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1 Introduction 

Economic history has repeatedly experienced boom-bust in asset prices, which has significan 
impacts on real economies (Aliber and Kindleberger (2015)). A famous example is t he Great 
Recession of 2007-2009 in he US economy. Some economists and policy makers believe that 
asse price busts may t rigger he Great Recession in S. 1 In fact , far in and Ventura (2012) 
document a drastic decrease in t he wealth-to-GDP ratio during 2007-2009. The 2007-2009 
crisis has t he following two features ( see Panels (a) and (b) in Figure 1) . 

[Figure 1] 

Fact 1. Sharp and instant contraction: During the 2007-2009 crisis, economic growth slowed 
subs ant ially and became even negative. In this period, per capita GDP, consumpt ion and in­
vestment in he US decreased by 4.41% 3.27%, and 23.1%, respec ively. otably investment 
showed the larges decline. 

Fact 2. Slow recovery and prolonged recession: After he crisis of 2007-2009, grnwth recov­
ered. However , recovery was slow. The average grnwth rate of GDP per capita in he US 
during 2009-2013 is 1.27%, t hat is much lower than 2.09% average growth during 2003-2007. 

These two features are also observed in J apanese stock and real estate markets boom around 
1990 and U.S dotcom bubble around 2000. 2 

In traditional macroeconomic models of rational bubbles, bubbles suppress capital accu­
mulation. Conversely, a collapse of bubbles accelerates capital accumulation in the long run 
(see Tirole (1985)). This predic ion of tradi ional rational bubble models is inconsistent with 
the above facts . Recen ly, authors including Mar in and Ven ura (2012), Kunieda and Shi­
bata (2016) , Hirano and Yanagawa (2017), Miao and Wang (2018) attempt to overcome his 
shortcoming. These aut hors successfully construct models where a bust of bubbles suppresses 
capi al accumulation. Since capital accumulation affects mainly long-run growth rather t han 
short-run flue uations, t hese models provide t heoretical explana ion for slow recovery and 
prolong recessions (Fact 2). 

However , Panels (b) and (c) in F igure 1 show that during 2007-2009 growth of capital 
remained positive (although it slowed) even t hough GDP decreased sharply.3 Thus t he above 
mentioned models may not explain sharp contractions in a shor period (Fact 1). Indeed , in 
these models GDP is determined (mainly) by capital and hence a collapse of bubbles has 
no impacts on GDP in t he short run. Accordingly asset bubbles affect only t he division of 
outpu between aggregate consumpt ion and inves ment. After a collapse of bubbles, hese 
two aggregates move in t he opposi e direction in he short run. Significan ly, t hese existing 
studies do not examine which decreases more consumption or investment. 

1 A bubbles on asset is defined as the difference between the fundamental and market values of an asset . 
2In J apan during 1!) 6- l!J90, 1!)91-1993, and 1!)94-1996, the average growth rates of GDP per capita are 

4.88%, -0.14%, and 2.6 %, respectively. T he average growth rates of investment ( consumption) per capita are 
. 2% (4.41 %), -3.77% (1.34%), and 5.4 % (2.05%), respectively. For the case of U.S dotcom bubble during 

1995-1999, 2000-2002, and 2003-2006, the average grow h rates of GDP per capita are 3.1 %, 0.39%, and 
2.47%, respectively. The average growth rates of investmen (consumption) per capita are 7.11 % (3.19%), 
-2.73% (1.51%), and 4.55% (2.54%), respectively. The source of data is the same as that in Figure l. 

3It is well known that on usual business cycles (not including the 2007-2009 crisis) , capital stock is much 
less volatile than outpu t. Sec Cooley and Prescott (1!J95) and King and Rebelo (1!J99). 

2 



The following question arises na urally; Docs a collapse of bubbles explain Fae s 1 and 
2 simultaneously? \Ve construct a single model where a burst of bubbles triggers instant 
and sharp declines in GDP and o her aggregate variables that are followed by a prolonged 
recession, as shown in Panel (a) of F igure 2. We also address a larger decline in investment 
than consumption. 

[Figure 2] 

For our purpose, we construct an infinitely-lived agen model. Our model is quite simple 
and is composed of only four parameters. Imp01 antly, our model is fairy close to a textbook 
macroeconomic model. Indeed , If we eliminate one parameter, our model reduces o a text­
book AK model. Thus, we can provide main results and their mechanisms in an analytically 
clear manner. Moreover, the simplicity of our model allows us to easily show how a bust of 
bubbles triggers an instant contraction (Fact 1). 

We conduct our analysis in two steps. In the first step, we introduce investment risks to 
a textbook AK model. We use his benchmark model to examine how bubbles affect capital 
accumulation in the long run. Each en repreneur produces new capital which is subject to 
idiosyncratic risks. The investmen risks are not insured, which is an assumption common 
to reccn literature on rational bubbles. In contras to recent studies on rational bubbles, 
entrepreneurs in our model face no borrowing cons raints. Entrepreneurs have an identical ex 
ante productivity of investment and investment risks realize only after investment takes place. 
Thus, there are no lending and borrowing among entrepreneurs. Borrowing constrain s do 
not matter. We do not claim t hat t he absence of borrowing constraints is realis ic. However , 
it makes our analysis simpler . 

Even wit hout borrowing constraints, bubbly assets are valued in an infinitely-lived agent 
economy. Faced wit h investment r isks , risk averse ent repreneurs reduce investment in capital 
production. T hrough saving-investment balance, t he rate of return on holding capi al is 
reduced. Since bubbly assets yield a high return, entrepreneurs hold bubbly assets for a 
speculative purpose. Only in economies wi h advanced technology and medium degrees of 
investment risks asset bubbles arise. 

In erestingly, even withou borrowing constraints asset bubbles accelera e capital accu­
mulation and long-run growth. Asset bubbles make entrepreneurs wealt hy. Wealt hy en­
trepreneurs take more risks and produce more capital, which has a positive growth effect. 
Depending on production technology and insurance market development t he posit ive effect 
dominates an usual crowding-out effect of asset bubbles. Then, bubbles promote economic 
growth . Conversely asse bubble bust decreases long-run growth, leading to a long-term 
depression. 

However , t he benchmark model fails to capture sharp and instant contractions (Fact 1). 
In fact, at the moment of bubble bust, the level of real GDP remains unchanged and thus 
consumption and investment move oppositely in the short run. 

In the second step , we endogenize capital utiliza ion to address Fa-et 1. If investmen 
risk is removed , the extended model also returns to a textbook AK model. Panel (a) of 
Figure 2 shows how a collapse of bubbles at time t1 affects GDP. At t ime t1 the economy 
experiences instant and drastic falls in all of capital utilization , GDP consumption, invest­
ment, the wealth- o-GDP ratio, and growth rate. ow, both consumption and investment 
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decrease. Entrepreneurs' welfare also declines. After the initial contraction, because of de­
pressed gTowth, he economy falls in o a prolong recession. 

Importantly, a sunspot shock triggers a collapse of bubbles in our model. This suggests 
that even without any changes in fundamentals an ins ant contra~ ion and a subsequen low 
growth may hit an economy. 

How bubbles affect aggregate demand is a key to the initial decline at time t 1 . A col­
lapse of bubbles decreases entrepreneurs weal h, which reduces aggregate consumption and 
investment . Faced with reduced aggregate demand, some production facili ies (capi al) seize 
operation which decreases capital utilization. Although capital remains unchanged at time 
t1 depressed capi al utilization leads o instant declines in macroeconomic activities. The 
sharp decline in capital ut ilization is consistent with Panel ( d) of Figure 1.4 

The fo llowing two points should be emphasized. (i) At the momen of a collapse of bubbles 
( ime t 1 ) capital stock remains constan (see Panel (b) of Figure 2). Even in a short period 
during which capital does not change a collapse of bubbles triggers an ins ant contraction. 
(ii) Consistently with Fact 1, our model predicts that at time t1 , investmen decreases more 
than consumption under a condition. This is because bubble bus depresses investment even 
if capital ut ilization is exogenously fixed. 

Supply side is important for he prolonged recession after time t1 . Because of permanently 
reduced growth, capi al grows slowly (see Panel (b) of Figure 2) . In the long run, output is 
depressed and he recession prolongs. 

We also consider the effect of a temporal negative technology shock. It induces bursting 
bubbles, which amplifies he impact of a negative technology shock. Even a temporal negative 
technology shock depresses economic activit ies permanently. 

Our model provides some new insights that are not fully addressed by the existing studies 
on rational bubbles. We do not claim t hat our model is superior to the existing ones. Rather 
our study complemen s the existing studies by highlighting how a collapse of bubbles induces 
an instan contraction as well as a long-term recession. 

1.1 Related literature 

This study construe s an infinitely-lived agents model of rational bubbles. In overlapping­
generations (OLG) models T irole (1985) shows that bubbles may exist if t he economy is 
dynamically inefficient. Abel et al. (1989) find empirically that developed economies are 
dynamically efficient. Farhi and Tirole (2011) and Martina and Ven ura (2012) show that 
wi h borrowing constraints, bubbles arise even in dynamically efficient OLG economies. 

Recently, Kocherlakota (2009), Kunieda and Shibata (2016) , Hirano and Yanagawa (2017) 
and Miao and Wang (201 ) show that in t he presence of financial frictions bubbles exist in 
infinite-horizon models of production economies. 5 To ensure that borrowing constraints are 
binding occasionally, these studies assume tha the insurance market is incomplete and pro­
ductivity of agents changes frequently due o idiosyncratic shocks. As Aiyagari and '1cGrat­
tan (1998) and Farhi and T irole (2011) point out, occasionally binding borrowing constraints 

4King and Rebelo (El99) and tock and Watson (1999) show that on business cycles in the post-war 
period (not including the 2007-2009 recession) , capacity utilization is much more volatile than output. 

5Kocherlakota (1992) and Santos and Woodford (1997) provide examples of equilibrium with bubbles in 
infini te-horizon models of endowment economics with borrowing constraints. 
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shorten agents' planing horizon and make infinitely-lived agents' behavior similar to tha of 
OLG models. This is crucial for the existence of asset bubbles in t hese models. 

In our model, t here are no borrowing cons raints and entrepreneurs ' productivity remains 
unchanged overt ime. 6 We show that even wit hout occasionally binding borrowing constraints, 
bubbles exis in an infinitely-lived agent model. Since t here are no credit constrain s, our 
model can not address the relation between credi booms and asset bubbles. However , t he 
absence of borrowing constraints makes aggrega ion easy and simplifies our analysis. 

Aoki et al. (2014) also show the existence of bubbles in an infini ely-lived agents model 
wi hout borrowing constraints . In t heir model, agents hold bubbly assets to diversify id­
iosyncratic risks because bubbles are safety assets.7 In our model , bubbly assets arc risky 
and entrepreneurs hold bubbly assets only for speculative purpose. Moreover in Aoki et al 
(2014) bubbles always lower long-run growth, which cont rasts our results. 

How is our long-run growth effect of bubbles rela cd o the literature? Tirole (1985) 
shows t hat bubbles crowd investment out and lower capital accumula ion and output in t he 
long run.8 Recent studies show t hat asse bubbles relax borrowing constraints and improve 
efficiency of resource allocation, which promotes capital a~cumulation and long-run growth 
(e.g., Kocherlako a (2009), Farhi and Tirole (2011) ar in and Ven ura (2012) , Aoki and 
Nikolov (2015) Kunieda and Shibata (2016), Hirano and Yanagawa (2017) , and Miao and 
Wang (2018) .9 

Borrowing constraints are absent in our model. The key is incomple e insurance. Our 
result suggests that even without financial frictions , bubbles may enhance gTowth if insurance 
market is incomple e. However , t here is a similarity between t he existing and our models. In 
bo h models bubbles posit ively affect agents' wealth which boosts long-run growth . 

Does a bursting of bubbles trigger instant and sharp contractions (Fact 1) in he existing 
studies we have just mentioned? F igure 2 in Aoki and ikolov (2015) illustrates the answer 
well. The figure shows t hat after a collapse of bubbles, output decreases only gradually (the 
upper-left panel) and invcs ment increases in t he short run ( t he lower-right panel) .10 These 
results are obtained because out pu is mainly determined by capital and hence aggrega e 
consumpt ion and investment move in the opposite direction in he short run . The similar 
short-run effects are found also in Marin and Ven ura (2012), Kunieda and Shibata (2016) 
Hirano and Yanagawa (2017) .11 In Kocherlako a (2009), when bubbles collapse, investment 

6 Ample empirical studies show that firm productivity is highly persistent. For example Baily et al (Hl92) 
document that in the S economy, 58% of most productive firms remained most productive ten years later. 
See Bartelsman and Domes (2000), Foster et al (2001 ) Fuka.o and Kwon (2006) , and Foster et al (200 ). 
In a model with uninsured idiosyncratic shocks bu t withou bubbles, Moll (2014) shows that persistency of 
productivity shocks affects results dramatically, arguing that persistent shocks are empirically relevant. 

7Kitagawa (1994) show hat agents demand bubbles as safety assets in an OLG model. 
8Grossman and Yanagawa (Hl93), King and Ferguson (Hl93) and Futagami and Shibata (2000) find that 

asset bubbles retards long-run economic growth. 
9Mitsui and Watanabe (Hl89) and Woodford (Hl90) are early studies showing that bubbles promote capital 

investment. These studies do not examine the impacts of bursting bubbles. Olivier (2000) and Tanaka (201 1) 
investigate how stock bubbles stimulate R& D activities. 

10In Aoki and ikolov (2015), increased investment doe not necessarily accelerate capital accumulation be­
cause a collapse of bubbles reallocates resources from high productive firms to low productive ones. The same 
mechanism applies to Marin and Ventura (2012), Kunieda and Shiba a (2016), and Hirano and Yanagawa 
(2017) . 

11ln Martin and Ventura (2012), equation (11) shows that bubbles at period t affect period t + l capital 
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instantly increases while consumption decreases (see foo note 5 in Kocherlakota (2009)) al­
though out put decreases sharply one period after the bubble bust. In Miao and Wang (2018) 
a collapse of bubbles induces an instan increase in aggrega e consump ion and output de­
creases only gradually (sec Figure 3 in Miao and Wang (2018)) . Besides these studies do 
not address why investment decreases more than consumpt ion . 

