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ABSTRACT. This paper determines the finite group S that indexes
the representations within a packet in the local Langlands corre-
spondence for a Brylinski-Deligne covering group of an algebraic
torus. Weissman formulated this correspondence for functorial cov-
ers of a torus defined by Brylinski and Deligne. Inspired by Weiss-
man’s framework, we extend his result to include ramified cases,
under the assumption that the ramification index of a fixed split-
ting field is relatively prime to the degree of the cover. Our proof
relies on an orthogonality relation in the local Tate duality.
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This paper aims to determine the finite group & = Sz whose dual
parametrizes a packet in the local Langlands correspondence for a cov-
ering group 7" — T of an algebraic torus. As in the case of reductive
algebraic groups, their covering groups have also attracted arithmetic
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interest. For instance, Weil studied the Segal-Shale-Weil representa-
tions of the non-trivial double cover Mp,, — Sp,,, in order to prove an
identity now known as the Siegel-Weil formula [16]. Another notable
example is an Eisenstein series on a double cover of GL,., which yields a
Rankin-Selberg integral representing the symmetric square L-function
of a cuspidal representation of GL, [3]. These examples motivate us to
pursue the Langlands program for covering groups.

In the well-known case of a reductive algebraic group GG over a non-
archim/e\dean local field F', we have the notions of the complex dual
group G of the group G and a Langlands parameter ¢: Wr x SLy(C) —
LG = G x Wp. The centralizer Sg = Centg(Im ¢) is conjectured to
index the representations in the L-packet 11,4, through its finite quotient

So= S5/ S 2C)"F .

Here, Sg is the connected component of the identity in the complex
reductive group S, and Z(@)WF is the subgroup consisting of fixed
points in the center Z(CA}’) C G under the action of the Weil group Wg
of the base field F. In this paper, we investigate an analogue of the
group Sy for covering groups.

Although a local Langlands correspondence for a general covering
group has not yet been satisfactorily formulated, Weissman [17] pro-
posed one for a covering T — T of a torus. In his framework, a cer-
tain finite abelian group & = S5 parametrizes the representations in a
packet (see Section 10), which is analogous to Sy in the non-covering
case. He also explicitly determined the group Sz for a cover of an un-
ramified torus 7', that is, a torus splitting over an unramified extension
of the base field.

To describe the group Sz, Weissman introduced certain subgroups
Y# and YT# of the cocharacter lattice Y of T'. In his formulation of the
local Langlands correspondence, the cover p,, — T — T is assumed to
be a functorial one defined by Brylinski and Deligne [2], which yields
the groups Y# and Y'# as follows (see Section 9). Such a cover T is
known to be associated with a bilinear form Bz: Y x Y — Z. For any
subgroup Y’ C Y, the subgroup Y'# of Y is defined by

Y# ={y €Y |Bz(y,Y') C nZ}.

In the present case, this subgroup Y’ is Y itself or the subgroup Y of
fixed points under the action of the absolute Galois group I' = I'p =
Gal(F/F) of F.

For a subgroup Y’ of Y, let ¢ denote the inclusion map Y’ — Y
and the induced ones, e.g. v: (Y @ ) — (Y @ T )T, where  is the
multiplicative group of an algebraic closure of the residue field f of the
valuation ring in F'. With this notation, Weissman’s theorem can be
stated as follows.
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Theorem 1.1 (Weissman [17]). Let F' be a non-archimedean local field
of characteristic zero, f the residue field of the valuation ring in F'; and
n C £ the cyclic subgroup of order n. Suppose that an algebraic
torus T defined over F' splits over an unramified extension L/F', and
that p, — T—Tisa Brylinski-Deligne covering group.

Then the group § = S5 parametrizing a packet of representations of

T is written as the quotient
S = (Y & FX)F)/L((Y# 25 F) .
of subgroups of (Y @z )L.

While Weissman’s framework assumes the torus to be unramified,
our result removes this restriction. We assume only that the ramifi-
cation index e of a fixed splitting field L/F is relatively prime to the
degree n of the cover. Precisely:

Main Theorem (12.5). Let F' be a non-archimedean local field of
characteristic zero, f the residue field of the valuation ring of F', and
W C £ the cyclic subgroup of order n. Suppose that an algebraic
torus T defined over F splits over a finite Galois extension L/F whose
ramification index e is relatively prime to n. Let u, — 7' — T be a
Brylinski-Deligne covering group.

Then the group § = Sz parametrizing a packet of representations of

T is written as the quotient
Sp = (Y F @ ) [u((rF @ T
of subgroups of (Y @z ).

In particular, this theorem recovers Weissman’s formula in the un-
ramified case. Our main theorem extends his result by allowing ramified
splitting fields L/F, and partially realizes his hope [17, Remark 5.18]
to parametrize a packet in the correspondence for a cover of a ramified
torus.

Most of this paper is devoted to a survey of the Brylinski-Deligne
theory on covering groups. A Brylinski-Deligne covering group is for-
mulated as a sheaf on the big Zariski site of the base field. In Section 2,
we review basic notions related to sheaves on a general site, which is
a category endowed with a Grothendieck topology. A covering group,
or a central extension, is regarded as a torsor. We introduce torsors on
a site in Section 3. Central extensions form a groupoid, which further
bears an additive structure called a Picard category. We define it in
Section 4.

In Section 5, we construct an equivalence between the Picard cate-
gories of central extensions and that of torsors with some multiplicative
structure. We initially treat torsors on a big Zariski site, but it is often
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useful to restrict it to a small Zariski site. As we explain in Section 6,
this restriction defines an equivalence of categories. In Section 7, we re-
view an abstract method to construct a 2-cocycle of a central extension
of sheaves on a site. Since this method is useless for explicit calculation,
we give an alternative way in Section 8.

We explain the definition and the classifying theorem of a Brylinski-
Deligne covering group of a torus in Section 9. We formulate the local
Langlands correspondence for a Brylinski-Deligne cover of a torus, and
define the finite group Sz as a quotient of the image Z' C T of the

center Z(T) C T in Section 10.

To prove the main theorem, we describe the subgroup Z' C T by
applying the Galois cohomology theory in Section 11. We overcome a
critical part by reducing it to a certain orthogonality in the local Tate
duality and prove the main theorem in Section 12. As an application of
the local result, we prove the finiteness of a certain abelian group ap-
pearing in the global Langlands correspondence for a Brylinski-Deligne
covering group of a torus in Section 13. In the appendix, we explain
another way to construct a 2-cocycle on the Chevalley group SLs,.

Notation. Let Z-, Z, Q, and C respectively denote the set of posi-
tive rational integers, the ring of rational integers, the field of rational
numbers, and the field of complex numbers. The symbol ® always de-
notes the tensor product over Z. For a map f: A — B and a subset
A" C A, let f|a denote the restriction, as usual. For a group G, let
Z(G) C G denote the center. If a group G acts on an abelian group A,
then A® = H%(G, A) is the subgroup consisting of fixed points. For a
ring R, let R* denote the group of units.

We write I’ for a non-archimedean local field of characteristic zero,
O = O for its valuation ring, and f for the residue field. We fix an
algebraic closure F/F, and write O C F for its valuation ring and f
for the residue field of O. Note that f is an algebraic closure of the field
f. For a field k, let I';, = Gal(k/k) denote its absolute Galois group. In
the case of the local field F', we often omit the subscript and simply
write I' = I'p.

In this paper, we treat an algebraic torus T defined over the local
field F', and fix a finite Galois extension L/F where T splits over L. Let
Y = Hom(Gy,, T) be the cocharacter lattice, T = T(F) = (Y @z F )F
the group of rational points, and e € Z-( the ramification index of
the extension L/F. We write ord: F* — Z for the map of additive

valuation, and extend it to F = Q. We continue to write ord for the
induced map

T=YeF) 5 ¥YeoQ ' =yY"Q.

Throughout the paper, the symbol ¢ denotes various morphisms be-
tween lattices or tori induced by inclusion, depending on the context.
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For instance, t: (Y'@F )T — (Y ®F )T is the morphism between tori
induced by the inclusion Y < Y of a subgroup.

2. SIEVES, SITES AND SHEAVES

A Brylinski-Deligne covering group is formulated as a sheaf on the
big Zariski site of the base field. Here we review basic notions re-
lated to sheaves on a general site, which is a category endowed with a
Grothendieck topology.

Let C be a category, and X an object of C. A sieve on X is a subset

% C Ob(C,x) such that for any (A % X) € Sand (B 5 A) € Ob(C4),
one has (B AN X)eX.
For a morphism f: Y — X in C, the pullback of a sieve X C Ob(C,x)

is defined as f*S = {(A 3 Y) € Ob(Csy) | (A 1% X) € $}. This is
indeed a sieve by definition. If > C ¥/ are sieves on X, then f*3 C f*¥'.

Definition 2.1. A site is a category S equipped with a map
U: ObS > X Uy C 2075/

satisfying the following properties for any X € Ob S:

(1) Any X € Ux is a sieve on X.

(2) (non-emptiness) Ob(S/x) € Ux.

(3) (pullback) For any (Y ER X) € S)x and ¥ € Uy, we have
f*Yely.

(4) (localization) Let ¥’ C Ob(S/x) be a sieve, and suppose that
for some ¥ € Uy, any (U 5 X) € X gives n*Y € Uy. Then
e Ux.

Let (S,U) be a site, and X € Ob S. A covering sieve on X is just an
element ¥ € Ux. For (Y. = X) € Syx, let (Uyx)y. 5 ) = Uy.. Then
(S/x,U)x) is a site, called a localized site
Proposition 2.2. Let (S,U) be a site, and X an object of S.

(1) Any sieve X' C Ob(S,x) containing a covering sieve ¥ € Ux is
also a covering sieve.

(2) For any two covering sieves ¥, 3" € Uy, the intersection ¥ N ¥’
is also a covering sieve.

Proof. Let (U % X) € ¥. (1) By definition, "%’ = Ob(S,x) € Uy.
(2) Similarly, n*(XNY') = n*Y € Uy. O

Definition 2.3. A functor A: S°® — Set is called a sheaf if the fol-
lowing statement holds. Let X € Ob S, ¥ € Uy, and

(sn)y € H I'(Uy, A),

(U, X)ex
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and suppose that for any (U, = X) € ¥ and (V % U,) € Ob b(Su,),
one has s,|y = s,0,; then there exists a unique s € I'(X, A) such that

for any (U, - X) € ¥, one has sy, = s,,.

For a sheaf P: S°? — Set and (Y. = X) € S)x, let P|x(Y: = X) =
P(Y.). Then the restriction P|x: S/x°* — Set is also a sheaf.

Recall that a presheaf on S is just a functor S°° — Set. The sheafi-
fication functor

a: PSh(S,Set) — Sh(S, Set)
is the left adjoint to the inclusion functor
Sh(.S, Set) — PSh(S, Set).

Remark 2.4 ([8]). (1) The sheafification functor a exists.
(2) Sheafification commutes with restriction. Precisely, let (S,U) be
a site, and X € Ob.S. Then the following diagram commutes:

PSh(S,Set) —>— Sh(S,Set)

()\xl l()\x

PSh(S)x,Set) —— Sh(S,x, Set)

(3) We can similarly discuss the sheaves of groups on a site.

3. TORSORS AND THEIR ADDITION

A torsor is an object sometimes called a principal homogeneous
space. We review the definition and basic properties of a torsor on
a site. Let (S,U) be a site, and A: S°° — Grp a sheaf of groups.

Definition 3.1. A sheaf P of right A-sets on S is called an A-torsor if
for any X € Ob S, there exists some > € Ux such that the restrictions

of P and A to any (U, = X) € ¥ are isomorphic as right Ay, -sheaves:
Ply, = Aly, .

