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Abstract

Some contributions to the theory of nonlinear waves are presented.
Chapters 2 and 3 are concerned with the reductive perturbation method and
chapters 4 and 5 the inverse scattering method. In chapter 2, the reductive
perturbation method for weakly dispersive or dissipative systems is extended
to multi-wave systems. First, the new perturbation method is developed
for the head-on collision of two solitary waves in the Boussinesq equation.
In the first approximation, the solution is described by a superposition
of two solitary waves. The second order approximation gives a small cor-
rection where the two waves overlap one another. The method is extended
to the system in which there exist n "quasi-simple" waves (the simple waves
under the influence of dispersion or dissipation). The possibility that
n gquasi-simple waves which are governed by their respective Korteweg-de
Vries or Burgers equation can be superposed to describe nonlinear systems
is studied. Applications to ion acoustic waves in collisionless plasmas
and shallow water waves are discussed. In particular, the phase shifts
in the head-on collision of two solitary waves are calculated.

In chapter 3, the reductive perturbation method for strongly dis-
persive systems is extended to the system in which two modulated plane
waves interact each other. The interaction of two envelope solitons is
examined. It is shown that they pass through each other without change
of amplitude and velocity.

In chapter 4, by following Ablowitz, Kaup, Newell and Segur's
method, what class of nonlinear evolution eguations can be solved by means

N

of the third order eigenvalue problem” Some interesting examples are

M conatolgrgd



presented. One of them is a model equation for the interaction between
Langmuir waves and lon sound waves in a plasma and has a solitary wave
solution —— a sonic-Langmuir soliton.

In chapter 5, this coupled system is solved by the inverse scat-
tering method. The formation and the interaction of sonic-Langmuir
solitons are studied. It is shown that the solitons preserve their iden-
tities through the interaction between them and that there exists an

infinite number of constants of motion.
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Chapter 1

Introduction

In the last fifteen years, nonlinear wave propagation phenomena
have been intensively studied and our understanding of them has been
rapidly deepened. New asymptotic methods such as the Whitham method and
the reductive perturbation method were developed for nonlinear wave equations.
From detailed studies of properties of the Korteweg-de Vries equation and
its solutions, the concept of solitons was introduced and the inverse
scattering method for solving exactly the initial-value problem was discovered
These have been found to be available to many other nonlinear wave eguations.
The present thesis is mainly concerned with the reductive perturbation
method and the inverse scattering method. Therefore, in this chapter,
they are outlined as preliminaries for the subsequent chapters together

with the related subjects.

§ 1.1 Reductive Perturbation Method

In general, nonlinear wave propagation is described by a rather
complicated system of equations. Therefore, in the initial stage of
investigation, it is desired that the system of equations is simplified
without loss of essential features. The reductive perturbation method
is an asymptotic one which enables us to reduce a general nonlinear system
to a single tractable nonlinear eguation describing an asymptotic field of
the system. This method for the propagation of long waves was established
by Taniuti and Wei [1] in a general form applicable to both dispersive and

dissipative systems.



The system of equations which they considered is

U+A3x +{ZYT( S HREDT=0, (p22) (1)

B=/ o=/

where U is a column vector with n components u;, U,s --- 5 U s (n=2)

and A, Hg and Ks are nx n matrices which are functions of U. The expansion

(0)

about a constant solution U in a small parameter & , that is,
(o) 4 2)
U=U%+e0 +&*0%+ --., (1.2)

(U(O))

is assumed, It is also assumed that A (= A ) has at least one real

0

and non-degenerate eigenvalue A,. Let us introduce the stretched coordinates,

§ = &% x=-Xot), (1.3a)
v =g*e, (1.3b)
a = p-py"

then the system (1.1) can be reduced to

oT

of +o(7C.i /3.95» =0, (1.4)

(1) (1)

under the boundary condition for x—sece, U — 0 [1]. Here U is given by

(U JCE

with R the right eigenvector of A_, i.e.,

O:!

Aa/‘Q "'"*'")\MQ,



while the coefficients &« and f are given by the equatiocns

X = (L, (RWAR)/(L,R), (1.5a)

8= (L, > T (KoAHo)R) /(L R), (1.5b)

ﬂ= o=

—_

where L stands for the left eigenvector, ( , ) the inner product and
_ A
(RV)AO = %: kk m )U=U(w .

If & or ﬁB vanishes, the stretched coordinates (1.3) must be modified
appropriately and so the equation (1.L4) [1]-[3].

The equation (1.4) takes the form of the Burgers equation for p=2
and that of the Korteweg-de Vries (KdV) equation for p=3. These equations
were also obtained by Su and Gardner [L] from systems of conservation laws.

The stretched coordinates (1.3) for p=3 were first introduced by
Gardner and Morikawa [5], who showed the KdV equation to describe the long
time asymptotic behaviour of collision-free hydromagnetic waves with a small
but finite amplitude and a long wavelength. Their reguirement to cobtain the
KdV equation is that it includes both a linearized time-dependent asymptotic
motion and a pulse-like weak nonlinear steady state which is formed owing to
the balance between nonlinearity and dispersion. Accerding to this requirement,
(1.3) may be derived in the following way. Linearization of (1.1) about U(O)

and successive approximation give rise to dispersion relation for long waves

= A+ FRRTT ) kT, (1.6)

»[e

where 4 and w are wave number and wave freguency respectively and B is given



by (1.5b). On the other hand, the characteristics deviate from the parallel

straight lines in the linear approximation owing to the nonlinear effect,

that is,

X e M F E Ay 535, (1.7)

dt

where J, is proportional to & given by (1.5a) and the last term in (1.1)
has been left out of consideration. Comparison of (1.6) and (1.7) shows
that in order for the dispersive effect and the nonlinear effect to be comparable

in magnitude, we must take as

b ~e*, a=(p-1)" (1.8)

This means that the characteristic length of the spatial variation of the
wave in the wave frame is of order of & . From this, (1.3a) is derived.

On the other hand, by using (1.6), we obtain

kx-wt = k(x=)ot) — P a4 . (1.9)

This means that the characteristic time scale of the wave in the wave frame

—ca
€ +!)) Therefore, (1.3b) is derived.

is of order of A_'b (=¢
As seen from the above discussion, the equation (1.4) describes the long-time
asymptotic behaviour of the mode corresponding to the eigenvalue A, under

the influence of the weak nonlinearity and the weak dispersion (or dissipation).
From the standpoint of the theory of nonlinear hyperbolic waves, (1.4) can

be also considered to describe the behaviour of a simple wave under the
influence of the dispersion (or dissipation), which may be called a "quasi-
simple" wave. It is important to note the following : In order for a

nonlinear wave system to be reduced to (1.L4), it is only required that the



dispersive (or dissipative) effect and the nonlinear effect manifest
themselves in the forms of (1.6) and (1.7) respectively.

The Burgers equation [6]

;\_czf+ “37” =ﬁ§%, (3 >0) (1.10)

is the simplest model equation to account for the formation of shock waves.
The equation is derived from the system of hydrodynamic equations for a
compressible, viscous and heat-conducting fluid [1],[7], and it is also
used as a model of the one-dimensional turbulence [8]. A remarkable
property of this equation is that it is reduced to the linear heat equation
by the Hopf-Cole transformation [9],[10]. Because of this property,
various questions can be investigated in great detail [11].

The KdV equation

U 2u 3u
3t T txs =9 R

was first derived by Korteweg and de Vries(1895) [12] for shallow water waves.
This equation is very important, because in many dispersive systems, the
dispersion relations for long waves take the forms of (1.6) with p=3.

In fact, since 1960, many applications of the equation have been found
[13]-[24].

The equation (1.11) has solitary wave solutions

u=3am2fg(1-—fv*“)} , (Aa>0) (1.12)



which were found by Korteweg and de Vries [12] together with nonlinear
periodic wave solutions named cnoidal waves by them. These solitary waves
are those discovered experimentally by Scott Russell(18L4L) [25] and analyzed
approximately by Boussinesq [26] and Rayleigh [27]. The solitary wave
solutions (1.12) are fundamental quantities of the general solution to (1.11)
and were named "solitons" by Zabusky and Kruskal [28] because of their
resemblance to particles. The solitons with different amplitudes preserve
their identities through collisional interaction between them. After the
interaction, they are only shifted in their positions relative to where

they would have been if no interaction had taken place. This behaviour of
solitons was first found numerically by Zabusky and Kruskal [1L4],[28] and
proved by Lax [29] for the case of two solitons. The corresponding result
for N distinct solitons can be derived [30]-[33] by making use of the inverse
scattering method —— the method of exact solution discovered by Gardner,
Greene, Kruskal and Miura [3L] and described in the next section.

Emergence of solitons from long wavelength sinuscidal initial data [1L4],[28]
and from gaussian initial data [35] was alsoc found through numerical
computations. In general, the asymptotic state for t—> oo of a localized
initial disturbance on (~ oo , oo ) consists of a certain number (which may be
zero) of solitons propagaties to the right and a dispersing oscillatory state
propagating to the left.

The results of the experiments on ion-acoustic waves [36] and water
waves [37],[38] agree well with the predictions of the K4V equation in
essential features.

The equation (1.4) has been derived for long waves. Therefore,
it is not applicable to the problem in which the characteristic wave number

is large, for example, to the problem of slow modulation of a plane wave.



It is well known that in nonlinedr dispersive media, there do exist
nonlinear plane waves of permanent type which are formed owing to the
balance between nonlinear steepening and dispersion in common with the
above-mentioned solitary waves. The Stokes wave [39] is a typical example
of such nonlinear plane waves.

The reductive perturbation method for slow modulation of weak
nonlinear plane waves was established by Taniuti and Washimi [L40] for a
special example and was generalized by Taniuti and Yajima [L1] to a wide
class of nonlinear wave systems. The basic equation which they considered is

Lleg
S +A +B=0, (1.13)

where U and A are taken as in (1.1), and B is a column vector with n components

and is a function of U. The following expansion of U sbout a constant

(0) . ( (o))

solution U satisfying B(U = 0 in terms of a small parameter &€ 1is

assumeds;

=0+ F > e ™ (1.1ka)
‘w EﬂZm U‘g (St T)Mgbz!(kx—wt) (1.14b)
(nr) o) A

IT Ijr (1.1k4e)

where § and ¢ are stretched coordinates given by
§ =(S(Z“At), (1-15&)

e 2z
T =&, (1.15b)



o
and (1.1lbhc) is the reality condition for U( )a.nd the asterisk denotes the
complex conjugate, and .4 and @« are respectively the central wave number
and frequency of the modulated wave under consideration. Substitution of

the expansion (1.14) into (1.13) leads to the following results : First,

for B and @ satisfying the dispersion relation
det W, =0, W, =—~iw] +ikAs + VB, ,

(1)

U'"'=0 (£ =% 1), where AOEA(U(O)) and (¥ By); ;= "B“/";u} O

Secondly, A must be equal to the group velocity ét%k . Thirdly,

2T

} 2% +p-ii; + 3PP =0, (1.16)

U= ¥R,

where R 1is the right eigenvector, i.e., W

R=0, and P=-%'3—>}-; p

As the explicit form of q 1is a little lengthy, it has not been written down.

1

The equation (1.16) may be obtained by the following heuristic
argument. Let us consider first linear wave modulation. A slowly

modulated linear wave is written as a Fourier integral,

U =fu(k)MPft‘(/‘»x-a.>tﬂdk, (127}

Where the spectrum u(&) has a peak at k,, with narrow width Sk ~& .

Then, the dispersion relation may be expanded about A, y LB

wk) = w, +w; Sk + zf~cu'.;5k=+ -, (1.18)



where the subscript denotes the value at B, and the prime denotes the
differentiation with respect to 4 . Introduction of (1.18) into (1.17)

yields

U = OXpLLkX ~WoT)] [UCkstShIoNP (L[ Sk -1 —;—{—a):ﬂ.'zt}kf&é. (1.19)

The integral with respect to Jk is a slowly varying function of x-&Z
and t, and hence this equation expresses the slow modulation of the
carrier plane wave. Moreover, if we introduce § and T by (1.15) with

@, as A and write the envelope as ¥ , i.e.,

U == P(,T)eXbli(b.x —w,t)], (1.20)

it is readily seen that % is a solution of the equation

9F L, Wl P
e * 5 agz"‘o' f1.21)

In a nonlinear plane wave, the nonlinear effect manifests itself as the
frequency shift. Since ¥ 1is a slowly varying function, the weak nonlinear

effect for dispersion relation may be written in local as

Wk PID) = W, +@) Sk +Lwl K291+ -, (1.22)

where in order for the third term and the fourth term in the right hand
side of (1.22) to be comparable in magnitude, we are to take /P ~ & .
If we take this nonlinear correction into account, we at once obtain (1.16).

The equation (1.16) was also derived by Benney and Newell [L2] and

by Karpman and Krushkal [43] in different ways. It can describe a wide



class of physical phgnomena —— the modulational instability of water
waves [44], the propagation >f heat pulses in anharmonic crystals [45],[46],
the herical motion of a very thin vortex filament [L4T7], the nonlinear
modulation of collisionless plasma waves [48] and the two-dimensional
self-focusing of stationary light beams [L49]-[51].

By the transformation P->pu , §—=>x , pr—=1r , (1.16) is
reduced to

' ol IU

5 Tz

+xlul*fu=o0, (1.23)

where )\—.—_/33. . This is the Schrdédinger equation with the nonlinear
potential - x/y/2 . Therefore, the equation of this type is called the
nonlinear Schrodinger equation. The potential is attractive or repulsive,
according as the sign of X 1is positive or negative. As expected, the
character of the solutions of (1.23) is governed by the sign of X .

The plane wave solution of (1.23) can be easily found;

U = U, exp[i(px~EL)], (1.24)

where Y, 1s a constant and

E = H—xi,? (1.25)

If A= , this solution corresponds to a nonlinear plane wave sclution
of the original system. The plane wave (1.2L) is modulationally unstable
if KX >0 , and conversely, it is modulationally stable if W< o© [L1l],[k42].
That is, if X >0 , the plane wave is unstable against the modulational

perturbations with sufficiently large wavelength. The modulational instabili

— 10 —




of nonlinear plane waves satisfying «w®® >0 , in particular, that of the
Stokes wave was predicted by Lighthill [52] and Whitham [53] by making
use of Whitham's averaging technique [54] in which the local oscillations
are averaged out so as to obtain the differential equations for slow variables
such as amplitude and wave number. The modulational instability of the
Stokes wave was also predicted by Benjamin and Feir [55],[56] in a different
way and confirmed experimentally by them [55].

In the case K >0 , owing to the balance between the diffusion of
the wave packet due to dispersion and the self-trapping effect due to

nonlinearity, the envelope solitary wave solutions of (1.23) are produced;

@ U = & dech [a (-2 -2 L) expliVE-LvE-ad)t + 6], (1.26)

where a, v, x, and @ are real parameters. These solutions are called the

0
"envelope solitons" because they are analogous in many respects to the
sclitons in the KdV eguation. The numerical computations carried out by
Karpman and Krushkal [43], Yajima and Outi [57] and Chu and Mei [58]

suggest strongly the development of a modulated wave into the envelope
solitons. The envelope solitons with different velocities preseve their
amplitudes and velocities even after the interaction of them. This was found
numerically by Yajima and Outi [57] for two envelope solitons and verified

by Zakharov and Shabat [59] for N envelope solitons by means of the inverse
scattering method. The equation (1.23) with positive ) is more complicated
than the KdV equation in respect that there exist the solutions representing

the interaction of a finite number of envelcpe sclitons with identical

velocities [59].



In the case K<¢ , the solitary wave solutions are also possible,
and they are given by

rad)
2

4/;;:’5 U =M=ty TamhAV(x-X. 242 )]xp(iXUPT+06), V =/L~af—ﬂz ,  l1en

and in this case,

= u2+ %yzm‘u (2~X=2ME) (1.28)

where M, x, and @ are real parameter and it has been assumed that
JUl > u® and Yzx—>0 as X—» +60 . When =0 » (1.27) represents
a phase jump. The concept of soliton also applies to the solitary wave
solutions (1.27) [60].

The reductive perturbation method has been extended so as to be
applicable to weakly inhomogeneous systems [61],[62] and also to the Vlasov
plasma [63]-[72]. The method was used to investigate the effect of a random
field [73] and that of quasi-particles [T4] on long waves with finite amplitud
The reductive perturbation method for wave modulation has been extended to
weakly unstable (or dissipative) systems [62]. In fact, some generalized
versions of (1.16) were obtained in hydrodynamic stability problems to
describe the nonlinear evolution of unstable modes at a slightly super-
critical value of the relevant parameter [T75]-[77].

In chapters 2 and 3, a generalization of the reductive perturbation
method to multi-wave systems is presented. The reductive perturbation method
for long waves is concerned with the propagation of the single quasi-simple
wave along one family of characteristic. Therefore, it is inapplicable

to the problems such as the collision (head-on collision) of two ion-acoustic



solitary waves propagating in opposite directions each other. In chapter 2,
with some modification of the stretched variables (1.3), the method is
extended to be applicable to such problems, and then to the case that
there exist n quasi-simple waves each of which propagates along one of
n families of characteristics. It is shown that in some sense, a solution
of (1.1) can be described as a superposition of n quasi-simple waves each
of which is governed by the type of equation (1.4). This extended version
of the method is applied to the head-on collision of two solitary waves
in shallow water waves and in ion-acoustic waves. The phase shift of each
solitary wave in the head-on collision is obtained.

The reductive perturbation method for nonlinear wave modulation in
dispersive media is concerned with the self-modulation of a wave packetl
with small bandwidth about a central wave number and frequency. In chapter 3,
this method is generalized so as to be able to deal with the mutual-interactio
of two wave packets with group velocities different from each other by the
order unity. It is shown that the two wave packets can be described by
the respective nonlinear Schr&dinger eguations and except for phase changes
in the envelopes and for those in the carrier waves, are unaffected by
the mutual-interaction. In particular, the mutual-interaction of two
envelope solitary waves with propagation velocities different from each

other by the order unity is investigated.



§ 1.2 Inverse Scattering Method

One of the most remarkable results ol recent study of nonlinear
waves is the discovery of the inverse scattering method which is a method

of exact solution for nonlinear evolution equations and the distinguished

character of which is that it reduces the initial value problem of a nonlinear

evolution equation to the direct and inverse problem of scattering of a
certain linear operator. The method was first developed by Gardner,
Greene, Kruskal and Miura (GGKM) [34] in order to solve the initial value
problem of the KdV equation.

