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ABSTRACT

We introduce a notion of a chain of Yang-Baxter like operations. This is a sequence of
solutions of an asymmetric variant of the Yang-Baxter equation and is a multi-operator
generalization of (bi)rack/quandles. We discuss knot and link invariants coming from a
chain of Yang-Baxter like operations, and give potential applications. Among them, we
define a cocycle invariant for transverse links.
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1. Introduction
An R-matrix, a solution of the Yang-Baxter equation
(R®id)(id® R)(R®id) = (id® R)(R® id)(id ® R) (1.1)

provides a representation of the braid groups. In many interesting cases it actually
provides an invariant of knots and links. In a braid group representation point of
view, it seems to be natural to study a variant

(R®id)(id ® R)(R®id) = (id® R )(R®id)(id ® R'). (1.2)

which we call an asymmetric variant of the Yang-Bazxter equation. A chain of Yang-
Baater like operations is a sequence R = (R, Ra,...) such that (R;, R;11) is a
solution of (1.2) for each 1.

As biracks and biquandles are related to (virtual) knot diagrams, a chain of
Yang-Baxter like operations is related to closed braid diagrams, more restricted
types of knot diagrams. One of our motivation is the transverse link theory where
a closed braid plays a fundamental role.

We discuss link invariants that come from a chain of Yang-Baxter like operations.
We show that a chain of Yang-Baxter like operations has the following “potential”
applications.

(a) Estimate of the braid index (Theorem 3.7)
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(b) Cocycle invariants for transverse and topological links (Section 4)

Unfortunately, we do not have a truely new and interesting invariant yet, be-
cause, at this time of writing we have no good examples of chain of Yang-Baxter
like operations and their cocycles which are truly different from biracks (although
we have several non-trivial examples of chain of Yang-Baxter like operations). This
is a reason why we say “potential” applications.

This paper can be seen as an exposition of our attempts toward an application
of (bi)quandle theory ideas and techniques in transverse knot theory. We hope that
further investigation will lead to true applications.

2. A chain of Yang-Baxter like operations

Let (C,®, I) be a monoidal category and @ be an object of C. We say that a sequence
R =(Ry,...,R,) of morphisms R; : Q®Q — Q®Q is a chain of pre Yang-Bauter
like operations on @ if for each i =1,...,n — 1, R; and R;y; satisfy the equation

(Ri ®@idy)(idy @ Riy1)(R; ®idy) = (idy ® Rip1)(R; ®@idy)(idy @ Riy1) (2.1)

which we call the asymmetric variant of the Yang-Baxter equation. When R; =
R;11, (2.1) is nothing but a famous Yang-Baxter equation (1.1). We call the length
n of the sequence R, which we allow to be infinite, the length of R.

Definition 2.1. A chain of Yang-Bazter like operations is a chain of pre Yang-
Baxter like operations R such that all of R; are isomorphisms.

For chains of Yang-Baxter like operations R = (Ry,...,R,) and R =
(Ry,...,RN) with n < N, we say that

R is a subchain of R if EZ—H = R,; fori=1,...,n for some j.

R is an extension of R if R; =R, fori = 1,....,n.

R is an infinite extension of R if R is an extension of R having infinite length.
R is extendable if it admits an infinite extension.

An invertible solution of the Yang-Baxter equation, called an R-matriz, gives
rise to a representation of the braid group B,, for arbitrary n. A sequence of Yang-
Baxter like operation shares the similar property as one can immediately see:

Proposition 2.2. Let R = (Ry,...,Ry) be a chain of Yang-Baxter like op-
erations on Q. Then for n < N, the map O r) : Bn — Iso(Q®",Q%")
given by ©(g r)(0;) = id®0V @ R; ® id®" =179 defines a homomorphism. Here
Is0(Q®™, Q%" denotes the group of isomorphisms of Q®™.

In what follows, we will work in familiar monoidal categories, such as,

— Set, the category of sets, where the monoidal structure is given by the direct
product X.
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— R-Mod, the category of R-module for a commutative ring R where the monoidal
structure is given by the tensor product ®.

