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Introductory Remarks

It was jformerly -repor‘tedl" by H.SuciaaraA that the greatest obstacle in sawing with
circular saw machine is the buckling of saw-blade and that it is caused only by the com-

pression stress depending on the state of temperature distribution in it.

~ Qne of the key-points for solving this problem is to know accurately the ternpérature
‘distrib:ution, but it is not easy due-to the dif_ficul‘ty of measuring the temperature of saw-
blade ;in the state of sawing in high speed revolution. There are few results?’® of‘ ex-
periments measuring it, but these are not .satisfactory. .

In this paper the authors, with the obfect of confributing something to solve this pro-
blerh, introduce a differential equation to expréss ‘the temperature distribution, solve it

actually under rough assumptions and consider it comparing with the experimental results.
Composition of the differential equation

The temperature rising énd gradient in the blade are‘ caused by the heat. géﬁerated in
the outer-most region from the cutting work and friction in sawing, éind the heat
generated from the side friction of blade. Moreover the saw-blade runs so much longer
in the air than in the wood that the dispersion of heat into the air from the side sur-
faces of blade have to be taken into consideration as a factor influencing on the tem-
perature gradient.

It .may be assumed that these three factors' — the heat generated in the outermost. re-
gion, the one from the side friction and the dispersion of heat from the surface of blade—
~determine the temperature distribution in the sawblade.

- Then we choose the centre of circular sawblade as the origin ot polar coordinates (7,
0, v the radius of the circle of tooth-bottom, 7, the radius of the flange, and % the
thickness of blade. (Fig. 1). " -

Strictly speaking, these three factors should be represented as a function of 7, 6 and
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¢ respectively, but it may be assumed that the speed of revolution of saw-blade is sb much
larger than the feed speed of wood that the heat‘is uniformly generated at 7=7, indepen-‘
dently on § and £ The femaining factors alsp may Bé assfﬁmed to be represented as a
function of 7 alone. The temperature gradient must exist also in the direction of thick-
ness, but it is enough to consider it on the average, because the thickness is so thin com-
paring. with- the radius. In this case the temperature is to be distributed ‘cvoncel_ltric.ally
and the state of temperature. distribution is expressed as a function of radius » and time

L.

From such a point of view we introduce a differential equation about the conduction
of heat.

Considering the .émnular zone with infinitesimal - width d7 as shown in Fig. 1, the

"Fig. 1

quantity of heat that flows in to the positive direction of » through the inner wall of ra-
dius 7 in time df is

kAT o yihedt
X ar .

k . thermal conductivity of steel

T : témperature of this place

or

direction of heat flow is given the 'nega'tive sign. In the same way the quaﬁtity of heat

On dccount of the oppositeness of the sign of temperature gradient oT and the. onée of

that flows out to the positive direction of # through the outer wall of the radius #+d7 is
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oT .0 ol ~ 4.\ e
{ka A (.kea-F—an/?/)dr}dt

Thus the quantity of heat stored in this zone in time d? is

- 0 oT -
| N2 (‘k o 2771’ h>dr-di

The heat dispersion into the air from the surface is to be proportional to the temperature
difference T— T (To : the temperature of the air), when the temberature is not so high.

So the quantity is expressed as follow,

C20(T~=Ty)2nr+dr-dt

a : coefficient of heat transfer

Expressing by g the quantity of heat generated at thé unit surface area by friction in

unit time, the quantity of heat given to this zone by side friction in time dt is
2q-2nv-dr-dt

Suppo‘sing that consequently the temperature of this zone rises by d7T, the following equa-

tion may be composed of the quantltles descrlbed above.

co-2nrhdrdT = 2 [k %T 2arh )drdt 20(T - To)2nrdrdt+2q-2nrdrat

o _ T | 10T ,
o = k <‘872_+7*67‘> (T 7o) + ........................ (D

¢ : specific heat of steel

o : density of steel
In the equation (1) expressing

_ Lk ~ 2a =29 -
K‘Ep_’ a= T B= g )

and transforming the vaviable by ¢=7-7T,, we obtain the following equation

106 _ 0% . 100 o0 g o [
ot T Ty @B ' e )