These aut hors have advanced the ra ional bubble theory considerably, providing impor­
tant insights on how bubbles promote long-run growth. However, the above discussion shows 
that more work still remains to be done in terms of t he short-run effects of bubbles. We show 
that endogenizing capital ut ilization may solve some problems. 12 Remarkably, we show that 
investment decreases more than consumption under a condi ion. 

Guerron-Quintana et al. (2019) also in roduce capi al u ilization to a model of rational 
bubbles. Our study differs from heirs in several aspects. First, t heir focus is on t he impacts 
of recurrently occurring bubbles. We focus on the short-run impacts of bubbles. Second, in 
their model, how bubbles affect economy depends on borrowing cons raints. In our model 
the degree of investment risks plays key roles. Finally, their results are based on numerical 
analysis . All of our results arc t heoretical. Thus, economic intuition and mechanism for 
results are analytically clear. 

The rest of t he paper is organized as follows: Section 2 presents our benchmark model. 
Section 3 examines how bubble emerges and how bubbles affect long-run grnwth in t he 
benchmark model. Section 4 endogenizes capi al utilization and shows that a collapse of 
bubbles triggers an instant contraction as well as a long-term recession. Concluding remarks 
are in Section v. 

2 A simple AK model 

This section presents our benchmark model where capital utilization rate is exogenously fixed. 
Using this model, Sec ion 3 examines he existence condition of bubbles and how bubbles 
affect long-run growth. 

Time is continuous and runs from t = 0 o . A single general good is produced by using 
an AK production funct ion. The only input in general good production is called capital. 
En repreneurs own capi al and bubbly assets. They can produce new capital using general 
good. They face idiosyncratic shocks when producing new capital. We can interpre capital 
broadly. Appendix R presents a model where production of new capital includes setting up 
new businesses or developing new echnologies , which is subject to idiosyncratic risks. 

and output . They assume heterogeneous productivity among a.gents. If 8 = 1, the r ight-hand side of equation 
(11) corresp onds to aggregate investment . It shows that a collapse of bubbles increases aggregate investment. 
In Hirano and Y ana.ga.wa. (2017), equation ( 16) shows that asset bubble busts increase aggregate investment 
and equation ( ) shows that aggregate consumption and investment move in the opposite direction. F igure 
3 in Kunieda. and Shiba.ta. (2016) shows the same results . In Hirano and Yanagawa. (2017) and Kunieda and 
Shiba.ta. (2016), a collapse of bubbles affects long-rung growth whereas it does not affect output level in the 
short run. 

12Endogenous ea.pita.I utilization in our model is motivated by King and Rebelo (1999) who show that 
capital u iliza.tion is important when considering short-run fluctuation in a.n RBC model. 
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2.1 General Good Sector 

A single general good is used for bot h consumption and input of capital production. T he 
general good is competit ively produced by the following production function: 

½ = AKt, A > 0, (1) 

where ½ and Kt denote output and capital inpu , respectively. The general good is taken as 
a numermre. Denote t he rental rate of capit al by Qc. P rofit maximization yields 

(2) 

2. 2 Entrepreneurs 

Preferences a nd Investment Risks : There is a continuum of infinitely-lived entrepreneurs 
whose measure is one. Entrepreneurs are risk averse. Entrepreneur i E [O, 1] has t he following 
expected life ime utili y : 

(3) 

where c;,t is en repreneur i's consumption , p > 0 is t he subjective discount rate, and Et is an 
expectation operator conditional on t ime t information . We assume t hat 

A > p. (4) 

Capital production is irreversible and subject o risks. We assum e that the risks are not 
fully insurable.13 If entrepreneur i uses h t('?. 0) units of general good for a time period of 
length dt , dxi,t units of new capi al are produced as fo llows: 

cp = l , c, > 0, (5) 

where Wi,t is a standard Brownian mo ion. Its increment dWi,t, represents idiosyncratic 
investment risks. We assume t hat dWi,t is independent and identically dis ribu ed across 
entrepreneurs. Parameters cp and c, are common to all entrepreneurs. As in a standard AK 
model, we assume cp = l. A large c, means a low insurance coverage and high risks. As 
insurance market develops , more risks are insurable and c, decreases. If c, = 0, our model 
reduces to a standard AK model. As mentioned earlier dxi,t includes start ing new businesses 
developing new technologies, and so on (see Appendix R). 

A sset holdings and budget constraint: Entrepreneurs sell capital hat they newly pro­
duce. Denote the price of capital as Vt . Since general good price is one and cp = l , entrepreneur 
i earns he following profits: 

(6) 

The t erm (vt - l )Ii,tdt represents t he det erministic profits . The t erm c,vth tdWi,t represents 
the stochastic profits hat reflec investmen risks. All entrepreneurs have he same (average) 

13 Asymmetr ic informa t ion is one of the sources of incomplete insurance. In Townsend (1!J7!J), he costly 
sta.t e ver ification ea.uses asymmetric information a.nd hence incomplete insurance. We do not m odel insurance 
con ra.cts for simplici y. 
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product ivity </>( = 1) and learn shocks after output realizes. Thus, there arc no borrowing 
and lending among entrepreneurs. Hence, borrowing cons raints do not matter. 

As in Tirole (1985) , a bubbly asset is an intrinsically useless asset wi h zero fundamental 
value. Let Pt be he bubbly asset price at time t . The free disposability of bubbly asset s 
ensures Pt 2: 0. In t he bubbleless economy, Pt is zero (pt=O). In t he bubble economy Pt is 
strictly positive (pt > 0). En repreneur i holds ki,t units of capital and bf.t units of bubbly 
asse s. His or her t otal asset s holdings are given by 

(7) 

where ai,t = Vt ki,t and bi,t = Ptbf.t· We assume that wi,o > 0 for all en repreneurs. 
We derive he evolution of wi,t · Suppose that the bubble economy prevails between t and 

t + dt. Between t and t + dt entrepreneur i earns capital rental income qtki,tdt and profits 
given by (6). He or she consumes Ci,tdt units of general good, incurs capit al depreciat ion 
o · Vt ki,tdt ( o > 0) and purchases dki,t units of capital and dbf.t uni s of bubbly asset s. If he 
or she sells capital (bubbly asses) dki,t (dbf.t) is negative. Thus, we have 

Ci,tdt + Ovtki,tdt + vtdki,t + Ptdbf.t = qtki,tdt + (vt - l )h tdt + CTVt l i,tdWi,t · (8) 

From (7) , we have dwi,t = (dvt) ki,t + vtdki,t + (dpt)bf.t +Ptdbf.t · By using (7) and (8), we derive 

The rates of return on holding capital and bubbly asse s are, respect ively, given by 

rtdt = qdt + dvt - ovtdt 
Vt 

and 

(9) 

Not e that rt is det erministic. In the bubbleless economy, we have Pt = bi,t = 1Pt = 0 in (9). 
Given wi,t = vtki,t + Ptb~:t t here is a trade-off between holding capit al and bubbly asset s. 

However , there is no trade-off between bubbly asse s bf.t and capital production h t- Thus 
entrepreneurs can not diversify investment r isks by holding bubbly asset s. This contrasts 
wi h Aoki et al. (2014) in which he rate of ret urn on holding capital is stochastic and 
individuals hold (safe) bubbly asset s to diversify capit al holding risks.14 

Following Weil (1987), we consider the stochastic bubbles which may burst in the fut ure. 
The lit erature often assumes hat once bubbles burst they will never be valued in he subse­
quent future. Consider a sunspot shock t hat follows a Poisson process wit h a const ant arrival 
rate µ > 0. The sunspot shock t riggers a asset bubble bust. Given t hat Pt > 0, Pt+dt remains 
strictly positive with probability 1 - µdt. Otherwise, we have Pt+dt = 0.15 Asset bubble bust 
is an aggregate shock hat is independen of idiosyncratic shocks, CJdWi,t · A larger µ means 
riskier bubbles. All ent repreneurs know the value of µ . 

Utility maximization: Given wi,o > 0, entrepreneur i maximizes (3) subjec t o (7) and 
(9). We do not impose the non-negat ivity constraints, ki,t 2: 0 and bf.t 2: 0. Since all 

14They consider a budget constraint like dwi ,l = [ria;,t + -i/Jib;,i - c.;,i] dt + a kai,idvV;\, where a; ,i is capital 

holdings and vVfi is a standard Brownian mot ion. If a k > 0, t he rat e of return on cap ital , ridt + a kdWfi, is 
stochas tic . Holding safe bubbly asset , b; i , diversi£es t his capital holding risk. ' 

15 All the proposi ions in his study h~ld even if bubbles never burst µ = 0. 
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entrepreneurs have the same ex-ante productivity, they do not have incentives o lend and 
borrow and hence t he short sales constrain bf.t ~ 0 never binds. 16 Appendix A shows that 
t he behavior of entrepreneur i is summarized as follows: 

C;, ,t = /JWi,t' 

°'i ,t = (1 - St)Wi,t , 

bi,t = St wi,t, 

in t he bubble economy (pt > 0), 
in t he bubbleless economy (pt = 0) , 

(10a) 

(106) 

(10c) 

(10d) 

(lOe) 

(10f) 

Here, we assume an inner solution fo r h t ~ 0, which is sa isfied in equilibrium we consider. 
The transversali y condition is satisfied as follows: 

lim E t [wi,t e -pt ] = lim ! e -pt = 0. 
t • C;,,t t• p 

(11) 

We focus only on equilibria where all of r t VJt Vt and St are constant. T hus, (lOf) shows that 
wi,t follows a geomet ric Brownian motion, which ensures tha wi,t > 0 since wi,o > 0. (10a) is 
an usual consump ion function under a logarit hmic ut ili y function. 

(106 )- (lOd) summarize entrepreneur i's portfolio choice between capital and bubbly as­
se s . Particularly St represent s an incent ive for holding bubbly assets. Since St is independen 
of i, all entrepreneurs hold the same fraction of their weal h as bubbly asset s. Lat er , we ob­
serve tha St E (0 1) holds in the bubble economy, which ensures k i ,t > 0 and bf.t > 0. 

We mention he following three points. F irs investment risk CJ does not directly affect 
St , which means t hat entrepreneurs do no hold bubbly assets to diversify investment r isk 
CJht dWi ,t • T his con rasts with Aoki e t al. (2014). Second one may guess that when a 
posit ive shock hits ent repreneur i he or she may a-ecumulate bubbly asse s (increase St) as a 
self-insurance and t hen resell bubbly asse s (decrease St) when hit by a negative shock. This 
guess is no he case. Since St is independen of i, realization of idiosyncratic shock does no 
affect entrepreneurs' portfolio. Entrepreneurs do no use bubbly assets as a self-insurance. 

Finally, en repreneurs hold bubbly assets for purely speculative motive. In the bubble 
economy he t erm VJt - r t in (10d) is t he risk premium on bubbles hat is positive in equilib­
rium ifµ > 0 (see (20d)) .17 Only if t he risk premium is high enough to compensate for risks 
of bubble bust VJt - rt > µ , entrepreneurs hold bubbly assets St > 0. 

(lOe) shows decisions on capital production. Only if capital price is high enough to 
compensate capi al produc ion risks ( Vt > 1) , risk averse en repreneurs choose posit ive capital 
production. As CJ increases entrepreneurs decrease capital production. If CJ = 0 we have 
Vt = 1 and hence our model reduces to a extbook AK model. 

16Kocherlakota (1992) shows that if individuals borrow and lend, a short sales constraint bf t > 0 is needed 
for t he existence of bubbles. ' -

17If µ = 0, VJ t = rt holds in t he bubble economy. In this case, St is indeterminate at the indjvidual 
entrepreneurs ' level. However , his docs not affect our main results. 
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2.3 Aggregation and competitive equilibrium 

Let us define the following aggregate valuables, Ct = f0
1 Ci,tdi, I t = f0

1 htdi , K t = f0
1 ki,tdi 

b; = f0
1 b~tdi, and Wt = f0

1 Wi,tdi. T hen, we have 

Wt Vt K t + Ptb~ ) (12a) 

et pwt, (12b) 

It 
Vt - 1 

(12c) ()2Wt. (J"Vt 

Since ht and dWi,t arc independent and dWi,t fo llows a normal distribution wit h zero 

mean we aggregate (G) as dKt = f01(dxi,t)di - oKtdt = [It+(]" f0
1 Ii,tdi f01(dWi,t)di - 0K t]dt = 

[It - oKt]dt. The long-run growth rate of economy is given by 

(13) 

Since total nominal supply of bubbly assets is constant at M > 0, t he market for bubbly 
asse s clears as b;1 = M. The general good market clears as 

(14) 

For later use, let us define ½ and Bt as follows: 

(lG) 

½ is price of general good in erms of capital and B t is t he value of bubbles relative to value 
of capital. We have B t > 0 in the bubble economy, whereas we have B t = 0 in t he bubbleless 
economy. Since PtM = StWt holds from (10c) and b? = M , we have St = B tf (l + Bt)- Thus, 
St E (0 1) holds in t he bubble economy (B t > 0) . Both ½ and Bt are jump variables. A 
steady state equilibrium is an equilibrium where ½ and Bt are constant . At a steady sta e 
equilibrium 9t becomes constan and K t, Ct Yt and Pt grow at t he same rate. 

2.4 Economy w ithout investment r isks : (]" = 0 

If (J" = 0 holds our model reduces o a standard AK model and asset bubbles can not exis 
as shown in he fo llowing proposi ion. 

Proposition 1 Suppose that (]" = 0 and ( 4) hold. (i) There e:.cist an unique bubbleless equi­
librium where ½, rt, and 9t satisfy 

½ = 1 = VNR , and 9t = A - p - O = g N R ( < r N R). 

Inequality ( 4) ensures It > 0. (ii) There exists no bubble economy. 

(P roof) See Appendix B. 
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3 Investment risks and the long-run effects of bubbles 

This section shows t hat with investmen risks a > 0, asset bubbles emerge in he benchmark 
economy. vVe also examine how bubbles affect long-run growth. We first provide a set of 
equations that charac erize equilibrium dynamics. 

Proposition 2 Suppose a > 0. In an equilibrium where It> 0 holds, ¼ and Bt satisfy 

(P roof) See Appendix C. 

