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On generalization of duality formulas for the Arakawa-Kaneko
type zeta functions

Kyosuke Nishibiro

Abstract: Kaneko and Tsumura introduced the Arakawa-Kaneko type zeta function
n(—ki,...,—kr;$1,...,8) for non-negative integers ki, ..., k. and complex variables sy,...,s,. Recently,
Yamamoto showed that, by using the multiple integral expression, n(u1, ..., uy;s1,...,s,) can be extended
to an analytic function of 2r variables. Also, he showed that the function n(uy,...,us;s1,...,s,) satisfies

a duality formula. In this note, by using the a generalization of non-strict multi-indexed polylogarithm,
we define a kind of the Arakawa-Kaneko type zeta function, and show that this function satisfies a certain
duality formula. This note is based on the author’s talk at RIMS conference.

1 Introduction

In [1], Arakawa and Kaneko introduced the function

1>  Lig(1—e)
ky:s) =&k, ... kpys) = — A Y7
Ellrs) = €lkr, . his) = s | o
for k, = (k1,...,k;) € Z%, and s € C with Re(s) > 0, which is called the Arakawa-Kancko zeta function.

Here,
Z'm r

Lii, (2) = Ligy g, (2) = > — o (A<D

0<my <---<m 1o

is the multiple polylogarithm. They also showed that the function £(k,;s) can be continued analytically to
the whole plane C. As a relative of £(k,; s), in [8], Kaneko and Tsumura introduced the function

1 1 Lix (1 —¢b)
ky;s) =nkt,....kys) = Pt
77( ’r",s) 77( 1, ) 7‘78) F(S)/O 1— et
for s € C with Re(s) > 0, k; € Z%, or k, € ZL;, and showed that the function n(k.;s) can be continued
analytically to the whole plane C. The function 7(k,;s) is considered to be a twin sibling of the function
&(ky; s). Tt is shown that the values of these functions at non-positive integers can be expressed in terms of
the multi-poly-Bernoulli numbers

Lig (1 —e™?) & t" Lig (1—e) tm
r _ Bk . _ ko)t
1—et mz::o ™ol et —1 mz::OC’" m!’

and that the values of these functions at positive integers are closely related to the multiple zeta values
(k) =Clhr, k) = >

for k. € Z5, with k. > 2 (for details, see [1,5]).
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Analogously, for u, = (u1,...,u,) € C" and d € {1,...,r}, Kaneko and Tsumura introduced the multi-
indexed poly-Bernoulli numbers by the generating function

Lt (1—e 7wt /1 —e7tr)

g g
- , _ Z B @i G 1
(1—etrm=tr) (1 — e ta——tr) mi! m,!’ ()

my,...,m,.=0

and defined the related Arakawa-Kancko type zeta function for —k, = (=ki,..., —k;) € Z, by

dty -~ - dt,. 2)

n(ik ;S ) = f[ ! Ootslil...ts'v*lLiTkr(l76t1+m+tr7"'7176t7‘)
e T(s;) Jo (1—etit Tty (1 —et)

iy Fs)

Here, for u,,z, = (21,...,2,) € C" with |2;] <1 (j =1,...,7),
> Zil ol

*Z
i (z,) = Lil" Zyeens 2p) = - s
w, (2r) = Lit, o, (21 ) zl,.z‘,z,‘zl (4 )

is the multiple polylogarithm of m-type. In [3], Kaneko and Tsumura showed that the duality formula

.

B£7k7‘)’(1.) _ B]((:nr),(r) (k,,n, € Z;o)

,k)

holds, which is a generalization of that for poly-Bernoulli numbers Bﬁl Recently, in [13], Yamamoto
showed that the function n(—k,;s,) can be extended to an analytic function of 2r variables n(u,;s,). Also,
in [13], he conjectured that

n(kr;n,) € 2

holds for k,,n, € Z>;. Here,
zZ= < C(kr) ‘ k, € Zglvkr >2 >Q

is the Q-linear space spanned by all multiple zeta values for admissible indices k,.. This conjecture was solved
by Brown [3], and later by Ito and Sato [7]. In particular, Ito and Sato showed that