This is a differential equa'tion,,tolde'termivne, the temperature. distribution. When we know
a and B or « and g as the functions of 7, we may be able to solve this equation and

 determine the tempera‘ture .distribution so as to be adapted to the bonndary and initial

et —
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conditions, but not generally, even if @ and B are found as the functions of r alone.
" In this paper are treated the cases that both @ and B are constant. More general

cases with Variablve\a‘ and B will be 'treated in the successive paper.

- Dispersion of heat from the side surface

As described above, we express the quantity of he'at dispersing from unit area of the

side surface in unit time by
© a(T—— To)

where T, is the temperature of the air and may be taken for constant, and « is the co-
efficient of heat transfer, the value of which is fixed according to the properties of the
fluid and the state df its motion. ‘ ' |

The value of a generally existg within the extent of 10~500 kcal/m2h°C for the air
in motion and 3~l30:kcal/m2h°C in rest.

Let us' 'co'nsider"the value of « in the‘occasion‘of circular sawblade. It may be con-
sidered to be determined only by the state of motion of the air on the surface of sawblde.
But the actual state of motion is so much complicated due to the existence of machine
table, wood being sawed and so on, that it is beyond all conjectures. As a case of sim—
plicity let us consider a circular disk which rotates in the air with the angular Vel'odty
®. Then the motion shoﬁld be stationary vand have a turbulent boundary layer. |

Generally we can write by Re Reynolds’ number, Nu Nusselt’s number, o Prandtl’s

number and %Zr nondimentional heat transfer coefficient

Nu = knoRe
2 C ;
Nu = % , Re= ¥ , o =—-—-qo‘00!‘0 N kH = %
ko Yo kq Ca007

po : density of the air
ko : thermal conductivity of the air
cqo : specific heat at constant pressure -of the air

yo . coefficient of kinematic viscosity of the air

On the other hand, by T. v. Kdrm4n the following formulae are given, where ¢y is
the coefficient of the local surface friction in the turbulent boundary layer on the rotat-

ing disk

¢; = 0.0530 Re~0-2 ................................... (5)*
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and on the flat plate

b =Dt 2 g) = 5 - DI (- DY (O

Assuming that the relation (6) on the flat plate is able to exist on the rotating disk and
taking k,=0.0220 kcal/mh°C, vo=1.54x10"% m?/s, ¢=0.71 for the air, we reach the next
results from the equations (4) (5) and (6) | v

kr~0.029Re™"?
Nu=0.021Re"®

This shows that the coefficient of heat transfer of the rotating disk in thev air ‘is' propor-
tional to 7°-¢ and °'® ’ |

AS mentioned aboVe, it is very difficult to presume the functional formula o‘f a or a in
our case, but in the sense of average it may be presumed as one of » aloue aud after tﬁe

formula (7) as vfollows ;

But for the constant value of a' we have now no ground to be able to pre:.ume it. Ex-
pecting another study about this problem in the future in thlS paper we would treat it

as a constant

Calorification at the side surfaces

The quantity of heat generated from friction at the side surface is remarkably in-
flunced by the conditions of the sawblade and sawing. It can be hardly estimated in ac-
tual sawing state, but it may be allowed to consider that on the average it is a function
of » alone and ‘Ehat it is proportional to the products of the pressure of friction that may
be assumed roughly proportional to 7 and ! the length passing through the wood. In
Fig. 2 V

M'*‘rc Ve ) for 7@272r0+M~

! = 27’(sin“1 ATV gin—t 7o
\ 7 7

7’0

l = 27 cos™1- for v.+M=r=>vr,

Thus the quantity of the heat ¢ may be described as follows ;
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Fig. 2.
/ \
g = mrzksin—1 Mtre _ sin~! 1”—) for ro=r=M+r,
. ¥ , ¥
g = mr? cos™ Ve for MAve=r>rey eeeess 9)
qg=0 - for 7.>r=0

where m is the constant, the value of which now cannot. be presumed in whatever man-
ner and even if g is expressed as (9), we could hardly solve the equation (3). We
would treat it to be a constant in this paper and expect for more exact treatment in the

another study about this problem.

