oooooboooooo .
626 O 1987 0 142-156
144

Vector bundles over juaternionic Kahler manifolds
AKEKY B D2 #rag+ ( TaKashi Nithy)

Quaternionic K3hler manifold v &% o holonomy #f
N Spih): Spl) o FIHBf #x 45 Riemahnian
mahifold 2. Ioddcs v 1. Guaternionic
Kshler manifold o vector bundle « #2480
connection t @& L T X nlEG H#f~2 »n BB & 5,

T v B> 13k~ p.
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§1. RE

4 NET o Riemannian manifold  «\ GUaternionic
Kahler & X 2 holonomy ¥+ Spih)- Spl) 2 FpmNgs «
Eri L. o = | oA R Remannian manifold v L 1
Einstein, self-dual 2 #B4% v 5. BFs Mo tangent
bundle TM & frame bundle oV fibre  Sp(n)-Spa) o
Wit »  principd] bundle P Em+s.

£ T Spi) Spl) nRAES L LT . He
ek 35, T Spx Sp o R¥ (= H") ~ o
BAGERc4%. 249 Pwle@ETn1 03,

[ SP(n)Wx Spiy — §o(zm)
(hy, h.) —— Flh,h) : Hj“ — H"
| h
o8 Plid-id)- Pl d) vong
Ker§ = { (id,id), (id,-d)] =~ Z,

Y 4 ) HRHE TR & ')N_gm? = SpmxSp0 /2,
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THs. In§ (= Image of P) & Spin)- Spi «F v k.
Tins ks M-S o R*(2 1) ~ o Rt § x4 3.
PLil~t s, XokdrITSEMEML1FENL, §
o LEAL S s Spinx 5p(h) o ([R"")( (= (H) ~ %Jﬂ
Plas atazn. Spih)x Spi) a & e Spih)- Sp(l) o
ERkEs pevsan@d, L, (=1d,id) (-, -d)])
TERe vt 5B te 5 UFTH. HL 5 tio
TR VEs (~toutin) TFC: ved3. F0a
Sph)- Sp() o (H") AaBKGEBRTH 2.

HE - (HewfH) = Hec H 32 v c TET3.
X320 Falresp. §0) & Sp(n) (resp. 5p(0)
C°(= H")  (resp. C (= H)) ~aoBRGER, 898

SUEn)  on C"=H"
SUER) on C=H)

?‘ 5pln)
99? i Gp (1) C

WV

WV

v3rY, ko xns
?d: = ?ﬂ ®€1

<A, S, T,



145

M= Pxe(R™) , MO Prp ()

(BB  gef,
TM= Pre(R") . TMO- Prpe(C)
‘ ?: ® e'* )red‘ n*,® fl*

3T (0 et BER real formkEb L K.

Guaternionic Kahler manifold 1 twistor space x
firins  COMplex manifold & S (< PC)-bundle
v Lo s xoms ftun. & Spl) (= SUM)
o PCnaBARSMERc LIS, 32, §id)- §1d)
590 tofefe Sph)-Spl) o PCAodFfik BRK
TETAA. 249, SPN ot aéet R Sp)a
F&§ cfERrern. %o Sp-Sp)a PCAa
A& ScEn b2 3.  Guaternionic Kihler
manifold M o twistor space Z cu.

Z = PP Th A,
Galamon (S] Kk §, 1 Zruths otk wh 3% ks
NTvws, Hlad Z ku AR complex structure
wWX5B.  fibre ‘WT\, S" o anti-padal map 4 Zx k
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.z — 7 (T2=id) 43 MAp & Eh 5.
kMo Riemannian manifold ¥ L 7o Scalar curvature
NE 0B 7 g EI,Z* < KEMG}’ manifold Kt 3.

$2. Fllav xo¥ R

UFtn. toRBllErEis. |
“quaternionic Kihler manifold L o vector bundle «
cahonical # connection t BH L 15 B L8~ 5."

Bl Kok 3045 kv kLo canonical ve vs v 5
N z'mtffﬂ THEAA 2, o

£l N+ complex manifold, F Nzt o C*-
Hermitian vector bundle ¥ 42. U %F r o Hermitian
connection x4 28 Va  (I,0)- Cohnection
v, 1o Curvature RY o End F wdid type-(1.1)
form “h»rE, B Y

R" € [ NN_%«AF@D N'TN )
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Fnway, AaBE  (1,0)- connection V ¥+ Huw<F
Er complex structure WAz vxokos v,
to%ekr (1.0)- connection @ complex manifold
Lt o Hermitian vector bundle Kk canonical t
connection T & % .

