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Abstract

The worldvolume theory of membrane is mathematically equivalent to three-dimensional

quantum gravity coupled to matter fields corresponding to the target space coordinates of

embedded membrane. We propose a class of models, ”triangle-hinge models”, that generate

three-dimensional random volumes, where each configuration consists of triangles glued to-

gether along multiple hinges. Although most of the diagrams represent configurations which

are not manifolds, we show that the set of possible diagrams can be drastically reduced such

that only (and all of the) three-dimensional manifolds with tetrahedral decompositions ap-

pear, by introducing a color structure and taking an appropriate large-N limit. We further

introduce matter degrees of freedom to the models by coloring simplices in a way that they

have local interactions. We also define unoriented membrane theories in terms of tetrahedral

decompositions, and then realize them as triangle-hinge models.

Triangle-hinge models can be redefined so that they give finite free energies without

changing the original perturbation theory. We study the phase structure of the models nu-

merically, but the restriction of the diagrams to tetrahedral decompositions makes the action

complex-valued, and the complexified model suffers from the sign problem in the large-N

limit. We use the generalized Lefschetz thimble method, which is one of the promising meth-

ods to solve the sign problem. However, this method is known to suffer from a multimodal

problem, and thus we improve it by implementing the parallel tempering method, where the

flow time of an antiholomorphic gradient flow is used as a tempering parameter. We then

study the phase structure of the complexified triangle-hinge model. Our parallel tempering

algorithm works well, but it turns out that a large amount of computational cost is still

required to make a definite statement on the phase structure of the model.

In order to reduce the computational cost, it is generally important to carefully choose

the set of tempering parameters. We define for a given Markov chain Monte Carlo algorithm

a distance between two configurations that quantifies the difficulty of transition in the con-

figuration space. The distance enables us to make the above adjustment in a geometrical

way. We also argue that an anti-de Sitter-like geometry naturally emerges when we consider

highly multimodal action with a large number of degenerate vacua.
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Chapter 1

Introduction

String theory is a strong candidate for a unified theory including quantum gravity. However,

it still does not have a constructive and nonperturbative definition. The main reason is the

lack of our understanding on the real fundamental dynamical variables of string theory. In

fact, since the advent of D-branes and the discovery of string dualities, the idea has widely

spread that the fundamental dynamical variables need not be strings and can be other types

of extended objects.

String theory is mathematically equivalent to the two-dimensional gravity theory, where

the target space coordinates of a string are expressed as scalar fields in the worldsheet. The

roles played by matrix models in noncritical string theory should be suggestive, where the

Feynman diagrams of matrix models are interpreted as triangular (or polygonal) discretiza-

tion of string worldsheets (see [6, 7] for reviews). Furthermore, by introducing the degrees

of freedom corresponding to matter fields on worldsheets or by considering a matrix field

theory, one can define various kinds of string theory in terms of matrix models [8]. The

1/N expansion of matrix models, where N is the size of matrix, corresponds to the genus

expansion of string worldsheets as in [9]. Moreover, the double scaling limit enables us to

study the nonperturbative aspects of string theory [10, 11, 12, 13, 14, 15] as well as their

integrable structure [16, 17, 18].

However, this approach cannot reach to higher-dimensional string theories: Unfortu-

nately there is the obstacle called “c = 1 barrier”, which means that the continuum theory

no longer describes two-dimensional gravity if we consider scalar fields with central charge

c > 1, because a class of diagrams called “branched polymer” have dominant contributions

rather than the diagrams corresponding to smooth two-dimensional surfaces. Because of

this obstacle, this approach cannot give nonperturbative definitions of the string theory in

the target space of more than two dimension.

If we consider a membrane instead of a string, we may be able to define higher-dimensional
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quantum gravity theory nonperturbatively. In the case of matrix models, the collective co-

ordinate of the eigenvalues play the role of a scalar field. This emergence arises from the

difference between the degrees of freedom of the metric of the worldsheet (= 4) and the

dimension of the diffeomorphism (= 3). On the other hand, in the case of membrane theory,

the difference between them (6 and 3 for the three-dimensional worldvolume) suggests that

three-dimensional space can emerge in this approach.

Tensor models [19, 20, 21] or group field theory [22, 23] are natural generalizations of

matrix models to three (and higher) dimensions. For three-dimensional models, the pertur-

bative expansion generates random tetrahedral decompositions of three-dimensional objects.

Unlike the matrix model approach to string theory, however, there are some obstacles: One

is that the randomly generated tetrahedral decompositions are not always manifolds or not

even pseudomanifolds. Another obstacle is that the dynamical variables of these models

are not matrices but rank-three tensors, which do not have such good analytic properties

in contrast to matrices. In particular, tensors cannot be diagonalized as matrices can, and

an analogue of the saddle point method has not been found yet. Recently the situation was

improved by the colored tensor models (see, e.g., [24] for a review). It is shown that the

colored tensor models admit a large-N expansion and the leading contributions represent

higher-dimensional sphere [25, 26]. Moreover, it is claimed that one can take a double scal-

ing limit in the tensor models [27, 28]. Thus, the colored tensor models give a fascinating

formulation of higher dimensional quantum gravity. Nevertheless, the analytic treatment of

tensor models is still not so easy as that of matrix models.

We proposed in a paper [1] a new class of models which generate three-dimensional

random volumes (which we call “triangle–hinge models”), by regarding each random diagram

as a collection of triangles glued together along multiple hinges as in [29]. Our models have

real symmetric matrices as the dynamical variables and are characterized by semisimple

associative algebras A. Although most of the diagrams represent configurations which are

not manifolds,1 we show that the set of possible diagrams can be drastically reduced such that

only (and all of the) three-dimensional manifolds with tetrahedral decompositions appear,

by introducing a color structure and taking an appropriate limit of parameters existing in

the models. Since our models are written with matrices, there should be a chance that

various techniques in matrix models can be applied and the dynamics of random volumes

can be understood more analytically. Furthermore, our models have a novel strong-weak

duality which interchanges the roles of triangles and hinges when A is a matrix ring. This

duality may suggest the analytic solvability of the models.

We gave a general prescription to introduce matter degrees of freedom to triangle–hinge

1By a manifold we always mean a closed combinatorial manifold, which is a collection of tetrahedra

whose faces are identified pairwise and each of whose vertices has a neighborhood homeomorphic to three-

dimensional ball B3. See, e.g., [30] for the rigorous definition.
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models in [2]. This is achieved by setting the defining associative algebra A to be a tensor

product of the form Agrav ⊗ Amat and by modifying the interaction terms appropriately.

The matter fields thus obtained have local interactions, since a colored tetrahedron can

only interact with the neighbors. We can assign colors not only to tetrahedra but also to

simplices of arbitrary dimensions. By this prescription we expect that we can introduce

gauge fields coupled to gravity in the continuum theory. We also gave a prescription to

gauge the orientation of the gluing of tetrahedra in [3]. By regarding each triangle as

representing a propagation of an open membrane of disk topology, we introduce a local

worldvolume parity transformation which inverts the orientation of triangle, and define

unoriented triangle–hinge models by gauging the transformation. Unlike two-dimensional

cases, this local transformation generally relates a manifold to a nonmanifold, but still is a

well-defined manipulation among tetrahedral decompositions.

The free energy of the triangle–hinge models diverges even if we consider the highest

order term of the potential as even. However, we find that we can redefine the model so

that the models give finite free energy without changing the original perturbation series.