As the simplest example, let S be the space consisting of one point,
i.e., the sheaves on S are just sets. Then for a non-empty right A-set
P, the following conditions are equivalent:

e There is an isomorphism P = A as right A-sets.
e The action P () A is simply transitive.
e The map P x A — P x P,(p,a) — (p,pa) is bijective.

On any site (S,U), a morphism f: P — @ of A-torsors is an isomor-
phism. Indeed, let X be an object of S. Since P () A is a torsor, we
find a covering sieve ¥ € Ux such that for any (U, 2 X) € %, the re-
strictions P|y, and Ay, are isomorphic as right A|y,-sheaves. For any
(U, > X) € &, we see that fy,: P(U,) — Q(U,) is an isomorphism of
A(U,)-sets, since P(U,) # 0
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Proposition 3.2 (Product). For ¢ = 1,2, let A;: S°° — Grp be a
sheaf, and P; O A; a torsor. Then P x P, © A; x Ay is a torsor.

Proof. Let X be an object of S. For some covering sieve Y; € Ux, the
restrictions to any (U, - X) € ¥; gives an isomorphism B[y, = Ay,
as right A;|y,-sheaves, by definition. Then ¥, N Xy € Ux by 2.2. For

any (U, > X) € X, N Yy, we get
(Pl X P2)|Un = (Al X AAQ)'U77
as right A; x Ay|y, -sheaves. O

Let f: A — B be a morphism of sheaves of groups, and P O A a
torsor. A push-out of P by f is a torsor Q = f(P) © B equipped with
a map f: P — @ of sheaves such that for any object X in the site S
and sections p € P(X) and a € A(X), one has f(pa) = f(p)f(a).

Proposition 3.3 (Universality of push-out). Let f: A — B be a mor-
phism of sheaves of groups, P © A a torsor, and (Q1, f1), (Q2, f2) two
push-outs of P by f. Then there exists a unique morphism y: Q1 — Q2
of B-torsors such that y o f; = fs.

Proof. Let X be an object in the site S, and ¢ € Q(X). For some

¥ € Uy, the restrictions to any (U, RN ) € ¥ gives an isomorphism
Ply, = Aly, as right Aly,-sheaves, by definition. Especially, for any

(U, % X) € %, we have a section p, € P(U,). Since Q; © B is a
torsor, there is a unique section b, € B(U,) such that
dlu, = fi(py)by-
First, we show the existence of x. For v/ € B(U,), let

X<Q|U7,b/> = f2(pn)bnb,~
This gives a well-defined map x: Q1(U,) — Q2(U,). Indeed, for a €
A(Uy), we have qlv, = fi (pya) f(a™")by, and fa(pya) f(a™ )bb' = fo(py)byb'.
By definition, we see that y o f; = f,, and that xy commutes with the
right action of B and defines a morphism of B-torsors Q1 — )s.
To show the uniqueness of y, let x': Q1 — @2 be another morphism
of B-torsors such that x’ o fi = f,. Then for any 0’ € B(U,), we get

X/(Q‘Unb/) = X/(fl(pn))bnb/ = f2(pn)bnb/ = X<q|Unb/)-

Thus X’ = x as morphisms of torsors. O

Proposition 3.4 (Construction of the push-out). Let f: A — B be
a morphism of sheaves of groups, and P ) A a torsor. We define an
action A Q P x B by

a-(p,b) = (pa™', f(a)b).
Then the push-out of P is the quotient f(P):= A\(P x B) as a sheaf,
i.e. the sheaf associated with the quotient A\psn(P x B) as a presheaf.
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Proof. (1) The right action A\pgy(P x B) © B is simply transitive,
over each object X in the site. Indeed, let [p,b], [p',0] € (A\psn(P X
B))(X). Since P © A is a torsor, we get some a € A(X) such that
pa =p in P(X). Then

', b] = [pa,b'] = [p, f(a)b] = [p,b]b™" f(a)?'
in A(X)\(P x Q)(X), i.e. the action is transitive. We see the action is
free by definition.

(2) The associated sheaf A\(P x Q) © B is a torsor. More generally,
let R: S°°» — Set be a presheaf, and R () B a simply transitive action.
Then the associated sheaf aP () B is a torsor. Indeed, let X be an ob-
ject of S. For some X € U, the restriction to any (U, 2 X) € X gives
an isomorphism P|y, = Aly, as right A|y, -presheaves, by assumption.
Then for (U, - X) € ¥, we have

Aly, = Ply, = a(Ply,) = (aP)|y,

as right Ay, -sheaves.
(3) It remains to show that the composite

P LD (P x B) — A\(P x Q)
is compatible with the morphism f: A — B. The map f’ is compatible

with f. Indeed, let X be an object in the site, and p € P(X) and
a € A(X) two sections. Then

f'(pa) = [pa, 1] = [p, f(a)] = [p, 1] f(a) = f'(p) f(a).
The canonical map A\pgn(P x B) — A\(P X @) is B-equivariant,
i.e., the diagram

A\pSh(P X B) X B —— A\pSh<P X B)

! !

A\(Px B)x B —— A\(P x B)

commutes, since the sheafification commutes with the product.
0

Definition 3.5. For a sheaf A: S°° — Ab of abelian groups and
torsors Pi, P, © A, we have the product torsor P x P, ) A x A. The
addition P, + P, © A is the push-out of P; x P, by the multiplication
map A x A — A.

4. PICARD CATEGORIES

The category of central extensions is a groupoid. Further, it has a
finer structure called a Picard category. In our terminology, a semi-
group may not have the identity element. For example, the empty set
@ is a trivial semigroup. Let S(A) denote the free abelian semigroup
generated by A, and e: A — S(A) the canonical injection.
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Definition 4.1. Let C be a category. An associative and strictly com-
mutative functor on C is a functor F': C x C — C equipped with iso-
morphisms

oxyz: F(F(X,Y),Z) 5 F(X,F(Y,Z))
xy: F(X,Y) 5 F(Y, X)

between the functors that admit the existence of the following:

(1) amap F: S(ObC) — Ob(C;

(2) for each X € ObC, an isomorphism ax: F(e(X)) = X; and

(3) for each g,h € S(Ob(), an isomorphism a, ,: F(gh) = F(F(g), F(h))
such that the following two diagrams commute for any f, g, h € S(ObC):
F(F(f), F(F(g), F(h)))

F(f(gh)) 225 F(F(f), F(gh)) —rx’at,

~

ZTUF(f)vF(g%F(h)

F((f9)h) —— F(F(fg),F(h)) ———— F(F(F(f),F(g)),F(h)),

afg,h F(ag g,idpn))
and

F(gh) == F(F(g),F(h))

~

llTF(g),F(h)

H
F(hg) —— F(F(h), F(g)).

Qh,g

The notion of an associative and strictly commutative functor en-
ables us to define a Picard category. Precisely:

Definition 4.2 ([1, XVIII Définition 1.4.2]). A strictly commutative
Picard category is a non-empty category P equipped with a functor
+: P x P — P and isomorphisms
OX)Y,Z- (X—|—Y)—|—Z:>X+(Y—|—Z)
xy: X+Y SV +X

between the functors such that

(1) the functor + is associative and strictly commutative with re-
spect to o and 7; and

(2) for any X € ObP, the functor Y — X +Y is an equivalence of
the category.

Then we should also define a functor of strictly commutative Picard
categories.

Definition 4.3. Let P; and Py be two strictly commutative Picard
categories.
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(1) An additive functor F: Py — P, between Picard categories is
a functor equipped with an isomorphism

F(X+Y)>S F(X)+ F(Y)
of functors such that the following two diagrams commute:
FIX+Y) — F(X)+ F(Y)

lF(T) lT
FY +X) — F(Y) + F(X),

and
F(X+Y)+Z2) — FIX+Y)+F(Z) — (F(X)+FY))+ F(Z)

lF(@ la
FX+(Y+2) — FX)+FY +2) — F(X)+(F(Y)+ F(2)).

(2) Let F and G be two additive functors between two Picard cate-
gories P; and P,. Then a morphism F' — G of additive functors
is a morphism w of functors making the diagram

FX+Y) =5 QX +Y)

l l

F(X)+ F(Y) 22 G(X) + F(Y)

commute.

These definitions provide the appropriate definition of an equivalence
of strict commutative Picard categories. If two strict commutative Pi-
card categories are said to be equivalent, this usually means that they
are equivalent as strict commutative Picard categories, not just as cat-
egories.

As a typical example, the central extensions of an algebraic group
G over a scheme S by a sheaf A of abelian groups on the big Zariski
site Szar form a strictly commutative Picard category with the Baer
sum. Another important example is derived from a cochain complex
K = {K"},. As usual, let Z"(K) be the group of n-cocycles and B"(K)
the group of n-coboundaries. We make the set Z"(K) into a category
Cn(K) by defining a morphism between two objects zg, z; € Z"(K) as
an element k € K" '/B"!(K) such that

21 — R = dk.

For three objects zy, 21, 22 in the category C,(K) and two morphisms
ko: zo — 2z and kq: 2y — 2o, the composite ki o kg: 29 — 25 is just
the sum k; + ko € K" '/ B" }(K). The addition of two objects in the
category C,(K) is defined as the addition of n-cocycles. Thus C,(K) is
a strictly commutative Picard category. Note that the group of isomor-
phism classes of objects in the category C,(K) is the n-th cohomology
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group H"(K). The automorphism group of any object in C,(K) is the
(n — 1)-th cohomology group H"*(K).
Example 4.4. We may realize the category of torsors as a category

constructed from a complex. Let A be a sheaf of abelian groups on a
topological space S, and
Asct S ot 50—

a flabby resolution on S. Then the category C;(C*) is equivalent to the
category of A-torsors on the space S. The equivalence is constructed
as follows. Let ¢ € C*(S) be a 1-cocycle of the complex. For an open
subset U C S, let P.(U) C C°(U) be the inverse image d~!(c|y) of the
restriction of ¢. Then P, is an A-torsor on the space S. Further, any
0-cochain f € C°(S) defines an isomorphism P. — P..q; of A-torsors.
On an open subset U C S, the map P.(U) — P.rqf(U) is defined by
s s+ flu.

5. CENTRAL EXTENSIONS AND MULTIPLICATIVE TORSORS

Central extensions can be described as torsors equipped with some
multiplicative structure. Let S be a scheme, G — S an algebraic group
defined over S, and A a sheaf of abelian groups on the big Zariski site
Szar of S. A central extension A — G — G as a sheaf of groups on
the site Szagr is regarded as a sheaf on the big Zariski site Gzagr of G.
On an object U 2 @G in the site Gzar, the sections

G(U = G) = Homg (U, G)
form the inverse image of n € G(U) in the set G(U) of sections,
Lemma 5.1. Let A — G — G be a central extension as a sheaf of

groups on the site Szar, and regard it as a sheaf on the big Zariski site
Gzar of G. Then the sheaf G is an A|g-torsor on Gyzarg.

Proof. Any object U 2 G in Gzag has a covering sieve X C Qb Uzar
such that for any scheme V -5 U belonging to ¥, the map G(V) —
G(V) on the sections is surjective. Then, in the exact sequence
1= AV) = G(V) = G(V) — 1,
the inverse image G(V ™3 @) of noe € G(V) is an A(V)-torsor. Hence
the sheaf G on the site Gzagr is an A|g-torsor. O
_On an object U — S in the big Zariski site Szar, the product map
G(U) x G(U) — G(U) can be described fiber-wise. Precisely, the mul-
tiplication on the fibers over sections u,v € G(U) defines a map
Muy: GU S G) x GUSG)—=GUSBG).
To see it as a morphism of torsors, we take the pull-backs of the sheaf
G on the site Gzar by several maps 0: G x G — G. The pull-backs
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9*G are A|gxg-torsors on the site (G x G)zar. In our case, we take
the pull-backs by the multiplication pu: G x G — G and the projection
map pr; to the i-th component for ¢ = 1, 2.

