n)Ag—1)tor

> min

)

Amin (HO(X Y, mL — kAg_1), | - | )

sub(s?k),quot

by Lemma [[.T.3l Hence there are non-zero polynomials with non-negative
real coeflicients, P, Q € R[T], of degree at most d’'(d’ — 1)/2 and of degree at
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most d’ respectively such that

Amax (H2(X|Y,mL — kAg_y), || - |1

sub(s® ), quot)

maX( (X|(com k)Y smL —kAg 1), || - || )

sub ),quot

—k—
g Z rkHO(X\Yl, mL — (k4 n)Ag_1)
n=0

. )\max(HO(X|Y1,mL —(k+n)Ag—1),| - ||£:;)(S[;®(k+n))’quot)

<rkH°(V;L ., (mL — kAw—1)ly: )
com—k—1

Z Amas (XY mL = (4 ) Awa), [ 100 i )

com—k—1
<tkH(Vor, (ML = kAg—1)lyr )+ > Pl(m+k+n)-o(so) ™"
n=0
P(m + k) - (max{1,o(s)})cotDm

and

Aumian (O (X |V, mL = kA1), || - 1),

su b(s ),quot

)

= M B CXchm — BV mL kA ), [0 )
M (HOCEIY L = ) A1 )
> min )
0<n<c{m—k—1 ﬁH (X|Y1, mL — (k -+ n)Ad/,l)tor

N 1
- ﬂHO(leerv (mL - kAd'*l)'leer)

min {)\min(HO(X|Y17 mL — (k‘ + n)Ad’fl)v H ) ‘|i:;)(s®(k+n,)) quot)}
0 s

Oﬁngcémfkfl
> ! min
- ﬂHO(Y\,ler, (mL — kAd,71)|leer) 0<n<c m—k—
2 (=Q(m +k))

hold for any non-negative integers m,k > 0 with m + k > myg. Since 56®2 is
a non-zero section of 2441 = Ay, Proposition [[L41] holds for Y by use of
Claim

Finally, we treat the case where Y is a union of arithmetic curves and
complete the proof of Proposition [[L4.1]

Lemma 1.4.4. Let Y be a finite union of closed horizontal arithmetic
curves on X. Then Proposition [L41] holds for Y.

{exp Q'(m +k+ n))}
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Proof. (Case I) Since Lg is non-big on Xq, H*(X|Y,mL —kA) = 0 for any
k > 0. We may assume k = 0 and the rest is easy (see the arguments below).

(Case IT) Since agLg — Ag is non-big on Xg, H*(X|Y,mL — kA) = 0 for
m < kag. Thus we may assume m > kag and write

mL — kA = paoL + q(agL — A) +rL,

where p > 0, ¢ > 0, and 0 < r < qg are integers. By the properties (Y2)
and (Y3), there are sections t; € HY(X|Y,A) and t, € H(X|Y,a0L — A),
both of which are non-zero on each irreducible component of Y. Note that

rk HY(X|Y,mL — kA) is bounded from above and that there is an injective
homomorphism

Rk
HO(X|Y,mL — kA) 22 HO(X|Y, mL)

for each m, k. For each fixed integer r with 0 < r < ag, there is a non-negative
integer po(r) > 0 such that

tkHY (XY, po(r)aoL + rL) = max{rk H*(X|Y,paoL + rL)}.
P

We put

Po = Oénr%o{po(r)}-

For each fixed integer p,r with 0 < p < py and 0 < r < ag, there is a
non-negative integer go(p, ) > 0 such that

rk HY(X|Y, paoL + qo(p,7)(aoL — A) + rL)
= max{rk H°(X|Y, paoL + q(aoL — A) +rL)}
q

and we put

= ma T)r.
Go = §p<>;0{q() (p,7)}
0<r<ag

Claim 1.4.5. The Q-algebra P,), ;> H(X|Y,mL —kA)qg is generated by
t1 @ty € HY(X|Y, aoL)g, t2 € H*(X|Y,aoL — A)g, and a Q-basis for the finite
dimensional Q-vector space

@ HUX|Y,paoL + q(aoL — A) + rL)q.
0<p<po
0<q<qo
0<r<ag
Proof. If p > pg, then the Q-linear maps
HY(X|Y, (p — D)aoL + q(agL — A) + rL)g

B08R) 10X Y, pagL + qlaoL — A) +rL)q,
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where we assume p > pg, and
HO(X|Y, pagL+(g—1)(aoL—A)+rL)g =2 H(X|Y, pagL+q(agL—A)+rL)q,

where we assume ¢ > 0, are both isomorphisms for any r with 0 < r < aqg.
Thus

H(X|Y, poaoL + rL)g = H°(X|Y, paoL + q(agL — A) 4+ rL)q.
If 0 < p < pp and g > qp, the Q-linear map
HO(X|Y, pagL+(q—1)(aoL—A)+rL)g 22 H°(X|Y, pagL+q(agL—A)+rL)g
is an isomorphism for 0 < r < ag so that
H° (XY, paoL + qo(aoL — A) +rL)g = H°(X|Y, paoL + q(agL — A) 4+ rL)qg.

Hence we obtain the claim. O

Ifm+k=ap+(ag+1)g+r>(ap+1)(po+qo+1), then p+q > po+ qo
and either p > pg or ¢ > qp holds. By the proof of Claim [[LZ5] if p > pg, we
have an isomorphism

®(p—pg) ®aq
HO(X|Y, paoL + q(agL — A) +7L)q =122 o go

(XD/, poaoL—l-TL)Q

and, if p < pg, an isomorphism

H(X|Y, paoL + q(agL — A) +rL)g

®t?(q a0)

—2—— H(X|Y,paoL + qo(aoL — A) +rL)qg.
In other words, there are non-negative integers mg, ko, p’, ¢’ with 0 < mg <
(po + qo + 1)ag, ko = 0 or gy such that

®p' 104
HO(X[Y,mL — kA)g S8 10X 1Y, mg L — ko A)g
is an isomorphism. Now, we put [ := rkH*(X|Y,moL — koA). If I = 0,
then the assertion of Lemma [[L4.4] is trivial. Suppose that [ > 1 and let
uy, ... u € HY(X|Y, moL — ko A) be a Q-basis for H(X|Y,moL — ko A)g with

H Hi:gj()t@ko) quot S )\max(Ho(X‘K mOL — kOA)7 H || mO)t® ko quot)
for i =1,...,l. Since the sections
V1 i=u ® (tl ®t2)®p, ®t5®q/, e

= ® (@)% @27 e HO(X|Y,mL — kA)
form a Q-basis for H*(X |V, mL — kA)g, we have
0 B Cim) < { (m)
Amax(HY(X[Y, mL — EA), || - | ) < max | [luill

sub(ti@k),quot sub t®k),quot}
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272 HIDEAKI IKOMA

by definition of the last successive minimum. Since R(X, L) is of bounded
type,
il -(max{1, 00 (t1 @ 12) )"

b(t®k0) quot
b(t®k0) quot)

< Amax (O (X[Y, mo L — ko A), || [
. (max{l, Uo(tl & tg)})m+k

H Z||sub t®k ),quot — H

for ¢ = 1,...,l. Hence, there is a positive constant P > 0 such that the
inequality
Amax (HO(X Y, mL — kA), || - || ) < P (max{1,00(t; ® t5)})"+*

sub(ti@k),quot
holds for m + k& > 0.
Next, we let Y = Uj Y; be the irreducible decomposition of ¥ and }7} —Y;
the normalization of Y;. Since

Amin(HO(X|Y, mL — kA), || - | ™)

sub(t®k) quot)

> min { A (HO (X[, mL = RA), |10 o o)

we may assume that Y is irreducible and normal. Let Rat(Y") be the rational
function field of Y. By the “Hauptidealsatz” of Hilbert-Furtwéngler, we may
assume, further, that Rat(Y") is a Galois extension of the rationals Q and the
Oy-module L|y (resp. Aly) is generated by a single section.