(17a) 

(176) 

(17a) comes from general good marke equilibrium condition (14). T he left-hand side (LHS) 
shows general good supply (Yt/ K t) while the righ -hand side (RHS) shows general good 
demand ((Ct + It)/K t)- The dynamics of Bt follow (176). 

3.1 Bubbleless economy 

In t he bubbleless economy where B t = B t = 0 holds, (17a) alone determines equilibrium¼. 
We prove t he following proposition. 

Proposition 3 Suppose that a > 0. If and only if (4) holds, there exists a unique bubbleless 
steady-state equilibrium such that It > 0 holds and¼, rt, and 9t satisfy 

¼ = VL ( < VNR = 1), 

rt = AVL - fJ = rL ( < rNR) , 

1 - VL 
9t = -- - fJ = 9£ ( < 9NR), 

a2 

where VL E (p/A, 1) is a positive solution of (17a) under B t = 0. 

(P roof) See Appendix D. 

(18a) 

(186) 

(18c) 

Faced wi h investmen risk ( a > 0) , entrepreneurs invest less in capital produc ion compared 
to no risk case a = 0. Hence growth rate is reduced (gL < 9NR)- T he reduced capital 
production increases capital price Vt = v;-1 (VL < VNR) and hence decreases t he return on 
capi al holding (rL < rNR)- In other words, risks depress investment and then lower t he 
re urn on capital hrough saving-inves mcnt balance. This creates a basis for bubbles. 

3.2 Bubble economy 

By using (17a) and (176), we show the existence of a bubble steady state where a low ra e 
of return on holding capital induces entrepreneurs to hold bubbly assets with a high return. 

11 



P roposition 4 Suppose that CJ > 0. 
(i) If A ~ µ + 2p + 2{p(µ + p )} 1/ 2 

1 the bubble steady-state equilibrium does not exist. 
{ii) If 

A > µ+ 2p + 2{p(µ + p)}112 , 

there exist CJ1 and CJ2 , where O < CJ1 < CJ2 < l /(p + µ)½, such that 
( a) if CJ 1 ( CJ1 CJ2) , the bubble steady-state equilibrium does not e.:i,'ist; 

(19) 

(b) if CJ E (CJ1 , CJ2 ), there exists a unique bubble stead-state equilibrium where It > 0 holds 
and ½, Bt rt, 'lj;t and 9t satisfy 

½ = 1 - CJ (p + µ)½ - V * (E (0, VNR)), 

A [ 1 - CJ (p + µ) ½] _ * 
Bt = 1 - 1 = B (> 0) 

¾(P + µ )2 - µ 

rt = AV* - o = r*, 

'lj;t - rt = µ(l + B *) > 0 

1 - V * ( B *) s: * 9t = 2 1+ - u = g . 
CJ 

(Proof) See Appendix E. 

(20a) 

(206) 

(20c) 

(20d) 

(20e) 

Proposition 4 (i) implies that asset bubbles do not exist if eclmology level is extremely 
low (small A). The in uit ion is simple. If A is small, capital accumulates at a considerably 
low rate, which cannot sustain expansion of asset bubbles. 18 

Only in economies with advanced t echnology (large A), asse bubbles may exist on t he 
condit ion that insurance market is moderately developed, CJ E ( CJ1 , CJ2 ) (P roposition 4 (ii)) .19 

W it h a large risk ( CJ > CJ1 ), entrepreneurs reduce capital investment considerably. Through 
saving-investment balance, t he rate of return on holding capital rt decreases, which leads to 
a positive risk premium on bubbly asse s 'lj;t - rt > 0. Thus, entrepreneurs have an incen ive 
to hold bubbly assets . Only if investment risk is no too large (CJ < CJ2) capital accumulates 
at a sufficiently high ra e and can sustain expansion of asset bubbles. Thus, only for medium 
investment risks (CJ E ( CJ1 CJ2) ), the bubble steady sta e exists.20 

Our mechanism behind asset bubbles is different from t hose of t he existing models. Let us 
focus on infini ely-lived agent models. In Kunieda and Shibata (2016), Hirano and Yanagawa 
(2017) and Miao and Wang (2018) who consider financial frictions borrowing constraints 
play an important role which is absent from our model. In Aoki et al. (2014) where return 
on holding capital bears r isks (see footnote 14), entrepreneurs hold bubbly assets to diversify 

18We have Y;, = AKi 2: Ci 2: ppifVl because of (1), (1 2a), (12b), (14), I i 2: 0 , and br = M. Thus, piM can 
not grow faster than Ki (V!(= pifpi) < g*). In t he steady-state equilibrium, 'ljl :S: g* must hold. 

19Hirano and Yanagawa (2017) show that asset bubbles are likely to arise in an economy with large 
inequality in productivity among firms. 

20Idiosyncratic nature of investment risk is essential for the existence of bubbles. If a positive (negative) 
shock dWi,i > 0 (dW i,i < 0) hits an entrepreneur, he or she accumulates more (less) wealth than the average 
entreprenems (see (lOf)) . ( ote that he or she does not change the share of bubbly assets holdings, s.) This 
heterogenei y triggers trade of assets, including bubbly assets, among en repreneurs . 
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t he risks and bubbly assets provide a lower rate of return than capital. In our model, t he 
rate of return on bubbly asse s is higher than capital because investment r isks depresses t he 
rate of return on holding capital. This stimulates entrepreneurs to hold bubbly assets fo r 
purely speculative motive. 

R e mark: We can show that a bubble steady state exists if and only if T£ < gL - µ holds 
in he bubbless steady-state equilibrium (see Appendix G) . Previous studies provide similar 
existence condi ions. Our mechanism behind a low ra e of return on capital is differen 
from previous studies again. In overlapping-generations models overaccumulation of capital 
results in a low interes ra e. In Kunieda and Shibata (2016) Hirano and Yanagawa (2017) 
and Miao and Wang (2018), borrowing constraints depresses demand for borrowing which 
results in a low interest rate. In Aoki et al. (2014), risk premium on holding capital generates 
a low risk-free rate. In our model the uninsured risks depress investment and hence lower 
t he rate of return on capital rL through saving-investment balance. 

3 .3 C oex ist ence o f the bubble and bubble less steady st a t es 

Since (19) implies ( 4), we immediately obtain t he following corollary. 

Corollary 1 Suppose that CJ > 0 and that (19) holds. If CJ E (CJ1 CJ2 ) , there exist two steady­
state equilibria; the bubble and bubbleless steady-state equilibria. 

Corollary 1 sta es hat the bubble and bubbleless steady states coexist under t he same 
parameter set. Figure 3 shows the phase diagram (see Appendix F).The bubble steady sta e 
is unstable while t he bubbleless one is totally stable. 

[Figure 3] 

A sunspot shock triggers a collapse of bubbles. Assume t hat an economy is in t he bubble 
steady state at t ime 0. At t ime t1 (> 0), a sunspot shock hits t he economy. (The shock 
follows a Poisson process wi h an arrival rate µ.) Then asset bubbles burst. Since bo h ½ 
and Bt are jump variables, t he economy immediately jumps o the bubbleless steady state. 
The remaining of t his section examines how a collapse of bubbles affects long-run growth . 

3 .4 Growt h effects o f bubbles 

The following proposition shows that even hough t here is no borrowing constraint in our 
model, asset bubbles enhance long-run growth under some condit ions. 

P ropos ition 5 Suppose that both the bubble and bubbleless steady-state equilibrium exist. 
(i) Ifµ+ 2p + 2{p(µ + p)}112 < A~ 2(µ + 2p) , we have g* > g£ . 
{ii) If A > 2(µ + 2p) , then there exists a' E (CJ1 , CJ2 ) such that 

( a) if CJ = a', we have g* = gL; 
(b) if CJ E (CJ1 , a') , we have g* < gL; 
(c) if CJ E (a', CJ2) , we have g* > g£ . 

(P roof) See Appendix H. 
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Proposition 5 (i) shows hat in he economy with relatively low t echnology (small A) , bubbles 
always enhance long-run grnwth. Proposit ion 5 (ii) (c) shows t hat in t he economy with 
advanced t echnology (large A), Bubbles boost long-run grnwth if he insurance market is less 
developed. 

To understand P roposition 5 intui ively, we rewri e the first-order condition for Ii,t (A.14) 
as 

( _ l )I _ (a· Vth t) 2 
Vt ~t - ----

, Vtk;, ,t + bi,t 
(21) 

The LHS shows the (average) investment re urn (vt - l )Ii,t · This represents en repreneurs 
incent ive of increasing h t · The RHS shows investment risk (avtht) 2 relative to entrepreneur 
i 's wealt h which represents entrepreneurs' incent ive of reducing Ii,t to avoid investment r isks. 

Asset bubbles bi,t have a direct effect on t he RHS. If Vt remains constan asset bubbles 
increase en repreneur i's wealt h from vtki,t to vt ki,t + bi,t, which negatively affec s t he RHS . 
In sum, asset bubbles make entrepreneurs wealt hy, which raises entrepreneurs ' tolerance to 
investment risks and encourage them o take more inves ment r isks. 

Besides, asse bubbles indirectly affect he RHS t hrough Vt . General good market equi­
librium ½ = et + It, or equivalently (17a), shows t his effect . The bubbleless steady sta e 
is charac erized by (17a) alone. Figure 4 shows t he graphs of both sides of (17a) . Asset 
bubbles make entrepreneurs weal hy, which has positive effects on demand for general good 
et+ It (see (12b) and (12c)) . Since supply of general good is fixed a ½ = AKt in t he short 
run, price of general good relative to capital, 1/vt increases. Thus we have v; < V£,t (see 
Appendix G for a formal proof). A decrease in Vt reduces t he variance of investment shock 
(a · vt h t) 2 which reduces t he RHS and crowds in capital production. A decrease in Vt have 
a negative effect on t he LHS which crowds out capital production. 

[Figure 4] 

If A is small he average gTowth rate of capital is low. T hus entrepreneurs care more 
about investment risks. If a is large t he RHS of (21) becomes rela ively impor ant. Thus, 
the crowding-in effect dominat es the crowding-out effect. P roposition 5 (i) and (ii)(c) hold. 

We emphasize the impor ance of the direct wealth effect of bubbles. If t here is no direc 
effect, (21) reduces o 

( l )I _ (a · vd i,t) 2 

Vt - it - ----
, Vtki ,t 

• L t = ~ (1 -~) k -t · t , 2 t , 
a Vt 

As discussed above, asset bubbles decrease Vt. T he above equation shows tha withou the di­
rect weal h effect , asset bubbles discourage capital production of each entrepreneur. We con­
clude hat asset bubbles s imulate growth mainly because asse bubbles make entrepreneurs 
wealthy and t hen encourage t hem to t ake more investment risks. 

In infinitely-lived agen models wit hout borrowing constraints, Aoki et al. (2014) show 
that asse bubbles always decrease grnwth. Recent studies show hat in the presence of 
borrowing constraints bubbles may increase growth. See Kocherlakota (2009) , Kunieda and 
Shibata (2016), Hirano and Yanagawa (2017), and and Miao and Wang (2018). No e that 
those aut hors assume incomplete insurance to ensure binding borrowing constraints . 
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In our model, t here are no borrowing constraints. evertheless, asset bubbles stimula e 
growth . The key to t his result is incomplete insurance. Our result suggests that even wi hout 
financial fric ions, bubbles have a growth enhancing effect if insurance is incomplete. We 
emphasize the similarity between the exis ing models and our models. In both models, 
bubbles posi ively affect ent repreneurs weal h, which in turn boosts long-run growth. 

3 .5 Collapse of bubbles and the long-run e ffect 

From Corollary 1 and P roposition 5, we ob ain t he following corollary. 

Corollary 2 Suppose that either Proposition 5 (i) or (ii}(c) holds. In addition; suppose that 
the economy is initially in the bubble steady state and that at time t 1 (> 0), a sunspot shock 
triggers a collapse of asset bubbles. Then, at time t1 , the economy jumps to the bubbleless 
steady state and long-run growth rate of the economy declines suddenly and permanently. 

Even wit hout any fundamental changes, he collapse of bubbles causes a permanent decline 
in growth, leading o a prolonged recession. 

T he benchmark model fails to capture ins ant and sharp contractions (Fact 1). At t he 
moment of asset bubble bust, general good production remains cons ant since it is determined 
by capi a l 1';, = A K t. A collapse of bubbles affects only he division between et and It in 
t he short run, because Yt = et + It holds. T hus, et and It moves in t he opposite direction 
in he short run . 

4 Capital Utilization and the short-run effects of bubbles 

We now endogenize capital ut iliza ion and then show t hat under his extension , a collapse 
of bubbles causes instant declines in all of capital ut ilization ra e, consumption, capital 
production general good production, GDP, wealth-to-GDP ratio , and long-run grnwth. 

Our formulation of capital ut ilization follows fiao (2014). 21 Denote capital ut ilization 
rate of entrepreneur i as (i,t 2:: 0. We do no impose any upper bounds on (i,t for simplici y. 
If entrepreneur i lends one unit of capital with utilization ra e (i,t, he or she earns capital 
rental income of qt(i,t· As capital ut ilization increases, capital depreciates more. VVe assume 
t hat the deprecia ion ra e is given by J((i,t) = o(;,t/2, where o > 0. T he ra e of return on 
holding one uni of capital is given by 

ritdt = qt(i,t · dt - J((i,t)vt · dt + dvt. 
, Vt 

(22) 

Given qt and Vt entrepreneur i chooses ( i,t to maximize ri,t, which yields 

(23) 

where ½ = 1/vt again. A high capi al price means a large value of capital depreciation . 
T hus, (t decreases with capital price Vt = ½-1 . Since all entrepreneurs choose the same 

21 Guerron-Quintana et al. (2019) also consider endogenous capital utilization in a model with bubbles, 
although they focus on the effect of recurrent b ubbles. 
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level of capital utilization, we have ri,t = rt. In other respects the optimization problem of 
entrepreneurs is the same as the benchmark model. Thus , (10a)- (10f) and (11) hold. 