We consider the initial value problem of the KdV equation (1.11)
on —dogx <o , With the initial data u(x,t=0)=uo(x) vanishing
rapidly as /X[—» 20 . Motivated by Miura's transformation [T78] relating

solutions of (1.11) and (2.1), the modified KdV equation

3
W v, PU _,

£ L 4 2

ot Ix Ix3 ’ (2.1)

which arises in lattice dynamies [13],[14] and plasma physics [3],[79],

GGKM were led to consider the Schrddinger eguation

‘,Slxé +petf =0, gty =—Lux s (2.2)

in which u(x,t) evolves according to the K4V equation (1.11).
First, we consider the direct and inverse scattering problem of

the Schrddinger equation without time dependence,

_SL oo f =S, (2.3)

Py

_lh_



where the condition [80]

f (7+/x1) 1800l dx < 20 (2.4)

-0

is assumed. The equation (2.3), subject to this condition, has solutions
®cx,$) and ¥@,¢$) , uniquely defined for all real § by the

conditions

ex

P,e)—> € S

, X—>—00 ; P,8)— e, x—roo. (2.5)

Here $Px,—¢) -_—[99{119‘]* , Yoo -$) = [¥(x,$)]°  are satisfied because
a(x) is real. Since for § %0 , Hx,$) and ¥(x,~¢)  are linearly

independent solutions of (2.3), %(x,¢) can be written as

Pex, ) = A $xX,~L) + BRI U, E), (2.6)

where the coefficients a(4 ) and b(% ) satisfy the relations

a) =0T, 4 =[4-0T, lai*=7]+ 4/~ (2.7)

In addition,

agy = L weya o), pexcy (2.8)
2.¢

where W(f,g) = fxg-fg}’c is the Wronskian. 1/a(& ) and b($ )/a(& ) are
called the transmission and reflection coefficient respectively. Under

the condition (2.4), the solutions #(x,$) and P(x,¢) and the

coefficient a(§ ) can be continued analytically into the upper half & -plane

(Im{( § ) > 0) and have the following asymptotic properties for large [S]

Im(&)> 0 ;



Eocx,gje‘?zz ] +0¢c, %(I,C)é"?{—- I+ 0,

ac) =71+ 0. (2.9)

In the upper half & -plane, a(& ) can have only a finite number of zeros.
We assume that a(4 ) has there N zeros and designate them (%, ,
Im( % ) > 0 (n=1,2, +++ ,N). For &=¢%, , L&) and ¥(x,$)

are linearly dependent, i.e.,
Prx, “?n) = £n ;5(114.7#); (2.10)

and thus }Lt’x, &Pn) decreases exponentially as /X/—» €2 , that is,

Y(x, ifa) is the eigenfunction of a bound state. Therefore,
{7x (n=1,2, *-+ ,N) is the discrete spectrum and 7, is real and positive
and then %(Z,d‘?n) is also real. i?x is a simple zero of a(4 )

because the following relation can be verified :
= oo oo 2
La () = [ PX, D) Y2, i) AX = By / U(X, iy) a’z.-,é o (2.11)
—&0 —b0

where the dot over a denotes the derivative with respect to ¢ .

The normalization constant Cﬂ(?O) is defined by the relation

o0
Co® .—_—/ Yoz, ih)dz, (2.12)
Z oo .

and then from (2.11) we obtain

(2.13)



If q(x) vanishes sufficiently rapidly as [x/—2e so that b(Z ) is also

defined at & = £7, , in view of (2.6) and (2.10),

By = BT . (2.14)

Therefore, in this case, c is related to the residue of b( & )/a(f ) at
the pole & =47, . The set 8 {i?; . cn(n=l,2, c=e UN), b(€ )/als )

( & :real)}is called the scattering data. In this way the scattering data
is determined completely from the potential.

The inverse problem, that is, the problem of the reconstruction of
the potential from the scattering data was investigated by Gel'fand and
Levitan [B81], Marchenko [82] and Kay and Moses [83] (see also Faddeev [80]).
According to them, the inverse problem can be uniquely solved. Let us
define, in terms of the scattering data,

N oo .
. 2 ~h2 e
Ber =L oie™ + L[ e (2.15)

(=]

If we solve the Gel'fand-Levitan (or Marchenko) equation

K(z, %)+ Bx+4) -f-/K(z,S)st-f-é‘)dSr-O, F>x, (2.16)
x

subject to the condition K(x,y)—> 0 as y—» o , the potential q(x) is

given by the relation

Fexo =_2£_K(z'r)' (2.17)

Now we proceed to consider the equation (2.2). By substituting u(x,t)
of (2.2) into the KdV equation (1.11), we obtain, for the time development

of T,



: _g:’f +2 (fgﬁ—ﬁ;ﬁf?)—*"; (2.18a)

RE—Z€ glf_: 3(5+§’)L3§. (2.18b)

If £ is the eigenfunction of a bound state, integration of (2.18a) over

the interval (-eo,e¢) yields é?%t =¢ , that is, the discrete spectrum of

(2.2), ¢% (n=1,2, *** ,N) remains invariant when u(x,t) evolves according

to the KAV equation (1.11). This was the first remarkable discovery of

GGKM. Then, by making use of (2.2), (2.18a) can be reduced to

R= 2L &£ _ 3(;+;2) ~CF +D#

ot ax3

f_} z (2‘19)
where C and D are independent of x. For the continuous spectrum, & can

be assumed to remain invariant; hence f again satisfies (2.19). In view of

(2.5) and (2.6), %x,§,t) behaves as _¥—» *bo in the following way:

Pl(x,¢,t) = e, X——00, (2.20a)
Px.<, ) Edté‘,t)é"cx-rﬁ@,t)c'gz, X— +00. (2.20b)

Substitution of these asymptotic forms into (2.19) yields

C =43°, D=o, (2.21)



and

04 __ 0B _ o.p3 _
2 =0, 5% =28, (2.22)

If we utilize the relations (2.13) and (2.1Lk), owing to (2.22), we can obtain

G __
e EnCn . (2.23)

This agrees with the result obtained in a different way [34] which is also
applicable to the case that &(i%) is not defined. Thus, the time evolution

of the scattering data is given by the equations

7”(t)=z,(0) F] (n'-:.//z; “"'JN)’ (2.2]-['3.)
@it
Cn(t) =Gl | (N=/.2, -, N), (2.2Lb)
alc, t) = acs, o), (2.24e)
\ 3
B8E.t) = 82,0)e 5L (2.24a)

It is important to cbserve that the time evolution of the scattering data

is determined without a knowledge of u{x,t). This observation was the

second remarkable discovery of GGEM.
The procedure of the inverse scattering method is summarized as follows
For given initial data uo(x), we first solve the direct scattering problem
of (2.3) with the potential q(x)=-u0(x)/6 from which the scattering data
at t=0 is determined. The scattering data at any later time is given by

(2.24) and

N
Rt)= = . St
B(z t) n‘g Gilye 5l Sea (2.25)

—bg

34 " O3t +GR
8t~ f/.g(q,o)eﬁ‘fit gdg,



This defines the Gel'fand-Levitan equation (2.16) for all time t and its

solution K(x,y,t) leads to the desired solution of the KdV equation (1.11)

UK, ty =—ER(x,t) = 12 %K(x,z,t}.

Here it should be noted that both equations (2.3) and (2.16) are linear
and t appears only parametrically throughout.

The special case, in which b(4 ,0)=0 for all real ¢ , was investigate
by several authors [30]-[33]. In this case, the Gel'fand-Levitan egquation
can be reduced to the system of linear algebraic equations, so that it
can be easily solved to yield the so-called N-soliton solution. For N=1,

the solution is given by

p— 2 2 24 i C'rzfa)
U, t) =127 0ech []~402E~8)F 5,__%1?——2?‘ , (2.26)

This is the soliton solution of (1.11) with the amplitude 124* and

the velocity hzz , that is, a zero of a(4 ) corresponds to a soliton.

For arbitrary N, the asymptotic behaviours of the solution for t — =xoo

are given by
N 2 2
utx, ) ﬁ'nZ; /.27,,.0@% [)r’n (447~ Sne)f , T—> %20 (2.27a)
> | 2 ek By (XA TS )}, T 00 (X472 : fired ), (2.27b)

where

=L '@?ﬂ ~n C"’%‘U Yo
Snf 27 274 ?,, e '&f 7m+7n 5;‘ll- ‘27’,’% 27, "" L’;-?”_f_?m (2.28)



and '7, Pl 7;? P ?N has been assumed. The solution breaks up, as —> %69 ,

into the same solitons each of which correspcnds to one of the zeros of

a(C ). The n-th soliton is only shifted, owing to the interactions with

the other solitons, by ASn = Sn+—Sn— , as it travels from % — —&0 to c° .
On the other hand, for b(& ,0)%0, the continuous spectrum also

contributes to the solution and corresponds to the nonsoliton part of it.

The nonsoliton part has an oscillatory structure, and disperses to the

left and decays to zero in time asymptotically [84],[85]. In this general

case, as ¥— o2 , in the region X >€L ( & is an arbitrary positive number),

the solution is again approximated by the sum of the solitons each of which

corresponds to one of the zeros of a(f ) [86]. These results support the

numerical study by Berezin and Karpman [35] and the analytical and numerical

study by Zabusky [8T7].

The KdV equation has an infinite number of conservation laws of the type

dn , 3Xn _ ¢ =/,2,3, )
Tl v , (n=[.2,3, (2.29)

-]
from which we can obtain the constants of motion In =f T dx
— B

if Xn vanishes as [xX/—> 60 , and the first three examples of In are given by
-] oo 2 =] 3 5
I,=/ua/z, I==f L dx, I3=/ (—g——uz dr . (2.30)
Lso Zao ~“so

This fact was first shown by Miura, Gardner and Kruskal [88] through
Miura's transformation and Galilean transformation. The constants of
motion In(n=l,2, -+ ) can be also derived by the method based on the time

invariance of a({§ ) [89].



One of the key points for success of the inverse scattering method
is that the eigenvalues of (2.2) remain invariant as u(x,t) evolves according
to (1.11). The generalization of the interrelation between (1.11) and
(2.2) was provided by Lax [29]. According to him, the method mey be applicable

to the (nonlinear) evolution equation

P17 - u (2.31)
U = Ku,

which can be represented in the form

%é‘__ = (B, L] =BL-LB, (2.32)

where L and B are linear differential operators including the function
(or vector) u(x,t) in the coefficients and %§4§t refers to differentiating

u with respect to t in the expression for L. Consider the eigenvalue problem

LY =S¥, (2.33)
If ¥ evolves according to

o _ .3k
L _ By, (2.34)

then by differentiating (2.33) with respect to t, it follows that 3%5-:0
In this case, the initial value problem of (2.31) can be reduced to the
direct and inverse scattering problem of (2.33). The time evolution of

the scattering data is found from (2.34). It should be noted that B is
only determined up to an operator commuting with L. We will take advantage
of this fact in determining the time evolution of the scattering data.

Following Lax's approach, Zakharov and Shabat [59] succeeded in

— 22 —



finding L and B appropriate to nonlinear Schrddinger equation (1.23) with
positive X which is the second example solved by means of the method.

These operators are given by

L=l 23

B =21 ‘; af:, 2(3‘9* f){f ’;z /&/‘) ,/—bf; (2.35b)

Assuming that |ul vanishes rapidly as X —> t&0 , they solved the direct
and inverse scattering problem of the operator (2.35a). The discrete
eigenvalue &, (which is a zero of a(& ) analogous to a(& ) in the
scattering problem of the Schrddinger operator and in general, complex)
corresponds to a (envelope) soliton and its velocity and amplitude are
determined by Re( &, ) and Im( 4, ), respectively. The behaviours of a
N-soliton (with distinct velocities) solution is analogous to the case
in the KdV equation except for presence of the phase shifts in the carrier
waves. A finite number of the solitons with the same velocity do not
separate but form a bound state of the solitons. Then ]u(x,t)] is periodic
in time in the frame moving with the wvelocity. They also obtained an
infinite number of constants of motion for (1.23) with X >¢ . The
behaviours of solutions for various initial conditions were investigated
in detail by Satsuma and Yajima [90] on the basis of the method of Zakharov
and Shabat.

Wadati [91] and Tanaka [92] noted that the modified KAV equation
(2.1) can be also related to the operator (2.35a). The N-soliton solution

was obtained by them. The bound state of solitons was also found.



An infinite number of conservation laws for this equation had been previously
found in [88].

The same type of operator was again used by Ablowitz, Kaup, Newell
and Segur (AKNS) [93] to apply the inverse scattering method to the

sine-Gordon equation

2 2
3’;’, - j—ﬁi - AMY =0 (2.36a)
or
2
U .
35)2—&— =nu, (2.36b)

which arises in many branches of physies [94]-[102] and also in differential
geometry [103]. The solitary wave solution of the sine-Gordon equation
corresponds to a rotation in u by 2T as x goes from —&< to e . The pulse
corresponding to a positive sense of rotation is sometimes called "kink"
and that corresponding to a negative sense of rotation "antikink".
Particular solutions ineluding those representing "kink-kink" and "kink-
antikink" collisions had been already found [102],[10L4]-[107]. The sine-
Gordon equation (2.36b) was also investigated in detail by Takhtadzhyan
[108] by means of the inverse scattering method.

AKNS [109] found that many nonlinear evolution equaticns can be

solved by the generalized Zakharov-Shabat eigenvalue problem:

%’r_ + v = g, )V, (2.37a)
g'bz’_i —&vy =FX, TV . (2.370)

Choose the time dependence of the eigenfunctions vy and v, to be

D )



%{ — A E SV + Bz £.5E, (2.38a)
% = Cx,t.)v-AE O . (2.38b)

Cross differentiation of the systems (2.37) and (2.38) shows that the

eigenvalues & are time invariant when

f—’g =3C ~rB, (2.39a)
9B +2ilp = 8 548, (£ 35h)
i .,

S 28 =3 oar. (2.39¢)

In order that this system can be solved for A,B and C,qt and r, must satisfy

t
some compatibility conditions which yield the evolution equations for q and r.
AKNS solved the system (2.39) by finite expansions of A,B and C in terms

of 2?§ to obtain the evolution equations for q and r including the KdV
equation, the modified KdV equation, ete. Furthermore, in Ref. [110] they
showed that the following nonlinear systems can be solved by means of the
eigenvalue problem (2.37);

(r*)+2._(2.(£f) ¥ =0 , —0< X< 0o, (2.40)
—#t 7

where L' is a certain integro-differential operator, and S2(¢) 1is directly




related to the dispersion relation of the linearized version of (2.40) and
may be permitted to be an arbitrary ratio of entire functions. They also
found & class of evolution equations which can be solved exactly by means
of the Schrddinger eigenvalue problem. They then presented the view that
the inverse scattering method may be considered to be an extension of the
ideas of the Fourier transform to nonlinear problems.

The inverse scattering method has been applied to many important
equations. Zakharov and Shabat [60] applied it to the nonlinear Schrddinger
equation (1.23) with negative X , subject to the boundary condition

Iule—-—-ﬁ- const. and ux——:r 0 as X — £ |
Zakharov [111] could find the operators L and B appropriate to the

Boussinesq equation [26]

¥ Su i otu
Rl R X (24

which describes long water waves with small but finite amplitude. However,
this equation has been not yet solved by this method, though the N-soliton
solution was obtained in a different method [112].

The inverse scattering method was applied by Lamb [113] and Ablowitz,
Kaup and Newell [11L4] to the Maxwell-Bloch equation which describes the
propagation of coherent optical pulses in an inhomogeneously broadened
two-level medium and is reduced to (2.36b) in the simplest case [102].
Lamb dealt with the lossless propagation of a specific type of pulses
(solitons) —— the self-induced transparency [1151,[102]. However, in general,
only a certain portion of the incident pulse forms these special solitons

to which the medium is transparent. The rest of energy is eventually

__26_.._.



transferred irreversibly to the medium. This corresponds to the fact
that a(¢ ,t) in the relevant scattering problem varies in t, while the
zeros of a({ ,t) which correspond to the solitons do not vary in t [11k].

The operators L and B for the three-wave resonant interaction were
found by Zakharov and Manakov [116], which is the nonlinear interaction
of the three wave packets whose central wave numbers and frequencies
statisfy the triad resonance condition and occurs in various physical
contexts [117]-[122]. Two types of interaction are possible —— decay and
explosive. The steady propagation of solitary pulses (triple solitary waves)
analogous to self-induced transparency in nonlinear opties can occur in
the decay type of interaction [121]-[123]. These solitary pulses behave
like solitons [124],[125]. The direct and inverse scattering problem of
the operator L (which is the third order differential operator) obtained
in [116] were solved by Kaup [126] under the boundary condition that all
of potentials in L vanish as X— oo . Because of this boundary condition,
his solution could not yield the above-described solitary waves.

In many applications, the sine=Gordon equation takes the form of
(2.362) in laboratory coordinates. The equation of this form was solved
by Zakharov, Takhtadzhyan and Faddeev [127], Takhtadzhyan and Faddeev [128]
and Kaup [129].

The inverse scattering method was applied to the two-dimensional
problem, that is, the two-dimensional KAV equation by Dryuma [130] and
Zakharov and Shabat [131]. This equation was first obtained by Kadomtsev
and Petviashvili [132] in a intuitive way in order to investigate the
two-dimensional stability of a solitary wave in a weakly dispersive medium,
and wes later obtained by Oikawa, Satsuma and Yajima [133] in a systematic

way. Although the scattering problem of the relevant operator has been



not yet solved, the N-soliton solution has been obtained in [131] and [13L4].

The method was also applied to the Toda lattice which is a system
of equal masses, connected by nonlinear springs subject to an exponential
restoring force and was presented by Toda [135] as a solvable model.

He then obtained various special solutions including sclitary waves and
wave trains [135] (see also [136]). The operators L and B were found by
Flaschka [137] and Manakov [138] and for an infinite lattice the direct
and inverse scattering problem were solved by them to find the N-soliton
solution. The periodic Toda lattice was investigated by Kac and Moerbeke
[139] and Date and Tanaka [1L40] on the basis of this method.

The KdV equation with the periodic boundary condition has been
recently studied by a number of authors [141]-[148]. It was in this boundary
condition that Zabusky and Kruskal [1L4],[28] first discovered the "soliton"
through the numerical computations of the eguation which were carried out
in connection with the well known Fermi-Pasta-Ulam problem [149]. They
observed the near recurrence of a sinusoidal initial state after a finite
time and attributed this recurrence to the remarkable persistence of solitons.
In the periodic case, (2.2) is often called Hill's equation and the spectrum
is also invariant when the potential evolves according to the KAV equation.
By solving the inverse problem of Hill's operator, the solutions of the
equation were obtained by Novikov and Dubrovin [1L3],[1LL] and Its and
Matveev [14L5] and by McKean and Moerbeke [1L6] for the initial data for
which Hill's operator has only a finite number of gaps (forbidden bands or
instability bands) in the continuous spectrum. These solutions are almost
periodic in t and are the cnoidal waves for one-gap case. For two-gap case

they are periodie in t, so that their initial shapes recur exactly after



a finite time, but they are shifted in position. This class of solutions
contains as a degenerate limiting case the N-soliton solutions. The similar
results were obtained by Lax [1L48] in a different way.

Other applications of the method are found in [150]-[157].

The KdV equation was cast by Gardner [158] into a Hamiltonian
framework. 2Zakharov and Faddeev [89] showed for the KAV equation in the
infinite interval that the transformation of the potential into the scattering
data is a cancnical transformation into action-angle variables, so that
the equation is a completely integrable Hamiltonian system. They expressed
the Hamiltonian, the role of which was played by the constant of motion

I, in (2.30), in terms of the scattering data, and showed that the action

3
varisbles are proportional to %, (n=1l, -** ,N) and ln}a(g')l2 and that the
angle variables are proportional to lnb(i7 n) (n=1, --. ,N) and argb(& ).

Many other examples of the completely integrable system have been presented
[128],[138],[159]-[162].

In addition to the inverse scattering method, the methods of exact
solution for nonlinear evolution equations have been developed which are
convenient for finding multi-soliton solutions. One of these methods is
the method based on the Bicklund transformation which arose long ago in
the study of surfaces in differential geometry [103], and is usually presented
as a method for transforming one solution of an evolution eguation into
another solution of the same equation or into a solution of another equation.
The sine-Gordon equation has long been known to admit a Bicklund transformation
[103],[102]. Since the Bickulund transformation for the KdV equation has
been recently found by Wahlquist and Estabrook [163], that for many other

nonlinear equations has been obtained [164]-[168]. The Bicklund transformation



can be used to generate multi-soliton solutions owing to the theorem of
permutability due to Bianchi (see[103]) [102],[163],[169]. It can be also
used as a mean for finding the eigenvalue problem associated with the evolution
equation under consideration [164],[165],[170] and as that for deriving an
infinite number of constants of motion of the equation [170],[171]. Miura's
transformation can be, in fact, considered to be one of the Bicklund
transformations. Conversely, the Backlund transformations have been derived
from the associated eigenvalue problems [166],[170],[172]. Although the two
methods [165],[173] for finding the transformation have been developed,

they are tedious and are not entirely straicghtforward.