The multiplication map m,,, is then interpreted as

(pr}(G) x pr3(G))(U 3 G x G) — (WG)(U “3 G x G),

and defines a map m’: pri(G) x pry(G) — p*G of sheaves on the site
(G X G)zar. By definition, the torsor y*G is a push-out of prj(G) x
pr5(G) by the multiplication A x A — A. Thus, the map m’ factors

through a morphism
m: priG+pr; G — p*G

of A|gxg-torsors on the site (G X G)zar.

To describe the associativity of the multiplication on é, we further
employ the triple product map p123: G X G X G — G, and the pro-
jections pr;: G X G X G — G and pr;;: G X G X G — G x G for
i,7 € {1,2,3}. Then the associativity of multiplication means the com-
mutativity of the diagram

pry G +prs G + pry G —— pripp*G + pry G

| l

pri G +prig G —— 1isG
of morphisms induced by m between A|gxgxg-torsors on the site (G X
G X G)zar. We have thus interpreted the multiplicative structure in
terms of torsors:

Definition 5.2. Let G — S be an algebraic group defined over a
scheme S, and A a sheaf of abelian groups on the big Zariski site Szar
of S. Then, a multiplicative A-torsor on the site Gzag is an A|g-torsor
E equipped with a morphism pri E + pry E — p*E of A|gxg-torsors
on (G X G)zar such that the induced diagram

pri B +prs B +prs B —— prio "+ pri B

l l

pri £ +prjs ' —— piogE
commutes.

As above, a central extension A — G — G as a sheaf of groups on
the big Zariski site Szar is regarded as a multiplicative A-torsor on
the site Gyar. Conversely, let E be a multiplicative A-torsor on Gzag,
equipped with map m: prj E + pry E — p*E. Then the torsor £ can
be seen as a sheaf on the site Syag. On an object X — S in Szag, the
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sections F(X) decompose into the disjoint union

Ll BxSa)= [ (B,
g: X—=G g: X—G
which naturally gives a map E(X) — G(X). Then the multiplication
on the sections E(X) is again described fiber-wise. For sections g, h €
G(X), the product map F(X % G) x E(X LA G) — E(X 9a G) is
just the map

m: (pr] E x pry E)(X 2 G x G)— (WE)(X 2 G x G).

The commutative diagram for the map m ensures that the multiplica-
tion is associative. The identity element of F(X) is locally constructed

in the fiber E(X —» G) over the identity 1 € G(X), and defines an
isomorphism A(X) = F(X N G) of groups. Thus A(X) is the kernel
of the map F(X) — G(X). We see that A — E — G is a central
extension as a sheaf of groups on the big Zariski site Szar, and further:

Proposition 5.3. Let G — S be an algebraic group defined over a
scheme S, and A a sheaf of abelian groups on the big Zariski site Szar
of S. Then the category of central extensions of G by A as sheaves of
groups on the site Szar is equivalent to the category of multiplicative
A-torsors on the site Gzag.

6. SMALL VS. BIG SITES

Let S be a scheme, and A a sheaf of abelian groups on the big Zariski
site Szar of S. For an object X — S in the site Szagr, the restriction
Ax of A to the small Zariski site X,,, of X is of course a sheaf. Then
the sheaf A on the big site Szar is regarded as the collection (Ax)x_s
of restrictions to small sites. A morphism f: X — Y in the site Szar
further gives a map

o(f): fTAy — Ax
of sheaves on X with the following two conditions. First, if f is an open
embedding, then the map ¢(f) is an isomorphism. Secondly, the maps
{¢(f)} s are compatible with composition.

An A-torsor P on the big Zariski site Szagr is similarly regarded as
a collection (Px)x_s of Ax-torsors on the small sites X with some
compatibility.

Proposition 6.1. Let S be a scheme. Then, the category of A-torsors
on the big Zariski site Szar is equivalent to that of Ag-torsors on the
small Zariski site S.

Proof. In the direction from the big to the small site, we have the
restriction functor. To observe the opposite direction, let P be an Ag-

torsor on the small site S, and X 5 S an object in the big site Szar.
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Then the pull-back £*P as a sheaf is a £*Ag-torsor on X. We thus
obtain an Ag-torsor

Px =o¢(f)E°P
on X as the push-out by the map ¢(f). We see that this construction
gives an equivalence of the categories. O

We may also restrict a multiplicative torsor to the small Zariski site.
Let G be an algebraic group defined over the scheme S, and E a mul-
tiplicative A-torsor on the big Zariski site Gzar with map

pri E+prs B — ©'E

of A|gxg-torsors on (G X G)zar. Then FE is interpreted as an Ag-torsor
on the small site G with a multiplicative structure map pri E+pry £ —
W E of Agxg-torsors on G x G. For an Ag-torsor E on G and a map
0: G x G — G, we write 0*F for the pull-back as a torsor, i.e., the
push-out by 0*Ag — Agxg of the pull-back as a sheaf.

7. SIMPLICIAL CONSTRUCTION OF A 2-COCYCLE

We review the strict simplicial classifying space BG of a group scheme
G defined over a field k. For an integer n > 0, let A,, be the totally
ordered finite set {0,1,...,n}. For an index ¢ =0,1,...,n+ 1, let

57;: An :> An+1 N {Z} C ATL+1

be the increasing injective map. Note that any increasing injective map
A, — A,4q is written in this form. We regard the system {A,},>¢ as
a category, whose morphisms are increasing injective maps.

Definition 7.1. Let G be a group scheme defined over a field k.

(1) The strict simplicial classifying space BG of G is the contravari-
ant functor from the category {A,}, of totally ordered finite
sets to the big Zariski site kzar that sends A,, to the quotient
G /G. Here the diagonal action GA" O G is given by right
translations.

(2) Fori=0,1,...,n+1,let &; = 0} be the i-th face map GA+1 /G —
G2 /G corresponding to the injection &;. The map 0; just re-
moves the i-th component.

We usually identify the quotient G2 /G with the direct product G™

by
(90, 915+ 9n) = (9091 9195 -+ Gn10 1)

Then the face maps 9;: G"! — G™ appear in the terms of the differen-
tial in the inhomogeneous bar resolution defining the group cohomol-
ogy. For example, the three face maps 9;: G — G for i = 0,1,2 are
respectively pr,, ¢, and pr;.

Let A be a sheaf of abelian groups on the big Zariski site kzar of
Speck, and A — C° — C' — C? — ... a flabby resolution on kyzag.
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Then a 2-cocycle (%, ¢, ) € CY(G x G) ® CH(G) ® C?(k) in the double
complex

CYG x G x Q)
05 —0; +05 05
C'(GxG) —— CHGxQG)
05— 0%+ T
C%(@G) — oG —— C*@G)

0503 T

CO(k) —  CYk) —— C*k) —— C3(k)

—_~—

gives the following central extension 1 — A(k) — G(k) — G(k) — 1.
For a rational point g € G(k), let E, = d~!(g*c) be the inverse image
of the section g*c € C*(k) in C°(k). Since the sequence

1 — A(k) = C°(k) — CY (k) — C*(k)
of the sections over Speck is exact, the fiber E, C C°(k) is an A(k)-

torsor, especially non-empty. Thus, we obtain a surjection G(k) :=
Ugeaw Ee = G(k).

For rational points g, h € G(k), the 0-th component ¢ € C°(G x G)
of our 2-cocycle in the double complex gives the product map E,x E;, —
Eg, on the fibers as follows. A part of the cocycle condition in the
double complex {C™(G™)},,.n requires the equality dc® = pr} c+prh c—
p*c of sections in C1(G x G). Then ® € C°(G x G) defines a map

d~(pric+pric) = d(u*e)

between the inverse images in C°(G x G). The pull-back by the pair
(g,h): Speck — G x G gives an isomorphism

* 1— * * B0 * 1— *
E,+ B = (g, h)*d ™ (pr} e+ prj ) 2255 (g, h)*d () = By

of A(k)-torsors contained in C°(k). This defines the product map E, x
E, 5 E, + Ej, — Eg, sending a pair (eg, ;) to the sum

eq +en+ (g, h)*c
calculated in the group C°(k).

Lemma 7.2. Let (,¢,d) € C°%G x G) & CY(G) & C*(k) be a 2-
cocycle in the double complex {C"(G™)}m.n. Then the product map

—~—

G(k) x G(k) — G(k) defined fiber-wise is indeed associative. Thus the

—~—

union G(k) = |,cq@) By is a group with this product map.
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Proof. We apply the cocycle condition 0 = (9 — 0f + 05 — 95)° as
sections in C°(G x G x G). For a triplet (g1, g2, 93): Speck — GxGxG,
the identity

0= (91,92, 98)" (0 — 05 + 05 — I5)c°
= (92, 93)*¢ = (9192, 93)" " + (91, 9293)* " — (g1, 92)*°
implies that the diagram

Ey X By, X Egy ——— Eg,4, X Eg,
E X Eg293 — E919293
of product maps commutes. O

The fiber E; C G(k) is a subgroup and isomorphic to A(k), since E;
is also an A(k)-torsor. Hence, we obtain a central extension

1%A(k:)aé?k/)—>G(k)—>1

In some cases, this construction naturally determines a 2-cocycle of the
central extension:

Proposition 7.3. Let G be an algebraic group defined over a field k.
Let A — C° = C' — C? — --- be a flabby resolution of a sheaf A
of abelian groups on the big Zariski site kzar of Speck, and assume

the identity A(k) = C°(k). Then the central extension A(k) — G(k) —
G(k) determined by a 2-cocycle (<°, ¢, ') € CY(G x Q)& CHG)® C?(k)
in the double complex {C™(G™)}m.n is given by the 2-cocycle

G (k) x G(k) — A(k), (g,h) — (g, h)*°

In the local Langlands correspondence for covering groups, we fo-
cus on the central extensions by Milnor’s group K, from algebraic K-
theory. The groups Kj are generalized by Quillen [12] to be defined
over schemes, and form a presheaf on the big Zariski site of the base
field k. Let Ky be the Zariski sheaf associated with the presheaf K.

Let G be an algebraic group defined over the field k. To construct
a flabby resolution of the sheaf (Kj)¢ on the small Zariski site G, we
prepare a spectral sequence made of Quillen’s higher K-groups K,,. For
a point  in the underlying space of G, let k(x) denote the residue field
of z on G.

Proposition 7.4. For an integer i > 0, let G®) C G be the set of
points of codimension 7. Then we have a convergent fourth-quadrant
cohomological spectral sequence

EPY = @ K ) = K_p—(G).
z€G®)
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Proof. This is deduced from the localization exact sequence [15, Propo-
sition V.9.5]. O

For a point z in the underlying space of G, let i,: {x} — G be
the inclusion map. Then the (—2)-th row in the lattice E; induces a
cochain complex

0= (Ka)o = @D (ia)s Kalk(2)) = @ (in)uk(x) = @B (ia)uZ — 0

z€G(0) zeG®) zeG?2)

of sheaves on the small Zariski site GG, which is called the Gersten-
Quillen complex.

Proposition 7.5 (Gersten conjecture). For an algebraic group G de-
fined over a field k, the Gersten-Quillen complex defined above is a
flabby resolution of the sheaf (Kj)g on the small Zariski site G.