N(Kriny) € Zpypoothytng 4ot
holds. Here, for k € Z>,
Zi = (C(ky) | kr EZ;hkT >2ki+- 4k =k)g

is the Q-linear subspace of Z spanned by all multiple zeta values for admissible indices of weight k. As

an analogue of Liy, (z,), Baba, Nakasuji and Sakata introduced the multiple polylogarithm Li})"*(z,) and
multi-indexed poly-Bernoulli numbers By, () a8 follows.
Definition 1.1 ([2]). For u,,z, € C" with |z;| <1 (j =1,...,7), the multiple polylogarithm Li;;"*(z,) and

()

multi-indexed poly-Bernoulli numbers By are defined by

> le l

.
Li:u‘ll’* (ZT) = Z Ul - = ’
li=1,02,...,l,=0 L R Ok
Ll’:l-[;*(l 76_t1_m_1r7"'7176_tr) _ i B* J(u, )tml t:‘nr
(1—eti—=t)e (1 —etr) ooy om,

respectively.
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Note that Li})”(z,) is a m-type analogue of the non-strict multiple polylogarithm

LM

Lii, (2) = > P a— (2] <1),

O<my<-<m, v1 77

since

Liy (2) = Li;l';*(z, )
holds. In [2], Baba, Nakasuji and Sakata showed various relations among B;;F"r). Inspired by their results,
we consider the following polylogarithm, Bernoulli numbers and Arakawa-Kaneko type 1 function.

Definition 1.2. For u,,z, € C" with |z;| <1 (j =1,...,7) and a, = (a1,...,ar) € Z%y with a1 > 1, we
define Liy (z.;a,) by

oo Lo

<101 . _ 2 T
Lig, (zr5a,) = Z By A - L) (3)
li=a
j:JL.“],T

Also, for k, € Z",n, € ZQO,U € 6,,a, € 7%, with a1,a,-17) > 1 and b, = (b1,...,b,) € Z,, with
bi,by-1(1) > 1, we define B (a a,;b,) by

m —to(1)—to ——ty — e~ to(m —to(ry+1——tr.
He Yo +t) (1_6 (1) (1)+1 s, L —eTtem (r)+1 7b,,)
(1 _ e*tn(l)*tﬁ(l)-u*"'*tr)bl . (1 — e*tn<,)*tn(7-)+1*"'*tr)br
(4)
x i tmr

— B(k,,.) . r'br 1 oL or
> B ) D

my!
my,...,m,.=0 T

Furthermore, for u,,s, € C" with Re(u;), Re(s;) > 0, 0 € 6,,a, € ZL, with a1,a,-1¢1) > 1 and b, € ZL
with b1,0,-1(1) > 1 and ag(j) +b; > 1, we define n(u,;s,;0;a,;b,) by a

n(uy;sy; o3 ar;br)

Li™ (1 — tﬂ(1)+td(1)+1+“'+t7‘ 1 — elo(mytto@yt1t +tr

sj—1 (1 aj)(tj+--+tr) . T)
- H 1"(5]) /O o) ] Ht (1 — ete()Ttoy+1t+tr )bl ... (1 eto(r Flo(m41++tr H dt
(5)

The Bernoulli numbers Br(ljk')(n; a,; b,.) are one of the generalizations of B,(,:k")’m, Also, the Arakawa-
Kaneko type n function n(u,;s,;o;a,; b,.) are one of the generalizations of n(u,;s,) (for details, see Section
4). The aim of this paper is to show that the function n(u,;s,;o;a,;b,) satisfies a certain duality formula.
Also, we show that we can write the special values of n(u,;s,;o;a,;b,) at positive integers in terms of
multiple zeta values, and at non-positive integers in terms of Bi.:kr)(a; a,;b,).

The paper is organized as follows. In Section 2, we review some notations and the known results. In
Section 3, we show analytic continuations of Liy (z,;a,) and n(u,;s,;o;a,;b,). Also, we show that the
function n(u,;s,;o;a,;b,) satisfies a certain duality formula. In Section 4, we consider some special values
of n(u,;s,;0;5a,;by).

