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Abstract

ref] Tts goal is to

The present thesis is based on two original papers by the author |
develop a framework that chiralizes Poisson—Lie theory and, as a consequence, produces

integrable hierarchies.

Let g be a quadratic Lie algebra equipped with an ad-invariant bilinear form (-, -).
Then the dual space g* carries the Kirillov-Kostant-Souriau (KKS) Poisson structure, from
which one can construct a classical R-matrix on g. The associated R-matrix formalism

yields many integrable hierarchies.

In the language of Poisson vertex algebras (PVAs), a Lie conformal algebra (LCA)
plays a role analogous to that of a Lie algebra in finite-dimensional Poisson geometry. In
particular, the universal enveloping vertex algebra of an LCA L admits a classical limit,

which gives rise to a PVA.

In the first part of this thesis, we recall and slightly refine the notion of a classical
R-matrix on a Lie conformal algebra, as developed in the first paper. In the second part,
we provide a geometric explanation of such R-matrices in terms of shifted symplectic
structures. In particular, we describe the classical R-matrix via a Maurer-Cartan equa-
tion. Motivated by this geometric picture, we also define a classical R-matrix on finite and

affine Wh-algebras, and construct integrable systems on them by an AKS-type argument.
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Introduction

The classical R-matrix of Lie algebras first appeared in Sklyanin’s work as a “by-
product” of the quantum inverse-scattering method [78]; it also appeared earlier in a paper
by Michaelis [92]. Later, in [104], Semenov-Tyan-Shanskii established the connection
between classical R-matrices and integrable systems. Let g be a Lie algebra with a
nondegenerate, ad-invariant bilinear form (-, ). An operator R € Endg is called a classical

R-matrix of g if the new bracket
X, Y]r:=[R(X), Y]+ [X,R(Y)], XYe€uqg,

turns the vector space g into a Lie algebra. In [104], Semenov-Tyan-Shanskii proved
a sufficient condition for R € Endg to be a classical R-matrix of g, namely the modi-
fied Yang—Baxter equation. The (unmodified) classical Yang—Baxter equation was inter-
preted there as a “unitary” condition on R. These results inspired numerous works in
various areas, such as quantum groups [32] and Poisson—Lie groups [79]. Additionally,
Semenov-Tyan-Shanskii demonstrated the connection between the classical R-matrix and
the Adler-Kostant—-Symes (AKS) scheme, which is a powerful tool for constructing in-
tegrable systems such as the Toda lattice. The AKS scheme can also be used to derive
the KdV hierarchy; see [1]. Furthermore, in the same paper, Semenov-Tyan-Shanskii
explored the relation between the Riemann—Hilbert problem and the R-matrix method.
In [98], Reyman and Semenov-Tyan-Shanskii provided a geometric interpretation of the
AKS scheme and of the classical R-matrix. Classical R-matrix theory also appears in the

physical understanding of integrability; see [15, 35, 36].

Vertex algebras, introduced by Borcherds [21], may be viewed as an axiomatic frame-
work for two-dimensional chiral conformal field theory. In the two-dimensional case, con-
formal symmetry simplifies the state space of the quantum field theory: typically, it
becomes a highest weight module for certain infinite-dimensional Lie algebras, such as
Kac—Moody algebras; see [19, 101]. Vertex algebras naturally give rise to Lie conformal
algebras, and conversely one can reconstruct vertex algebras from Lie conformal algebras
(for precise definitions, see Section 1). From an algebraic viewpoint, vertex (operator)
algebras are analogous to both Lie algebras and commutative associative algebras. It is
therefore natural to generalize the classical R-matrix to the setting of vertex algebras.
X. Xu introduced a classical R-matrix for vertex operator algebras [111], a special class
of vertex algebras equipped with a conformal vector. However, constructing examples
using Xu'’s definition appears to be quite difficult. In contrast, in our construction it is
relatively easy to produce examples. Poisson vertex algebras and R-matrices were also
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INTRODUCTION 2

discussed in [46]. De Sole, Kac, and Valeri studied the connections between W-algebras
and R-matrices in [43, 44].

As an analogue of Semenov-Tyan-Shanskii’s work [104], we obtain a similar result,
which we call the Factorization Theorem, and which is presented in Section 2. Further-
more, in Section 1, we prove that if L is a Lie conformal algebra and an endomorphism
Ry, € End(L) satisfies the modified Yang-Baxter equation (12) for Lie conformal algebras,
then Ry is a classical R-matrix of L. In particular, the Factorization Theorem provides
an effective method for constructing R-matrices for affine Lie conformal algebras. For
example, let g be a Lie algebra with a nondegenerate ad-invariant bilinear form (-, -) and
a vector space decomposition

g=adb,
where a is a Lie subalgebra of g and b is an isotropic subalgebra of g. This decomposition

automatically induces a factorization of the corresponding Lie conformal algebra,

vi(g) = vi(a) @ vy (b)

(see Example 1.1.3 and Theorem 2.2.3 for definitions). Let P, and P_ denote the projec-

tions from vy (g) onto vi(a) and vy (b), respectively. Then the operator

Ry = %(P - —P)
is a classical R-matrix of the Lie conformal algebra vj(g). A similar construction for Lie
algebras appeared earlier; see [104, 82]. One application of R-matrices for Lie conformal
algebras is that they can be used to construct new vertex algebras; explicit examples
are given in Section 2.3. A natural idea is to construct factorizable R-matrices (see
Theorem 2.2.3 and Corollary 2.2.6) via Manin triples of Lie algebras, which suggests a

connection between our theory and quantum groups.

From the perspective of mathematical physics, a Poisson vertex algebra (PVA) can
be obtained as the (quasi-)classical limit of a vertex algebra [37, 75, 84]. More mathe-
matically, a PVA is the Poisson analogue of a Lie conformal algebra. Since every vertex
algebra carries a natural filtration and its structure is quite complicated, in many situa-
tions one instead studies the geometry of the associated vertex Poisson scheme, i.e. the

spectrum of the associated Poisson vertex algebra; see [5, 6, 7, 60].

One source of PVAs comes from the following problem. A longstanding question,
stated by A. Belavin in [16], concerns the connection between W-algebras and integrable
systems, particularly the KdV equation; related ideas already appeared in earlier work,
e.g. [61]. This problem was resolved in a series of papers by Kac and collaborators (see
[40]). In particular, in [12] they showed that Poisson vertex algebras play an important
role in infinite-dimensional Hamiltonian integrable systems. Several connections between
PVAs, Dubrovin—Novikov theory [48, 50], and Dubrovin—Zhang theory [51] were indi-
cated in [26].
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Another goal of this thesis is to generalize the AKS scheme using the classical R-
matrix introduced above. Following [104], we recall the key observation underlying the
classical AKS scheme and its relation to classical R-matrices; see also [76, 20, 1]. For
a Lie algebra g with a nondegenerate, ad-invariant bilinear form (-,-) and a classical R-
matrix on g, there exist two Poisson structures on g*, induced by the Lie brackets [-, -] and
[-,-]r. These are the (Lie—)Poisson—Kirillov-Kostant—Souriau Poisson structures. Denote
the corresponding Poisson brackets by {-,-} and {-,-}g. The key observation of the AKS
scheme is that elements in the Poisson center with respect to {:,-} Poisson-commute
with respect to {-,-}r. Therefore one obtains a family of first integrals. Restricting to
algebraic functions on g*, we identify C[g*] with S(g) as Poisson algebras. Physically,
for the dynamical system on g*, the functions describing physical observables lie in S(g).
This observation provides an effective method for constructing integrable systems. In

addition, it has been used to explain various aspects of soliton equations; see [107].

Poisson vertex algebras offer a natural framework for infinite-dimensional (field-
theoretic) integrable systems; see Section 2. Let L be a Lie conformal algebra with
A-bracket {--} and let Ry be a classical R-matrix of L. Then L carries two A-brackets,
namely {-»-} and {--}r, ; see Section 2.2. Consider the Poisson vertex algebra V := S*(L)
and extend these A-brackets using the Master Formula (5). This yields two A-brackets on
V.

INVOLUTION THEOREM. Let L be a Lie conformal algebra with A-bracket {-)-}, and
let Ry, be a classical R-matrix of L. Define V := S*(L) and let 3(V) denote the center of
V with respect to {--}. Then, for any f,g € 3(V), we have {f\g}r, = 0.

This provides a method to construct Liouville integrable systems. Let V, {-)-},
and {-\-}g, be as in the Involution Theorem. Choose a family of linearly independent
polynomials h, € 3(V), n = 1,2,..., and take the local functionals [h, € V/9V as
Hamiltonians. This construction yields nontrivial integrable systems for the twisted -
bracket {--}r, -

Due to the existence of the Feigin—Frenkel center [57], in the affine vertex algebra

case we obtain the following corollary.

Corollary 1. Let k = —h" be the critical level of the affine vertex algebra V*(g). Write
3(8) € V~""(g) for the Feigin-Frenkel center, and set

V= grf'VFk(g) = S'/(UO(Q))

as Poisson vertex algebras (see Remark 1.1.6). If Ry, is a classical R-matrix for the LCA
vo(g), then for all f, g € grf’3(g) we have

{frg}r, = 0.

Here we give a concrete example. Consider the affine vertex algebra ¥V =2(sly) and the

classical R-matrix of vy(sly) associated with the Borel decomposition (see Definition 2.2.7).
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Applying our construction, one obtains the system

Ao I ge(h? - afe +2ef 4 W+ 2fe"),
it s
de

e dhe(R* +4f'e' + 2ef" + hh'" + 2fe"),
2

where primes denote derivatives with respect to the spatial variable x, and this system is
Liouville integrable. In Example 2.3.5, we show that one solution of this system is related
to the one-soliton solution of KdV. In the same example, we also show that the solutions

of this system are in bijection with the points of CP*'.

Our approach extends the R-matrix method from Lie algebras to vertex algebras; in
suitable special cases, it recovers the classical situation. It admits a geometric interpre-
tation in the spirit of the classical AKS scheme and naturally suggests extensions toward
classical Wh-algebras and the Khesin—Zakharevich Poisson—Lie group [88]. It would also

be interesting to consider the corresponding quantization problem.

In the second part of this thesis, we introduce shifted symplectic structures and de-
scribe PVAs via shifted symplectic geometry. The theory of graded geometry plays an
important role in many areas of mathematics and physics. Differential graded (dg) sym-
plectic manifolds are central to the AKSZ formalism and the Poisson o-model [3]. Within
this framework, one associates a topological field theory to a dg-symplectic manifold; clas-
sical examples include the Poisson o-model and Chern—Simons theory. Graded-geometric
methods also provide a uniform approach to a variety of Poisson—Lie-theoretic structures,
such as Courant algebroids [105] and generalized complex geometry [66], and they are
useful in deformation quantization [77]. In recent years there has been intensive work on
classical r-matrices, graded manifolds, and quasi-Poisson structures [2], as well as twisted
Poisson o-models [33, 72, 71]. Moreover, the relationship between graded manifolds and
PVAs was investigated in Ryo Hayashi’s PhD thesis [68]. The seminal paper of Pantev,
Toén, Vaquié, and Vezzosi on shifted symplectic structures has also profoundly influenced

derived algebraic geometry.!

In earlier work, the author introduced a classical R-matrix for Lie conformal alge-
bras [55], viewed as a chiral analogue of the finite-dimensional classical R-matrix, and
established an algebraic realization of the (modified) classical Yang-Baxter equation in
this conformal setting. In [88], Malikov and Linshaw gave an example of a chiral Pois-
son group. Motivated by these results, it is natural to regard PVAs as a chiralization of
Poisson—Lie theory. In parallel, Etingof and Kazhdan developed a series of papers on the
quantization of Lie bialgebras [53], while Haisheng Li and collaborators have investigated
vertex coalgebras, vertex bialgebras, and quantum vertex algebras [67]. We also note
that in a talk at IHES [100], Pavel Safronov discussed the Courant o-model and chiral
Lie algebroids. From the perspective of Hamiltonian PDE theory, another key motiva-

tion is the quantization of Hamiltonian structures. A notable success in this direction

1Often cited as “PTVV”; see [96].
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via PVAs appeared in Zhe Wang’s recent work [109], which is related to a conjecture
of Dubrovin in symplectic field theory (SFT) [52]. Independently, Bazhanov and col-
laborators developed an alternative quantization approach for the KdV hierarchy and its
Hamiltonian structures—see, for example, [14] on quantum KdV, the quantum inverse-
scattering method, and the Yang—Baxter equation. In [22], A. Buryak studied quantum
KdV and double ramification cycles.

This part of the thesis is inspired by the works of Getzler [64], Liu—Zhang [90],
and Arakawa [4]. For a scheme X, we reinterpret PVA structures on X, as degree-two
functions on the jet of the shifted cotangent bundle T*[1] X, in a way that can be viewed
as a chiral analogue of Schwarz’s equivalence between Poisson manifolds and degree-one
symplectic N-manifolds [102]. Liu and Zhang [90] showed that this framework naturally
accommodates deformations of Hamiltonian structures, notably Miura transformations
(see also [26]). Using the same formalism, Zhang, Liu, and Wang [89] resolved the
Dubrovin—Zhang conjecture [51]. Our viewpoint unifies the Kac Hamiltonian formalism
with the Dubrovin-Zhang variational approach and yields a uniform geometric derivation
of the classical R-matrix for Lie conformal algebras. We refer to this procedure of chiral-

izing classical Lie-theoretic data via the QQP- formalism as @QP-chiralization.

The following theorem is our main result and may be understood as a chiral analogue
of Schwarz’s classification of odd symplectic manifolds [102], the AKSZ QP formalism
[3], and Roytenberg’s graded-symplectic description of Courant algebroids [99].

THEOREM 2 (Correspondence Theorem). Let X be a smooth, reduced, finitely gener-
ated C-scheme, and set Y :=T*[1]X. Then a degree-2 element P € I'(Yy, Oy, )2 defines
a Poisson vertex algebra structure on X (i.e., it makes Ox_ a sheaf of PVAs) if and
only if UP,f P} =0, where |-, -| denotes the Lie bracket on local functionals induced by
the chiral Gerstenhaber bracket; in this case, the \-bracket corresponding to P is skew-
symmetric.

Conversely, any PVA X-bracket on Ox_ determines a unique degree-2 local functional [ P

such that UP, i P] = 0, equivalently, it determines P uniquely modulo total derivatives.