Remark 2.3. Let V B,, be the virtual braid group, defined by the presentation

0i0i4104 = 0i410i0i41, V;Vi41V; = Vij41V;Vi41

V1, Ut B 21
ViOi41V; = Vi410Vi41, V] =

0,05 = UjO'i7’l)7;’l)]' = ’l)jUi7(Tﬂ)j = ’UjO'i |Z —]| 7é 1
01y---,0n-1
VB, =

Let us use the monoidal category R-Mod. Let T € End(V ® V) be the flip
automorphism given by T(v ® w) = w ® v. When R = Ry = Ry = --- = R,,, the
braid group representation ©q r) extends to a representation of the virtual braid
group by defining © g )(v;) = id®( Y @ T @ id®"=1=9,

On the other hand, when R; # R;1; a chain of Yang-Baxter like operations
do not give rise to a representation of a virtual braid group V' B,, in this manner
because the mixed relation v;0;41v; = v;410;v;41 is not satisfied in general.

Example 2.4 (Non-extendable chain of Yang-Baxter like operations).
Let f: @ — @ be a bijection on a set @, and define R, Rs : @ X Q — @ X Q by

Ri(a,b) = (a, f(b)) and Ra(a,b) = (f(a),b), respectively. Then R = (Ry, R3) is a

chain of Yang-Baxter like operations. R has no extensions unless f is the identity.

Example 2.5 (Chain of Alexander Yang-Baxter like operations).

Let V be an R-module V. Take invertible elements Aq, Ao, ... € R. Also, let us
take an element C € R, which may not be invertible.

Fori=1,...,define R; : VxV — V xV by Ri(a,b) = (\;b,O\; "a+(1—C)b).
Then R = {R;} is a chain of Yang-Baxter like operationson V. If A\ = Ay = --- = A
and C = pAfor p, A € C, then R; = R; for all 4, j and it is nothing but the Alexander
biquandle. We call R a chain of Alexander Yang-Baxter like operations.

Example 2.6 (Local Aut(F),) representation). Let Group be the category of
group, and take the free product  as its monoidal structure. In [6] we studied a chain
of Yang-Baxter like operations on Z which we call a local Aut(F,) representation.
Let Aut(F,) be the group of automorphisms of the rank n free group F,, that is
freely generated by z1,...,z,. We say that a braid group representation © : B, —
Aut(F,) is a local if it has the properties

o [O(0i)|(z;) =x; for j #4,i+ 1.
o [O(c)|({ziy xiy1)) = (@, Tit1). Here (z;,x;41) denotes the rank two free sub-
group generated by z; and x;41.

For example, a classical Artin representation pasin : Bn, — Aut(F),) given by
v, (j=1),
PArtin(03)(75) = 2 (j=i+1),

zj (Otherwise).
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is a local Aut(F,,) representation.

For alocal Aut(F),) representation ©, let R; = Z+Z = (z;)%(x;j41) = Fo — Fp =
(x;) * (xi41) = Z * Z be the restriction of ©(o;) on Z xZ = (x;,2;41) C F,. Then
R ={Riy,...,Rn_1} is a chain of Yang-Baxter like operations on Z. Conversely,
for a chain of Yang-Baxter like operations R on Z, the representation ®% : B,, —
Aut(Z*™) = Aut(F,,) is a local Aut(F;,) representation.

In [6] we classified all the local Aut(F;,) representations. Here is one non-trivial
example: R = {R;}, R; : F5 = (a,b) — F} is defined by

(a=*b7ta,b%a) (i=0 (mod 4))

() R(b)) — (a=tba,a™b?) (i=1 (mod 4))
(Bila), Fu(0)) = (ab~ta"t ab®) (i=2 (mod 4))
(aba=1,b%a~t) (=3 (mod 4))

3. Admissible operations and knot invariants

In this section we take the monoidal caterogy Set and develop a theory of knot
invariants from chains of Yang-Baxter like operations. Our invariant generalize cor-
responding knot invariants coming from (bi)quandles/racks and is designed so that
it can be applied for not only usual links but also transverse links. See Figure 1 for
schematic summary of our invariants.