Claim 1.4.6. There is a positive integer 7/ > 0, depending only on ; ®to,
ta, and HO(X|Y, moL — koA), such that

®(t: ®t2) %% @27
%

# Coker (HO(XY, moL — koA) H(X|Y, mL — kA))

divides 7/™ 1.
Proof. We put
S 1= (t1®t2)|y, t:= tg‘y

s = ® 7, t= ® 7

v€Gal(Rat(Y)/Q) v€Gal(Rat(Y)/Q)
y#id ~#id

for simplicity. We consider a commutative diagram

and

@52 @1®d’ ®r' g1/ ®4
(moL — koA)ly 22" o (mL — kA)|y =—2 (mOL koA)|y

! ! |

0 ®15@40
HO(X|Y, mol — ko Af - 2"HO(X|Y, mL — kA) — > T
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where I' is the image of H*(X|Y, mL—kA) via (mL—kA)|y — (moL—koA)|y.
There is a Z-basis d1e1,...,0;¢; for HO(X|Y, moL — koA) such that §; € Z for
i=1,...,1, 8041 for i =1,...,1—1, and ey,...,e form part of a Z-basis
for (moL — koA)|y. Let 7/ := Nm(s) - Nm(t) € Z be the norm. We recall that
p'+¢ < m+k. Since Tg = H* (XY, moL—koA)g holds in (moL—koA)|y 22Q,
e1,...,e is a Q-basis for I'g and there is a Z-basis fi,..., f; for I' such that
6 - "L g € Im(HY(X|Y, moL — koA) — T) for i = 1,...,1. Hence we
obtain

# Coker(H(X|Y,moL — koA) — HO(X[Y,mL — kA))
| # Coker(HO(X|Y, moL — koA) — T) | |5 - || +5)

as desired. g
Let v € HY(X|Y,mL — kA) be a non-zero section with

ol = Auin(HO(X|Y.mL = k), |- ) ).

sub(t®k) quot sub t®k) quot

There is a non-zero section u € H*(X|Y, moL — koA) such that

T/m-i-kv —u® (tl ® t2)®p/ ® t?q/

holds in H°(X|Y,mL — kA). Since R(X, L) is of bounded type,

m —(m+k . m
1T o) e = T 7' (ming L, 7ot @ 1))
Z >\min(HO(X|Ya mOL - kOA)7 || H(mo) )

b(t®k0) quot
_ m-+k
. (T/ -min{l,T()(t1®t2)}) .
Hence, there is a positive constant ¢ > 0 such that the inequality

)‘min(HO(X|Ya mL — kA)a ” H

sub(t®k quot)

>0 (T'* -min{1, 7o(t1 ®t2)})

m—+k

holds for m+k > 0. Since 9% is a non-zero section of A; = by A, we conclude
the proof by Claim O

For an invertible sheaf L on X, the base locus Bs(L) (resp. the stable base
locus B(L)) of L is a subset of X defined as

Bs(L) := {z € X|s(z) = 0 for all sections s € H*(X, L)}

o s(x) = 0 for all sections s € H°(X,mL)
(resp. B(L) = {m €X and for all m > 1
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274 HIDEAKI IKOMA

(cf. [T4, 1, Definition 2.1.20]). We can endow the base locus Bs(L) with the
scheme structure defined by the ideal sheaf

6(L) ;= Im(H*(X,L) ®z L® ' — Ox)

of Ox. We call the base locus Bs(L) with the above scheme structure the base
scheme of L.

Proof of Theorem L2l We reduce Theorem [[L2.T] to Proposition 4Tl X
is assumed to be generically smooth and normal. If Lg is non-big on Xq, then
we can apply Proposition [[L41] directly. Thus, we assume that Lg is big on
Xo. Let ag be a positive integer such that the base locus Bs(agL) equals the
stable base locus B(L) of L as subsets of X (cf. [I4] I, Proposition 2.1.21]).
Let p: X’ — X be the blowing up with center the base scheme Bs(agL) and
decompose agu* L into its mobile part and its fixed part:

aop*L = A+ F.

Since b(aoLg) = b(agL)q, Ag is big and free and Fy is effective on Xg.
We may assume without loss of generality that X’ is generically smooth and
normal.

Claim 1.4.7. Fp is not big on X,

Proof. Assume that Fp is big on Xg. We can take a blow up v : X" — X
again, where X" is smooth over Spec(Q). There is a positive integer ng > 1
such that the mobile part of ngv*Fy is big and free. We decompose ngv*Fy
into its mobile part A’ and its fixed part F’ on X":

nov* Fg= A"+ F'.

Since noagv*u*Lo = (nov*Ag + A') + F', Supp(F’) = Bs(noaov*u*Lg) =
v~ Supp(Fp). Hence we can write

HQZ/*FQ = ijFj,
i
doaFy = A+ rF,
j j

where F}’s are prime Weil divisors on X", p;’s are positive integers, and ¢;’s
and r;’s are non-negative integers such that, if ¢; > 0, then r; = 0. Since A’
is non-trivial, ¢; > 0 for at least one j and we put ¢/p := max;{q;/p;} > 0.
Then

(qno)aov* Lo = (qnov* A+ pA) + > (ap; — pag;) Fj + > pr;F.
J J

We note that gp; —pg; > 0 holds for any j and, if gp; —pg; = 0, then ¢; > 0 and

r; = 0. Thus, we conclude that Bs((gno)aov*u*Lg) € v~ ! Bs(apu* Lg), which
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contradicts the fact that Bs((gno)aoLg) = Bs(agLg) on Xg. In particular, A’
must be trivial and the fixed part of ngv* Fy equals nov* Fy. O
Since X is normal, we have ;,Ox = Ox and a natural isomorphism

H°(X,mL) = H(X',mu*L).
Let us consider the normed graded Z-module

R(X',p*L) = @PE (X', mp L), || - ™),

m

where the norms || - [|™ are induced via the above isomorphisms. Since
R(X, L) is of bounded type, R(X’, u*L) is also of bounded type. Hence, we
apply Proposition [LZT to R(X’, u* L) and obtain Theorem [LZ11 O

Remark 1.4.8. The statement of Theorem [[L2.J]remains true if we replace
the supposition that X is generically smooth and normal with one of the
following two suppositions:

(i) Let p: X’ — X be a generic resolution of singularities of the blow-up
with center B(L) endowed with a suitable scheme structure as above.
Then the natural homomorphisms

H(X,mL) — H°(X',mu*L)

are isomorphic for all sufficiently large integers m > 0.
(ii) X is generically smooth and Lg is non-big on Xg.

2. Asymptotics of the arithmetic Euler characteristics

2.1. Multi-indexed version of the fundamental estimate. In this
subsection, X is always assumed to be generically smooth and normal. We
fix a volume form ®x on X, and consider the L?-norms with respect to ®x.
We establish the multi-indexed version of the fundamental estimate for the
arithmetic Euler characteristics (cf. [16, Theorem 1.1.1]).

Theorem 2.1.1. Suppose that X is generically smooth and normal. Let
r > 1 be a positive integer. Let L = (L(1),...,L(r)) be a family of C*°-
Hermitian invertible sheaves on X. Let A be a C°°-Hermitian invertible sheaf
on X. There are three positive constants ag, C, and D, depending only on L,
A, and X, such that the inequality

RE (X, @ L+bA), || - |55 = x(H(X,a- L), || - |&:5)]

< Cllal{~"o + Dlal{~" log |lal;

holds for any a € Z" and for any b € Z with ||a||; > max{ag, |b|}.
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276 HIDEAKI IKOMA

By the same arguments as in §1.2, Theorem [2.1.1] follows from the theorem
below.

Theorem 2.1.2. Suppose that X is generically smooth and normal and fix
a volume form ®x on Xo. Then, there are three positive constants ai, Cq
and Dy, depending only on L, A, and (X, ®x), such that the inequality

[X(H°(X,a - L+0A), || |2:57) = x(H(X,a- L), | - |1£:")]
< Cillal[{~"0 + Dillal[{~" log lallx

holds for any non-negative integers a € ZL, and b € Zso with |la|1 >
max{a, b}.

Proof of Theorem 212 = Theorem 211l First, by [I5, Corollary 1.1.2],
there is a positive constant D such that

125 < I 185 < DA+ llall) - 125

hold for a € Z%,. Thus we may replace L? with sup in Theorem
We may assume b # 0 in Theorem [Z.1.1] since, if b = 0, then the assertion
of Theorem [ZI.1l is trivial. For any € € {£1}", we put eL = (e(1)L(1),...

€(r)L(r)). By Theorem ZI.2] there are positive constants a;(e), C1(€), and
D (€), depending on € and L, such that the inequality

R(HC(X, @ - eL = bA), | - |55 74) - {(HO(X,a- eL), | - |%cP)

sup sup

< Cu(e)llall{ ™"t + Di(e)lall{~" log lallx
holds for @ € Z%, and b € Z~o with |la|l; > max{a(€),b}. We put

ap = max{ai(e) | e € {£1}"},
C =max{Ci(€)|e € {£1}"},
D =min{D;(€) |e € {£1}"}.