This gives us the nonperturbative definition of the model, and thus will give the nonpertur-

bative definition of the membrane theory. Furthermore, this enables us to study the phase

structure of the models by the Monte Carlo simulation. We then perform the Monte Carlo

simulation to a simplified triangle–hinge model, and show that the third-order phase transi-

tion occurs. However, this critical point is quite similar to that of ordinary matrix models,

and this suggests that the continuum theory does not describe three-dimensional gravity.

This would be because we do not restrict the diagrams to tetrahedral decompositions in

the simplified model, and we should study the triangle–hinge models with the restriction.

However, unfortunately, if we restrict the diagram and redefine the models to give finite free

energy simultaneously, the action becomes complex-valued. Therefore we must take care of

the sign problem.

There have been many proposals to circumvent the sign problem. One of the approaches

that are currently under intense study is the use of the integration over Lefschetz thimbles

[31] (see also [32, 33, 34, 35, 36, 37, 38, 39]), which is called the Lefschetz thimble method.

This method suppresses the oscillation of integrand by changing integration manifold to a

set of Lefschetz thimbles, on each of which the imaginary part of action is constant. This

change of variables can be achieved by using an antiholomorphic gradient flow. However,

this method suffers from a multimodal problem which is caused by infiinitely high poten-

tial barriers. Recently, Alexandru et al. [40] made a very interesting proposal to consider

configurations on a manifold that is obtained from the original configuration manifold by a

finite amount of flow time (this method is called the generalized Lefschetz thimble method).

This algorithm made a great success in various models [40, 41], but reducing the amount of

flow time may also reduce the effectiveness against the sign problem, and one does not know
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a priori whether the chosen flow time avoids both the sign problem and the multimodal

problem simultaneously. We proposed in [4], as a versatile tools for Monte Carlo calcula-

tions of models with complex actions, a Lefschetz thimble algorithm where the flow time is

used as an auxiliary variable for the highly multimodal distribution. There, two separated

modes at large flow times (where the sign problem no longer exists) are then connected by

passing through configurations at small flow times (where the original sign problem exists

but the multimodality is expected to be mild). Since the sample average is taken only with

respect to the largest flow time, we need not worry about the sign problem at small flow

times although we take into account configurations there.

We perform the Monte Carlo simulation to the triangle–hinge model with the restriction

to tetrahedral decompositions, by using the generalized Lefschetz thimble method with the

parallel tempering algorithm. Our parallel tempering algorithm works well, but it turns out

that a large amount of computational cost is still required to make a definite statement on

the phase structure of the model.

In order to reduce the computational cost of the tempering method, it is important to

choose the set of tempering parameters. As a first step to obtain a general prescription to

tune the parameters, we introduce in [5] for a given Markov chain Monte Carlo (MCMC)

algorithm a distance between two configurations that quantifies the difficulty of transition

from one configuration to the other configuration. We argue that the distance takes a

universal form for the class of algorithms which generate local moves in the configuration

space. We make explicit calculations of distance for the Langevin algorithm, and show that

it has desired and expected properties as distance which quantifies the extent of separation

between two configurations. We further show that the distance for a multimodal distribution

gets dramatically reduced from a large value by the introduction of a tempering method.

The introduction of such distance opens a way to investigate relaxation processes in an

MCMC algorithm in terms of the geometry of the configuration space itself (which should

not be confused with the geometry of the set of probability distributions). As an example,

we argue that, when the original distribution is highly multimodal with large number of

degenerate vacua, our distance can be regarded as a geodesic distance with respect to an

anti-de Sitter-like (AdS-like) metric. Such a geometrical viewpoint enables us to adjust the

tempering parameter in a purely geometrical way; the adjustment can be carried out by

requiring that the resulting geodesic distance is minimized.

This thesis consists of three parts. Part I is the review of triangle–hinge models. First,

in Chap. 2, we briefly review the matrix model approach to two-dimensional gravity theory,

and tensor models which is an natural generalization of the approach to three-dimensional

gravity. In Chap. 3 we define triangle–hinge models [1]. In Chap. 4, as extensions of the

triangle–hinge models, we explain a the prescription to introduce matter degrees of freedom
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[2], and further define unoriented models [3]. In Part II we make a numerical study of

triangle–hinge models and give a versatile prescription to take care of the sign problem. In

Chap. 5 we make a numerical study of a simplified triangle–hinge models, and show that

there is a third-order critical point. We also argue that this critical point do not corre-

spond to three-dimensional gravity. In Chap. 6, after reviewing the generalized Lefschetz

thimble method [40], we implement the parallel tempering algorithm for this method [4].

We also review a promising approach [42] using the deep learning, although it seems not

to be inefficient in practical use yet. In Chap. 7, as an exercise for the application of the

above method to the triangle–hinge models, we study the one-matrix models with complex

coefficients. There, we find that a new class of solution, which appears only for complex

coefficients, and it actually realizes in some parameter region. In Chap. 8 we study the

triangle–hinge models with the restriction to tetrahedral decompositions. Part III is on a

tool to adjust parameters in MCMC algorithms. In Chap. 9 we define for a given MCMC

algorithm a distance between two configurations that quantifies the difficulty of transition

from one configuration to the other configuration [5]. Chap. 10 is devoted to conclusion and

outlook for future work.
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Chapter 2

Discrete approach to quantum gravity

In Part I, we review our work [1, 2, 3], where we define a class of models which generate

three-dimensional random volumes, and study the extension of the models. In this chapter,

we first review a discretized approach to two-dimensional quantum gravity, and its natural

generalization to three-dimensional quantum gravity.

2.1. Discrete approach to two-dimensional quantum grav-

ity

In this section, we briefly review the idea of the random triangulation of two-dimensional

surface, and its realization by matrix models [8].

The idea of this approach is (roughly speaking) as following: First, we assume that path

integral of metric which appear in two-dimensional quantum gravity is equivalent to sum-

ming up all different “shape” of two-dimensional (closed) surface. Then, if we discretize

two-dimensional surface as triangular decomposition, the discretize version of the path in-

tegral is summing up all different triangular decomposition. So if we construct a model

which generate triangular decomposition dynamically, more specifically, a model where each

Feynman diagram has one-to-one correspondence to a triangular decomposition, the model

with specific Boltzmann weight should describe discretized quantum gravity. We see this

idea and the realization of this idea in Sect. 2.1.1.

These models have a great success due to its analytic properties, especially such that

they can be solved analytically in the large-N limit by using saddle point method. We briefly

see some of analytic properties in Sect. 2.1.2 and in Sect. 2.1.3.
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2.1.1. Random triangulation of two-dimensional surface

In this subsection, we illustrate the idea of random triangulation. In order to do this, we

first discretize the action of two-dimensional Euclidean gravity, and next consider the models

which dynamically generate the Boltzmann weights.

Let us consider the simplest action of string theory

Z =
∑

topologies

∫
[Dgαβ][DX]e−S (2.1.1)

S =
1

4π

∫
d2σ

√
g
(
4λ+ ϕR +

1

α′ g
αβ∂αX∂βX

)
, (2.1.2)

where the summation is taken over all topologies of two-dimensional surfaces. Let us con-

sider the discretization of two-dimensional surfaces by triangular decomposition as in Fig.