Initial and boundary conditions

Until the commencement of sawing the blade only rotates in the air, so the tempera-
ture of the blade is to be uniforr‘nl\y‘»equal to that of the air, neglecting the frictional re-

sistance to the air. Thus the initial condition is ordinary

In the next place, when we represent graphically in Fig. 3 @) the relations of the
immediate temperature after each sawing (at measurement) at ?=rq and the number of
times of sawing from the experimental results®? about sawing of SUGI (Cryplomeria
Japonica D. Don) and NARA (Quercus crispula Blume), we find the relation linear
and the number may be considered to be proportional to the elapsed time in sawing.
Thus as shown in Fig. 3 (b) the boundéry condition at the circumference is immediately

— 65 —



WOOD RESEARCH NO. 15 (1955)

40

i
!
|
@ /
< =30 == mmm= -

30 / x 30 ""l‘ : / | !
.8 1 1 | I
S | i s | 1
'“ / / : r=Un ! I’I /I ; '
w f % z; Y |

V. JE DU VI E L S
£ 20 L LY 20 ; | /I ;”4, i :
/ | AV T
5 X lemp. of the air | \:,I} : E :
Q, | '}/ 1 | \
: L G R

10 10 4 ! h
& % © MARA 4\;’/ | h ’, !

A elapsed time
X SuGl ) It // } 2 3 min 4
| AN O _l___l__..__.lT-_. -
O 5 70 /5 0 5 10 s
Number of times of sawing
(a) (b)
Fig. 3.

after sawing (as shown by full line)

where C and D are constants according to the conditions of sawing; and immediately

before sawing (as shown by dotted line)
Bymry == CH woveeveenii G RIS (1),

Some solutions by Carslaw’s method® with Laplace-transformation

We multiply the both sides of the equation (3) by e-?* (p : undecided coefficient)

and integrate it with regard to £, taking 0 and oo as the limits of the integration.

L=, p 00 g5 (oot [0% | 106 vt o BV dt oo, s :
?Soe;p 20 41-("e t{arz + L0 e+ B(r)}dz (12)

Applying the following Laplace-transformation to the equation (12),

o) = S:/g“‘pﬁ¢(7’t)dt .......... s P (13)

we obtain the equation

%:f 1 1 do _ @) +D/EyO+BG) /D=0 (14)

2 y dar

When we solve the equation (14) and make the @ satisfy the conditions, we can express

. 66_~
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the solution ¢(7,f) as follbws,

1 g +1ico . v
¢(7, “ o Sg_ime“ o(r,Hdi, g >0 e e (16)

by the table of Laplace-transformation or the inversion formula, that is, a function f(?)

which‘: satisfy the Laplace-transformation

Fp) = |Ter syt
is expressed as-follows :.

@ = L »S“i”e"‘F(t)dt >0
27zi g—ioo ’ . g :

If we could complete the complex integral (15), the solution of the eduation (3) would
be perfectly obtained.
Thus to solve the equatibn (3) resolves itself into solving the linear differential equa-
tion of second order (14) and the completion of the complex integration (15). ‘
To succeed in these is not general. For the present paper, as above mentipned, some

cases of ¢ and B being constants are treated.

The case I : a=0, B=0
where there is no dispersion and no calorification at the side surfaces.

This case coincides w1th that of heat conduction of the mflmte cyhnder Wthh has

been already known under the same conditions”. Similarly the solution is

_ 1C o 2C 1 Jo(Ba?) —Bnkl
B il) = Ct = Z(rad=r") + = ra%me Buft i, (16)

Bn : the nth root of Jo(B74) =0
J» : Bessel function of the first kind with the nth order

The case II : a=a,, B=0
where the dispersion is uniform and no calorification occurs at the side surfaces.