£#12.  #) otBi kw1, Nt Kihler manifold
«t3. BF%. Kihler form wBE L. Kshler form
TR A D A -
L: AT'N ——  A°TN
thn operator NFE43. @YW otk L o adjoint
A NTN —— NN
%<, %a® V/( (L0)- connection)® FEinstein -
Hermitian connection v 3. # 2@ CcaFEL T

S (deA)RY = cidp € bd F

a8t ws.  FEinstein- Hermitian connection w
A ZF1 o stable vector bundle ¢ R Bk a 5 2 ¢ o\
Bsitnn, Aaovnaghwt  Kihler manifold £ a

Hermitian vector -buﬁle ki Einstein- Hermitian
-6
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connection 4\ canohical # connection T » .

£13 . N'¢ oriented 4% Riemannian manifold
v4%, Xowk x (staroperator) WHE L NT*N'
kX id ti’ﬁkL fFR+5. X o eifen vajue
+ 143 eifenspace ¥ /v v L. €ifeh value -l 43
eigen space « A\ v 43 .

/\2T*NI = /\+ * /\-

xtz. [N M) oa®t selt-dual form, [(NIA)
0Tk anti-self-dual form v w5, % :TF&NEa
metric kH-> vector bundle , V'EFEa metric
connection ¢ 428, Vi celf-dual (resp- anti-
seld- duql) . %X a CUrvature RVI W b F-, valued
self-dual form (resp-  anti- self-dual form) o BF% v o,
+ 5 v self-dual connection , anti- seH-dual
'”O'nhection # 1 Yany - Mills connection r<# 3,

X 5wy Bk self-dual connection, anti- self- dual
connection & oriented 4.2% Riemamian manifold

ta vector bundle k canonicalt connection T A,
N-
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$3. &%

§ 2074 ho stk REEI Lo 8 CUrvature o
TTha. x:7 uaternionic Kahler manifold »
2 form o AN s .

ATM = Prge AR
/??}irﬂ’,’# A X
/\2-\—*M¢ - P x/\’f“¢ /\Zq:lm

T AP N(She )
- [i§le S+ SHT e NS

Wn (fesp W) & € (resp €) £ o symplectic
form x 45, B75 C(resp. C') La Spl) (resp.
SP) FE4 52 form TH A

Wh € /\z?y\* ') CWw = /\z?n* £Y

N-§
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ASe = CWn v NS B &4 5 x.
NS < WneSH* + Nifle S0+ SHe w

tH3, YA ANGcoZRtBRT1H DY, 37 £
real form ¥ 4 > 2 xovxhwnn, S, T,

/f\z 7 = (e Szﬁ*)r&\l * (/\;%T@Szﬁ*)real * (Ste“xe’ w')f€d|

t455., oyt ATMue 320 subbundles
Ny s . A2 Ar, A B xFx

ATM = AL+ AL+ B

Flig., N= | oBu A:= Y7 As: As, Bac Al x
A, %37 E+ quaternionic Kahler manifoldME o
veckor bundle (ks Rze €) v 424. ViEzxo

G- connection ( G u compact Sroup T % o Lie alfebra
t GeZc) v3238 Ve A, (resp.B.) - connection
e, %o curvature R* »  Fe-valued As (resp- B.)-

form aBF £ 5. :N: g % » adjoint bundle(c bndE)
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Ths. #law, N=1aBs A-connection (resp.
B.- connection ) & Self-dual connection (resp. anti-
self-dual connection) ¥ —%+ 5.,

42t ARG GER) « L 1. A.- connection, B -
connection 1 Yang- Mills  connection 354

IF L TR, ANKTF LT 8o Theorem v
PX N1 7.

Theorem | . A.- connection, B.- connection
#£ 1« Yang- Mills connection 7% 2.