2.1. In this discretization, the surface is flat on every face of triangles, and the curvature

Figure 2.1: An example of triangular decompositions of two-dimensional surface.

concentrates at vertices: If qv triangles meet at the vertex v, there is a conical singularity

corresponding to the deficit angle 2π(1− qv/6), and this gives the curvature (as we will see

below). Since the (continuous) path integral corresponding to the metric can be regarded as

the summation over all “shapes” of two-dimensional surfaces, the partition function can be

given as the sum of all different triangular decompositions. The scalar field X(σ) can then

be represented as scalar degrees of freedom assigned on the center of each triangles. The

discretized version of partition function Z can then be given as the sum of all different tri-

angular decompositions with proper Boltzmann weights. The continuum partition function

should be given in the limit a→ 0, where a is the length of a side of triangles.1

The Boltzmann weight with the action (2.1.2) can be rewritten in terms of triangular de-

compositions. Since the first term of the action (2.1.2) represents the area of two-dimensional

surfaces, this corresponds to the number of triangles in a triangular decomposition. Con-

1Although the curvature concentrates at vertices, it can become continuous in the limit since the vertices

distribute enough densely.
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cretely, the first term can be rewritten as∫
d2σ

√
g →

√
3

4
a2 × (# of triangles). (2.1.3)

The second term represents Euler characteristics:

1

4π

∫
d2σ

√
gR = 2(1− h), (2.1.4)

where h is the genus of the surface. Actually, if we consider a parallel displacement of a

vector uα along a circle in Fig. 2.2, the vector u′α after the displacement can be written as

u′
α
= uα − ϵγ1ϵ

δ
2R

α
γδ βu

β

= uα −R α
12 βu

β

⇒ u′
1
+ iu′

2
= eiR1212(u1 + iu2). (2.1.5)

Then the scalar curvature corresponds to the deficit angle as

φv

v′

Figure 2.2: A parallel displacement of a vector around a vertex. The vector uα

moves along the dotted circle, and becomes u′α after the displacement.

R = 2R1212 = 4π(1− qv
6
)δ(2)(σ − σv). (2.1.6)

We can use the relation among the number of the faces, edges and vertices of triangular

decompositions (which we denote as s2, s1 and s0)

s2 − s1 + s0 = 2(1− h)∑
vertex

q = 3s2, s1 =
3

2
s2,

and RHS of (2.1.6) can be rewritten as∑
vertex

4π
(
1− q

6

)
= 4π

(
s0 −

1

2
s2
)
= 8π(1− h), (2.1.7)
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and correctly gives the Euler characteristics. The matter fields can be represented the color

structure of triangles: ∫
d2σ

√
ggαβ∂αX∂βX →

∑
⟨i,j⟩

(Xi −Xj)
2, (2.1.8)

where i, j is the indices of triangles and ⟨i, j⟩ runs over all neighbored triangles. Finally, the

Boltzmann weight e−S can be written as

Z(g0, κ) =
∑
conf.

g
2(h−1)
0 κs2

s2∏
i=1

∫
dXi

∏
<ij>

G(Xi −Xj) (2.1.9)

κ = exp
(
−

√
3a2λ

4π

)
(2.1.10)

G(X) = exp
(
− 1

4πα′X
2
)
. (2.1.11)

This weight can be obtained when we assign the weight on each face, edge and vertex of

triangles, and introduce color structures on triangles.2

As shown in the below briefly, the partition function (2.1.9) corresponds to the free

energy of a matrix model. Let us consider a matrix model:

Z ≡
∫
dMe−NtrV (M) (2.1.12)

V (x) =
1

2
x2 +

λ

3
x3, (2.1.13)

where M is N ×N Hermitian matrix. If we consider a perturbation with respect to λ, the

Feynman rules can be illustrated as

propagator :
a

b

d

c
∼ ⟨M(x)abM(y)cd⟩ =

1

N
e−|x−y|/4πα′

δadδ
c
b (2.1.14)

interaction vertex :
a
b c

d

ef

∼ Nκδcbδ
e
dδ
a
f . (2.1.15)

Since the triangles are glued each other so to align the direction of index lines, the obtained

Feynman diagrams correspond to triangular decompositions of oriented two-dimensional

surface. The power ofN in the Boltzmann weight is the Euler characteristics of the triangular

decomposition: The number of the index loops, the propagator and the interaction vertex,

which give the factor N , 1/N and N , correspond to the number of vertices, edges and faces

of a diagram. Since the power of λ in the Boltzmann weight is the number of triangles,

2Note that we only give a naive correspondence (for example, we do not consider the symmetry factor).
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we can compute the free energy as the sum of all connected diagrams with the Boltzmann

weight λs2N2(1−h), which corresponds to that of two-dimensional gravity (2.1.9) with

1

N
↔ g0 (2.1.16)

λ↔ exp
(√3a2

4π
Λ
)
. (2.1.17)

In this sense, the matrix model (2.1.13) dynamically generates triangular decomposition,

and represents two-dimensional (pure) gravity.3 In the following subsections, we will see the

analytic properties of this model.

2.1.2. Large-N limit

The most important property of this model is that this model can be solved analytically in

the large-N limit. In this subsection, we review the large-N limit of the model.

In Sect. 2.1.1 we discretized two-dimensional surfaces only by triangles. In general we can

decompose the surfaces by polygons, and then we can represent a surface in various ways. In

fact, when we consider polygonal decompositions, the model can have the continuum limit

which corresponds to two-dimensional gravity coupling to matter fields (although unfortu-

nately the continuum theory becomes non-unitary in general). Then, in the following, we

consider the action

Z ≡
∫
dMe−NβtrV (M) (2.1.18)

V (x) =
m∑
n=1

vnx
2n, (2.1.19)

instead of (2.1.13). Here we set v1 = 1/2 for the normalization of the propagator. We

consider only even potentials for simplicity, but in general we can consider odd terms because

the properties of continuum limits only depend on the behavior near critical points.

Let us consider the large-N limit of the model. Since the action (2.1.19) is the trace of a

Hermitian matrix M , the action only depends on the eigenvalues of M . We can decompose

M to the eigenvalues and unitary matrix, and then the partition function can be rewritten

as

Z =

∫ N∏
i=1

dλi|∆(λ)|2e−Nβ
∑N

i=1 V (λi), (2.1.20)

by integrating out the unitary matrix. Here, ∆(λ) ≡
∏

i<j(λi − λj) is Vandermode deter-

minant caused from the measure dM . Now this is the system of eigenvalues with effective

3Matter fields can be introduced by assigning color to triangles, or use polygons not just triangles.
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action

Seff ≡ Nβ

N∑
i=1

V (λi)− 2 log |∆(λ)|, (2.1.21)

and the equation of motion can be derived as

2

N

∑
i ̸=j

1

λi − λj
= βV ′(λi). (2.1.22)

4

When we discuss the large-N limit of the model, it is convenient to introduce the resolvent

ω(z) ≡ 1

N
tr
( 1

z −M

)
=

1

N

∑
i

1

z − λi
. (2.1.23)

We can transform by using EOM (2.1.22) that

β

N

∑
i

V (λi)
′

z − λi
=

2

N2

∑
i̸=j

1

λi − λj

1

z − λi

=
1

N2

∑
i̸=j

1

λi − λj

( 1

z − λi
− 1

z − λj

)
=

1

N2

∑
i̸=j

1

(z − λi)(z − λj)