In this case the equation (14) reduces to

azp 1 do
W+7_(_17 ~ (@ + p/K)0 =0

The solution of this equation is
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— C Io(l/ao+1’/'c 7)
0(r) = P2 (v ap+ Dk 7o)

’ Similérly in the case I

s _ ey Ly . C Tah(l/a 7 LG ar) —r L a")1o(v/ a57a)
D =ct L ar) _ 0 0
6(r,0) Is(v ay 7a) 2KV ao [ T (v ao?a) ]

2C ¢ Bn Jo(Bn?) e —(@+Bn*xt ... O
+ KV q nZ=l (00+ﬁn2)2 ]1 (,Bnra) a' ‘ ) (17)

Bn : the nth root of Jo(874) =0

I, : modified Bessel function of the first kind with the nth order.

-The case III : a=a,, B=DB, for Va=V=>Va
a=4ay, BZB()” for Yay= 7 >Vag

‘a=a,, B=0 for = ra=r>0::

In this case let us consider the problem, dividing the region of variable 7 into the
three parts 7o=7=ra;, 7a=r=7rn and 7d2>7'>0 '

[1] For the region 7,=7=7%ai, takmg a=a, B Bo and = ¢1

1 0¢: _ 0% 1 04,

- at = Bre _7_ _67 a0¢1 4+ BO L CLTTTRRTRPPRPIRPRRPPTS (3)1
($1) om0 =0, +reererereeereeenns PPN ORI (10),
. (¢1)T=Ta =CL. weervnnrninns PRI TTTR e ‘..‘.._(11‘)? |

[2] For the region 7ra=7>7a,, taking a=ao, B=B," and ¢=¢s

1 0¢2 _ 0%p2 + 1 02

ot = o v or Tt (3)2
| (¢2)t;0:0 ................................. TSP SRR (10).
Further at the c1rcle r a1
(@) rmrd, == (B2)rmray woerreeereeneiosmeeanss o '---;‘--~(18)1
(%‘?ﬁ)r:rdl = (g_?é)r:ml AL (19)1 R

[3) For the region ra=>#>0, taking a¥an, B=0 and ¢=¢3

1 8¢5 _ 0%¢s 1 0¢s ‘
- 6)2‘ — ’OWyZi -+ 7_6;’_ — a0¢3 ........... ettt s ( 3)3

() tmo=0rerrermmmiiimeiniiiinn, P e (10)s
— 68 —
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Further at the circle » =74,

(¢2) T=m2=(¢3) R TCRTTITTLTPEPPLTPLPPTTPRITIORE s (18):
(08s = (0Bs) e
( or )r=mz - (a‘r,)f?rdz (19):

Solving the equation (3):, (3)s and (3)s with Laplace-transformation similarly in the

case I and II, we obtain the @, @; and 0, as follows, corresponding to the O of eq-

uation (4)
» o e i - - By : .
= A, - Ko(/ a i bln B
01 LoV ag+p] r) + BiK (v aot b/ 1) + SR (20)
. _ 4 B T 4 B :
O = ALo(V ag+0/x ¥) + B:Ko(V agt p/x 7)) + ST IR @D

I U N )y e

where I, is a modified Bessel function of the first kind, K, a modified Bessel function of

the second kind and A., A:, As, Bi, B; are arbitrary constants.
Determining the arbitrary constants A, Az, As, B: and B:so as to satisfy the bound-

ary conditions A1, (18)1, (18)2, (19)1, and (19): and employing the Lommel’s formula,
LK)+ K ) (%) =