# k. B.- connection & A v 1 Vector bundle valued
o elliptic complexnnGE+5. 231 form o B+ 5

9. N(E8T) < AeSf + (Ao S 4R
v, 292030 feal form tHo v dEAB .

8™ = (Ao S8 Ny + (KR0S heal
Xt A, ::mé\ﬁﬁkﬁ\fvi

AT'M= Ac + Be xofg4s.
N- 10
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AT*M Ail;y/fi\”\"’ projection + Pri cE <,

Theorem 2‘ E % Mio) VeCtOY bunCHe -( BJ‘
G- connection V t ¢trxtar. xaBh Xa
seguence 3 elliptic complex v & 5.

0 —AE) & OUETM) S O EeA) S - S501(EeAL) o

I T d-t== (id@Pm-)*’dv vi, Ol )1‘ grum o
2<% shef¥&Ebh+.

Yo elliptic complex ¥ A1 B.- G- Conhection
9 W\oduli §Pc\ce o IT kB~ sNnB. FE & [heorem
2 o8k Mt a vector bundle T B:-G- connection
Viitor4a., BPt. E o frame bundle 1 fibre G
%3 Mzto phncipal bundle Q KR+ nz.

13 T,
Go= Qrimn &, %= Qxy G

t¥A. Eo connection V vy &4 k BRK
comnection V' wAA, [7(M,Ga) 1 Jauge Jroup

y 7

{Era Bi-G- connection |
N-1]
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k connection a%la g vy L fFR4 3.
{Et o B.-G- connection | /T (M, Go)
I 2L R R &

({E £ Bi-G- connection ]

S X

Theorem 3. G« semisimple , Y % irreducible
B,- G- connection cdhr., o, Vo infinitesimal
deformation  ((ie&) Tv ({Era Ba- G- connection ] )

3. o complex oI5t cohomology H' o subspace
1hA. "

/

0-0(%) S AT 2Ol %o A" - ST1(Go Ao
1T ‘JL/:: (0\®PYL+,‘) AV ?u?)i) o

Fhk. Wo || HENPD. pz oM ¢

projection ¥ 45, o
N-12
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Theorem 4. |
1(E,Ve) © Mzt o Hermitian vector bundle E

vith  Hermitian B.- connection V& }

ly* /e

{(F, %) ©+ Z £ o holomorphic Hermitian vector
bundle F with Hermitian (1, 0)~ connection

Vi S.t.
() F e p:Z~>Mafibre £ trvial |,
i) connection Vi & T TF%E I

T Tt 8 section | T“% Lt ©:/ =22 T &4,

Coro”dr/y 5. Hk (M) o scalar curvature
FEolf (:oBa twistor spee Z i Kihler
mahifod Kty 2 ¢ section | T A% L), Theorem$
PR BNk YKt B,

{(E,Ve): Mo Hermitian vector bundle E

with  Hermitian B:- connection Ve |
l p* [ ] ‘ |
HF: VF) P ko hc!omoqhic Hermitian vector buncHeF

with Einstein-Hermitian Connecﬁon% s.t. () i) j :
N-13 |
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8 4. &%

~

o section T, M u# scalar curvature E T

compaet 13, E&Mia Hermitian vector
bundle v <42 ¢ corollary 54

P*{ Hermitian B.- connection on E §

= | Einstein Hermitian connection on P*E
sk (i) Uub g

Th> k. #Himo { | o %o copnection 1 £

W22 20 TwpaT | 972w I X,
{ Einstein Hermitian connection on P'E sit. (i) b}
N

{ Einstein Hermitian connection en PE st ()]

N

{ Einstein Hermitian connection on PEY ¢ # 3.
4N, Hermitian cohnection %z 1wz a1, E o frame
bundle & fibre LJ(F) (F:= rank () # &  principal

pundle Q KER43. QEtZEk HsLu
N~ 14



156

PxQ L P*@ C AN L_HY)P!Q %

U(Y)ﬁm = Q X LD
cL12<a. [(Z Ubp) o ffRv. £a 3-2
LY 9, 1 mdu ii-sPAce v §4., BrS.
[{ Einstein Hermitian connection on P‘*E s.t. (i) N J]
Ny |
({ Einstein Hermitian connection on I'E st. (1] ]
M\

[ Einstein Hermitian connection on PEY] v 4 3.
Itoh , KIMm w1 Bfo (1 V) n HHBE
H> Kihler manifold rtinwbsnivs.
X217, (. & Kahler submanifold k N, &
totally rea| submanifold 1k #5.
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