Chain of Yang-Baxter

(Biyquandle/rack - . .
generalization like operatlons R
counting the
counting the When R is " number of
numberof | Coloring a (bi) quandlelrack Coloring colorings
°°'°””95 invariants invariants | ="~
generallzanon
forgettmg forgetting
welghts T weights
When R is
Cocycle a (bi) quandiefrack Transverse
invariants cocycle invariants
generalization
forgetting state
tat .
S;jn:% L|nks the gontact structure [[ Transverse links ]} sum
up to u .
. . p to conjugacy and
T Res::z\r?eeslster positive stabilizations

Link diagrams > Closed braid /
diagrams

Fig. 1. Summary of invariants from a chain of Yang-Baxter like operations and its relations to
invariants from (bi)quandle/racks
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Let R = (Ry,...,R,—_1) be a chain of Yang-Baxter like operations on a finite set
Q. We denote its associated braid group representation by © g r) : Bn — Bij(Q™),
where Bij(Q™) denotes the group of bijections on Q™. We view each R; : Q x Q —
Q@ x @ as a tuple of binary operations

%, %' Q x Q — @Q defined by R;(a,b) = (a *; b,a x'b). (3.1)

The asymmetric variant of the Yang-Baxter equation (1.2) is equivalent to the
following three relations among the operations *;, x*, ;.1 and ***1: R is a chain of
Yang-Baxter like operations on @ if and only if for each ¢ = 1,2,... and a,b,c € @,
the following three equations are satisfied.

[B] (a*;0b) *i ((a *Z b) #i41€) = ax; (b *i11 C). A
M] (a *i b) *Z ((a ** b) *it1 C) = (a * (b %511 c)) *i1 (bt o).
[T] (a%*b) I (a (b kg1 c)) yit1 (b i+l o).

(See Section 3.3 and Figure 4 for diagrammatic interpretation of these equations).

3.1. Coloring invariants

Definition 3.1. Let R: Q x Q — @ X Q be a bijection which we view as a tuple of
binary operations *r and *f by (3.1). We say that R has the stabilization property
if it satisfies the following:

(Si) For every a,b € Q, a b= b implies a g b = a.
(Sii) For every a € Q, the set F(a) = {b € Q | a %' b = b} is finite and non-empty.
Moreover, its cardinal #F(a) does not depend on a € Q.

We define s(R) = #F(a) (a € Q) and call this number the stabilization number of
R.

Definition 3.2. A chain of Yang-Baxter like operations R is admissible if there is
an infinite extension R of R such that each R; has the stabilization property.

Example 3.3 (Switch, Biquandle [5]).

Let R = (R,R) be a chain of Yang-Baxter like operation of length 2 with
Ry = Ry = R. Such a bijection R: Q x Q — Q x Q is called a switch.

A switch is a birack if for every ¢ € Q, both - ¥gr¢: Q — Q and ¢+%-: Q — Q
are bijections, and a birack is a biquandle if for every ¢ € @ there exists a unique
element s, € @ such that ¢ *Tt Sq = q *r 8¢ = q. Note that the biquandle condition
can be understood as a condition that R satisfies the stabilization property with
s(R) = 1.

For an admissible chain of Yang-Baxter like operations R, we define a general-
ization of coloring number invariant.



May 18, 2018 14:57 WSPC/INSTRUCTION FILE
Chain"YB revised' JKTRstyle

6  Tetsuya Ito

Theorem 3.4. Let K be a knot or link in S®, represented as a closure of an n-braid
B. Let R be an admissible chain of Yang-Baxter like operations of length (n — 1).
Then

#FixOr)(8)  #{a=(q1,--.,q:.) € Q" |Oq.r)(a) = q}
S182° " Sp_1 $182 - Sp_1

€Q
is an invariant of K. Here s; = s(R;) denotes the stabilization indez of R;.