2 Preliminaries
In this section, we recall some notations and the known results. First of all, we review the properties n(u,;s;).

As we state in Section 1, the function 7(k,; s) is first defined by Kaneko and Tsumura [8]. In the article, they
gave the following conjecture, which was already proved.
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Theorem 2.1 (cf. [8, p. 37]). For k,n € Z>1,
n(k;n) = n(n; k) (6)
holds.

This theorem was first proved by Yamamoto [13], who showed the more general case. He showed the
following results.

Theorem 2.2 ([13, Lemma 2.1]). For u,,z, € C" with |z;| <1 (j =1,...,r) and sufficiently small € € Ry,
the multiple polylogarithm of m-type

> zi] e
m _ T
(r) ]121:1]1‘1...(l1+...+lr)ur

has the integral expression

T —uy)
Li™ = ——dx;. 7
( H 2QrieTiu; /(C ) H exj+ +LT — 2 ( )

Here, C. denotes the contour which goes from +oo to € along the real axis, goes round counterclockwise along
the circle around the origin of radius ¢ (let C(0;¢) be this circle), and then goes back to +0c0 along the real
axis. By (7), Liy, (z,) can be continued analytically to the region (u,,z,) € C" x (C\Rx1)".

Theorem 2.3 ([13, Definition 2.3, Theorem 2.5]). For u,,s, € C" with Re(s;) > 0, the function

Li™ (1 _eliteette 1 CtT)
Sy t51 1. taT 1 5 5 dt dtr 5
(trisr) HF(SJ)/ (1—et1+ Fe) (1= etr) 1 (8)

is defined and has the integral expression

uj— lts‘] 1

) (1 —wu)l(1 - s ) s
7’("17“757") = ]1;[1 (27TZ)267” wj+5;) /(;Z y2r ];[ eTit T 4 etjtetty d?f dtJ (9)

By (9), n(u,;s,) can be continued analytically to the region (u,,s,) € C?". Furthermore, 7(u,;s,) satisfies
the duality formula

n(ay;s,) = n(spiur). (10)
To give the analytic continuation of 7(u,;s,), the following lemma is essential. For sufficiently small
€ € Ryp, put D. ={a € C| —e <Im(a) <e,—c <Re(a)}.
Lemma 2.4 (|13, Lemma 2.4]). For z,t € D, and sufficiently small ¢ € Ry,
e3%est

_ 11
er +et —1 (11)

is bounded.
Remark 2.5. Kawasaki and Ohno gave a combinatorial proof of Theorem 2.1 (for details, see[9]).
For the values of n(u,;s,) at positive integers, Ito showed the following theorem.

Theorem 2.6 ([6, Theorem C.12], [7, Theorem 4.3]). For k,,n, € Z>; and d € {1,...,r}, we have

N(Krinr) € Zipy oy tny ot
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To show Theorem 2.6, we review some properties of the hyperlogarithm. Note that, though we use the
same terminology “hyperlogarithm”, the following definition and results obtained by Ito are generalizations
of known results.

Definition 2.7 (cf. [11]). Let ap € R, a,41 be a variable with ag < ap41 and aq,...,a, be variables with
a; € C\ (ag, ant1) for each point, a; # ag and a, # an41. For them, the hyperlogarithm is defined by

Yoty
I(ag; a1y .-y an;any1) = H .
a, t]’ *aj

0<t1<-<tn<ani1 j=1

We can show the following lemma by definition.

Lemma 2.8. |7, Lemma 4.4| Let the notation be the same as above. For ¢ € R, we have
I(ag; a1, . .., an; ang1) = I(cag; ca, . .., Can; Clpny1)-
Also, for ap < z,a1,...,a, € C\ (ag,z) with a1 # ag,a, # x and b € C\ (ag, z], we have
Tl
/7l(ao;a1,m7an;y)dy:I(ao;ahm,an,b;x).
ag Y- b
Note that, for k, € Z%, and z,. € C" with |z;| <1 (j =1,...,7), we have
ki1 k-1
——
Liy (z,) = (=1)"1(0;271,0,...,0,...,2.1,0,...,0; 1). (12)
To obtain Theorem 2.6, the following lemmas are essential.