we obtain, substituting 1 a,+p/«x for e

_C I(er) By [I(er)
ml—ﬁ7g(era) De? 710(';7&) , 1 }

+ BB o (1o E(era) - Ko Ier)y L0
-I; B‘;‘;” vaz {I o(er)Ko(era_)—Ko(er)Io(s'ra)}—II‘—o((eg—j))— ................................. (20
¢z=£ I(er). By Iy(er)
PIra) P I |
" Bo'gsBo" ral (D Ki(eran) + Ko(erad)li(eran) ) é"((::a))
o+ g;u var{ () Ko(e70) — Ko(er ) o(e70)} I}ng}:; + 'Bg;’ ..................... (21’
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FEo (o) Ty () } o+ B {1y (o) Ko era)
+ Ko (72) I (a1 ) } IIUO((:;;)) P PO P PP PPTROPPTIN (22)

| Then calculating the complex integral (15) answering to above @., ®: and @;, the

solution ¢ (7, ¢) to be.required have been obtained as follows,

| : g - . ]0(1/‘?75 1 rI1o(v ay 7o) i(v ao7)—7al (v a7 )/ aofa)
mwyc[ TSttt g S

2 % B ]0 (Bnr) ~k (@+Br*)t _B_’_ . 10(1/507)

+ KEVq n§1 (ao+ﬂn2)2]1(,3n7’a) € } + Qg [ 1 ‘Io(l/agf’a)
@ BT (1 g RG ara - I ard K @)
" — 70 Y o Bu?a)]1 (Bn 7ar) 0
72610 Rﬁn L ] —x( Qo+ By )t

T Tre T VAT Jo(Bur)e |

S+ —;%’[{'razh(/am = ra(Iy/ ara )} {0/ @K ar) = I/ ara)

Ve nay % VB Ba rads )~ rasT o ur e}
X Ko(v ao? )} L,(/:zora)” e 2 - (@t BA(Brra) 2

e —«( ao‘i‘B?i?)t}

¢2(’,’ t) - C L IO(I/ dnr) t+ 1 7’]0(1/21‘(;7’61’)]1(1/'(1—01)— ralo(/?iér)jl(l/ ;;07(1)

IO(V aora) 2K a_o IOZ(I/ E(}”u)
2 b Ign]()(ﬁny) —(@o+ 8%t
+ £V q n}f_«l (@o+ B2 )2 S 1(Ba? o) ¢ J
B, I(v @ 7) — Io(v a,7)
S el Bl e+ s SRR Nerare 0 a7 Kl e ran)

7T Qg ;‘i‘ 7'[/37& - 7diYo(ﬁn7’a)]1 (ﬁnrdl)

B e A R S e Y A T

X Jo(Bar)e K(GoJan ) J _Jr_' ,Ba; |:]— Vag7a {1o (1/007’0&>K1(l/agrd1)
. — Io(v ag?) R o —
+ I; (l/aof’dl) K, (l/aof'a) } I, (1/("1*0*7,“.) - l/aordg{lo(aor) K, (l/aordl)
- L(Vard) K Var) ) I(G//.%o%z))_
a5 VB o) (ras Burad) — rui(ura)} oo+ o
Ya m=1 (ao -+ ,8n~) ]1 (B'nra) )
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¢3(r,t):C]:Io(l/a_n7') / 1 71V a7e) Iv(Vag?)—7ado(v @ r)Il(l/aofa)

Li(v a7a) 2KV ay I12(v ay7a)
v s Gaye T - B [ e
+ Vara }“é/‘/“m U5 Ko G ara) + LG anra) Ko O/asm) }
2
e e 1o ]
+ fz"o" [ (-~ vara (hGard K6 ara) + L& ara) K a7
o ara (Io‘(l/ara)m(l/am) FLO Gra) Ko (VG0 )} %%—?y

na i O(Bnya) ]0 (ﬁ,ﬂ’) {7’d1 ]1 (Bnrdl) — 1’d2]1(‘3n7’d2)} e —k{ @+ Bn* )t
Ve n=1 (a + ﬁnz) ]1 (.Bnra)

Y. : Bessel function of second kind with 7 th order’
Results of calcultion and experiment

Let us‘calculate the values of ¢ at some steps of time £, taking the constants in the
" formulae of ¢ as undermentioned, and represent the relations between ¢ and 7 respec-

tively in Fig. 4 - Case I, Fig. 5 - Case’II’ and Fig. 6 - Case III.