Erample (X = CP'). Let X = CP' with the standard affine cover U; (i = 1,2)
and local coordinates u on U; and v on Us, related by v = 1/u on U; N U,. We restrict
to scalar PVA structures corresponding to differential operators of order at most 3. The

skew-symmetry of the A-bracket implies that on U; any such bracket has the form

1 c
{U)\U} = §(f1)/+f1/\+EA37 flEAUly ceC.
This gives a degree-2 function

P = 1000 + S069 € D(T[1)th, 7.0y,).
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The coordinate change v + v = 1/u induces 6, = —u20,, and requiring P to extend

globally to X leads to the following classification.

(a) If ¢ # 0, then, up to adding total derivatives and rescaling u, the only global scalar

PVA structure of the above form on X is
{uyu} =u' 4+ 2uX+ 1—02)\3,
namely the Virasoro-Magri \-bracket with central charge c.

(b) If ¢ = 0, then every global scalar PVA structure of the above form is given by
{usu} = ¢'(u) v’ + 2q(u) A,

where on an affine chart ¢(u) is a polynomial of degree at most 4, equivalently ¢ €
H°(X,0x(4)), recovering exactly the one-dimensional hydrodynamic-type Hamiltonian

structures on CP!.

On the other hand, starting from Theorem 3.2.6, we derive the Maurer—Cartan equa-
tion for the classical R-matrix of a Lie conformal algebra, as defined in [55]. This may
also be viewed as a chiral version of Drinfel’d’s and Kosmann-Schwarzbach’s results on
classical R-matrices [47, 79].

THEOREM 3. Let (L,0,[-x-]) be a Lie conformal algebra which is a free C[0]-module
of finite rank, and letV := S®(L) be the corresponding free commutative differential algebra
generated by L. We write X, := Spec(V), where we regard X, as the arc space of a
smooth, reduced, finite type scheme X over C (for instance, one may take X = A*, where
¢ = rankcgL). SetY := T*[1]X. Suppose R € Endc(L) satisfies [R,0] = 0. Then the
(modified) classical Yang—Baxter equation for R is equivalent to the statement that the
element

Pr = O {u®yu” tr 05 € A?
satisfies {[ Pr, [ Pp} = 0. (Here _, means: replace A by & and move all 3’s to the right.)
Equivalently, set O := [(Pr — P). Then ©g is a Maurer—Cartan element of the dg Lie
algebra (F, [—, —],dp := [P,—]), i.e. dpOr + :[Or, O] = 0.

Ezample (X = g*). In the affine Kac-Moody Lie conformal algebra case, let V :=
Vi(g). We identify SpecV with g; , where k indicates the level of the A-bracket. In
particular, [55, Corollary 5.6] shows that if (g, (-, -)) is a quadratic Lie algebra and
(g,9+,0) is a Manin triple with respect to (-, - ), then the projection maps give a classical
R-matrix for vg(g). This can be viewed as a chiral counterpart of the classical Manin triple,

compatible with the viewpoint from generalized complex geometry [66].

Remark 4. Another point of view on Theorem 3.3.2 is that the classical R-matrix induces
a BRST charge on the complex F%: Qg := [ Pg satisfies Q% = [Qr, Qr] = 0, so the

derivation dg := [@Qr, —| on Fg squares to zero.
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Motivated by the above formalism and by the works of Ikeda—Xu [72, 71], Voronov
[108], and Gualtieri [66], we reformulate and generalize the notion of a classical R-matrix
as a degree-two function on a shifted manifold and on its jet space, which naturally con-
nects to the Maurer-Cartan equation. This approach extends the definition of classical
r-matrices to Lie conformal algebras [87]. Related aspects of this shifted symplectic
picture of classical r-matrices and Lie conformal algebras are currently being developed

further in joint work with Noriaki Ikeda.

This also motivates our definition of an R-matrix for classical finite W-algebras in
Section 3.2. Using this notion, we apply the Adler-Kostant-Symes scheme to construct an
integrable hierarchy on WE. (sl3, foun) and present several explicit examples of R-matrices.
Motivated by the work of Belavin-Drinfel’d [18], we describe the constant R-deformations
of the subregular classical finite W-algebra WE. (sl3, fou,) in Section 3.3.5, and we also ob-
tain an integrable system whose solutions are of hyperelliptic type. Still in Section 3.2,
as a natural consequence of the () P-chiralization picture, we also define the classical R-
matrix for affine W-algebras; see Definition 3.3.8.

This thesis is organized as follows. In Chapter 1, we recall the definitions of vertex al-
gebras and Poisson vertex algebras. In Chapter 2, we review the connection between
Poisson vertex algebras and integrable hierarchies. In Chapter 2, we collect the results
from the first paper [55], where we define the classical R-matrix of Lie conformal algebras
and its classical (modified) Yang-Baxter equation. We also construct several integrable
hierarchies using an approach analogous to the Adler-Kostant-Symes scheme. Chapter 3
is based on the forthcoming paper “Shifted symplectic structure and Poisson vertex al-
gebras”. In particular, we chiralize the results of Kontsevich and Drinfel’d, respectively.
Moreover, as a consequence of Theorem 3.2.6, we show that our definition of the classical
R-matrix for Lie conformal algebras is a natural chiralization in the sense of Drinfel’d-

Kosmann-Schwarzbach.

Throughout this thesis, we consider a reduced smooth scheme X of finite-type over

the complex numbers C.



CHAPTER 1

Notation and Preliminaries

1. Preliminaries I: Vertex algebras

1.1. Vertex algebras and Lie conformal algebras. In this part we recall the def-

initions of vertex algebras. All concepts can be found in [59], [74], and [81].

A vertex algebra is a vector space V' equipped with a vector |0) (called the vacuum
vector), a linear map
Y(—,2):V — End V[[2*]], a — Y(a,2) = a(z) := Za(n)z_”_l,
nez
and a linear operator T' € EndV. These data are subject to the following axioms:
e (vacuum axiom) Y'(|0), z) = Idy. Foralla € V.Y (a, 2)|0) € V[[2]], Y(a, 2)|0) |.=0=
a.

e (translation axiom) For any a € V,[T,Y (a, z)] = 0,Y (a, z), T|0) = 0.

e (locality axiom) For all a,b € V| Y(a,z), Y (b, z) are locally mutual, i.e., there
exists Ny, in Zwg such that (z — w)™e[Y (a, 2), Y (b,w)] = 0.

Example 1.1.1. Let g be a finite-dimensional Lie algebra with normalized invariant
bilinear form (- | -). The Kac-Moody affinization is defined as g = g[t,t™'] ® CK. The
commutator on g is given by formula: [xt", yt™] = [x, y|t" ™ +n(z | y)0n+moK, [g, K] = 0.
Let k be a complex number. The universal affine vertex algebra associated with g at a level
k is defined as V*(g) = U(9) ®u(gigeck)Cr, where Cy, is the one-dimensional representation
of g[t] ® CK on which g[t] acts trivially and K acts as a multiplication by k. Then V*(g)
has a natural vertex algebra structure [58]. We shall call it the universal affine vertex
algebra associated with g at level k. It is customary to denote the vacuum vector in this

case by vg.

The center 3(V') of a vertex algebra V is a subspace defined by
s(V)={beV]amnb=0VaeV, n>0}.
Equivalently, b in 3(V) if and only if [Y(a, 2),Y (b,w)] =0 for all a € V.
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It is well-known that for the affine vertex algebra V*(g), 3(V*(g)) equals C|0), unless
k = —hY, where h" is the dual Coxeter number of g. Following [69, 57|, the center of
the affine vertex algebra V—""(g) is termed the Feigin-Frenkel center, denoted by 3(g). In
addition, the elements residing in the Feigin-Frenkel center are called the Segal-Sugawara
operators. For the affine vertex algebra V=2(sly), let S = e_1f 1 + f1e_1 + %h,lh,l,
then, 3(sly) = C[T"S | r > 0].

Recall the following definition; see [74].

Definition 1.1.2. A Lie conformal algebra (LCA) is a C[0]-module L endowed with a
C-bilinear A-bracket [-5-] : L ® L — L[A] such that the following properties hold
(Sesquilinearity) [Da b] = —Alaxb], [ax0(b)] = (A + 0)[axb],
(Skewsymmetry) [bya] = —[axsob].
(Jacobi identity) [ax[b.c]] = [[arb]a+,b] + [bularc]] for all a,b,c € L.
For any vertex algebra (V,T,| 0),Y (7, 2)), it is a Lie conformal algebra by “forgetting

the negative products”, i.e., (V,T,Y(?,z)) is a LCA, where for all a € V, we define
Y= (a,2) = 3,50 amz """ and A-bracket defined as [axb] := ), - a(;’!’b)\".

Example 1.1.3. Consider the affine vertex algebra defined in Example 1.1.1. We denote
the vector space spanned by the vacuum vector v, € V¥(g) and zt™.vg, n < —1 as vi(g).
Then (vk(g),Y (—,2),T) has Lie conformal algebra structure. We will refer to the Lie
conformal algebra vy (g) as the affine Lie conformal algebra of Lie algebra g at level k. As
g = sly, let f, h, e be the standard generators of sly. The subspace of vi(sl,) spanned by
U, h_1.vg, e_q1.v; forms a Lie conformal subalgebra of vy (sly).

Let (L1, [a']1,T1) and (L, [-a-]2, T2) be Lie conformal algebras. A linear map ¢ :

Ly — L, is called a Lie conformal algebra homomorphism, if
[T, 0] = 0, @(furvh) = [p(u)rp(v)l2, Yu,v € Ly.

According to [81, Proposition 3.12.1], if (Ly, [-a-]1,71) and (Lg, [-x+]2, T») are Lie con-
formal algebras, then (Ly & Lo, [-x-]1 @ ['a]2, 11 @ T3) is also a Lie conformal algebra.

Following [59], let L be a Lie conformal algebra and denote L(D*) := L ® C((¢)).
Consider the operator 0 := T®1+1d®0, acting on L(D*). Then, Lie(L) := L(D*)/Im(0)
forms a Lie algebra, called the local Lie algebra of L. For all a € L we denote the image
of a ® t" in Lie(L) by ap,. The commutator on Lie(L) is given by:

(1) (@), ] = Y (m) (@) D) -+ k—n)-

n
n>0

Let Lie(L)+ be the completion of the span of all ay,, n > 0. Then, Lie(L); is a Lie
subalgebra of Lie(L) with respect to the Lie bracket defined by (1). Take the affine Lie
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conformal algebra vy (g) as in Example 1.1.3. Then, Lie(vy(g)) is isomorphic to g as Lie

algebras.

By [59, Lemma 16.1.7], given a Lie conformal algebra L, we can construct a vertex
algebra. Consider a Lie conformal algebra L. Let U(L) be the universal enveloping
algebra of Lie(L) and U(L); be the universal enveloping algebra of Lie(L),. Define
Vac(L) := U(L)®ur), C, where C is the trivial one-dimensional representation of Lie(L)..
The vacuum vector is 1 ® 1. For all a € L, the field is defined as Y(aj_1[0),2) =
Y onez @z "1, where [0) := 1 ® 1. For example, let the Lie conformal algebra L be
v(g). Then Vac(L) = V*(g) as vertex algebras.

1.2. Poisson vertex algebras. Now, we define Poisson vertex algebras, which can

be viewed as the classical limit of a vertex algebra.

A Poisson vertex algebra is a quintuple (¥/,0,1,-,{-x-}) such that (¥,0,1,-) is a
commutative associative unital differential algebra and (¥/,0,{-»-}) is a Lie conformal
algebra and such that the A-bracket {-)-} and the associative product “-” satisfies

(1) (left Leibniz rule) {axbc} = {axb}c + b{axc},
(2) (right Leibniz rule) {abyc} = {arioc} b+ {brroc}_a,

where the right arrow and A-bracket are understood as the following. If {a b} = > A a(mb,

neEZy n

when a right arrow appears, that means that A + 0 has to be moved to the right i.e.,

{arxyab} s =20, 2w®(\ 4+ ). If no right arrow appears, the A + d moved to the left,

n!
asin {a_x-ob} =3, 5. (7)‘7;8)71 a(myb. The right Leibniz rule above can be obtained from

the left Leibniz rule and the skewsymmetry, see [12].

Remark 1.1.4. Consider a Lie conformal algebra (L,{-r-},0), let ¥ := S*(L) i.e., the
symmetric algebra of the vector space L. If we extend the A\-bracket by the left and
right Leibniz rule, then the symmetric algebra 7" has a Poisson vertex algebra structure.
According to Proposition 3.8 in the paper [84], we observe that for an affine Lie conformal
algebra v (g), the quotient space Sym'(vi(g)) := Sym(vi(g))/(1 — vx) is also a Poisson
vertex algebra. In this paper, we will call it the modified Poisson vertex algebra obtained

from vy (g).

One obtains the Poisson vertex algebra by taking Li’s filtration. We recap the relevant

details here.

Let V be a vertex algebra and

FPV .= {a%fmfl) @y )b | a' € V,b e Vin; € Zsg,ny +ng+ -+ +n, >ph
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Then,

V=FVOFV> . ((FV=0
p

TFPV ¢ FPHy,
amFV C Frra=n=1y/ for a € FPV,n € Z,
amFV C FPHa="V for a € FPV,n > 0,

and we set FPV =V, for all p < 0. The filtration {FPV} is called the Li filtration of V.
According to [84, Proposition 4.2], the associated graded vector space grf’V :=

D, PV F P*1 has a Poisson vertex algebra structure, as stated in the following theo-

rem.

For a vertex algebra V', the associated graded vector space of V' has a Poisson vertex

algebra structure defined by

(2) op(a) - 04(b) == opq (a(*l)b) )
(3) dop(a) == op1(Ta),
(4) Up<a)(n)0q(b) = Opt+g—n (a(n)b) )

for all @ € FPV, b € F1V, n > 0. Here 0, : FPV — grf'V = FPV/FPT'V denotes the

canonical quotient map.