=
( 1
N

∑
i

1

z − λi
)2 − 1

N2

∑
i

1

(z − λi)2

= w(z)2 +
1

N
w(z)′. (2.1.24)

On the other hand, the LHS can be transformed to βV (z)′w(z) − β
N

∑
i
V (z)′−V (λi)

′

z−λi . Then

we obtain the equation for w(z)

w(z)2 +
1

N
w(z)′ − βV (z)′w(z) +

β2

4
R(z) = 0, (2.1.25)

where β2

4
R(z) ≡ β

N

∑
i
V (z)′−V (λi)

′

z−λi is a polynomial of z. Since the second term of LHS is

subleading in the large-N limit, this equation becomes a quadratic equation

w(z)2 − βV (z)′w(z) +
β2

4
R(z) = 0, (2.1.26)

4Although we can consider the equation of motion for the original action (2.1.19), it is insignificant

because the quantum corrections have the same order of the classical solution, due to the high degree of

freedom of the matrix M .
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and we obtain

w(z) =
β

2

(
V (z)′ −

√
V (z)′2 −R(z)2

)
, (2.1.27)

where the sign is determined by w(z) → 1/z(|z| → ∞). In the large-N limit, the eigenvalues

λi distributes densely, and the resolvent can be written by eigenvalue distribution ρ(λ) as

w(z) =

∫
dλ

ρ(λ)

z − λ
(2.1.28)

β2

4
R(z) = β

∫
dλρ(λ)

V (z)′ − V (λ)′

z − λ
. (2.1.29)

The EOM (2.1.22) now become

2−
∫
dλ′

ρ(λ′)

λ− λ′
= βV (λ)′, (2.1.30)

and by using the equation 1
z±iϵ = P 1

z
∓ iπδ(z) we can obtain the properties of the cut of

w(z)

w(x+ i0) + w(x− i0) = βV (x)′ (2.1.31)

w(x+ i0)− w(x− i0) = −2πiρ(x) (2.1.32)

These equations and the property w(z) → 1/z(|z| → ∞) also lead us to (2.1.27).

We can determine w(z) completely (i.e. determine R(z)) by some assumption for the

eigenvalue distribution. For example, let us consider the case the eigenvalue distributes in

[−a, a]. The property (2.1.32) means that w(z) has a single cut on [−a, a] (the resulting

solution is thus called “one-cut solution”). V (z)′2 −R(z) can be written as M(z)2(z2 − a2)

since this can be negative for z ∈ [−a, a]. Since M(z) is also a polynomial of z we can

determine M(z) and a(β) from w(z) → 1/z(|z| → ∞), but we here give an explicit form of

w(z) as an integral. The simplest one-cut homogeneous solution of (2.1.31) is
√
z2 − a2. By

dividing (2.1.31) by
√
z2 − a2 we obtain

iw(z)√
z2 − a2

∣∣∣∣
z=x+i0

− iw(z)√
z2 − a2

∣∣∣∣
z=x−i0

=
βV (x)′√
a2 − x2

. (2.1.33)

This represents the discontinuity of iw(z)√
z2−a2 on the cut. When we define iw(z)√

z2−a2 =
∫ a
−a dx

σ
z−x ,

we obtain −2πσ(x) = V (x)′√
a2−x2 in the same way for (2.1.32). Then we can transform w(z) as

w(z) =
1

2π

√
z2 − a2

∫ a

−a

dx

z − x

βV (x)′√
a2 − x2

=

∫ a

0

dx

2π

( 1

z − x
− 1

z + x

)
βV (x)′

√
z2 − a2√
a2 − x2

=

∫ a

0

dx

π

βxV (x)′

z2 − x2

√
z2 − a2√
a2 − x2

(2.1.34)

17



By the asymptotic property w(z) → 1/z(|z| → ∞) we obtain

β(a)−1 =

∫ a

0

dx

π

xV (x)′√
a2 − x2

=
m∑
n=1

vna
2n

B(n, 1/2)
, (2.1.35)

where B(x, y) = Γ(x)Γ(y)
Γ(x+y)

.

w(z) can be written as an integral of the coupling constant β. We define

U(A) ≡
∫ √

A

−

dx

π

xV (x)′√
a2 − x2

. (2.1.36)

Here, U(A)|A=a2 = β(a)−1 and by using∫ a2

0

dx

π

xV (x)′√
a2 − x2

=
1

B(2B(n, 1/2))

∫ a2

0

dA
An−1

√
z2 − A

, (2.1.37)

we can rewrite w(z) as

1

β
w(z) =

∫ a

0

dx

π

xV (x)′

z2 − x2

√
z2 − a2√
a2 − x2

=
m∑
n=1

2nvn

∫ a

0

dx

π

x2n

x2 − x2

√
z2 − a2√
a2 − x2

=
m∑
n=1

nvn
B(n, 1/2)

∫ a2

0

dA
An−1

√
z2 − A

=

∫ a2

0

dA
U(A)′√
z2 − A

=

∫ β−1

0

dβ′−1√
z2 − a2(β′)

. (2.1.38)

2.1.3. Orthogonal polynomial method

We close this section by reviewing another analytic method called “orthogonal polynomial

method”, which we use to calculate the partition function of this model analytically.

In orthogonal polynomial method, we consider a series of orthogonal polynomials that

satisfy the following equations:∫ ∞

−∞
dλe−NβV (λ)Pn(λ)Pm(λ) = snδnm, (2.1.39)

where Pn(λ) = λn+· · · is n-th order polynomial, and sn is the norm of Pn. The Vandermonde

determinant ∆(λ) can be rewritten by these polynomials as

∆(λ) = det(λj−1
i ) = det (Pj−1(λi)) . (2.1.40)
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Thus the partition function can be represented as the product of the norm of the polynomials

Z =

∫ ∏
l

dλle
−NβV (λ)

∑
σ1,σ2

(−1)σ1(−1)σ2
∏
k

Pik−1(λk)
∏
j

Pij−1(Pj)

= N !
N−1∏
i=1

si. (2.1.41)

If we define fk ≡ sk/sk−1 and ξ ≡ k/N , and take a large-N limit, ξ becomes continuous in

the limit, and fk becomes a continuous function f(ξ). The free energy can be written in the

limit as

F ≡ 1

N2
logZ =

1

N

∑
k

(1− k

N
) log fk

≃
∫ 1

0

dξ(1− ξ) log f(ξ). (2.1.42)

Let us consider the relation between f(ξ) and β. Since Pn(λ) is orthogonal to any Pi(λ)

(i < n− 1), we can deform

λPn = Pn+1 + rnPn−1. (2.1.43)

Here we used the relation
∫
e−N

βV (λ)dλλPn(λ)
2 = 0, which is established when V (x) is even.