The produc ion function of t he general good is given by ½ = AKf , where K f is capital 
inpu . T he capital rental rate is qt = A. Since K f = (t K t holds in equilibrium t he 
aggrega e production func ion is given by ½ = A(tK t . Since t he capital depreciation rate is 
J ( (t) = ( A ½)2 / (28), growth rate of the economy is given by 

- 1 - ½ (1 B ) - (A ½)2 
gt - (Y2 + t 28 (24) 

We focus on economies with investment r isks, a > 0. Analogously to P roposition 2, in 
an equilibrium, ½ and Bt satisfy 

were (t is given by 

(17a') 

(17b') 

(25) 

(17a') comes from general good market equilibrium (14) t hat relates general good supply, 
½,/ K t, of t he LHS with general good demand (Ct + It)! K t, on t he RHS. 

R e mark: If there are no investment risks a = 0, we have½ = 1. Capital utilization rate is 
de ermined by exogenous parameters (t = A /8. Thus, the model wi h endogenous capital 
ut ilization works t he same way as a textbook AK model. 

4.1 Existence of steady states 

In the following discussion , a hat above each variable indicates t hat capital ut iliza ion is 
endogenized. We first show the existence of bubbleless steady-state equilibrium. 

Proposition 6 Suppose that a > 0. If and only if 8 > 0 is small enough to satisfy 

(26) 

there exists a unique bubbleless steady-state equilibrium such that It > 0 holds and½ = VL , 
(t = (L, and gt = 9£ , where VL E (0, 1), (L, and 9L are defined in Appendix I. 

(Proof) See Appendix I. 

ext , we show he exis ence of bubble steady-state equilibrium. 

P roposition 7 Suppose that the following two inequalities hold; 
I 

a < (p + µ)- 2 

8 < AV*( l + B *), 

(27) 

(28) 

where V * and B * are given by (20a) and (20b) , respectively. Then, there exists a unique 
bubble steady-state equilibrium where It > 0 holds and ½ = V* , Bt = B *, (t = (*, and 
gt = g* where V * E (0 , 1), B * > 0, (*, and g* are defined in Appendix J. 
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(Proof) See Appendix J. 

From (27) and (28) we can derive lower and upper bounds of CJ t hat ensure t he existence 
of t he bubble s eady state. Thus, t he intui ion behind Proposi ion 7 is similar o tha of 
P roposition 4. 22 

Appendix K shows t hat condi ions (27) and (28) implies (26). The following corollary 
holds. 

Corollary 3 Suppose that conditions (27) and (28) hold. Then, there exist two steady-state 
equilibria; the bubble and bubbleless steady-state equilibria. 

As in t he benchmark AK model a sunspot shock triggers a collapse of bubbles. Since both 
of ½ and Bt are jump variables, after a collapse of t he bubbles, t he economy immediately 
moves from the bubble steady state to bubbleless steady state. 

4.2 Comparison between the bubble a n bubbless economies 

We examine how asset bubbles affect aggregat e variables. Denote capital price, capital uti­
lization rate, aggregat e wealt h wealth- o-GDP ratio, aggregat e consumpt ion capital invest ­
ment, general good production, and real and nominal GDP in he bubble (bubbleless) steady 

A I\ .-.. A I'- --------* -------- * I'\ ,.._ A, ,._ ,._ 

state as v*, (* , w; Y *, c;, 1;, Y/ GDPt, and nGDPt (vL, (L WL ,t, Y L, CL,t h ,t YL,t 

GDPL,t , and nci5PL,t), respec ively. We omit t ime index t from v*, (*, T*, VL (L, and Y L 
because they are constant a a steady stat e. 

ominal GDP and t he weal h-to-GDP ratio are given by 

respectively. In t he real GDP we set capital price at t he bubble steady state price, v* . 

GDPt = et + v* i t. 

-In he above equations, we omit asterisks and subscrip L excep for v* in GDPt. 
ow, we prove t he fo llowing proposition. 

Proposition 8 Suppose that both the bubble and bubbleless steady state equilibria exist. 
Then, the following statements are true. 
(i) We have 

(ii) Suppose that both steady states have the same level of capital stock at time t. Then, we 
have 

6; > CL,t and ~ * > YL ,t · 

22Condition (2 ) can be written as A2 (p + µ)cr3 - 2A2 (p + cr)112cr2 + (A2 + µ8)cr - 8(p + µ) 112 > 0. This 
inequality and condition (27) give lower and upper bounds of er. 
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If p > 0 is sufficiently small, or if a E (Q:, (p + µ)-1!2 ), we have 

f; > JL ,t - * -and GDPt > GD PL,t · 

{iii) Finally, if p > 0 is sufficiently small, we have 

f/ > 9L· 

Q is defined in Appendix L. 

(P roof) See Appendix L. 

(29) 

(30) 

Asset bubbles promote various macroeconomic performance. How bubbles affect aggre­
~a e d~m~d is a key to t his result. Let us use general good market equilibrium condition 
Yt = Ct + It, or equivalently (17a'). In the bubbleless economy where Bt = 0 holds , (17a') 
and (25) determine equilibrium values of½ and (t- T he LHS of (17a') is general good supply 
rela ive to capital, Y,,/ Kt = A(t - Since a high Vt discourages capi al ut ilization , Y,,/ K t de­
creases with vt(= 11i-1 ) (see F igure 5). T he RHS of (17a') is demand for general good rela ive 
to capital, (Ct + i t)/ Kt (see (12b) and (12c) too). This increases wit h Vt partly because Vt 
increases entrepreneurs ' wealt h Wt = vtK t + bt . 

[F igure 5] 

Asset bubbles make en repreneurs wealt hy and t hus stimulate aggregate consumption (see 
(12b)) . Besides, as P roposition 5 in Sect ion 3.4 shows, asset bubbles encourage entrepreneurs 
to take more risk and hence increase capital investment. Asset bubbles increase aggrega e 
demand for general good. The gTaph of ( et + i t) I K t moves upward and 'Ut decreases. A 
reduc ion in Vt encourages capital u ilization ( ( increases from (L and (*). Hence, general 
good produc ion increases. In sum asset bubbles stimulate aggregate demand for general 
good, leading o an increase in capital utilization and production. 

Since asset bubbles increase both aggregat e consumption and inves ment , the bubble 
steady state has a larger real GDP t han t he bubbleless one. Since asset bubbles increase 
wealth more t han nominal GDP, t he wealth-to-GDP ratio is higher in t he bubble economy 
t han in he bubbleless economy. 23 

4 .3 C olla pse of bubbles : the short- and long-run effects 

Corollary 3 and Proposition 8 immediately yield t he following importan result. 

C orollar y 4 Suppose that there exist both the bubble and bubbleless steady state equilibria 
and that p > 0 is small enough to ensure (29) and (30) . In addition, suppose that the economy 
is initially in the bubble steady state and that at time t1 (> 0) , a sunspot shock causes a collapse 
of asset bubbles. Then, at time t 1 , the economy jumps to the bubbleless steady state and hence 
experiences instant declines in all of capital utilization rate, aggregate consumption, aggregate 
investment, general good production, economic growth rate real GDP, and the wealth-to-GDP 
ratio. 

23We can show that even if utilizat ion rate is exogenously fixed, asset bubbles increase the wealth-to-GDP 
ratio because (L.2) in Appendix L holds even if utilization rate is fixed. 
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A collapse of bubbles initially depresses various macroeconomic performances at t ime t1 . 

Since growth is depressed permanently t he economy experiences a long-term depression. See 
Figure 2. This predic ion of our model is consis ent wi h recent economic crisis. 

Demand side is relatively important for init ial declines, whereas supply side is relatively 
important for t he long-term depression. W hen bubbles burst en repreneurs become less 
wealthy. T he aggregate demand for general good decreases. Then, some of production fa­
cilities (capi al) become inactive ((t decreases) al hough the number of production facilities 
(capital) remains cons ant . This causes instan and simultaneous declines in GDP and other 
aggrega e variables . Because of decreased growth , t he number of production facilit ies ( cap­
ital) gradually decreases in t he long run . Accordingly, he supply of general good decreases 
in he long run which results in a prolonged recession. 

The following four points are wort h men ioning. First, even without any changes in 
fundamentals, a collapse of bubbles causes simultaneous declines in all of capital utilization , 
aggrega e consump ion, capital and general goods production , GDP and growth. 

Second, a collapse of bubbles has not only long-run but also short -run negative impacts. 
For example, at t he moment of a collapse of bubbles (time t 1 ) , real GDP decreases from 
-* -GDPt to GDPL,t· In the long run, depressed growth fur her depresses macroeconomic 
performance. Remember t hat as discussed in Introduction t he existing models of rational 
pay less attention to the short-run effects of a collapse of bubbles because they focus primary 
on how bubbles affec long-run capital accumulation.24 

Third, at t he moment of a collapse of bubbles (time t1 ) , capi al remains unchanged in our 
model. Even in a short period during which capital does not change, a collapse of bubbles 
induces an instant contraction at ime t 1 . This is because a collapse of bubbles induces an 
instant decline in capi al ut iliza ion, which allows general good production "½ ( = A(tKt) to 
decline instantly. This is consis ent wi h Panels (b), ( c) and ( d) in Figure 1. 

Finally we examine if aggregate investment decreases more or less t han consumpt ion in 
real erms. We show the following proposition. 

Proposition 9 Suppose that both the bubble and bubbleless steady state equilibria exist. 
Then, for a E (Q, (p + µ)- 1!2), we have 

0 > 

(P roof) See Appendix M. 

CA c"* "*IA A*IA* L,t - t > V L,t -=- V t 
6; v* I t 

Since t he bubble st eady state equilibrium exists inequali y a < (p + µ)-1!2 , (27) is satisfied. 
Condition a E (Q, (p + µ)- 112 ) means a relatively large a. Proposition 9 says that with 
rela ively large a , at t he momen of a collapse of bubbles, aggrega e investment decreases 
more han aggregate consumption. As Proposi ion 5 (ii) shows, if a is large enough, asset 
bubbles promote investmen even if capital utilization is exogenous. T hus, a collapse of 
bubbles induces a large decline in aggregate investment , which is consistent with data. 

24 As discussed in Introduction, the existing models of rational bubbles do not capture an initial decline 
in final output (real GDP) because final ou tpu is determined mainly by capital. Consequently, in t he short 
run, a collapse of bubbles affects only the division of ou put between aggregate consump t ion and investment, 
and hence the two aggregate variab les move in the opposite direct ion. 
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4.4 Temporal technology shock and collapse of bubbles 

This section argues that in t he presence of asset bubbles, even a temporal technology shock 
can have a permanent effect on macroeconomic performance. 

We first point out t hat a t echnology shock may t rigger a collapse of bubbles. Appendix 
K shows t hat t he right-hand side of (28) increases with A (see (K.1)). Thus if a negative 
shock on A hits t he economy, condition (28) is violated and t hen the bubble steady state no 
longer exists. ote t hat (26) can be satisfied even if (28) is not satisfied (see Appendix K 
and Corollary 3) . Thus , t he bubbleless steady state still exists . 

Let us consider the following scenario. Suppose tha at t ime 0, technology level of t he 
economy, A , satisfies condition (28) and t hen the economy is in the bubble steady state. 
At ime t 1 (> 0) an unexpected negative technology shock hits he economy (a decrease 
in A) and t hen condition (28) breaks. Asse bubbles collapse and the economy jumps to 
the bubblcless steady sta e. A t ime t 2 (> t 1) technology level unexpectedly returns to t he 
original level. After time t 2(> t 1 ) he bubbleless economy continues to prevail. 

nder this scenario at t ime t1 , he economy experiences instant declines in capital utiliza­
tion, aggregate consumpt ion and investment , general goods production, GDP, and growth . 
These ins ant declines are caused by two factors. Of course, t he nega ive shock on A itself 
has a negative impact on macroeconomy. In addition, the collapse of bubbles causes t he 
economy to jump to the bubblcless steady state. This means tha asset bubbles amplify t he 
negative impact of he negative echnology shock. 

When A returns to he original level at time t2 macroeconomic performance recovers 
slightly. However , since bubbles no longer exist, he economy remains to show a poorer 
performance than the initial economy. Since grnwth remains lower han t he initial growth 
rate, economic activit ies are depressed fur her in t he long run. Thus, even a temporally 
negative technology shock has permanent negative impacts on macroeconomic performance. 

4 .5 Fundamental shocks without bubbles 

W ithout bubbles changes in fundamentals can not explain some of comovements among 
aggrega e variables. Appendix N shows that in t he bubbleless steady state (i) each of a 
decrease in A, an increase in b, and an increase in CY reduces growth rate 9L but increases t he 
wealth-to-GDP ratio i' L and (ii) an increase in p reduces 9L but increase capital utilization 
(£. These are not surprising results since our model is quite simple. evertheless once asset 
bubbles are allowed, our simple model provides an empirically relevant prediction. 

4 .6 Bubbles and welfare 

The aggrega e capital at ime t is Kt. En repreneur i holds l,;,t units of capital at time 

t where J l,;,tdi = Kt. Appendix O shows t hat in he bubbleless steady state, utility of 

entrepreneur i at time t, WL (ki ,t), is given by 

(31) 

20 



The term - ~;(gL + <5((£)) 2 captures utility loss from investment risks. Na urally, a large CJ 

implies a large ut ility loss. Similarly in t he bubble steady stat e, u ili y of ent repreneur i at 
time t , W*(ki,t) is given by 

(32) 

See Appendix O again. The last t erm represents utility loss of bubbles burst. The term 

- ~; ( 9•1:;~~•) ) 
2 captures utility loss from investment risks and shows that iJ* mitigate t he 

ut ili y loss . Intuit ion is simple. As we discuss just after Proposition u , given Vt asset bubbles 
make entrepreneurs weal hier and then increase ent repreneurs tolerance to inves ment r isks. 

From (31) and (32) we obtain 

From P roposition 8, t he first and second terms are positive. Since asset bubbles mit iga e 

ut ili y loss from investment risks the term (gL + <5((£)) 2 - ( 9•1:
8!~*)) 2 is always positive (see 

Appendix P for a proof) . We obtain he following proposi ion. 25 

P roposition 10 Suppose that both the bubble and bubbleless steady-state equilibria exist and 
that p > 0 is small enough to ensure that g* > 9£- At the moment of a collapse of bubbles 
caused by a sunspot shock, welfare of all entrepreneurs decreases instantly. 