Proof. Take an infinite extension R of R. Since 9( and O (g r) are the same

Q.R)
representations of B,,, we will use © 0R instead O R)-
By Markov Theorem [1], two braids 8 and 8’ represent the same link if and only

if there is a finite sequence of braids
B=po—=Pr— = P=p
such that 8; — B;11 is one of the following two operations.
[Conjugation]: f;,1 = afia™! for a € B,.
[(De)stabilization]: f; € B,,, 8i+1 € Bp+1, and B4 = Biaiﬂ (or its inverse).

The number of fixed points # Fix G(Q ) (8) does not change under the conjugation.
We prove the invariance under positive stabilization. The invariance for negative
stabilization is similar.
Assume that § is an n-braid. For (q1,...,qn,gn+1) € Fix @(Qﬁ)(ﬂan),
(QIa <y Qn, q'n+1) = [Q(Q)ﬁ) (ﬂan)](Qh <y Qn, Qn+1)
= ([@(jS) (ﬁ)](Qh <+ Qn *n Qn+1)7 qn *" Qn+1)

SO Gn *" qn+1 = qn+1. By the stabilization property (Si) this implies ¢, *, gnt1 = Gn-

Thus (q1,-..,qn) € FixO ¢ 5,(B:)-
Let X : Fix G(Q %) (Boy) — Fix G)(Q 7) (8) be the projection map defined by

X(q1a"'7anqn+1) = (qlv"‘7Qn)~
For q = (q1,...,qn) € Fix®5(3) we have
Xﬁl(q) = {(Q17 .- ~aQ7LaQn+1) eqQ" ‘ qn *" dn+1 = Qn+1}~

By the stabilization property (Sii), X is surjective with #X1(q) = s,, for every
q € Fix ®5(3). Therefore #Fix O 4 z) (Bon) = sn(# Fix G(Qﬁ)(ﬂ)) and

# Fix G(Q,ﬁ) (Boy) _ # Fix @(Q,ﬁ)(ﬁ)

S1°Sn S1°Sp—1

as desired. O

Definition 3.5. We call the knot and link invariant # Fix © g »)(s1 - Sp_1) " tin
Theorem 3.4 the (@, R)-coloring invariant, and denote by # Col g r)(¥).




May 18, 2018 14:57 WSPC/INSTRUCTION FILE
Chain"YB revised' JKTRstyle

Chain of biquandle like operations 7

Example 3.6. If (Q, R) is a biquandle, # Col (¢ )(K) is equal to the coloring
number invariant by biquandles.

The coloring invariant # COI(Q,R)(K ) has the following potential application.

Theorem 3.7. Let b(L) be the minimum braid index of L, the minimum number
of strands that is needed to represent L as a closed braid. Then we have

b(L) > min{n | (51 sp—1)# Colg (L) € Z}.

Proof. If L is represented as a closure of an n-braid 8, then #Fix®x(8) =
(51 8p_1)F Col(Q’R)(L) is integer. o

Unfortunately, at this moment we do not have a non-trivial example of admis-
sible chain of Yang-Baxter like operations that demonstrates the non-triviality of
lower bounds of Theorem 3.7.

3.2. Coloring-equivalence for admissible chain of Yang-Baxter like
operations

The proof of Theorem 3.4 shows the (Q, R)-coloring invariant does not depend on
a choice of infinite extension. In particular, it does not depend on the operator
R; for i > b(L). For an admissible chain of Yang-Baxter like operations of infinite
length R and R’, the coloring invariant satisfies W(QR)(L) = W(Qﬁ,) (L) if
R; = R/ for all i < b(L).

Here we study when two different chains of admissible Yang-Baxter like opera-
tions give the same coloring invariant. To describe the solution it is convenient to
consider the following graph I' = I'(Q)) which we call the classification graph (c.f.
[6]). The vertex set of I is the set of all bijections on Q2 that satisfy the stabiliza-
tion property. Two vertices R and R’ are connected by an edge oriented from R to
R’ if (R, R") defines a chain of Yang-Baxter like operations.

There is a one-to-one correspondence between the set of a chain of Yang-Baxter
like operations having the stabilization property, and the set of oriented edge-path
of the classification graph I'. When the oriented edge-path  of I" passes the vertices
R1, Ry, ... in this order, the sequence R, = (R1, Ra,...) is a chain of Yang-Baxter
like operations having stabilization the property. Conversely, a chain of Yang-Baxter
like operations R having the stabilization property gives rise to an oriented edge-
path yg of .