The coefficient rn can be determined as rn = fn by calculating
∫
dλe−NβV (λ)λPn(λ)Pn−1(λ)

in two ways. On the other hand, by using the equation P ′
n = nPn−1 + · · · we can rewrite

nsn−1 =

∫
dλe−NβV (λ)P ′

nPn−1

=

∫
dλe−NβV (λ)(NV ′)PnPn−1 (2.1.44)

where we used partital integral in the last equality. We can also deform by using V (λ)′ =∑m
k=1 2kvkλ

2k−1 and (2.1.43) as∫
dλe−NβV (λ)V (λ)′Pn(λ)Pn−1(λ) =

m∑
k=1

2kvk

∫
dλe−NβV (λ)λ2k−1Pn(λ)Pn−1(λ)

=
m∑
k=1

2kvk(

k︷ ︸︸ ︷
f · · · f · · ·

k︷ ︸︸ ︷
f · · · f︸ ︷︷ ︸

2k−1Ck

)sn−1. (2.1.45)

If we disregard the difference among fks in the large-N limit, we obtain

ξ

β
=

m∑
k=1

2kvk2k−1Ckf(ξ)
k

=
m∑
k=1

vkf(ξ)

B(n, 1/2)

= U
(
f(ξ)

)
. (2.1.46)
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2.2. Natural generalization to three-dimensional grav-

ity: tensor model

In Sect. 2.1 we reviewed the dynamical triangulation, the discretized approach of two-

dimensional gravity. This approach succeed to describes two-dimensional quantum gravity

(i.e. string theory) nonperturbatively, although this is incomplete due to c = 1 barrier.

In this section, we consider a natural generalization of this approach to three-dimensional

gravity.

In three dimension we can decompose three-dimensional volume by tetrahedra. Let us

consider as a starting point Euclidean Einstein-Hilbert action

S = −κ
∫
d3xΛ

∫
d3x

√
g +

√
gR, (2.2.1)

where κ is the surface gravity and λ is a cosmological constant. As is the case with two-

dimensional surface, we decompose three-dimensional volume by tetrahedra, and regard

internal of a tetrahedra to be flat. The first term represents the volume of tetrahedral

decompositions, and then we can discretize this term by the number of tetrahedra s3 as

Λ

∫
d3x

√
g →

√
2a3

12
Λs3. (2.2.2)

The second term represents the curvature of the tetrahedral decomposition, which concen-

trates on edges of tetrahedra: When we consider tetrahedra around an edge as in Fig. 2.3,

the angle θ between two faces of a tetrahedra satisfies cos θ = 1
3
, and the deficit angle around

the edge with q tetrahedra can be given as (2π− θq). As is the case of triangles, we consider
a parallel displacement of a vector v vertical to the edge along infinitesimal loop as in Fig.

2.3, we obtain

v′
µ
= vµ − ϵρ1ϵ

σ
2R

µ
ρσ νv

ν

= vµ − ϵ1ϵ2R
µ

12 νv
ν . (2.2.3)

Thus {
v′1 = v1 − ϵ1ϵ2R1212v

2

v′2 = v2 + ϵ1ϵ2R1212v
1

(2.2.4)

v′1 + iv′2 = eiϵ1ϵ2R1212(v1 + iv2), (2.2.5)

and Rabcd = 0 exept for R1212. Thus we obtain the Ricci scalar

R = 2R1212 =
2

ϵ1ϵ2
(2π − θq) ∼ 4π(1− θq

2π
)δ2(x⊥), (2.2.6)
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θ

a

a

Figure 2.3: A regular tetrahedron with fixed spacing a. The angle θ is a unit of

deficit angles.

ϕ

vv′

Figure 2.4: A parallel displacement of a vector in a tetrahedral decomposition.

The vector v becomes v′ after the displacement along the dotted circle. The

deficit angle is given as ϕ = (2π − 5θ).
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and

4πκ

∫
d3x

√
gR → 4πκ

∑
i

a(1− θqi
2π

), (2.2.7)

where we denote the edges of tetrahedral decomposition as i. Finally, by using the relation

among the number of tetrahedra s3, triangles s2, edges s1 and vertices s0 in a tetrahedral

decomposition of three-dimensional manifold

s2 = 2s3,
∑
i

qi = 6s3

s3 − s2 + s1 − s0 = 0 ,

we can discretize (2.2.1) as

S = −4πκas0 + [

√
2a3

12
Λ− 4πκa(1− 3θ

π
)]s3 (2.2.8)

The free energy can be written as

F =
∑
conf.

1

s
e−S

=
∑
conf.

1

s
(exp(−4πκa))s0 [exp(

√
2a3

12
Λ− 4πκa(1− 3θ

π
))]s3 , (2.2.9)

where the summation is taken over all possible tetrahedral decompositions of three-dimensional

manifolds, and s is the symmetry factor.

This discretized partition function can be represented as the free energy of tensor model

[20][19][21]. In this model, we consider the interaction vertex corresponding to a tetrahedra,

and the propagator which glue them at their faces. For example, we consider the action

[20][19]

S =
M∑

A,B,C=1

1

6
ϕABCϕ

∗
ABC − g

12

M∑
A∼I=1

ϕABCϕADEϕFBEϕFDC , (2.2.10)

where ϕ is a symmetric rank-3 tensor

ϕABC = ϕBCA = ϕCAB (2.2.11)

ϕ∗
ABC = ϕCBA. (2.2.12)

Here we denote the edges of a tetrahedron as A,B,C, · · · . The Feynman rules of this action
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can be given as

propagator :

A

B
C A′

B′
C ′

∼ 1

3
(δAA′δBB′δCC′ + δAB′δBC′δCA′ + δAC′δBA′δCB′)

interactionterm : ∼ gδ · · · δ, (2.2.13)

and the Feynman diagrams can be constructed by gluing them with proper orientation. That

is, if we assign orientation to four faces of a tetrahedron uniformly, two faces are identified

with opposite orientation in the diagram.

In (2.2.11) we consider the model where the indices are assigned to edges. We can also

consider the model where the indices are assigned to vertices [20][21]:

S =
N∑

a,b,c=1

1

6
ϕabcϕ

∗
abc −

g

12

N∑
a∼d=1

ϕabcϕbadϕcbdϕacd, (2.2.14)

where ϕ is again a symmetric rank-3 tensor

ϕabc = ϕbca = ϕcab (2.2.15)

ϕ∗
abc = ϕcba, (2.2.16)

but the indices represent the vertices of a tetrahedron. This model also generates the

diagrams which correspond to tetrahedral decompositions.

In particular, in the model (2.2.14) the free energy can be given as

F = log(

∫
Dϕ exp(−S))

=
∑
conf.

1

s
N s0gs3 . (2.2.17)

This corresponds to the discretized Einstein-Hilbert action (2.2.8) with

exp(−4πκa) ↔ N, exp(

√
2a3

12
Λ− 4πκa(1− 3θ

π
)) ↔ g. (2.2.18)

We thus can regard this model represents discretized three-dimensional gravity.

If we consider the large-N limit of these models, we obtain the nonperturbative definition

of three-dimensional gravity. However, the dynamical variables of these models are rank-3

tensor, which do not have a direct analogy of diagonalization of matrix, and these models

thus do not have such good analytic properties that the matrix models have. In particu-

lar, we cannot apply a steepest descent method to these models because of large quantum

corrections.
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Chapter 3

Triangle–hinge models

In this chapter, we review our models [1] (and a part of [2, 3]) which generate three-

dimensional random volumes. We first show the idea of this model in Sect. 3.1. Next

we define our models and show that the models are characterized by semisimple associative

algebras A in Sect. 3.2. We give the Feynman rules of the models in Sect. 3.3, and discuss

on the strucure of the Boltzmann weight in Sect. 3.4. We then give a few examples of the

Feynman diagrams, and show that some diagrams are not manifolds in Sect. 3.5. we then

consider matrix rings as the defining associative algebras of the models in Sect. 3.6. We

show that such models can be constructed that generate only manifolds as Feynman dia-

grams, by introducing a color structure to the models and letting the associative algebras

have centers whose dimensions play the role of free parameters (to count the number of

vertices) in Sect. 3.7. We can easily see the relation between three-dimensional gravity and

our models in Sect. 3.8. We note a novel strong-weak duality in Sect. 3.9. We also give

another example of semisimple associative algebra in Sect. 3.10. We close this chapter by

noting for the orientability of the diagrams in Sect 3.11.