Then, Theorem Z.T.1] holds. O

2.2. Proof of Theorem We prove Theorem in this subsec-
tion. We keep the notation in the previous subsection. Suppose that X is
generically smooth and normal and fix a volume form ®x on X,. If d =1,
the assertion of Theorem is trivial, so that we may assume d > 2.
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Theorem 2.2.1. Let A be an effective C*°-Hermitian invertible sheaf on
X (c¢f. Conventions and terminology, (8)). Then there are three positive con-
stants ag, C, and D, depending only on L, A, and (X, ®x), such that the
inequality

XE(X,a- L+bA), || - |55 - x(HO(X,a- L), || - |£F)

> Cllall{™"b+ Dlla||{™" log ||al|:
holds for a € Z%, and b € Z>o with ||al|; > max{ao, b}.

Proof of Theorem 221l Let s € H’(X, A) be a non-zero small section and
consider the injective homomorphism

0 ®s%" 110
H(X,a-L) 25 HO(X,a- L+ bA).
Since s is small,
b _ _
-ty < (Hslldy) < I I8 < 11 g
on H’(X,a - L). By the classical Hilbert-Samuel formula on Xq,

deg(ci(a - Lo + bAg) (=1 _

tkHY(X,a - L +bA) =

and

deg(ci(a - Lg) 4t
(d—1)!

for any @ € ZZ, and for any b € Z~( with ||a|; > b and |la|l; > 0. Thus,

there is a posi{ive constant C' depending on Lg, Ag, and Xg such that the

)
tkHO(X, a - L) = ) 4 O(lali?)

inequality
tkHO(X,a- L+bA) —1kH'(X,a- L)| < Cllall -2+ O(lall¢~2)

holds for @ € Z%, and b € Z~ with |la|l; > b and [lal/; > 0.
Consequently, by Theorem [[2ZF] and Lemma [[T.2)3), there are positive
constants ag and C’ such that

XE(X, @ L+bA), | -85 = x(H(X,a- L), || - [|§:5)
>X(H(X,a- L+bA), || [§:54) - x(H(X, a ),II'HZf;ﬁé@bQ
>— (tkH(X,a- L+ bA) —rkH(X,a- L))
108 Amax (H* (X, @ L+ bA), || - | :57%) + O(|a]|{ " log |al|1)
>~ C'lall{™ '+ O(|lal|{ " log [lalh)

for ||la|l; > max{ao, b}. O
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Theorem 2.2.2. Let A be a C>®°-Hermitian invertible sheaf on X. Then
there are three positive constants ag, C' and D, depending only on L, A, and
(X, ®x), such that

YH(X,a L +0bA), |- |25 - @ (X, a- L), || - |&E)
< Clla]|{~'b + Dlla]{ log [la|:

holds for a € Z%, and b € Z~o with ||a||; > max{ao, b}.

We start the proof of Theorem with the following claim.

Claim 2.2.3. Let A’ be another C>°-Hermitian invertible sheaf on X such
that A’ — A is effective. If Theorem holds for L and A’, then it also
holds for L and A.

Proof. This is clear since, by Theorem 2.2.T], we know that there are positive
constants C’ and D’ with

X(H(X, @ L+bA), | -||5:504)
< XHE(X, @ L+ bA), |- |55 + Clal|{ b+ D'|la]l{ " log ||y
for |la|l; > b and ||a||; > 0. Thus
RE(X, @ L+bA), |- |55 - (H (X, a - L), || - | #:5)
<RE(X,a- L+bA), |- [|55) = x(H(X, - L), || - |£:5)
+C'lla {0 + D'|af| i log |lal,

for ||alj1 > b and ||a|/; > 0. O
Therefore, we may assume that the following five conditions are satisfied
[16, Claim 1.3.2.4]:

(i) A is ample on X and Ag is very ample on Xg.

(ii) L(i)g + Ag is ample on Xg fori =1,...,7.

(iii) The first Chern forms c¢;(A) and ¢;(L(i) + A) for i = 1,...,7 are
positive pointwise on X .

(iv) There is a non-zero small section s € H’(X, A) such that div(s) is
generically smooth.

(v) There are a positive integer n > 1 and non-zero small sections ¢; €
H°(X,nA — L(i)),i=1,...,r, such that ¢; is non-zero on each irre-
ducible component of div(s) for i =1,...,7.

In fact, there is an ample C°°-Hermitian invertible sheaf A’ such that A’ is
very ample on X, A’ > A, and L(i) + A’ are all ample for i = 1,...,r. Since
A’ is very ample, there is a non-zero section s € H’(X, A’) such that div(s)
is generically smooth. Moreover, we can find a positive integer n > 1 and
non-zero sections t; € H(X,nA’' — L(3)), i = 1,...,r, such that ¢; is non-zero
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on each irreducible component of div(s) for i =1,...,7. Let A > 0 be a non-
negative real number such that e~ - ||s H;‘Jp <1 and e’”)‘ ||ti\|2;‘;‘“” <1

for i = 1,...,r. Then the ample C>°-Hermitian invertible sheaf A” := (A’)*
satisfies the above five conditions and A” > A.

Moreover, by the same argument as in [I6, Claim 1.3.2.3], we may assume
the following condition.

(vi) ®x is given by the normalized volume form associated with the pos-
itive (1,1)-form ¢y (L(1) 4 -+ + L(r) + rA): i.e
cl(E(l) +E( ) 4+ rA)Nd-D
JxerL@) + - 4 Lr) + rA)NED

We put X! = div(s) and consider the exact sequence

Oy =

8®b
0—H(X,a-L) 225 H(X,a-L+bA) —» H(X[bX',a - L+bA) — 0.
Since the arithmetic degree is additive, we can take positive constants a; and
C1 with the property that
X(H(X, @~ L +bA), || - [#:570%) = x(HO(X,a- L), || - |85 0 00)

L2,sub(s®?)

— XHY(X[BX Y, a - L +bA), | - |25 < ¢y )lal|¢ loglal)y

L2 quot
for any a € Z%, with ||al|; > max{ai,b}. Now we need the following two lem-
mas: Lemmas 224 and The first lemma is nothing but [16, Corollary
1.2.2].
Lemma 2.2.4. There are positive constants as and Cs, depending only on
L, A, and (X, ®x), such that

RH (X a- L), || - 18500 en) = X(H (X, @ L), |- |25) < Callall{ "

L2 ,sub(s®?)
hold for a € Z%, and b € Z~o with ||a|[1 > max{az,b}.
The second lemma is an easy corollary of [16, Lemma 1.3.4].

Lemma 2.2.5. There are positive constants as, C3 and C%, depending only
on L, A, and (X,®x), such that

XHO(X XY a- L+bA), |- [#E4) < Cy)lal|* b+ C4)lal|¢ " log [|al)y

L2 quot
holds for any a € Z5, and b € Zxo with ||all; > max{as, b}.
Proof of Lemma 220 By Lemma [[L.T.1]
RE(X X a- L+ bA), |- 35100

< hOE(XPX Y a- L+bA) || - 35000 + O(lali™)

L2 ,quot

for ||al|1 > 0. Then it is easy to see that we can apply [16, Lemma 1.3.4] to
our situation. g
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Proof of Theorem[2.2.2 Combining these lemmas, we conclude the proof
of Theorem By Lemmas 2.2.4] and 2.2.5] we obtain
RE(X,a- L+bA), |- 155 - xE(X,a- L), |- | 3:)
< )Z(HO(X7 a - L)7 || ' ‘l?/?%stﬁé@b)) - )A((HO(Xv a - L)v H ! ||(ZQL)
+X(HY(X[pX " a- L+bA), || - 152500 + Cillalli ™" log [l
< (C2 + Cy)llall{~'b+ (C1 + C3)|all{ " log [l
for a € Z% and b € Z> with a1 > max{ai, az,a3,b}. O

Proof of Theorem[Z1.2l We can write A = A’ — A” with two effective C>°-
Hermitian invertible sheaves, A’ and A”, on X. Then by Theorems Z.2.1] and
222 there are positive constants ag, C, D, C’, and D’ such that

XH’(X,a- L+bA"), || |757Y) - XH(X,a - L), || - | £:)]
< Cllall{~"6+ Dlla]|{~" log||allx

and

RHO(X, @ L +bA), || - [45444) - R(HO(X,a- L+ A), |- | 2504
< C'llall{~"b+ D||a]|{ " log |allx

hold for a € Z%, and b € Zs¢ with ||a||y > max{ag,b}. Thus we obtain

R(HO(X,a- L+ bA), || - [2£04) — {(HO(X,a- L), || - | 2£)]
< RHY(X, @ L+ bA), || - |2:L+04)
— (X, a - L+ bA), || - [SEHA)
+X(HO(X, @ L+ bA), || 354 - x(HO(X,a- L), || - |85))]
< (C+C)|all{"b+ (D + D")|la]|{ " log a]

as desired. O

Remark 2.2.6. Let X be a generically smooth normal projective arith-
metic variety of dimension d > 2. If d = 2, we assume further that X is
regular. If » = 1, we can determine the constant C' in Theorem Actu-
ally, Yuan proves the following theorem [22 Proposition 2.14 and Theorem
2.2].