Let X be a finite type affine scheme i.e., X = Spec R, where R is a finitely generated
unital, associative, commutative C-algebra. The m-jet scheme of X denoted by J,, X is

characterized by the following property: for every unital commutative, associative algebra
A

Homge, (Spec A, J,, X) = Homge, (SpecA[z] /(2™ 1), X).
If m > n, we have a family of projection maps m,, : J,X — J,X. This family of
projection maps yields a projective system {7, JmX }m>n of schemes. We define the
infinite jet scheme J, X of X as J, X := leJmX . Choose the presentation of algebra
Ras R=Clat, 22 - - ,2"]/{f1, fa, -+ fs). Then, J,,X can be realized as follows. Define
variables x{_i), 1=1,2,--- ,m+1 and derivation T on the ring (C[x{_i) li=1,2,--- ,m+
1,j=1,2,--- ,r]. The T acts as

Ty ix{_i_l) for i < m,
x_, .
=0 0 for i =m +1,

Identify 27 and 37{71) here, and let

JnR=C xzf.)|1§i§m+1,1§j§r]/<iji|1§i§s,0§j§m+1>.

2
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Then, J,,X = SpecJ,,R as affine schemes. The infinite jet scheme of X is realized by
taking m — oo,

TR =Clal y[i>1,j>1] (T} | 1<i<5,j20),

)

and J,X = SpecJR.

Given a Poisson algebra, there is a natural way to construct a Poisson vertex algebra.

THEOREM 1.1.5 ([5, Proposition 2.3.1]). Let R be a Poisson algebra with Poisson
bracket {-,-}. Then JxR has a unique Poisson vertex algebra structure called the Poisson

vertex algebra at level 0, such that

{u,v} ifn=0,
0 ifn >0,

u(n)v =

Yu,v € R C JoR. Let g be a Lie algebra and consider the Poisson Lie conformal algebra
structure on C[Jyg*]. Then by taking the Li’s filtration, for allk € C grf'V*(g) = C[J,og"]
as Poisson vertex algebras, where C[Jg*| is equipped with the Poisson vertex algebra
structure at level 0. In particular, at the critical level k = —h", we have grf3(g) C

orf'V*(g) & C[J.g*] as Poisson vertex algebras.

Remark 1.1.6. Using the A-bracket language, the level-0 Poisson vertex algebra on
C[Jxg"] can be described as follows. Let L := vy(g) be the affine Lie conformal alge-
bra at level 0 (see Example 1.1.3). For all u,v € g, the A-bracket is {uyv} = [u,v].
Extend this to S%(vo(g)) and consider the modified Poisson vertex algebra S*(vo(g)) (see
Remark 1.1.4). By the Master Formula (5) and Theorem 1.2.1, we obtain an isomorphism

of Poisson vertex algebras
gtV (g) 2 Sym'(vo(9)).

2. Preliminaries II: Hamiltonian structure and Poisson vertex algebra

In the preceding section, we showed that a Poisson vertex algebra 7 is a differential
algebra with a A-bracket {-y-}. To delve into discussions about Hamiltonian PDEs, we

have to extend the A-bracket to a larger space. We first define this enlarged space.

We now recall the definition of an algebra of differential functions from [12]. An
algebra of differential functions ¥ in the variables {u'};cr is a differential algebra (with

derivation 0) containing the algebra of differential polynomials
Py = (C[ui’" liel, ne ZJJ, ub™ = 0", Il =¢,

as a differential subalgebra. Moreover, ¥ is endowed with linear maps

0

aui,n

YV =Y, 1€l, n€ely,
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which are commuting derivations extending the usual partial derivatives on . The
derivation 0 of &, extends to ¥ and satisfies:

(1) for every f € ¥, we have z2&- = 0 for all but finitely many pairs (i,n) € I x Z,;

ubm
(2) [ 9 8} = 52—, with the convention that ;- = 0 (equivalently, the right-

OQutn

hand side is 0 when n = 0).

For example, &, itself is an example of the algebra of differential functions.

2.1. Hamiltonian PDE and PVA. Now, we recall the connections between Poisson
vertex algebra and integrable hierarchies. We first recall a result in the [12]. Let ¥ be
a PVA. Let 7 := ¥ /07 and let [:7 = ¥ be the quotient map. Then we have the
following well-defined brackets:

1) ¥ xV =7, {[a, [b} = [{axb}rzo,
2) ¥V x ¥V =¥, {[a,b} == {arb}r=o-
Moreover, (1) defines a Lie algebra on #, and (2) defines a representation of the Lie

algebra 7 on ¥ (Here we first set A = 0 and then take the quotient map).

The following theorem extends the A-bracket on a Poisson vertex algebra to an algebra

of differential functions ¥ that contains it.

THEOREM 1.2.1 ([12, Theorem 1.15]). Let ¥ be an algebra of differential functions
in the variables {u'};ec1. For each pair i,j € 1, choose {uiu’} = H;;(\) € ¥[\], then
(1) The Master formula:

5) Bod= Y 04 N () (0 - AP

aujvq uzvp !

i,jel,p,q€l s
defines a A-bracket on V', which satisfies sesquilinearity, the left and right Leibniz
rules, and extends the given A-bracket on the variables u;’s. Conversely, any \-
bracket on the algebra of differential polynomials satisfying these properties is
given by the Master Formula.

(2) This A-bracket is skewsymmetric if skew-symmetry holds for every pair of vari-
ables: {uiui} = —{wu'Yor all 4,j € L.

(8) If this A-bracket is skewsymmetric, then it satisfies the Jacobi identity, provided
the Jacobi identity holds for every triple of variables: {u}{u}u*}}—{u/ {uiu"}} =
{{udu* Yy ?} for all i, j k€ 1.

Given a PVA ¥ and a local functional [ h € ¥, the associated Hamiltonian PDE is
4 — {[ h,u}. The local functional [ h is called the Hamiltonian of this equation. One
views this formation as a generalization of the traditional definition in integrable systems,
see [95]. Let the PVA ¥ be an algebra of differential functions in the variables {u;}es
and the A-bracket is given by the Master Formula (5), then

(1) Hamiltonian PDE: % = { [‘h,u} = H [ h,
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; . s 5
(2) Poisson bracket on ¥: {[ f, [ ¢} = fﬁ-[—[%,

where H is a matrix differential operator H(0) € Mats,?[0] with entries given by
H;;(0) := {ué Al'}_|a=0. Here, the differential operator H(9) is the Poisson structure

associated with the Poisson vertex algebra 7; see [12].

On the basis of the above discussions, we now re-formulate Liouville integrability
of a field-theoretic system in a more rigorous way. For a Hamiltonian system w(x,t) =
{[ h,u}, we say this system is Liouville integrable if [h is contained in an infinite-

dimensional Poisson commutative subalgebra in ¥ with respect to {-,-}.

We give an example here. Consider the Poisson vertex algebra ¥ := Clu,u/,u”, - -]
equipped with a A-bracket {uyu} = . Choosing h = %ui + u?dx, and we recover the

du

KdV equation & = 6ut; + Ugee- The integrability of the KdV equation can be argued

by its bi-Hamiltonian structure, which was first discovered by Faddeev and Zakharov, see
[54].
3. Preliminaries III: Graded Geometry

In this section, we recall some known results about supermanifold and superalgebra.

The main references are

3.1. Graded algebra. We recall the graded manifold and the graded algebra here.
The main references are [30, 31, 97].

Definition 1.3.1. A Z graded vector space V is a direct sum V' = @,

number C. The V;’s are called the component of V' of degree i and the degree of a

V; of complex

homogeneous element a € V' is denoted by |al.

For graded vector spaces V, W the tensor product of them is a graded vector space
prqr Vo @ Wy We can also define
the exterior algebra and the symmetric algebra of a graded vector space V' as follows.

whose degree component r is given by (V @ W), :=

Definition 1.3.2. The symmetric and exterior algebra of a graded vector space V are

defined respectively as

S (V) =T(\V)/I,, \(V):=T(V)/I,,

where T'(V) = ,,-, V" is the tensor algebra of V and I, (vesp. I,) is the two sided ideal
generated by the elements of the form a ® b — (—1)Yb® a (resp. a @b+ (=1)"Flp ® a).
The images of V®" in S*V and A\*V are denoted by S™V and A"V, respectively.

Let V be a graded vector space over C. For an integer n we write V[n| for the
degree-shift of V; explicitly V[n] := @,.,(V[n]); where (V[n]); := Vi 4.
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Definition 1.3.3. A graded Lie algebra (GLA) of degree n is a graded vector space A
endowed with a graded Lie bracket on A[n] such that a bracket can be seen as a degree

Lie bracket on A i.e., as a bilinear operation

(6) {= -} AxA—= Al-n],

such that graded anti-symmetric and graded Jacobi identity holds:
@ {a,0} = —(=1)(eFm 0 3, 0},

(8) {a. {b,c}} = {{a, b}, c} + (=)D {a, c}},

for all homogeneous a, b, c € A.

In particular, a Lie superalgebra g is a special case of a graded Lie algebra whose

bracket has degree 0 [73]. Note that there exists a canonical décalage isomorphism
S*V[1] = A\"V.

Definition 1.3.4. A graded Poisson algebra of degree n or n-Poisson algebra is a triple

(A, o0,{—, —}) consisting of a graded vector space A = @,_, A; endowed with a degree-zero

i€z
graded commutative product and a Lie bracket of degree —n. For homogeneous, a,b,c € A
the bracket satisfies the graded Leibniz rule {a,boc} = {a,b} o c + (—1)Flla+p o {g, c}.
When n = 1, we call such an algebra a Gerstenhaber algebra and the bracket {—, —} is

called Nijenhuis-Schouten bracket. Also, if n = 0, it is the usual graded Poisson algebra.

For the Zs-graded case, one simply says even or odd Poisson algebra. In this situation,

an even Poisson algebra coincides with a Poisson superalgebra.

Example 1.3.5. Let g be a graded Lie algebra of degree 0. Put A := S°g[n| whose
multiplication is the one naturally induced from multiplication induced from the tensor
algebra T*g[n]. The Poisson bracket is specified as follows. On the linear component
Stg[n] it is the suspension of the bracket on g;for homogeneous elements a,b,c € A and

for k£ > 1, we extend it by the graded Leibniz rule
{a,boct = {a, b} oc+ (=11 p o {a,c}.
Hence S*g[n] is an n-Poisson algebra.

Example 1.3.6. Consider Lie superalgebra g = osp(1]2), then S°*g[1] has Gerstenhaber
algebra structure.

By shifting the degree of a Gerstenhaber algebra (V*,{—, —},-), we can reformulate
its definition as that of a graded Lie algebra equipped with a compatible Leibniz rule (see
[80]). In Section 2, we follow the conventions of [51], which are standard in the theory of

integrable systems.

Remark 1.3.7. By shifting the degree of vector space, for a Gershtenhaber algebra
(Ve,{—,—1},"), the graded skew-symmetry and graded Leibniz rule can written as [b, a] =
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(=Dl b] and [c,a - b] = [c,a] - b+ (—1)ld0al+Dg . [c 1], see [51, 64] and [80, Section
3.3.2).

Remark 1.3.8. This shows that the Gerstenhaber algebra is a kind of generalization of

graded Poisson algebra.

In particular, this gives a way to characterize Poisson structure for a finite-dimensional

variety, see Section 1.1.

3.2. Graded manifold. In this section, we recall the graded manifold /scheme here.
The main references are [97, 30, 31], for their connection to vertex algebra and Poisson

vertex algebra, see [4, 86].

Definition 1.3.9. A Z-graded scheme is a pair (X, Ox = @,,c, O%) such that (X, 0%)
is a scheme and Oy is a sheaf of Z-graded O%-algebras (in particular, restriction maps
preserve degrees). There exists an affine open cover X = |JU; with U; = Spec A; and

isomorphisms of graded Oy,-algebras

OX|U¢ = -/B\(—f57
where each B = D, B®Wm is a finitely generated Z-graded, graded-commutative A;-
algebra (i.e. ab = (—1)™"ba for homogeneous a € B b € BO") with BOO = A,

(hence O%

v, = Op,), and each O% is a quasi-coherent O%-module.

Example 1.3.10. Let R"™ = C[z!,22%,---,2",6,,0,,--- ,0,] be a polynomial where
2% i=1,2,---,n are even variables and 6;,7 = 1,2, --- ,n are odd variables, then A™™ =

(Spec(R™™)), R"™) is a quasi-compact affine superscheme of dimension n|m.

Example 1.3.11. A basic example of a graded (and hence super) manifold is the shifted
tangent bundle T[1]X. Let X be a finite-dimensional smooth manifold with local co-
ordinates z*, i = 1,...,n. On T[1]X we use local coordinates (z%,6%), where z* have
degree 0 and ¢ have degree 1 (hence are odd). On an overlapping chart with coordinates
T' = 7'(x), the gluing rules are
_ oz’

Oxd 7

so that the #° transform as the basis dz’ of one-forms. Consequently the algebra of

i =), @

global functions on T[1]X is naturally identified with the graded commutative algebra of
differential forms Q°*(X), where a k-form has degree k.

Similar construction works for cotangent bundle.

Example 1.3.12. Similarly, consider the shifted cotangent bundle Y := T*[1]X. On a
smooth manifold X with local coordinates (z*), we use coordinates (z*,6,) on T*[1].X,

where the z# have degree 0 and the 6, have degree 1. On an overlapping chart with
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coordinates # = #(x), the gluing is given by the degree-preserving maps

ox”
~ i
The coordinate functions generate a graded-commutative algebra I'(Y, Oy ), whose degree-
k part identifies with the space I'(X, A*Tx) of k-vector fields on X. In particular,

it =i"(x), 0, 0,.

D(T*[1]X, Orpix) = T(X,ATx).

Example 1.3.13. [105, Letter 7] Consider the graded cotangent bundle T*[2](T*[1]X)
and let Z := T*[2](T*[1]X). Let (z*,60" 1,,p,) be local coordinates of degree 0, 1,1, 2,
respectively. On an overlapping chart with coordinates # = ##(x), the gluing between

patches is given by the degree-preserving maps

. - ~, 0Tt - 0x”
:CM = :EM(:E)’ 0# = (9:6” ) @Z’u - @ ¢I/a
ox” *xv 0T

Pu= gz P ¥ g omn oae V0
The coordinate functions generate a graded-commutative algebra I'(Z, Oz). In degree 0,
this algebra coincides with I'(X, Ox), and in degree 1 with I'(X, Tx @ T%). This graded
manifold is a basic example in the study of Courant algebroids and is closely related to

the chiral de Rham complex; see for instance [99].



CHAPTER 2

Generalized Adler-Kostant-Symes scheme of Integrability via

vertex algebra

This charpter is based on the paper [55]. We will define the classical R-matrix of
LCA and give the statement of it. On the otherhand, we give the statement of generalized
AKS scheme of integrability and examples.