Definition 3.8. We say that two admissible operations R and R’ are elementary
coloring-equivalent if there is an oriented edge-path v of the classification graph I"
that contains both 7z and v/ as its sub-path. We say that R and R’ are coloring-
equivalent, denoted by R ~¢ R/, if there are equivalent under the equivalence
relation generated by elementary coloring-equivalence.
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Theorem 3.9. If R ~c R’ then # Col( (L) = # Col(g g (L) for all link L.

Proof. We show that W(Qﬁ) (L) = W(QR/)(L) if R and R’ are elementary
coloring-equivalent.

Let [ and I’ be the length of R and R’, respectively, Let R be an admissible
chain of Yang-Baxter like operations of infinite length, such that contains both R
and R’ as its subchains. With no loss of generality, we may assume that R, = R;
for i =1,...,1. Take N so that EH_N =R, fori=1,...,0.

Let 8 be an n-braid whose closure is L. Let shy : B, — B,+ny be the N-
shifted embedding defined by shy(o;) = os4n. Let 8’ = Bonopy1 - opyn41 and
B" =0y ---onshy(B). Since 3/ and B” represents the same link L,

# COl(Q,R) (ﬂ/) =# CO](Qﬁ)(ﬁ/) =# CO](Qﬁ) (5”) =# COI(Q,R/)(ﬁ”) o

Thus, if (Q, R) is coloring-equivalent to a birack operation (@, R) then the lower
bound of the braid index in Theorem 3.7 is trivial.

Question 1. Is there a chain of admissible Yang-Baxter like operations that is not
coloring-equivalent to birack operation?

3.3. Braid diagram and (Q,R)-coloring

In this section we give a diagrammatic expression of (Q, R)-coloring.
Let L be a link represented as a closure of an n-braid 5. We fix a word repre-

+1 _+1 +1
1

,05 y...,0.~} and represent

sentative w of S over the standard generators {o o piat]

the braid word w as a diagram. Namely, we express o; as n strings so that the i-th
and (7 4 1)-st strands positively cross (See Figure 2 (i)). By connecting the upper
and lower sides, we get a link diagram D,, that represents L (see Figure 2 (ii)). We
call the diagram D,, the closed braid diagram associated with word w.

It is often convenient to view D,, as a 4-valent graph, equipped with

e the over-under information and at each 4-valent vertex which we call a crossing.
e the orientation on each edge is inherited from the orientation of links.

We call an edge of D,, a semiarc of the diagram D.,,.
£1 we define the indez i(c) by
i(c) = i, and the sign sgn(c) by sgn(c) = +1 (resp. sgn(c) = —1) if the crossing ¢
is positive (resp. negative). At each crossing ¢ we put four edges having ¢ as their
endpoints by RF and L as in Figure 3 (i).

For a crossing ¢ which corresponds to a letter o

Definition 3.10. Let (Q, R) be an admissible chain of Yang-Baxter like operations
of length n. A map C : {semiarcs of D,,} — @ is called a (Q, R)-coloring of the
braid diagram D,, if at each crossing ¢ of D,,, the following relations are satisfied
(see Figure 3 (ii)).

(L R) = (L i) RS Lo ¥ %), (e = sgn(e) € {£1}) (3-2)

c
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(i) o (ii)

1 i—1 4 i+1 i+2 n

oi 1] X

+1

Fig. 2. (i) braid diagram o3"". (ii) link diagram from a braid word w (in the case w = 0102_101_1)

(i) (if)

L R ax;b  ax'b a b
NN
L; RZ a b axb a*'b
i(c) =1 i(c) =1

Fig. 3. (i) four edges (semiarcs) from a vertex (crossing) c. (ii) (Q, R)-coloring.