Proof. This is proved by Quillen in more general context [12, §7 The-
orem 5.11]. O

Unfortunately, Gersten-Quillen complexes are not functorial. For ex-
ample, let k be a field, and ¢: Speck — G, = Spec(k[t]) the closed
immersion corresponding to the map k[t] — k, f(t) — f(0). Then the
morphism ¢ does not induce a map

Therefore, Gersten-Quillen complexes do not define a resolution on the
big Zariski site kzag.

Although Gersten-Quillen complexes cannot construct a 2-cocycle
in the previous manner, sometimes they can in a modified way. As a
typical example, let G = G, be the multiplicative group defined over
a field k. For an integer n > 0, we express the coordinate ring of the
product G”, as k[tF!,...,¢]. Then the sections

m,n
of Gersten-Quillen resolutions on the products G, form a double com-

plex, whose vertical differentials are the alternating sums of face maps
0f. At the spot (0,2) in the double complex, the element

[t1 @ t5] € Ky(k(ty,t2))

is mapped to the identity by both the horizontal and the vertical dif-
ferentials. Thus [t; ® to] € Ky(k(t1,t2)) yields a 2-cocycle in the total
complex of our double complex, by letting the other two components
be trivial. For a pair (a,b): Speck — Gy, X Gy, the pull back (a,b)*
does not define a map Ky(k(t1,%2)) — Ka(k), but define the value

(a,0)"[ts © to] = [a @ O]
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in the group Ks(k). The map G, (k) x Gy, (k) — Ka(k), (a,b) — [a ® b
is bilinear, and especially a 2-cocycle defining a cover

—~——

Ko (k) — G(k) X G (k) — Gun(k) X G (E).

This is an elementary example of a generic cocycle.

8. GENERIC COCYCLES

The construction of a 2-cocycle explained in Section 7 is useless for
explicit calculation. Hence, we give an alternative way in this section.

Let k& be an infinite field. For an algebraic group G defined over
k, let k(G) denote the field of rational functions. As above, the face
operators in the strict simplicial classifying space BG = {G"},, yields
homomorphisms

kik(@)§k(GxG)§k(GxGxG>..-

of fields. The K-groups {Ksk(G")}, also form cosimplicial systems,
which gives a cochain complex

Kok 270 Ko k(G) 22045, K, k(GxG) DB ) (GXGXG) = -

whose differentials are the alternating sums of coface maps.

Definition 8.1. A generic cocycle is a 2-cocycle of the complex {Ks k(G™) },
associated with the cosimplicial system of Ky-groups of fields.

A generic cocycle ¢ € Ky k(G x G) yields a 2-cocycle on an open
dense subset of G x G, as follows. By definition, we have an integer
r > 0 and rational functions f;,¢g; € k(G x G)* for i = 1,...,r such
that the cocycle ¢ is written as the finite sum ) .[f; ® ¢;]. Then there
is an open dense subset U C G x G such that for any ¢ = 1,...,r, the
functions f; and g; are regular and invertible on the set U. Thus the
map

v Uk) = Ka(k), (z,9) = D _[fi(z,y) @ gi(z,y)]
is well-defined. Since the element ¢ € Ky k(G x G) is a 2-cocycle in
the cochain complex of K-groups, the map v also meets the cocycle
condition. That is, points (z,y, z) in some open dense subset of G(k) X

G(k) x G(k) satisty the identity
Yy, 2) =2y, 2) + (2, y2) — (2, y) = 0

. Hence the map 7 on the set U(k) almost determines a covering group

—_~—

Ky (k) — G(k) — G(k). Moreover:

Proposition 8.2 (Brylinski-Deligne [2, 8.2]). Assume that £ is an in-
finite field, and that an algebraic group G over k is connected and
reductive. Then the strict commutative Picard category Ca(Ks k(G*))
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constructed by the complex of K-groups is equivalent to the strict com-
mutative Picard category of central extensions of the algebraic group
G by the sheaf Ky on the big Zariski site kzar of the base field.

If G is the multiplicative group G,, defined over a field k, then the
generic cocycle [t; ® to] in Ko k(ty,ty) = Ko k(Gy, X Gyy,) defines a 2-
cocycle on the whole group G, (k) x G, (k), as already observed. If
G is the special linear group SL, defined over k, then the Kubota 2-
cocycle is obtained in the open Bruhat cell from a generic cocycle in
the following way.

For an integer n > 0, we write the coordinate ring of the product
SLg as ®?:1 k[ai, bi, Ci, dz]/(aldz - biCi - 1) Note the equality

aq b1 a9 b2 [ G1a9 -+ blcg x
C1 dl Co dg o ci1a9 + dlcg Clbg + d1d2 ’

. . . b :
For an index ¢ > 0, we write z; = (CCL’ dl) for brevity. We show that
(3 (2

ci1Q9 + d162 ® ci1ao + dlcz

]

T1,X0) =
Yo a) = (22 .

is a generic cocycle, that is, a 2-cocycle in the complex {Ky k(SL5)},,.
From now, we shorten the symbol [— ® —] to [—, —]. The following
lemma is useful for computing the Ko-symbols.

Lemma 8.3. Any non-zero rational functions fi, fo, h € k(SL3)* sat-
isfy the equality [foh, fih] = [f2, fillh, = fif5 ']

Proof. We see the equalities

[f2h, fih] = [f2, fih][R, f1R] = [fa, Fillf2, h][R, = f1]
= [fo, Allh, = f1f57 1]

In particular,

d a d a d a
7(57517172) = {62 <—1 + —2> , C1 (—1 + —2)} = [02701] [—1 + —27—0102_1} .
C1 Co C1 Co C1 (&)

To compute y(z1x2, 23), note that

aq b1 ao bg _ a102<% + ﬁ—; — ﬁ) ES
¢ di) \ca dy creo(L + 22) Cldg(% 42 _ L1y

c1 [} Cc2 Cc2 d2
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and that the quotient of the (2,2)-entry by the (2,1)-entry in this

matrix is 2 — ¢;%(4 + 22)=1 Then, we obtain
c2 C1 Cc2

d d
o -a(82) (52)]
C1 (&) (&) C3

Let A denote the last factor. Then,

Y(x1, )y (122, T3)

d; a2 1 —92 dy a2 ! 1
= leg, 1] | — 4+ —, —cicy —Cy 3| —+ — ,—cicy | A

C1 Co C1 &)

= [ea, c1][—c5 %3, —c1c5 A

= [eg, c1][—¢5 %3, c1][—c5 % cs, —cy T A
=les,alll-e; ' all-e ', 5] A

= [e3, c1][—cyt, —eics A

To compute another factor v(z122, x3) in the cocycle condition, note
that the quotient of the (1, 1)-entry by the (2,1)-entry in the matrix

(a1 bl) <a2 bZ) i waztbics _ a1 o2(dL 4 a2)-1 Thep we see the

cy dl Cy d2 craz+dica c1 c1 c2

ag
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equalities

7($1, I2$3)

dy a d, a dy as\ di a d
_ [cm (_2+_3) b o <_2+_3) )761 <_1+_2_ng (_2+
Co C3 C1 Co Co C3 C1 C2 Co

d
[n(eafe2) (62)
1 2 2 3

d a
— [—02 , —C1Cy ] [03,—0102 2] [—2 + 2 —02_103} A
Co C3
Hence,
7($2,$3)7($1,$2$3)
d a d a
= [e3, 2] {—2 + = —czcgl] [—cz_l, —0102_2] [63, —0102_2] {—2 + =2 —C2_103:| A
Ca C3 Co C3

= [037 Cl] [03’ _02_1][_02_17 _Cl]A
=[5, c1][—c3 ", —cre5 '] A
= y(1, 12) Y (7172, T3).

Therefore (x1,72) € Ky k(SL3) is a generic cocycle for the special
linear group SLs, and defines Kubota’s 2-cocycle in the open Bruhat
cell.

9. BRYLINSKI-DELIGNE COVERING GROUPS OF A TORUS

In the literature on Langlands correspondence for general covering
groups [5, 19], the authors often focus on certain covering groups de-
fined by Brylinski and Deligne [2]. In this section, we review the def-
inition and the classification theorem for Brylinski-Deligne covering
groups of an algebraic torus T defined over a local field F'.
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Roughly speaking, a Brylinski-Deligne covering group is a central ex-
tension by Milnor’s group K in algebraic K-theory, or its variation. The
groups Ky are generalized by Quillen [12] to be defined over schemes,
and form a presheaf on the big Zariski site of the base field F'. Let Ky
be the Zariski sheaf associated with the presheaf Ks.

To define a Brylinski-Deligne covering group, let p, C F* denote
the cyclic subgroup of order n.

Definition 9.1 (Brylinski-Deligne [2]). Let T — Spec F' be an alge-
braic torus. Depending on the context, a Brylinski-Deligne covering
group of T, or of T = T(F), refers to one of the following:

(1) a central extension 1 — Ky — T — T — 1 as a sheaf of groups
on the big Zariski site of Spec F,

(2) the sections 1 — Kq(F) — T(F) — T — 1 of (1) over Spec F,
or

(3) the push-out 1 — p, - T — T — 1 of (2) via the Hilbert
symbol Ko (F) — py,.

A Brylinski-Deligne covering group defined in 9.1 (3) is indeed a

topological covering group [2, Construction 10.3]. Further, Brylinski
and Deligne generally defined their covering groups for any algebraic
group.
__For a split torus T', a 2-cocycle of a Brylinski-Deligne cover p,, —
T — T is written as a product of n-th Hilbert symbols (,),: F* X
F* — u, [5, 3.3]. For instance, let 7" = F'* be the one-dimensional
split torus, that is, just the multiplicative group. Then for an integer
a, the 2-cocycle (,)%: F* x F* — p, determines a Brylinski-Deligne
cover i, — T — T. As another example, let T" = F* x F'* be the
two-dimensional split torus. Then for four integers (a;;); jef1,2}, the 2-
cocycle

(F7 % FX) % (FX X FX) = i, ((s1,82), (tat2) = [T (sint)i
i,7€{1,2}

gives a Brylinski-Deligne cover p,, — T —T. Especially if n > 2 and
(aij)ij = 8 (1)), then the covering group T is non-abelian.

For any torus 7', one has a finite Galois extension L/F of the base
field such that T splits over L. Then the following classification theorem
gives a bilinear form

YXxY —=Z

on the cocharacter lattice, which is a key ingredient to describe our
main theorem.

Theorem 9.2 (Classification Theorem of covers [2]). The following
two Picard categories are equivalent:

(1) the category of Brylinski-Deligne covers Ky — T — T, and
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(2) the category of the following data (@, E):
e (): Y — Z is a Galois-invariant quadratic form on the

cocharacter lattice, which gives a bilinear form B: Y xY —
Z by

(y,9) = Qy+¥) — Qy) — Q).

ol > L = & g Y — 1 is a Galois-equivariant central
extension such that for any €, ( € &,

eCe7!¢T = (—=1)PEO
in L™,

e For any data (@, &) and (@', &),

Y ifQ#Q

Hom((@. £). (@ €9) = {{morphisms & — & of extensions} if Q= Q'.

Brylinski and Deligne generally proved this type of classification the-
orem for covering groups of reductive algebraic groups [2].

Definition 9.3. Let Ky, — T — T be a Brylinski-Deligne cover, and

Q)7 : Y — Z the Galois-invariant quadratic form corresponding to T by
Theorem 9.2. Then we write Bz: Y XY — Z for the associated bilinear
form

(1,9) = Qy+y) —Qly) — Q).

If yi, — T — T is the cover induced from T (Definition 9.1), then we
write Bz = Bg by abuse of notation.