Theorem 2.2.7 (Yuan). Let L, A be two C>°-Hermitian invertible sheaves
on X. Suppose that A and L + A are ample and let ®x be the normalized
volume form on X associated with the positive (1,1)-form c;(L+ A). Then,
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there is a positive integer p > 1 such that

RE (X, apL + bpA), || - |25 T4) = (O (X, apL), | - [|52")
- deg(éy(L + A1 - ¢1(A))
= (d—1)!
for any a,b € Z~y with a > b and a > 0.

Corollary 2.2.8 (Yuan). Under the assumptions in Theorem 227 There
s a positive integer p > 1 such that

p%a?"1b + O(a® ' loga)

~ mpL
XH (X, mpL), |- |[1F7)

_ deg(ér(L+A)?) — ddeg(én (L + AV - &(A)

> b (pm)
+O(m?logm)

for any integer m > 0.

3. Continuity of the arithmetic x-volume function

3.1. Birational invariance. In this subsection, we prove that the arith-
metic Euler characteristics are asymptotically birationally invariant.
Theorem 3.1.1. Let 7 : X' — X be a birational morphism of projective

arithmetic varieties. Let L and E be two C*-Hermitian invertible sheaves
on X.

(1) There are positive constants mo and C, depending only on L, E, and
w, such that the inequality

XX, 7 (mL + E)), | -|

*(mL+E ~ 0 mL+FE
Tt )= XxE(X,mL+E),| | )l

sup
< Cm% tlogm
holds for any m € Z>q with m > my.

(2) There are positive constants m{y and C’, depending only on L, E, and
w, such that the inequality

(RO (X', 7 (mL + B), || 5" )) = RH (X, mL + B), || - |55 )
< C'm¥ 1 logm
holds for any m € Z>q with m > mg,.

Proof. (1) We divide the proof into four steps.
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Step 1. Let 1 : X’ — X’ be a generic resolution of singularities and fix a
volume form @ ¢, on X’ . We define the L?norms on H’(X,mL 4 E)g and
H°(X',7*(mL + E))g by using the push-forward measure induced from ®3,;
i.e., for t € H*(X,mL+ E)g and for ' € H*(X', 7*(mL + F))g, the L?-norms
are defined as

1

2
[[t]75 = </X u*ﬂ-*(ltﬁni«kE)q)X’)

oo

7 (mL+E *
1) 7. = </ (I
X/

oo

and

(S

2
n*(mL+E))(I)X'> )

respectively. By Gromov’s inequality [I5], Corollary 1.1.2] on X(’x}, it suf-

fices to show that Theorem B.I.1] holds true for the L?-norms in place of the
Supremum-norms.

Step 2. Suppose that X’ is normal. Consider the natural homomorphism
HY(X,mL+ E) - H* (X', n*(mL + E))

and apply Theorem [[.2.5 and Lemma [[L.T.2(3) to this case. There are positive
constants mgy and C, depending on L and =, such that

REY(X 7 (mL + E)), || - |5 — {(HO(X, mL + E), || - |[75+F)
> —Cmd! logm
holds for any m € Z>q with m > my.

Step 3. This step is due to Yuan [22], Proposition 2.8]. For reader’s conve-
nience, we would like to recall the proof briefly. We do not need to assume
that X’ is normal in this step. We can reduce the proof to the case that
X’ — X is finite by the Stein factorization. Let A be a C*°-Hermitian invert-
ible sheaf on X with the following two properties:

(i) Lo + Ag is ample on Xg and L + A is vertically nef.

(ii) There is a non-zero small section s € H’(X, A) that does not vanish

at any associated point of the coherent sheaf m,0x//Ox.

The commutative diagram of exact sequences

0—>m(L+A)+E—->m(L+A)+E+mO0x: —>m(L+A)+ E+7m.0x//0x —0

T®S®m T@)S@nl T®S®m

0——>mL+E———>mL+E+m0xs ——>mL+E+m0x//0x —>0

Licensed to Kyoto University. Prepared on Thu Apr 4 01:39:01 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



SUCCESSIVE MINIMA ON ARITHMETIC VARIETIES 283

yields an injective homomorphism

H° (X', 7*(mL + E))/H(X,mL + E)

Q5™
RN

HY(X', 7*(m(L + A) + E))/H°(X,m(L + A) + E).
Since L + A (resp. 7*(L + A)) has the property (i), we obtain

REX, 7 (L + B)), || - 52" P) = (X, mL + E), | - |[7+F)
= deg(HO (X', 7" (mL + E))/ H*(X,mL + E),h].""5 D) 4 O(m?~* log m)
< deg(HO(X', 7" (mL + B))/ H'(X,mL + E), W+ D))

+O(m?logm)
< deg(H(X, 7" (m(L + A) + E))/ HO(X,m(L + A) + E), k0D 1)
+ O(m4'logm)
=deg(H*(X', 7" (m(L + A) + E)), "+ E)
— deg(H'(X, m(L + A) + E), ") L 0(m= log m)
—(deg(é1 (7" (L + A))'?Y) — deg(é1 (L + A)?))m? + O(m? log m)
=0(m* ' logm)

by Lemma (3) and [26] Theorem (1.4)]. To sum up, we have
N * mL E ~ m
XE(X, 7 (mL+ B)), |- 7" ) < x(E (X, mL + B), || - [ F)
+ O(m4logm)
for any birational projective morphism 7 : X' — X.

Step 4. In general, let v : X" — X’ be the normalization of X’. Then we have

KHO(X, 7 (mL + E)), || - |5 )
> RE(X", v nt (mL + B)), | - |5 )
+ O(m* tlogm)
> Y(H(X,mL + E), || - [[75+E) + O(m ' log m)

as desired. Hence, we complete the proof of Theorem BTTI(1).
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(2) By Lemma [[.TT]

RN (HO(X, 7% (mL + E)), || | 2B — Y HO(X, mL + B), || - |mE+E))|
‘ O(HO(X/ (mL+E))7” sJ}SmL—i_E))_iLO(HO(X7mL+E)7||‘$§+E)|
+ [XH(X 7 (mL + EB)), || - |5 ) — (X, mL + B), || - | mE+E)|

+ O(m*tlogm).

We note that, in the proof of [I5, Theorem 4.3], we can replace o(m?) with
O(m?~tlogm). Thus, by [15, Theorem 4.3] and (1), we have the assertion. [J

3.2. Arithmetic volume functions. Let X be a projective arithmetic
variety of dimension d. As a consequence of Theorem [[.2Z5 we have the
following.

Proposition 3.2.1. Suppose that X is normal. Let r > 0 be a positive
integer. Let L = (L(1),...,L(r)) be a family of C>-Hermitian invertible
sheaves on X and Y a closed arithmetic subvariety of X of dimension d'.

(1) There are positive constants ag and C, depending only on L, X, and
Y, such that the inequality

X(H°(X|Y,a- L), | | < Cllall{

sup7qu0t)

holds for any a € Z%, with ||al[1 > ao.
(2) There are positive constants ajy and C', depending only on L, X, and
Y, such that the inequality

PEYXY, @ L), |- |58 quo) < C'lallf
holds for any a € Z, with ||al[1 > ag.