5 Discusssion and Conclusion 

We construct an infinitely-lived agent model of rational bubbles . Even withou borrowing 
constraints, asset bubbles emerge and accelerate long-run growth. If capital utilization is 
endogenized, a burst of bubbles causes an instant contract ion of various economic activities 
as well as a prolonged low grnwth. Since the existing studies on rational bubbles do not fully 
address how t he instan contraction we believe tha our model makes some progTess. 

Still , our model has some shortcomings. We shortly discuss he limitations of t he present 
study and the possible future works. Firs the present study is purely quali ative. T hus, it 
is important to examine t he impac of a burs of bubbles quanti atively. Second, as Mendoza 
and Terrones (2012) show, not all but many of credit booms end with an economic crisis. 
The present study does not address how asset bubbles are related to credit booms. Thus 
incorporating credit frictions into our model would be an important extension . Third no pol­
icy intervent ions are considered in t his study. It is said t hat contract ionary monet ary policy 
might have triggered the asse bubble bust around 1990 in J apan. How policy interventions 
affect the existence of bubbles and he impacts of bubbles would be interesting. Fourth, asset 

25 Appendix Q shows that bubbles improve welfare even if capital utiliza ion is exogenously fixed. 

21 



bubbles might be contagious internationally. Considering effects of bubbles in multi-count ry 
se t ings has to be done. 

Many authors have already ackled t hese issues by using mainly OLG models.26 However , 
since our model is quite simple and fairy close to st andard macroeconomic models t hat arc 
widely used in modern macroeconomic literature, we believe t hat our model would be an 
useful basis for these extensions. 
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Figure 1 

Source: Data on GDP and population come from the Penn World Table 9.l (Feenstra Inklaar, 
and T immer (2015)). Consump ion and investment da a are ob ained from National Ac­
counts data at Penn Word Table 9.1. Data on capi al are obtained from 'rkna" in Penn 
World Table 9.1. This measure of capi al is adjusted for difference in marginal product 
among different ypes of capital and is a proper measure of capital input. Capacity uti­
lization is obtained by Board of Governors of t he Federal Reserves Syst em ( G .17 Industrial 
P roduction and Capacity ut ilization). All of t hese are t he annual data. 
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Appendix 

A B ellman equation and the opt imal b ehavior of an entrepre neur 

In t he bubble economy let us deno e the value function of ent repreneur i wi h wi,t by 
U*(wi,t, t ) . In t he bubbleless econoomy, we have Wi,t = ai,t• T hen U(ai ,t, t ) is t he value 
func ion for t he bubbleless economy. 

Following Stokey (2009, chapter 3) we derive the Bellman equa ions for U*(wi,t t ) and 
U(ai,t, t ) . Consider an infinitesimal short ime in erval of length dt. Since bubbles burst wit h 
probability µdt , t he Bellman equation of an ent repreneur with asset wi,t satisfies 

U*(wi,t, t ) = . max n { (logCi,t)dt 
C;,i ,l, ,i,k,,l ,bi,l 

+ 1 d Et[(l - µdt ) · U*(wi t+dt t + dt) + µdt · U(ai t+dt , d + dt)]} 
1 + p t ' ' 

where the maximization is subject t o Eqs. (7) and (9) . We rearrange the above equat ion by 
using U*(wi,t+dt, t + dt) = U*(wi,t t ) + dU*(wi,t, t ) as follows: 

pU*(wi,t t ) = c;,i,l~ ~ ~ i,bf.i { (1 + pdt) log Ci,t 

[dU*(wi t, t ) ( *( ) ( )) ] } + Et dt ' - µ u Wi,t+dt) t + dt - u ~ .t+dt d + dt . 

Taking a limit of dt ---+ 0 in t he above equation yields 

U*( ) {i EdU*(wi,t, t) [U*( ) U( )] p Wi,t , t = ma:c n n Ci ,t + d - µ Wi ,t t - ai,t, t 
C;,L ,l;,L ,ki,l ,bi ,l t 

Similarly in the bubbleless economy, we have 

{ EdU(ai,t, t ) } 
pU(ai,t, t ) = ~~i In Ci,t + dt s .t (7) and (9) . 

s.t (7) and (9) } . 

(A.1) 

(A.2) 

We guess hat U*(wi,t t) = D *(ln wi,t + u;) and U(ai,t, t ) = D (lnai,t + ut) - T he asset 
holdings Wi,t fo llows a stochastic process wit h a Brownian motion Wi,t• If we use Ito's lemma 
t he functional form of dU*(wi,t, t ) is given by 

dU*(wi,t, t) = D*dwi,t - D* ( dwi,t ) 2 + D*du; . 
wi,t 2 wi,t 

(A.3) 

From (9), (dwi,t)2 is computed as follows 

(dwi,t)2 = h ~,t + 'lptbi,t + (vt - l )h t - Ci,t]2 (dt)2 

+2 frt ai,t + 1Ptbi,t + (vt - l )h t - Ci,t] <YVt l i,tdtdWi,t + (<Yvth tdWi,t)2 

(<Yvth t) 2 dt (A.4) 
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where we use (dt) 2 = 0, dtdWi,t = 0, and (dWi,t) 2 = dt. We substitute (9) and (A.4) into 
(A.3) and t hen ake an expecta ion o obtain 

where the second line uses EtdWi,t = 0. EtdU(ai,t t) is given in t he same manner. 
The Bellman equation in t he bubbleless economy is given by 

U( ) {l . D rtai,t + (vt - l )Ii,t - Ci,t D (CJVtht ) 2 D . } p ai,t, t = max ogCi,t + - -2 -- + Ut . 
c;,i ,l;,i ai,t ai ,t 

(A.6) 

The first-order conditions are given by 

1 D 
Ci,t (A.7) 

(A.8) 

If we use (A.6) , (A.7), and (A.8), we ob ain 

[ ( Vt - l) 2] D ( Vt - l ) 2 
. pD logait +pDu,; =logait - logD+D rt+ -- - 1 - - -- +Du,;. (A.9) 

' ' ClVt 2 ClVt 

Therefore , we obtain 

D 

PUt 

Then we have 

1 
p 

( )2 ( )2 Vt - l 1 Vt - l 
plnp + rt + -- - p - - -- + ut . 

ClVt 2 ClVt 

Ci,t = pai,t 

The transversali y condition is satisfied: 

(A.10) 

(A. 11) 

We next consider t he Bellman equation in the bubbly economy. We distinguish capital 
price in the bubble economy v; from t hat in the bubbleless economy Vt because the exist ence 
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bubble may affect value of capital. If we use U*(wi,t t ) = D* (logwi,t + -U:) and U(ai,t, t ) = 
D (log ai,t + Ut), the Bellman equa ion in t he bubbly economy can be written as 

U*( t ) _ {i + D* rt(wi,t - bi,t) + '1/;tbi,t + (v; - l)h t - Gt,t 
p wi,t) - max n og Gt,t 

c;,t J i ,t,b; ,t wi,t 

D* ( av; h t) 2 D* . * - - -- + u 
2 W·t t i, 

- µ, [ D' (logw,,, + u;) - D (log:; (w,,, - b,,,) + u,)]} (A.12) 

The first line of t he above equation uses vt* kit = wit - bit· The third line uses ai t = vtki t = 
' ' ' ' ' 

Vt(wi,t - bi,t)/v; . 
In the bubble economy, t he first-order condit ions are given by 

1 D* 
(A.13) Gt,t 

Gt,t wi,t 

J. t i, 
v; - l = ( av; ) 2 h t 

wi,t wi,t 
(A.14) 

b-t D*'lj;t - rt = D µ 
(A.15) i, 

wi,t W·t - b·t t, i, 

Let us define Si,t = bi,t/wi,t • From (7) and (A.15) we ob ain 

. D µ 
S·t = 1- ---- = St . 

i, D* 'lj;t - rt 
(A.16) 

Thus, all entrepreneur holds the same frac ion of their wealth as bubbly assets. 
sing (A.13), (A.14), (A. 15) and (A.16) we rewrite (A.12) as 

pD* log wit + pD*u; = logwi t - log D* + D* [rt( l - sit)+ 'lj;tsi t + (v; -1) 
2

] - 1 + D*u; ' ' ' ' av; 

Therefore, we obtain 

- ~ * ( v~~ 1 ) 
2 

- µ [ D* (ln wi,t + u;) - D ( ln :; ( 1 - St )wi,t + Ut;)] . 
(A.17) 

D* (A.18) 

pu; = plnp + 

(A.19) 

The behavior of entrepreneur i is summarized by (10a)- (10e) and t he ransversality con­
di ion holds as (11). Note that in these equations, we do not dis inguish v; from Vt fo r 
simplici y. Substitu ing (10a)- (10e) into (9) yields (10f). 

3 



B P roof of P roposit ion 1 

Consider t he case where there are no risks concerning capital produc ion CJ = 0. From t he 
first-order condi ion for ht , (A.8) or (A.14), we obtain the first equation of (16) . Hence, t he 
capi al price Vt is constant at 1( = 4>-1 ) and Vt = 0. The ra e of return on capital is given by 
the second equation of(16). 

We next show that Bt = 0. If we use Bt = PtM/(vtKt) (12b), and he first equa ion of 
(16), he good market clearing condition (14) can be written as 

It 
A = p(l + Bt) + Kt. (B.1) 

Since It ~ 0, Bt = PtM/(vtf{t) ~ 0 must be bounded above. Suppose that price of bubbly 
asse sis positive, Pt > 0. Then we have 

. ( kt) Bt = VJt - Kt Bt 

= { VJt - A+ p (1 + Bt) + 5} Bt 

= { VJt - Tt + p (1 + Bt)} Bt 
= (µ + p) (1 + Bt) Bt . (B.2) 

The firs line uses Vt = 1, Vt = 0, and 'If; = Pt!Pt· The second line uses (13) and (B.1). The 
third line uses Vt = 1, dvt = 0, and rt = q+v~~ovi . The last line uses Vt = 1, (10b), (10d), and 

µ Vt Kt 1 
--- = 1 - S t = ----
VJt - Tt VtKt + PtM 1 + Bt. 

(B.3) 

Since Bt ~ 0 must be bounded, the solution of (B.2) is Bt = 0. Thus, t here is no bubble 
equilibrium. From Bt = 0 and (B.1), we have It/ Kt = A - p > 0. From (13) and (B.1), we 
obtain the las equation of (16). 

C P roof of P roposit ion 2 

If It > 0, t hen (12c) holds. We subs itute (7) (12b) and (12c) into (14) and the after some 
rearrangemen by using Bt = PtMf (vt Kt), we obtain (17a). 

In the bubble economy Bt > 0, we can derive the dynamics of Bt as follows 
. . 

Bt Pt vt Kt 1 - ½ - = - - - - - = µ(l + Bt) + A½ - --(1 + Bt) -
Bt Pt Vt Kt CJ2 

In he second equality we use (2) (12c) , (13), and (B.3), rt = q+vi-ovi and VJt = Pt/Pt· 
Vt . 

ote t hat in the bubbleless economy, we have Pt = 0, which implies t hat Bt = Bt = 0. 
Then, (176) holds in both the bubble and bubbleless economies. 
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D Proof of Proposition 3 

In he bubbleless economy where B t = B t = 0 holds, (17a) reduces to 

A p _l - ½ 
- ½ - ~ - (D.1) 

From (12c) and ½ = l /vt we know that in t he bubbleless economy, we have It/ K t = 
(1 - ½)/c,2 . T hus if and only if he right -hand of (D. 1) is positive, we have It > 0. In 
addition, we have Ct = pKtf½ . T hus Ct > 0 if and only if½ > 0. We examine a condition 
under which (D.1) has a positive solu ion½ ensuring hat the right -hand of (D.1) is positive. 

The left-hand side of (D.1) increases from zero to A - pas ½ increases from p/A to 1 
(sec Figure Al) . T he right -hand of (D.1) decreases from 1/c,2 to zero as ½ increases from 
zero to 1. Thus, if and only if A - p > 0 (D .1) has a unique solution VL E ( 1 1) ensuring 
t he righ -hand of (D.1) is positive and hence It> 0. 

[Figure Al] 

Substituting (2), Vt = l /VL, and dvt = 0 into rt = (A - vtfl)/vt yields (18b). Since 
VL < l (= VNR) , we have rL < rNR· Substi uting Wt = Vt K t = K tf½ and (12c) into (13) 
yields (18c) . Because of (D.1), we can rewrite (18c) as 

(D.2) 

Since VL < l(= VNR) , we have 9L < 9NR· 

E Proof of Proposition 4 

We first prove t he following lemma. 

Lemma Al Suppose that c, > 0. If and only if 

[ I] 1 I A l - c,(p + µ)2 > ~(p + µ)2 - µ > 0, (E .1) 

there exists a unique bubble steady-state equilibrium where It > 0 holds and ½, Bt, rt, 'tpt, 
and 9t satisfy (20a), (20b) , (20c), (20d), and (20e), respectively. 

P roof: If we assume that B t > 0 ( 17b) and Et = 0 imply 

(E.2) 

Solving (17a) and (E.2) for½ yields V = l ± c,(p + µ) 112 . Note hat if we use (b), (12c) 
can be wri ten as It = (1 - ½)(1 + B t) Ktf c,2 . To ensure It> 0, we must have ½ < 1. Thus, 
(20a) holds. From s = B /(l + B ) and (10d), we obtain (20d). Substit ut ing (20a) into (E .2) 
yields (20b). 

Condi ion (E. 1) implies that 1 > c, (p + µ) 112, which ensures that V * > 0. Condi ion (E.1) 
also ensures t hat B* > 0. T hen, (E. 1) ensures that V * > 0 and B* > 0. 
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Conversely, suppose t hat V* > 0 and B* > 0. Then, V * > 0 implies t hat 1 > CJ (p + µ) 112 . 

Thus B* > 0 implies that condit ion (E.1). 
Since ½ is constant at V *, we obtain (20c) from r = (A - Vt - 8)/vt. Substituting 

Wt = vtKt + PtM = (1 + Bt) Ktf½ and (12c) into (13) yields (20e). Lemma (Al ) is proved. 