Another method of exact solution has been mainly developed by Hirota
(see[1TL]). Hirota's method is based on the transformation of dependent
varigble which is anzlogous to the Hopf-Cole transformation and reduces the
original system to the system of bilinear equations. The method has been
used by a number of authors to obtain N-soliton solutions of various nonlinear
equations [112],[134],[175]-[179]. A method for finding the Backlund
transformations has been developed in the framework of Hirota's method [180].

The inverse scattering method reduces a nonlinear problem to a sequence
of linear problems. It permits us to solve the initial value problem unlike
the other methods. It has been seen to be applicable to a wide class of
nonlinear evolution equations. In particular, it was applied to the K4V
equation and the nonlinear Schrddinger equation derived by the reductive
perturbation method from a wide class of physical systems to reveal the
interesting properties of these equations. In this method, solitons are
characterized by the discrete eigenvalues, strictly speaking, the zeros of

a( &), where a(% ) is one of the diagonal elements of the scattering matrix.



From the viewpoint of a nonlinear analcgue of the Fourier transform, the
solitons are essentially nonlinear modes. The time invariance of a(Q )
permits us to derive an infite number of the constants of motion.

It is still a highly nontrivial step to find the eigenvalue problem
by means of which a given nonlinear evolution eguation can be solved.
However, it is not difficult to examine what nonlinear equations can be
solved by means of a given eigenvalue problem. AKNS [109],[110] carried
out this for the second order eigenvalue problem, i.e., the generalized
Zakharov-Shabat eigenvalue problem.

Following the method in [109], we investigate in chapter U what
nonlinear evolution equations can be solved by the inverse scattering problem
of the third order eigenvalue probelm. Some important examples of nonlinear
evolution equations obtained thus are presented. The most interesting
example of them is the system of equations describing the Langmuir waves
coupled with the ion-sound waves propagating in one-direction in a one-
dimensional plasma. This system of equations has solitary wave solutions
—— "sonic-Langmuir solitons" —— which are Langmuir oscillations trapped
in regions of lower density caused by the so-called ponderomotive force
due to a high-frequency electromagnetic field pertaining the Langmuir
oscillations. In chapter 5, the direct and inverse scattering problem of
the third order differential operator associated with the system of
equations are solved. The interaction properties of N sonic-Langmuir
solitons are investigated. Their identities are then shown to be preserved.
The formation of sonic-Langmuir solitons is studied on the basis of

perturbation method. An infinite number of constants of motion are derived.



Chapter 2

Perturbation Approach to Nonlinear Systems. I.

Interaction of Solitary Waves

§ 2.1 Introduction

The present chapter is concerned with one-dimensional weakly nonlinear
and weakly dispersive (or dissipative) wave systems. The reductive
perturbation method can be applied such systems to yield the KdV equation
(or the Burgers eguation) or its modification which describes the long-
time asymptotic behaviour of the single "quasi-simple" wave belonging to
one family of characteristies. In particular, the KdV equation describes
the unidirectional motion of shallow water waves, long waves in anharmonic
lattices, ion-acoustic waves in plasma and others [12]-[24]. As described
in chap. 1, through numerical and analytical studies of the KdV equation
the interesting natures of the interaction of solitary waves have been
revealed : when the two solitary waves approach closely, they interact,
exchange their energies with one another and then separate away regaining
their original wave forms. In a whole process of interaction the solitary
waves are remarkably stable entities, preserving their identities through
the interaction. Only their phases are altered owing to the interaction.

In one-dimensional wave systems, there exist two families (in general,
n families) of characteristics which correspond to waves travelling to the
right and left. The interactions of quasi-simple waves belonging to
different families of characteristics cannot be investigated by using the

KAV eguation (or Burgers equation). The interaction of two solitary waves



travelling in opposite directions (head-on collision) was studied for the
Toda lattice on the basis of the exact solution [181] or numerical computations
[182]. The head-on collision of two solitary waves in shallow water waves
was also studied by Benney and Luke [183] and Byatt-Smith [184]. However,
in all the works the phase shifts of the solitary waves due to the head-on
collision were not given explicitly.

In the present chapter, we consider the interactions of quasi-simple
waves belonging to different families of characteristics by means of a
generalization of the reductive perturbation method. A part of this
generalization is suggested by the singular perturbation method developed
by Benney and Luke in studying the interactions of two permanent shallow
water waves. Another part of the generalization is to introduce the phase
variables in expectation that the velocities of the twe interacting waves
vary in space and time owing to the mutual interactions.

The head-on collisions of two solitary waves are studied in § 2.2,
For simplicity, we consider the Boussinesqg equation

S¢ _ ¥ _ 13y oM

-é_'fz—_d;r_z=7ﬁ3+6ﬁ?’ (l.l)

where € 1is a smallness parameter. This equation is well known in the
studies of nonlinear gravity waves on shallow water layer [26] and long
waves in anharmonic lattices [13],[14]. In the lowest order of the
rerturbation expansion, the solution for (1.1) is shown to be the sum of
two solitary waves. The next order corrections come from the mutual inter-
action between these waves. The phase shifts in the head-on collision of

two solitary waves are calculated.



Tn § 2.3, a more general case, that there exist n quasi-simple (not
necessarily solitary) waves, is studied. The system is assumed to be
governed by the equation (I.1.1), (where the notation (I.1.1) denotes the
equation (1.1) in chap. 1 and the same notation is used in what fallows).

It is also shown that in the lowest order the solution is written as a
superposition of n gquasi-simple waves each of which is described by a simple
nonlinear equation and the mutual interactions between them give rise to
change of their phase velocities.

Two applications are given in § 2.4 ; the ion-acoustic waves in
collisionless plasmas and the shallow water waves. It is important to note
that although the Boussinesq equation (1.1) has been believed to approximate
well the shallow water waves, it leads to an incorrect result in the head-on
collision of two shallow water solitary waves.

In § 2.5, the relations of several recent papers to the present work

are discussed.



§ 2.2 Head-on Collision of Solitary Waves of the Boussinesg Equation

Let us consider the Boussinesq equation (1.1). A solution corre-
sponding to a unidirectional permanent wave can be obtained by putting

y=s(x-ct) and by solving

(1-C?) Sexx + (52/2)2‘2.’-1-552:1;::"—‘0. (2.a)

i iti =5 = = =0 at X =0c< we get
Imposing the boundary condition that s 5. CI, Sxxx ” g

the solitary wave solutions
2 ra
S = Harech [ (H/12e) (x—ct—x.)} , (2.2a)

C==(]+ H/s)’g_ (2.2p)

If the amplitude is of order & , i.e., H= &A, £« ] , the solitary waves

are

-2,
sgaﬁAec/f[M/fz)’E(z;(HéA/o’)t . (2.3)

Consider the head-on collision of two solitary waves. Of course
a linear combination of two solitary waves will not satisty (1.1) but will
give rise to nonlinear interaction terms. However, since the interaction
terms are of order &2 , 1t may be treated by a perturbation method.

We now introduce the following variables

Do

& -Z—ZA-C/-Pé‘A)t-".z_:E"S?,(I,tJ, (2.4a)
&2 w

) =x—2g+ (7 +8/4)f-—”§£ B, b, (2.4b)

where X, and X, are arbitrary constants. This is a generalization of



Benny-Luke's treatment. Here, the phase variables 5% and ?% are
introduced in expectation that the velocities of the two solitary waves
vary in space and time owing to the head-on collision. On the other hand,
Benney and Luke disregarded these variables because they were mainly concerned
with the stationary two-dimensional interaction of two periodic waves
(cnoidal waves) travelling in different directions.

If we introduce (2.4) into (1.1) and expand y in terms of the smallness

parameter & as

Y =4+ 4%+ -, (2.5)

then we get the sequence of equations corresponding to the successive powers

of €&

In the first approximation, we obtain

92 <3
_° e .6
550 2. (2.8)

Equation (2.6) implies that the lowest order solution is the sum of two

waves having the phases ¢ and ‘7 :

40 = £+ . (2.7)

In the next order, we have

%3%;‘2’:_&%}[156; ~ (- F (453}

—;’-ff@+f§)"—2)tf”f—%fo‘z“+ﬁf)izﬂg‘i"f ’ (2.8)



: .
F=[ Aode’, G=[ sy (2.9)

where the primes denote the differentiations with respect to the arguments.
Taking into account that f and g are functions of §' and 7 , respectively,
and reguiring the boundedness of y(a) (non-secularity requirement for solution)

we obtain

FUor (F72) =22 F =0,

7 (Fa) gt =0

These are integrated with respect to §' and ? » respectively ;
£+ )~ f =, (2.10a)
F" + (FR) —2p7 = Az, (2.10b)

where al and ag are arbitrary constants. Buppose now that

P =G /4, (2.11a)

b =F) /4 . (2.11b)

These determine the phase variables of the two waves. From (2.8)-(2.11).

By v, e
v is given as

#m=-—-§’-7¢j+ﬁ(§)+,’5f7). (2.12)

The functions h(¢ ) and k(7 ) are as yet arbitrary functions and are



(3)

determined by requiring the boundedness of the third order solution y
After some lengthy but straightforward manipulations, the third

order equation is written as

48 =~ e A WA e £+ g2k 4T

sE 438 451937 ]+ (438 ~F+ $0010£19]

# (St L) £anop) () (5 & ) f)

3§g?[ ~2/f~2RF +6O4VAF + FF+3fF "'}[5] (2.13)

The non-secularity condition of y(S) requires al=a2:O in (2.10) and then
)ca+ (]C:.%?) —3)95 =4, (2.1ka)
F'+ (§72) =24 f =6, (2.1kb)

where b, and b, are the integration constants. Substitution of (2.14) into

(2.13) and requirement of the non-secularity of y(3) yield
[A7+Cf-20)4 —(,]‘+4a)ff'—-—-0, (2.15a)
(A% + (g2t - (v 831 =0. (2.15b)
Imposing that
= K ~Sp+10 G2 /% (2.16a)
Yo = fH(-SO 2 FEY2}/ 4 (2.160)



)?
Heg) = f Acods, Koy =[ #aodr,

we have the solution

YO = L (fh43A4) + L A £F

+ z{‘ (FF +3FG+ 37 + L) +meD, (2.17)

where f(3) and m(% ) are arbitrary functions which will be determined in
the next step.

Let us now consider the two-solitary wave problem. Setting
bl=b2=0 in (2.14) and imposing the boundary condition that f, g and their

derivatives vanish at ¢ or 7 =+0v, ve get
£ = éxsech /2% (2.18a)

P = b aech (a5 (2.180)

It is noted that these are equivalent to (2.3) with s= £f, A=6 A and
s=&g, A=6M , respectively. If we substitute (2.18a) into (2.15a) and
make use of the boundary condition that h and its derivatives vanish at

§ =+ 00 , then we have

% + 4 (38ech R —1)F = 12 \2aech R (2.18)

L3
where & = (A2) ¢ . The solution vanishing at f:iw can be easily

obtained ;

A& = 3N(echA R-RoechRlanhz) + Coech g Tanh z, (2.20)



where C is an arbitrary constant. From (2.18a), h(§ ) is rewritten as

d
%(5(\) =—2&'.7£(§\) - ;—ff'-gﬁc;\s/zf d/; " (2.20)"

We can say from (2.18a) and (2.20)' that up to the order &~ the function

EF +&*A  agrees with

BEA (T +£A/2)Aeaﬁ2{(/\(/+£A/2)/2)}§(§—eéfq)f, (2.20)"

b = CAe/E%)

which is just the same as the exact solitary wave solution (2.2) with
C =1]+E&A except for the presence of the phase factor &£} +€R +&%p .
The arbitrariness of the constant C can be now absorbed into that of en

and then we can take (=0 without loss of generality. The function k can be
obtained by replacing A and ¢ in (2.20) and (2.20)' by M and 7

2

respectively. By making use of (2.L4), (2.5), (2.9), (2.11), (2.12) and

(2.20)", we finally obtain the solution up to the order &>

4 = £A4 dech’( (A/:z)}?) + &R pech®(( 5/12)}57)

= (e%_)ABMI(Cf?iz)g;)M’((Bﬂz)%’/) ’ (2.21)

A=26A0+EN2), B=46M(l+e172),

$ =20~ (]+ENt — (V%)es‘ﬁ(zmé {(Séijg’f}tf ¥ (2.22a)

7 = X~Xg +(] +ep) f~WFR)EALanA {(AN 51 +1) | (2.25%)

Now, we can estimate the phase shifts in the head-on collision of

two solitary waves. Let us assume that the two solitary waves, A and B,



are at a long distance from each other at an initial instant (t=—-09 ) ;

the solitary wave A is at 7=~o0 and § =0 and B at {=+0&0and /=0

After the collision (t=60 ), A is far on the right of B ; A is at 7=o¢0 and
§=¢ and B at §E=—DO and 7=0 . In this case the phase shifts of A and

B, S,g and 53 , are given by
K
84 =X~ (1+EN) t ], pmor (X=(11EN sy pe o= EC(3B),  (2.23a)

88 =X+ (M)t m—po, g [X+ (T+EH) ] o, 9™ GAE (2.23)

From these, we see that after the interaction the right-going wave A is
shifted to the right of where it would have been if no interaction had

taken place and the left-going wave B is shifted to the left.

...._hl_.._



8 2.3 Generalization to n-Wave Systems

In the previous section, we investigated the interaction of two
solitary waves propagating in opposite directions. Here we consider a more
general case that there exist n "quasi-simple" (not necessarily solitary)
wvaves (simple waves under the influence of dispersion or dissipation) each
of which belongs to one of n families of characteristies. For the system
(I.1.1), the equation for the single quasi-simple wave belonging to one
of n families of characteristics derived by Taniuti and Wei [1] by applying
the reductive perturbation method. In what follows, we investigate the
mutual interactions of n quasi-simple waves belonging to different n families
of characteristics by generalizing the reductive perturbation method.

The system (I.1.1) is used as the basic equation. Here we shall
also investigate the possibility that n quasi-simple waves are superposed
to describe the wave motions in this system. The expansion of U in terms
of a small_parameter & , (I.1.2) is assumed. It is also assumed that

there exist the eigenvalues of A.(= A(U=U(O))) , AL Az, v, Am and

0

that they are real and distinct. We introduce the stretched variables
A '—a U
g =& x-NE - Ft)), (F=12-,n) (3.1a)
¢
T =&ML, (3.1p)

where a=(p—1)_15; 1. We consider that U depends on x and t through the
variables §; (j=1,2, *** ,n) and T . These variables are the generalization
of the variables (I.1.3). In (3.1), j& (x,t) is introduced in anticipation
that the velocities of waves vary in space and time owing to the mutual

interactions. The factor {’"a comes from the following consideration :

__hg..._._



The variation in the wave velocity due to the two-wave interaction is

expected to be proportional to the product of the wave amplitude and the inter- - -

action time. The former is of order € . The latter is considered to be
the time during which the two waves pass through each other, and then
estimated by dividing the width of wave (r«-C)(Era) ) with their relative
velocity (~ O(1) ), i.e., being of order &% | Therefore, the variation
in the wave velocity is of order £ X & 2= &'79,

If we substitute (I.1.2) and (3.1) into (I.1.1) and equate the co-
efficients of successive powers of & to zero, then we get a sequence
of equations.

In the lowest order, we have

n AU(U
(As—=Ag) =o0.
f; Ae=As 28,

(3-2)

Let Ry and Ly be the right and left eigenvectors of A for the eigenvalue

0
Ay s respectively ;
ARy = ARy + LigAo =Aglig - (3.3)
By expanding U(l) with the set {Rj} as
) i
U =j{_’lj§c§,,u,§,,,fe)&, (3.4)

and by making use of the orthogonality of the eigenvectors,i.e.,

(Ly, Re) = &k » (3.5)

we get the equation



ok :
( (F=12,+-,n) .6

The general solution of (3.6) is written as

£ =481 08 ), (3.72)

7= ¢ n""z?z 'S, (3.70)
. 2 e

ny =20/, L=I( 2 y=A) (3.7¢)

where the vector ?QJ is the orthogonal component of the vector f to the

n-dimensional unit vector n(‘]) . Since we are interested in quasi-simple
waves, we restrict ourselves to the case that fj is a function of only one

variable Zl‘g)(=§o;) . Then, we have

Jf‘. = 5. 7). (3.8)

It should be noted here that for the case n=2, equation (3.6) has only
the solution (3.6).

In the next order, we have

T A0 3L = 3 5 (Le, (Ru)AR) 138
o

‘).Eot J.#- m
A
5 P
5 (La, BT Reeni IR 4

J
3T+ Ly, RIAR £ S

M 1)



3 ’
+ (L g i (K;?r,wf,,)ﬁngg
(3.9)

gt ; JL
+J§If()\é M5E + (L, (@V)Ao&;;ﬂf}zef ,

3 2 . :
where the gih are the coefficients of the expansion of U( ) with {R£ }, n 1=

U{u =Z;:-; zg(fh ;31“'.- fﬂ;T) Pf .

Now suppose that the variables ji%’ satisfy
2 (/\"A_gjﬁ =Y (Ly,(RVAR) # (3.10)
Fey AR 2 P ¢’
i.e.,
=T (M) (Le, (RWIARe) %‘(s‘)d* - G, ) (3.11)
£ JFE LAY £, 4 o /X4 n S T AL LY ’
From the

is determined by the boundary conditions for ?%

where &f
, we finally obtain the equations for

non-secularity conditions for ﬁ??f’d

quasi-simple waves (see Appendix)

d 35 i y
3+ o f38 4 540 —0, (3.120)
oy = (Lyg., (ReVIARe) , (3.12p)

(3.12¢)

6 = (La, & T (KEmagHEIRO.

The n-quasi-simple wave systems are governed by the equations (3.12)

and (3.11) with (3.1). Each quasi-simple waves are described by the simple
nonlinear equation (3.12). The equation becomes, for a special value of

the parameter p, the Burgers equation (p=2) and the KdV equation (p=3)



which are exactly solvable. In the lowest order approximation, the wave
motions are described by the superpositions of these quasi-simple waves
and the mutual interactions between them are included in the phase var-—

iables %,ﬁa .



§ 2.4 Applications

Let us consider the case that the quasi-simple waves are described
by their respective KdV equation, i.e., the case p=3. In this case, it is
particularly important to investigate the mutual interactions of solitary
waves because they play an fundamental role in the solutions of their
respective K4V equations. Here two examples of such interactions are given.

A) Ion acoustic waves

For a collisionless plasma of cold ions and warm electrons, the basic

normalized system of equations is as follows [1].[17] :

M 9 _2 (2 A1) —

p 3x (nu) 5T% {g—i_- -f—.’_;f‘:3 )(__ﬁ__).._.o, (L4.1a)
oU oY [ an __
> Uss + S = g, (k.1b)

where n is the electron number density and u the ion velocity. In (4.1),
the quantities are normalized in terms of the following characteristic

quantities : the mean density n

J1/2

the sound velocity of the ion acoustic
e2)1/2

O’

wave (Te/mi and the Debye length (Te/h1cn » where T_ is the

0
constant electron temperature, m, the ion mass and e the electric charge
of an electron.

By comparing (4.1) with (I.1.1), we have

q
li
e,

5
S—
~
I

__(u n)‘ H'=0, H2:=(: 0)'

u N u 0 0
i i -/ 0 ! u o ‘ n' o
= 0 X ), == ) =( .
Hy=0, K, ( 00 Kz (o 0 s 0 0 )
p=3, s=1,



(0) 1
For the case of U = (0) , we have

A (=] |
&Rw)A =L ]), RWA = ry
> BBy /10
ﬁg}ﬁ(’!{wa A,;Hda) _)\d(o D) y
Substitution of these into (3.11) and (3.12) yields

£ 3
ﬁ£+j;§_i+J2_£ﬁ 0, J_fz_ﬁ 2 fs __,}L’Ué =0, (k.2a,p)

3T 3%, 383 T )5 P

- K 5

5“,=&’5{x—t+§—f £@)d5F, (4.2¢)
E%‘ 615 Ef

$2 = ix+l'+3—f FlE} (4.2q)
3

T=£71, (4.2e)

where N =]+EM+-~- , U= E&U + ~~- . fl=(nl+ul)/2 and f2=(nl—ul)/2.