Proof. (1) Let Y — Y be a generic resolution of singularities. Let A be an
ample C*°-Hermitian invertible sheaf on Y such that A — L(i)|y is effective
onY fori=1,...,r. There is a positive constant C' with the property that

RO(H (Y, mA), ) < Cm®
for any integer m > 1. Then, by Lemma [[L.T.1]
KE(X[Y,a- L), || - |15 quot)
< WOH(X]Y,a- L), |- | %F quot) + OClall{ " log [lall:)
<HH(Y,a- Lly), || - [&57) + O(all{ " log |al1)

(R

( sup
7 a'i{{/ I
<hOH(V,a- Llg), |- [55"7) + O(lla|{ " log allr)
< hO(H(Y, [lallA), || - 56 + O(llall{ ~* log |all1)

< Clall{ +O(lall{ " log |lall,).
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On the other hand, by Lemma [[LT2(1),
(HO(le a- L) H Hbup,quot)
= = I'kHO(X|Y a- L) log()‘maX(HO(X|Y a- L) H : | sup, quot)/2)
+O([lal|{ " 1og all1)
> — k(Y a- Lly) - max {0, 10g Aax(H'(X, - L), || - |55 }
+O0([lal{ " log |lalh).
Since X is normal, we can find a positive constant C’ such that
max {0710g )‘max(HO(X7 a- L)7 H ' | bup)} < C/||CL||1

for ||al|; > 0 by using Theorem [[L2Z5l Moreover, there is a positive constant
C" with
tkH(Y, a- Lly) < C"|lal{

Hence, we have (1).
2) By Lemma [[L.T.1] and (1), there is a constant C"”, depending only on
y g y
L, X, and Y, such that

R E(X|Y,a- L), || - |2 o)
= WO (E (XY, a- L), || - |55 quot) —
+O(lall{ "' log |a]1)
< "|all{ +O(|all{ ~*log |all1)

YE(X|Y,a L), || - |5E quor)

sup,quot

hold for ||al|; > 0. O
By Proposition B.2.T] and Theorem B.I.T], one finds the following.
Corollary 3.2.2. Let L and E be two C>®-Hermitian invertible sheaves

on X. There are positive constants C, C', and C", depending only on L, E,

and X, such that the inequalities

IR(H*(X,mL + E), || - |mE+E)| < Cmd

sup
WOH (X, mL+ B), | - |mE+E) < C'm
and
RYH (X, mL + E), || - |mE+P) < C"m
hold.

In the rest of this paper, we also treat the CO-Hermitian invertible sheaves
and L denotes a C°-Hermitian invertible sheaf on X unless otherwise stated.
First, we recall the Stone-Weierstrass theorem in the following form.
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Lemma 3.2.3 (Stone-Weierstrass). Let V' be a complex projective variety
and L = (L,h*) a C°-Hermitian invertible sheaf on V. Let e > 0 be a
positive real number. Then, there is a C°-function ¢ : V — R on V such that
9llsup < € and L? is C°° (see Conventions and terminology, (5)).

Proof. We can embed V into a complex projective space P. The restric-
tions of C*°-functions on P are C* on V in the sense of Conventions and
terminology, (5). Let {U;} be a finite open cover of P such that the restric-
tions L|y,ny are all trivial and the closures U, are all compact. We can find
a partition of unity {p;} subordinate to {U;}. By the Stone-Weierstrass theo-
rem |5, Chapitre X, §4, n° 2, Théoréme 3|, we can approximate the metric on

each U; NV and obtain the assertion by standard arguments. O

Corollary 3.2.4. Let m : X' — X be a birational morphism of projective
arithmetic varieties and L and E two C°-Hermitian invertible sheaves on X .

Then,
Y * *(mL+E
lim sup X(HO(X/’W (mL + E)), |- Hsulﬂg * ))
—; RH(X,mL+E),|| -|$§+E)
B lfnn—i;lop md/d!
and
Y * 7 (mL+E
o MEHX 7 (mL + B)), | - ™)
o XH(X,mL+ E), |- |2EP)
= liminf . '

Proof. Fix an arbitrarily small positive real number ¢ > 0. By Lemmal3.2-3]
there are two C%-functions ¢, : X, — R such that max{||¢||sup, [|¢|lsup} < €
and L? and EY¥ are both C*°. By Theorem [B.I.1] there is a positive constant
C(¢,1) > 0, depending on L?, E¥, and 7, with the property that

a*(mL?+EY ~ mL?+EY
DBy R (HO(X, mL o+ E), |- |E )

< C(¢,¢)m* Hlogm

[RE(X', 7 (mL+E)), |||

for any sufficiently large m > 1. Moreover, we can find a positive constant
D > 0, depending only on L, F/, and w, such that

rkHY(X, mL + E) < tkHY(X',7*(mL + E)) < Dm?!
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for any m > 1. Then,

YHE(X', 7% (mL + E)), || - ||5ume+E ) — x(HY(X,mL+ E), | - ‘|$£+E)|
< [RE (X', 7" (mL + B)),
— RHOX 7 (L + B)), |- 345
+ R (X, 7 (mL + B)), |- [ 5)

sup

|- s 2)

. mL® L EY
— XH (X, mL + B), || - |5 )]

sup

I mL o+ B, |- g 57) = X mL + B, |- 5 5)

sup sup

<2Dm (m +1) - e+ C(p,9)m? logm.

Thus
sy XX 7 (mL 4 B)), | - ™)
AHOX7 L+E,mE+E
map (X, m md/{; (B2 |
and
o XEOX 7 (mL 4+ B)), - )
lim inf v
m—o0 md/d|
CHY(X,mL + E),|| - |mE+E
i ing XL d/d? W™ 5 pay. e
m—00 m :
Since € > 0 is arbitrary, we obtain the assertion. O

Now we define the three types of arithmetic volume functions.
Definition 3.2.1. Let L be a C°-Hermitian invertible sheaf on X. We
define the three types of arithmetic volume functions as follows:

% , XH(X, mL), | - |mE)

vol (L) := lgljllop ma/d 5
0 _ _ hOH(X,mL), || - L)
vol (L) := lgl_?gop ma/d! =
—~1 _ . . ill(HO(vaL) ” |sup)

vol (L) := lﬂgf ma/d!

The following result is due to Huayi Chen.
Theorem 3.2.5. Let L be a C°-Hermitian invertible sheaf on X. In Defi-
nition B2T], all of the right-hand sides of the equalities actually converge and
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the following equalities hold:
XH(X, mL), | - |mE)

—~X, = T sup
vol (L) = n}gl(l)o miTdl ,
—~0 - . EO(HO(Xa mL)7 H : ‘:&g)
vol (L) = lim ma/d ’
—1 oo PHHYX mL), |- 5E)
vol (L)—mlgréo mi7dl

Proof. We can find the second formula in [6], [23] and the last formula
follows from the first and the second formulae, so that it suffices to show
the first formula here. By Corollary B22:4] we may assume, without loss
of generality, that X is generically smooth and normal. Let € > 0 be an
arbitrarily small, positive, real number. By Lemma [3.2.3] we take a C°-

function ¢ on X such that ||¢||sup < € and L? is C*°. Then, we know
m7 'I"I'Li(]5
[log Amax (H (X, mL), || - [ 545) — 10g Amax(H* (X, mL), || - 155 7)] < ml|¢llsup-

sup sup

First, we assume that Lq is not big on Xg. If HY(X, mL) is non-zero, then

 log(Amax(H(X,mL), || - |25)/2)  log(rk H°(X,mL))

m/d m/d
_ XX, mL), |- 5g) 1
rk HO(X,mL) m/d
- ~log(Auin(H*(X,mL), || - IZ5)/2)

- m/d
by the Minkowski convex-body-theorem (Lemma [[T.2(1)) and
)A((HO(vaL)un ) |mf1) 1

sup/
rk H(X, mL) m/d
is bounded by a constant by Theorem [[LZH] by [4, Proposition 2.6], and by

the estimates above. Therefore,

)A((HO(Xa mL)? H : ‘ mE)

sup
m/d!
KHO(X,mL) XH(X,mL),|-|=E) 1
I‘dHl( , ) . X( ( (;n’l ) H |5up) . lfHO(X,mL) i non-zero,
=q mit/(d-1)! rk HY(X, mL) m/d
0 if H(X, mL) is zero

converges to zero as m — 0o.
Next, assume that Lg is big on Xg. Then H°(X,mL) is non-zero for all
sufficiently large m. We fix a normalized volume form ®x on X, and consider
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the L2-metric with respect to ®x. By Gromov’s inequality [15, Corollary
1.1.2], one knows

- mL¢ — .
o sy XEC XL |-G deg(HO(X, mL), i)
m—>oop ma/d! m_wop ma /d!
and
~ mL? — i
. X(HO(X, 7’7’),[,)7 || . HSS{; ) o deg(HO(X, mL),hLQLdb)
lim inf — liminf

The convergence theorem of Chen [0, Theorem 2.11], together with the bound-
edness theorem (Theorem [[L2.3)), implies that

deg(H*(X, mL), h7") 1
rk H'(X, mL) m/d
converges as m — oo (cf. [7, Proposition 1.2.9]), so that

deg(H*(X, mL), h7E") deg(H(X, mL), k")

fim s ma/dl = ot m/dl
Hence,
L RE ) ) E D), )
oo ma/d! m—00 m/d!
. mL . mL?
< limsu X(HO(Xv mL)a || ’ | suf)/) _lim su X(HO(X7 mL)a H : ||su;l:: )
B m~>oop md/d' m~>oop md/d'
o mL® ~ (170 mL
.. X(HO(X> mL)7 H : ”sul[)/ ) . X(H (X7 mL)7 || : | sup)
+ livrzriglof md/d! B 111£rl>1£10f m/d!
<2dvol(Lg) - €.
Since € > 0 is arbitrary, we conclude (see also [4, Theorem 3.1]). O

Proposition 3.2.6. Let L be a C°-Hermitian invertible sheaf on X.