10. LoCAL LANGLANDS CORRESPONDENCE FOR A COVERING
GROUP

In this section, we introduce a finite abelian group § = S5, which is
the main object of this work (Definition 10.3). Then we shall explain
how Sz parametrizes a packet in the local Langlands correspondence
for a Brylinski-Deligne covering group

,un—>f—>T

of a torus. Our formulation is essentially due to Weissman [17].
The local Langlands correspondence for a covering group 7" — T of

a torus aims to parametrize genuine irreducible representations of 7.
To treat genuine representations, we fix an embedding

Jipn — C*

of the cyclic group of order n. Recall that a representation of a covering
group fb, — G— Gofa topological group is genuine if u, C G acts
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as multiplication by scalers in C via the embedding j. That is, for any
¢ € p, and any vector v in the representation space, one has

C-v =i

A genuine character x: G — C* is a character that is genuine as a
representation, which means x|, = j.

Example 10.1 (central character). (1) Let gy — T — T be a cov-
ering group of a torus, and p an irreducible genuine representa-

tion of T'. Let Z' C T denote the image of the center Z(T) C T,
and note that _
fin — Z(T) — 71

is a covering group. Then the central character p[, 7 : Z(T) —

C* is a genuine character.

(2) Let gy — T — T be a Brylinski-Deligne covering of a torus.
Then the correspondence from the genuine irreducible repre-
sentations of the covering group T to their central characters

is bijective onto the set of genuine characters Z(7) — C* [17,
Theorem 3.1].

To establish the local Langlands correspondence for a Brylinski-
Deligne covering group 7' — T, it suffices to parametrize the gen-
uine characters of the center Z(T'), by Example 10.1 (2). To estimate
Z(T) C T, we choose the following isogeny

T# 5T
of tori, which approximates the image Z" C T of Z(T)

Definition 10.2. Let Y = Hom(Gy,, T) be the cocharacter group of
the torus 7' = T(F). Let Bz: Y xY — Z be the bilinear form attached

to the covering p, — T — T, precisely to the Brylinski-Deligne cover
Ky — T — T defining 7" (Definition 9.3).

(1) We define the subgroup Y# C Y by
Y# = {y €Y | Byy,Y) C nZ}.

(2) We write T# = (Y# @ F )" for the torus defined by Y#. Then
the inclusion Y# < Y induces an isogeny ¢: T% — T.

It is known that +(T#) C Z', and that this index is finite [18, Theo-
rem 1.3].

Definition 10.3. For the Brylinski-Deligne covering group T — T, we
define the finite abelian group § = S5 as the quotient

Sz =71 /u(T#).
This may be called the packet group [17].
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In the rest of this section, we explain the role of this group Sz. First,
S7 and the other groups defined above form the exact sequences

1
"
St
T _
1« ZU «— AUT) <« pp + 1
T
1« oT#) « T*
T
1.

To apply the functor Hom( ,C*) to this diagram, we note the follow-
ing facts.

Fact 10.4. (1) The multiplicative group C* is an injective object
in the category of locally compact abelian groups [4, Théoréme
5]. That is, for any locally compact abelian group A and its
closed subgroup C' C A, any continuous character C' — C*
extends to a continuous character A — C*. -

(2) Let Wp be the Weil group of the local field F, and T# =
Hom(Y# C*) the Langlands dual of the torus T#. Then the
Langlands correspondence for T# [7, Théoréme 6.2] asserts an
isomorphism

LLCps: Hom(T#,C*) = H (W, T#).

These facts ensure the following frame of the local Langlands corre-
spondence for the covering group 7' — T

Proposition 10.5. The objects introduced above fit in the diagram

1 {genuine irreducible representations of T'}

{ Olgezy 4 11
Hom(S5,C*) {genuine characters} — {j}
0 N N
1 — Hom(z',C*) — Hom(Z(T),C*) —  Hom(py,, C*) — 1

d Olr#

Hom((T#),C*) < Hom(T#,CX)
1 IRLLC, 4
1 HY (W, T#),

where the middle horizontal sequence and the left vertical one are exact.

By definition, the group Hom(Z',C*) acts simply transitive on the
set of genuine characters Z(T) — C*. Thus, fixing a genuine character
x of Z(T) as a base point defines a bijection

b, : {genuine characters of Z(T)} — Hom(z,C*).
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By Proposition 10.5, the composed map
LLCr+# ot* o ()], Hom(ZT,C*) — HY(Wp, T#)
has kernel Hom(S4, C*), which is a finite group.

Definition 10.6. Fix a genuine character x: Z(7) — C. Then the
local Langlands correspondence for the Brylinski-Deligne cover T' — T

is the composition
{genuine irreducible representations of T}
W%@hl
Hom(Z', C*)
LLC, oo )lb(T#)l
H (W p, T#)

As remarked above, this is a finite-to-one correspondence. Note that
some packets, or fibers, may be empty. By definition, the non-empty
packets are described by the group Sz, as follows.

Proposition 10.7 (role of S5). In the local Langlands correspondence
defined in 10.6, each non-empty packet II is just an orbit under the
group Hom(Sz, C*). Thus, Choosing a base point in the packet II de-
fines a one-to-one correspondence between II and Hom(Sz, C*).

The correspondence between a packet IT and the group Hom(Sz, C*)
stated in Proposition 10.7 is an analogue of the usual formulation to
parametrize a packet in the local Langlands correspondence for a re-
ductive algebraic group.

11. DESCRIPTION OF THE IMAGE Z' OF THE CENTER

To determine the finite group Sz = Z1/.(T#) parametrizing a packet,
we prepare exact sequences, and describe the subgroup Z' C T via a
non-degenerate bilinear form.

For k € Z and a finite I'-module M, let M (k) denote the k-th Tate

twist of M. For instance, (Z/mZ)(1) = pu, C F is the cyclic subgroup
of order m, and (Z/mZ)(2) = pim & fm, for m € Zy.

Lemma 11.1. Let A be a -module, and Y’ C Y a I'-submodule of
the cocharacter lattice. Assume that for some m € Z-q, we have the
inclusion mY C Y’ and exact sequence

0— (Z/mZ)(1) = AZ A—0.
Then they induce a short exact sequence

0= Y/YN1) Y A=Y ®A—=D0.
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Proof. The sequence 0 — Y’ — Y — Y/Y’ — 0 induces an exact
sequence

0— Tor; (Y/Y A) Y A=Y ®A—0.

It suffices to give an isomorphism Tor;(Y/Y’ A) = (Y/Y")(1). Indeed,
the sequence 0 — (Z/mZ)(1) — A5 A — 0 gives an exact sequence

Tory (Y/Y', A) > Tor, (Y)Y, A) — (YY) ® (Z/mZ)(1) » (YY) ® A
i I
(Y/Y")(1) 0.
O

Example 11.2. (1) Let A = T be an algebraic closure of the
residue field, and Y/ = Y# = {y € Y | Bz(y,Y) € nZ} as
defined in 10.2. Suppose the inclusion u, C f*, so that the
assumption in Lemma 11.1 holds for m = n. Then we have a
short exact sequence

0= (Y/Y*)1) 5 Y*RF Y ®f —0.

(2) Let Y’ C Y be a I'-submodule of the same rank. That is, some
m € Zg satisfies mY C Y’. Then the pairs (@X,Y’) and

(FX,Y' ) respectively satisfy the assumption in Lemma 11.1.

Hence, the tensor products with the valuation sequence 1 —
0 5T Q — 0 gives the commutative diagram

0 0

X

0 — Y/Y)1) — V'R0 —s YR0O —— 0
0 — Y/Y)1) — YV'®F — Y®F — 0
ord ord

VQ —— Y®Q

of exact sequences.

In Example 11.2 (2), note that (Y'®Q)" = YT ®Q. Then, the Galois
cohomology sequences are described as follows.

Proposition 11.3. Let Y’ C Y be a I'-submodule of the same rank.
Then the tensor products with the valuation sequence 1 — 0" =
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X ord

F~ = Q — 0 gives the diagram

ay/yl

0 — (V/Y))' — Y00 ) —— (Yoo ) HY(T, (Y/Y")(1))

0 — (YY) — YV QF ) —— (YQF )T Qv HY(T, (Y/Y")(1))
ord ord

YTeQ —— YI'®Q

of exact sequences.

We write @ = 0y/y+ for the connecting homomorphisms. Let Vy» =
ord((Y'®F )) be the image of ord in the diagram of Proposition 11.3.

Corollary 11.4. (1) The images of 0 and ord in Proposition 11.3
gives the commutative diagram

0 0 0
5 i 5

0= (YY) = Y'e0 )y 4% Y0 ) & a(yed)) =0
I 1 ! !

0= (YY) = VeF)Y 4% YeoF )Y & a(YeFI)) =0
1 lord 1

0 — Vi — %% — Vy/Vy/ — 0
1 i 5
0 0 0

of exact sequences.
(2) In the diagram (1), we have

(Y@ F )N @0 ) =Y 20"
(3) Suppose that 7/ = (Y’ ® F )" is a split torus over F. That is,
T acts trivially on Y. Then d((Y @ F)") = HY(T, (Y/Y")(1)).

Proof. (1) This follows from the snake lemma. (2) The diagram displays
that the map

(Y20 /Uy @0 )) - (v @ ) [u(y' « F))
is injective. (3) Hilbert’s theorem 90 shows HY(I, Y’ @ F ) = 0. O
For the subgroup Y/ = nY of Y, the connecting homomorphism
0=0ymy:T=(YF)' = H(,(Y/nY)(1))

is applied to express commutators of lifts of elements in 1" to T.
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Fact 11.5 ([2, Proposition 9.9]). The composite map
B~
TxT 2 HY(T, (Y/nY)(1))®2 5 H2(T, (Y/nY)(1)%%) =5 HA(T, Z/n(2))

gives the commutator of lifts of two elements in 7" to T. That is, for
any s,t € T and their lift 5, € T, we have

commz(s,t) := Bz(ds U Ot) = 5t5 171
Thus, Zt = {t € T |Vt' € T, Bz(dt U dt') = 0}.

We now generalize the description of the commutator map comms
slightly, so that other connecting homomorphisms can be applied.
For i = 1,2, let T; be an algebraic torus with cocharacter lattice Y;.

Definition 11.6. Let B: Y] X Yo — Z be a I'-invariant bilinear form.
Then we define the I-submodule Y;* C Y; as the annihilator

Yy ={y €Y1 | B(y,Ys) C nZ}

of Yy for the bilinear form Y; x Yo — Z/n. We similarly define the
I-submodule Y{* € Y5 by Y/* = {y € Y5 | B(Y1,y) C nZ}.

For B = B5:Y xY — Z, Definition 11.6 agrees with the definition

of the submodule Y# in 10.2. In general, the modules Y2# and Yl# are
used to define non-degenerate bilinear forms:

Proposition 11.7. Let B: Y; X Y5 — Z be a I'-invariant bilinear form.
For i = 1,2, let Y/ C Y; be a submodule.
(1) The form B induces a bilinear form Y;/Y] x Y3/Yy — Z/n if
and only if Y/ C Yy and Y] C Y.
(2) The induced bilinear form B: Y;/Yy" x Yo/Y{" — Z/n for the
subgroups YQ# and Yl# is non-degenerate.
(3) The bilinear form B: Y;/Yy" x Y3/Y;¥ — Z/n induces a non-
degenerate bilinear form
HY(T, (V1/Y5") (1) x HY(T, (Y2/Y{")(1)) — H*(T,Z/n(2))
W W
(hl, hg) — B(hl U hg)

Proof. (1) and (2) hold by definition.