3.1. Basic idea

In this section, we show the basic idea of our models. We first explain the diagrams we are

concerned with and give the rule to assign a Boltzmann weight to each diagram. We then

write down the action which generates such diagrams as Feynman diagrams.

We want to give a set of diagrams which corresponds to tetrahedral decompositions of

three-dimensional manifolds. Our basic idea is that we consider a set of diagrams, {γ},
consisting of triangles glued together along multiple hinges as in [29], instead of tetrahedra

themselves. In other words, we decompose tetrahedral decompositions to a set of triangles

and a set of multiple hinges (see Fig. 3.1). In order to assign Boltzmann weight to diagram

24



Figure 3.1: Decomposition of a three-dimensional diagram to triangles and hinges

[1].

γ, we assign numbers to triangles and hinges, and give the rule to glue them.

For each edge of a triangle, we draw an arrow and assign an index from a finite set {I}.
We repeat the same procedure for the hinges. We then assign the real numbers CIJK and

YI1...Ik to the indexed triangles and hinges, respectively, as in Fig. 3.2.1 We require that

Figure 3.2: Triangles and hinges [1].

CIJK and YI1...Ik be cyclically symmetric, in order to reflect the symmetries that the original

triangles and hinges have.

Then, we glue the triangles and hinges to reconstruct the original diagram (tetrahedral

decomposition) in such a way that the identified edges have the same index. In doing

this, there may appear the case where the arrows of a triangle and a hinge have opposite

directions, reflecting the fact that there are two types of gluing edges. To treat such cases,

we introduce a tensor T J
I which reverses the direction of an arrow (see Fig. 3.3). Note that

Figure 3.3: Tensor T J
I . It changes the direction of arrow [1].

the tensor T = (T J
I ) should be involutory because the direction of an arrow comes back to

the original one after T J
I is applied twice:

T K
I T J

K = δ J
I . (3.1.1)

1The edges of a triangle will be drawn in solid lines while those of a hinge in dotted lines.
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Furthermore, we postulate the following relations:

T J1
I1

. . . T Jk
Ik

YJ1...Jk = YIk...I1 , (3.1.2)

CLMN T I
L T J

M T K
N = CKJI , (3.1.3)

since a hinge (or a triangle) whose arrows are all flipped is equivalent to a hinge (or a

triangle) with indices in reverse order.

We define the Boltzmann weight w(γ) of diagram γ to be the product of CIJK and YI1...Ik
followed by the summation over the indices on the edges:

w(γ) =
1

S(γ)

∑
{Ie}

∏
f : triangle

CIJK(f)
∏

h: hinge

YI1...Ik(h). (3.1.4)

Here, Ie are the indices on the edges, and S(γ) is the symmetry factor of the diagram. The

indices in CIJK and YI1...Ik are contracted when the corresponding edges are identified (with

T J
I inserted appropriately if necessary).

The above diagrams with the prescribed Boltzmann weights can be generated as Feynman

diagrams from the action2

S[A,B] =
1

2
AIB

I − λ

6
CIJKAIAJAK −

∞∑
k≥2

µk
2k
BI1 · · ·BIkYI1...Ik , (3.1.5)

where the dynamical variables AI and B
I satisfy the relations

AI = T J
I AJ , BI = BJT I

J . (3.1.6)

We have included the coupling constants λ and µk (k ≥ 2) to count the numbers of triangles

and k-hinges, respectively. In order to specify the directions of arrows, the index line will

be a double line by setting index I to be double index I = (i, j).

It may be already clear, but we here explain how the action generates the diagrams

we are concerned with. There are two kinds of interaction terms, one corresponding to

triangles CIJK and the other to k-hinges YI1...Ik (k ≥ 2). The kinetic term (1/2)AIB
I yields

a propagator that glues an edge of a triangle and that of a hinge. Note that two triangles

cannot be glued to each other without an intermediate hinge, and two hinges cannot be

glued to each other without an intermediate triangle. In order to handle the case where

2Note that the 2-hinges (hinges with two edges) have been included as vertices. This means that the

set of the resulting diagrams contain the full set of triangular decompositions of two-dimensional surfaces,

which consist only of triangles and 2-hinges. However, as we discuss in Sect. 3.7.3, the introduction of color

structure can exclude all such diagrams except for a tetrahedral decomposition. The above diagram in fig.

3.1 still survive, but is then interpreted as representing three-sphere S3 obtained by gluing two tetrahedra

face to face.

26



the tensor T J
I needs to be inserted, we should multiply every leg of interaction terms by

the factor δ J
I + T J

I . However, this is equivalent to inserting the projector
(
δ J
I + T J

I

)
/2 in

every propagator, which in turn is equivalent to requiring that the dynamical variables be

invariant under the action of T J
I .

In summary, our model is characterized by the data (CIJK , YI1...Ik , T
J

I ) that satisfy the

constraints (3.1.1)–(3.1.3). In the next section we show that most of the constraints can be

solved by considering semisimple associative algebras.

3.2. Algebraic construction

In this section, we give an algebraic construction of the model data (CIJK , YI1...Ik , T
J

I ) (see

[29] and also [43, 44] for a related idea).

Let R be a real semisimple associative algebra.3 That is, R is a linear space over R with

multiplication (denoted by×) that satisfies the associativity, (B1×B2)×B3 = B1×(B2×B3).

If one introduces a basis {EI} as R =
⊕

I REI , the multiplication is expressed in the form

EI ×EJ = Y K
IJ EK , where the structure constants Y

K
IJ satisfy the relations Y L

IJ Y M
LK =

Y M
IL Y L

JK due to associativity. The k-hinge tensor YI1...Ik can then be constructed from

Y K
IJ as

YI1...Ik ≡ Y Jk
I1J1

Y J1
I2J2

. . . Y
Jk−1

IkJk
. (3.2.1)

It is easy to see that YI1...Ik are cyclically symmetric.4 The two-hinge tensor YIJ is called

the metric of R and will often be denoted by GIJ ; GIJ = YIJ = Y L
IK Y k

JL . It is known

[43] that the associative algebra R is semisimple (i.e., isomorphic to a direct sum of matrix

rings) if and only if G = (GIJ) has its inverse G−1 ≡ (GIJ). The constraints (3.1.1) and

(3.1.2) can be solved if there exists an involutory anti automorphism T : R → R. In fact,

the coefficients T J
I in T (EI) = T J

I EJ satisfies (3.1.1) when T is involutory. Furthermore,

when T is an antiautomorphism: T (EJ × EI) = T (EI) × T (EJ), we have the relations

T K
I T L

J Y N
KL = Y M

JI T N
M , which ensure (3.1.2) to hold.

