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Summary

Being based on the generalized sampling theorem along the line
of consideration of the reciprocity of integral transforms, presented
previously by the authors]), some of the series-expansions of functions

are given as its special examples.

The generalization of the sampling theorem and the reconstruction

of a band-limited function from its sampled values and derivatives were

made by Kohlenbergz), Fogel3), Jagerman and Fogell‘), Bond and Cahns),
and Linden and Abramson™’. [he sampling theorem was also gener-
7)

alized by Balakrishnan’'’ to the case of a continuous-parameter stochastic
process. On the other hand, it was pointed out that the sampling
intervals need not be uniformly dxstmbutedS).

In the previous paperl), the authors presented a generalized
sampling theorem along the line of consideration of the reciprocity of
integral transforms and gave some of its examples, which include

9) 10) 11)

Someya-Shannon’s sampling theorem as a special case.
There the sampling intervals were not uniformly distributed. Recently -
the authors were informed that the sampling theorem was also generalized

12)

by lsomichi in connection with the generalized frequency domain.
Some of his results agreed with those given by us™”, Here in the
present paper, the authors wish to discuss the series-expansion of
functions in an orthogonal set of functions, and also to give some of the

new sampling formulae.
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lLet f(ﬂ belong to L'P , and let the following reciprocity

relations hold

— At fnY AE R (1)
Fom=4f= SKu,w o ,

A
and
-1 ~
fioy =L, F= [Kct, ) Frards, v tef )
B
From (1) and (2), we obtawn at once : )
/\' o)
jkult)K(t,o-) At = OC(A-O'), )
A
and
f;(\(t,a)K(A,T)JA;"r(f"T), (%)
B

with delta function ;(f} .

Further we assume that

Fr) = 0 ., for J>¢ D < B (§)
Accordingly, we obtawn from (2) and (3)
-1 ~
)C(t)rft o= SK(t,») Feay da. (£)
. 2 ‘

Let F{A) be expanded 1n a complete orthogonal set of functions :

g %n (A) g¢,,"(/3) ¢¢, (A) é(A = j'm . an (m, n = integers) } ; | (7)
.p .

in the domain pE€B , 1.e.
F();).—:Z An Ppor) o for AeD S B (%)

n
The expression (8), being multiplied by ¢ (») and integrated over D ,
" ;

gives :

S Fa ﬂm)d/‘s =Z Qe X 96,,,(/:) ﬂmﬂ'}s '-sZa". j,.’.' gm =-_3 PR (9)
D n > " " e

From (6), (7), (8),and (9), we obtain :

-1 : _
fr=l -F =2 a,- 24,
|
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=Z(—;1—- gffb)¢n(b>d5)-g?(t,»)sé,mu». . (10)
n n D )

If the functions )((t‘) , {?S.,, (A) } , and the integral kernels K()a, )
Va s
and K ('t) A ), are given, then we can construct a series-expansion of
‘f (1) by means of (10),

If we can take

~
45,,(/:) = K (An, ») for A ED (11)

rad
~ . I
w\/x.th constants A, , 1.e. 1l the kernel K(An , A ) can be put equal to

¢ (A ), then the expression (10) 1s s1m hified into
n ’ > X} : t

1 ~ ~ ,
fity = ) (= SFM)K (An, 4) dr ). (?(}f,»)ku,,,»)vd»

n n D D

- 1 P -
=D — {0 R, K, A)db, (12)
n ). A
by means of (0). The expression (12) gives a_generalized sampling

theoreml ).

The points at the variable t:

1= Ay , (m= <niegers) (13)

are called sampling points, and the function ;h(t ), defined by

-1 -~ S;(" ~
jn(t):—: zt é :S K“}””‘h"’)d}’: “,2) }(MMA)"A, (m = integers) (1 %)
>
D

is the sampling function. ~
If the set of funcuons § k O\n s /3) i o= ’mtegers} is not

necessarily orthogonal, but complete and linearly independent, we can

find normalized biorthogonal set i '%;" (A4) ; m = integers } , tn such

a way that ,
~
(RO, ¥ dr = S0 (26)
m ~~
is to be satisfied. From the completeness of the set S K (/\M,A);

m = mtegersk ,
w& have :

Z?(A,‘)A)#fh(w) =8 (r-0). (1€)
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[5Om1ch1]2) expanded /:(/L) m ikm),‘ n = mtegers} , and obtained :