• 
ote that (E. 1) implies 

{ I} . 1 (p + µ)2 
CJ < mm 1 , --- • 

(p + µ)2 µ 
(E.3) 

We also have 

1 1 p+ µ 
--~. < . --
(p + µ) 2 (p + µ) 2 µ 

I 
(p + µ)2 

µ 
(E.4) 

CJ < 1/(p + µ) ½ implies t he second inequality of (E. 1). Hence, (E.1) holds if and only if 

1 
(J < I 

(p + µ)2 

[ I] 1 I A l - CJ (p + µ) 2 > ~(p +µ )2 - µ. 

Since CJ > 0, we can rewrite (E.6) as 

Thus, t he following lemma holds. 

(E. 5) 

(E.6) 

(E.7) 

Lemma A2 The bubble steady-state equilibrium exists if and only if (E.5) and (E. 7) hold. 

r ( CJ) has following propert ies: 

I 
r (o) = (p + µ)2 > o, 

( 1 ) p r I = I> 0, 
(p + µ) 2 (p + µ) 2 

r' (CJ) = 2A(p + µ) ½CJ - (A +µ ) 

r' (0) = - ( A + µ) < O 

' ( 
1 

) A r I = - µ 
(p + µ) 2 

(E.8) 

No e tha if A - µ ~ 0, r (CJ) is a decreasing function for CJ E (0, 1/(p + µ)½). Because of 
(E .8), r (CJ) > 0 holds for CJ E (0, 1/(p + µ)½) (see panel (a) of Figure A2). We obtain t he 
following lemma. 
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Lemma A3 Suppose that A - µ ~ 0. Then the bubble steady-state equilibrium does not 
e:cist. 

[Figure A2] 

Equat ion , r (a-) = 0, has real solut ions if and only if 

Note t he following points . 

0 < ( A + µ ) 2 - 4A (p + µ ) ½ (p + µ ) ½ 

= A2 - 2(µ + 2p)A + µ 2 = H (A) (E.9) 

• If H (A) ~ 0, hen r (o ) 2:: 0 holds for all o > 0 because of r (0) > 0. See panel (b) of 
Figure A2. 

• If H (A) > 0 holds r (o ) = 0 has wo solut ion , o1 and o2 . In addit ion, if A > µ 
I I 

holds, we have r 1 (l /(p + µ)2) > 0. Remember t hat r (0) > 0, r (l /(p + µ)2) > 0 and 
r 1(0) < 0. T hus, we have o1 o2 E (0, 1/(p+ µ)½). Besides, r (o ) < 0 for o E (o1 , o2 ) 

and r (o ) 2:: 0 for o (/. (o1 , o2 ) . See panel (c) of F igure A2. 

From t he discussion so far we can prove the next lemma. 

Lemma A4 
(i) If H (A) ~ 0, there is no bubble steady-state equilibrium . 
{ii) If A > µ and H (A) > 0 hold, there are o1 and o2 E (0, 1/(p + µ)½) . If o E (o1 o2 ), 

there exists a bubble steady state. If o (/. (o1 , o2), the bubble steady state does not exist . 

We next examine t he propert ies of H (A). We evalua e H (A ) at A = 0 and A = µ: 

H(O) = µ 2 > 0, 

H (µ ) = - 4pµ < 0. 

Besides, H (A) = 0 has the following solut ions: 

A = µ + 2p + 2{p(µ + p)} 1/ 2 > µ. 

Figure A3 shows t hat graph of H (A). 

[Figure A3] 

We obtain t he following lemma. 

Le mma A5 
(i) If A~µ + 2p + 2{p(µ + p)} 1!2 , then we have either H (A ) ~ 0 or A - µ ~ 0. 
{ii) If A > µ + 2p + 2{p(µ + p)}112 , then we have both H (A) > 0 and A - µ > 0. 

From Lemmas Al- A5, we obtain Proposition 4. 
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F Phase Diagram 

The resource cons raint (17a) can be written as 

A 
1 + Bt = P l -\1, u + g 

Vt a 

A½ 
+ (l -Vi )Vi. 

p a~ 

The righ -hand side increases from zero to A/ p as ½ increases from zero to 1. Since his 
equation represents he resource constraint the economy is always on t his line. We set Bt = 0 
in (176) and t hen solve for 1 + Bt to ob ain 

A½ 
1 + Bt = -1 _~v.~i --

---;;'2 - µ 

The right-hand side in~reases from zero to + . as ½ i!1creases from zero to 1 - µa 2 . In t he 
region above (below) Bt = 0 locus we have Bt > 0 (Bt < 0). The phase diagram is shown 
in Figure 3. The phase diagram shows tha the bubble steady state is uns able whereas t he 
bubbleless one is stable. 

G Existence of bubbles: gL and rL 

This appendix proves t he following proposition . 

Propos ition Al Suppose that a > 0 and that the bubbless steady-state equilibrium exists . 
A bubble steady-state equilibrium exists if and only if r L < gL - µ holds in the bubbless 
steady-state equilibrium. 

(Proof) We first show t hat VL < V * < l(= VNR) holds. Suppose t hat both he bubble and 
bubbleless steady states exist. From (17a) , we have 

p l - VL [ p l - V*] * 
A = VL + a2 = V * + a2 (1 + B ). (G.1) 

Since B* > 0, the above relation implies t hat 

p l - VL p l - V * 
VL + a 2 > V * + a 2 

(G.2) 

Since t he left-hand side decreases with VL , we t hus we have 

(G.3) 

Suppose tha the stochastic bubbly steady state exis s. Then (20a) holds. vVe have 

(20a) {=:::} (1- V * ) 2 
= µ+p, 

a 

(1 - VL) 2 
::::;> > µ+p 

a 

{=:::} 
l - VL 

( ) 2 rL + a - p > rL + µ, 

{=:::} gL > rL + µ . (G.4) 

8 



The second line uses (G .3). In the bubbleless s eady state, Wt(= VtK t) grows at 9L = Kt/ K t. 
If we integrate (10f) using t he foe ha Wi,t and dWi,t are independen , we obtain the last 
line because of St = 0. 

ext, suppose that 9L > rL +µ holds in t he bubbleless steady state. From the second to 
t he last lines of (G.4) we have tha c-/1_, )2 > µ + p. Since VL < 1 there exis s a V such 

that V > VL and 

1 - V A 1 ( A)2 
-a- = µ + p • V = 1 - a (µ+ p)2 = V *. (G.5) 

Since V = V* > VL , we obtain B * > 0 from (G.1) and (G.2). Then, t here exist s t he bubble 
steady s ate. 

H Proof of Proposit ion 5 

We first show t he following lemma. 

Lemma A6 If both the bubble and bubbleless steady states exist we have 

g* < (= )(> )gL ~ CJ (p + µ) 112 < (= )(> )VL. 

(P roof) Irrespective of whether asset bubbles exist or not , (12c) and (17a) hold. We can 
rearrange ( 17 a) as 

A 
(1 -Vi )Vi ' 

a2 +p 

where (½ Bt) = (VL 0) and (½, Bt) = (V*, B *) hold in the bubbleless and bubble economies 
respectively. Then , (12c) can be written as 

It _ 1 - ½ (· B ) _ (1 - ½)½ A - - -- 1 + t - ---------K (J2 a2 (1-Vi)Vi + , 
t a2 P 

where (½, Bt) = (VL, 0) or (½, Bt) = (V *, B *). Since VL E (0, 1) and V * E (0, 1), the above 
equation and (13) show t hat growth rate increases with (1 - ½) ½. Thus, we have 

sign{g* - gL} = sign{ (l - V *)V * - (1 - VL)VL}. 

We have the following relationship: 

sign{g* - gL} = sign {(1 - V *)V* - (1 - VL )VL} 

= sign { a (p + µ)112V * - (V * + a(p + µ )112 - VL )VL} 

= sign { a(p + µ)112 (V* - VL ) - VL(V * - VL ) } 

= sign { [a(p + µ)1/ 2 - VL](V* - VL) } 

= sign { a(p + µ )112 - VL} 

The second line uses V * = 1 - CJ (p + µ )112 . In t he last line, we use V* > VL (see (G.3)). 
Lemma A6 is proved. • 

We next prove the following lemma. 
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Le mma A7 

(J <(= )(>)a' -{:::::::} VL > (= )( <)CI (p + µ )1/2, 

where 

_ - µ + J µ2 + 4A(p + µ) 
CJ = 2A(p + µ )1/2 > 0. (H.1) 

(P roof) Note t hat VL is a positive solution of (D.1). We evaluate both sides of (D.1) at 
½ = CI (p + µ )112. As shown in Figu re A4, we have he fo llowing relat ionship: 

p l - CI (p + µ )1/2 
A - ( )1;2>(= )(<) 2 ' Cip + µ (J 

VL < (= )(>) CI (p + µ) l/2 -{:::::::} 

G(CJ ) = A(p + µ )1/2(J2 + µCJ _ (p + µ )1;2 > (= )( <)0. 

[Figure A4] 

Since G(0) < 0 and G( ) > 0, G(CJ ) = 0 has a unique positive solution a' that is defined 
by (H.1). Then, we have CJ < (= )(>)a' -{:::::::} G(CJ ) < (= )(>)0 -{:::::::} VL > (=)(<)CI (p+ µ)112 . 

Lemma A 7 is proved. • 

T he fo llowing lemma examines whe her a' E (CJ1, CJ2) holds. 

Lemma A8 

if µ + 2p + 2{p(µ + p)}1/2 < A~ 2(µ + 2p) 
if A > 2(µ+2p), 

(P roof) Remember t hat CJ1 and CJ2 are solut ion of r (CJ) = A(p+µ)½ CJ 2 - (A+µ)CI + (p+µ )½ = 0 
and hat r ( CJ ) < 0 holds if and only if CJ E ( CJ 1 , CJ2). Thus t he following relationships holds: 

We evaluat e r (o=) as follows: 

if r (o=) < o 
if r (o=) > o 

r (o=) = A(p + µ )½ o=2 - (A + µ)a= + (p + µ )½ 

= A(p + µ )½ o=2 _ (A+ µ)a=+ A(p + µ )1f2o=2 + µa' 
I 

= o={2A(p + µ)2 o= - A} 

= a= { J µ 2 + 4A(p + µ) - (A+µ )} . 

(H.2) 

The second line uses G(o=) = A(p + µ )1!2o=2 + µa' - (p + µ )1/2 = 0. T he last line uses t he 
defini ion of a', (H.1). Because of a' > 0, we have 

r (o=) < (= )(>)0 -{:::::::} jµ 2 + 4A(p+µ ) < (=)(>)(A + µ) 

-{:::::::} µ2 + 4A(p + µ) < (= )(>)(A + µ )2 

-{::::=} A > (= )( <)2(µ + 2p) 

10 

(H.3) 



Remember t hat a 1 and a 2 exist if A > µ+ 2p + 2{p(µ + p)}112. ote hat 

µ + 2p + 2[p(µ + p)]112 < 2(µ + 2p) (H.4) 

holds because we have 

2(µ + 2p) - {µ + 2p + 2[p(µ + p)j1/2} = µ + 2p - 2[p(µ + p) j1/2 

(µ + 2p)2 _ {2[p(µ + p)jl/2}2 = µ2 > O. 

From (H.2) and (H.3) , a E (a1 a2) holds if A > 2(µ + 2p) , while a i (a1 , a2) holds if 
µ + 2p + 2{p(µ + p)}112 <A~ 2(µ + 2p). Lemma A8 is proved . D 

We finally prove the next lemma. 

Lemma A9 Ifµ + 2p + 2{p(µ + p)}112 < A~ 2(µ + 2p) , we have a~ a 1. 

(P roof) Lemma A8 implies hat a i (a1 , a2). a1 and a2 are solut ions of a quadratic equation 
r (a) = 0 such t hat a 1 < a2 . The quadratic term a 2 of r (a) has a positive coefficien . Thus 
if a i (a1 a2) satisfies r' (a) < (> )0, we have a~ a1 (a 2". a2 ). We evaluate r '(a) a a = a. 

r' (a ) = J µ 2 + 4A(p + µ) - (A+ 2µ). 

We define 

w(A) = (Jµ 2 +4A(p +µ)r - (A +2µ )2 = - A2 +4pA - 3µ 2 . 

r' (a) and w(A) have t he same signs. w(A) has the following propert ies: 

1. The coefficien of A2 in w(A) is negative. 

2. \JI (µ+ 2p + 2{p(µ + p)}1/2 ) = - 4{µ2 + pµ + µ[p(p + µ)]1 /2 } < 0. 

3. \JI' ( µ+ 2p + 2{p(µ + p)}1/2 ) = - 2µ - 4{p(µ + p)} 1/ 2 < 0. 

Thus, we have w(A) < 0 for A E (µ+2p+2{p(µ + p)}112 2(µ+2p)] (see Figure Ao). T hen 
r '(a) < 0 holds, which means a~ a 1 . Lemma A9 is proved. • 

[Figure Ao] 

Ifµ+ 2p + 2{p(µ + p)}112 < A ~ 2(µ + 2p), Lemma A9 indicates that a > a holds for 
a E (a1 , a 2). Lemmas A6 and A7 imply Proposit ion 5 (i) . 

If A > 2(µ + 2p), Lemma A8 implies t hat a E (a 1, a 2) . We ob ain Proposit ion o (ii) from 
Lemmas A6 and A7. 
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I P roof of Proposition 6 

In t he bubbleless steady state where Bt = 0, t he following equation holds from (17a') and 
(25): 

A2V p l - V 
----

6 V a 2 . 
(I.1 ) 

The left-hand side of (I.1) increases from Oto +oo as V increases from .jp5/A to oo. The 
righ -hand side of (I. 1) decrease from 1 / a 2 > 0 to O as V increases from O to 1. Thus, 
(26) ensures that (I.1 ) has a unique posit ive solut ion VL E ( -./pJ / A, 1) . Therefore we have 
½ = VL. Since VL < l , ft > 0. 

Since growth rate is given by (24), we have 

Since (23) holds, we have 

J Proof of Proposition 7 

If we set Bt = 0 in (17b'), we obtain 

If we eliminate Bt from (17a' ) and (J .1) we obtain 

I A 

½ = 1- a(p + µ) 2 = V*(= V* E (0, 1)), 

where V* is given by (20a). Since V* < 1, we have I t> 0. Since (23) holds, we have 

Condition (27) ensures that V* > 0. If we substitute ½ = V* into (J.1 ), we obtain 

Bt = (*(1 + B*) - 1 = B*(> 0). 