For the head-on collision of two solitary waves, we get

£ = Asech () s~ 4], ﬁ:BMW,‘(g—)’E@ﬁg@)}, (4.3a,b)



= Bt + (2eB) tans {(B)pr Boyf v comat],  (1.3c)

& = cHlxrt + (2eh) otk [ (85— A)p+ emat].  (h.3a)

The phase shifts of the two solitary due to the head-on collision, 54 and

g  »can be estimated as
P
§A = {x_-t3£.=0,§1=-ao_[xqéJ§J=0};‘lz_po S (6&8) s (h,ha)

Sp = [X+)g oo, trmo =20+ E]g 0, gm0 = (62A) (4. 4)

These show that the right-going wave fl is shifted to the left of where
it would have been if no interaction had taken place and the left-going
wave f2 to the right.

B) Shallow water waves

The basic system of equations used here is the following system :

oA J _
el (AU) =0, (4.5a)
Au _U _ﬁ. __f =

where h is the water depth normalized by the undisturbed depth hO and

u the mean water velocity normalized by the characteristic velocity (gh )1/2

3

0

where g is the acceleration due to gravity. These equations are those
which Whitham [11],[54] has referred to as the Boussinesq equations.

The Boussinesq equation (1.1) can be derived from (4.5) by eliminating



u and by using some approximations. In this case, U, A, etc. are given

as follows :

=] A=k m=(0 g)e #=(5 7)

Hi=o, kl=0, Ki=o, ki=(!2)

For the constant state, U[0J= [;) , Wwe have the same eigenvalues

and the same eigenvectors as those in the previous example A). After

elementary calculations, we obtain

3f 3 ,F |
‘a‘éﬁffﬁ'f%l‘?{'é 0E3 » d7 T2 353
Ve o § B
g =& JE<E g8 [ﬁ({)dg‘f, (4.6c)
§
&5 =£}5[x+?: -i-zf_é}éf %C?Jafff; (4.6a)
'C‘——-E%Z‘, (L.6e)

, £.=(h.+u_)/2 and f2=(hl-u Y 2.

where 7{:]-,..55’.,..“ s, U=¢&U + -~ 3 5y

For the head-on collision of the two sclitary waves,

£ = Acech ™ (B4 G- Lo}, £ =Boech(28) (er Br)], (h.1aw)



the phase shifts are given by

54____.(5.35)}{ SB‘—_-{E—';)E. (4.8a,b)

In this case also, the right-going wave is shifted to the left of where
it would have been if no interaction had taken place and the left-going
wave to the right.

It must be noted that the signs of these phase shifts differ from
those of the phase shifts in the Boussinesq equation (1.1). Therefore,
(1.1) is inapplicable to the studies of the mutual interactions of two
finite amplitude shallow water waves travelling in opposite directions.
This has been also pointed out by Long [185] and Byatt-Smith [18L4].

This is due to an incorrect approximation in the derivation of (1.1).



§ 2.5 Concluding Remarks

In the present chapter, we have presented a new approximation
method, which is a generalization of the reductive perturbation method,
for studying wave motions in weakly nonlinear and weakly dispersive or
dissipative systems, in particular, the mutual interactions of "quasi-
simple waves" belonging to different families of characteristics in such
systems. The head-on collision of two solitary waves of the Boussinesg
equation (1.1) has been first investigated by introducing the phase
variables and in particular, the phase shifts of the solitary waves due to
the collision have been found. WNext, a more general case, il.e., n-quasi-
simple wave system has been considered. In the lowest order approximation,
the wave motion can he described by the superposition of the n quasi-simple
waves, which are governed by the simple nonlinear equations (3.12). The
mutual interactions between these quasi-simple waves are included in the
phase variables. The present approximation method has been applied to the
two ion-acoustic solitary waves and to that of two shallow water sclitary
waves. For both cases, the phase shifts of solitary waves have been
calculated.

The exact solution of the Boussinesg equation (1.1) describing the
head-on ccllision of two solitary waves was found by Toda and Wadati [186]
and Hirota [112]. The comparison between this exact solution and the results
obtained in § 2.2 justifies the method developed there.

The generalized reductive perturbation method developed in § 2.3
was applied by Tatsumi and Tokunaga [187] to a compressible, viscous and
heat-conducting fluid to investigate the interactions of weak nonlinear

disturbances including shocks, expansion waves and contact surfaces.



According to them, the nonlinear waves belonging to different families
of characteristics behave almost independently of each other, while those
belonging to the same family are governed either by the Burgers equation
or by the heat conduction equation. They applied the result to one-
dimensional shoeck turbulence in a compressible fluid and found that the
law of energy decay of shock turbulence is identical to that of the Burgers
turbulence. Ogino and Takeda [188] carried out the computer simulation
for ion-acoustic waves on the basis of a fluid model. It is reported in
[188] that their result can be well described by the superposition of the
quasi-simple waves propagating in opposite directions governed by the
equations (4.2) and the phase shifts in the head-on collision of two solitary
waves agree well with (L.4). They also showed the following : Though the
Boussinesq equation (1.1) can be derived from the fluid model by means of
a certain approximation, the equaiion predicts incorrect results for the
head-on collision of solitary waves.

Very recently, Maxworthy [189] has investigated experimentally the
head-on collision between two solitary waves with equal amplitudes in
shallow water. The experiments show that the maximum amplitude attained
by the wave during the interaction is always greater than the sum of the
amplitudes of two solitary waves and that the phase shifts due to the
interaction have the same signs with (4.8). In this respect, the theoretical
results based on the Boussinesq equations (L4.5) agree with the experimental
results (By applying the method developed in § 2.2 to (4.5), we can easily
obtain the result for the maximum amplitude in agreement with the experiments).
However, the values of phase shifts measured in the experiments are con-

siderably greater than the values given by (4.8), a2nd the former appears



to be independent of the amplitude, while the latter is proportional to

the square root of the amplitude as seen from (4.8). In the experiments,
waves of very small amplitude could not be measured and collapse of wave

at the wave peak in the collision was observed. Therefore, the experimental
results may not be possible to compare the results in B) of § 2.4,

However, it is an interesting problem to investigate why the disecrepancy

between the experimental results and the theoretical predictions occurs.



Appendix
Derivation of (3.12).

Let Yy satisfy the following equation :

Z (g M"“’f = TR, v, &), (a.1)

where Ay, -, An are real and distinet numbers. Define the unit vector

n.('f ) (j=1 ,n) as
dJ
z)
= (Aa~N)/ s, (A.2)
w
Ay =1 ,Z‘(Aﬂ—/\,;f}y? (A.3)
}2

Equation (A.l) then takes the form

f n jgf = M P s, gl (A.17)

The solution of (A.1l') is easily obtained ;

/If [a{s F(?cﬂ, ﬁw, ?{f/ 2 7(1) n¥s)

+ 7 (4 9L - 1), (4.4)

r n
7 7% w w
=X .8, 1, =%8-n k}_;??k S ;

*=

-

where h, is the homogeneous solution for (A.1'). From (A.2), we have

always 72(1)—0 and 7 )_-{f'



With the aid of (A.L) the solution for (3.9) is obtained :

5 == L5 N7L0, @A, @,)/o{sf (78 @y D 7@)5( 2t

(.r*m ﬁ,f m¥4)

— & Sy s - Teep)s + A8 154, 1), (A.5)
i

Sy = CaT 1 CLog, (RVIARIE + (La. RWIARD £ £

b Pl
# e £ T Ko HEIR) SR |,

A
Ezﬁ*“}’ﬁ%*ﬂf%-

If we require the boundedness of g, in (A.5) (the non-secularity condition

of g, ). the term proportional to s in (A.5) must vanish, i.e.,

E = 0. (A.6)

This is nothing but the equation (3.12a).



Chapter 3

Perturbation Approach to Nonlinear Systems. II.

Interaction of Nonlinear Modulated Waves

§ 3.1 Introduction

In the previous chapter, we investigated the interaction of
weakly nonlinear acoustic waves in weakly dispersive (or dissipative)
systems, that is, that of "quasi-simple" waves belonging to different
families of characteristics in such systems. The reductive perturbation
method for long waves [1] was extended to show that in the lowest order
approximation, such nonlinear systems can be described by the superposi-
tions of the quasi-simple waves which are governed by their respective
Korteweg-de Vries (or Burgers) equations.

In the present chapter, we present a similar extension of the
reductive perturbation method for strongly dispersive systems [L1] to the
case that plane waves interact each other in such systems. In the system
in which many waves coexist, nonlinear interacticns consist of two parts,
the self- and mutual-interactions. Even if the other waves do not exist,
the self-interaction still remains, giving rise to the nonlinear mcdula-
tion of the plane wave. In a weakly nonlinear system, the self-modulated
wave is described by the nonlinear Schrodinger equation (I.1.16) [L1].
Here we investigated the mutual-interaction of the self-modulated waves
and in order to avoid complexity due to the resonance coupling between
them, we restrict ourselves to a simple system consisting of only two
interacting self-modulated waves. Furthermore, the self-modulated plane

waves are assumed to be localized wave packets. When the differences in



the carrier wave numbers and in the carrier wave frequencies of them are
of order & , where §& 1is & small parameter denoting the order of
magnitude of the wave amplitudes, the effect of mutual-interaction can be
included in the self-modulation phenomena, that is, it can be found by
solving the nonlinear Schrddinger equation. On the other hand, if they
are of the order of unity, the mutual-interaction affects the velocities
and the carrier wave frequencies of the self-modulated wave packet. In
order to show this, we introduce the stretched coordinates and the
rencormalized quantities, i.e., the velocity changes and the frequency
shifts of the wave packets. It is shown that in the lowest order, such

a two-wave system is approximated by the superposition of the two self-
modulated waves which are governed by their respective nonlinear Schrddinger
equations.

In § 3.2, the perturbation method to treat the interaction between
two modulated waves is established for the Klein-Gordon equation with the
cubic interaction [190]. In § 3.3, the interaction between two envelope
solitary waves (solitons) is studied. The method is generalized to the

general system (I.1.13) in § 3.L.



§ 3.2 Method of Solution

Here we deal with the nonlinear Klein-Gordon equation

%t% _ %ﬁz + mY —BY =0, (2.1)

where m and (B are real constants. Neglecting the nonlinear term in {2:1) s
we obtain the dispersion relation w?*= g*+m* , where R and w are
the wave number and the frequency of a plane wave. When the reductive
perturbation method is applied to (2.1), the following nonlinear Schrdédinger
equation is obtained for the slowly varying complex amplitude %( & sT) of

the modulated wave,

£2P . I 37 _ﬁ/gaj P = (2.2}

‘o T T

where f and T are the stretched coordinates given by the equations
(I.1.15) [L8].
We consider the interaction between two modulated plane waves.

Let k, , W, and k2 » Wi satisfy the dispersion relation,

W =k mt ([=1,2) (2.3)
We now introduce the following stretched variables
= ¥ith 2
& =& fx-¥% —A;E—YZE Y08, 6,0, T=EE, (i=12) (2.4)
=0

where &£ is a small parameter, A, and Az are the group velocities, that is,

Ai

Il

.

(.i&l)k .._._g_, (;F=12) (2.5)



and f%;“ﬂzj is assumed to be of the order of unity. The form of y is

then anticipated as

I"JS

g[ 5“2 #;:)fﬁ,fz,'t) Zj,n ¥ (2.6a)

o L,n==2

——

= enp[ it fhx-wt +J§ 0%, 5.0}
+ N haX—t02 z‘-f*f E‘YQ?’J‘.’& ?ch*)}] . (2.6p)
=

(N

We now suppose ._Q

o) . ;
; %; (i=1,2) to be real. It is then required

from reality of y that

}f-n == 65‘{9(4);- (2.7)

The stretched coordinates (2.4) and the expansion form (2.6) are the same
as (I.1.15) and (I.1.1L), respectively, but the variables ¥g§J and JEﬁ”
(i=1,2) are introduced by taking into account that the velocities and the
frequencies of the two wave packets vary in space and time owing to the
mutual-interaction between them.

Substituting (2.4) and (2.6) into (2.1) and equating the coefficients
of various powers of € 1in the same harmonics to zerc, we get the seguence

of eguations to be solved :
Ocei: Wondsn =0, (2.8)

OE™: Won Yo + 2Ly nlten] =0, (2.9)
)

OGS : Won Ygm +20Lanl §im] =21 (f0,+7102) 222 ag

-+ (A’Jf "'/\Zf }#“J %"’&;{ a) 2%(‘)0an[fﬂm chj

.__60__
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—2:2},,[?/'“) ayn"l‘z’zm[}éu? 3

) (0 ) _
'—/GZ Z. #,g n’ gg"n" g’ 2207 n-ntn* O; (2.10)

1 n lvnr
and so on, where

Won = —(0w,+nwa) + (2b,+nk.) + m?, (2.11)

J Bl
Lan =‘7?¢Uz()m\z>g§ + L, (/\;—Af)a—si . (2.12)

From (2.3) and (2.11), we obtain

Wyn=0 , % lt]+ini=1. (2.13)

]

Here we assume that

Wynx0, F22 LI +=c]. (2.1L)

It should be noted that (2.14) cannot be satisfied for a special combination

of k , k: and m. Then, the equation (2.8) yields

G0 =0, B0t L +in=]. (2.15)

By making use of (2.13) and (2.15), we obtain from (2.9) the following :

iy =0, 4% 2l +nl=]. (2.16)

In view of (2.12) and (2.13), (2.9) for £ =] , n=0 and for =0 , n=1

take the forms

__.61.__



‘)g‘ﬂ) — Mg{ 35::: =0 ,
&)ea c)g;

respectively. Thus, we get
c
V= fE,T), Y = K& T) (2.17)

The functions fl and f2 will be determined by the non-secularity condition

. ) J
in the next order equation for #(2;1

In the next order, we have, for f=/[ , n=0,

~ 3%5 s 2 5
Y DN

")“]C{(/\f‘/\z _% —ajé f][ f (/lz_fli) J% asa’ == 0. (2.18)

(4] (o)
We now suppose that ._Q, ’ and %, satisfy

JQ:H__ 3{3 Lo d/nd JSL"-!J 0
a  WDay A Er N

respectively, that is,

..Qf”= %fs“;.f) + $($,,7, (2.19)
- 38 $2

—_— P 2
$,($a,7) GJ;(A,-)zJ[lﬁff’ ST (2.20)

%’m = B(d, 7).
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Again, the functions @,(§, ,T) and % (&,7T) are due to the self-inter-

action and determined from the next order equations. The non-secularity

(2)

condition for ¥ (note that fl does not depend on 5"1 ) immediately yields

150
_j_ m?2 rfjc, 3ﬂ 2r o i
e T 203 232 * S, (fil = (2.21)

34, : @
el =0, ie., = A&, T), (2.22)

95

where gl( $,, T) is yet to be determined. In order to find 8> we must use
the next order equation (coefficient of &£%).

For /=0 , n=1, the results can be obtained by replacing the
subseripts 1 and 2 with 2 and 1, respectively.

The equation (2.21) is identical with (2.2) which describes the
wave modulation due to the nonlinear self-interaction. On the other hand,

E (&,7 ) and %z(f: , T) describe the effects due to the mutual-inter-

action the two waves, giving rise to the variations of wave numbers and
freguencies.

It is readily found from (2.1L),(2.15) and (2.16) that the equaticn

(2.10) for [£|+ M| =1 gives the equations

Ypm =0, £ [2]+ni%], [{f+[n]+ 3,
o= G £ A= £ 4 =L 5%,
[ ._é 30 _

f]cz y) 2~ Wz,i )gjc

The equation corresponding to the fourth order of &£ becomes



lengthier. Therefore, only the result for L= , n=0 is written down :

2

ﬁ(a“.’!"[‘f)af {g}cg) i

)&,
2&)«)%(,\;,\)7CJ LG ($.T)

~iumangh [ Slhde 98 )

2$ 35 Wi (A~Az) 052
~ (2o A)ff‘)“Q’ ~HiGTif =0, (2.23)
GG =53+ 25 8L + 3 1p g+ Zf (f2g £
2]£ J%{ )Aé A\ lc} é.é{
i e A s AR e S
_; 9% _ ’m‘_gf,_c)%_m’_ﬁ_%_ (5,54

Bf, 3T P_L'U,s Jf; c}f‘r: w,? af‘ O‘fx

PRI Y S S B

-3 = 2.2
u‘fx ‘)‘fl {:Al“fi:) _'.C{);(A‘_'ARI 2 &2 S J ( 5)

. g ¢
Following the previous step, let us take ?’,r and ;_Q,.Z) in (2.23) so as to

satisfy the relations

Y I=MAz 05
= 2.26
9¢a W, (A —Az) 3¢ ( )
and
JQ‘(A} N
ke H, (2.27)



(3)

respectively. By virtue of the non-secularity condition for yl o » ve
3

then obtain

G, ($,T)=0. (2.28)

Accordingly, it follows from (2.23) that

—

(3 _ mz Q@t
oo = 20, W (A=) J"C o5z M %'Cgbr)

=20 L1+ AT, (2.29)

20.]‘1(4)22 (Af-_AZJ

where hl( ¢,,T) is to be determined in the next step. Integrating (2.26)

and (2.27), we find

,‘“=ff,(§z,'cj+alf(£,t), (2.30)
B ey = 28U [ £ 6 ol it
OHN AR S, ’ '
and
R = @ (8:,7) + BE,T), (2.32)
@ (&,7) E[fjf,(f, T)d¢, (2.33)

where ‘Q_D,'(f, , T) and @,(§, ,T) are due to the self-interaction and deter-
mined in the next order equations. Incidentally, it is evident that
W_fg (&, ,T) and év),( » 5T ) are real.

Similarly, the results for f=0 , n=1 can be obtained by replacing

the subscripts 1,2 and (1,0) with 2,1 and (0,1), respectively, in the above

__.65.._.



expressions.

The first term in the right hand side of (2.29), together with
i;.« (£.,T) and @:( $.,T), describes the effect due to the mutual-inter-
action. The term ii%(f; ,T ) gives the shift of the position of the wave
packet, while éﬁ(f;,‘r) brings about the variations of wave number and
frequency as well as ii(f;,'r).

The equation (2.26) can be obtained in the following intuitive way :
Let dZ; and dﬂx be the variations of the wave number and the frequency

due to the mutual-interaction, respectively, that is, up to the order £*

9B 208y o 0B T
a) 3 ée)l" == sz. 4w, "—_'6';—_5__‘—Azdkl.

Then, the variation of the group velocity is given by

dlw.+49,) _y __ Ji_ d“ﬁ
GO A = (= R GeE + a2
== (/L /\2_) d Akl == {/‘ )L:.,- J (aéj

On the other hand, the variation of the velocity of the wave packet due to

the mutual-interaction 4A, is cbtained as

A = [dX =

Ad‘al dt’ §‘= Af
o [d . _
== [Ew‘ ($1,42.7) ¢ —conai

AL
o~ a’u,—mgé

(4] J.Z
=< 3;: [ di‘ ]$!=W



up to the order &* . By eguating dx to dfcc)J-f-aa:)/a’(kﬁdE;') — A
and by using (2.20), we obtain (2.26),

In conclusion, the ncnlinear system consisting of two plane waves
can be described, in the lowest order, by the superposition of the
renormalized (self-modulated) waves which are governed by the nonlinear
Schrodinger equations and undergo the changes in their frequencies, wave

numbers and in their orbits due to the mutual-interaction.