) Fir) = Zé’}/f(,o), jor »€DEB (17
w jth
S

Y
.= SK(/\,,,/:) Fiay dh . | (1%)
D
From (6) and (18), we obtan at once

4, = A, = gf/(\(lh,A) Fes)da, | (19)

. D .
Operating ’Z’“I on (17, we obtamn, by means of QN
' t

‘f(t)=I{‘1.‘F .-_-g:,(“- gﬁ?(t))&)%(,@)au

2

%
=2, 5 (K, )Y dr.  (20)
D

The expression (181 or C19) becomes to

{ On) (am )»)'§0/t~/((,4,t) ft)
D A
go(t f/t‘) gdA-K(An)‘A)K(AIt) (2'1)
A ?
D

by means of ¢ 1), [he expression (20) is the generalized sampling

12y
theorem obtained by lsomichi , and the expression
g, (1) = SK“ 2 Y% (A dr (m=imdegers)  (22)
1s the sampling fum tion, with sampling points t - A (m = integers) and with
?M()‘"): gK(’l"' 2) ¥ (») dr = ‘S\mn

The i1dea of the Q,enu alized sampling theorem was also given by one
of the present authors, Takizawa, in his hook V7 of information theory.

© ' L, th i at once
If we take 3[((A" )a)} to be orthogonal, then we have at once
V]

awt=igml=1kown, ), @)
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as was given in (11), the expression (20) reduces to the sampling
theorem (12), the dual vector ;1)";, (MY for § F(,\" , A) }
reducing to )/}?()\" , A)} itself.

The corresponding expressions of F({») for (20) and (21) are

as follows :

F(t)—~—ZF(/u,,)~§K“‘,A)3‘€.W s, (2%)
n E

and
~
F(/u,.)‘—‘ g“'F(f)'ga’/"/\’(/u,‘,n)K(/o,t), (2f)
B
with the sampling funcuion : E N
]Oﬂ (t) = S KU‘,M'}‘;(MM) (2¢)

E
and the sampling points T -/u,, (m - integers), under the condition
that for the complete set ?K(/u“ t); n- xmegers} we have a set of
N ,

biorthogonal functions iwtm )y; Mo mmgers% in the domain EQA L.e.
S—————

~
— <
SK(/qu) Y(t)rdt = Sm)n. for t€eESA @)
E

From the completene=s of the set 3/((/““) D) m = mtegers} , it
follows that the expression :

;K(/u,‘,)»)“hw) = 0 (r-0) (2%)
holds . :
Now, let us take‘ sampling functions }?,, (f))' n = ’mtegers}

5‘4,, (t) ;m- mtegers} , %h t);n - m[egers} , and § g’n (1) ; m=

= integers } , defined as follows
~ |
3,"(,(')5 gK(t,A)%M) dr, . (27)
>

~ ;
4, (t) = gK(», t) ¢ (s)db = gfcu,r) KO, 2)ds,  (30)

D )

boit)= gmt,nhu)u, | (o)
E ;,



and

?“(t)i gKu,t)K(/u,‘,;s)dA. (32)
E
From (3) and (4), we have
"}:,(cr)) fer ¢ €D
At = =
gK(O‘,f) (00 = (‘K‘(A)‘J‘(o‘-»)d/:— 5 (333
A D 0, for c0dD
K1, ,0), for o€D
\’k(t)t)xﬂ(t)dff Scﬁh(A)'g(G_”A) dr = (3’()
A D o, fer o-*_b
~ @\ /
2 - . = (€), for O€E
SK(qt)/),,(t)Jt = W“” §to-n)dh » G6)
LT E 0 fo o¢E
K
| K(t, o) 3, (042 =§K(/U",A)-S(G’~A)4A:f oy @)y for "6’5(3‘)
B E 0. fo o £
By means of (3)and (13), we obtain

S 7"“){“({)4(‘ - ga(l'glr« }1’;‘(») é‘(o-)-;(o*-'b) -
A > D
- g‘};(mﬁ{,“al/wS?{A.‘,»)‘ﬁ'wdﬁ= S s (27
> )

for any integers m and n . This expression (37) shows that any function
of g 2"&); n - mtegers} and any function of ?{‘(t),‘ n = mtegers}
are mutually orthogonal in the domain D . Similarly, we obtain, from

(4) and 27) :

(/’.,(t)?‘(t)dt = S\};ﬁm) K(/M ») dh = S . Qr)
3 .