(3) By definition, the bilinear form B: (Y;/Yy")(1) x (Ya/Y)(1) —
Z/n(2) = Z/n(1) is non-degenerate, that is, gives a pairing of dual
Galois modules. By local Tate duality [13, 11.5.2], the cup product
HY(T, (Y1/Y57)(1)) x H'(T, (Y2/Y{)(1)) = H*(D,Z/n(2)) = Z/n is a
pairing of groups, that is, a non-degenerate form. Il

If two submodules Y/ C Y;* and Y] C Y;* satisfy the equalities
rank Y/ = rank Y, for i« = 1,2, then the inclusion Y/ C Y; induces the

connecting homomorphism dy, y-: T; = (Y, @F ) — HY(T, (Y;/Y)(1)).

:,Un
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Thus, we may compose the homomorphisms dy, ;y; and dy, y; with the
cup product to obtain a map

commp: TyxTy 5 H'(L, (Yi/Y{) (1) xH'(D, (Y2/Y3)(1)) 5 HA(T, (Z/n)(2)).
Lemma 11.8. For ¢ = 1,2,3,4, let T; be an algebraic torus with
cocharacter lattice Y;, and Y/ C Y; a I'-submodule of the same rank as

Y;. For i = 1,3, we assume the inclusions Y, C Y;fl and Y/, C Y;#,

so that a I'-invariant bilinear form B;;i1: Y; X Y41 — Z induces a
bilinear form Y;/Y/ x Yi41/Y/,;, = Z/n. For i = 1,2, let f;: Y, = Y19

be a I'-equivariant homomorphism such that f;(Y;) C Y/, , and that

the diagram

Yi/Y{ x Y2/ Y] 2 Z/n

o |

Ya/Yi x Ya) Y] 2% Zn

commutes. Then these maps induce the following commutative dia-
gram:

Ty x Ty 22 BT, (V1/¥])(1)) x H'(T, (Y3/Y3)(1) —225 (T, (Z/n)(2))

o | |

Ox0 B3 4

Ty x Ty — HY(T,(Y3/Y3)(1)) x H'(T, (Ya/Y])(1)) —— H*(T,(Z/n)(2))
Proof. This follows from the functoriality of cup products. O

Proposition 11.9. Let 7}, Y; D Y/ and B; ;11 be as above. For i = 1, 2,
let f;:Y; — Y;io be any I'-equivariant homomorphism making the
diagram

Y xY, 22 7

s |

B
YVax Y, —% Z
commute. Then the following diagram commutes:

oOx0 Bio

Ty x T, — HY(T, (Y1/Y])(1)) x HY(T, (Y2/Y3)(1)) —= H*(T,(Z/n)(2))

o |

Ty x T 22 HY(T, (V3/Y3)(1) x HY(T, (Va/Y])(1)) —25 HA(T, (Z/n)(2))

Especially, the composite map commp, , = B;20(0 x 0) is independent
of the choice of subgroups Y/ and Y.
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Proof. (1) First, suppose that Y; = nY; and that Y, = nYj. Since
fi(nY;) € nY;o for i = 1,2, we have the following commutative dia-
gram by Lemma 11.8:

Ty x Ty —— HAT,(V/Y))(1) x H'(T, (V/¥9)(1) 22 H(T, (Z/n)(2))

Ty x T, —— HY(L, (Y1/Y)(1)) x HY(D, (Y2/Y{)(1))

Ty x Ty —— HY(T, (Yi/n¥3)(1)) x H(T, (Ya/nYa)(1)) —2

f1 ><f2l
Ty x Ty —— H(D, (Ya/n¥3)(1)) x H(T, (Ya/nY2)(1)) — HA(T, (Z/n)(2))
(2) We may reduce the general case to (1) by the diagram

B2

H*(T, (Z/n)(2))

H*(T, (Z/n)(2))

B2

Ty x Ty —— HA(T,(Yi/Y{)(1)) x HY(T, (Y2/Y3)(1)) — H(T,(Z/n)(2))

f1><f2l H

B3 4

Ty x Ty —— HY(T, (Ya/nY3)(1)) x HY(T, (Ya/nY3)(1)) —=

Ty x T —— H'(D,(;/Y9)(1) x H(T, (Y3/¥])(1)) 25 HA(T, (Z/n)(2))
O

Corollary 11.10. Fori = 1,2, let Y; C Y be a I'-submodule such that
the associated homomorphism 7; — T’ is injective. Then the restriction
Bzly, xv, 1 Y1 x Y = Z gives the equality

commp,_|, ., = COMMz |7y T
as bilinear forms Ty x Ty — H*(T', (Z/n)(2)).
Note that commp_ = COMMsz when B = Bj.

Definition 11.11 (annihilators). (1) Generally, let A; and A, be
finite I'-modules, and B: A; x Ay — (Z/n)(2) a I'-equivariant
bilinear form. For a subgroup .J; ¢ HYT', A;), we define the
subgroup Ji- = Ji-? of HY(T', A;) as the annihilator for the
bilinear form

B(U): HYT, 4;) x HY(T, Ay) — H*(T, Z/n(2)).
That is:

Jt ={h e HYT, Ay) | V)1 € Ji, B(j1 Uh) = 0}.
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Similarly, for a subgroup J, ¢ H'(I', A;), we define the sub-
group Ji = J; 7 of HY(T', A;) by
Jy ={h € HY(I', A)) | Vj» € Jo, B(h U j) = 0}.
(2) For subgroups 11,75 C T, we define the subgroup ZTT1 (Tz) C Ty

as the annihilator of 75 for the commutator map commg: 7' X
T — p,. That is:

ZTT1 (Iy) = {t € Ty | commgz(t,T5) = {1} in p,}.
Note that for 7, = T, we have ZTT1 (T)=7"NT.
Example 11.12. (1) Fori = 1,2, suppose that T; C T is a subtorus

with cocharacter lattice Y; C Y. Then the restriction By, xv, : Y1 X
Y5 — 7 also describes the annihilator of a subgroup S C 715 as

ZTTI(S) ={t € T1 | commp_jv;xv, (¢, S) = {1} in g, }
by Corollary 11.10. Take I-submodules Y] C V" and Y C Y;*
such that rank Y,/ = rank Y; for i = 1,2. Then, we may write
Z4.(S) = {t € Ty | Vs € S, B(Dy,)y;(t) U Dy, vy(s)) = 0}
= 8;11/}/1’ (ayz/yz/ (S)L)’
where the annihilator dy, /vy (S)* is defined for the bilinear form
HY(D, (v1/Y{)(1)) x HY(T, (Ya/Y3)(1)) = HA(D, (Z/n)(2)).

(2) For the connecting homomorphism 0 = Jyy#: T = (Y ®
FT — HYT, (Y/Y#)(1)), we shall show in Section 12 that the
annihilator of the subgroup (Y ® O ') ¢ HY(T, (Y/Y#)(1))
is itself under the same assumption as our main theorem:

(Y 00" ) =a((Y 0 O")").
By (1), we have
ZH((Y 20 ) =070(Y @0 )) = (Y @ O) + Kerdyy#
= (Y @0 +(T7%).
The following is another example of the annihilator ZTT1 (T3) that can
be described explicitly:

Proposition 11.13. For ¢ = 1,2, let T; C T be a subtorus with
cocharacter lattice ¥; C Y. Recall that the bilinear form Bz|y, xy, : Y1 X

Y; — Z defines the subgroups YQ# C Y; and Yl# C Y5, which induce
isogenies T§ < Ty and T7" % T} of tori (Definition 11.6). Assume that

the torus Tl# splits over F'. That is, I' acts trivially on the submodule
Y7 C Y. Then,

2}, (Ty) = Ker 0,y = 1(T).
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Proof. The last equality follows from the long exact sequence where
the connecting homomorphism 8Y1 Jy# appears. Thus, it suffices to

see the first equality. Since ZTT1 (Ty) = 8;1/Y# (9, vt (T3)*) by Exam-

ple 11.12 (1), it suffices to see that 8Y2/Y1# (Ty)* = 0. By assumption, the
connecting homomorphism dy, -+ : T = (YL0F )T — HY(T, (Y2/Y)(1))
is surjective (Corollary 11.4 (3)). Since the bilinear form

HY(T, (v4/Y5#)(1) x HY(T, (Y2/Y7#)(1)) 5 HA(T, Z/n(2))
is non-degenerate by Proposition 11.7, we have

By, y#(Te)" = H'(T, (Y2/Y7)(1))* = 0.

g

Example 11.14. The maximal split subtorus 7' C T is expressed
as TV = YT @ F*. Note that the exact sequence 0 — Y' — Y —
Y/YY — 0 splits, since the quotient Y/Y?' is a free abelian group.
Hence the sequence

0= YTRF)Y - YQF ) = (Y/YHeF) =0
I I
" T
is split exact. Since the action of ' on Y7 is trivial, the pair (7,7")
satisfies the assumption of Proposition 11.13. Therefore

ZL(T") = o(T'#),

where T7# % T is the isogeny corresponding to the inclusion YT# — Y
of cocharacter lattices.

12. MAIN THEOREM

Our main theorem aims to determine the finite abelian group Sz =
Z'/u(T#) introduced in Definition 10.3. Recall that its dual group
Hom(Sz, C*) parametrizes a packet in the local Langlands correspon-

dence for a Brylinski-Deligne covering pu,, — T — T of a torus over
a non-archimedean local field F' of characteristic zero. Here, u, C £~
denotes the cyclic subgroup of order n.

We prove the main theorem by reducing it to a comparison between
the image Z' C T of the center Z(T) C T and the image of the isogeny
T# 5 T of tori. We analyze these two subgroups of T via the exact

ord

sequence 0 — (Y®@X)F — T 2 Y'®Q appeared in Proposition 11.3.
In addition to the cocharacter lattices Y# C Y of T# and T', we employ
the subgroup

Y% = (Y"#* ={y e Y| Bs(y,Y") C nZ}
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of Y, where B7: Y x Y — Z is the bilinear form attached to the
Brylinski-Deligne covering T — T'. Then the inclusion Y# < Y again

induces an isogeny T'# - T of tori.

The essential part of the proof is the self-orthogonality of the sub-
group

Dy py#((Y ©0°)") C HY(T, (Y/Y#)(1))

mentioned in Example 11.12 (2), which will be reduced to the orthog-
onality theorem for unramified cohomology. Let I = Ir C I' be the
inertia group of the extension F'/F, and I’y = Gal(f/f) = I'/I the ab-
solute Galois group of f. We fix a finite Galois extension L/F of the

base field where the torus T = (Y @ F )T splits over L, and write
e € Z~q for its ramification index.
Since p, C f* by the assumption, we may use the exact sequence

0— (Y/Y#)(1) 5> Y#®F — Y ®F — 0 given in Example 11.2.

Lemma 12.1. Assume that the degree n of the cover is prime to the
ramification index e of the fixed splitting field L/F.

(1) The inclusion Y# < Y induces a short exact sequence
0— (Y/YH)(1) = (Y*ef ) - (Vo) —o0
(2) The exact sequence in (1) induces an isomorphism
v HY(Tg, (Y# @) — HY(Dg, (Y @ T7)1).
(3) The connecting homomorphism
0: (Yo f )" = H'(I'e, (Y/Y#)'(1)
induced from the exact sequence in (1) is surjective.

Proof. (1) Let I, C Gal(F/L) be the inertia group for L. Note that Iy,

acts trivially on Y ® T and Y#®T ", and that #(I/I,) = e. Then the
sequence in Example 11.2 (1) gives the exact sequence

Y# QT )/ 5 (Yo )/ — HY(I/I,, (Y/Y#)(1)).