(1) For any real number A,
wol“(2Y) = vol *(L) + dvol(Lg) - M
(2) For any C°-function ¢ on X,
Vol (L%) = vol " ()] < dvol(Lg) - [6lsup-
(3) We have 0 < \7510@) <00, 0< al(i) < 0o, and
vl (L) = vol (L) - vol (L)

(For the definitions of the C°-Hermitian invertible sheaves L and L?, see
Conventions and terminology, (6).)

Licensed to Kyoto University. Prepared on Thu Apr 4 01:39:01 EDT 2013 for download from IP 130.54.110.71.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



290 HIDEAKI IKOMA

Proof. (1) is clear since

s mIL s mL
XX, mL), || - I55) = xE (X, mL), || - [|255) + rk H° (X, mL) - mA.

sup sup
Moreover, since —||¢]lsup < @ < ||®lsup, We have (2).

—~0, -
(3) 0 < vol (L) < oo is due to Moriwaki [16]. There is a C°-function ¢ on
X such that L? is C*. Since

~X ol —% =
[ vol (L) = vol " (L?)| < dvol(Lg) - [|¢llsup

and \@X(fﬁ’)\ < 00 by Corollary BZ2] we have |x7(;lx(i)| < o0o. The latter
half is due to Gillet and Soulé (cf. Lemma [[.TT]). O

Definition 3.2.2. Suppose that X is normal. Let L be a C°-Hermitian
invertible sheaf on X. We define the last and the first asymptotic logarithmic
successive minima of L as

log )‘max(HO(X7 mL)> || : H;ﬁg)

Amax (L) := lim inf

m—00 m

and _
10g Amin(Ho(Xv mL)a || : ||mL)

Amin(L) = liminf sup

m—00 m

respectively. Note that the convergence of the sequence defining A, (L) has
been known (see for example [4, Lemma 1.4]) and that, if H°(X, mL) = 0 for
all integers m > 1, then both of the asymptotic logarithmic successive minima
of L are defined to be zero: Ayax(L) = Amin(L) = 0.

Since there is a CO-function ¢ on X such that L? is C* and that

[ Amax(L) = Amax(L?)| < [|9]lsup,
one has
—00 < Amin(L) < Amax(L) < 00
by Theorem [[L25 and by [4, Proposition 2.6]. By use of Lemma [[.T.2] we have

an asymptotic version of the Minkowski convex-body-theorem as follows (cf.
[10, Ch. 2, §9, Theorems 1 and 2]).

Theorem 3.2.7. Suppose that X is normal. Let L, M be two C°-Hermitian
invertible sheaves on X.
- —~1 - _
(1) If Amax(L) <0, then vol (L) = 0. In particular, for any L, there is a
—~1, -
positive real number A\ > 0 such that vol (L*) = 0.
(2) We have the inequalities

, —~%

—dvol(Lg) - Amax(L) < vol (L) < —dvol(Lg) - Amin(L).
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(3) If L — M >0 (Conventions and terminology, (8)), then
—~X

wl* (L) — vol (A1) > —d(vol(Lg) — vol(Mg)) Amax(L).

In particular, if L > M and vol(Lg) = vol(Mg), then \751)(@) >
Vol (M).

Proof. (1) follows from [15, Proposition 2.1(5)]. (2) is an immediate con-
sequence of Lemma [[T.2)(1).

(3) Let p : X — X be the normalization of a generic resolution of singular-
ities. Since X is normal, Apax(1*L) = Amax(L). Thus we may assume that X
is generically smooth and normal by Theorem B.T.I1 We fix a volume form ® x
on X and consider the L?-norms with respect to ®x. Since mL —mM >0
for any m € Z~q, we have an injective homomorphism

H°(X, mM) — H°(X,mL)
and an inequality
XX, mL), || - I75) = X(H° (X, mM), || - |75
> —(tk H(X, mL) — rk H*(X, mM)) log Amax (H* (X, mL), || - || 1)
by Lemma [[LT2(3). By [15, Corollary 1.1.2], one can find a constant D > 0

with ) ) )
|-l < || ImE < D+ m) Y| - |2,
Thus
10g Amax (H (X, mL), || - [|74) = log Amax(HO(X, mL), || - |2L) + O(log m)
and 0 i
log Apax(H (X, mL), || - mL _
lim int 108 Amax (X, mL), |- |7) = Amax(L).

m—0o0 m

On the other hand, by Theorem [3.2.5] one has

5, (X, mM), | - |77
5 (1) = timng XD, - [727)

and concludes the proof. O

3.3. Homogeneity of the arithmetic volume functions. Let X be a
projective arithmetic variety of dimension d and L a C°-Hermitian invertible
sheaf on X. In this subsection, we prove that the arithmetic x-volume function
is positively homogeneous on ISR?(X ; CY) (Conventions and terminology, (2))
and extends uniquely to a positively homogeneous function

vol* ﬁi\c(X;CO)Q —R
on lsi\c(X; C%)q (cf. Corollary B.3:3).
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Proposition 3.3.1. Let L and E be two C°-Hermitian invertible sheaves
on X. Then
X(HO(XamL—i_E)aH ' ||mE+E) —~X, =

li =P =vol (L).
imeup i e

Proof. By Theorem B.I1.Il we may assume that X is generically smooth
and normal. First, we treat the case where both L and E are C*°-Hermitian.
Then, by Theorem .11l one has

R (X, mL + B), || - [|mE+E) — (HO(X,mL), || - [2E)] < O(m?~  logm)

sup sup
for m > 0. Hence,

AI_:[O‘X'7 L+E,'mE+E o
X( ( m ) H ||sup ):VOIX(L).

lim su

Next, in general, for any positive real number ¢ > 0, we can take C°-
functions ¢, € C°(X) such that both L? and EY are C* and

maX{H¢Hsupv ||¢||sup} <e

holds by use of the Stone-Weierstrass theorem (Lemma B.23]). Since

XEX, mL+E) |- |55 F)

. sup
hrfqnjgop md/d!
. L FY
MY ML+ E), |- )
-1 P < 2ed vol(L
map 7 < 2uvl(l),
[vol" (L) = vol (L%)| < edvol(Lg),

and

CHY (X, mL + E), || - |mL7+E"y
we obtain

V(HY(X,mL+E),| - |mE+EYy  __ _
limjup XU md/d? I ™) - VOIX(L) < 3edvol(Lg).

We can choose € > 0 arbitrarily and conclude the proof. (I

Theorem 3.3.2. For any positive integer p € Z~o,

o~ — o~

VOlX(pL) =p?.vol (L).
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Proof. For k=1,...,p—1,

~ m k)L
XE(X, (mp + K)L), | - |5 ™)

y
P (mp + k)d/d!
sy XG0+ L), IS ()
Moo (mp)?/d! (mp + k)4
. XH(X, mpL + kL), || - ||mpL+rL)
= 11m
o (mp)d/d!
e XE X mpL), |- 1555)
g (mp)?/d!

by Proposition B.3.11 Hence,
XH (X, mpL), || - |ZBF)  ~x -

lim su P —vol (L),
e T )/ ”
so that
C(H(X, mpL), || - ||mpL —x
limsup X( ( D ) H Hsup ) :pd'VOIX(L). |:|

~% o~ —~1
Corollary 3.3.3. The function vol© Pic(X;C% — R (resp. vol

ﬁi\c(X; C% — R) extends uniquely to a positively homogeneous function
vol" : Pic(X;C%q — R
—~1 —~
(resp. vol : Pic(X;C%q — R)

of degree d on Isi\c(X; C%q.