Let Col(gr)(w) be the set of the all (Q,R)-coloring of D,,. It is routine to
check that

e # Col(g »)(w) does not depend on a choice of word representative w of 3 (so
we will write it as # Col(g r)(83))-

o # COl(Q,R)(ﬂ) = #F1X¢(Q7R) (ﬁ)

For example, the relation [T] [M] and [B] says that the coloring is well-defined
under the braid Reidermeister move 111, 00,410, ¢ 0;4+10,0,4+1: Let us consider
two braid diagrams given by the words ¢;0;110; and 0;410;0;+1. At the top of
the diagram we put the coloring a, b, c. Then according to (3.2) we can extend the
coloring of diagrams to the whole braid diagram. The relation [T] [M] and [B] says
that the coloring at the bottom of the top, middle and bottom strands coincides.

The coloring number invariant # Col (¢ (L) is the number of (Q, R)-coloring
of a closed n-braid diagram divided by s1 -+ - 8,—1.

4. Transverse cocycle invariant

A transverse link is an oriented link S which is positively transverse to the standard
contact structure of S2. Every transverse link is represented by a closed braid, and
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(axib)*; (ax;b)x! o (ax (b*z+10)) (ax’ (brit10))
((ax?b) *;x1¢) ((ax*b) #,01¢)  (ax*b) ¥ Tlc  ax;(bxip1c)  *11(bx*Tlc)  + T bxrtlc)

™ ™
AN AN

ax;b (ax'b) ,+1c (ax'b) xitlc a*l(b*z_,_lc ax?(bx;p1c)  bxitlc
a*;b ax'b b*H»lC bxitlc

™ ™
AN AN

a b c a b c

Fig. 4. Invariance under the relation o;0;410; = 0i410;0i+1

two braids represent the same (transversely isotopic) transverse link if and only if
they are related by conjugations and positive (de)stabilizations 8 < S, (8 € By).
The self-linking number sl(K), the most fundamental invariant of transverse link,
is computed by the Bennequin’s formula

Si(K) =—n+e(p) (4.1)

if K is represented by an n-braid 5. Here e(8) denotes the exponent sum of S.
An invariant of transverse links is classical if it is determined by the underlying
topological link types and the self-linking number. We refer to [4] for basics of
transverse (and Legendrian) knot theory.

Although it is interesting to develop a (co)homology theory of a chain of Yang-
Baxter like operations in full generality (as in [3]), here we simply develop a notion
of 2-cocycle and 2-coboundary which is needed to define the cocycle invariant [2].

For an abelian group A4, set @, and m,l > 0, we denote by Map(Q™, A') the
set of maps from Q™ to Al. We will view F € Map(Q™, A') as a sequence F' =
(f1,-.., fi) of maps f; : Q™ — A.

Let (Q,R) be a chain of Yang-Baxter like operations of length n > 2. For ¢ =
1,2,3, let C*((Q,R); A) be the free abelian group generated by Map(Q*, A"T1).
We define the coboudary maps 6° : C1((Q,R); A) — CHL((Q,R); A) (i =1,2) by

(6'F)i(z,y) = fi(@) + fir1(y) — filz % y) — fiyr(z ' y) (4.2)
(0°®)i(2,y,2) = ¢i(x,y) + Gig1(x +" y, 2) + di(x %3 y, (2 %" y) %111 2) (4.3)
— ¢ir1(y,2) — Gi(@,y *ip1 2) — Pia (@ * (y*ig1 2),y T 2).

By direct computations, one can check §2 o §* = 0. We say that ® € C?((Q,R); A)
is a (2-)cocyle (resp. (2-)coboundary) if ® € Ker 62 (resp. ® € Im dt).
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Definition 4.1. We define the second cohomology group H?((Q,R);A) by
H?((Q,R); A) = Ker 6%/ Tm 6.

Let R be a commutative ring, and let RA be the group ring of A. For s =
> ria; € RA (r; € Rya; € A), we define 5 = Zriazl. We denote the quotient field
of RA by K = K 4. As usual, we will write a group operation on A as mulitplication.

Definition 4.2. Let (Q,R) be an admissible chain of Yang-Baxter like operations
of length n, and ® be its 2-cocycle.