Such an antiautomorphism can be naturally constructed when we set the index I to be

a double index I = (i, j) (i, j = 1, . . . , N) in order to assign arrows to the edges of triangles

and hinges. To see this, we let R take the form

R = A⊗ Ā, (3.2.2)

3The following construction does not involve the operation of complex conjugation and thus can be

readily generalized to associative algebras over the complex field.
4The k-hinge tensor can also be expressed as YI1...IK = TrR

(
Ereg

I1
· · ·Ereg

Ik

)
, where Ereg

I are the represen-

tation matrix of the basis {EI} in the regular representation of R; Ereg
I =

(
(Ereg

I )JK = Y J
IK

)
[43].
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where A and Ā are linear spaces of the same dimension N . In orfer for concrete description,

we fix an isomorphism from A to Ā and denote it by σ.5 We assume that A is a semisimple

associative algebra with multiplication ×. We introduce a multiplication (also denoted by

×) to Ā such that σ : A → Ā is an algebra anti automorphism, σ(a × b) = σ(b) × σ(a)

(∀a, b ∈ A).6 Then R = A ⊗ Ā naturally becomes an associative algebra as the tensor

product of two associative algebras. The antiautomorphism T : R → R now can be defined

such as to map an element B =
∑
b⊗ b̄ ∈ R to

T (B) =
∑

T (b⊗ b̄) ≡
∑

σ−1(b̄)⊗ σ(b). (3.2.3)

One can easily show that T is certainly an antiautomorphism. We thus find that the con-

straints (3.1.1) and (3.1.2) can be solved by giving an associative algebra A.

Note thatR can also be thought of as the set of algebra endomorphisms ofA by regarding

Ā as the dual linear space of A :

R = A⊗ Ā = EndA. (3.2.4)

One then can also define an antiautomorphism T̄ for the dual of R, R̄ ≡ Ā ⊗ A, such that

the following relation holds:

⟨ T̄ (A), T (B)⟩ = ⟨A, B⟩ (∀A ∈ R̄, ∀B ∈ R), (3.2.5)

where ⟨ , ⟩ is the paring between R̄ (the dual of R) and R.

We rephrase the above construction in terms of the bases {ei} and {ēi} of A and Ā :

A =
N⊕
i=1

R ei, Ā =
N⊕
i=1

R ēi. (3.2.6)

We first represent the isomorphism σ as

σ(ei) = σij ē
j, σ−1(ēi) = σij ej, (3.2.7)

and write the structure constants of the multiplication on A as ei×ej = y k
ij ek. Then those of

Ā (appearing in ēi×ēj = ȳijkē
k) are determined from the requirement of antihomomorphism,

σ(ei × ej) = σ(ej)× σ(ei), to be

ȳijk = σilσjmy n
ml σnk. (3.2.8)

If we take the basis of R to be EI = E j
i = ei ⊗ ēj, then the structure constants Y I3

I1I2
are

given by

Y I3
I1I2

= Y j1
i1

j2
i2

i3
j3
= y i3

i1i2
ȳj1j2j3 , (3.2.9)

5σ can be taken arbitrarily because it can be absorbed into an automorphism of A or Ā.
6Such multiplication exists uniquely for a given σ (see (3.2.8)).
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from which the k-hinge tensor is given by

YI1...Ik = Y j1
i1

· · · jk
ik

= yi1...ik ȳ
j1...jk (3.2.10)

with

yi1...ik ≡ y jk
i1j1

y j1
i2j2

. . . y
jk−1

ikjk
, (3.2.11)

ȳi1...ik ≡ ȳi1j1jk ȳ
i2j2

j1
. . . ȳikjkjk−1

= σi1j1 · · ·σikjkyjk...j1 . (3.2.12)

In particular, the metric of R takes the form

GI1I2 = Gi1
j1
i2
j2 = gi1i2 ḡ

j1j2 , (3.2.13)

where gi1i2 and ḡj1j2 are the metrics of A and Ā, respectively; gi1i2 ≡ y ℓ
i1k

y k
i2ℓ

, ḡj1j2 =

ȳj1kℓ ȳ
j2ℓ
k.

7 We easily see that R is semisimple if A is, because GI1I2 has its inverse when

gi1i2 does (and so does ḡj1j2).

The antiautomorphism T J
I is now expressed as T (ei⊗ ēj) ≡ σ−1(ēj)⊗σ(ei) = σjkσil ek⊗

ēl, that is,

T I2
I1

= T j1
i1

i2
j2
= σi1j2 σ

j1i2 . (3.2.14)

For the dual algebra R̄ = Ā ⊗ A, regarding {ēi} as the dual basis of {ei}, we set a basis

of R̄ to be ĒI = Ēi
j = ēi ⊗ ej, which leads to the pairing ⟨ĒI1 , EI2⟩ = δi1i2 δ

j2
j1
. Then the

antiautomorphism T̄ on R̄ is expressed as T̄ (ĒI) ≡ ĒJ(T−1) I
J = ĒJT I

J .

The dynamical variables AI and B
I in (3.1.5) can be regarded as elements of R̄ and R,

respectively:

A = AIĒ
I = A j

i ē
i ⊗ ej ∈ R̄, B = BIEI = Bi

j ei ⊗ ēj ∈ R. (3.2.15)

The condition (3.1.6) is then expressed as T̄ (A) = A, T (B) = B. With these double indices,

the action (3.1.5) is written as

S =
1

2
A j
i B

i
j −

λ

6
Ci k m

j l nA
j
i A

l
k A

n
m −

∑
k≥2

µk
2k
Bi1

j1
. . . Bik

jk
yi1...ik ȳ

j1...jk , (3.2.16)

where the tensor C i k m
j l n is arbitrary as long as it satisfies the condition (3.1.3). It is often

convenient to use Aij ≡ σjkA
k
i , B

ij ≡ Bi
kσ

kj, and C ijklmn ≡ Ci k m
j′ l′ n′σj

′jσl
′lσn

′n. Then the

conditions (3.1.3) and (3.1.6) can be rewritten to the form where σ does not appear:

Cijklmn = Cnmlkji, (3.2.17)

Aij = Aji, Bij = Bji. (3.2.18)

7Note that the cyclically symmetric tensor yi1...ik can also be written as

yi1i2i3 = y j3
i1i2

gj3i3 , yi1...ik = yi1j1l1 g
j1l2yi2j2l2 g

j2l3 . . . yikjklk g
jkl1 .
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The action then becomes

S =
1

2
AijB

ij − λ

6
CijklmnAijAklAmn −

∑
k≥2

µk
2k
Bi1j1 · · ·Bikjkyi1...ikyjk...j1 . (3.2.19)

Thus, a set of models can be defined by giving semisimple associative algebras A and the

tensors Cijklmn satisfying (3.2.17). The isomorphism σ : A → Ā can be taken arbitrarily

and is regarded as a sort of gauge freedom in choosing the basis of A or Ā.

3.3. Feynman rules

As stated in the last section, the tensor Cijklmn in (3.2.19) can be chosen arbitrarily as long

as it satisfies the condition (3.2.17). For a while, we set it to be

Cijklmn = gjkglmgni, (3.3.1)

which one can easily show to satisfy (3.2.17).8 Then the Feynman rules of the action (3.2.19)

become

propagator : + ∼ ⟨AijBkl⟩ = δ ki δ
l
j + δ li δ

k
j , (3.3.2)

triangle : ∼ λ gj1i2 gj2i3 gj3i1 , (3.3.3)

k-hinge : ∼ µk yi1...ik yjk...j1 . (3.3.4)

Recall that the arrows are now expressed with double lines, and thus, when the first (or

second) term of the propagator (3.3.2) is used the edges are glued in the same (or opposite)

direction.