™,
E

We shall return to the expressions (20), (21), (24), and (25).

They are written as follows :

ftty =2, $ ) G (8, (39)
LY

fow = gﬂu%,ma(t, (o)
Y



Fuy= ), Foua) poit), | (1)

and :
— «
Flun) = g Fo 3, (0 4L, e
B
in terms of (29)~(32).
Let f(t) be any function which can be expanded in ' f}u(t)j n=
= Integers , 1.e. :
F(¢) = % €, 3. (8) (43)

with constants ,c‘.| , then the integral operator :

J—E gAT-Z%(t){"(»r):f;(rd’(t-'r), fux)
A n A

applied to (43), is the identical operater, in the sense that

T k) = §(t). ““f)

The proof of (45) 15 quite obvious, of we put (43) into (45) and refer (37.
Considering (4) and (44), we shall take

Flon = ﬁ?(t,zs) ft) At (46
A
with ¥ ("(7
fitr = [kt Fres) 44, g
and | 3 (ﬁ-
Poan) = | gm0 0 4 Y
with A

f(tr= D f*(a“)%m (t). (k)

m



Then we obtain, from (2), (3), (47), (39), (49), and (37), the following

expressions :
2 ¥ -~
51 ‘S‘(f-SJA-K(A)t) F//U'g'/@-lr(t,,) Fre)
A 3 B

¥
- X“‘ F(»)-{da-. F(g)-S(A—G)th*(A)F/A)«U) ($0)
3 B " B

and

1= (4t T 3§ 4o (62 fR0 300

A |
E o
=S fawofao b, =2 faofan, 0
™ M e

with the norm ufl of function f(‘” : ' ,
(51" = L[m)]‘ﬁ . (£2)

The expressions (37), (45), and the generalized Parseval equalities (50)
e )
and (51) are given by Isomichi 7,

Now we shall differentiate (39) with regard to ¢ , then we have

’

)= D fan) $a (£3)

On the other hand, we apply the generalized sampling theorem (39) to
(t), then we obtain

¢~ 2t g, (£%)
"

fa = [F22]

From (53) and (54), we have

f/(t) =~ 2 &’(z\,)?,.(t) = ‘“Z f(A,‘)},,/(t),

hel

Accordingly, from the 7 -th derivative of f(f) , we obtain :

with

(£8)

(w-7) r) (- 4) )

(m)
f @t ’Z 5 (A (D) "Zf (A) (t),  (§£6)
n ”
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for any integers T and &k (0STS ™ , 0(4\(0.), and with
™ ™
w) d Om)

y
(t)'ﬁ-{(”» el G (DT m B (it

Here, we shall mention an expansion-formula, which contains both
Taylor’s and sampling formulae. If a function f(t) is expressed 1n

(39, 1.e.
f(t)"Zth) Fn (1) (£7)

and if we can expand f(t+ ; )in a Taylor series, as

()

1 »
fiter) =2 5 8 - f (0 (s7)
M™M= o :
then we have an expansion-formula :

pibas m (m)
5<f+;)=242.;"’7 o ALy Gatt) £7)

(
- Z Z:, ) it (60)

For the special case of §= 0, the expressions (59) and (60)
reduce to (57). While, for the special case of T= 1‘ (with 4

fixed) in (59) and (60), we Inve
(m)

fu‘*t)*zz, ? f ;A ) Fa (Ag) *Z,L E fa,,

o = o

(m) ((!)
me? f o,

™~ =0
and
;” 1 ) (m)
f(l‘-*}’)rz Z‘;—;?-f(x,‘)?,. (A,), (é2)
mecp ™M :

£ (t) ’ZZ *"""(f l) -‘F(A,.) }:w(g‘)_ (27

Mo
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The expression (61) is nothing but the usual Taylor expansion of f(/\ +t )
while the expression (62) gives f (/\4 + § ) in terms of the demvauves ’
of sampling functions @, at the sampling point l‘

Example 1
A A
We shall take the Fourier transforms in (1) and (2) :