Lemma 2.9 (|7, Lemma 4.5], c¢f. [4, Theorem 2.1], [5, Lemma 2.2|, [12, Lemma 3.3.30]). For ay € R,
Unt1 = pt1(x) with ap < ant1(z) and a1 = a1(z), ..., a, = a,(z) with a;(z) € C\ (a0, ant1(x)) for each
point x, a1 # ag, an # apt1, We have

n

0 N
a—II(ao; A1y ey QpiAng1) = Z(ej(a) —ej—1(a))I(ao;a1,...,G5, ..., Qn; Any1)-

j=1
Here, for j =0,...,n and a = (ai,...,a,),
(@) 0 (aj41 = aj),
)= grlajri—a;)
aja]ajria]a] (a.7+1 # aj)a
and (alv"'aé\jw"»an) = (alv--~7aj717aj+17--~7an)-

By Lemma 2.9, we can transform hyperlogarithms. For example, consider transforming the hyperloga-

rithm
10523 2y 5 1),
Since 5 ) . .
— 1023 " 27 1) = I(0;1; —— I(0;1;
8.’1/'2 (7$2 s Ly 3 ) Ty — 1 (7 7I1)+<.’L‘2 :1;2_1.1> (7 7$2)7
we obtain

10525 " oy 55 1) = 1(05 23 22)1(0; 1;20) + 1(051,0;22) — I(0;1, 215 22).

Ito called this transforming process variable removing, and we use the same terminology.
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Lemma 2.10 ([7, Lemma 4.6]). For z € R and z1,...,z, € Cwith 0 <z < |z;| <1 (j =1,...,7), define
V(z1,...,zr;2) as the Q-linear space by

€{0,1,27 1Y, a1#0, an#l
V(zy,...sze;x) = (10501, ... an; 1)I(0;01,..., 052 4 €{0.Lz; "}, a#0, an#l, .
(@ )= (1050 a0ty | VS b A )

Then, for a1,...,a, € {0,1, x4, 27!, ..., 271} with a; # 0,a1 # 1, we have
I(0;aq1,...,an;1) € V(z1,..., 20 2).
Also, for by,...,b, € {0,1,z,21,...,2,} with by # 0,b, # =, we have
I(0; by, ..., b;;2) € V(21 ..., 25 2).

Lemma 2.11 ([7, Proposition 4.8|). Let n,l € Z>¢,a; € {0, Lyt .,z7 (G =1,...,n) with a; #0,a, #
1,0, € {0,1,z,...,2.} (j =1,...,1) with by # 0,b; # z,, and ¢; € {0,1} (j = 2,...,7). Suppose that for

all j € {1,...,7}, there exists some v € {1,...,n} such that xj_l =a, or z; = b,. Then we have
dIl dx;
/ I(0;ay, ..., an; D)I(0;by,. .., b5 ) — - Hﬂijezn+l+r~
0<z, < <1<l T % TG

These lemmas are also needed in Section 4.

3 Analytic continuations of Liy' (z,;a,) and n(u,;s,;0;a,;b,)

In this section, we show analytic continuations of Liy (z,;a,) and n(u,;s,;o;a,; by.).

Lemma 3.1 ([13, p. 2|). For each z, € (C\ Rx>1)", there exists a neighborhood K of z, and ¢y € R such
that e®s o — 2L 20 for j =1,...,7 whenever z, € K,0 < e <eg and z1,..., 2, € Ce.

Lemma 3.2. For u,,z, € C" with |z;| < 1, a, € ZL with a; = 1 and sufficiently small ¢ € R, we have

T 6(1 aj)(z;+-- +LT)Z

Sm . _ J .
Llu,,.(zha?”) - H (627”“’7 _ 1)F u] /C )T H @zy+"'+wT o Zj dSE]. (13)

Jj=

In particular, Li, (z,;a,) can be continued analytically to the region (u,,z,) € C" x (C\ Rx;)"