(I.2) 

(I.3) 

(J .1) 

(J.2) 

Because of (E.4), condition (27) ensures that 1 + B* > 0. Then , condition (28) ensures that 
B* > 0. Since growth rate is given by (24), we have 

_ 1 - V* ( B*) _ (AV*) 2 = A* 
9t - a 2 1 + 26 - g . 

12 



K P roof of Corollary 3 

We show t hat condit ions (27) and (28) imply condit ion (26). Since O < V * < 1, condit ion 
(28) implies 

fJ < A(1 + B*) = A2 l - a(p + µ )1/2 . 
¾(P + µ )1/2 _ µ 

We can show he following rela ionship: 

sign { ! - 1 - a(p + µ )1/2 } = sign {~ (p + µ )1/2 - µ - p{1 - a(p + µ )1/2}} 
p ¾(p + µ)l/2 _ µ a 

= sign {pa2(p + µ )1/2 + (p + µ )1/2 - a(µ + p)} 

= sign {pa2(p + µ)-1/2 + (p + µ)-1/2 - a} 
> 0. 

(K.1 ) 

(K.2) 

The firs equality holds because t he term ¾(P + µ )112 - µ is positive because of (E.4) and 
condit ion (27). The last inequality holds because of condit ion (27) . The inequalit ies (K.1 ) 
and (K.2), implies fJ < A2 / p , which is equivalent to (26) . Thus, condit ions (27) and (28) 
imply condi ion (26). 

L P roof of P roposition 8 

Proof of (i) : From (17a' ) and (2;:,) we have 

A2 ( p 1 - V) T = y 2 + a2V (1 + B ), (L.1) 

where (V, B ) = (V*, B*) or (VL, EL) - Since B* > 0 t he above equation implies 

The left-hand side decreases wi h V*. Thus, we have V* > V£ . From (I.3) and (J.2) we have 
(* > (£. The weal h-to-GDP ratio can be rewri ten as 

1 +B 1 

p(l + B ) + Itf K t 1-V' 
p + a2 

(L.2) 

where (V, Y ) = (VL YL) or (V*, Y*). The last equality holds because of (12c). Then, Y 
increases wi h V. Since V* > VL, we have T* > f £ . 

Proof of {ii): Since Yi = A (t I<t, we have ~ • > Yi,t if both st eady states have the same level 
of K t. 

We rearrange (L.1 ) as 

l+B 
V 

(L.3) 
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where (V B ) = (V*, B*) or (VL, EL) . Thus, we have 

1 + B A2/J 
Ct = pwt = p-V-Kt = pp_ ~ Kt. 

V + a2 

(L.4) 

The las term increases wit h V . Thus we have 6; > CL,t if both steady states have the same 
level of capital stock. 

The first inequality (29) is proved as follows. From Yt = Ct + It Yt = A(tKt, and (L.4) 
we have 

No e t hat VL is a posit ive solu ion of (I.1 ) tha can be rewritten as 

A(V) = (o-2 A2 + J)V2 - JV - pJo-2 = 0. 

Thus, we have 

~ J + JJ2 + 4pJo-2(a-2A2 + J) J 
VL = 2(o-2A2+J) • o-2A2+J 

as p • 0. Besides we have 

V* = 1 - o-✓p + µ • 1 - o-.Jµ, , as p • 0. 

Thus, both of VL and V* converge to a constant asp • 0. From (L. G), we have 

(L.G) 

(L.6) 

(L .7) 

Since V* > VL , the firs equality of (29) holds if p > 0 is sufficiently small. T hen, t he second 
equality of (29) also holds. 

We cont inue t he proof of t he first inequality (29) . (L. G) shows t hat since V* > VL , we 
have 

As in proof of Lemma A6, because of V* = 1 - o- (p + µ) 112 we have 

Note t hat VL is a positive solut ion of A(V) = (o-2 A2 + J)V2 - JV - pJo-2 = 0. Clearly 
A(0) = - pJo-2 < 0 holds. Thus, we have VL < o-(p + µ) 112 if and only if A (a-(p + µ) 112) > 0, 
which can be rearranged as 

A (a-(p + µ) 112) > 0 {=::::} 2 (o-) = A 2 (p + µ)o-3 + Jµo- - J✓p + µ > 0. 
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Since 3 (0) < 0 and 3' (a ) > 0 hold 3 (a ) = 0 has a unique and posi ive solu ion Q.. Since 
the bubble st eady state exist s condition (27) a < (p + µ)-½, must be satisfied . We evalua e 
3 (a ) at a = (p + µ)- ½. 

1 
3 ((p + µ)- 1/2) = --(A2 - 5p) > 0. 

✓p+µ 

Condit ion (26) ensures the above inequality. Thus, we have 3 (a ) > 0 for a E (Q., (p+ µt 112). 

Therefore, for a E (Q. (p + µ)-112 ) we have Vi < a(p + µ)1/ 2 and hence (1 - V *)V * > 
(1 - VL) V£ . The two inequalities of (29) hold. 
Proof of {iii) : If we use (L.3), the growth rate is written as 

= 1 - V (l B ) _ (AV)2 = 1 - V A 2V/ 5 (AV)2 

9 a 2 + 25 a 2 1!.. + 1- v 25 ' 
V a2 

(L.8) 

where V = VL or V*. Since both of VL and V* converge to a constant as p • 0, we have 

(L.9) 

A A 

where V = VL or V*. We differentiat e the last t erm of the above equation with respect o V: 

8 A2 ( V2) A2 
-- V - - = -(1- V ) > 0 for V < l av 5 2 5 · 

Thus, since 0 < VL < V * < 1 we have (30) for sufficien ly small p > 0. 

M Proof of P roposition 9 

From (L.4) and (L.5), we have 

ans hus 

iL ,t VL (l - VL) Ch,t 

i ; - V*(l - V*) 6; ' 

A A A A h ,t 6 L,t 
(1 - V *)V * > (1 - VL )VL {=::=} - A < - A - • 

I; c; 

(1.10) 

AppendixL shows thatfora E (Q.,(p+µt 112 ) we have (1- V *)V * > (1- VL)V£ . Proposition 
9 is proved . 

Comparative statics in the bubbless steady state 

Since VL is a positive solution of (I.1 ), we _!iave 8V£/8A = - (2AVL )/(A2 +p5/ Vl-j:-5/ a2 )-1 < 
0. The last equality of (L.2) shows that Y L increases with V£. Thus, we have 8Y L/ 8A < 0. 
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We rearrange fJL, (I.2), as 

(N.1) 

The second equality uses (I.1). Since 0 < VL < l , t he last line shows hat 9£ decreases with 
VL. Thus, we have f}f;L/8A > 0. 

From (I.1 ), we have 8V£/8o = A2 -~'"L(oA2 +po2/Vl+o2 /a 2 )-1 > 0. From he last equality 
of (L.2) we have 8Y £/8oA> 0. From the l~t equality of ( .1), we have 89£/80 < 0. 

From (I.1 ) we have 8V£/8a = - 2[(1 - VL)/a3](A2 /o + p/Vl + 1/a2t 1 < 0. We use (I.1 ) 
to rearrange (L.2) as 

A 1 
l L = A 

P + 1-Vi, --;;:r 

1 

YL decreases wi h V£ . Thus, we have 8Y£/8a > 0. Using (I. 1), we rearrange 9£, (I.2) as 

(N.2) 

Then, we have 

(N.3) 

A A - 1 A A 

From (I.1 ), we have 8VL/8p = VL (A2 /o + p/Vl + l/0-2)-1 > 0. Thus, we have 8(L/8p > 
0. From (I.2), we know tha 9£ deceases with V£ . Thus, we have 89£/8p < 0. 

0 D erivation of (31) and (32) 

We first derive (31) and (32). In both t he bubble and bubbleless economies, we have Wt = 
K tf½ + PtM = (1 + Bt) K tf½,. Both ½ and B t are constant in t he s eady state. Thus, in 
the steady state, we have 

(0.1) 

To obtain t he last equality, we aggregate (lOf) over i using the facts that wi,t and dWi,t are 
independent and dWi,t follows a normal distribut ion with zero mean. 

Since 9£ = (1 - VL)/o- 2 - 8((£) holds in the bubbleless economy, we have 

(0.2) 
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From St = 0 (A.10), (A.11), (0.2) and U(G.i ,t, t) = D(log ai,t + Ut) we have 

From (0.1) and (0 .3) we obtain 

pU(ai,t, t) = log pai,t + 1 [9L - ~ { (J (9L + 6((£))} 2] . (0.4) 

We have pai,t = pv/ki,t = (Ch,t/ kt)ki ,t in t he bubbleless steady s ate. Thus, (0.4) is rewritten 
as (31). 

Since g* = (1 - V*)(l + B*)/a2 - 6((*) holds in the bubble steady sate, we have 

1 - V* a(.§* + 6(C*)) 
a 1 + B* 

(0 .5) 

From (A.18), (A.19), (0 .5) and U*(wi,t, t) = D *(logwi,t + u;) , we have 

* A A 1 ..... * A * "'* 1 - V* 
[ ( 

A )2 l pU ( wi,t t) = log wi,t + log p + p r ( 1 - s ) + 'ljJs + a - p 

1 { a (g* + 6((*) ) }2 
- 2P 1 + B* - µ [U*(wi,t, t) - U(CLi,t, t)J. (0.6) 

From (0.1) and (0 .6) , we obtain 

(J g* + J((*) 

r { ( _ A ) }21 
pU*(wi,t, t) = log pwi,t + 1 .§* - ~ 1 + B* - µ [U*(wi,t t) - U(ai ,t t)]. (0.7) 

In he bubble steady sta e, we have 

A 

A* k - C .... * V i,t 
- t A 

v* Kt 

- c:: 
- -A k it · 

Kt ' 
(0.8) 

The second equality uses v*ki,t = (1 - s*)wi,t (see (lOb)), kt = fo1 ki,tdi and Wt = fo1 wi,tdi. 
From (0.7) and (0 .8) , we obtain (32) . 
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P P roof of P roposit ion 10 

From (0.2) and (0 .5), we have 

- " 2 g* + () ( (*) { ( -" )2} 
sign (§L + o((L)) - l + B* = { " 2 " 2} sign (1 - VL) - (1 - V*) . 

Since O < VL < V* < l holds, we have (1 - V£) 2 > (1 - V*)2. 

Q B ubbles and welfare 

This section inves igates how asset bubbles affect welfare of en repreneurs. The ini ial aggre­
ga e capital is K 0 . We assume t hat in both the bubble and bubbleless economies, entrepreneur 
i holds t he same amounts of capital ki,o a ime O where J ki,odi = K 0 . Appendix Q. 1 shows 
that in he bubbleless steady s ate, utility of entrepreneur i at ime O is given by 

(T2 

pWL(kiO) = log ki O + Z (gL) - -2 (gL + o)2, (Q.1) 
' ' p 

where 

Z (g) = log { A - (g + o)} + fl_. 
p 

Z (g) represents u ility from consump ion and its growth . The t erm - ~;(gL + 5)2 captures 
ut ili y loss from investment risks. Naturally a large er implies a large utility loss. Similarly, 
m he bubble stead y sta e, utility of en repreneur i at t ime O is given by 

pW*(ki,o) = log ki ,o + Z (g*) - ; ; ( ~~ +i ) 2 
- µ [W*(ki ,o) - WL (ki,o)] . (Q.2) 

The last term represents ut ili y loss of bubbles burst. T he term - ~; ( f:t~) 2 cap ures utility 
loss from investment risks and shows t hat B * mit igate he utility loss. Intuition is simple. 
As we discuss just after P roposition o, given Vt, asset bubbles make entrepreneurs wealthier 
and hen increase entrepreneurs tolerance to investment risks . 

From (Q.1) and (Q.2), we obtain 

(p + µ, ) [W'(k;,0 ) - WL(k;,0 )] = Z(g') - Z (gL) + ;; { (9L + O)' - ( i/;.) '}. (Q.3) 

The term (gL + o) 2 - ( f:t~ )2 is always positive (see Appendix Q.2), because asset bubbles 
increase entrepreneurs' tolerance to investment r isks and hen have a positive welfare effec . 
The term Z (g*) - Z (gL) can be posit ive or negative depending on parameters of t he model. 
Thus, asse bubbles has a negative welfare effect. However , we can show that t he overall 
welfare effect of bubbles is always posit ive. In sum, asset bubbles have a signi:fican ly large 
posit ive welfare effect because asse bubbles increase entrepreneurs' tolerance o investmen 
risks. We obtain t he following proposit ion . 

P roposition A2 Suppose that both the bubble and bubbleless steady-state equilibrium exist. 
Then, asset bubbles always improve welfare of all entrepreneurs. 

(P roof) See Appendix Q.2. 
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Q.1 D erivat ion of (Q.1) and (Q.2) 

We first derive (Q.1) and (Q.2). In both the bubble and bubbleless economies, we have 
Wt = Ktf½ + PtM = (l + Bt)Ktf½. Both½ and Bt are constant in he st eady stat e. Thus, 
m he st eady st a e, we have 

(Q.4) 

To obtain t he last equality, we aggregat e (10£) over i using t he fact s t hat wi,t and dWi,t are 
independent and dWi,t follows a normal distribut ion with zero mean. 

Since 9L = (l - VL )/a2 - 8 holds in t he bubbleless economy, we have 

(Q.5) 

From St = 0, (A.10) (A.11), (Q.S) and U(°'i ,t , t ) = D (log ai,t + Ut) , we have 

[ ( ) 2 l 1 1 - VL l 2 
pU(ait, t ) = logait + log p + - rL + -- - p - - {a (gL + 8)} . 

' ' p (J 2p 
(Q.6) 

From (Q.4) and (Q.6) we obtain 

pU(aiO, 0) = log paiO + ~ [gL - ~ {a (gL + 8)} 2] . 
' ' p 2 

(Q.7) 

We have pai,o = pv0 ki,o = (C0 / K 0 )ki,o in the bubbleless st eady st a e. From (1), (13) and 
(14), we have 

Co 
Ko = A - (gt + 8), (Q.8) 

in both the bubble and bubbleless economies. Thus, (Q.7) is rewri t en as (Q.1). 
Since g* = (1 - V*)(l + B*)/a2 - 8 holds in the bubble st eady state, we have 

1 - V * a (g* + 8) 
a 1 + B* . 