§ 3.3 Interaction of Envelope Solitons

If ﬁ? is positive, the equations (2.21) permit the solutions

75(‘;:"'“ AM( “’A‘s").wgb(z 4&)-"’:) Cr={,2) (3.1)

In this case, the envelopes of the modulated waves, fl and f2 are of
solitary wave type. Such modulated waves are often called "envelope
solitons". The envelope soliton solutions play an important role in
time-evolution of solutions of the nonlinear Schrodinger equation, that is,
they are the remarkably stable entities and many localized initial data
disintegrate into a finite number of envelope solitons and an oscillatory
tail with decreasing amplitude. Therefore, it is important to study the
interaction of envelope solitons. When the two envelope solitons travel
with nearly equal velocities, i.e., when the relative velocity of them
is of order & , their interaction has been investigated by solving the
nonlinear Schrddinger equation (see chap. 1). However, the interaction of
two envelope solitons with the relative velocity of the order of unity
cannct be described by the single nonlinear Schrddinger equation. Therefore,
the new perturbation approach which has been just developed in & 3.2 is
required.

Substituting (3.1) into (2.28) and putting gi(f},?‘)=

2- (3‘,-}1»;&(3:‘&432'3/(’4@:)3 , Where @i(f,') is real, we obtain the equations

(BB 4] = vl S WG, .00

2‘03 cfs‘ dsz 93 | 202 <y og2



(3‘6)‘ /? 32/‘:) (3.2b)

msf ;es + o at; ag 4o,

where
7 = Ay pech([F s

Taking the advantage that there exist three unknowns, g, $; and ¥; .

in spite of two equations, we can assume both @; and ¥%; to depend on

T only. The equation (3.2b) is then solved to give

3 ‘./4‘\2
%: — _B._A__.z_. T
4,

Substitution of this into (3.2a) yields

4G B 138 - B P
du (6azch 2~ ])F. 3847 de 7 (3.3)

where

— [38 WA
By = q/;_—' — e

(3+38) 5 diﬁz must be constant because /f‘\i and @i are independent of

T If we put
C{é" — 3}3/41‘ q;‘. 5 (W’i : CM) (3_]_‘.)
d? 20,



the solutien of (3.3) vanishing at z;= too can be easily obtained :
-
Z :AI‘“{W&‘ ‘*A?"C;‘F.‘Mf&‘m.& -+ a‘[mzjﬂ-ﬂd?" ’

Where Ci is an arbitrary constant. Without loss of generality, we can
take Ci=0 because the arbitrariness of Ci is absorbed in that of the
phase constant of the wave packet J; . From (3.4) we get

___3RAC .
g, = Lo,

where the unimportant integration constant has been taken to be zero.
1

We now define a new soliton solution f, by putting Ai(L+£¢X; ) in

place of A, in (3.2)s I8y
= A (1+eapyaech [ B8 QI o ] oppf; S8 471+ eoyr ).

Expanding separately the amplitude and the phase in powers of & , we

can show that

F o= ff reg v Otevfenp Lieg; +Otey).

This implies that the arbitrariness of & can be absorbed in the amplitude
'
Ai=Ai(1j-£d; ), so that we can take &; =0 without loss of generality.

Finally, we obtain

v AR
3::' =aa i’r"o I }5‘ == 33)”’4‘ T .

) 4_60"2'

These results for % and yﬁ cah be easily understood : In the

solitary wave solutions of (2.21), the frequency shift due to the nonlinear



2
interaction is given by 4&; =——El3ﬂt4"/4w,‘ (see (3.1)). The cor-

2 2
responding change in the group velocity is 44 =a’[¢d;+4%‘%’ﬁ; A =& 3/8.4;/\‘/44),-2

In view of these expressions, the modification in the orbit of the envelope

soliton is expressed as

It follows from (2.20) and (3.1) that

B, .00 = GRS 2ok (FE558s,)-

Then, the shifts of wave number and frequency due to the mutual-interaction
are, up to the order &2 , given by

~ 3B 2 3B8AC 2/ 38 Wi A:
A = a0 = e g Il pech ([ s,

NE—{&?‘—‘ 2 38A:Az P F(E Wzﬂa.&

b4}
i ot @ (A Az)

It is easily seen that the frequency shift observed in the reference frame
travelling with the envelope soliton ( §, =crgl ) is, up to the order

€?* , independent of A, and Az , i.e.,
dﬁ-""dg‘.'/\ ____623 AZZMMZ( -3_ QJZAZ)E')
) 1AL = _Laj, J—éz 5 D% s

In the same way, &,(3,7) , AF: and AW; can be cbtained.

Substituting (3.1) into (2.31), we have

‘\/0%?’7/?2 (1=A1Az) 38 A
.’E(f T) = W (A Za2)? IM(,/—‘Q‘@sz)



The variation of the velocity of the envelcpe soliton due to the mutual-

interaction is given by

i Jip\" 2 3§Azz(f"3l/\2) 2 ZS’E uwh Az
~ EZ(A,—AZ)———-—i =£ ﬂ-EM —a %2/,
4 5 WAA~A=2) ( > e

where note that §} is kept constant in calculating Ajc . By replacing
the subscripts 1 and 2 with 2 and 1, respectively, we obtain the expression
for 4}: . If Ai>Az , then we have 4} >0 eand 43z <0 . Under

the same condition, it is easily shown that the shifts of position which
the two solitary waves undergo through the whole process of the mutual-

interaction (from t=~sc to t=+069 ), §, and &2 , are given by

e ST E o) T (3= sy £ 2VEBTA2 (I=A)2) 4
J;——::S)I.I’,(SS—M) 7:[’.'(5?1 50); E mfwz()\,-—,\,)’- e s

e e 2/ mA, (=X
52208 [ Gimm00) - BelGimo0f = e HETALDL 4

Substitution of (3.1) into (2.29) shows that the wave amplitude
for the mode /=] , n=0 ( /=0 , n=1) decreases while it is interacting
with another mode ¢=0 , n=1l ( /=] , n=0).

Now, we can summarize the above results as follows : The two envelope
solitons pull against each other as they approach, change their amplitudes,
frequencies and velocities due to the mutual-interaction and go away re-
gaining their original forms and velocities. We note here that this result
is similar to that in the interaction between two envelope solitons with

a small relative velocity ( ~ O(&) ).



§ 3.4 Generalization to a Wide Class of Nonlinear Systems

We now proceed to apply the perturbation method developed in § 3.2
to a wide class of strongly dispersive and weakly nonlinear systems.
Here we consider the equation (I.1.13) which was used by Taniuti and Yajima
[41] in the study of the modulation of a plane wave due to the nonlinear
self-interaction.

(0)

Let U be a constant solution satisfying the relation

B(T®) = o. (k.1)

Following the discussion in § 3.2, we expand U as

TU=U0"+Y &Y VG307, (4.2)

o= y N=-22

where ¢, , €2 and T are the stretched variables introduced by (2.k)

and zzfﬁ, is given by (2.6b). In order to ensure reality of U, we assume

that
() ¥ Co)
U;Z.)’? == g.ﬂ,-n 3 (h-Sa)
RIP= 20, pP=y" (i=12) (4.30)

Introduction of these into (I.1.13) yields the sequence of equations to be
solved, corresponding to the successive powers of &€ of the same harmonics.

In the lowest order, we have

Wen Utn =0, (k1)

Win =-i(Qw+nws) I +((Lk,+nk) A, +VB. , (4.5)



< 0 N
where I is the unit matrix, AO=A(U( )) and (VBO)ij=(aBl/aud- )U=U(O).

We now suppose that

det Wy =0 , 42 Ul+Inl=I,

(4.6)
=0 95%&%HH2H1.
The equation (L4.4) then yields
T = £ (5,82, 0DR - (4.7a)
U,y = %(8,52,T)R:, (4.70)
and for [L[+Inl =<1,
om =05 (4.8)
where Rl and RE are the right eigenvectors of Wl 0 and WO 1 respectively,
L@ 4
Wio R =0 amdl Wo, R:=0, (4.9a,b)

and fﬂl and 502 are scalar functions of f, 4 fz and T to be deter-
mined later.
If we differentiate (4.9a) with respect to 4 and make use of the

definition of A; , i.e., the equation (2.5), we get

ANI=-AR =—iWio j—f:— : (4.10)

Introducing a row vector L. corresponding to R, through the equation

1 1
LiW,o= 0 (L.11)

and multiplying (4.10) by L, from the left, then we have the relation

1



L-’(A;I"An)kt =g . (}4-123)

Again, we differentiate (4.10) with respect to ﬁq and make use of the

same procedure as the above to obtain

dR, | d%w
LJ(A:I-”A)C“?: =_§—TL( PJ (L.13a)
Similarly. we have
La2(22I-A)R. =0, (4.12Db)
LathaT—Au jf; e j’:: CLaksl, (4.13b)
where L2 is the left eigenvector, i.e., L2w0’1=0. These relations will

be used later.

In the next order, we have

t )
Won Uz — (A;I—Aa)_g&al —(Az[-Aq)2Uen
05 J§2

w Ui €1 (1)

+£:E'>;1” £ :é',*-ﬂ'ﬁ;)(VA, UH n-n)Dj’ *+ _‘Z WB» U,e-_t n-n Upnr=0. (b.1k)

It is noted that in the present section the following notations are used :

(4] = i) f.l-?- w wl
Z (au. e Ui Lok U‘W“ai au.aw) =g 4 Y

i=|

ey

ye, 0= T (BB

¢ 2
g Buuy )D—_Um #

and so on.



In view of (4.7a) and (L4.8), (L4.14) becomes, for the case f=] , n=0,

Wi e ~ k= A.,)R‘;a — (X I-ANRSE 7’ —0. (4.15)

3

If we multiply this by L. from the left and use (L4.11) and (4.12a), then

1

we get

(A=Az) f e, P =% T). (4.16)

Taking (L4.10) and (4.16) into account, we can solve (4.15) to obtain

02 =P, 5, TIR - :;fﬁ @ (4.17)

The equation (bL.16) has, in general, the non-zero solution only for

2] +Ini £ 2 5

cz) 2 2) 2z (2)
IILO =’£;lﬁ % ZTAZ = 252 ’ ITL;’= 7F9??% !

(4.18)
T2 =VEHE, Uos =XlFI~Xal B,

where
Sy ==Wao [k (VAs-RIR +LVwB.:RR] (4.198)
Sa=—Was [iha(VA-RIR +-LIWE. R}, (k.19b)
T =W [ il (VA-RIR,+ hul WAe-RIR, +7Ba: RR: F, (k.19¢)
V = = Wit ik (VARDR~ b (WA RORS+ VB, - RRE & (4.194)
X =W { b (WARDR (VAo R IR+ VP B RiRS}. (4.19¢)



In the third order, we have

m " ;@f;’ U"’J
Wen (AII /4)8{‘ (AZI 14.9- 3?2

) yw (o)

AU}” -+ [(AfI“Aa)%L + (/]z] An)JE

a) a
+ (O I-ArLE + uT-A0S e J*’UM

(V] o

— 0 [T —A)2E j{; +(AI-A. ) 'JU.«,

. 9828 )& v
én{{)ﬁI Ac) Agl + (/IJ-I A‘ﬂ) afz ]U

(7]

¥ Z (VAT m)(g;—' +3§ ) Dotz ren’

(2!

+ f‘?ZH,(,e’/b,m',bz){(PA,- TeenndGine + (PA»Dyginn) Diiow )

- o -‘:i— Zn (4 /E',-ff?%z)(W‘)o Uﬁﬁj n-nt h”Ujun)U-{;’)f”
N () aw 7}
“rﬁ-; e Uit + ;jj’_wa ! Updzetnnin Opin Opine = 0 . (4.20)
We are now ready to determine ¢ , ‘_Q‘,” ! ?/a,w and ﬁ . Multiply (k4.20)

with =/ and n=0 by L., from the left and make use of (4.7), (4.8), (%.11),

1
(4.12a), (L4.13a) and (Lk.17)~ (L4.19). Then, we have



=23 — g1 [ - DA g f

”J J;Lmd?’
+ F Ot 53t Rl FE + (A=) H = (b.21)

where Re( 8, ) and Im( B, ) are the real and the imaginary part, respectively,

and o, , f; are given by

o, = (LR Lil by [ (VAKX Ri=(VA-SIRF + 2(WAs - RY) S,

+ (VA : RRPIR—L(wwA. : RRIR |

~ ifvwB. (SR + XiR) + LowwB.: RRRT ), (4.22a)
B, = (LR L [Bif (WA X )R, + (VA REIT + (0 A RIV/+ (WA - RERIR,}

+ ko [ (VA VIR = (WA ROV~ (FAa REOT

= CWAHT) -‘?: +(WA0 . le?;) Rz _'(’G"U?Ao: /?rﬁz),e;‘;

([ OWB (R +TRI+VR) + AWB. i RRIR F ) . (4.22b)
We now suppose that
352(0 .
(A —Az) 33” + Re(BIRIF= 0, (k.23)
9;0“)
A;: =0. (L.24)

Then, by imposing the non-secularity condition for f:, , we obtain the

equation for jf from (k4.21) :

3%, Ldw If -
IS+ GhiE - wInrR =0, (4.25)



The equation (4.21) then reduces to

—,mj? Do ) | B, 0I5 T) (4.26)

It follows from (%.23), (4.24) and (L.26) that

B

[ ﬁﬁz(ﬂ.) IBGTIEE + $.6,7) (4.27)

YO =Y(s,7), (4.28)
& \

P 1 )/ 18D dS Bed,t) + §(3,7) . (4.29)

The arbitrary functions &,(8,7T), ¥ (5,7) and F,(8,T) are to be deter-
mined in the next order.

If o, is real and 0(,(5"%‘)-‘/0(,&,“ ) <0, (L.25) permits the envelope
soliton solutions vanishing at x= &0 . For a system consisting of two
envelope solitons, & (§,7) and &(¢,7) can be absorbed into F({,T) so
that these may be taken to be zero. On the other hand, %(5,2‘) can be
cbtained by estimating the change of the group velccity corresponding to
the frequency shift due to the nonlinear self-interaction. Such a circum-
stance has been already described in § 3.3.

“ | which describes the orbit modification of the

The quantity ¥,
wave packet, is determined in the fourth order equation. However, this
can be found without actually performing complicated higher order calculations.

Following the intuitive discussion in the end of § 3.2, we then get

5
95,"}:;7;“ %?)/ [5G, TS, (4.30)

The results for =0 and n=1 are obtained by replacing the

subscript 1 with 2, and vice versa, in (4.22) ~ (4.30).



If &, and 3, are real, we can say that in the asymptotic sense,
a nonlinear and strongly dispersive system consisting of two plane waves
is described by the superposition of the self-modulated waves in the
lowest order approximation if the shifts in position of the modulated
waves and those in the wave phases due to the mutual interaction are
taken into account.
Recently, Yuen and Lake have made the experiments on the interaction
of two envelope solitons in deep water waves and observed that the two
envelope solitons with the different carrier frequencies pass through

each other.



Chapter L

A Class of Exactly Solvable Nonlinear Evolution

Equations

§ 4.1 Introduction

In 1967 GGKM [34] discovered the inverse scattering method to give

the scheme for solving the initial value problem for the K4V equation.

Lax [29] generalized their ideas to show that the method is applicable

to nonlinear evoluticon equations other than the KdV equation. In fact,
following Lax's approach, Zakharov and Shabat [59] solved exactly the
nonlinear Schrodinger equation. Since then, the method has been applied

to many other nonlinear evolution equations. These circumstances have

been already viewed in chap. 1. It enabled us not only to solve the initial
value problems of some class of nonlinear evolution equations but to

reveal the characteristic features of nonlinear (dispersive) waves.

In applying the method, we must first find the linear eigenvalue
provlem the eigenvalues of which remain invariant as the potential evolves
according to the given nonlinear evolution equation. This still remains
a highly nontrivial step. However, it is relatively easy to find the
evolution equations which can be solved by means of a given linear
eigenvalue problem. AKNS [109],[110] found a broad class of nonlinear
evolution eguations which can be solved by means of the generalized
Zakharov-Shabat eigenvalue problem (I.2.37). On the other hand, Zakharov
and Manakov [116] showed that the system of equations describing the

three-wave resonant interaction can be reduced to a third order eigenvalue



problem. Here following the method presented in [109], we investigate
what class of nonlinear evolution equations can be solved by means of the
third order eigenvalue problem. In the next section, we present some
interesting examples of them. One of the examples can be considered to
be a model of the interaction between Langmuir waves and ion-sound waves

in a plasma.

_82__



§ 4.2 Method and Results

AKNS's method has been already outlined in chap. 1. We note that
their eigenvalue equation (I.2.37) and the time evolution of the

eigenfunctions (I.2.38) can be rewritten by use of the Pauli spin matrices

0; (i=1,2,3) as follows

W — (o +g a: (x, £)53) V/, (2.1)
3
% e ( gj.-g,'(z; rJg) 0?) V; (2.2)

where

0 | O~ | o
¢ I 0 * (z 0/’ 7 o~

Here we extend (2.1) to the third order eigenvalue problem to
investigate what class of nonlinear evolution equations can be solved by
means of it. For this purpose, it is convenient to introduce a matrix

representation of the generators of SU(3), A, (i=1,2, *-- ,8), in place

of 0; . The Al satisfy the commutation relaticns
g
s M) = 25 fhas Cog= b2 ) (2.3)

where fijk is fully antisymmetric. The following representation is taken

here :

o | o 0 - 0 / 0 0
/l;=700 ’/\;_=Z,‘00 y Az=[0 -/ 0O |,
0 o0 0 0 0 0 o o 0



Then, the nonvanishing values of fi jk are permutations of the following :

fuz =1, JCm? zﬁlrzfzﬁs':][gsv =f3fc5 :fﬁo’:f{"’
(2.4)

— — b g
76{4.93- = fopr = .72'”,3‘
Now we take the eigenvalue problem and the time evolution of the

eigenfunctions as follows :

% i (;(33 "'/uAS‘)"“ Z .t?--j a;'():,t)Af) i/, (2.5)
({+#3)
Y= (T Bzt OM) Y, (2.6)

where M 1is a constant.

By cross differentiating (2.5) and (2.6) and by making use of (2.3),

we obtain the conditions for the time invariance of Q 5

Wi _ 38 0 ¥ -
5 " ax 8L (Lt Ry 612 2 Fydibe =0, (2.D)
(G#2.8)

y ; N n .,
By substituting the finite expansion of bi’ b; =Zn=a ¢4, , into

(2.7) and by equating the coefficients of various powers of Q to zero,



(n)

we obtain the sequence of the equations for bi We can solve these

(N)zo (i:l,z,h, - ,T) and

equations successively by starting from bi
finally obtain the evolution egquations for ai(x,t) (i=1,2,4~T) as the
compatibility condition. If we put a,=0 (i=h, == ,T), b.=0 (i=h, =<+ ,8)
and M=¢ , it is easily seen that the results of AKNS are obtained.

We present only scme interesting examples of the nonlinear evolution
equations thus obtained because Phe general results are lengthy. 1In what
follows,

, w, are defined by the equations

'Lll, u2, o

U = a,+(4: , V,= Qu+iA4¢, W, = dg+idy ,

(2.8)
U = A= (82, V2= O4—[aAr, Wi= A¢-(07.
(i) N=1. Let us take
b ==0Ca, 4.=~C0:, J3=CA, b4=—-Cdy,
(2.9)
be=~Clsr, Hs =-CGAs , dy=—-Cay, Bg=¢B,
where c,= -A , c,= -(A +43B) /(1L +4B81), e = -(A—43B)/(1 =434 ) and A, B,
A are arbitrary constants. Then, we have
3”’ + c,gﬁf- = (Co-C3)Vila, 3“‘+cf§l‘ =—(C~G) W, .
V\
f?' +C 3L =~ (G-, TR +CIE = (G-, (2.10)
j? Cséwl —_(C, Cz)UZm ’ al’./z +C3gw2 "_‘—'(C“'C‘Z‘}UJVE-

Suppose that A, B and M are real and take as follows



F 3
U =&ES U, Ve=—8E1", W= _E&W,
U= A‘tf}oc'& ;Y '_-"“'L‘Ezﬂz*z P W.:t:d‘fg}'ga s

where & = [(c -c )(cz—cl)]_l/g, B = [(03 2 -c )] 1/2

;= [(c (c3-c2)J-l/2 and &,€2,f3==+1 , and it has been assumed

that cl< c2< c3- Then, (2.10) reduces to the following equations and

their complex conjugates,

g‘ + G 93‘ = (& 5;*3;‘ ’ (2.11a)

-3—%? -+ Czj% = d‘fzz,;‘:gf: (2.11b)

8

L gl °b < leagl Bl (2.11c)

This system of equations describes the three-wave resonant interaction [122]
and ql, qe, q3 are the (complex) envelopes and cl, ce, 03 are the respective
group velocities. When we choose & =E&:=&==*] , we have the case of

the explosive type of interaction. If we choose one of the E,,.':i different
from the others, we have the case of the decay type of interaction.