1 )
K(/’,f)-""z"";"?c"/’t] , 'A’(-—oo,f”),
e %
K(t, »)= cxp(-"'t'b], B =(—00, +o0)
) e

>

~~
?., (A)= K (Au, d) = exp[~a A AT | D=(=-f,p),

A, = -k 7t , ™ =integers, 4 = real number given arbitrarily,

P

e

S exp Al ) exp[+4A, 4] o) ’Y d.,
":Jﬂ)

then the sampling theorem (12) reads as follows :

LS f(mk gy 2T AIT)
2f M_Z_”f( P t +-——————-"‘}*
' t-(m
5 gty st
pt—(mfﬁ)w

l" 4

fre) =

w

Ne -
The expression is nothing but Someya®s sampling theoremg) given in 1949.
The expression (63) gives f(f) in terms of the sampling function
Sim (pt~ ('Mk)n)/(pt— (m+4)T ), with values of f((wrr+41r RO
at sampling points =(m+4 )‘N/ﬁ (n = {ggelgle)rs) If we put 4 = 0
in (63), we have Shannon s sampling theorem .

Example 2
VA A A
We shall take the Fourier cosine transforms for (1) and (2) :

K(st)= ;i—m (rt) | A= (o, +o0e)

)

N |
K(t, ») = ces (TA) B=(0, +o0)

Pl

(63)
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~ \
44, (A) = K(A“,A)‘acos(m,,—&)) D= (0, 8),

- Sinm (‘211,,3)
9)‘ 2 ; 1 22” /3 } 4

b/
where ),' S are the roots (arranged in ascending order of magnitude) of

the equation :
A, A‘Aﬂ(l,,/g)—.- M (6%)

with a constant M Then the expression (12) takes form :

I P
ﬂ“’ ““Z smux.ﬂ) q F(p) cos (A,,A)o/»)-fcos(u)cos(l,,)s) of A

np ;
2—2_2 fu )' COS(Xhﬂ) 't/(_an(pt)"M .
" sin(20.A) ., . Ces(pt),
A, B t- A
with sampling points 1 - )\,, ( m - integers), and the sampling function:
(t) = 2 Cos(;\,‘ﬂ) ‘tian(/)f)-M
3" 1+ sim (2An ) ’ tl_ Az Cos(/gt).
2 Anf o
Example 3
We shall take the Fourier sine-transforms for (1) and (2) :
Kir, t)= 2 s (At)
’ T n > A= (0)4 + 00) ,
~ \
K(t, ») = Sin (tA) | B= (o, +0°)

~
ﬂ(ﬁ)’r K(ln,)))zsl'n(l,,A), :D::(o)/g))

- P _ sim (229 )
b 225 p H

’
where ],‘ s are the roots (arranged in ascending order of magnitude) of

the equation :

1,‘ Cof(),uﬂ) = /\/ ' (57)

J

(5)

(£¢)



with a constant N . Then the expression (12) becomes to :

2 ! A i
ftt)= *,;‘; PETENESYY (S Fir) sm(A,‘A)JA)-Js;n(t,s)s;n(,\,.»s) d
R }nﬂ ° P

= 2 S""\(lnp) fc-T(Ff)— N
‘_TZf(}"‘). 1- Sin(2A,8) ) t’— 22 Sl")'(/at)’ (‘3)
" 2/\,,ﬁ "

with sampling points t - lh ( m = integers), and the sampling function :

= 2 Sim (Xn/q) tc.if’(/’t)- N )
dn ()= = B . sim@nmB) g 1 sm(BT). (67)

L.}

§ 2./
[14)

The formulae (65) and (68) were obtained by Krol in connection with

the solution of an integral equation.

Example 4
W .

Let us take the Hankel transforms of order VY = "1/2 for
(1) and (2), and take the Fourier-Bessel servlesls)for F(/b)

NT §(t) € L, (o, too),

K(A)‘t)t 4 jV (/’t)) /42(0 +9‘a)

K (t, a)= A J, (tr), B= (0, +60)
>

o= T, G, D= (o, p),

with the orthogonality relation

B
(a3, G M T Gaaddr = B S
and ¢ 2 .

%m = _,é‘ J)’ji (j”‘(")’

where j‘F’s (m=1,2,3, ...)are the positive zeros of u]y (2) , being

arranged in ascending order of magnitude, i.e.