(1) We say that ® is extendable if there is an infinite extension R of R and its
2-cocycle = (&;1’ ...) such that (Ez =¢;fori=1,...,n— 1. We call such a
2-cocycle ® an infinite extension of ®.

(2) We say that ® has the weak stabilization property, if for each i = 1,...,n —1
and a € Q,

Se(a,i) = Y ¢i(a,b) €RA
beF(a)
is non-zero and does not depend on a € Q. Here F(a) = {b € Q |a*'b = b}.
We denote this element by s¥ € RA and call the i-th stabilization factor of ®.
(3) We say that ® has the strong stabilization property if S¢(a,i) does not depend
on both a € Q@ and i € {1,...,n — 1}. We denote this element by s® and call
the stabilization factor of ®.
(4) We say that ® is weakly admissible (resp. strongly admissible) if it admits
an infinite extension having the weak stabilization property (resp. the strong
stabilization property).

Let w be an n-braid word which represents a transverse link K. For a crossing
¢ of the braid diagram D,, and a coloring C' € Col(Q,R) we define the weight
Wa c(c) by

Wa.c(c) = die) (C(RI*E), O(L"e)))ente),

For a weakly admissible 2-cocycle ® we define the transverse cocycle invariant
by the state-sum with some correction term
-1

n(w)—1
Zg " (w) = > T Weclo IT ¢ ek
C€Col(g,r)(w) c:crossing i=1

where n(w) = n denotes the number of strand of the braid w.
Similarly, for a strongly admissible 2-cocycle ® we define the topological cocycle
invariant by

Zfb"f’(w) = Z H W@)C(C) (S<1>)P(w) (Sf{))N(w) cK

CeCol(g,r)(w) c:crossing
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where P(w) = —n(w) — 1sl(w) and N(w) = $sl(w).
Theorem 4.3.

(i) ZE*s(w) is an invariant of a transverse link K (so we denote it by Z¥ " (K)).
(it) Z$P(w) is an invariant of a topological link K (so we denote it by ZgP(K)).
(iii) If [®] = [¥] € H*(Q,R; A) then Z}(K) = Z3(K) (x = trans, top)

(iv) If ® is strongly admissible, then ZE"(K) is classical — if two transverse link
K and K’ are topologically isotopic and has the same sl, then ZJ""$(K) =
Z(%rans (K/) .

Proof. We take infinite extensions R and ® having weak /strong stabilization prop-
erties. By abuse of notations we denote them by the same symbol R and .

We show the invariance under the positive stabilizations since it is routine to
check that Z{*"$(w) does not depend on a choice of the word representative w
and conjugacy. Note that the invariance under the braid Reidemeister move III
(040i410; <> 04410;0;+1) is nothing but the 2-cocycle condition.

Let w be an n-braid word and wo,, be its positive stabilization. For a coloring
C € Col(g,r)(w) of the diagram D,,, let C(C') be the subset of Col(g r)(wo,) which
is an extension of the coloring C'. Namely, C(C) is the set of all colorings of D,
which has the same coloring on the subdiagram from w (see Figure 5). Then we
have a disjoint union decomposition

Col(g r)(wo,) = | | c(0).

CeCol(q,r)(w)

Let ¢* be the crossing of D,,,, that corresponds to the braid letter ¢,. Then
we have

(57 51 25 ()

> > I[[ Wec.(o

CeCol(g,r)(w) CeC(C) \c:crossing of Dy,

> > [T Wacl|Wee, ()

CeCol(g,r)(w) CLeC(C) c:crossing of Dy,
= I Woc ]| X Wecle)
CeCol(g,r)(w) c:crossing of Dy, CLeC(C)

By definition,
Z We,c,(c") = Z &n(Cy(R.), Cy (L))
Cyec(o) CLec(C)

Since C is a coloring of the diagram D,,,, we have

CL(Rf) = Cu(Ly) #" O (Ry) = O (Ry2)
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(see Figure 5). Let us put F'(C) = {b € Q| C1(L_.) *™ b= b}. Then there is a one-
to-one correspondence between the set C(C) and F(C'), given by Cy < C4(R_.).
Therefore by the weak stabilization property we conclude that

ST Wac, (@)= D ou(Ci(Lz),b) = st
CLeC(C) beF(C)

Hence

Zfbrans(wa_n) _ Z H 83(8?...3;{;)—1

CeCol(q,r)(w) \cicrossing of Dy,
__ r7trans
=Zg """ (w).