(Q.9) 

From (A.18), (A.19) (Q.9) and U*(wi,t, t ) = D *(logwi,t + u;) we have 

pU'(w,,,, t) ~ logw,,, + log p + ~ [r'(l -s) + ,j;s + c-a v· r -p l 
1 { a (g* + 8) } 2 * - 2P 1 + B * - µ [U (wi,t, t ) - U(ai,t, t)]. (Q.10) 

From (Q.4) and (Q.10), we obtain 

pU'(w,,0 , 0) ~ log pw,,0 + ~ k-1 { a?~~ ~) } ' ] - µ, [U'(w,,0 , 0) - U(a;,0 , 0)] . (Q.11) 
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In he bubble steady sta e, we have 

Wi ,O 
{}Wi,O = pwo ­

Wo 

= Co voki,o 
voKo 

Co 
= Ko ki ,O· (Q.12) 

The second equality uses voki,o = (1 - so)wi,o (see (lOb)), Ko = f0
1 ki ,odi and wo = f0

1 wi,odi. 
From (Q.8), (Q.1 1) and (Q.12) , we obtain 

(p + µ)U*(wi,o, 0) = log ki,o + Z (9*) - ;; ( f~ +: ) 2 + µWL(ki,o, 0) = (p + µ)W*(ki,o, 0) . 

After rearranging t he above equa ion (Q.2) is derived. 

Q.2 Proof of P roposition A2 

From (Q.5) and (Q.9), we have 

sign { (gL+ O)' - U/;. )'} = sign { {1 - Vi)' - {1 - V') 2 } 

From (G.3), we have VL < V * < 1. Thus (1 - VL) 2 > (1 - V*)2 holds. 

(Q.13) 

We show hat max:{9£ , 9*} < 9NR, where 9NR = A - 6 - p is t he growth rate under a = 0 
(see t he last equation of (16)) . (18c) ensures that 9£ < 9NR· Using (20e), we show 9* < 9NR 
as follows: 

9* = (A-p1;~* )- b 

< ( A - p~*) - b 

< A - p - b = 9N R, (Q.14) 

The first line uses (17a) in (20e) . The second line uses B* > 0. The last line uses V * < 1. 
Function Z (9) has the following propert ies: 

Z' (9) = 9NR - 9 > O 
P(9NR + p - 9) 

for 9 < 9NR , 

Z" ( ) - 1 
9 = ( )2 < 0 9NR + p - 9 

for 9 < 9NR-

We consider t he following two cases; (i) 9* ~ 9£ and (ii) 9* < 9£-

(Q.15) 

(Q.16) 

(i) If 9* ~ 9£ holds, we have Z (9*) ~ Z (9L) because of (Q.14) and (Q.15). Since (1- VL) 2 > 
(1 - V*)2 holds, we have U*(wi,o, 0) > U(ai,o, 0). 
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(ii) If g* < 9£ holds, we have Z(g*) < Z (gL) because of max{gL, g*} < 9NR and (Q.15). 
Furt hermore, since Z (g) is an increase and concave func ion for g < 9NR, we have 

0 < Z (gL) - Z (g*) < Z' (g*)(9L - g*) . 

In addit ion , because of VL < V* (see (G.3)), we have 

(1 - VL)2 - (1 - V*)2 = (1 - VL + 1 - V*) (V* - VL) 

> 2(1 - V*)(V* - VL) -

From (Q.3), (Q.17), and (Q.18), we obt ain 

(p + µ) [U*(wi 0 , 0) - U(ai O 0)] > Z'(g*)(g* - 9£) + _!._2 (1 - V*)(V* - VL )-
, , PCJ 

If we use 9NR = A - o - p and t he first line of (Q.14), we have 

Z' (g*) = ! (1 - P ) = ! (1 - V* ) . 
p A - o - g* p 1 + B* 

(Q.17) 

(Q.18) 

(Q.19) 

(Q.20) 

Using (18c), (20e) and (Q.20), we examine t he sign of t he second line of (Q.19) as follows: 

sign { Z'(g*)(g* - 9L) + p:2 (1 - V*)(V* - VL ) } 

= sign { ( 1 - l :~*) {(1 - V*)( l + B*) - (1 - VL) } + (1 - V*)(V* - VL) } 

= sign { (1 - V*) - VL( l - V*) + (1 - V*) B* - (1 - VL) + V*l(~ -B~L) } 

= sign { (1 - VL)( l - V*) + (1 - V*) B* + (V* - l )( l ~ ~k~ (l - VL)B* } 

_ . { (1 - VL)( l - V*)B* ( V*)B* (1 - VL )B* } - sign ---1 _+_B_* __ + 1 - - _ l_+_B_* -

= sign { (1 - V*) - (l - VL)V* } 
1 +B* 

= sign { (l ~~*) (1 + B*) - (1 - VL )} 

= sign { A CJ (p + ~) ½ - ( 1 - VL) } . 
¾(P + µ )2 - µ 

(Q.21) 

The las line uses (20a) and (20b) . Note t hat the first term in t he last line of (Q.21) increases 
wi h µ . Since µ > 0, we have 

1 

A CI(p + ~ )2 - (1 - VL ) > (J2 (A - 1 - 2VL) 
¾ (p + µ ) 2 - µ (J 

PCJ2 

VL 
> 0. (Q.22) 

The second line uses (D .1). 
From (Q.19) , (Q.21), and (Q.22), we obtain U*(wi,o, 0) > U(ai,o 0). 
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R A variety expansion model 

In our model, we can in erpret capital more broadly. To see his fact , t his sec ion modifies 
the variety expansion model proposed by Barro and Sala-i-mart in (2004) . En repreneurs can 
se up new businesses, including establishment s, which is subject o the idiosyncratic shocks. 
The number of firms in the economy accumulates through entrepreneurial ac ivities. Main 
results obtained in our AK model hold in this variety-expansion model. Thus in our model 
ea.pi a l K , can include not just physical ea.pi a l but also businesses and innovations. 

A general good is produced by using intermediat e goods and labor. Labor is supplied 
inelast ically by workers. Entrepreneurs can creat e new firms and accumulate their own firms. 

P roduction sector: A compe itive general good firm has the following product ion t echnol-
ogy: 1nt 

Y, - ZL0 x1- 0 ( ·)d. t - t t J 'J , 
0 

O<a< l (R.1 ) 

where nt; is t he number of varieties, Lt and Xt(j) represent labor and intermediat e good j 

inpu s, respec ively. Profi -maximizing yields Xt(j ) = [(1 - a) ZJ¾ Ltpf (j )-¾, where pf (j ) 
denot es the price of intermediate good j . See Appendix R.1 for t he deriva ion of he optimal 
behavior of the general and intermediate good firms. 

Each in ermediate good j is produced by a monopolist ically compet itive firm. The pro­
duct ion of one unit of intermediate good requires 77 > 0 unit s of general goods. Profits of 
each intermediat e good is given by 7ft(j) = [pf (j) - 77] Xt(j ). Appendix R.1 shows that from 
the profit maximization problem by firm j , we obtain 

(R.2) 

where we use he labor market condition Lt = L. Thus, 7f is cons ant over t ime. 

Entrepreneurs: Entrepreneurs creat e new firms using their investment projects given by 
dxf':t = Ii,tdt + c, h tdWi,t, where dxf.t denotes the number of newly created firms by en­
trepreneur i . Idiosyncrat ic shocks include risks of st arting a new business. Entrepreneurs 
are t he owners of intermediated goods firms. En repreneur i owns ni,t units of interme­
diate good firms. T he market value of an intermediat e good firm is v[" . Then t otal 

h ld . · f · · · · b N N bn N b h asse s o mgs o entrepreneurs i me given y wi,t = vt ni,t + Pt i,t = ai,t + i ,t , w ere 
aft = v["ni,t · Between t + dt , entrepreneur i receives operat ing profi s from in ermediat es 
goods firms 1ftni,tdt and earns profit income from creating new int ermedia e goods firms 
v[" dx{j - h tdt = (v{j - l )Ii,tdt + c,v[" h tdWi,t• Thus t he budget constraint of entrepreneur 
i at t + dt is as follows: 

(R.3) 

where o E [O , 1] denot es an exogenous destruction rate of an intermediate good firm and 7f 
corresponds o t he rental price q of the AK model presented in chapter 2. The de ailed 
deriva ion of the evolution of wft and optimal plans of entrepreneur i is given by Appendix 
R.2. ' 

Workers: The populat ion size of workers is L. Each worker inelast ically supplies one unit of 
labor and earns wage income. For simplicity, we assume tha he workers are hand-t o-mouth 
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consumers which means hey consume their current income entirely. Then, the aggrega e 
consumption of workers Cf , is given by 

(R.4) 

where Wt denotes the wage rate. The labor market clears as Lt = L. 

Equilibrium: Le us define vt = l /v{! and B{! = PtM/(v{!nt), where B{! denotes the value 
of bubbles relative to t he market value of intermediate goods firms and nt = f0

1 ni,tdi denotes 
the aggregate number of intermediated good firms. Then, t he aggTegate assets holdings is 
given by wf = vf nt + PtM, where we use f0

1 bf.t di = M. We derive the low of mo ion of the 

number of firms as dnt = f0\dxf:t)di - Ontdt = (It - Ont)dt where It is given by (R.21 ). The 
growth rate of economy is as follows 

(R.5) 

The following proposition gives a set of equations tha charnc erizes he bubble and 
bubbleless equilibria in the variety expansion model. 

P roposition A3 Suppose that CJ > 0. Then, the bubble and bubbleless equilibria with It > 0 
are characterized by 

[ p l - V/] N 
n = ½t + (J2 (1 + Bt ), (R.6) 

0 N _ [ ( N) N l - vt ( N)] N Bt - µ l + Bt + 1r ½ - CJ2 1 + Bt Bt , (R.7) 

where 1r is given by (R. 2) . 

P roof: See Appendix R.3. 

Compare (R.6) and (R.7) with (17a) and (176), respectively. If we replace A by 7r in 
(17a) and (176), these two equa ions become equivalent to (R.6) and (R.7) respectively. 
This means t hat if we substitute 7r into A Proposit ions 3-<> and Corollaries 1 and 2 hold even 
in t his variety-expansion model. This fact shows tha in our benchmark AK model, capital 
J{ include not just physical capital but also businesses and innovations. 

R.1 The optimal behavior of production sector 

The profits of the general good firm is given by 7ft = ½- font pf X t(j)dj - wtLt. The first-order 
conditions are given by 

From (R.8) we obtain 

(1 - a) ZLf Xt-a(j) = pf (j), j E [O , nt] 

a ZLf- 1 1 nt Xl -c,(j)dj = Wt. 
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The profi s of intermediat e good firm j is 1ft(j) = [pf (j) - 11] Xt(J) . Intermedia e good firm 
j maxnmzes he profits subject to (R.10 ). Vve can obtain the following equations 

p{ (j) _17_ = px. 
1- a 

(R.11 ) 

[(l - a)2z] ¾ _ 
L = X , 

77 
(R.12) 

where we use Lt = L. From (R.11 ), (R.12) and 7rt(J) = [p{ (j) - 77] Xt(j) we heve (R.2) . 

R .2 The evolution of w{j and optimal behavior of an entrepreneur in variety 
expansion model 

We can derive t he evolution of w{j using t he procedure presented in (9). From wf:t = v{"fii,t+ 
Ptbft, we obtain dw{j = (dv{")ni,t+vf:t(dni,t) +(dPt)bft+Pt(dbft) . Then, (R.3) can be rearrange 
as: 

(R.13) 

where a{" = v{"ni,t and r{"dt = (1rdt + dvfv - ov{"dt)/v{" and we use 't/; = Pt!Pt · 
Entrepreneur i maximizes (3) subject to wf:t = v{"ni,t + Ptb~~t and (R.13). If we replace 

wi,t rt and vi,t by w{j r{" , and v{" in (9) (R.13) are equivalen to (9). By using procedure 
presented in Appendix A, we can derive the opt imal behavior as follows: 

c;,t N pwi,t, (R.14) 
N 

ai,t (1 - St)wt:, (R.15) 

b· t N (R.16) i , St Wi,t, 

{ ~ - ifti ~rf 
in t he bubble economy (pt > 0) 

(R.17) St 
in t he bubbleless economy (pt = 0), 

ht 
v{" - 1 N 

(R.18) - ( av{") 2 wi,t . 

If v{" > 1 t hen Ii,t > 0 holds. The transversality condit ion holds: 

1. E [w{j - pt ] Ill t - e 
t• c;,t 

1 
= lim - e- pt = 0. 

t • p 
(R.19) 

R .3 P roof of P roposition A3 

From (R.14) (R.15), (R.18), and w{" = v{"ni + PtM, aggregate consumpt ion and investment 
are given by 

N 
pwt 
v{" - 1 N 

( N)2Wt · 
O"Vt 
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The market clearing condi ion for general goods is given by 

(R. 22) 

where we use Xt(j) = X from (R.12). Under a compe itive economy, Yt = px X n,; + Wt L 
holds. Then (R.22) can be rewritten as 

PX X n,; + WtL = Ct + c;: + It+ rJ X nt 

{::::::::} (px - 'T/) X nt = Ct + It 
N v{" - 1 N 

{::::::::} 7rnt = fJvJt + ( N)2 wt 
O"Vt 

(R. 23) 

The first line uses Yt = px X ~ + WtL. T he second line uses (R .4). The third line uses 
1r = (px - rJ) X , (R.20), and (R. 21) . Dividing both sides of (R. 23) by~ and t he after some 
rearrangemen by using w{" = v{"nt + PtM ½N = 1/v[" and B{" = PtM/(v{"nt) (R.6) is 
derived . 

The dynamics of asset bubbles is given by J3N tf B{" = ptf pt - vf /v[" - ritf nt, where fit/~ 
given by (R.5) . Using t he procedure presented in t he deriva ion of (17b), (R. 7) is obtained. 

• 
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