Remark 3.3. In [10, Theorem 3.17|, Komori defined

N
£ d b S 1;[ S]) H eQTmL(s _
(511+"'+b1R*d1) z1 ... plbN1t+ bR —dN)zN 4S51— 1 sy—1
></6 ¢ 1 I\ dzi N---Ndz,
5 (621511+"'+2Nb1v1 — 551)...(621b11?,+"'+21\rb1\71?. eg*)
for N,R € Z>1,E = (fl, .A7£R) c (C/ZWZZ)Rd = (dl,.. dN) = (Sl,.. SN) S CNb =

(bnr)1<n<nN,1<r<R € CN*E g . g set of linear functionals on CV and S : a union of smooth surfaces. Also, he

gives the analytic continuation of ((£,a,b,s). Lemma 3.2isthecase N = R =r,b;; = 1,d; = r— 21:1(1 ar)
and S = {t; : CN — CN|t;(s1,...,5,) = s;}.
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Proposition 3.4. For u,,s, € C",0 € &,,a, € Z with a1,a,-1(1) > 1 and b, € Z% %o with b1, b,-1(1) > 1
and aq(j) + b; > 1, the function 77(ur7 sr;0; a5 b,.) has the integral expression

n(uy;s,;0;a,;b,)

H 1 Htsf’l w1 0737 (o) ot tr) g(1=by) (o)
X
(627”“1 —1 (627”5J — 1) U; 5]) C27” - et”(ﬂ)+t0(j)+l+”'+tf + eTjttre ]

dt]‘dl'j.
(14)

In particular, the function n(u,;s,;c;a,;b,) can be continued analytically to the region (u,,s,) € Cc?.
Furthermore, by the integral expression (14), we obtain a duality formula

7](ur§s'r§0';ar;br) :7](Sr§ur§‘771§br§ar)' (15)
To prove Proposition 3.4, we need the following lemma.
Lemma 3.5 (cf. [13, Lemma 2.4]). For z,t € D, and sufficiently small ¢ € R,

ar—1 1
e ir Teirt

e +et —1

(16)

can be bounded by a constant which does not depend on .

Note that, by putting ¢ =id,a, = b, = (1,...,1) in (15), we can obtain (10).

4 Values of n(u,;s,;o;a,;b,) for some particular case

In this section, we consider the values of n(u,; s,; o; a,; b,.) for some particular case. For values at non-positive
integers, we have the following proposition.

Proposition 4.1. For k, € Z",—n, = (—n1,...,—n;) € ZLy,0 € &,,a, € ZL, with a1,a, 1y > 1 and
b, € Zrzo with b17b071(1) > 1 and a; +b; > 1, we have B -

n(ky; —n,5 0585 by) = BE) (0;a,b,). (17)
For the values at positive integers, we have the following proposition. For simplicity, we put
n(urisr;osa;l,. .., 1) =n"(uy; 8,505 a,)
for a, € {0,1}" with a; = 1, and
n(u;sesoil,. .., b)) =0 (uy; 8,505 by)
for b, € {0,1}" with by = 1. Note that, with this notation, Theorem 15 can be written as
n*(kringiosa,) =t (ne ko ay) (18)
with a, € Z% with (a1,a, 1(1)) = (1,1).
Theorem 4.2. For k;,n, € Z%,,0 € &;,a, =€ {0, 1} with (a1, ap-1(1y) = (1,1), we have
0 (krinesosan), 0™ (ke 0 0385) € Zhy oty 4o

To show Theorem 4.2, we need the variable removing in Section 2.
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Example 4.3. For the case r = 2,ny =ny = k; = ks = 1,0 =id,a; = 1,a2 = 0 in Theorem 15 (or (18)),
we have

7*(1,1;1,1id; 1,0) = 7**(1, 1,1, 1,07 11,0).
Now we calculate these values explicitly by variable removing. By changing variable 1 —e™
have

==t = Tj, we

*(1,1:1,151d: 1,0 LT e —e®)
77(7 121G 7)7/(0’00)2 1 — etitt2 162
LiT' (1 — etttz 1 —ef2 Lio(1 — eti+tz
= / T _ )dtldtZ +/ Lis(l=e™) by ity
(0,002 ] — etitte (000 1—entiz
Lt (e ) Lz ()
= dl‘ld.’liz + 7(17’1617‘2
0<za<z1 <1 ri(z2 — 1) O<ms<a<1 Ti(r2 —1)