The last term of this sequence vanishes, since (Y/Y#)(1) is a Z/n-
module and the integers n and e are relatively prime by assumption [14,
Proposition 6.1.10].

(2) Since the cohomological dimension of the finite field f is one, the
two maps

H' (Te, (Y @ F)") B H' Ty, V# @ F)) 5 H(Ty, (Y @ F))
are surjective. Since (Y ®fX)I is an affine algebraic group defined over
f, we know that the group H*(T'¢, (Y®fX)I) has finite order [13, 111.4.3].

Hence the composite H' (g, (Y @ T)1) & HY(Tg, (Y @ £7)7) is an iso-
morphism, and so is the map ¢.
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(3) In the exact sequence
(vef )T & HY(Ty, (V/Y#)! (1)) — BTy, (VHRE)!) 5 H'(Dy, (Yof )7,
the middle map is zero, since the last map ¢ is an isomorphism. U

For a I'-module A, let
inf: HY(T'¢, AT) — HY(T, A)

be the inflation map on the first cohomology group. This inf is injective,
and fits into the exact sequence in low dimensions given by the Lyndon-
Hochschild-Serre spectral sequence. Thus, we often regard H* (T, AT) C
HY(T, A).

Proposition 12.2. Let Ax A’ K t, be a non-degenerate I'-equivariant
pairing between two finite I'- modules Then, in the non-degenerate pair-

ing 3: HY(T, A) x H'(T, A’) HQ(F tn) = Z/n due to the local Tate
duality, we have

inf(H (T, A"))* = inf(H' (T, AT)).

Proof. The restriction H'(I'g, AT) x H*(T'¢, A"") — H*(T', u1,,) of /3 factors
through H*(T, tt,) = 0. That is,

B (H'(T¢, AT), H'(T¢, AT)) = 0.

It remains to show that # H' (I, A) = # H' (¢, A1) - # H' (T, AT).
Indeed, we see the equalities

#H' (T, A) = #H(T, A) - # H*(T, A)
=#H(T,A) - #H(T, A)
(T, AT) - # HO(T'g, A
(g, AT) - 4 HY (I, A7)

as follows:
For the first equality, note that A is a finite Z/n-module by defini-
tion. Since n is prime to the residual characteristic p by assumption,

the Euler-Poincaré characteristic is #HOS;I;‘Z'(ﬁ ij(F’A) = 1. The second

equality follows from the local Tate duality between H? and H°. The
third one holds by definition. For an explicit proof of the last equality,
we may consult Harari’s textbook [6, Lemma 10.14]. O

Note that this lemma slightly generalizes the well-known orthogo-
nality theorem for unramified cohomology [13, I1.5.5].

Corollary 12.3. Assume that the degree n of the cover is prime to
the ramification index e of the fixed splitting field L/F.
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(1) For the connecting homomorphism 0 = Jyy#: T = (¥ ®
FOT — HYD,(Y/Y#)(1)), the annihilator of the subgroup
(Y @ O c HY(D, (Y/Y#)(1)) is itself:

Y RO )N =0y @0)").
(2) As subgroups of T = (Y ® F)F', we have
ZHcZ (Y @ O)) = (Y @ O + (T#).

Especially, the map
Zin (Y ® 6X)F/L(T#) NY @0 ) - ZH(T#) = S
is an isomorphism.

Proof. (1) By assumption, Lemma 12.1 (1) ensures that the horizontal
sequences in the commutative diagram

0— (Y/Y#)(1) — Y#00 — Y0 — 0
H | L swie
0— (Y/Y#)(1) — Y#0F — s YQf — 0

1 1 I

0— (Y/Y#) (1) - Y#¥ef ) - (Yef ) —0

are exact. The connecting homomorphisms 0 on the Galois cohomology
groups form the commutative diagram

(Y ©0°) — 2 H'(D.(Y/Y#)(1))
! H
(Y @ F)" ——2— H'(D,(Y/Y#)(1))

H ]\inf

(Y @ F))'r —F— H(Iy, (Y/Y#)'(1))

In the left column, the downward map (Y @ O ) — (V @ F) is

surjective, since Y ® 0" 5Y®ef isa split surjection. The bottom 0
is also surjective by Lemma 12.1 (3). Recall that inf in the right column
is injective. Then

Y @0 ) =a((Y @ f)) = inf (H(Ty, (Y/Y#)!(1))).

By Proposition 12.2,

1

(Y @ O)) = inf (H'(T'¢, (Y/Y™) (1)) = (Y ® O)")™.
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(2) The inclusion holds by the definition of annihilators. By Exam-
ple 11.12 (1), we have

ZH (Y @0 =070((Y @ 0)) = (Y @ O7) + Ker dyy#
= (Y @O +u(T%).
0
Corollary 12.3 allows us to describe the intersection Z' N (Y ®@X)F.

Proposition 12.4. As in Corollary 12.3, assume that the degree n of
the cover is prime to the ramification index e of the fixed splitting field
L/F. Then the following equalities hold.

(1) T=uT*)+T + (Y @0
(2) 7Ny @0 = ((YT#* 0.

Proof. (1) As usual, we normalize the valuation map ord: T > Qso
that ord(F ") = Z. Then, for the induced map

ord: T = (Y®FX)F—> YeQ'=Y"®Q,

we have ord(T") = Y and ord(T) C 1Y". Since nY C Y# by defini-
tion, we have the inclusion n(Y @ F)F C 1((Y#®@F)")inT = (Y®F)',
and hence n - ord(T) C ord(«(T#)). Since the integers n and e are rel-
atively prime by assumption,

ord(T) = nord(T) + eord(T) C ord(t(T#)) + Y = ord(o(T#) + T").

Since the map ord: T'— YT ® Q has kernel (Y @ O ', the claimed
equality holds.
(2) The identity in (1) and Example 11.14 imply

7t = 71" N Zl, (L(T#) (Y ® 6X)F)
= (T™) N Zh, <L(T#) +(V® @X)F) .

Since Z, (L(T#) + (Y ® 5X)F> S (Y ®O ) by Corollary 12.3 (2), we
see

2Ny @O0 =T N (Y @ 0 = (Y™# @ 0.
Note that the last equality is the special case of Corollary 11.4 (2) for
Y =YT#, O
Now we can prove the main theorem:

Theorem 12.5. Let F be a non-archimedean local field of characteris-
tic zero, f the residue field of the valuation ring of F', and pu,, C f* the
cyclic subgroup of order n. Suppose that an algebraic torus 7' = T(F)



38 Yuki Nakata

defined over F splits over a finite Galois extension L/F whose ramifi-

cation index e is relatively prime to n. Let pu,, — T —Thea Brylinski-
Deligne covering group.
Then the group & = Sz parametrizing a packet of representations of

T is
Sp = u(Y"* 2, 0°)) [ul(vF 2, 07)F).
= (YT* @y fX)F)/L((Y# 2, F) .

Proof. The first identity follows from Corollary 12.3 (2), Proposition 12.4 (2),
and Corollary 11.4 (2) for Y = Y#.

Let p C O be the maximal ideal of the valuation ring in the algebraic
closure F. Since i, C £* by assumption, the inclusions nY C Y# C
YT# C Y induces isomorphisms

Y#@(1+p) 2Y#@(1+p) SY(1+p).
Then the split exact sequence 1 — 1 +p — 0" 51 51 gives a
commutative diagram
0 0 0

Y*@(1+p) — *el+p) — Ved+p)"

X

Y*0 )Y —s (Y#o0 )N — (YO

where the top horizontal maps are isomorphisms, and the vertical se-
quences are split exact. Thus the map

Sp= (Y #@0)")/(Y*00")) = (Y #ef ) /(¥ #ef )
is an isomorphism. O

As a trivial example, if T—Tisa Brylinski-Deligne cover of a split
torus, then Sz = 1 since Y = Y. Another elementary example is a

cover T' — T of an unramified torus, that is, a torus splitting over an
unramified extension L/F of the base field. Then Theorem 12.5 regains
Weissman’s result [17] on covers of an unramified torus.

Thus, our main theorem is a generalization of Weissman’s work on
covering groups. Moreover, this theorem partially realizes his hope [17,
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Remark 5.18] to parametrize a packet in the local Langlands correspon-
dence for a cover of a ramified torus.

13. APPLICATION TO THE GLOBAL CORRESPONDENCE

Our local result has an application to the finiteness problem of a
certain group describing a gap between the local and the global Lang-
lands correspondence for a covering group of a torus. First, we review
the construction of a Brylinski-Deligne covering group defined over an
algebraic number field.

Let F' be an algebraic number field, p,, C F* the cyclic subgroup of
order n, and T — Spec F' an algebraic torus. Recall that K, is the sheaf
on the big Zariski site Fyar associated with the presheaf of Milnor’s
Ks-groups. As in the local case, a Brylinski-Deligne covering group of
the torus T is a central extension

15Ky >T—>T—1

as a sheaf of groups on the big Zariski site of Spec F'. At a place v of
the number field F', the sections

1 = Kyo(F,) = T(F,) = T(F,) = 1
over Spec F, also form a central extension, and give a covering group
1—>,un%ﬁ,—>T(Fv)—>l

by taking the push-out via the Hilbert symbol Ky(F) — p,. If v is a
complex place, then we regard the Hilbert symbol as the trivial map.

At almost every place v of the number field F, Brylinski and Deligne
found a split monomorphism T(O,) — T,. Thus, we may construct the
restricted direct product [, T, with respect to the family {T(O,)}, of
compact groups. This restricted direct product is a central extension
1= @, pn — [1,T, — T(Ar) — 1, and gives a covering group

1= pp — T(Ap) —» T(Ap) — 1

by taking the push-out via the product map @, ptn, — fin.

Definition 13.1. Let F' be a number field, A = Ap the adele ring,
and T — Spec F' an algebraic torus. Then a Brylinski-Deligne covering
group of the adele group T(A) is the cover

—~—

tn — T(A) — T(A)

constructed from a Brylinski-Deligne cover 1 — Ky — T —T—1of
the torus T.

Metaplectic groups and other well-known covering groups are exam-
ples of Brylinski-Deligne covers of adele groups.
We study the automorphic representations of a Brylinski-Deligne

covering group T(A) in terms of global Langlands correspondence. As in
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the local case, we require the representations to be genuine. To simplify
the formulation, we further focus on unitary representations.

—~—

Proposition 13.2. Let u, — T(A) — T(A) be a Brylinski-Deligne
covering of an adelic torus. Then the genuine unitary automorphic rep-

—_~—

resentations of the group T(A) has genuine unitary central characters.
Moreover, this correspondence is bijective onto the set of genuine uni-

—_—~—

tary characters of the center Z(T(A)) [17, Theorem 4.5].

Thus, to establish the global Langlands correspondence for a Brylinski-
Deligne covering group T(A) — T(A), it suffices to parametrize the gen-

—_—~—

uine characters of the center Z(T(A)). To estimate Z(']I/‘(A/)) C T(A),
we again choose the isogeny T# < T of tori, which approximates the
image Z'(A) C T of Z(T(A)).

—_~—

Definition 13.3. For a Brylinski-Deligne covering group T(A) —
T(A), we define the abelian group Sz = S5 p as the quotient

Sg.p = (Z(A)NT(F))/((T* (4)) NT(F)) .

This may be called the global packet group.