1. Modified Yang-Baxter equations of Lie conformal algebra

Definition 2.1.1. Let (L, [-y:], T) be a Lie conformal algebra. An R-matrix for the Lie

conformal algebra is a linear map R in EndL that satisfies the following conditions:

1. (L,['a]|r,,T) is a Lie conformal algebra where [-\:], is defined by

L
[urvlr, = [Rp(u)\v] + [uxRp(v)] for all u,v € L.
2. Ry, satisfies
(9) [Ry,T] = 0.
We denote the resulting Lie conformal algebra as Lp, and refer to it as the Rj-twisted

Lie conformal algebra.

Remark 2.1.2. Note that the R-matrix defined in Definition 2.1.1 is the conformal
analogue of the definition of the R-matrix for a Lie algebra, as introduced in [104].
Liberati introduced a different notation for the r-matrix of Lie conformal algebras in [87].

It may be interesting to compare Liberati’s R-matrix with the author’s.

THEOREM 2.1.3. Suppose Ry, € EndL satisfies (9). The following condition is suffi-

cient for Ry to be an R-matriz: there exists e € C such that

(10) [Rr(u)ARL(v)] — Rp([uxv]r, ) + € [uav] =0, Vu,v € L.
In particular, when e =0, equation (10) becomes

(11) [Rp(u)aRi(v)] = Re([uavlr,),  Vu,v €L,

which we call the constant classical Yang—Baxter equation (CCYBE) for L. When € = 1,

equation (10) becomes
(12) [Rr(urRe(v)] = Ro([uavlgr,) = —[uav],  Vu,v €L,

which we call the modified Yang—Baxter equation (mYBE) for L.
18
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PRrROOF. The proof of sesequilinearity and skew-symmetry are straightforward. Hence,
it suffices to verify the Jacobi identity for (L, [-x-]g,, ), given that Ry satisfies (10). For

all a,b,c € L, we have:

(13) axlbuclr,r, = [Br(@)albuclr,] + [ax[RL(b)uRi(e)]] + €ax[buc]]

(14) [bulaxclr,|r, = [Rr(b)ulaxcr,] + [bu[Rr(a)A\RL(c)] + €[bu[axc]]

Thus, by the Jacobi identity of (L, [-x-],d) and equation (10), we obtain:

[ax[buclr,|r, — [bulaxclr,]r,

= [Rr(a)Albuclr,] + [aA[RL(b) RL(c)]] + €elax[buc]] — [Rr(b)ularc]r,] — [bu[Ri(a)rRi(c)]]

[
= [
= [Re(
= [Rr(
= [

[Rr(a)ARr(0)]xiuc] + [[Rr(a)rblaiuRe(0)] + [[aaRr(b)]x+uRr(c)] + €[[arblriuc]
[axb]r, ) a+uc] — €llarblriuc] + [[arblr, y y, RBr(c)] + €[[arblr,c]

Rr([axblry )a+puc] + [[aaRr (D)1, RL(c)]
]

[axb] Ry s Ry -

This completes the proof. 0]

2. Factorization theorems

2.1. Factorization theorem. In this section, we prove the following theorem.

FACTORIZATION THEOREM . Let L be a C[0]-module, Ry, : L — L a homomorphism
of C[0]-modules. The following conditions are equivalent. (i) Ry satisfies the modified
Yang-Baxter equation (mYBE). (ii) There exist conformal subalgebras Ly C L, conformal
ideals .2y C L4, a Lie conformal isomorphism 0 : L, /&, — L_/.%_ and a Lie conformal

algebra isomorphism

O:L=L, (uy,u_)—uy —u_,
such that
(15) (Ry o ®)(us,u-) = us +u.,

where L is defined as

L:={(uy,u-) € Ly & L_ | 6(uz) = u},

which is a Lie conformal subalgebra of Ly & L_. Moreover, Ly = Im(R, £ 1) and
Ly =Ker(Rp F1).

PROOF. Let us show (i) implies (ii). We first show that if R, € End(L) satisfies the
modified Yang-Baxter equation, then defining

(16) Li = (RL + 1)(L), gi = KGI'(RL F 1),

we have:

— elbufarc]]
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(a) (L,[-»:],T) are Lie conformal subalgebras of (L, [-»-],T).

(b) The subspaces .Z; are Lie conformal algebra ideals of (L, [-x-]g,,T) and Ly =
L/Z: as Lie conformal algebras.

(c¢) The subspaces .Z, are Lie conformal algebra ideals of (L, [-x],T).

For (a), equation (12) implies for all u,v € L, we have (R £1)([uyv]) = [(Rr£1)(u)r(Rr £
1)(v)]. This shows that (L, [-a],T) are Lie conformal subalgebras of (L, [-y:],T). More-
over, this also implies that (R; + 1) are Lie conformal algebra homomorphisms from
(L,['x],T) to (Ls,[-»],T). Thus, (b) follows: £, are Lie conformal algebra ideals of
(L, ['a]]r,.T), and we have the isomorphism Ly = L/.Z; as Lie conformal algebras.
Now, we show (c). First, we verify that %2, C L. This follows from the fact that for any
u € Zy, we have (R, F 1)u = 0. Hence, Ry(u) = +u and +u = %(RL + 1)(u) € Ly.
Next, we show that for all v € L, the identity (R;, F 1)[(Rr + 1)uyv] = 0 for all u in Z4
holds. This follows from (R, F1)[(Rx1)vyu] = 0, which is a consequence of the modified
Yang-Baxter equation (12) and Rp(u) = fu for all v in .Z;. The inclusion T.Z; C £,
follows from [T, Ry] = 0, (c¢) holds.

Now, let : L. — Ly/.%: be the quotient map. For any u,v € L., we define

Tu = Tu, {uyv} = {W\0} = Z %A”.
n>0

From (c), we see that (Ly/.Z:, T, {-»-}) form Lie conformal algebras. We claim that the
map 0((R + 1)u) := (R — 1)u for all uw in L is a Lie conformal algebra isomorphism from
(Ly) 2L {23, T) to (L_).2-,{-»-},T). The well-definedness follows directly from (16).
For injectivity, note that the surjective linear map L, — L_/.Z_ given by (R + 1)u
(R, — 1)u has kernel given by elements of the form a = (Ry + 1)u € %, such that
(R, — 1)u € Z_. This is equivalent to (R — 1)a = 0, which means that the kernel of 6
is precisely .Z,. Hence, this map induces a bijection L, /%, ~ L_/% . Next, we verify
that [T,6] = 0. Since [T, R;] = 0 and by the definition of 6, we have

O(T(Ry, + 1)u) = 0(T(Ry, + 1)u = TH((Ry, + 1)u),
Vu € L. By repeatedly applying the mYBE (12),

O([(Rr + Duy Ry +1)o]) = [0((Rr + 1)u))20((RL + 1)v)]

Therefore, we conclude 6 is an isomorphism of conformal algebras. We now prove that
® is a Lie conformal algebra isomorphism. To show that ® is a Lie conformal algebra
isomorphism, we define the map ¥ : L — L, u — (R +1)u, (R, —1)u) for allu € L. By
definition of ®, ¥, we have ®oW¥ = Id,. We now show that Wo® = Id;. Suppose (uy,u_) €
L. By construction there exists a,b € L such that uy = (R + 1)a, u_ = (R, — 1)b.
Since O(uy) = u_, it follows that (R, — 1)b = (R; — 1)a — [ for some | € Z_. By direct
computation, this identity implies (R +1)(uy —u_) = 2uy. Therefore, ¥ o ®(uy,u_) =
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(uy,u_) as required. Next, note that equation (12) implies that for all u,v € L, we
have (R £+ 1)([uyv]) = [(Rr £ 1)(u)A(Rr £ 1)(v)]. Thus, ¥ is a Lie conformal algebra
morphism. Now, we prove (ii) implies (i). Suppose u,v € L. Since ® is a Lie conformal

algebra isomorphism, there exist uy,vy € Ly such that u =u, —u_, v =v; —v_. Then,

we obtain

(17) Ri(u) = Ry, o ®((us,u_)) = uy +u_.

Therefore, it follows that [uyv]g, = 2([usyvs] — [u_yv_]). Thus, we derive
Ry (funvlr, ) = 2Ry ([usy0s] — [u_yo_])

(18) — 2Ry 0 &(([usy0:], [u_yv_]))

= 2((fugpv4] + [u—yo-])).

Now, we observe that

[Rr(u)Re(v)] = Rr(fusv]r,) = [upyoi] = [up o]+ [uyoy] = [uyo] = =[uz],

since u = uy —u_, and v = v, — v_. This confirms that R satisfies the modified Yang-
Baxter equation. Next, we prove the equalities Im(Ry +1) = Ly and Ker(R, F1) = Z4.
Since the two cases are symmetric, it is sufficient to show that Im(R; + 1) = L, and
Ker(Ry, —1) = %,. Let & € L. Then there exists (u;,u_) € L such that ®((u,,u_)) = z.
Applying Ry, to both sides, we obtain

Rp(z) = Rpo®((uy,u_)) =us +u_.

Hence, (R + 1)(z) = Rp(x) + 2 = 2u,. Thus, we conclude that Im(R;, + 1) C L,. To
show the reverse inclusion, L, C Im(R; + 1), let x € L,. Since ® is an isomorphism,
there exists (uy,u_) € L such that z = ®((uy,u_)) € L. By the equation (15), we have
uy = 2(Rp+1)x € Ly. Thus, uy € Im(Ry+1), which completes the proof. We now show
that £, = Ker(R,—1). Let € Z,. Then x € L. By arguments above, z € Im(R+1).
Suppose = (R +1)(y) for some y € L. Since ® is an isomorphism, there exists uy € Ly
such that y = ®(uy,u_). We have

(R =Dz = (R, —1)o (R + 1)y
= (R —1)o(Rp+1)0®((uy,u))
=0.

Thus, x € Ker(R; — 1), proving the inclusion %, C Ker(R; — 1). Conversely, suppose
z € Ker(Ry, — 1), i.e., Ry(z) = . Since ® is an isomorphism, there exists (uy,u_) € L
such that z = ®((uy,u_)). By the equation (15),

0=P((ug,u_)) — Rpo®P((ug,u_)) =—2u_.

Since @ is an isomorphism, z = ®((uy,0)). It follows from the definition of 6 that
6(z) = 0. Since 6 is an isomorphism, z € Z;. We conclude that Ker(R, — 1) = £Z,.
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Thus, Ker(R, — 1) = Z,. A similarly argument shows that L_ = Im(R;, — 1) and
Z_ =Ker(R, +1). O

Corollary 2.2.1. Let L be a Lie conformal algebra and suppose L = L; @ Ly as C[0]-
modules, where L; and Ly are Lie conformal subalgebras of L. Define the operator
Ry € EndL, by Rp(u) = uy — ug for u = uy 4+ uy where uq, us € L.

PROOF. Set Ly = L, =L; and L_ = L_ = Ly in the Factorization Theorem. Then,
L./ % =L /% ={0}. Thus, R defined in the above satisfies the mYBE (12). O

2.2. Comparison of the classical R-matrices of Lie algebras and LCA. In this
subsection, we explain the connection between the classical R-matrix of Lie algebras and
the classical R-matrix of Lie conformal algebras. For convenience, we adopt the A-bracket

notation. In particular, we introduce the following definition.

Definition 2.2.2. Let L be a Lie conformal algebra with A-bracket {-\-}, and Ry be a
classical R-matrix of Lie conformal algebra L. According to the above discussions, the
R-matrix Rj gives another A-bracket structure on the vector space L. We denote this
new A-bracket by {-A-}r, and refer to it as the A-bracket twisted by the R-matrix Ry..

Let g be a finite-dimensional Lie algebra of dimension ¢ and let u',u?, - -, u’ be its
basis. Consider the affine Lie conformal algebra vy(g) at level 0 equipped with the A-
bracket {-y-} and its C-vector subspace vy(g)o = Spanc{u’ | i =1,2,--- ,dimg}. Restrict
{*x} to vo(g)o. Then in this case we have for all a,b € vo(g)o, {arb} = [a,b]. This
defines a Lie algebra structure on vy(g)o. Moreover, (vo(g)o, {-r*}res) = (g, [, :]) as Lie
algebras. Suppose Ry € End(uvo(g)) and Rr(vo(g)o) € vo(g)o,. Then if Ry is a solution
of the classical or modified Yang-Baxter equations of Lie conformal algebra vy(g), it also
satisfies the classical or modified Yang-Baxter equation of Lie algebra (vo(g)o, [, |res)-
Hence, the classical R-matrix of Lie conformal algebra may viewed as a generalization of

classical R-matrix of Lie algebra.

2.3. Examples of the classical R-matrix. In this section, we present two examples
of the classical R-matrix for the vy (g) obtained from the universal affine vertex algebras
V*(g). Specifically, we calculate A\-brackets {-\-} g, on the generators for v;(g)r, obtained
from the Borel and Iwasawa decompositions of g. Corollary 2.2.1 leads us to an effective

way of constructing the classical R-matrix for vy (g).

Let g be a finite-dimensional Lie algebra admitting a decomposition g = a @ b i.e.,
g = adb as vector space and a, b are Lie subalgebras of g. Also, suppose b is an isotropic
subalgebra of g. Consider the affine Lie conformal algebra (vi(g),[-x:],T). As a vector
space, vg(g) can be decomposed as vi(g) = vg(a) @ v;,(b), where v}, (b) := Spanc{zt™.vy |
z € b,n < —1}. Furthermore, (v},(b),[-a],T) forms a Lie conformal subalgebra of vg(g).

This motivates the following theorem.
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THEOREM 2.2.3. Let g be a finite-dimensional Lie algebra with an ad-invariant non-
degenerate, bilinear form (| ). Suppose g has a Lie algebra decomposition g = a®b, where
b is an isotropic subalgebra of g w.r.t. (| ). Let Ry := 3(Py — P_), where Py, P_ are the
projection operators from vg(g) to vi(a) and vy (b), respectively. Then Ry is a classical
R-matriz of Lie conformal algebra vg(g). Following Lie bialgebra’s terminology, we refer
to the R-matrix obtained in this way as the factorizable R-matrix of the Lie conformal

algebra.