J,(;‘,‘/;) = 0, (90)

The expression (12) takes form :



4+ 0 F

2 1 ‘ P
fit)= o 2. (SA F(A)JvlJuA)JA)-fAL(tA)]u(}‘.A) A

2,
ney J"fi (}",) °

: j" Jv( t)
= — -'_:__.Z ‘f(}a)' ' : - ﬁ p N
n=1 *]yﬂ (}"/3) - In

with sampling points ta},, ( m = positive integers), and the sampling

function :

2 = B pt)
(t)=— ——- s
?% i jwz = p) 2 g

The formula (71) was given by the present authors 7.

Example 5
el

We shall take the Hankel transforms for (1) and (2) just as in
Example 4. The function F(A) 1< assumed to be expanded in the Deni

expansionls) in the domawn P =( 0 | /3 ). We shall take

K )=t J ), A= (0 +0o),

~
K(t,s)y=1, J,(ts), B= (0, +oe),

fa = T, (a0, D= (o, p),

with the orthogonality relation :

p
(33,000 Joneras=3,- 8, .,

)

0
and

e sk S0t 2

(71)

(’73)

’
where 2,‘ s (n=1,2,3, ...)are the positive roots (arranged in ascending

? P ]

order of magnitude) of the following equation :

’An Jv/(xn/’) T 4 ‘]v (1"\/8) = 0)

(93)



with a constant { .

Then the eéxpression (12) becomes :
+ xz . J P
— (\sFm ] nds
fuo= ,.Z,; fOs+RDp vt I, o) 5, " ) 2 Jy(t8)J, (A,A) dA
°
a2 ' ’
=-4/’Zm ) " RIS S L
oy fan+L9p* =9t Ty anp) tt- Al >
with sampling points t - A’n (M = positive integers), and the sampling
function :
2
A t et +4 T, (at)
Gu (1) = =28 — _ . P . (rg)
faw+4p’-y }.7,(,\,‘/)) | S Wy

The formula (74) was given by Kroll“f)_
Letting £ tend to infinitv in the expressions (73) and (74), we see

that they reduce to the following expressions, respectively :

Jy (xap) = o0, | (96
and . '
f(t)'~-Z $as)- =2 (ag)
-y Joe (Ap) £ - A
The expressions (76) and (77) are nothing but the expressions (70) and (71),

respectively. Accordingly, the expression (71) is a limiting case of (74).
If we put V= 1/2 in the expression(74), then we obtain

fit)=- z/lqu

n=1

‘ll A/T tc.sgﬂt)+((---)sm (,at)
» f(/\ +4°)p* —.--}mu../) NE (£~ 1F)

, (78)

’ o . . ,
where A, s are positive roots of the following equations, being arranged

in ascending order of magnitude :
1 . R
Am c..su,,/a)+(4-~-;7;)s'au,,,) = 0, (%72)

In the expression (78), if we replace f(f) and f{;\.) by f{f)/ﬁ
and f(/\n) /,J,{,‘ respectively, then we obtain :

An teet(p)+ k=55
f(t)e-z/az fw: : Sl A7 sim(p).
T Jan+s)p? ol RILYONY) L

(§0)



30

Further, f we put
i {

in the expressions (/Q) and (80, then the expressions (79) and (80) reduce
to (67) and (68), respecuvely.

If we put "
= — N=o (£2)

2/3 ? b

in the expressions (BOY and (79), then we obtawn

o te 1 + (At)
(t)= -0 F(X,) L
‘f /3 Z_ SI"n(A%/B} _tz__ 1“2. ’ (?3)

with
cos (A, B) = ©
P (re
2~ 1
X -———~*~—~—l/3 T (fnzzlz,s).._) (§8)
and

. n+1
Sim (Anf) = (<1) | (m=1,2,3 ") (96)

Then the expression (83) reduces to:

't')‘) 2.‘" 1 i ﬁ't cos (pt) »
o gi‘f 2/ =) 1) o IO . (37)

The expression (87) correponds o Someya’s sampling theorem (63)
with .& =1 1 /2 for an odd funcuon f(t) .
If we pu't y = =1 /2 n(74), we obtain :
Al A/T t)—~(A- -—c s(pt
f(t)—-zﬁzm,. n N Al Xk ey
et foanth )/1— }usu,,/?) N -l )

(73)
with
L] 1
-l'h S in ()-,,f)"“('&“:-ﬂ") COS(A,‘/H):—" O, (f?)