The inverse scattering form for (2.11) was first found by Zakharov and
Manakov [116] and recently the inverse scattering problem for the case

Qs &y G- 0 at infinity was solved by Kaup [126]. It is noted that

the case that two of the three group velocities are the same can be reduced
to the second order eigenvalue problem. We also note that (2.10) is the

general result for N=1.



(ii) N=2. Case a) Let us take ag=a,

vg; =_’C‘¢a:_’:2l_'§_'g_2 ’ -‘g:z:'_""'fléhaz 'l"“j['

g

f3=—IC+ 5 (@ 43) + F-(ag+asd),

i . alﬂ
G =~1$ A~ %%‘5 » s =—iS0s +3L9—;

By =4 (A0:-4:00), V3 hp==iC"+

Then, we have

[..a_g_‘ +_j-.‘_’\i

S8+ S-S~ (Ul + VR U, =0,

3 _ LYy, v =0,
(U L9V s v =0
2 T2 o ! e
B

{B_t— — z—ji:-i- -,'-('UF'D";_-rU‘Ha)'V'z:O.

=11 %= =¥
When u, uf=u, v =vi=v, (2.12) reduces to

2
EG%L + T’:x“: —(UUT+ ViU =0,
a‘%’— + 31'3;':: — (Uit +rryvr=0.

=_q1 %= =i ¥=
If uy us=u, vl vz'v, we have

=0 and 4/3M =1,

3

' (Ag + a8 -
7t (% r as)

J b= — {—(a;aﬁ +QAz405z),

(2.12a)

(2.12v)

(2.12¢)

(2.124)

(2.13a)

(2.13b)



Y oY -
['E "f"%‘axz +(UUu =+ u a, (2.1k4a)
;v 1 I + (U pMHV =0

ﬁ‘”‘ 34 VZ g (2.1kp)

if ul=ug=u, vl=-v;=v, (2.12) becomes
(_u 13U — (U =pvHu =0 (2.15a)
3r T 2 ox? s .
;v o
IS5+ 3 i — Uy =0. (2.150)

There three systems of eguations are the coupled systems of the two kinds

of the nonlinear Schrddinger equation. Any of these systems has solitary
wave solutions and in particular, the system (2.15) has three kinds of
solitary wave solutions according to boundary conditions. The systems
(2.13) and (2.14) may describe the nonlinear modulation of the electro-
magnetic waves with arbitrary polarization. Recently, Manakov [150] solved
(2.14) by means of the inverse scattering method to show that the amplitudes
and velocities of the solitary waves do not change after the interaction
but the polarizations change in general.

Case b) Let us take M = 43 and
) = §,4:d; = E{A: %_gz_ G o /4,4: -+ ‘—2L/42 (4. qs +A8sAs) ,
‘ﬂz = §/4:_dz S e /42 + A;I-QZ & —quz(afab/"aﬁa?) J

‘53 == QRAB +§/4; == —2/—/4;(4, -+ ﬂz)——‘Aj.(dg -+ :’17-);



‘5;‘ = Alaﬁ. + "_‘2{'/?2 (GJQJ""QZQ?) 7

b= Aas + LA @iay+ aza0),

bs = -35A:06 + 54 ‘)ﬁ +Aiog + LA (2,04 + aza5)

8y = _§,42a7_-~,4'2 £ + A ag +—/qz(d,ds 4:4a4¢),

4 = ~¢};_’2 wAFSA, + LA (a4 ar.

If we put u,=w,=0, v,=C (:const.) in the results obtained, then we have

iy Ao dt g9 A2 Clyy =0, (2.162)

32{)&‘ Az 32'20 2

SE - B — A+ L Cvu=o, .
A

g_tf - ,4, ,4;_ (u,w) (2.16¢)

where Al, A2 are arbitrary constants. Further, if we take Al=-l, A2=-i,

ulW‘]*_=,d 5 vl=in and C=-2i, we obtain

o & J _

‘('J%"'a_g) +_:2/_J_E_n¢_—a, (2.17a)
on 2 __
P a;: +ﬁ'l¢’ =g \2.176)

This system of equations is related to the interactions between Langmuir

waves and ion-sound wave in a plasma and will be solved in the next chapter.



(iii) N=3. Let us take a6=a7=0, J3H=1 ana

4 =487, +2 g STl g% +2(a+a:%) 4, +2(ai+ad)a, »

&=_4§ﬁqr23§al 3;”; 200 +42) 4: +2(al+al) Az,

B3 =—4< +¢1I2(ﬁ,+ﬁz)+ [ﬂg-r-a;-)f—); (a, aa; — a,_gsq:i) ,

b= =40, +2ic 5% - 3;"3? + 200+ 434+ 200 a2)Ay )

—_— 2 éag a___zg.(,_‘ 2 5 s 2 g
o =—4S"0; ~2S TF — 55 + 208D A + 2(A+G:)Ar,

&) =20 (A~ 8:00 + (44 52 +8:5%2)~i(a, 5% +0.2%),

VEhe = — 40300 a7 a3 -31 (045K ~a: 304 )

Then we have

_‘)ﬁ 35”: U, d _
3 ' Iz —6UU. X —37&9;(((1;%‘)—0,

.%,LE s =&l AL ol Uz

3t T oxe fax g { 4aVi) =

N &y N J _
S5 S U =3 U (U) = 0

(2.18a)

(2.18b)

(2.18¢)



U
2t

P _

93

0
az

=+ EVVz SU;G,'; (U:) =0, (2.184)

If we take u,= F u,=u, v;= F V,=V, then (2.18) reduces to

L
J
7+ j’i% £ 6y + 302 (v =0, (2.19a)
ErA aSV 200
e F i :L*év‘a —:3u (UV)=20. (2.19Db)

These may be called the coupled modified KdV equations. For the case
T e A (2.19) can be easily solved according to Manakov [150]
or Kaup [126] under the boundary condition that u,v tend to zeroc as x— +oo .

The behaviour of the solutions is analogous to that of (2.1k4k). If we put

u. =-1,

5 v,=-1 or u,=-1, v,=1,then (2.18) becomes the systems which may be

2" 2
called the coupled KdV equations. However, they are reduced to the KdV
equation for ul+vl or u vl, respectively.

We have examined up to the case N=5, but we could not have cobtained
the interesting examples. It is noted that similar extension was made by
Ablowitz and Haberman [192]. They could find that the Boussinesq equation
(I.2.41) is included in such classes of nonlinear evolution eguations,
but they could not find (2.17). Another interesting example which can be

solved by the inverse problem of the third order eigenvalue equation was

recently found by Newell [193].



Chapter 5

Formation and Interaction of Sonic-Langmuir Solitons

—— Inverse Scattering Method —

§ 5.1 Introduction

In Langmuir turbulence the energy of wave field is concentrated
in the long-wave part of the spectrum through the nonlinear processes such
as nonlinear Landau damping by the electrons and ions, decay of the Langmuir
waves with production of ion sound waves and four-plasmon interaction.

Since the linear damping mechanisms have little effect on long waves,

what mechanism makes the wave energy dissipate to determine the turbulent
spectrum comes into question. In this context, Vedenov and Rudakov [194]
showed that Langmuir turbulence with sufficiently long wavelength is un-
stable to spatial modulation. The nonlinear stage of this instability

was studied by Zakharov [195], who proposed that the three-dimensional
focusing of Langmuir waves called "collapse" is the main energy dissipation
mechanism of Langmuir turbulence in the long-wave region.

One-dimensional self-modulation for Langmuir waves does not cause
their collapse, but leads to soliton formation. Therefore, one-dimensional
Langmuir turbulence may be described by an ensemble of solitons [196].

In this connection, Degtyarev, Makhan'kov and Rudakov [197] proposed a
new theory on one-dimensional Langmuir turbulence based on the results of
numerical computations.

The purpose of the present chapter is to deal strictly with the
interactions of one-dimensional Langmuir waves with sound waves propa-

gating in one-direction, in particular, with the phenomena being concerned



with the sonic-Langmuir solitons by making use of the inverse scattering
method.

The system of eguations for the ion sound wave under the action
of the ponderocmotive forece due to high-frequency field and for the

Langmuir wave was formulated by Zakharov [195]

z'% +49E _pg =0, (1.1)
2 Z z
an o, FIEF_ -

atz Jxl azz J

L)
—y T
where Ee = *

is the normalized electric field of the Langmuir oscillation
and n the normalized density perturbation. The spatial variable x and the
time variable t are also normalized appropriately. This system of eguations

has the soliton solution,

— U+ LN 2
E =.(1-v3/2 Naech[No=vtile , (1.3a)
N = — Nech N x~1rt)l, (1.3b)

where N and v are constants. Degtyarev et al. [197] found many interesting
phencmena by solving the system of equations (1.1) and (1.2) numerically.
These are, for example, the soliton formation from a given initial dis-
turbance (EX0, n=0), soliton scattering with the emission of ion sound
waves, the fusion of two solitons and the fission of a soliton by the
absorption of ion sound waves. According to this numerical computation,
Langmuir solitons are created or annihilated through the interactions with

ion sound. The selection rule with respect to such interactions of Langmuir



solitons with ion sound waves was investigated by Thornhill and ter Haar
[198] and by Gibbons, Thornhill, Wardrop and ter Haar [199] with the help
of the conservation laws for the system of equations (1.1) and (1.2).

The system can be solved exactly if it is simplified. We consider
the ion sound wave propagating in only one-direction, for example, in the

positive x-direction, then we may assume that

3;1 ,.z,,_éé% ; (1.%)

where the sound speed is normalized to unity. By using this, we obtain

IN_ N [ S\ Ny o 7
= oxr - \3f ax) 5 5 {;x(& _}l)

It follows from this that (1.2) can be rewritten as

7 9 IE]*
37 it b % = 0. (1.5)

The soliton solution of equations (1.1) and (1.5) can be obtained by
replacing (l-vg)/e in (1.3a) with 4/1-v on account of v == 1.
Applying an asymptotic perturbation method to (1.1) and (1.5), Karpman
[200] studied the dynamics of soliton formation. The equations (1.1) and

(1.5) can be reduced to the system (IV.2.17) through the transformation

-
bz, t) = E(x, t)e (2 *) (1.6)

Therefore, the system of equations (1.1) and (1.5) can be solved exactly

~ by means of the inverse scattering method.



In § 5.2, the eigenvalue equations corresponding to (1.1) and (1.5)
are given and the properties of the scattering problem are described.
In § 5.3, the Gel'fand-Levitan equations are derived and it is shown how
the solutions to (1.1) and (1.5) are represented by the scattering matrix.
The zeros of a diagonal element of the scattering matrix correspond to the
soliton solutions. The N-soliton solutions are discussed in § 5.k,
The phase shifts due to the collisions of solitons are found. The phe-
nomena such as soliton formation and pick-up process of Langmuir wave
from a soliton by negative amplitude ion sound are investigated in § 5.5.
Section 5.6 is assigned to the derivation of an infinite number of the

constants of motion.



§ 5.2 Direct Scattering Problem

The eigenvalue equations and the equations for the time evolution
of the eigenfunction associated with (1.1) and (1.5) can be obtained at
once from the results given in the previous chapter. However, in order
to solve the direct and inverse scattering problem, it is more convenient.
to use the following transformed equations.

We consider the following eigenvalue equations with n(x,t) and

¢ (x,t) as the potentials,

L [n =25 7 33 0 0
o ‘ P
7’7+—‘2l§_ i 0 B |Lf=|0 & o £ (5.1
-n  28¢° -n o 0 =%

where f is a column vector with three components, n is real and E is given

by (1.6). The time evolution of the eigenfunction f is given by
((Z¢%ag) o 0
Sf _ o —-g—f‘é‘z 0 + + D#F, (2.2)
0 0 UF$M2R)
7+ 12 —,z'q{—ggswi;é*ﬂb*) 7 + 120
2 ¢ 2/ 2
D=5% ~i(3p ++p,~¢) 0 —i(-Sp+ib4) | . (2.3)

~(n+ ) arGseddey) -G



We can make sure directly by cross differentiation of (2.1) and (2.2)
that the system of equations (1.1) and (1.5) can be obtained as the con-
dition of time invariance of & . The initial value problem for (1.1)
and (1.5) is therefore reduced to the direct and inverse scattering problem
for (2.1). We assume in what follows that E (so that ¢ ) and n vanish
sufficiently rapidly as X— oo .,

The inverse scattering problem of the third order eigenvalue
equation was solved for a special case by Kaup [126]. We proceed in par-
allel with Kaup's work but take care of the singularity §*‘ in (2.1).

We define, for real & , the Jost functions ?ﬁﬂ(x,g ) and

%c”(x,§ ) (i=1,2,3) which are solutions of (2.1) satisfying the bound-

ary conditions

/ 0 @]
: -3 —i8x ‘
93“(x,g)e'§i,> 0|, Pere = [ 1], e (o],
0 0 /
Ad X —» — 20, (2.4)
3(¢x '$x 2 2
=3 — i
U%,)e™% (o ], 4,0 [ ], %{g?z,c)e'gf-:- o1,
0 0 /
a4 x— + 0o, (2.5)

We now introduce the Wronskian by

54
W(t 3 7%)=dat | £ & £ |- (2.6)

VAN

R



Evidently, W(f,g,h)¥0 is the necessary and sufficient condition for f,g
and h to be linearly independent. When f,g and h are solutions of (2.1),

it is shown that

W = 3i<W. (2.7)

0x
From (2.4) ~(2.7), we get

W(PD 92 @) = WYY YY) = & (2.8)

i .
Therefore, {?’J?I,QJ} and ]'Z,Lg)f ,§)f are a set of three linearly independent
solutions of (2.1). Consequently, f’g’/x,g)can be represented by a linear

combination of ff,LgJ(x,g‘)f ,» that is,

\ 3
P Prx,$) = du(4) % %x,e) (2.9)

where (a.jk( G )) is called the scattering matrix. From (2.8) and (2.9),

we obtain

det (A;4($)) =1, (2.10)
Then, (2.9) can be rewritten as
(k) 3 o
¥, 0 =}ZJ@-(§;5P &, (2.11)
where (bkj(g )) is the inverse matrix of (akj( o I i
3
hé Ak ($) Brp($) = &y - (2.12)

By using the boundary conditions (2.4) and (2.5), it follows from (2.9)

and (2.11) that



: -31Sx . ) L
Auls) = M ?Jwe ;o 4s(s) = Mim y:s'ge ):(

r—eo X—ro
(2.13)
—3/¢x ! ) Jtx

Bule) =Lom YT Buls) = fen e

If n(x) and gls(x) tend to zero faster than [x| “L an x| =22

we can show the following analytical properties by the Neumann series

: ; (n —3/¢x
expansions of the Jost functions % %x.¢) ana ¥%1x,¢) Ple

35(3)6 iCx

2

, a,(% ) and bu(& ) are analytic functions of & in the lower

half & -plane (Im(Z)<0) and 7;5”){?.—3':‘;_1 , P%% ($% , a3($) and bu(S )

are snalytic functions of & in the upper half ¢ -plane (Im{& )>0).

The asymptotic properties for large /| are obtained by the

asymptotic expansions of the solutions of (2.1) :

/

%u{e—-.a:gx:_ (0 + O(g"lj %0'7. -@n(ﬁ')?ﬁ, (2.1’4&)
0]

;[csgeti‘-r — (0) +O(§") »JM J%’n@)<0, (2.14b)

I
g (o) L O A4 Pniti<o, (2.1ke)
0

o
P8 =0 | + OC) oo Imig)o. (2.1ka)
/



From (2.13) and (2.14), we further obtain

Au(s) = /+0C), Bul$) =] +0E")  for Imis) >0, (2.15a)

an ) =1+ 0(Th, But)y=/+0K"H A Imi)<o. (2.15b)

Though it is difficult to write explicitly the asymptotic forms
of the Jost functions for small [&§] , it is easily seen that they have
merely at most the simple pole at §'=0 due to the singularity é'_f in
the potential matrix of (2.1).
The analytical properties of the Jost functions ?ma,c;) and
715(2)(1&) are not simple. We introduce the functions Xfr,d) and 2,&)
with the definite analytical and asymptotic properties, in place of ijCZ, <)

and }L‘z’:’x,i“) according to Kaup [126]. Consider the adjoint equation of (2.1),

N 3¢ ~3S o0 o
J 4 d 9. . A . A
?j—f— ":‘2—{;— _§(§¢* o —'lfgﬁt 76 == O "&S. 0 )[. (2.16)
n | x
_-,_-3— —_{¢ -1 0 0 ‘:g
We define the solutions of (2.16), 93“”(1,':) and y’(‘mﬁ,ﬁ , satisfying

the boundary conditions,

(A sigx 3 @A sz [0) - o
P reg)e —?(0) e P g '-t-—»///, Fm?x,we‘g—) (o),
0

o eif
ad xX—» —0oo, (2.17)
38x /3 sx [0 . o
¥V g e ‘i(o)‘ ¥4 5)e", /), % 16l o 1,
0 0 == |
0d X—> +0o, (2.18)

=== 100 =



A 3¢y

Then it can be shown that % &.$)e

3, ~x
ana ¥y e are analytic

functions of ‘:.' in the upper half &€ -plane (Im{(€ )>0) and 5"8)'461;5‘)5!;(
3/¢x

and ¥"x.3)e

(Im( &) <0).

The Jost functions P’ ana Y% can be represented in terms of

}’WA and Y@A

are analytic functions of t;' in the lower half  -plane

| 3 3 \
W ;Z g € 0y BA esfg‘x (2.1
— .19a)
P 2 k= #&m-f':a wp P 59}, P ’
3 3
< 3i$x
u —%Z 9&2 'fnnp 9‘“‘!’ Amllp€ | (2.19b)
mp
where Eyk 1is the alternating tensor and &, = —;— , Az=] and 3= —[ .