(ii) is proved similarly. As for the negative stabilization w — wo,, ! we have the
equality of the state-sum part

> I Weclo| = > IIT Waclo 52

CeCol(g,r) (wo, b) cicrossing CeCol(q,r)(w) c:crossing

Since N(w) — N(wo,; ') =1 and P(w) = P(wo,, 1), this shows the invariance under
negative stabilization of Z4* (w).

(iii) follows from the observation that Zg%p(w) = 0 for any braid word w and
F e Map(Q, A™).

Finally, if ® is strongly admissible, then by definition

Zgans (w) _ Z;)Op(w) (Sé)—l—%sl(w) (Sfb)—%sl(w)

hence the transverse cocycle invariant is actually determined by Z4” (w) and sl(w).

Dw Dwa'n

Fig. 5. Closed braid diagram D,,, its positive stabilization D.s,,, and a coloring of Dy, ex-
tending a coloring of D,, near the stabilization crossing c¢*. Here bold line represents (n — 1)
parallel strands.

O

Example 4.4. Let us put A = 1 and R = Z. Then RA 2 Z and K = Q. We
take ® = (¢1,...,) by ¢i(a,b) = 1 for all a,b € Q. This is a strongly admissible
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2-cocycle and the cocycle invariant Zg’p (K) is essentially equal to the coloring
invariant # Col g r)(K).

Again, at this moment we have no useful and new invariants, since we have
no good example of chain of Yang-Baxter like operations and its 2-cocycles which
are truely different from classical one. Also, we do not know an example of weakly
admissible but not strongly admissible cocycle. We close this paper by the following
observation.

Proposition 4.5. If & is weakly admissible then s‘ilg = 5?_15? for all i.

Proof. Let w = oy - "%—201‘—10;1 and w' = oy - --ai_ga;llai be (i + 1)-braid
words. Then w and w’ represent transversely isotopic closed braids so ZE " (w) =
Zkrans(w'). This shows that

(57 s 0) (57 1)(58) = (57 - 5T 0) (s21) (57)- D

Since in RA, 2y = Ty does not imply x = y in general, it may be possible that
we have a weakly admissible 2-cocycle which is not strongly admissible, and, there
is a non-classical transverse cocycle invariant. In particular, it is also an interesting
to explore cocycles of a chain of Yang-Baxter like operations (@, R), even if it is
coloring-equivalent to a birack operation.

Acknowledgement

The content of this paper is based on a talk given in the conference “Self-distributive
system and quandle (co)homology theory in algebra and low-dimensional topology”.
The author thanks to many of its participants for stimulating discussions. This work
was supported by JSPS KAKENHI grant number 15K17540 and 16H02145.

References

[1] J. Birman, Braids, Links, and Mapping Class Groups, Ann. Math. Stud., vol. 82,
Princeton University Press, 1974

[2] J. Carter, D. Jelsovsky, S. Kamada, L. Langford and M. Saito, Quandle cohomology
and state-sum invariants of knotted curves and surfaces, Trans. Amer. Math. Soc. 355
(2003), 3947-3989.

[3] J. Carter, M. Elhamdadi, and M. Saito, Homology theory for the set-theoretic Yang-
Bazter equation and knot invariants from generalizations of quandles, Fund. Math.
184 (2004), 31-54.

[4] J. Etnyre, Legendrian and transversal knots, Handbook of knot theory, 105-185, El-
sevier B. V., Amsterdam, 2005.

[5] R.Fenn and M. Jordan-Santana and L. Kauffman, Biquandles and virtual links, Topol-
ogy Appl. 145 (2004) 157-175.

[6] T. Ito, Actions of the n-strand braid groups on the free group of rank m which are
stmilar to the Artin representation, Quart. J. Math, 66 (2015), 563-581.