Remark 2.2.4. In the case of Theorem 2.2.3, we have L, = v(a), L_ = v(b), L =
{0}, and @ is a map from L to L that sends (up,u_) to uy — u_.

Remark 2.2.5. Let g be a finite-dimensional Lie algebra with a Lie algebra decompo-
sition g = a @ b, consider the affine Lie conformal algebra vy(g). Then, vo(g) admits a
Lie conformal algebra decomposition vy(g) = vo(a) & v}(b), where both vg(a), v{(b) are
Lie conformal subalgebras of vy(g). It follows from Factorization Theorem, and above
discussion that for any Lie algebra decomposition g = a & b, there exists an associated
factorizable R-matrix for the level 0 Lie conformal algebra of g. In this case, we simply

say that Ry is an R-matrix associated with Lie algebra decomposition a & b.

Recall a finite-dimensional Manin triple, which is a triple of finite-dimensional Lie

algebras (g,g.,9_), where g has an invariant bilinear form ( | ) such that

i. g =g+ & g_ where g4 are Lie subalgebras of g.

ii. g4 and g_ are isotropic subspaces of g with respect to the bilinear form ( | ).

This immediately leads to the following corollary, which is similar to Corollary 2.2.5 but

applies at nonzero levels.

Corollary 2.2.6. Let (g,9+,9-) be a finite-dimensional Manin triple equipped with an
invariant bilinear form ( | ). Then the affine Lie conformal algebra vy (g) admits a C[0]-
module factorization: wvg(g) = vi(gs) ® vi(g-). Furthermore, vi(g) has a factorizable
R-matrix Ry := %(P+ — P_), where P, P_ are the projection operators from vg(g) to

vk(g+) and vy (g-), respectively.

Definition 2.2.7. Let R;, be an R-matrix of Lie conformal algebra vy(g) obtained by
Theorem 2.2.3. Then, we say the Ry is an R-matrix of v(g) associated with the Lie

algebra decomposition a @ b.

Now, we adopt the following notations. Let g be a semi-simple Lie algebra with a
bilinear, non-degenerate, ad-invaraint form (-, -) and b be its Cartan subalgebra. The root
space decomposition of g given by

g:h@@ga, go :={y €9:[r,y] = ax)y for all x € b},
aEA

where A denotes the set of roots of g. Let II := {ay,aq,..., .} be the set of simple

roots of g, where r = dimbh. Also, we let A, A_ be the sets of positive roots, and
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negative roots of g, respectively. Then the triangle decomposition of g can be written as
g=n_Dhdn. =n_@b, where np = Boen, 9o and b := h @ n, is called the Borel
subalgera of g. Since dim g, = 1, one chooses a non-zero element e* in g, for all a in A,

and h' € b, i =1,2,--- ,r, as generators of the Lie algebra g.

2.4. Example: Borel decomposition. Consider the Borel decomposition of a finite-
dimensional Lie algebra g rank r, g = b @& n_ with dimny = n and the R-matrix R
associated with it. The corresponding Lie conformal algebra factorization is vi(g) =
vk(b) @ v (n_), where

vp(b) = Spanc{vg, TPh' | v, TPe™ v |i=1,2,...,r, j=1,2,...,n,p > 1},
and
v, (n_) = Spanc{T?e vy, | i=1,2,...,n,p > 1}.

For convenience, we may also denote e_{".vg, h{l.vk, et upby e W e Vi=1,2,--- n, j=
1,2,---,r. Let L :=v(g)g,. The commutators of the local Lie algebra Lie(L) are com-
puted as follows. Using the identities,
a; L Qa; 1 )
RL(G 12 ’Uk> = __ffl Vg, RL(h 1- Uk) = §hj_1.vk, RL(e_ll.’uk) = 5671.1}]6,
for all i = 1,2,...n,j = 1,2,...r. Hence, the operators Y (—,z) read: for all i =
1,2,...,nand j=1,2...,r,

. 1o e 1 | o
YRL(eflz'UkVZ) = Z(_§€(n)z +€(n)zRL)Z " 17 YRL(h]fl'van) :Z<§hzn)+h€n)RL>Z " 1a

n>0 n>0
. 1o
n>0

By formula (1), we have for all i,5 =1,2,...,n,p,¢q=1,2,...,r, and m, k € Z,

e’ €0 1re = [’ €], (e’ Blre =0, lefu’s epilre =0,
P q _ q V4 (63 V4 @

Py P e, = iy Mg [y €l e = Ry €5,

(€ [k]]RL = [e", €™ ] pmrn) + m(e®, €%) K-

The calculations in Example 2.4 show the following statement.

THEOREM 2.2.8. For a semi-simple Lie algebra g with triangle decomposition g =
n_®hdny, let Ry be the R-matrix associated with the Borel decomposition g =n_ @ b.

Denote the universal enveloping vertex algebra of the Rp-twisted Lie conformal algebra
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vr(@)r, by V*(g)r,. Then, generators of fields in V*(g)r, have the following OPEs,
e e Y ](w) (%, e%)K

g (<)o () e — 2T i R, ) ~ 0, €5 (2)ef ) 0.
(h?, ht) K a;(hP)e (w) (kP e™) K

p q -~ p o~

hh, (2)hd, (w) B Wy, (2)e, (w) c—w T Gowp

o e e ew) (e e K

eRL (Z)GRL(M) ~ s —w + ( )2

If we use the \-bracket,

e ne™]r, = [e7™, 7] — (e, V)N, [em"a\hPlR, = 0, [e7"xe% R, =0,

[hp)\hq]RL = (hp, hq)KA, [hp)\eaj]RL = Oéj(hp>€aj + (hp, €aj)K/\,
[e¥i\e]r, = [e¥,e] + (e™, e ) K\,

foralli,j=1,2,....,nandp,q=1,2,...,r.

Similarly to the case of Borel decomposition 2.4.

Example 2.2.9 (Iwasawa decomposition). Let gg be a real semisimple Lie algebra and
let 8 be a Cartan involution. Let gy = €@ p be the corresponding Cartan decomposition.
Choose a maximal abelian subspace ay C py and let ¥ C af be the restricted root system.

Fix a positive system X7 and set

(go)r ={X € g0 | [H,X]=AH)X VH € ap}, o = @ (80), bo := ag @ ny.

Aext
Then go = € @ ag ® nyg = €, & by as a vector space, where qa; is abelian, ny is nilpotent,
and by is a solvable Lie subalgebra. Let L = vg(go) and define Ry, = (P, — P,,) using
the projections associated with gy = €y & by.
In this s, (C) case, we get & = s0,(C). Let A;;, H;, N;;, be the basis of &, ag, no,
respectively. Apply Thorem 2.2.3, we get an R-matrix, which gives the following relation

Ri(A;) = %Aij; R.(H;) = —%Hz‘, R (N;y) = _%Nij-

Therefore, take the universal enveloping vertex algebra we find the following OPEs.

AR»L(z) ARL<w) N dipAu(w) — 050 Ai(w) — i Aji(w) + 0y Ajr(w)
1] kl »—w )
ARE(2) HYF(w) ~ 0, ARH(2) N (w) ~ 0,
Hy(2) Hit (w) ~ 0,

. (Gip = Oipt1 — Ojp + 0jp11) Nij(w)
Hf‘L (2) N (w) ~ — ;

zZ— W
5-kN,~l(w) — 511‘Nk‘(w)
NEE(2) N (w) ~ — S

In particular, in the sl case (so A := Ao, H := Hy, N := Ny3),

ABE(2) ARE(w) ~ 0, HE(2) HR (w) ~ 0, AR (2)HEE (w) ~ 0, AR (Z)NBL (w) ~ 0,
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and NE
2 L
HP ()N () ~o — 2200 e () N (1) 0,
Z— W

3. Generalized AKS Scheme

In this section, we present and prove the generalized AKS scheme. To aid our dis-
cussion, we begin by fixing some notation here. Throughout this section and the next,
we consider the Poisson vertex algebra constructed as follows. Let L be a Lie conformal
algebra with A-bracket {-)-}, and suppose L is free as a C[0]-module. Let the Poisson
vertex algebra V := S°(L) be equipped with the A-bracket {-)-} and extended via the
Master formula (5). Let Ry be an R-matrix of L, and define the A-bracket {--}r, as the
A-bracket twisted by Rp. Extend {-\-}r, to V via the Master formula and denote the
resulting Poisson vertex algebra by Vg,. In this setup, we say that the Poisson vertex
algebra V has A-bracket structures {-,-} and {-, -}z, .

By the definition of an R-matrix, we have the following lemma.

Lemma 2.3.1. Consider a Lie conformal algebra L, and let Ry be an R-matriz of L. For
all elements a,b € L, the identity {axb}r, = {Rr(a)\b} + {axR.(b)} holds.

The following remark is useful for proving the involution theorem and its proof is

straightforward.
Remark 2.3.2. Let [ :={1,2,--- ,n} be an index set. For all k,{ € I, r € Z,,
[T gut ), = {u gu s (A — ), Lot} = (94 A {0}

INVOLUTION THEOREM. Let V be a Poisson vertex algebra with A-brackets{-,-} and
{*x'}r,. In addition, suppose V is an algebra of differential functions in the variables
{u;}ier, where I = {1,2,--- n} is an index set. Then Vf, g € V, identity

i of 9g
(19)  {hgtr, = DO _{Rulu)rg}(=A —0)

PELy q€Ly

holds. Let 3(V) be the A-bracket center of V with respect to the A-bracket {-)-}, then for
all f,9.€3(V), {frg}r. =0.

(0 + N AARL(u)},

PROOF OF INVOLUTION THEOREM. In this proof, we use the Einstein convention for
the indices in /. By Lemma 2.3.1, we have for all f,g € V, {fag}r, = (¥) + (¥x), where

9g i j of
0= 2 Gua @+ {0} (0= 55,
D€Ly
and 9 of
(%) = Z 8157‘1 (04 ) {u§+8RL (“J) }_> (=0 - >‘>paui,p'

P,qE€L+
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To prove (19), it suffices to verify that

of g

() = S ARLWIGHA — OP o and (x) = 3 00 (04 N fuRu()}.

PEZ qEZy

Suppose Ry (u') = 3,5 i ~ubT. Then, by Remark 2.3.2,
of
=Y Y e kraquA {ub g’} ( —0 = Ao
P,q€ELy €Ly
By the Master formula,
of
Z {RL /\g} uzp Z Z kra ]q a + )\ {UAH?“J} —0 — )\) oui-p -
PEZL 4 P,q€EZLy €Ly
Similarly, one can show that (xx) = quz+ 729 (0 + N frRr(u)}. Consequently,
of dg . i
(hobe, = () + 0en) = 3 (R gl (A — 0P 4 5 0 4 njof ().
u El
PpELy q€Zy

In particular, for f, g € grf'(3(g)), it follows that {f\g}r, = 0. O

Let g be a finite-dimensional Lie algebra equipped with a non-degenerate, ad-invariant
bilinear form (-, -). Consider the affine Kac-Moody vertex algebra V*(g) of g at the crit-
ical level K = —h", where h" is the dual Coxeter number of g. By Theorem 1.1.5 and

Remark 1.1.6, we have
gr"5(3) C gtV (g) = ClJwg’] = S*(v0(g))-
Hence, in this case, we have the following integrability scheme.

THEOREM 2.3.3 (Generalized AKS theorem). Let g be a simple Lie algebra with a
non-degenerate, ad-invariant bilinear form (-,-). Consider the affine Kac-Moody vertex
algebra V¥(g) of g at the critical level k = —h", where hY is the dual Cozeter number of g.
Let V := grf'Vk(g) and let Ry be a classical R-matriz of vo(g). Then the Poisson vertex
algebra V possesses two \-bracket structures {-x-} and {-x-}r,. Let h,, € gr3(g), where
n € Zy. Then, the sequence of functionals [ h, € V/OV, n € Z satisfies { [ hy, [ hm}r, =
0. This gives rise to a Hamiltonian system zl% = {[ hp,u'}, where i =1,2,...,dimg
andn € Zy.

PRrooOF. This scheme follows from the involution theorem, Theorem 1.1.5, and Remark
1.1.6. 0

3.1. Classical and generalized AKS scheme. We show that in a special case, the
generalized AKS scheme for the affine Lie conformal algebra reduces to the classical AKS
scheme for Lie algebras. Let g be a finite-dimensional Lie algebra with a non-degenerate,
ad-invariant bilinear form (-,-). Suppose g has a basis u’, i = 1,2,...¢, where { = dim g.
Now, consider the affine Lie conformal algebra wvg(g) with A-bracket {-\-}. Using the

notations from Section 2.2, the A-bracket on wy(g) naturally endows the vector space
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vo(@)o a Lie algebra structure denoted by {-, - },es. Then, (vo(8)o,{, }res) = (85,{, }) as
Poisson varieties, where the right hand side is viewed as a Poisson variety equipped with
the Kirillov-Kostant-Souriau (KKS) Poisson bracket. Thus, all results from the classical
AKS scheme can be recovered through the generalized AKS scheme.

3.2. Applications. In this section, we provide several examples of our scheme. In
particular, we find systems of PDEs, ODEs, and their Poisson structures associated with
Poisson vertex algebras Sym’(vy(sly)) and Sym’(vg(sl3)). For convenience, we introduce
the following definitions.

Definition 2.3.4. Let v(g) be an affine Lie conformal algebra, let Ry be a classical
R-matrix for vg(g), and let S*(vx(g)) denote the Poisson vertex algebra whose A-bracket
is the Master-Formula extension of the A-bracket of vi(g). As discussed in Section 3,
S*(vk(g)) carries two A-brackets, namely {-x-} and {-x-}r,. Set V := S*(v4(g)); it inherits
these two A-brackets from S®(vg(g)). We denote by Hg, (0) the Poisson structure on V

corresponding to {--}r,, and we write Vg, for V endowed with this bracket.

In the following, we consider the affine vertex algebras at level 0. Using the same
notations as in Definition 2.3.4, consider an affine Lie conformal algebra vy(g). Due to
Remark 2.2.5, any Lie algebra factorization g = a & b gives an R-matrix. For simplicity,
we will refer to the Poisson structure Hg, (0) on Vg, as the Poisson structure associated
with decomposition a & b. Recall that in Examples 2.4 and 2.2.9, we have denoted the
basis elements of vg(g) by e %".vg, h! .y, € v, In the following examples, we write
fis hj,e; for the images of f; := eZ1"- vy, h; := h?,- v, and e; := - v; in the modified

Poisson vertex algebra S*(vy(g)), respectively.