In the expression (88), if we replace f('() and )((A,.) by 7(“()/‘]?
and ‘f(/\n) /N, ~ respectively, then we obtain

+ oo 12_ t) ({
" Aan ( -
fy=2p), fowr—— gy cos ().
oy 5()~n+l\)ﬂ“‘;‘}us()\n/9) o)

(90)



Further, if we put
1 (91

in the expressions (89) and (90), then the expressions (89) and (90) reduce
to (64) and (65), respectively.

If we put
L (
'{ = 2 p J M =0 P . ?2 )
in the expressions (90) and (89), then we obtain the following expressions :
2 & 1 Sy t)
for= 23 g0 LN
with m=1 CDS()\"/’) t* - A,
i.e. Sim 1MF )= o0 ’ (7‘()
y ) __ nmw ( )
m = — m= 2 3 ...
and /3 ’ SR ) (99

Cos (Anf) = (-1)7. (m=1 5 3 ... (
Then the expression (93) reduces to : T ) 9‘)
At sim(BL)

=2 My gy
=22, f(EF)c0n mET

The expression (97) corresponds to Shannon's sampling theorem for an

(¢7)

even function -f(t) .

Examgle 6

We shall take other Hankel transforms due to Weber17) for (1) and (2),

namely

t J(t) € Ly (p, +02) | 2P0,

For = (ko fodt,  fo ovat g

and A
G, («t) f(t)=f/f(t,A)Fu)/A,- fr teA (5)

with B

K, t)=1t Ty (tu at), A=(p, +o0)

~e
Kt,2) = 2 T, (ta, tp), B= (a, +00)

2

Tu(x,2)= )’yu);mhj,m Tu(2),  (1oe)



and

2 R
G, ()= T, @+ I, (101)
under the condition that the integral :

("t dt < oo,

15 absolutely convergent,

We shall take another Fourier-Bessel E’Xp(ih\‘lo‘ﬂ]’]) for F(A) of the form :
+ 00
Firy=2.0n P (1), for »eDCB
with m=1

Pom =T, Ax, 2,8) D=(«p),

. |
S/)T,,(A,,,o:,lmb)ﬁ(ﬂnd,MMM:X ) (702)
m  mn)

and dﬂz s Jl
; x N 2 y (And) :
o= £ T nn M- T 20 2[R
y : » T( /lh Jl) (Anlg)
where )h s are the positive roots of the equation
(103)
B s, 2ap) = o, (104

Yy X)) Iy Qap) = T, 0 ) Ty (R )

From (99), the expression (12) becomes to :

+ 00 2 .
2 A2 J, Anp) d t At)
f(f) = —E—Z . n Yy : P . Gy (/\nd){()”).{ao‘(-,];u'ﬂd)w}' :ry (zd ’ ﬂ
‘ :f, (A,.,d)']y(,\,,/g) IB (1-25) G, (at)
mel ’

400 |
- Zfa ). A Gy Qn) Ty D) Iy Axp) Tyt pt)
" T (ane) =~ J 2 (1 22

(105)



33

with sampling points t - An (n=1,2,3,...), and the sampling function :

A: Gv(/\)‘«) Jy(And) jy (Aﬂﬁ) /7:(‘( t, ﬂt)

a 2 ‘ (7 ¢
(f—A,,)(fy(«t) o)

3,,(t)”7r
Jt 2
y An®) = Jy (Anp)

In the expression (105), if we replace f(t) and {()n) by f(()/Gy(dt)

and f(ln)/éy (£ An) respectively, then we obtain
. ;
A2 T, (And) Jy AB)  Ty(at,gt)
n vy n 4 "ﬁ . y , (107)

+00
frry==m) {02, z
Z T, Am) = Ty ) th- 2,

MN=q

‘t : Xn and the sampling function :
2
J An®) J, (Anp) ’T‘y(“t,/)t) _
9,1“)‘_71. 1112 v vz P ) - 7 . (10?)
J, An®) = ;)7 (Anp) t7- A,

The expressions (63) (63), (68), (71), (74),(78), (80), (87), (88),

(90, (97, (10%), and ( 107), are examples of the sampling formulae

with sampling points

derived from our generalized sampling theorem (12).
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