| ~. z! N
¢ N\ 4 N
20 - 20 24
. t:30 ' \l ‘ zc: .éL.D - \\'
o) a \ (hour) al . \/
/0 ; XEE /0
. \ 1 v )
a a
T _0| a’ 02 , 03 m »lo.‘; T bo_i Y 02 03 [a%
o / i /
' Case - 1 - Case - II

~ Fig. 4 Fig. 5
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Case - III

~ Fig. 6
7a = 0.38m : radius of sawblade
7e = 0.18m : in Fig. 2
M = 0.18m : height of wood sawed (in Fig. 2)
k = Rk/cp=0.042 m2/h : thermal diffusivity in sawblade
C = 630'°C,,/h: C is the rising rate of temperature at » = 7, as shown in
the b’oun>dary condition (11);, and is influenced by every conditions of saw-
ing. ‘When we assume that it takes 20 seconds for one cyclic time of sawing
of the SUGI wood — Iength about 2 m and héight MZ=0.18m— C is
10.5°C/min. or 630°C/k, because it rises by about 20°C for six times of
sawing as shown in Fig. 3 (a)
k= 37 kca‘l/n"zh"C : thermal conductivity in sawblade
h = 1.65mm : thickness of sawblade u
a, = 2ay,/kh = 4031/m? ; Assuming that a the coefficient of heat transfer from
‘ circular sawblade into the air is the half of the formula (7) in the case of
rotating disk, we take gy as the mean value over the total surface area of
sawblade and then a, = 24.6 kcal/mzh"Q., In this way we substitute the
full line I for the dotted line I in Fig. 7.
ray = 0.30m ) oo
rer = 0.20m J we assume thus in Case III,
"By = 2q0' /k-h = 2.0 x 10*°C/m>
By = 2q) /keh = 0.8 x 10:°C/m?

} Having now no ground to estimate the -

value of qo, we take the value of a,/B,', a,/B,” as much as the curves of
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calculated ¢ suit to the experimental results.

o

Fig.

7

- We represent the relation be-

tween ¢ and 7 in the equation (9) by the full line II in Fig. 7 and in this

calculation substitute the full line II for the two dotted lines Ii, taking ao/ By’
0.20 m in the equation 7(23),

= 1/50, ay/B," = 1/20 and 7a; =

(24) and (25).

0.30 m, 7az =

In Fig:. 8 w,e,y have shown the results® of experiment about SUGI wood and there

Conditions of sawing ___.
= 2°C
= 112 rad/s
h = 1,65 ;nm : 75
width of kerf
2,38 mm
M = 180 mm

7e = 180 mm

7, = 76 mm v —-—{u

(radius of flange)

entered the curves calculated in the case 11

Fig. 8

r

03

40
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C L SuG/ N
30 — s
o |(/) . 4
x |€3) - \
a (5
20 e (7)) < ‘}
Number of /<\
times of sawmg /
10 \
.o./ |-
,/ 0
b 3
0.} ©0.2 m 0%

/

Results of experiment about' SUGI

The results of experiment are for the

immediate value after sawing and that of calculation are for the immediate value before

sawing. So as shown in Fig. 3 (b) the calculated temperature » = 7, after 2 minutes

corresponds to the experimental value after five times sawing.
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Concluding Remarks

In this paper we only graphically fepresent‘both results of calculation and experi- -
~ment and would not advance into the considerations about the practical problems, as the
grounds of assumption about @ and B are not sufficiently reliable and also the experi-
mental results not satisfactory.

But we are assured that the factors influencing the temperature distribution have
been analysed and the direction of the study on this. problem has been found.

We. expect further experimental or theoretical studies about those factors and the

practical discussions in future.

Addition : This paper was read preliminary at the 64th meeting of Japanese Forestry Society
on April 5. 1955. at Tokyo University.
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