Theorem 3.3.4. Let L be a C°-Hermitian Q-invertible sheaf on X. If
;(;ll(f/) > 0, then Lg is big on Xg.

Proof. First, by TheoremB.I.Tland Corollary B.3.3] we may assume without
loss of generality that X is generically smooth and normal and that L is a
C°-Hermitian invertible sheaf on X. Next, there is a C°-function ¢ on X such
that L? is C*°. Since

—~1 _ —~1 _
| vol (L¢) —vol (L)| < dvol(Lg) - [|¢|lsup-

cither vol (L?) = \7811@/) > 0 or vol(Lg) > 0 holds. Thus we may assume,
further, that L is C°°.

Let A be an ample C*°-Hermitian invertible sheaf on X. By [16, Theorem
1.1.1] and Theorem 2T] the inequality

B (HOX,mL — A), |- |25 ) > R (EOX, mL), | - [I25) + O(m = log m)

sup

Licensed to Kyoto University. Prepared on Thu Apr 4 01:39:01 EDT 2013 for download from IP 130.54.110.71.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/license/jour-dist-license.pdf



294 HIDEAKI IKOMA

holds for any integer m > 0. Thus, for a sufficiently large m,

Y (H(X,mL — A), |- |74 > 0.

sup

Hence, mLg — Agq is effective and Lg is big. O
Yuan introduces the notion of “strongly-bigness” in [22], Definition 1.1].
By using our results, we can define the “strongly-bigness” for C°-Hermitian
Q-invertible sheaves.
Definition 3.3.1. A C%-Hermitian Q-invertible sheaf L on X is said to be
strongly big if xjglx(ﬂ) > 0.
Since Proposition holds also for C°-Hermitian Q-invertible sheaves,
one finds the following.
Proposition 3.3.5. Let L be a C°-Hermitian Q-invertible sheaf on X.
Then the following two conditions are equivalent.
(1) Lg s big on Xg.
(2) There exists a positive real number X > 0 such that L is strongly big.
3.4. Continuity of the arithmetic volume functions. Let X be a
projective arithmetic variety of dimension d. In this subsection, we prove

that the arithmetic x-volume function vol ™ : f;;C(X ;C% g — R is continuous
in the weak sense and extends uniquely to a function

vol* : ﬁi\c(X;CO)R —R

that is continuous in the weak sense on I;;c(X :C%g (cf. Conventions and
terminology, (2) or [16, Lemma 4.2]).

Theorem 3.4.1. Let V C f;i\c(X;C'O)Q be a finite dimensional Q-vector
subspace of Pic(X;C%q and || - ||y a norm on V ®q¢ R.

1) There is a positive constant Cs, depending only on (V.| - ||v), such
X g Y
that the inequality

|vol* (6%) — vol“ (¢'%")] < Cx(max{€llv, € DT- (1€ = € llv + 116 — & loup)

holds for any &,&' € V and for any ¢,¢’ € C°(X).
(2) There is a positive constant Cy, depending only on (V.| - ||v), such
that the inequality

|vol' (£%) —vol (€')] < &y (max{ €]l 1€ v DT (1€ = €11y + 116 — &' llsup)
holds for any &,&' € V and for any ¢,¢’ € C°(X).

Let 7,77 > 0 be positive integers and L = (L(1),...,L(r)) and A =
(A(1),..., A(r")) two families of C°°-Hermitian Q-invertible sheaves on X.
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Lemma 3.4.2. There is a positive constant C, depending only on L, A,
and X, such that

|vol*(a- L+b-A) —vol (a-L)| < C(|lafs + [bll)*" - [|b]x

holds for any a € Q" and for any b € Q.
Proof of LemmaB42 By Theorem B.I.Tl and Corollary B33, we may as-
sume that the following three conditions are satisfied:

(i) X is generically smooth and normal.
(ii) L(1),...,L(r) and A(1),...,A(r') are C°°-Hermitian invertible
sheaves on X.

(iii) @ € Z" and be Z".

We prove the theorem by induction on r’. In the case where r’ = 1, the
lemma is nothing but Theorem BTl In fact, let L' = (L(1),..., L(r),0%")
and a’ = (a(1),...,a(r),b(1)) € Z"t!. By Theorem 211 there are positive
constants mg, C, and D, depending only on L', A(1), and X, such that the
inequality

IXH(X,ma’ - L' + mb(1)A(1)), || - || e L'+mb() A1)

sup
— RH(X,ma’ - L), |- 58"
< Cm®(Jlalls + [b(1)))** - [b(1)| + Dm ! |a’||1 log(m||a'[|1)
holds for any integers m € Zxg, a € Z", and b(1l) € Z with ||al: # 0 and
m > mg. Thus, if ||a|; # 0, we find
—~%, - . —~X, . _
[vol (@~ L +b(1) - A(1)) —vol (a- L)| < C(llals + (1)) - [b(1)].

On the other hand, if ||a]l; = 0, then the assertion is clear by Proposi-
tion B.2ZT(1).
We assume 7/ > 2 and put A’ = (A(1),..., A(r' — 1)) and &' = (b(1),...,
b(r’ —1)). By the induction hypothesis, the assertion holds for ' — 1 and
Ivol'(a-L+b-A) —vol (a-L)|
<|vol'(a-L+b-A)—vol (a-L+b A"
+|vol“(a-L+b A —vol'(a- L)
< Clllally + [16ll1) - [b(")| + C(llall + [[6/[1)* " - 18]
< C(llafls +[1b1)* - 1By

foracZ and be Z". O
By the same arguments as in the proof of [I6, Corollary 3.3], we have the
following.
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Lemma 3.4.3. Let L = (L(1),--- ,L(r)) and A = (A(1),---, A(r")) be
two families of CY-Hermitian Q-invertible sheaves on X. Then there is a
positive constant C, depending only on X, L, and A, such that the inequality

X 7 A L [@Qcan X 7 —
[vol (@ L+b- A+0%™?) —vol¥(a-L)| < C(llall +[[b] 1)+ (b1 + ]l sup)

holds for alla € Q", be Q"' and ¢ € CO(X).

Proof of LemmaB.43 First, we suppose that both L and A are families
of C*°-Hermitian Q-invertible sheaves on X. Then, by Lemma and
Proposition [3.2.6] we have the assertion. Next, we consider the general case.
We may assume that either ||b]|; > 0 or ||¢|lsup > 0 holds. We can take a
constant D as

max{vol(a - Lg),vol(a - Lo +b- Ag)} < D([lafs + [|b]:)"

cf. [16, Lemma 3.1]). By Lemma [3.2.3, there are two families of C°-functions
( , y

on X, ¥ = (¢(1),...,¢(r)) and ¢’ = (¢p'(1),...,%9' (")), such that both
LY = (L(1)*W ... L(r)*™) and AY" = (A()¥' D), ... A(r)¥' ")) are C
and
’ b su
ma((la g - b + b ) < (IOl

Then we obtain
|vol“(a-L+b-A+0%)—vol¥(a-L)|
< \@X(a~i+b~ﬁ+(‘)f{)—vol’z(a~fﬂp+b~ﬁ¢’—l—(?)f()|
+|vol*(a-L¥ + b- A¥ +0%) —volX(a- LY)|
+ |vol“(a- L¥) — vol*(a - L)|
<dvol(a-Lo+b-Ag)-lla ¥ +b-|sup
+C(llafy + (111" - ([l + [6llsup) + dvol(a - Lg) - @ - % sup
< (C+1)(lafr + 1Bl - (1Bl + [16]lsup)

as desired. (]

Proof of Theorem 341l Let v1,...,v, € V be an R-basis for V ®g R and
|-]l1 the L'-norm associated with v1, ..., v,. Then there is a positive constant
D such that

D7l < - llv < DIl I

hold on V ®g R. Thus it is sufficient to show the theorem for || - ||;.
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(1) By Lemma 323
[vol (6%) — vol (6"
= Vol (€7 + (6~ €) + 05 —vol ()]
< CUIE N+ 1€ = 1) (g = €l + 116 = @ loup)
< 311 Cmax{J¢ll1, €1 1) - (1€ = €l + 16 — & lloup):

(2) Since

Vol (67) = vol ()] < vol (6) = vol (¢ + | vol"(¢%) = vol (6"
by Proposition B:Z0(3), the assertion follows from [16, Corollary 3.3] and
(1). O

According to [I6], we define the group lsi\cR(X ;CY) of isometry classes
of CY-Hermitian R-invertible sheaves on X as follows. Let us consider the
natural homomorphism ¢ : C%(X) @z R — C°(X) given by ¢ ® x — x¢. Let
N be the image of Ker(:) via C%(X)®zR — lgi\c(X; COg = lgiz(X; CY @zR
and define

Picg (X;CY) := Pic(X; C%)g/N.