Example 2.3.5. By the data we computed in Example 2.4, the Poisson structure associ-

0o 0 0
ated with the Borel decomposition of sl is Hg, () = |0 0  2e| . Take [h, = [ S,
0 —2¢ 0
then the first equation of our hierarchy is ;—é =0, C‘lj—g = 4ef, 5761 = —2¢h. This system
admits a special solution: f =1, h = tlﬁ’ e = —i(ﬁ)% where C' is an integration

constant.

Example 2.3.6. Use the Iwasawa decomposition for sly(C) as we calculated in Exam-
ple 2.2.9. Then H;;(9) = {ujo4rtii}|rzo and u; = {[ h,u} = H(9) £ [ h. The R-matrix

gives the following Hamiltonian operator (in the ordered variables (f, h,e)):
0 —2¢ 0

Hg, (0)= |2 0 2e
0 —2 0
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Here in the case of sl,(C) we set A := f —e, H :=h, N :=e. Let C = {h* + 2fe (the
quadratic Casimir polynomial) and set [ h, := [ C™ (n > 1). The first flow (¢;-flow) is

ft, = —2he, hy, = de(f +e), ey, = —2he.
In particular (f —e);; =0, so write ¢ := f — e and put £ := f + ¢, n:= h. Then

Go=-2(E—0c), m=2E-0), and (€+n), =0.

Thus &2 + n? = r? is conserved and the system is solvable by quadrature.

Example 2.3.7. Take the same Poisson structure as in Example 2.3.5. Let f h, =

[SsSs (") n=1,2,---, in particular, note that n = 1 gives a trivial flow. The second flow
is,

d, dh

af =0, — = —8fe(hW* +4f'¢ + 2¢f" + hh" + 2fc"),
(20) dto dt,

d

f — dhe(R” + Af'e + 2ef" + hh" + 2fe").

2

This system may be viewed as infinitely many integrable systems parameterized by to-

independent function f. For example, let f := %, then our system is equivalent to system,

j—t}: — —e(h”® + hh'" + ie”), j—z — 4he(h” + hh" + ie").
Take f =0, then we may choose h = }l, and our equations deduce to
(21) 5—2 =ec”.
We seek a traveling wave solution of (21) with form f(§) = f(x + cty). Plugging ansatz
f(§) into (21), separating variables and integrating, we obtain that cln f — A = g—é, where
A is an integration constant. Setting A := 0, and integrating it once more, we obtain that
&+ & = 1Ei(In f), where Ei(z) is the exponential integral, i.e., Ei(z) := — [~ 6—;tdt, see

[65] and [13]. The function Ei(z) is a higher transcendental function [13], see also [110].

Also, we seek a traveling solution for the system (20) in full generality. Note,

1
W+ 4f¢ + 2ef" + hh' + 2fe" = §a§h2 + 202 fe,

daf
dts

e(z,ty), then the system (20) is equivalent to
dé dn

— = — o lio 1 i 2l 1
i 4C(w)n(9$(2h + 20(1’)77), i, —4£n3x(2h + 20(1’)77)-

and C(z). Let £(z,t9) == h(x,ta), n(z,ta) :=

0, hence we may suppose f(z,ts) =
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Therefore, E( 1€241C(x)n) = 0. This means that quantity $£243C/(x)n is a first integral

of system (23). Let $B(z)? := 1% + 1C(z)n, then
ag

(22) o = 2B ) = ~AB@))ax B + 2B(o)ur’
(23) (G0 = A€ (B, = 4B R (Bla) = Ol
From equation (23), we find

(24) S = 2(Ba)? — Ca) (Bla) )

Separating variables and integrating (24) once, we have [ 277\/%0(‘%)”@7 = [(B(x)?)dts.

This gives that —F tanh_l[—W] = (B(x)?)zta + (), where ¢(z) is a function that

only depends on x. Therefore, by rescaling the integration constant,

n(x, ty) = i(( ))s h2[ B(B2)$;rt2 +c(x)] = i(%) sech?o,

where ¢ = —B(B?),,t2 + c(z). Using formula 1 B(z)? := $£2 4 1C(2)n, we find {(x, t5) =
B(z) tanh ¢. Choose ¢(z) = ix where c is a real number, B(z) = 22
m)Q, then

5.’36(}h2 \/_

is coincident with the KdV one soliton. Also, in this case, {(z, ty) = B(x) tanh (‘/TE(x — cta)).

Rewrite equation (22) as

(z — 0)%, where

xg is a constant, and C(z) = 75

(25) n(x,ty) = (x — ctg)

e
& = B@)e = Fla),

where E(z) := 2(B(2)%)se, F(z) := 2(B(2)%)..B(z)?>. We obtain a Ricatti equation

whose coefficients depend on the parameter x. Hence, equation (26) can be linearized:

(26)

let 7(t3) be a function satisfying &(tg) = Ix) ;108 7(t2). Then, the equation (26) is
equivalent to

d*r
(27) i P(z)*r =0,

where P(x) = 2(B(z)?)..B(x). Take two linearly independent solution of equation (27),
say 71(z,t9) = exp (—c(z) + P(z)ts) and m(x,ts) = exp (c(x) — P(x)ty), where ¢(x) is an
arbitrary function that only depends on variable . We see all solutions of (27) have form
7(z,ty) = cre¢@HP@12 4 o) ec@)=P@)t2 for some ¢1,cy € C. This means all solutions of
(26) have form / /
£, ty) = _El o7 (ta) + 027'2(t2)’

(x) 111 (te) + coa(ta)
where /’s are derivative with respect to the variable ¢5. Since this solution is completely

determined by the ratio of ¢1, ¢p, we may identify them with points on CP'. Note that by
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the choice of B(x), E(x) = —%. Hence,
B P t5) — co P " . C
E(z,ty) = — (z) e P(x)71(t2) — caP(2)7a(t2) _ B) =4 ¥ e

P(x) a1t (te) — cama(ts) cre ¢ 4 coet

where ¢ := ¢(x) — P(x)ty. Note that as [¢; : ¢o] = [1: 1], £(z,t2) = B(z) tanh {. Therefore,
by identity £ B(z)? := 12+ 1C(2)n, n(z,ts) = C((x)) sechC. Let ¢ € R, choose c(z) := ¥%¢

1

3

B(z) = (—) c2(x—x0)3, where zq is a constant. We find 5(x, t5) = —SeChQ( (x— CtQ))

We see this solution is the same as equation (25).

Example 2.3.8. Take the same Poisson structure as in Example 2.3.6. Let [ h,
fSS("), n = 1,2,..., in particular, note that n = 1 gives a trivial system. The second

system, i.e., n = 2, is

d

d{ (f_ )(th+4f16/+2€f”+hh”+2f€”),
2

dh

% = _4(f_e)(f+€><h/2 —i—4flel+2€f”+hh”+2f€”),
2

d

f = 2h(f—6)(h'2—i—4f’e’+26f”—i—hh"—i—2fe").
2

Observing this system, we see the first and third equations guarantee that f — e is a first

integral. Therefore, we may put f —e = C(z). Let

(28) f(l’,t2> = h(]}, t2)7 77(557152) = f<x7t2) + €($,t2),

and note h'® + 4f'e’ + 2ef” + hh'" + 2fe" = 9%(3h? + 2fe). In addition, Equation (28)

implies 2fe = %772 — %C’ (x)2. Hence, our system is equivalent to

d§ 2l 1o 1 2y dn ol 1o 1 2
E = —aCGE + i - 3O, T 0@)@(25 b on = 0@
This implies that f;—é = nd” and hence I( 262 4+ In?) = 0. Namely, %52 + %772 is a

first integral. Let $&2 + 1n? = 1 A(x)?, then dg —40( ) Pran, ;777 = 4C(z) Py, where
P(z) := 1 A(z)* — 1C(2)% Note that if A(z ) = C(:U), we get trivial equation. Hence, we

may suppose A(z) # C(x). The identity $&? + 37n° = $A(x)? gives

d
(29) K 4@ P AT - €

dts
Use separation of variables and integrate (29) once. We find f \/W = —4C(x) Py, f dts.
Therefore, tanfl(#) = —4C () Py (ta + Co(z)), where (y(x) does not depend on

A(x)?
t2. Let ¢($,t2> = —40( ) mx(t2 + C()) then
A(z)tany) A(z)tany

(30) E(x,te) = N i A(x)siny.

Using the identity $£2 4 $n° = 3 A(x)?, we find n(x,t;) = A(z) cost. One writes solution
(30) in terms of a traveling wave solution. To do this, suppose A(z) and —4C(x)P,, =

a are constants with respect to both x,t5. Since A(z) is a constant with respect to
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the variable z, —4C(z)P,, = —40(95)5%(%%12 —1C0(x)?) = 20<x)62§‘x(2z)2 = «. Choose
C(z) = @(w — 10)5 and (o(x) = £, then we have {(7,t3) = Asin(x + aty), n(z,tz) =

Acos(z + aty).

Now, we present several Hamiltonian equations associated with the Lie algebra slj,
derived from our integrability scheme.

Example 2.3.9. The Poisson structure associated with the Borel decomposition of sl3 is

0 f3 0 O 0 0 0 0
—f3 00 O 0 0 0 O
0O 0 0 O 0 0 0 O
0O 0 0 O 0 2 —
Hp, (0) = S
0O 0 0 O 0 —er 2e e3
0 0 0 —2¢ e 0 e O
0 0 O €9 —262 —€3 0 0
| 0 0 0 —es —e3 O 0 0]
Let S be the quadratic Sugawara operator of sly and [ h, = [ ST, then the first system
is given by
d, d d dh
diti = —2f3eq, d_f = 2 f3e1, d_ﬁ =0, %11 = —4fie1 + 2faeq — 2f3e3,
dh de
Elz = 2f1e1 — 2fae3 — 2 f3e3, d_tll = 2hye; — 2 fres,
dey 2 des
dt 3( 162 + haea + 3 fre3), dt, (h1 + hy)es

Take the cubic Sugawara operator Sy of sl and [ h, = [ S%, the first system is a system
of ODEs that takes the form

% = %fg (2h1es + haes — 3 fre3) % = fs(her + faes), Z—ﬁ =0,

Ccil_iflll - %<—f2(2h1 +ha)es + fs(=h1 + ha)es = 3f1(2mer + faes)),

dhy 1

= §(f2(2h1 + hy)ey + f3(—hy + hy)es + 3f1(hiey — hyes)),

Z_Z - % (Wer + 6163 — Bfaeren + fohaes +3fser(—hi + 2ha + e3) + 2 (hoer + foes)),
des 1

% = 5(—}1%62 + 62(—}13 — 9f1€1 —+ 3f2€2) -+ 3f3€2(3h1 — 3h2 — 263) + h1<—4h2€2 + 9f1€3)),
1

de 1
d_t3 = g(hf — h3 + 3fa(hy + ha) + 3fie1 — 3faez)es.
1
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Example 2.3.10. By the computations in Example 2.2.9, the Poisson structure associ-

ated with the Iwasawa decomposition of sl3 is:

dfy

dty

dfs
dtq

dfs

dt,
dhy

dtq

dhs

dtq

d€1

dty
d€2

dty
d€3

dt,

= 3e1e5 — e1h] — 2e1hihy + eses(hy — ha) — eafs(2h1 + ha) + 3esfifs — 3esfaha,

= —3eley — erez(hy — hy) — ey fs(hy + 2ha) + 2exhihy + eahl — 3es fihy — 3es fafs,

0 J3 e2 — fo
—/3 0 Ji—e
fo—ex e1— fi 0
2e;q —e9 €3
Hr, (9) —ey 264 €3
0 es 0
—es 0
0 0 0

—2e;
€2
—e5
0
0
—2e
€2

€1
—2ey
—eg
0
0
€1
—2ey

0
261

€3

0
262

€3

= —3eiea(hy + hy) + €1 fa(hy + 2h) + eaf1(2h1 + ha) — 3esfi + 3esfy — eshi + ezh3,

= 2eThy + deThy + 3ejeqes + 3ereafs + Geresfa + 261 fihy + dey fihy

+ 263}11 -+ 63}12 — 3€2€3f1 -+ 2€2f2h1 + €2f2h2 + 6%(}11 - h2)

+ 3esfifo + esfz(hy — ha),

= —eThy — 2€3hy + 3ereses + 3eieafz — 3eresfo — e1fihy — 261 fihy

— 463}11 — 263}12 + 6€2€3f1 — 4€2f2h1 — 2€2f2h2 + 63(}11 — hQ)

+ 3esfifo + esfz(hy — ha),

= 3€1€2f2 — elhf — 2€1h1h2 — 6263(2h1 + h2> + 3€§f1 — €3f2(2h1 + hg),

—3ereafi — erez(hy + 2ho) + 2eahihy + eahs — 3e3fa — esfi(h1 + 2ha),

—3eresfi + 3eaesfo — ezhi + eshs.



CHAPTER 3
Shifted symplectic structures and Poisson vertex algebras

In this chapter, we introduce the language of graded geometry in order to describe

the classical R-matrix for Lie conformal algebras.

1. Graded conformal algebra

In this section, we introduce graded conformal algebras and chiral Gerstenhaber
algebras. We give several examples drawn from geometry and algebra. The geometry of
PVA/VOA can be found in [4]. The super case is studied in detail in [86].

1.1. Poisson vertex superalgebra and related geometry. For completeness we
now define the graded Lie conformal algebra L. It may be interesting to compare this

algebra with the dg vertex algebra introduced by Caradot, Jiang, and Lin (see [24]).

Definition 3.1.1. A graded Lie conformal algebra L is a left Z-graded C[0]-module
L = 6, Li, where 0 is an endomorphism of L of degree 0 together with a C-bilinear

operation
)\n
(3] L®L—-CA &cL, a®br [ayb] =) —(a(n)b) = > A (a(n)b),
n>0 n>0

where ) is an even variable. Moreover, (L, 0, [—x—]) satisfies the following axioms: for all
a,b,ce L,

1. Sesquilinearity: [0(a)\b] = —A[axb], [ax0(b)] = (A + O0)[arb],
2. Skew-symmetry: [bya] = —(—1)1[a_,_50],

3. Jacobi identity: [ax[b,c]] = [[axb]ainuc] + (=1)1b, [axc]].
The coefficient a(n)b is called the nth product of a and b. A graded LCA of degree n is a
graded C[0]-module L endowed with a graded A-bracket on L[n].
Remark 3.1.2. Similar to the graded Lie algebra case, as a bilinear operation {—,—} :
L ® L — L[—n][)] satisfying graded skew-symmetry and graded Jacobi relations:
{a\b} = —(—1)(|“|+")(|b|+”){b_A_aa},
{ax{buc}} = (=), {ayel} = {{arb}auc).