Conversely, it holds that

DA I3 3 ) (k) o ﬁ'x
T S A P 7 (2.20a)
) s _
yod - L ¥ ¢ ;.Z Enmp Yo P12 3% (2.20b)
A0 k=1 T m,ps

Substitution of (2.9) and (2.11) into (2.20) shows that

3

P9x,¢5 —3;’ By Y, s, (2.21a)
A 3 (k1A
Y ¥z, ) =kZ Chy wrx,g), (2.21b)
=/

We now introduce # and ¥ by the relations

2
/?,/ Z fnm/: ?QM GLBMO(mD( e ‘h: (2.22a)

m.p=i

== 01, =



v 7 (34 5 (A 246X
In=2D0 Cuwmp P 4" dmtp € . (2.22b)
m,p=/

Then, Xn and fn are analytic functions of c in the upper and the lower

) = 85X
half & -plane, respectively and Ze‘g and L€ s are proved to be

solutions of (2.1). It follows from (2.19), (2.21) and (2.22) that
—[Q [4}] (2)
Xz g)=e (Bui¥" x,$)— G13) ¥ %x,¢)), (2.23a)

Zx¢) = 3% Bas($) 1 %n,¢) — Bas(2)85%x,5)) | (2.23b)

By making use of the asymptotic forms of jﬂm’q and }b(“)” for large /§[ ,

the asymptotic expressions of X and X are obtained :

)
Yix,$) = — [/ ) + O o Snigy) >0, (2.24a)
o)
sy /0 -/ ‘ﬂ'n .
Az, $) = (/ + 059 7{-’01 (§)< 0. (2.2khp)
0

These relations will be used to obtain an integral representation of
fime"xx in the next section.
Next, we present two kinds of symmetrical property of the scattering
matrix. When f(x,¢) is a solution of (2.1), f'A(x, 5)=B(&) [ £(x, &*¥) 1*

is a solution of (2.16), where

g 0 0 8§ 00
BG)= |0 B o|=|0 25 0 ]. (2.25)
o 0 PBs o 0 |

— 102 ——



Taking account of the boundary conditions (2.4),(2.5),(2.17) and (2.18),

we have

PIMER) = B[ P, 0 = o fom Pz, €
;L,(:) (x, Q‘J — B{g) [ ;Lm,(l',':*)J* = Ot’nﬂn %"m‘o'(z ,$).

It follows from these and (2.9) and (2.21a) that

Gm (3) = % [Omn (§%)7,

where J;,=«mﬂm , =/ , =28 , fi=—1 .

It is easily seen that when

£x.$)
Fx.5) = fx8)
Fal$
is a solution of (2.1), then
f;f(,—g‘J
.21'3-1
Fasr = [-fiz-5) |€
fex-3)

(2.26)

is also a solution of (2.1). Consideration on the boundary conditions

leads to the relations
<t ~ (3} o)
P, s) =pPa.c), Pl $)=F"x3),
a —
Pty =-P¥x, 0,
) o =i
Yhx,0y =8%x.¢), ¥ =",

¥, == 8%, 0.

_103_.

(2.27a)

(2.27p)

(2.27¢)

(2.274)



We get from (2.13) and (2.8) the second symmetrical property :

An(3) =qp-3), A)=A43T). Aalf) =02 (%),

(2.28)
Ar2(3) = —A32(=¥), A (3)=—0A23(-%).

Let us now consider the time evolution of the scattering matrix. It can
be determined by the knowledge of only the asymptotic forms of the poten-
tials. We require that the boundary conditions (2.4) and (2.5) are sat-
isfied at any instants. We write the asymptotic form of (2.2) in x—+oo

as follows :

((3¢%25) 0 0
% g 0 -4z 0 F # et Es (2.29)
0 0 {(£3%24)

where ¢(4 ) is a constant depending on & and I is the unit matrix.

As pointed out in chap. 1 in connection with (I.2.32), the addition of

¢( & )If makes no change in the evolution equations (1.1) and (1.5).
Substitution of the asymptotic form of P’ in x— —o0 into (2.29) yields
e(& )=-i(2%%3 —25 ). If we substitute the asymptotic form of 2’ in
X=—>00 , i.e.,

an(s, t) 5%
<) .
Pxs,t)y= | ang,t)e’

A, 1) %

into (2.29) with this ¢(& ), then we have

o4 3

Qi =1, 0 __ L3t %34 e S 4i<ais . (2.30a)

ot

9T

— 10k —



Similarly, we obtain

Aoy — f~ie2 o Iz _ 023 _ ,ovsa ..
';?L (206=2(8)Aqz, 32 =0, 57 =(8%24$ .,

W~ 4itay, 3@3 —(2/¢22/0) a5, 242

The time evolution of (b,jk) is the same as that of (ajk).

— 105 —

(2.30b)

(2.30¢c)



€ 5.3 Solution to the Inverse Problem

We first derive integral representations for 1){)9" (3=1,2).
Since Sl'm is not independent of ¥ as in (2.27c¢), the integral rep-
resentation of ibm is not required. We assume for simplicity the poten-
tials to be on compact support, so that all functions are analytic for all
C in the complex q-plane except for §'==C’ . In the more general case
of non-compact support, it is needed only that all the contour integrals
in the representation obtained so are reduced to integrals along the real
axis plus all contributions due to any poles. We define the contour C to
be the contour in the complex & -plane, extending from —o< +10 to 0,
then from O+ to +o0 -i-f-‘0+ and passing above all zeros of a33 and bll'
Similarly, C is the contour extending from —° +i0 +to 0, then from 0"

to +00 +{0 and passing under all zeros of a_. and LI (see Fig. 1.).
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a
HeS

Fig. 1. The contour C and C in the complex ¢-plane to
obtain integral representations for ¢ and ¢‘®.

Consider the contour integral

—3f
PUex, &% € X

d¢”
Au(S)(C=T) 3

e JHHD! e



/
for & above C ; its value is f?T[g) on account of (2.1bc) and (2.15b)-

Replacing fﬁ’m by 2 & ik {5(*) and using (2.1ha) and (2.27c¢), we obtain

1 -3(¢x / / ﬁ P Lo Qr2(<Y) 552 —3¢x
7 Je = - v ) "e
GL xS (g) 27 § ¢ an(s’) IJL L
38T

as’ az(¢) ;Z‘”(x,q‘)é' ] (3.1)

27“ $C anls”)

Similarly, considering

A A

[}C f]éd( Y, ene

for & between C and C and using (2.23),(2.24) and (2.27c), we get

0
| fod8 Buleh yo, o 58%
%, et B Tl g he
S (;) 5wt 525 iy ¥ S

ASY Ga3 (8 T pe TISX
7 < U (x;g. ) e - = 2
TE gt 3:2)

We now assume that ?{Jm can be represented by
=3(¢x 2'C(s—X)
INE: tx,¢5€ =() I[K(x 5)+——-sz s)yje ds , (3.3)

where the transformation kernels K and L are column vectors independent
of & . The structure of the transformation kernels in (3.3) was suggested
by Kaup [129],[155]. The necessary and sufficient condition for (3.3) to

satisfy (2.1) is given by the following equations :

Ki L-l.f
K= 0 f L, = L; 7 (3.}4)
Y] ~Ly
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g—g—’ + —j? = Qils, (3.52)
;}%L _3_%& = Lk, —#*La, (3.5b)
%-C_z =Lék., (3.5¢)
Lim Kix,5) =0, Lom [,x,5) =0, (3.6)
Ly,x.x)= 4‘_ n, Lz(x,X)-—:-E’cfa. (3.7)

It can be proved by the method of characteristics that the solution of
(3.5) with the boundary conditions (3.6) and (3.7) exists and is unique.
We eliminate '}5(2' from (3.1) and (3.2), substitute (3.3) into the
result obtained so and take the Fourier transform with respect to § in
which the contour passes under ¢=0 . Thus we obtain the Gel'fand-

Levitan equations for y>x,

0o (=)
K, Y) +2cf[_., x,5)ds + G(x, 4) +f[K,(.r, S)G(s, 4)
4 X

+ iz {Qes. g +Res.p}lds=o0, (3.8a)

o0 Co
22)&; (x,5)ds +[F(4) +fL.2(x, s){Qs, 4)+ R(s,4ijds =0, (3.8b)
d X

o0 &0
=20 Lutx,s)ds + H(x, ¢) +f[K,(z,5)HCSJ 4)
5{ X

—Lix,5){ Qe 4)+Res, )} lds=0, (3.8¢c)
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where

Ftx) = /ﬁdgé";g’ AR, (3.9a)
/ Qi) *-2£§3}C o Ba(5) 2%

XYy = ——__ (3.9v)
G@& ) 2703 ﬁ“’ Au(s) $25 Bulsh &

_ Ais8) & S2i(xtY)
Hx, §) 56 Saus) €

/ f Aa(8) G2ist jf Bus($Y UK
*+ oz § 4 $- g—‘e ’ S

Quf?) H33($7)
’ 7732¢5£' an(‘i) C(SES) Bulsy
Rex. ) ___] _cig_ Az (S e—mS’(x—rb‘)

= Qu@)

£ 5!12(‘3“) 254 £ a5 F3@ —28%
e (3.9e)
3’*‘“ jr aus © ¥ &(T-T-le) BT !

where the limit €-#0' is to be taker.

We now see that a zero of all(§ ) corresponds to a soliton solution
of equations (1.1) and (1.5). Let & =%-:7 (2,4 :real, 7>0) be a zero
of a;,({ ). Then, owing to (2.26) ani (2.28), 843(~ &, )=0, By, £X)=0
and b33(-§,*)=0. Here we confine ourselves to the case that the zeros
of all(C) are simple, so that the residue of a.lz(g' )/all(?;) at the pole
g, is C=a, ( <, ) /é. ( $, ). The residues of b21(€ )/bll(§ ) at T =%F
and of b23( $) /b33(§ at §—--§o ars both 287C* in view of (2.26) and

(2.28). We take into account the fact that (bjk(C )) is the inverse matrix

of (ajk(C:)) and (2.26) and (2.28) tc obtain

S =)



A(S) _ [A=8")71% ek B2

@ .10
Au(S) Ay %Y ans) Ba(<) (3 )

From this, we see that the residue of a13('; )/all(§ ) at € =¢, is
_Cb23( il )/b33( g, ) provided S, 3¢-— Sf (i.e.,$§%0).

If all(i' ) possesses only one zero $» and if all of the off-
diagonal elements of the scattering matrix are equal to zero on the real

axis, we obtain

Fexs = 20 Ce %,

ek 2H(SEeS )
q-ﬁx’g) = 42{:?2.;.* € 7
_ A&CS Eif‘fﬂ’x—f-ét)

Rz = sk

> 2 \ o
Qex,y) = 4ie) em(ﬁ‘.,l 9&’)‘

gu*"t:a
Rz, 4) = 4cr le-’ﬁgfl‘@.ﬁ)
¥+, ’
where

O =, Gt
o

’ (C.: wnal)

here (2.30a) has been used. The Gel'fand-Levitan equations with these
kernels can be reduced to easily solvable linear algebraic equations.
As the result we obtain
a2/ (6at.)x
161C%"e
o ’
(C+$)[ 1~(4{Col e &= 5, P(er+ 501

Nx, t) =— (3.11a)
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= —qy%ech’ (27 [ x—(1-28)t~5f] , (<>0) (3.12a)

pot) = i 4IC§lf-e£§iE;j;: e ets)) R
— 25T dech 201220t -5 E LI es0) (3amm)

where
52_{_‘20; [C%.] o_ s s (3.13)

215 0 ¢ T ikl

These clarify the correspondence of a zero of all

It should be noted that in the case & <@ , n(x,t) and $ (x,t)

are given by

Nz, by = 47 covech (2085 —1-28)t— 541, (3.1k4a)
. 2 (P28 T2/ (X~ )+18s
Pix, t) = 27/-38 coacch [27]x~(1-28)C-§s i€ ) (3.1Lb)
where
— | /& /ng‘,[’ ed‘ﬂs___{: Cﬂgo
= o, 1Co5%1 Y ST C 3.1
5 27 4 2E [C3e! el

&0 feal
The integrals f /J?C.I,t)/a-(z and fm/‘#‘(x; Eldx  ao not converge because
OO =

(&) with 2 soliton solution.

of the singularity of n(x,t) and ?5(};,1;). Therefore, the inverse scattering

method cannot be applied to this case. Nevertheless, (3.14) certainly

satisfy the system of equations (1.1) and (1.5).
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Next, let us consider the case {',=—§'f (i.e.,§=0 ). In this case,
the zeros of all(a;) and b33( &) coalesce at §$=-(/ . Similarly, the
zeros of a33(§ ) and bll(é ) coalesce at § = &7 . If we put j=1, =/

and j=1, J =3 in (2.12), we obtained, respectively,

An($)Gu() + A2l3)82,(8) + aiz(§) 3(8) = |/, (3.16a)

Au($)bi3($) + Ara(S ) B23(8) + Arz3($) B3 (8) = 0. (3.16b)

From these and the symmetrical properties of the scattering matrix, we see
that g'.—_-—c? is a zero of a12(§ ) and b23(§) and al3(—-¢? )%0. If g:—..—g7
is a simple zero of a12(§ ) and b23(€ ), then the following two cases

. ; . . A * . —
occur : i) all( (7 )%0, Re{all(*df )[313( ¢/ )] }—0 and ii) all( ¢7 )=0.

For the case i), it holds that

Foo= G 4= 4)=0,

P, ¢ o ?) ds‘ a,z(<) "‘la‘tgfi‘f‘ﬁ)
(X, 4)= _Lf QB('; 2£ , S B! 24N ,
H éf{ 7 Ay (‘;;‘ }Q 7)= f C; Aus) =
[a.rs(——:‘?)
Ay f—ﬂ']) )

The corresponding solution is

na,r)= —Jrpe >

(] + (B/ay)e 41%)? (3.17a)

fex,ty=0, (3.17p)

where p is given by
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AL — _jp, p=petlt (3.18)
Qu (=¢1)

and p is real, If P, is positive, (3.17a) is written as

e AR _ A
N, t) =—4] dech” (27 (x-1-5.)) , &—Efo?.zf : (3.19)

For negative P, Ve get a singular soliton like (3.1k4).
It should be noted that the sclution (3.17) is obtained by taking
the limit &§— 0 as well as Cy— 0 in (3.11) so as for [CH?/& +to ve constant.

In the case ii) é‘z—c? is a double zero of a

12($) and b (€)

and ¢ = f? is a double zero of 333( ¢) and bllﬁg }- By making use of

(3.16) and the symmetrical properties of the scattering matrix, we can

show that

270 t‘)-rlf-?zi‘
Foo=4i)e

Gx, 4 = 8LYI*S 271—LJ—1?(51—7:;
Qax, 4)= -,;—Gc::, Y5,

Hez, ) = [8B=0T + 187+ 00X + 167 (w—=ib b 4

C=t)=297(4-T)
— 32 (x+200Ht] e ST g,-

Rix, 4 = ( (A4 R) + 160 (A4L0P VX +160 (o0~ 200DY

(a~E)~—27(¢~2t)
—32¢ (0 +220¢%) ?fjﬁ vk ’



wvhere & and @ are real and y =é12(-3?; 7 )/éill(—i?;o ). Then, the

Gel'fand-Levitan equations cen be solved to yield the solution,

nat) = ‘EE [Letpr= 9oy e-t) + 87700t 3R g iy PO

F [T ?L(soz o)+ 4t )-8 ] (3.20a)

po ey =ELL L7 O M ey (3.200)
where

D=/+ [[—?2—(0(1-/3) + QU L6 L ghies), ?_/2_ [P+ (Y72 )€ 87@2 (3.20¢)

This solution is singular, because for any fixed t, D necessarily vanishes

somewhere.
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§ 5.4 N-Soliton Solutions

Here, we study the property of the interaction of N solitons.
Let us assume that 8‘11( $) has N zeros in the lower half & -plane and

all of the off-diagonal elements of the scattering matrix vanish on the

real axis of the C—plane, that is,

() =0 , (§ =12, ~, N)

g‘ =§,l‘_£ ,}'a (?d‘>0) {;}0)

We also assume that all of ¢, are simple zeros of all(“;) so that the
residue of a, (§)/a 1($) at &y is C,=ap, (& )/a,( ). Introduce
p (%), q (x) and r (x) by La(x§)=Tnhoienpl2iGh) » L )=58utx) o5p 2060 4)
and K& 4)=5, hoo.emp(2i¢.Y) . The Gel'fand-Levitan equations (3.8) are

reduced to the system of linear algebraic equations,

. e‘-/ Cl"g" 2“(’;" gm )I _ .
ﬁi‘x) Ea Z ﬁ?(x) == -'-2&Crn¢n ) (4.1a)
§"7” ™ gn —gm
1(3}. Sm) X
il e €
(x) +$u b c)+‘/"" i ()
En(x) +$ hn(x 7 g Ty
3-4(3“""‘§m;x 2 ; :‘
“&LZﬂ b (x)=~ﬂ%]_€1§x, (4.1b)
nim m - -
. (S Som) X
i/CnS',,fz 62{ =
(x) + (x
E-” * f\n T z"\:“: q‘rf‘" Sm 5?”1 ’
2 2 (S =Sm)x 5 .'zu;‘,, .
o /C;C‘n! );: eg\* - e e 2;{%5‘1 : (h.10)
n VI-_ m n

Here, we do not write down the explicit form of the N-scoliton solution,

= LI



but we examine the asymptotic behaviours of the solution as t—s oo .

Putting
By = Fteresp (-2/¢,x),

Cn = Cna -Mgbf:).?,, (f"‘rzfn) t—il‘(f:—?nj‘fn)f})

we have, from (k4.la),

~ ; z ~ (=280t
rey o LGSl ¥l X 1
/‘{;, X)) + 7, e ks T Fk (x)
- l§n -2 ( n » § )t —2n '_( T4<5n t
__Eea,,i“ne) {7 eﬂﬂ: I=25) f (4.2)

Assuming f, >§;_>~-‘>§,\, >0 , we consider the asymptotic forms of

the N-soliton solution for x—(/-25.)T Eglp/gn-_—m as f—t22 ., As [— c=

X =128t = X ([=28m)t + 2(—3m)t —> { o (F<m),

~oo  (f2>m),
Therefore, {(L4.2) reduces to, for —oo ,
/3;,5;:) =0 Ao n<m, (4.3a)
[C Dg. —4-dm ﬂ/C' §' F —&ifm A P
}+ m Mz =g omi -—i__ 3
( 2§ Z,, )/) é fm?m < k=£ﬁ’:l+l ‘);k"qh# (h"3b)
F. 7
PES PN SR - nznmM+l, .
k=m+i gn gk & n*"gm En ’f”’ " o)
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where

. — 205 X=20 (8 222t~
ém _—_—.?.LCmoCme 203200 = oy 3m) g 2}’?-

N -~
Our aim is to obtain -Zk=m /b/e by solving (4.3b) and (4.3e). By using
the technique similar to that by Zakharov and Shabat (see the Appendix in

[59]), we can verify that

ZN [ak(gﬂj#z I

i  (f=m e, N) (4.4)
k=m kT Sy

(50 (k)" B &

=", , N (4.5)
k=m (G ~S)Se-SF)

oAy (Sy) (oS I" ¢ ], e N (4.6)
k=m+i (Gf~Sa)Sk=54*) SM 44 J

where

Ap(Sy) = L=m 26 21 (hem, o N) (4.7)

oy (S) = 'zzmﬂ =

ax(Sr), (k=wrtl,~, N) (4.8)
T @esh S m

where T[° denotes that the factor equal to zero is omitted from the product.
Multiplying (4.3e) by [DQ(S})J*Q”HC(..J/(Q—%*) and summing up over n, we get

from (L.6)

. —ZN (o)) oS 5

£ (k.9
n=mt) (=5t (G ~Cm) ™ )

It follows from (4.5) with j=m, m+I/< SN and (4.8) that
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* ¥
S . o ) O ).
n=mt (578 )(=Snt) Sn—Cm (Sm=8m A& =54
If we take the complex conjugate of this relation and replace Swm with

g': » then we get

. WnlSn) . Am($E)

st (LA Cm) (o= TH =T

Substitution of this into (L4.9) yields

[%(ﬁ)]‘r 5 5
=y = : Am(S) oy + 4.10
(gm_qwf)(gm— gﬂ ) " ‘P ( )

S0

From (L4.4) for f=m , we obtain

f (af/.k(gh)]* _ /_’_ [am(';ﬂ);i*,
k=m+l Si—S%m S

and therefore

hY : A , Ly # —_—
i ) An(Sm) B (1+L8mn]y [ Am (Sm? \ B
- i

"
i = i b i —L = { + e * L.11
f=mri % qln—gnf I : gr:"r‘;ﬂ }} L (:m_‘qw: ( )
It follows from (L4.10), (L.5) for = and (4.8) that
¢ B __ el g ( (g () T o (o) )
2=mt1 Sp—Gut G=8F T am(Gw) | geme Girsa(G~SH)
iy _ ¥y
S VAN g J +,)_ (k.12)
Gt [ A (Sd ]
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I we substitute (L4.12) into (L.3b) and use En obtained so and (4.11),

then we get
5+ F p=dlmp Sl g
aa k=m+i * qm_gm* 7 [am@.mu* "
(“.21?77;4/[6?»1{@‘7;«:) Tf) é’"

14 (1Guoloml /28002 ) (40 1 aom (o |2) € F

In the limit ©¢—>40 under the condition ym'—'const. , we finally obtain

.
28R 128 (=) +LBm

B —>20/28 ACCA (2 X~ (1-28m)t—5m ] € ,  (4.13a)

where

+ — _f__ [Cmog;.,'i l 2?”-‘1 __
S 22 tog Mo/ 22 "2, 'Lg?/am(s*m)f

&F (oo | _LntS0]_
M o ~‘{’3m{§m)3+“

Similar calculation yields

N> —g . Rech [, fx—(1-250T +Sm ), (4.13b)

as T—s oo (ym=c0n5t ..