There is a natural surjective homomorphism lsi\c(X; COg — Isi\c]R(X; C) by
definition. By using Theorem [3.4.1] and the same arguments as in the proof
of [16, Theorem 4.4], one finds the following.

Corollary 3.4.4. (1) The function vol© lsi\c(X;CO)@ — R (resp.
—~1 —~
vol : Pic(X;C%q — R) extends uniquely to a function

vol* lgi:(X; CHr - R
—~1 —~
(resp. vol :Pic(X;C")r — R)

on ﬁi\c(X; CO)g that is positively homogeneous of degree d and contin-
uous in the weak sense (see Conventions and terminology, (2)).
(2) The above function vol* : lsi\c(X;CO)R — R (resp. vl lsi\c(X;CO)R
— R) passes through P/’i\cR(X; cY).
3.5. Applications. Let X be a projective arithmetic variety of dimension
d and L a C*°-Hermitian Q-invertible sheaf on X. In this subsection, we prove
the arithmetic Hilbert-Samuel formula ([I, Théoréme principal], [9, Theorem
9], [26, Theorem (1.4)], and [I5, Corollary 5.5]) for vertically nef Hermitian
invertible sheaves (Conventions and terminology, (8)). Note that Moriwaki
[15, Corollary 5.5] previously obtains the formula for nef Hermitian invertible
sheaves.
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Theorem 3.5.1. If L is vertically nef, then
vol' (L) = deg(é1(L)%).
In particular, a vertically nef C™-Hermitian Q-invertible sheaf L on X is
strongly big if and only if deg(¢1 (L)) > 0.
Proof. First, we suppose that Lg is ample on Xg and that L is vertically
nef. By the homogeneity of the function \751)(, we may suppose, further, that

L is a C*°-Hermitian invertible sheaf on X. By virtue of the arithmetic
Hilbert-Samuel formula of Zhang [26, Theorem (1.4)],
_ deg(é (L)@
<X, me), |- [155) = AT a4 ot 10gm)

for any integer m > 0. Thus, in this case, @X(E) = d/e\g(él (L)%).

In general, let A be a C°°-Hermitian invertible sheaf on X such that Ag is
ample on Xg and A is vertically nef. Then, for any positive rational number
€ € Qs, L+eA satisfies the hypotheses of [26] Theorem (1.4)] and the equality

VlN (L + eA) = deg(é1 (L + €Ay

holds. Since the function vol® : Isi\c(X)R — R is continuous, \7<;1X(I_/) =
deg(é1 (L)) O

Remark 3.5.2. We note that the generalized Hodge index theorem [I5],
Theorem 6.2] and its corollary [I5] Corollary 6.3] are still valid if we replace
vol with vol .

Combining our results with Corollary 2.2.8] we can generalize Yuan’s the-
orem to Hermitian Q-invertible sheaves.

Theorem 3.5.3. Let L and M be two C*®-Hermitian Q-invertible sheaves
on X. Assume that L and M are both nef. Then

vol' (L — M) > deg(é1(L)?) — ddeg(éy (L) @1 - ¢, (1)),
In particular, if d/e%(él(f/)'d) > dd/e%(él(f/)'(d_l) - ¢1(M)), then L — M is
strongly big.

Remark 3.5.4. In [I7], Moriwaki defines the arithmetic self intersection
number d/e\g(él(i)‘d) for a wvertically nef C°-Hermitian R-invertible sheaf L
on X. By use of his definition, Theorems B.5.1] and B.5.3] are valid for C°-
Hermitian R-invertible sheaves L, M on X in place of C*°-Hermitian Q-
invertible sheaves. However, in this subsection, we do not treat the C°-
Hermitian R-invertible sheaves for simplicity of statements (cf. Conventions
and terminology, (8)).
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Our function ;(;11 measures the difference between the vertically nef Her-
mitian invertible sheaves and the nef ones. By the continuity of the function
\70\11, we easily obtain the following.

Theorem 3.5.5. Let L be a C>-Hermitian Q-invertible sheaf on X. Then

L is nef = \al(ﬂ) =0.

The converse to Theorem is trivially false even if X is an arithmetic
surface and L is vertically nef (see Theorem B.5.7). However, we may expect
that a partial converse to Theorem might be true (cf. [1§]).

Proposition 3.5.6. Let X be a projective arithmetic curve and L o Her-
mitian invertible sheaf on X. Then, the arithmetic volumes of L are given
by

(D) = deg(L) if deg(L) >0,
0 if deg(L) <0,

—~1.- |0 if deg(L) > 0,

vol (L) _{ _deg(L) if deg(L) < 0.

Proof. Tt is well known that \781X(I_/) = d/eTg(l_/). If d/eTg(E) > 0, then L is
ample and

0 _ _ 1
vol (L) =deg(L), vol (L)=0.

— - —~1,_  —~0, - —
If deg(L) < 0, then —L is ample. Since vol (L) = vol (—L) = —deg(L),
—~1, _

Wl (L) =0, vol (L) = — deg(L).

Lastly, we consider the case where d/eg(f/) = 0. Since d/eTg(mf/) = 0 for any
positive integer m > 1,

% Z log hE (s(z), s(z)) = log #(mL/sOx) >0
z€X(C)

for any non-zero section s € mL. Thus, if ||s||g?£ <1, then s is a generator of

mL and [s|,,z(x) =1 for z € X(C). Hence,
ts € HOOX mL) | sl < 1} < (0% )eor +1

sup

—~0 - —~1 -
for any m > 1 and vol (L) = vol (L) = 0. O
By use of our results, we can improve the classical Hodge index theorem of
Faltings-Hriljac [25] Theorem 7.1].
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Theorem 3.5.7. Let K be a number field and X — Spec(Ok) a projec-
tive arithmetic surface over Spec(Of). Suppose that the generic fiber Xy
is geometrically irreducible, smooth, and of positive genus. Let L be a C™-
Hermitian invertible sheaf on X. If L is vertically nef and deg(Lg) = 0, then
there is a positive integer m > 1 and a locally constant function A € C*°(X)

such that mL is isometric to @?H’A. In particular, L is nef if and only if

> oA >0
v:K—C

We would like to see an example given by Moriwaki [I8], which shows that
a partial converse to Theorem holds on the projective spaces Py.

Example 3.5.1. Let X = P}, be the projective space of dimension n + 1
and a = (ag,a1,...,a,) € Rggl a sequence of positive real numbers. The
Hermitian matrix diag(1/ag,1/a1,...,1/a,) defines a Hermitian metric on
C"*L. Let hES be the Fubini-Study metric on Ox (1) induced from the metric
on C**! defined by a and consider the C>°-Hermitian invertible sheaf

Dq = (0x(1), hES).

Since Ox (1) is ample, we do not need to use our Theorem B.51]in this case.
Let ¢q : Rg‘gl — R be the function given by

n n
a0, T1,. .., Tp) = — ZIz log x; + Zfl?z log a;,
i=0 i=0

and let Ag, O, and © be the subsets of RY defined as
Ay ={(21,. - 20) ERYy |21 + -+ + 2, < 1,
0 ={(z1,...,2n) € Au|pa(l =21 — -+ — 2,71, ...,7,) >0},
O, ={(z1,...,zn) € Ag | pa(l —21 — - —2p,21,...,2,) < 0}.

One of the main results of [18] is the following.
Proposition 3.5.8. The arithmetic volumes of Do can be computed as
follow (the integral formulae):

—~X, = 1)!
volX(Da) :(n%)/ Ya(l—x1 — =Xy, T1,...,2,)dxy ... d2,
A
n+1/1 1 1
- S 21 ey,
D) (2+ +n+1)+20g((10 a)
—~0, 1)!
vol (Da):(n+ ) / Yall—x1 — - —xp,x1,...,2,)dx1 ... dTp,
2 @;
—~1, 1)!
VOI (Da)_ (n_; ) / QOa(l—.’El—"' Tn,T1, 7xn)dx1 dxn
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and the following four conditions are all equivalent (see also Yuan [22], §2.2,

Remark]).
(1) Dg is nef.
(2) ap>1,a1>1,...,a, > 1.
3) pa(l—a1— - —xp,21,...,2,) >0 on A,.
(4) vol (D) = 0.
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