34
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Note the Lie conformal superalgebra is a special case of graded Lie conformal algebra.
It may be interesting to compare Definition 3.1.1 with the graded vertex algebra discussed
in [24].

Example 3.1.3. [56, Example 3.3] Let g be a finite-dimensional Lie superalgebra. We can
associate g a Lie conformal superalgebra Cur(g) = C[0] ® g called the current conformal

superalgebra associated to g with A-bracket [a\b] = [a, b], Va,b € g.

Here, we define a chiral Gerstenhaber algebra. It is interesting to compare this
definition with the one given by Tamarkin in his ICM talk (see [106]), as well as with
those in [39] and [9].

Definition 3.1.4. A chiral Gerstenhaber algebra is a quintuple (V*, 1,-,{—x—}, 9) such
that V* is a Z-graded vector space, 0 is a degree 0 endomorphism with respect to this
Z-grading. In addition, product - is a degree 0 graded commutative product and the
bilinear operator {—,—} is a degree —1 A-bracket. Moreover, this quintuple satisfies the

following axioms.

1. (V*,1,0,-) is a commutative, associative differential algebra whose product has

degree 0.

2. (V*,0,{—x—1}) is a graded Lie conformal algebra of degree 1.

(31) {ax{buc}} = {{axbhreuct + (=)D, {arch )

3. {—x—} and - satisfy the following shifted Leibniz rule: {aybc} = {a\b}c +
(1) e+l g, e}

We shall also call is A-bracket the chiral Nijenhuis-Schouten bracket.

Remark 3.1.5. By shifting the grading on V*, the graded skew-symmetry and the odd
Leibniz rule may be written as {bya} = (—1)l9"{a_y_5b}, {ca(a-b)} = {cra} - b+
(—1)(el+Dlal g . Le3bY. See, e.g., [51, 64, 80].

In Section 2, we adopt this graded skew-symmetry and this odd Leibniz rule, both

standard in the integrable systems literature.

Example 3.1.6. Let L := Cur(g) as in Example 3.1.3. Then S*(L[1]) is a chiral Ger-

stenhaber algebra. In particular, the odd Leibniz rule reads

{ax(b- )} = {axb} - ¢+ (=1)Ie+Dll b L4, ).

Similar to Lemma 8 in [75] and to the corresponding proposition in [12], we have

the following proposition.
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Proposition 3.1.7. Let (V*, {—,—},, -) be a chiral Gerstenhaber algebra. Define F? :=
V*/0V*® and let f LV F = be the quotient map. Then the following brackets are well-
defined:

(1) Fyx Foy = Fa, {fa [b} = [{ab}],_,,

(2) Fyx V=V, {[ab}:={ab}|,_,
Moreover, (1) defines a graded Lie bracket on F?%, and (2) defines a representation of the
graded Lie algebra Fe % on V* by derivations whose degree is shifted by 1; these derivations
act on both the product and the A-bracket of V* and commute with 0. Here, “degree
shifted by 1” means that the bracket in (2) satisfies

{/a be} —{/a b} e+ (— |b|(“|+1)b{/a,c}.

PRrROOF. First, by left and right sesquilinearity, the brackets in (1) and (2) are well-
defined. For all [a, [b, [¢ € F3, the graded skew-symmetry and the graded Jacobi
identity of the chiral Gerstenhaber algebra imply that

{/ /b} = (—q)llakD) <b+1>{/ /
(faifn / =i a [0 [ s v fog [a [o

which shows that

and

together with the first bracket, is a graded Lie algebra.

cl’
We now show that the bracket in (2) defines a representation of this graded Lie
algebra. By the above, (1) defines a graded Lie algebra on r 5. Let

piFa = Ed), o [a)e)={ [ ab)

By the shifted graded Jacobi identity (31), we obtain

o[ o [0 = ([ a)opl [ 1)~ (=000 o [1)0p( [ a),

ol [ @tbuh) = (ol [ alc} + (DD b [ a)e)
for all a,b,c € V*. Also, the shifted graded Leibniz rule implies that, for all a,b,c € V*,
{[a,bc} = {[ a,ble+ (—1)1a+DPIH{ [a c}. Finally, by sesquilinearity of V*, we conclude
the commutativity of 0 with { [ a, —} for all a € V*. O

and

2. Shifted 1-symplectic structure and Poisson vertex algebra

In this section, we present our main theorem. We begin by recalling a theorem of
Arakawa [4] (generalized by Li [86]) on the Poisson vertex algebra structure on arc spaces.

After that, we fix conventions for the geometric setup used later in this section.
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THEOREM 3.2.1 ([4, 86]). Let X = Spec R be an affine Poisson superscheme (so
R is a Poisson superalgebra). Then the arc space J X carries a unique Poisson vertex

superalgebra structure on

characterized by

(32) {axb} = {a, b}, for all a,b e R.

This implies the following proposition.

Proposition 3.2.2. Let X = Spec R be an affine scheme, where R is a Gerstenhaber

algebra. Then there exists a unique chiral Gerstenhaber algebra structure on
Ry = O(X)
characterized by

(33) {a)b} = {a, b}, for all a,b € R.

PROOF. Since the translation operator d is even, the axioms of a chiral Gerstenhaber

algebra follow directly from those of a level-0 Poisson vertex algebra. U

2.1. Conventions. Now, we fix conventions. We mainly follow the notation of [8,
Chs. 1 and 4].

We first fix notation. Let X = Spec R be a smooth affine scheme. Denote its coor-
dinate ring by Ay := I'(X, Ox), and set Y := T*[1]X to be the degree-shifted cotangent
bundle of X. Since X is smooth, for any x € X there exists an affine open neighbourhood
U > z and a local coordinate system {u’,d;}"_, on U in the sense of [70, Appendix A.5],
ie. [0;,0;] = 0 and 8;(v/) = &;;. In particular, v = (u',...,u") : U — A" is étale.
Let 64,...,0, be the parity-reversed fiber coordinates dual to dul, ..., du" (equivalently,

corresponding to o1, ..., 0,).

Write Ay := I'(Y, Oy) for the algebra of functions on Y. It has a natural decompo-

A= @ A
p=0
Etale locally, A} consists of functions of the form

P = Z poap ealeag . 904;,7

with the coefficients P totally skew-symmetric in the indices (aq,. .., a,).

sition

Passing to jet schemes, fix an affine open neighbourhood U C X equipped with an

étale coordinate map u = (u',... u"): U — A™ as above. We set
Ap =T (U, (To00):O0x. ), Av = T(T*[1JU, (To0)+Ov.. )

We now give a geometric example of a chiral Gerstenhaber algebra.
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Example 3.2.3. Let X be an affine scheme over C, and set Y := T*[1]X. We use the
same notation as in Example 1.3.11. By Proposition 3.1.7, on an étale open subset U C X,

the section Ay carries a natural structure of a chiral Gerstenhaber algebra with A-bracket
{u\05} = 6%,
extended to the algebra by the (shifted) Leibniz rule.

Therefore, following the notation of Section 2.1, we obtain a chiral Gerstenhaber
algebra
V= AU
with A\-bracket as in Example 3.2.3. Let 0 denote the translation operator on V*. We set
Fe = VOV

and call F * the space of (classical) local functionals. We write

for the quotient map, and for P € V* we denote its class in ]:"c'l by [ P. By Proposi-
tion 3.1.7, the brackets from Proposition 3.1.7 endow Ac’l with the structure of a graded
Lie algebra,

[_7_] : Ac.l® Ac.l — Ac.la
and make V* a representation of F3 by derivations.
In the following, we work on an étale neighbourhood U = A™ for some n € N, and we

simply denote Ay and Ay by A and A, respectively.

2.2. Normalizing operator and normalized expression. We recall the normal-
izing operator N, first introduced by A. Barakat in her Ph.D. thesis [11, Section 2.6]; see
also [90, Lemma 2.3.6]. For P = [ P € F¥ we set

5P
P) = 0o —.
NP) = Yo
One checks that for every P = [ P € F%,

/N(P) _ P

Thus N provides a canonical normalized representative of each class in F7.

In particular, let
P:/P:/Z@%%eﬁ.
s,t

After applying N and integrating by parts we obtain a normalized density of the form

» 1 af as
(34) Paorm = 5 ) 0a(PS70") 0.

a7/333
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In the notation of integrable systems, this is encoded by the matrix differential operator

P) = (P*(9)) PB©O) = Y P,

S

a?ﬂ,

In the sequel we will always work with such normalized representatives, obtained
from differential polynomials P € AZ2.

As observed by Casati and Wang in [27, p. 1507] (in the difference setting), and
as explained to the author by M. Casati (personal communication) and in lectures of
Si-Qi Liu, the graded commutativity of the odd variables 6, and of the trace/integral
implies that only the skewsymmetric part of H(0) contributes to the class P. We follow
the notation of Section 2.1; the main theorem below gives an explicit description of the
graded Lie algebra structure on FJ,.

THEOREM 3.2.4. For any P € AP and Q € A4, the graded Lie algebra structure on
Ac'l, induced by the shifted symplectic structure on T*[1]X and the shifted Leibniz rule (see
Ezample 3.2.3), is given by

([ rfa- ]G5t iem,

PRrROOF. In this proof, we adopt the following conventions: Greek indices are summed

by the Einstein convention; m,n are summed explicitly. Also, for differential monomials

Qo EJRREE] r1rq
P = Porer @S Q=0QM e

S1Sp Qo) ~Bg?

where 07 pr = 051652 .- 0;2 and @” Tq 9” 9” o0 q. We have

{P\Q} = Pator {O5 o \ QUi O 52
( )pq er Tq {Psoil s(zp @ }9211 ifp'

Using the Master Formula and then setting A = 0, we obtain
POél -op {@slmsp Q 7"1 Tq
ry- rq

S1°+Sp al-'~ap /jq _
Qm r 3@211'.'.'.507 P
g Pal ap _v'r'a an _8 m P @ 1 q .
S1:Sp 8u0‘m ( ) 802’ 51"'ﬁq
m,n>0
Similarly,
pq pa1 Qp @7“1 Tq ©351°5p
( ) er 7”q { 81 sp al“‘Oép )\:0
667‘1 ‘Tq apal"'ap
— Pq 61 6(1 871 a m S$1°Sp @31--.3p
( ) QTl Tq Z agn ( ) ( Ouom > ap-Qp’

m,n>0

Therefore, passing to the quotient, we find

Jal = [ e+ s
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Another way to prove it is to combine the uniqueness statement of [90, Theorem 2.4.1]
with Proposition 3.1.7. U

Remark 3.2.5. The same result extends to the setting of continuous Poisson vertex alge-
bras (in the sense of De Sole-Kac—Valeri) by working in the inverse-limit differential alge-
bra and using continuous A-brackets; see [46]. See also [90] for related infinite-dimensional
Hamiltonian/Jacobi structures. In addition, such Poisson—vertex—algebraic/bihamiltonian
structures arise naturally in Gromov—Witten and cohomological field theories; compare,
for example, [51, 23, 89|.

THEOREM 3.2.6 (Correspondence Theorem). Let X be a smooth, reduced, finitely
generated C-scheme, and set Y := T*[1)X. Then a degree-2 element P € I'(Ys, Oy, )2
defines a Poisson vertex algebra structure on X (i.e., it makes Ox_, a sheaf of PVAs)
if and only if UP,f P] = 0, where [-, -] denotes the Lie bracket on local functionals
induced by the chiral Gerstenhaber bracket; in this case, the A\-bracket corresponding to P
s skew-symmetric.

Conversely, any PVA X-bracket on Ox_ determines a unique degree-2 local functional [ P

such that UP,f P] = 0; equivalently, it determines P uniquely modulo total derivatives.

Proor. Fix an affine open neighbourhood U C X equipped with étale coordinates u =
(u'y...,u") : U — A" as in §4.1, and work with Ay and Ay as above. For convenience,

let A:= Ay, A:= Ay. Let F,y = /l/@fl

Let P € I'(Ya, Oy, )2. By the normalization in Section , we may represent the class

f Pe .FAd in the form
1
_ af
/P§/ EB 0, H*"(0) 65

with H(0) skew-adjoint. Define on generators
{u*\uP} .= H*()\),

and extend this A-bracket to A by the Master Formula. Skew-adjointness of H implies
skew-symmetry. By Theorem 3.2.4, the bracket [, | on local functionals coincides with
the variational Schouten bracket (cf. [90, Remark 2.4.6]). Under the normalization in
Section , [P = 1 [0 H(9)0, and together with [90, Remark 2.4.6.] [[ P, [P] = 0 is
equivalent to the corresponding Hamiltonian operator’s Schouten bracket vanishes. On
the other hand, by [12, Thm. 1.15(a)] the assignment {u®\u”’} = H"*()\) extends by
the Master Formula, and by [12, Prop. 1.16(b), Def. 1.17] it defines a PVA structure if
and only if H is Hamiltonian; finally, by [12, Def. 4.22, Cor. 4.23] this is equivalent to
the Schouten bracket of H vanishes [H, H|sp = 0. Conversely, any PVA A-bracket on
Ox.. (U) is determined by {u®\u”}. By [12, Thm. 1.15(a), (1.47)], this is equivalent to
a matrix H(\) with entries H*(\) := {u®\u®}. Write H?*(\) = > o, H?*)\® and set
HP(9) = Yoo H Baps. As described in Section , this determines the normalized density

Py in (34), hence determines a unique class [ P = % [ 0HO modulo total derivatives.



2. SHIFTED 1-SYMPLECTIC STRUCTURE AND POISSON VERTEX ALGEBRA 41
Since the PVA Jacobi is equivalent to the vanishing of the corresponding Schouten bracket,
the same argument as in the first part of the proof implies that [[ P, [ P] = 0. U

Proposition 3.2.7. Let P € FY be in canonical form
1
_ Pa,@ s
T2 / Z ba 75" 0.
For F, G € F) define the derived bracket by

{F.G}p = —{{P, F},G}.