1(0: -1 .—1, 1 I1(0; 1;
_ / Mdazldﬂsg _ / Mdmdm.
O<mp<z1<1 x1(22 — 1) JOo<zy<z1<1 1 (r2 — 1)

For Liy!; (w2,21) = 1(0; zy Y, 271 1), by variable removing, we obtain
I(0; 25t oy 1) = T(0; 205 20) 1(0; 151) + I(05 1,05 29) — 1(0; 1,25 29),
1(0; 1,21, 1;21) = 1(0; 1,1, 1; 1) — 1(0; 1,0, 1; ).
Hence we have
I(0;21; 22) (05 1521) + 1(0;1,0; 20) — 1(0; 1, 213 22)
0<wa<zi<1 z1(r2 — 1)
I(0; 21, 1; )
O<za<ai<1 T1(T2 —1)
L I(05 2, 1) 103 15 20) + 1(05 1,0, 15.9) — 1(03 1,21, 13 1)
T

n*(1,1;1,1;id;1,0) = dzidxs

S~

d.’L’ldSUQ

|
S—

dxl

I(0; 1, 1;20)1(0; 15 21)
1
L 1(0;1,0,1;21) — 1031, 1, 1;x1)dx1
xy
121(0;1,0,1; 1) — I(0;1,1,1; 1)
x1
(1,1,2) +2¢(2,2).

diI?l

|
hhh

d.ﬁL’l

o

Il
o~

For n**(1,1;1,1;id %;1,0), a similar calculation shows
(1,11, 1;4d 15 1,0) = 2¢(1,1,2) +2¢(1, 3).
Therefore, we obtain
€(1,1,2) +2¢(2,2) = 2¢(1,3) +2¢(1,1,2).
Example 4.4. For r =2, k1 =ka=1,n1 =1,ny =2,0 = (1,2) € &2 and a1 = as = 1, we have
7 (1,1;1,2;051,1) = —2¢(1,4) + ¢(2,3) + 4¢(1, 1, 3),
" (1,2;1,1; o L1, 1) =¢(1,2,2) + ¢(2,3) + 3¢(1,1,3) +4¢(1,4) — ((3,2).

Hence we obtain

—2¢(1,4) +((2,3) +4¢(1,1,3) =¢(1,2,2) + ¢(2,3) + 3¢(1,1,3) + 4¢(1,4) — ((3,2)

— 6¢(1,4) — ¢(3,2) — ¢(1,1,3) + ¢(1,2,2) = 0.
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Remark 4.5. In the same way, for the identity permutation id and o = (1,2), we have

" (L4;ids 1) = 0™ (4; 1;id; 1) (& n(1;4) = n(4;1))
C(5) + C(1,4) + C(2,3) +¢(3,2) + C(1,1,3) + ¢(1,2,2) + ¢(2,1,2) — 3¢(1,1,1,2) = 0,

7*(2;331d; 1) = ™ (3; 2;1d; 1) (& n(2;3) = n(3;2))

5 2C(1,4) +C(2,3) + C(3,2) + ¢(1,2,2) + C(2,1,2) — 2((1,1,1,2) = 0,

n*(1,1;1,2;id; 1,1) = n**(1,2; 1, 1;id; 1,1) (& n(1,1;1,2) = n(1,2;1,1))

5 2¢(1,4) — ¢(3,2) +3¢C(1,1,3) +¢(1,2,2) =0,

n*(1,1;2,1;id;1,1) = n**(2,1;1,1;id; 1, 1) (& n(1,1;2,1) =n(2,1;1,1))

s —2¢(1,4) — ¢(2,3) — 3¢(1,1,3) + ¢(2,1,2) =0,

n*(1,1;2,1;051,1) = 0**(2,1;1, 1,075 1,1)

—4¢(1,4) — 2¢(2,3) — ¢(3,2) +¢(1,1,3) +3¢(1,2,2) = 0.

0~

Combining these with Example 4.4, we obtain at most 6 linearly independent relations.
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