For the case [— —~%0 (y,=const.), by introducing Ei;( k) in place

of a (&) by

m
- TT (S-S0
;:[: it Sk;:" g; )

(R=l, ~,m)
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we can obtain in the similar way the following asymptotic forms,

2% (7m"§m ) EF=27$a (-1) +iOm

B — 20ir/28, A (2 X~(1-28m)t—5m 11 € " (4.1ba)
N —> — 4R aech (2, fx~(1-280~5m }) (4.1k4b)
Where

= [GroSml 3%
g 2m ’&7 28 27#? Jé&j ﬂm(gm

GaoSm 135 (3]
= TR )( é‘[ﬁm@,,,j]*)'

Tt is seen from these that the asymptotic forms (4.13) and (L.1L)
as (— =29 are the same as the forms of single soliton solutions and only
the soliton phase & and the wave phase @ undergo changes due to the
interactions of solitons. These changes throughout the whole process of

the interactions are given by

; N
485, =S5 — 5o =-1_ A T B L Y A9 _
» m = am 7 ‘S;_’_ -&?Igmﬂﬁ/ Crapa /gm ¢ (4.15a)
N -]
4(9 =§+—-(9;= g’"_—gf_{.._r’ _-S"._:S-_f‘ 4.15b
" " ﬂum-ﬂa/%? c,‘m_"ff ,E—él S ':T,g‘ ( o

The results (4.15) are as if only paired collisions occur, and such a
situation is analogous to those in the KAV equation [30]-[33] and the
nonlinear Schr&dinger equation [59].

We note that according to the remark given in § 5.3, the case

can be also included in the above discussions.

N



§ 5.5 Results based on Perturbation Method

Let us consider first the possibility that a broad packet of the
Langmuir field ?5(1{) develops to a series of solitons. This depends on
whether the zeros of all(g ) exist on the right side of the lower half
§ -plane. Here we study the initial value problem in which n(x,t=0)=0
on the assumption that !¢(x,t=0)l is small enough for the perturbation
method to be applied.

; . ~31%x . : ;

Putting %"e =}T(x,§) , we obtain the integral equations for

F(x,& ) at t=0 from (2.1) and (2.4),

x ¥
Pz $) =1 “/ P fxl¢rdx ] (5.1a)
/ x—.z";‘(x—z’) =
Fx.$) =?§—[€_’ 5551’);[7,(2:,9 +f§(x,’§“)fc{1‘ (5.1b)
*_4iaxn %
Fs(x,$) —-fe ¢ izt ¢ )dx, (5.1c) |
e |

where fi'(x)z ¢(x,t=0). If we retain the terms up to the second order of

;’4"\’131 in the successive approximation for (5.1), we have

| (% e rRaigatars
F o, $re= | ——[d,z’? auy e plrtiqzs,
28 Lo Aso

Then, we get
; = Z' L vy
a,(s) =££_)Mgoﬁ(x,§):\_f ]._%[drfé'?z,)/ €—21§(1-x )CFS(Z"'JO\/Z”
Zoo Loo

P I Z2isxty
= /- ——[o{:c’géfx')fe "yl
‘ZS--_.oo "
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Teking the average of these two expressions and integrating by parts,

we obtain
/ =2 / m
Au(s) = [ — 5ot m._[__a C2¢ ;2’ (47 C ) Hx
| [T gom gome1t ot | SOt
+E‘?II¢ g ) — e g dx f (5.2)
——560
where
o AP
96 x) = dz™

Furthermore, let us assume 525(}:) to take the form

Pex) =& P(§x), (5.3)

where & and & are small parameters. Then, if § €& , in (5.2), the
terms containing the derivatives with respect to x can be neglected.

Therefore, we get

oo

Auls) ~ 1——._’—2) I ¢l He (5.14)
448" 4,
which has a zero on the right side of the lower half §-plane, that is,

the zero ¢, is given by

73
) ] (5.5)

_I;
S =4de” (f?;ﬁm[*dx

So, in such cases one soliton will be formed from the initial state
consisting of a Langmuir wave only.

Next, let us consider the interaction of a Langmuir soliton with
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the empty soliton given by (3.1Tb) and (3.19) which are initially placed
apart from one another by a finite distance ¢ . As seen from (1.1)

the depression of the ion density (n<0) works on Langmuir waves as an
attractive potential. Therefore, when the empty soliton collides with the
Langmuir soliton, there is the possibility that a part of the Langmuir
field in the soliton is picked up by the empty soliton and the latter
evolves to a Langmuir soliton. In order to study this, we consider the

following eigenvalue problem :

[_J'A§+-gf~c14,+|/,)+w,]f=§f, (5.6)
where
3L 0 o 1 0 |
A=1]o0o | o |, l/o—“-?" 0 0 0],
0 0 \3 0 3
f @ 0 0 0 0 | o
[/‘,:_-?77!. 0 0o |+2¢/1 01], H/,——-——é'—gé;*kaoo ;
3 0 3 \o o 0 0 30
and
ol =.-—-4.7,2,4M22?,Z, (5.7)
N (X)) = =49 0ech (27, (x~4)) (5.8a)

2!‘{; I-H.‘S‘,

B ) = 2)/28, wech (2], (x=L))e (5.8b)

The eigenvalue equation (5.6) is obtained by putting ?5=-—gﬁ, » D=n *n,

in (2.1). 1In the above equations, no(x) represents the empty soliton with

the corresponding eigenvalue ¢, =—¢J, (7. >¢) , and nl(x) and ?5’ (x) a
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Langmuir soliton with the corresponding eigenvalue '::, =&~/ (.7, 70)
which is placed at x=4 . I V,=W,=0 in (5.6), then the eigenvalue is
g . e) , .

$, and the corresponding eigenvector jf is given by

hx 30X
g- sech 29.x — —2 Aech 2

f= 0 . (5.9)

_%-3?-2( E 22 ?' e

This elgenvalue C, will shift under the effect of Vl and Wl. If the
shift has the positive real part of the eigenvalue, the empty soliton
evolves to a Langmuir soliton through the interaction with the Langmuir
soliton (5.8).

We suppose that f is large enough for the overlap of the ion

wvave (5.7) and the Langmuir soliton (5.8) to be small. We expand f and

¢ in (5.6) as

(a, Ciy (2)
£= f% FY% %

(5.10)
§ =S +as¥ragte
Substitution of these into (5.6) gives rise to
Lof = (i + £ —61) F =0, (5.11a)
Lofi = = (L o) £ 289 (1+22) £7, (5.110)

LoF®= f~(Ehvm)+ 26 (1+- L) | F*
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CJ) ()
+ S5 L) £ % e84 o) 5 (5.110)

2

-nn

where I denotes the unit matrix. The adjoint equation of (5.1la),

L= (A% + L —CJ);‘ = , (5.12)

is easily solved to give the solution,

f;’ aoé-27.r

fh= 0 , (5.13)
e " poch2h X~ —— e 9%,

Where VT is the transposed matrix of V Taking the inner product of (5.11b)

0 0’
with the adjoint solution (5.13) and using (5.12), we get

(Fh (Eviem)£7)
A¢¥= ) (5.1k)

<FL(I+L)FYS

where the inner product of vectors f and g, {f,g> , is defined by

£& d.

Pﬂw

Hg>=]]

—_— O

b

Il
—

It follows from (5.7) ~(5.9), (5.13) and (5.1%) that

059 =12 ec kL ) eI
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This is purely imaginary, therefore we must proceed to higher order

calculations to obtain the real part of the eigenvalue.

Two other solutions of (5.1la) independent of the solution (5.9) are

v D2 L20x 1~ tamh 20 + 1 Foech 20 +E7)
’” r) o A= o - (5.15)
° ™ fopx (1+amh )~ faech2pox— P ias

Let us expand F(l) in (5.11b) by means of f(o) , & and h as

FP= poof+ geod+rah. (5.16)
Substituting this into (5.11b), we get
g;? =§§°‘—e_27°x £+ ARt F3)
— g‘d§:"i2q2?°zif ":3}[:%3 +F5 A+ ;;‘—"5 (EFF ) A Asif s (5.17a)
j‘% = 2?, Py 1 A (5.17b)
gg__ — % —2761(76(0)_‘;_ ;o,-Jz
I £ P o JZ‘:‘ FFF. (5.17c)

It is evident that the right hand sides of (5.1T7a) and (5.17c) are real

and thus p(x) and r(x) are also real. Taking the inner product of (5.1lc)

with f‘A , we can see that the part pf(0)+rh of F(l) does not contribute

to the real part of Ag(:) The equation (5.1Tb) reduces to
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x
gix) = 4;a—£°g§(x),deaé2?,xa’z .

Finally, we obtain

Re(43%) = EEKJC? Wi gd ) _-—_--f—/f;:(x.},decé.v.xd)c/ B (5.18)

g
<F5(I+ EJ/—;")F”@

The egquation (5.18) determines the velocity of the Langmuir soliton to

which the empty soliton evolves.
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§ 5.6 Constants of Moticn

The time invariavee of a, (@') permits us to have an infinite

number of constants of motion. If we define F PC“ —3i%x , then

we obtain from (2.1)

I =_51§_n(}§+5)—¢*ﬁ; ; (6.1a)

X

P o ¢EF+F3} 2 s (6.10)

X

é&:z}.f‘g_n(/;+g;+¢*,z —4iSK, . (6.1c)

X

If we El:'erl:i.na:-l.te'F‘2 and F3 from these, we get

3c)E _—
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+ g+ gL 2t (6.2)

From (2.4) and (2.13),
F/~—>1 as x—>—06° and F,— all( § ) as x—stto .
Therefore, introducing c(x,& :t) by the relation Fl=ec, we obtain the

following asymptotic forms :

C— 0 ag IT— —b=,
(6.3)

C"”*MC{H(S\) a4 X—> +5<.

The equation (6.2) makes it possible to calculate the ccefficients of the

; -1
asymptotic expansion of the function a%z in powers of ¢

ac : Un
ax n={ (2‘\¢)?1 ( )

The recurrence formula is given by the equations

- — s 2
U =n, ul-—-d—ffﬁbfz; U3——-—-72/—(f?2—}--{_—cﬁ*§§§-), (6.5a)
3“ 2 321'.1 +/ U,
2“ — n n — = ' L
s E’x 91‘2 3&'1-{-—-‘”1“2 H Uk zg—n.‘.j u“' Jx
{ an Sy
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'n¢*‘ ox?

‘I"'i“ (‘#‘% 64, —i¢*/pl )(aau” +SZ ufw” + 1 H,Mguf)

n¢* 312 \ h"'j n

— 129 —
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In view of (2.15b), the function ﬂaqall(§ ) also admits of an asymptotic

; . o
expansion in powers of ¢

Ln Qu(e ’"‘“g g’j . (6.6)

From (6.3), (6.4) and (6.6), it follows that

(= =]
COC =[uﬂa.mx. s, 3, wn) (6.7)

-_— 0

Since all(C ) is time invariant, (6.7) are the constants of motion.

The first five of the constants of motion are given by
>o [ =]
2 —_—f??(x. t)dx | (zi)‘C;-———Tf-f}qS(z,rn‘cfz.
— o —Do
.:F *
(2)°C, ~-~f{ 0P 438 )fdx,
20)*C, = [ j2ini$l™ z/;ixé/z bz,
. , 0 a¢™
i Com [ A (3 e 2191 Lin($3 - 43E)
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Here partial integration has been used to obtain the symmetrical forms

in the above.

Now let us consider the N-soliton solution. In this case, in view
of the analyticity properties and the asymptotic form, we see that all(C')

has the following form :

N
17 S=%
ﬁu (g\) ,JZ; g__g;_ 5]

where §P=£P“‘7P ($p, 7 >0, cjp#gg (p=g), p=12+N) are zeros of all(C )

characterizing the N-soliton solution. From this we can easily obtain

the following relation for N-soliton solutions,

(?; ==

The fact that the system of equations (1.1) and (1.5) has an infinite

i ¢ N ”n
3 (gir-§} g »

Mz

—

number of constants of motion is consistent with the character that the
identities of solitons are preserved through the mutual interactions as
presented in § 5.L. This also implies that the break-up of solitons and
the fusion of solitons cannot ocecur in this simplified system though can
ocecur in the original system of equations (1.1) and (1.2). This seems to
relate to that Hirota's method [174] is applicable teo this simplified
system but not to the original system [201].

Finally, we present remarks on applicability of the system of
equations (1.1) and (1.5). When the propagation velocity of the Langmuir
soliton (1.3) tends to unity (i.e., sound velocity) keeping the amplitude
of E non-zero, the ion sound wave n becomes infinitely large. This diver-

gence is caused by that the nonlinear effect of the ion wave is not taken
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into account in deriving (1.1) and (1.2) [202]. In this sense the solutions
which we have obtained cannot be compared with phenomena in real plasmas.
However, the system of equations (1.1) and (1.5) presents an interesting

example which can be solved exactly by the inverse scattering method.
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Chapter 6

Concluding Remarks

In the present chapter, the results obtained in the previous chapters
are summarized and some related remerks are presented.

In chapter 2, the reductive perturbation method for long waves
has been generalized to the systems in which there exist n "quasi-simple"
waves each of which belongs to cne of the n different families of char-
acteristies. In this new perturbation method, the phase variables are
introduced to describe a part of the effects of the mutual-interaction
of guasi-simple waves, which permit us to obtain the simple nonlinear
eguation such as the KdV equation or the Burgers eguation for each quasi-
simple wave by the non-secularity condition.

First, the method has been developed for the head-on collision of
two solitary waves in the Boussinesq eguation (II.1.1). Asymptotically,
only the phases of them change owing to the head-on collision. The wave
forms change only in the overlapping regicn. In & asymptotic sense, the
solution can be described by the superposition of the two solitary waves
with the coordinates involving the phase variables.

Next, the method has been extended to the system in which there
exist n interacting quasi-simple waves belonging to different families
of characteristics. The system can be described in an asymptotic sense
by the superposition of the guasi-simple waves governed by their respective
KdV (or Burgers) equation. The effect of the mutual-interaction of them
is included in the phase variables.

The method has been applied to ion acoustic waves in collisionless
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plasmas and shallow water waves and in particular, the phase shifts due
to the head-on collision of two solitary waves have been calculated.
As a result we see that the Boussinesq eguation (II.1.1) cannot describe
the interaction of two waves propagating in opposite directions in shallow
water. It should be noted that the solitary wave solution of the Boussinesq
equation (II.1.1) is unstable to infinitesimal perturbations [203].
However, this does not necessarily mean physical instgbility of shallow
water solitary waves but rather due to the use of an incorrect approximation
in deriving the equation from the original system of equations. The non-
linear stability analysis for this equation has not been done and is an
interesting future problem. On the other hand, the solitary wave (soliton)
solution of the KdV equation is stable [204],[205]. Therefore, the present
method is to be applied(§3\82££>the systems in which solitary waves are
stable.

The results of the computer simulation of ion acoustic waves can
be explained well by the present perturbation method [188]. On the other
hand, the experimental results of the head-on collision of two shallow
water solitons are explained only qualitatively [189]. The method has
been also applied successfully to a compressible, viscous and heat-conducting
fluid [187].

There are attempts to describe a nonlinear dispersive system by an
ensemble of solitons [206],[30]. They are made in the framework of the
KdV equation. However, before such attempts, the study presented in
chapter 2 is required.

In chapter 3, the reductive perturbation method for strongly dispersive

systems has been extended to the system in which two modulated plane waves
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interact each other. The method used there is similar to that in chapter

2. In addition.to the phase variables for the modulated wave packet, the
phase variables for their carrier waves are introduced. The perturbation
method has been first developed for the nonlinear Klein-Gordon equation

and next, has been shown to be applicable to a general system. It has

been shown that the effects of the mutual-interaction of two modulated

waves are the shifts in their positions and those in the phases of their
carrier waves. The solution is described by the superposition of the two
modulated waves which are governed by thelr respective nonlinear Schrddinger
equations.

In particular, the mutual-interaction of two envelope solitons has
been investigated on the basis of the nonlinear Klein-Gordon equation.

They pass through each other without change of their forms and velocities.
This has been verified by the experiments on deep water waves [191].

Here it should be noted that envelope solitons are, in general, unstable
to the two-dimensional infinitesimal perturbations in which the transverse
linear dimension is sufficiently larger than the longitudinal one [207],
[208]. Therefore, such experiments are to be made in a relatively narrow
water channel.

In chapter 4, what class of nonlinear evolution equations can be
solved exactly by the direct and inverse scattering prcoblem of the third
order eigenvalue equation has been investigated. As a result the coupled
system of equations (IV.2.17) has been found to be solved exactly by means
of the inverse scattering method. This system of equations is derived
from the system of equations (V.1.1) and (V.1.2), which describes the

interaction between Langmuir waves and ion sound waves in a plasma, on



the assumption that the waves propagate with a speed close to the ion
sound speed in the positive x-direction. Ths both system of equations
have solitary wave solutions.

In chapter 5, the system of equations (Iv.2.17) has been solved
exactly by gplvipg the direct and inverse scattering problem of the as-
sociated #hets order eigenvalue egquation. A zero of one of the diagonal
elements of the scattering matrix correqunds to a soliton solution.

The asymptotic forms of the N-soliton solution are cobtained. The wave
forms and the velocities of the solitons do not change owing to the
interactions between them. This interaction property is similar to that
in the KAV equation and that in the nonlinear Schrédinger equation.

If in the initial state consisting of only a Langmuir wave, the
emplitude is small and the product of the amplitude and the characteristic
length of spatial variation is sufficiently larger than unity, then one
soliton is formed. The process that a part of the Langmuir field in a
soliton is picked up by a negative amplitude ion sound wave is investigated
be means of a perturbation method.

The existence of an infinite number of constants of motion is shown
by giving the procedure for obtaining them successively. On the other hand,
for the system of equations (V.l.1) and (V.1.2), only three conservation
laws have been found. In this system of equations, the interesting phe-
nomena such as the break-up of solitons and the fusion of solitons can
occur, while in the systém (1v.2.17), they cannot occur. Therefore, the
system of equations (V.1.1l) and (V.1.2) has no infinite number of con-
servation laws probably.

We have also found some singular solutions. However, these solutions

13



will not evolve from bounded localized initial data because of the
existence of an infinite number of constants of motion.

The contribution of the continuocus spectrum to the solutions, the
Bicklund transformation and the Hamiltonian structure have not been con-
sidered here. They are future problems.

The nonlinear system to which the inverse scattering method is
applicable — integrable equation appears to be rather special. However, IJUQ:
many nonintegrable systems which are, in some sense, close to the integrable
system. These nonintegrable systems can be analyzed approximately by
regarding a. solution of the integrable system as the zeroth order solution.
These analyses can be also carried out in the framework of the inverse
scattering method [209])-[211]. 1In such a sense, it is important to find

the new examples of integrable system.
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