Then 5G a
_ Ba
{F.Glp= [ SZP™(0)

Moreover, the corresponding PVA structure is given by the A-bracket P%%(\).

ProOOF. For any H € .7:" and F' € .7-" we have
{H,F} = /Xaea e FlL.

By the definition of the normalising operator,

oF
— _paB
PP(0) — S0
Hence
(F.G}r = ~{{P.F).G} = ~{ [ X°6..G}
G oG OF
— 7 oyve T paB i
ou® X / §ua< P9) 5u5>
G OF
af
—/5ua7) 9) 508 Sub’
Since P is skew-adjoint, P*?(9) = —(77/30‘(8)) integration by parts gives
5G 5F
il Ba
5u°‘ 5u5 /5u5 P Sue’
as claimed. U

We now illustrate how the above shifted symplectic formalism reproduces some stan-

dard Poisson vertex algebras.

Example 3.2.8 (Heisenberg PVA). Consider the Heisenberg Poisson vertex algebra. Ge-

ometrically, we take X = A! with coordinate u and its arc space X, so that
A :=C[J . X]| = C[u(”) |n>0],
and the PVA structure is given by

{uyu} =\
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In the shifted cotangent picture, we consider the odd cotangent bundle Y = T*[1] X with
odd fiber coordinate @, and its arc space Y, with jet coordinates 8. The above A-bracket

corresponds to the section
P=00" € I'(Vx,Oy..),,

viewed as a degree 2 function on the odd symplectic supermanifold Y,,. A direct compu-
tation gives
[P\P]|,_, =0,

so P defines a Hamiltonian operator on X.,. Equivalently, the associated Hamiltonian op-
erator is the constant operator P(0) = 0, and the derived bracket recovers the Heisenberg
PVA above.

Example 3.2.9 (Virasoro-Magri PVA). Let X = A! with coordinate u, and consider its
arc space X, and odd cotangent bundle Y = T*[1]X as above. On A = C[J,X]| we

consider the Virasoro-Magri PVA structure

{upyu} = v’ +2uX\ +c)?,
where ¢ € C is the central charge. The corresponding Hamiltonian operator is

P(0) = +2ud + cd’.
Using Theorem 3.2.6, it corresponds to a degree-2 section

P=2uf0" +c06®
in I'(Ye, Oy, ). Using the definition of the A-bracket, one computes
[P\P]|,_, = 9(00M6®) € oA

Therefore, P defines a Hamiltonian operator on X, and the associated derived bracket

induces the Virasoro-Magri PVA structure above.

3. Applications of shifted symplectic structures in the theory of PVA

The main goal of this section is to present several applications of Theorem 3.2.6. In
Section 3.1 we give several examples of sheaves of Poisson vertex algebras on different
algebraic schemes; in particular, we obtain a classification of certain PVA sheaves on
some algebraic curves. In Section 3.2 we give a Maurer-Cartan description of the classical

R-matrix of Lie conformal algebras, as introduced by the author in [55].

3.1. Sheaves of PVAs. In this section we apply Theorem 3.2.6 to classify global
scalar PVA structures on the arc space X, for X = CP'.

We restrict our attention to A-brackets of order at most 3, since this class contains the
Dubrovin-Novikov hydrodynamic-type Hamiltonian operators [49] and it is the natural

conformal (CFT-type) case in the sense of De Sole-Kac (see, e.g., [38]).
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Example 3.3.1. Let X = CP' with the standard affine cover U; (i = 1,2). We use a
local coordinate u on U; and v on U, related on U; N Uy by

1

v=—.

u
We restrict to scalar PVA structures corresponding to differential operators of order at
most 3. The skew-symmetry of the A\-bracket implies that on U; any such bracket must
be of the form

1
(35) {unu} = S(A) + Ar+ X, fiedy, ceC.

The coordinate change u +— v = % induces a transformation on the fiber coordinates;
with the convention 6, = 9/0u, 0, = 0/0v, we have on U; N Us

0, =——0,.

u?
The A-bracket (35) corresponds to a Hamiltonian function

P = f199(1)+1—6290(3) e T(T*[1JU,, 7,0y..)

5
Requiring P to glue across U; N U, forces f; to be a linear combination of the following

differential monomials:
(36) 1w, v, u®) wu®) @ u@) wu®@) w?u®) ut, (D)2 u®).
Hence we obtain the following classification.

(a) ¢ # 0. In this case, up to adding total derivatives and rescaling u, the only global

scalar PVA structure on X, of the form (35) is, in normal form,

{uyu} =u' 4+ 2uX+ 1—02)\3,

i.e. the Virasoro-Magri A-bracket with central charge c.

(b) ¢ = 0. In this case, all global scalar PVA structures on X, of the form (35) are given
by
{wu} = ¢'(w) u' +2q(u) A,

where, on an affine chart, ¢(u) is a polynomial of degree at most 4, equivalently

g€ H(X,0x(4)).

3.2. Classical R-matrix. Recall in the paper [55], the first author introduced the

classical R-matrix of Lie conformal algebra. Theorem 3.2.6 implies the following corollary.

THEOREM 3.3.2. Let (L,0,[-r-]) be a Lie conformal algebra such that L is a free
C[0]-module of finite rank ¢, and fix a C[0]-basis {u®}'_, of L. Let V := S*(L) be the
free commutative differential algebra generated by L, endowed with the Poisson vertex
algebra structure obtained by extending the A\-bracket via the Master Formula. Assume

V = O(Xy) for the arc space X, of some smooth reduced scheme X of finite type over
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C, and set Y := T*[1]X. Suppose R € Endc(L) satisfies [R,0] = 0. Then the (modified)

classical Yang—Baxter equation for R is equivalent to the statement that
Pr = O {u®u” tr0s € A?

satisfies {[ Pr, [ Pp} = 0. (Here _, means: replace A by & and move all 3’s to the right.)
Equivalently, set O := [(Pr — P). Then O is a Maurer—Cartan element of the dg Lie
algebra (.7:};, [—,—],dp :==[P,—]), i.e. dpOr + %[@R,@R] =0.

Example 3.3.3. In the affine Kac-Moody Lie conformal algebra case, let V := Vi (g). We
identify SpecV with gj ., where k indicates the level of the A-bracket. In particular, 55,
Corollary 5.6] shows that if (g, (-, - )) is a quadratic Lie algebra and (g, g+, g—) is a Manin
triple with respect to (-, - ), then the projection maps give a classical R-matrix for vi(g).
This can be viewed as a chiral counterpart of the classical fact that a Manin triple gives

a projection-type classical R-matrix.

Motivated by the above discussion, we now define the notion of a classical R-matrix

for a classical finite VW-algebra.

Definition 3.3.4. Let WEL (g, faun) be the subregular classical finite W-algebra. As a
Poisson variety we have

Spec Wi (8, faun) = CL],
equipped with the Poisson bivector ;. Set X := .y and Y := T*[1]X. We say that an
element Iz € T(Y, Oy), is a classical R-matriz sof WE. (g, fsu) if and only if dr,OR +
1[Or, 05 = 0, where O := 7y — IIg and [-,+] is the Schouten-Nijenhuis bracket on
polyvector fields.

Example 3.3.5. Let g = sl3 and W (s, fu) be the subregular finite classical W-—

algebra with ordered basis w1, us, us and Poisson structure

0 —2u; 3
H= 2u1 0 - 2U3
—u3  2us 0

Let X = .7} be the corresponding Slodowy slice and Y = T*[1]X. Set V' = Spanc{us, us, us}
and take an endomorphism R € Endc(V), R(u;) = 23:1 R;juj, R;; € C. It induces a
degree-2 function

3

e =Y ({R(u:),u;} + {ws, R(u;)})6:6; € T(Y, Oy ),

ij=1
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where 6; are the odd coordinates corresponding to u;. The Jacobi identity for Ilg is

equivalent to the polynomial relations

fi := Ry1 Ry + Ry Ros + Ry3R3 = 0,
fo = RisR3 + Ry Ry + RypRas = 0,
f3:= R3, + RiaRy1 — RysR3y — R3; = 0,
fi:= Ri3Ray + RosRys + RysRss = 0,
fs = Ry1Ris + RisRys + RisR3y = 0.

We call this the constant R-deformation of W (sls, feu). In algebraic-geometric terms,
put C[R] = C[R;; | 1 <i,j < 3] so that Spec C[R] ~ A? and let I = (fi,..., f5) C C[R].
Then R := V(I) C A? parametrizes all constant 3 x 3 matrices R = (R;;) such that
I1r is Poisson; equivalently, R is a classical R—matrix for Wg;(ﬁlg,, fsup) if and only if
(Ri;) € M. More general (non-constant) R-deformations are governed by the Maurer—
Cartan equation of Definition 3.3.4; the variety R describes the locus of constant R—
operators in this moduli problem.

Like the Belavin-Drinfel’d classification of constant solutions of the classical Yang-Baxter
equation [18], we single out three natural families of constant endomorphisms R.

Type I (Cartan type). Assume R is diagonal. Then R defines a constant R—deformation

if and only if R = diag(a, b, £a), a,b € C.

Type II (upper triangular type). Assume R is upper triangular, i.e. Ry; = R3; = R3 = 0.
Then the Jacobi identity for 11 is equivalent to

R}, = R3,, Ri2(R11 + Ry2) =0, Ro3(Ras + R33) = 0.

Type 111 (mized type). Assume Rjy = Ro = Reg = R3s = 0. Then R defines a constant
R—deformation if and only if R;; = +Rss.

We observe that the Adler-Kostant-Symes scheme remains valid under constant R-deformations.
Let Zp,; (W&(g, fsub)) denote the Poisson center of Wl (g, foub), and write WE (g, foun)r
for the R-deformed classical finite W-algebra. It is known that Zp,;(Win(g, f)) = Clg*]¢
via the restriction map C[g*|¢ — C[S;] = Win(g, f) (hence Zp, (Wi (g, f)) = C[g]® after
identifying g ~ g* by (-|-)). Then for any f,g € Zpoi(Win (9, foun)) we have {f,g}r =0,
where {-,-}r denotes the R-deformed Poisson bracket. Consequently, the elements of
Zpoi (Wi (g, fsw)) provide a family of mutually commuting Hamiltonians, and by re-
stricting to suitable symplectic leaves we obtain integrable systems. The proof is entirely
parallel to that of [55, Theorem 6.3]. We now present a three-dimensional integrable sys-
tem obtained from the mixed-type constant R-matrix of Type III. In this case the center
is given by

1,,3
S = 6U2+U1U3.
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The corresponding Type III deformation induces the system
i = us(Auy + Rizus),
(37) iy = 2(Rauf — Rygu3),
iy = —uj(Ra1ur + Aug),
where A := R33 — Ro».

The Type III R-matrix also produces a compatible Poisson pencil. More precisely,
let H denote the original Poisson structure on .%; and let H™* be the Poisson structure
obtained from the mixed-type R-matrix. Then, for any € € C, the combination H + e H™*
is again a Poisson structure on 7.

We now choose the parameters I2;; so as to obtain an elliptic-type ODE. For conve-
nience we impose A = 0, assume R;3 # 0 and R3; # 0, and rescale the time variable so
that R13 = R3; = 1. Then (37) reduces to

: 2 . 2 2 - 2
Uy = ugus, Uy = 2(uj — u3), Uz = —ugus.

This system admits an additional integral of motion J = u? + u2. In particular, it is a
three-dimensional Hamiltonian system with two independent integrals and hyperelliptic-
type solutions. To write it as a hyperelliptic ODE, we use polar coordinates in the
(u1,uz)-plane: let u; = rcosf, uz = rsinf so that J = r%. Then one finds 43 = P(us),

where

P(ug) = 4 — 16(5 - %u%)Q - g(ug —3(25 — 1)) (3(2S + 72) — ud).

Thus the reduced equation defines a genus-2 hyperelliptic curve, and the solutions uy(t)

are expressed in terms of hyperelliptic (genus 2) theta functions.

We summarize the above example as follows.

Proposition 3.3.6. With notation as above, the following three families of constant
endomorphisms R € End¢(V) define constant R—deformations of WE! (sls, fiup)-

Type I (Cartan type).: Assume R is diagonal. Then R defines a constant R—deformation

if and only if
R = diag(a, b, +a), a,b e C.

Type II (upper triangular type).: Assume R is upper triangular, i.e. Ry; = R3 =

R35 = 0. Then the Jacobi identity for IIy is equivalent to
R}, = R3,, Ris(Ri1 + Ryz) = 0, Roz(Rys + R3z) = 0.

Type III (mixed type).: Assume Ris = Ry = Ro3 = R3s = 0. Then R defines a

constant R—deformation if and only if Rj; = +Rs3.

In particular, any Type III R-matrix produces a compatible Poisson pencil.

THEOREM 3.3.7. In the setting of the subregular finite classical W—algebra Wg. (sl3, fsub)

with Poisson structure H as above, consider a constant R—matrix of Type 111 and impose
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A = R33 — Ryy = 0. Assume Ri3 # 0 and R3; # 0, and rescale the time variable so that
Ri13 = R31 = 1. Then the corresponding R—deformation of the Hamiltonian flow generated

by
S = iuj+uus

s given by the three—dimensional system
(38) i = usu3, Uy = 2(uj — u3), U3 = —ULU3.

This system has another integral of motion, J = u? + u3. Moreover, the component us(t)

can be expressed in terms of hyperelliptic functions.

Using the ideas explored above, we obtain a natural chiralization of classical R—

matrices for (affine) classical W-algebras.

Definition 3.3.8. Let X = . and YV := T*[1].%}. We fix an identification of Poisson
vertex algebras W(g, f) = O(X.) so that

Spec W(g, f) = X

By Theorem 3.2.6, the corresponding PVA structure on X, is encoded by a degree-2
element
P e (Y, m.Oy,)s

satisfying [P, P] = 0, where [—, —] is the Schouten bracket from Theorem 3.2.6. We say
that an element
My € D(Y, 7.0y )2

is a classical R—matriz of W (g, f) if and only if it satisfies the Maurer-Cartan equation
dp@R—f—%[@R,@R] :0, dp = [P, —],

where P is the Hamiltonian structure of the classical affine YW-algebra and O := P —1lp.

In this formalism, a classical R-matrix for W (g, f) may be viewed as a QP-

chiralization of the classical R-matrix on the finite classical W-algebra Wi (g, ) defined
in Definition 3.3.4.
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