In the rest of this section, we explain the role and the finiteness of
this group S5. At a place v of the number field F', let T}, denote the local

torus T(F,), and Z! C T, the image of the center Z(T,) of the cover.
By the construction of the Brylinski-Deligne cover T(A), the image
Z'(A) of the center is determined place-wise. Thus the group Z'(A)
decomposes into the restricted direct product H; 7! with respect to
the family {Zf N'T(O,)}, of intersections. Hence, we have the inclusion

(T(A)) € ZH(A),
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whose quotient group Z'(A)/:(T(A)) is the direct product [], Sz of
local packet groups. Note that the sequences in the commutative dia-
gram

1 1 1
| | I

1 —— (T#*(A)NT(F) — ZH(A) N'T(F) — Sz — 1
| I I

1 —— (T#A) —— Z'(A) — IIs= — 1

are all exact. The bottom sequence fits into another diagram

1
/]\

(I1,S7) /Sa.r
)
1« ZHA)/(ZHA) NT(F) « z('ﬁ(}x’))/(z (ﬂ%)mwm) o o 1
)
L uT#A)/THEF)  « T#(A)/T#(F)

/]\
1

of exact sequences. We take the Pontryagin dual ( )¥ = Hom( ,C') of
these groups, noting the following fact.

Proposition 13.4 (Global Langlands correspondence for a torus [7,
Théoreme 6.4]). Let W be the Weil group of the algebraic number
field F. Then we have a natural surjection

GLCps: HY(Wp, (Y#)V) = Hom(T#(A)/T#(F),C")

with finite kernel. Here, the Pontryagin dual (Y#)" = Hom(Y#,C')) is
the maximal compact subgroup of the Langlands dual T# of the torus
T#.

Thus, we obtain the following frame of the global Langlands corre-
spondence for the covering group T(A) — T(A).
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Proposition 13.5. Recall that j: u, < C! is the fixed embedding to
define genuine representations. Then the objects introduced above fit
in the diagram

1 { genuine unitary automogphic }
representations of T’
4 , Olyzgm, + 11
((HU Sz) / Ss, F) {genuine characters}
3 N

Lo (W@ nTE) (2 (TE)/ (2 (TE) nre) )

L Ol(T#(A)/T#(F))

(«(T ”/f#( NS <T#<A>/|gr#<F>>v
1 H'(Wp, (Y#)Y)/ Ker GLCrp#

where the middle horizontal sequence and the left vertical one are exact.

Vv
By definition, the group <(HU S7) / S F) acts simply transitive on

the set of genuine unitary characters of Z (%) / (Z <1§(XA/)) NT(F )) .

Thus, fixing such a character y as a base point defines a bijection

—_—~~—\ /S ) —~—

{genuine unitary characters of Z(T(A))/ (Z (T(A)) N ']I‘(F)) }
bxl
(zF(a)/ (2!(A) N T(F)))’
By Proposition 10.5, the composed map GLC‘; or* o ()]y(r#(a)/T# (F)) :
(ZT(A)/(ZT(A) N T(F)))” — H (W, (Y#)")/ Ker GLCrs

has kernel ( ([T, S5) / SN) .

Definition 13.6. Fix a genuine unitary character y of the quotient
group Z (T(A))/ (Z (']I‘(A)) N T(F)) . Then the global Langlands cor-

respondence for the Brylinski-Deligne cover T(A) — T(A) is the com-
position

{ genuine unitary automorphic representations of T(A)}

bxo()\z(@> J{l:l
v
(Z'(A)/(ZHA) NT(F)))
GLC%;é ov*o( )‘L(T#(A)/T#(F))J/

H' (W, (Y#)¥) / Ker GLCps

— {j}
N
= u =1



Local Langlands correspondence for covering groups of tori 43

Note that some packets, or fibers, may be empty. By definition, the

as fol-

non-empty packets are described by the group (]], S~U) / S5 s

lows.

Proposition 13.7 (role of Sy, )+ In the global Langlands correspon-
dence defined above, each non—empty packet IT is just an orbit under
the Pontryagin dual group <(H Sz / S5 F) Thus, Choosing a base
point in the packet Il defines a one- to one correspondence between II

and ((IL57) /$5r)

Therefore, a unitary character of [], 87 corresponds to a genuine
unitary automorphic representation if and only if it is trivial on the
global packet group Sz . Our local result implies that S5 1. is a finite

group:
Proposition 13.8. Let F' be an algebraic number field, and u,, C F'*
the cyclic subgroup of order n. Let T be an algebraic torus defined over
F, and p, — T(A) — T(A) a Brylinski-Deligne covering group. Then
the global packet group

Sip = (Z'(A) NT(F))/(«(T#(A)) NT(F)) -

has finite order.

Proof. The torus T splits over a finite Galois extension L/F. Let Sy
be the finite set consisting of the following three kinds of places of F:
archimedean ones, ones dividing the integer n, and ones at which the
ramification indices of L/F are prime to n. We may combine the local
result proved in Corollary 12.3 (2) to obtain

Z'(As,) C UT#(Ag,) - [] T(O
véSo
Since the class number of the torus T# is finite [11, Theorem 5.8], we
find a finite set S D Sy of places such that the equality T#(Ag) =
T#(F) - [T s T#(O,) holds. Thus, Z'(Ag) C «(T#(F)) - [T,z5 T(O0),
and therefore
T(F) NZ(&) C T(F) N Z (As) C UT#(F)) - T(Os)
(«(T*(A)) N'T(F)) - T(Os).
In the quotients
(T(F)NZ'(A))/«(T#(Os)) C («(T#(A))NT(F))/«(T#(Os)) - T(Os)/L(T#(Os)),
the last factor T(Og)/t(T#(Os)) is finite, since the group T(Og) of S-
integer points is finitely generated. Therefore, the global packet group
Sz = (Z'(A) NT(F))/((T#(A)) N T(F))

is also finite. O
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APPENDIX A. 2-COCYCLES ON THE CHEVALLEY GROUP SLs

The structure of a Chevalley group allows us to construct a 2-cocycle.

Let k be an infinite field, and 1 — Ky(k) — SLy(k) — SLa(k) — 1 the
Matsumoto extension. For t € k, we define two kinds of elements

) =zt = (1)

Toa(t) = <1 1>

in SLy. Let x(t) = x,(t) and x_,(t) be the corresponding generators of
SLy(k). For v € {£a}, let

wy () = @ (E) 2 (—t7 )y (2)
h(t) = w0, (6 (—1).

For brevity, we write w(t) = wq(t) and h(t) = ha(t). Let (,) be the
Ks-symbol on the field k.

Proposition A.1 (Relations among h(t) and w(t')). Any two elements
t,t' € k* satisfies the following identities:

(1) h(t)h(t") = h(tt") - (t,1').

(2) h(h(t) ™ = (=t t") 1 h(tt'™)

(3) h(tw(t') = (t, 1) - w(tt).

(4) wt)w(t') = (—t,—t") "t h(—tt'")

Proof. (1) is regarded as the definition of the Ko-symbol ().
(2) is verified as follows:

h(E)A(t) ™ = h(t) - h(t) " h(tt") " - h(tt"™)

h
h(t) - (Rt DRE)) ™" - (Y
h
(—

R @) (T
t, )yt h.

(3) is deduced by the equalities
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(4) is derived as follows.

U

First, we fill in the routine details that Moore omitted [10, Section
9], and correct his description of a 2-cocycle. We compute it according

—~——

to five cases, as usual. We define a naive section s: SLy(k) — SLa(k)
by

(0 )= (D G () st

due to Moore.
On the minimal Bruhat cell, we obtain the following.

(o0 ) <
u) - h(tzflf u)h(t) - h(t)h(t)

(

(
= x(u) - z(t°u") - h(tt")(t, ")
= x(u+ 2 - h(tt')(t, ')

=om (s(" 45 (T ) e
:s((t %1) (t' ut/f/11>)-(t,t’>.
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Between the minimal and the maximal Bruhat cells, we have the

46

-
& o
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< - SL =2 = = =
< TR+ L8 =4 |
c - —~ 3
= oS s xwd > 7 - TS * S
% %\IT%I\/\I__IA <] /, w _ _1
X B o = T1 L 7 ¥ =N
2 1 PGS - 7 s 1%
T2 £l gy TS E T =2l
T oy P = 3 /\}A)NL\/_,.L + > [ B S = o=l
TS T g T2 s — 45 1+ F SSLITEFR
CARS o= == 7 s —~ S =L & T2 =]
o' T ~—< <o 3§ L9 T I 3T E s 14—
A2 ST 2 s 2ESFEEL L o Ts Eeogl T/
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Assume that v 4+« # 0. Then we have the following.

5(—?1 —vt ) ut’tl vt’ 1>
= z(w)w(t)z(v) - z(u)w(t)z(v)
() - w(t)z(v + u)w(—t) - w(t)w(
= a(u) -z o~ (v+ ') - w(t)w(t) -
(w)za (=t (v +u')7")
cx (P +u) Do (—t (v +u))zo (P (v + )T
cxo (2 (v +u) ) w)wt )z ()
=z(u—+u) ) wEw+u) ) - wt)w )
cw(—t"w(—t)a(—t* (v + ) Hw(t)w(t) - z(v)
=2(u— v +u)) (=P +d) T =) T h(—t (v + o) THw(t)
o (=)o (v + 1) wa (') - (V)
=z(u—t+u) ) (—tlo+ud) T =)=t + )T ) w(—t (v + )T
Ta(—t"2(v +u') (V')
=xz(u—tw+u)) (=tlo+u) =t ) w(—t (v+u) )

(
za(—t*(

N
~—
24

C\

I
=

Lo

+

v+u) )

= (u—t2(v+u') Dw(—tt' (v + o) Da@ —t?(v+u)™h)
A=tlo+u) =t o+ u) )

—ut! * —u/t'1 * _ -
=0 (( —t1 —ut—1> < —t1 —U’t’—1>> (—t(v+u)™ (v +u)).

Therefore, the equation (1) in p.198 of Moore’s paper [10] should be
replaced with

b(ga(u,t,v), g2 (v, ', 0") = b(tw ™, w) *b(tw™, ),
by removing the inverse on the second w.

To obtain Kubota’s 2-cocycle, Matsumoto [9, n° 5] defined a modified

—_——

section §': SLo(k) — SLa(k) by
(t iil) > (u)h(t) - (t,—1)

()= (C ) (o ) 3) o

We verify that this section s’ indeed yields Kubota’s 2-cocycle, again,
according to five cases.
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On the minimal Bruhat cell, we see the following.

o G L i B O I Gt
= x(u+ ') - h(tt) (', —1){(t, 1)

(T (D) e

Between the minimal and the maximal Bruhat cells, we have the

following.
) (T )
= z(uh(t){t, —1) - z(W)w ()2 (")
= x(u +t2u) - w(tt) (t, —t') - 2 (V)

t ut™! —u't1 *
= <( 1 ) < _y-1 —U/t/_l)> : <t7 _t/>~

The reversed case is described as follows.

, —ut_l * , t/ u/t/—l

5 (—t—l —vt—l) 5 ( t’—l)

— a(uw(t)z(v) - 2(u )AL, ~1)

= a(u) - wt e (v ) - (1)

—ut! * ottt _
= 8, <( _tfl _Utfl ( tlfl >) <_t7t,> 1‘

Assume the equality v + v’ = 0. Then we obtain the following.

(T ) ()
= z(ww(t)z(v) - z(u)w(t)z(v)

= x(u+ 32 ’)h( tt ) (=t 1) (¢, )T

() (i) e
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Assume that v 4+« # 0. Then we have the following.

(e )
= z(ww(t)z(v) - z(u)wt)z(')

=a(u—t*(v+u) Nw(—tt'(v+ ) Nz — 2w +u))
A—tlo+ ) =t o+ )T

—ut‘l * —U,t/_l N ) )
- <( ™ _Ut_l) ( —t' —v’t’_l)) (—t(v+u) =t (v +u).
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