The free energy of this model takes the form

logZ =
∑
γ

1

S(γ)
λs2(γ)

(∏
k≥2

µ
sk1(γ)
k

)
F(γ). (3.3.5)

Here, the sum
∑

γ is taken over all possible connected Feynman diagrams {γ}, and S(γ) is
the symmetry factor of diagram γ. s2(γ) is the number of triangles, and sk1(γ) the number of

8This choice (3.3.1) will be slightly modified when we introduce a color structure to our models. Other

choices will be discussed in Sect. 4.1.
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k-hinges. F(γ) denotes the product of yi1...ik and gij with the indices contracted according

to a given Wick contraction, and we call F(γ) the index function of diagram γ. We here

regard two diagrams as being the same if the indices are contracted in the same manner. The

numerical coefficients in the action (3.2.19) are chosen such that independent diagrams give

only the symmetry factors to the free energy, by taking into account the symmetry (rotation

and flip) of triangles and hinges. We stress that the free energy will have a different form

from (3.3.5) if we make a different choice for Cijklmn other than (3.3.1).

We now show that the index function F(γ) can be expressed as the product of the

contributions from two-dimensional surfaces, each surface enclosing a vertex of diagram

γ. To see this, we first note from the Feynman rules (3.3.2)–(3.3.4) that even a connected

Feynman diagram generally gives disconnected networks of index lines. This is because each

hinge has a pair of junction points as for index lines and two index lines out of the same

edge of a hinge can enter two different hinges after passing through an adjacent triangle (see

Fig. 3.4). We further note that the index lines on two different hinges can be connected

Figure 3.4: A part of index networks [1]. Two index lines (depicted in bold lines)

come out of the same edge of the left hinge and enter the right adjacent triangle.

The upper index line then leaves the triangle and enters the upper hinge, while

the lower index line enters the lower hinge.

(through an intermediate triangle) if and only if the hinges share the same vertex of γ.

This means that the connected index networks have a one-to-one correspondence to the

vertices of γ. We thus find that the index function F(γ) of diagram γ is the product of the

contributions from connected index networks (each assigned to a vertex of γ) and has the

form

F(γ) =
∏

v: vertex of γ

ζ(v). (3.3.6)

We also call ζ(v) the index function (more precisely, the index function of vertex v). Note

that every connected index network takes the form of a polygonal decomposition of a closed

surface (not necessarily a sphere and may include monogons or digons), where a k-valent

junction (or k-junction) corresponds to a k-hinge where k index lines meet (see Fig. 3.5).9

9In order to avoid possible confusions between the terms for Feynman diagrams and those for index
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Figure 3.5: Index network around a vertex [1]. It represents a polygonal de-

composition of a closed surface (not necessarily a sphere) around a vertex. A

k-valent junction in the index network corresponds to a k-hinge in the original

diagram, where k index lines meet. A segment connecting two junctions in the

index network corresponds to an intermediate triangle between two hinges. A

closed index loop with ℓ segments (ℓ-gon) corresponds to a three-dimensional

region surrounded by ℓ triangles (ex. a corner of a tetrahedron).

We here make a few comments. The first comment is on the uniqueness in interpreting

an index network as a polygonal decomposition of a closed surface. In fact, if one regards

an index network simply as a wire frame (i.e., as a collection of segments), then it is not a

unique procedure to assign polygonal faces in the frame such that the resulting configuration

forms a closed surface.10 However, our index network is not simply a wire frame, and has the

information on how the indices are contracted (i.e. the order of indices appearing in yi1···ik).

We thus can uniquely assign faces to the holes of the index network by carefully following

the contraction of indices. We will see in Sect. 3.6 that the assignment is straightforward

when models are given by matrix rings as the defining associative algebras.

The second comment is on the manifoldness of a diagram γ. Since there is a two-

dimensional surface around each vertex of γ, we can say that there is a three-dimensional

(solid) cone at each vertex, the base and apex of a cone being the connected index network

around a vertex and the vertex itself, respectively. For example, if an index network has the

topology of two-sphere S2, then the corresponding cone is a 3-dimensional ball B3. These

cones characterize the neighborhoods of the vertices of the diagram γ.11 Note that γ rep-

resents a three-dimensional (combinatorial) manifold if γ gives a tetrahedral decomposition

and the neighborhood of every vertex is homeomorphic to B3. In Sect. 3.6, by taking A to

be a matrix ring and introducing a color structure to the models in Sect. 3.7, we show that

networks, we call the vertices and edges in the index network the junctions and segments, respectively.
10For example, there arises such ambiguity if a diagram includes a triangle shared by more than three

tetrahedra, as in n-simplex (n ≥ 5) which can be constructed from triangles and multiple hinges.
11Some diagram (as the one in footnote 10) may be better regarded as being a higher dimensional object.

In this case, the above three-dimensional cone will be treated as a part of the neighborhood of a vertex in

the higher dimensional object.
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the set of possible Feynman diagrams can be drastically reduced such that only (and all of

the) manifolds are generated.

3.4. Evaluation of diagrams

The index function F(γ) can be easily evaluated by deforming each connected index network

with the use of the associativity of y k
ij = yijl g

lk [43]:

= y l
ij ylkm = yilmy

l
jk = . (3.4.1)

In deformation there may appear two kinds of index loops:

= y l
ik y

k
jl

(
= gij =

)
, (3.4.2)

= y l
ik y

k
lj

(
≡ pij

)
. (3.4.3)

The former index loop diagram can be replaced by a single solid line, while the loop in

the latter index diagram cannot be removed. Actually pij (or more precisely, pji ≡ pikg
kj)

is a projector to the center of algebra A, Z(A), as can be checked easily [43]. If a given

connected index network does not produce a projector pij in the process of deformation, the

index network can always be deformed to a single circle after repeatedly using (3.4.1) and

(3.4.2) and gives the value gijg
ij = N , where N is the dimension of A. On the other hand,

if a given connected index network admits the appearance of a projector pij, the value of

the index network is generally less than N .12

Note that the two deformations (3.4.1) and (3.4.2) are actually the local moves of

two-dimensional surfaces.13 Therefore, the index function ζ(v) of vertex v gives a two-

dimensional topological invariant defined by the associative algebra A [43], and thus has

the form ζ(v) = Ig(v), where g(v) is the genus of the network.14 Thus the index function of

12For example, pijg
ij = pii gives the linear dimension of Z(A).

13Namely, any two index networks can be obtained from each other by a repetitive use of (3.4.1) and

(3.4.2) if and only if the two index networks represent two-dimensional surfaces of the same topology [43].
14We already know some of the general results, Ig=0 = dimA = N , Ig=1 = dimZ(A).
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diagram γ is expressed as

F(γ) =
∏

v: vertex

ζ(v) =
∏

v: vertex

Ig(v). (3.4.4)

3.5. Examples

In this section we give a few examples of the diagrams generated in our models. If our

aim is to apply the models to three-dimensional gravity, we should be able to assign three-

dimensional volume to each diagram, and it is thus preferable that the diagrams can be

regarded as collections only of tetrahedra. However, as we see in the examples below,

there arise a lot of undesired diagrams (i.e. the diagrams which cannot be regarded as

collections of tetrahedra). We will show in the Sect. 3.7 that such undesired diagrams can

be automatically excluded by taking specific associative algebras and modifying the form

(3.3.1), with an appropriate limit of parameters.

3.5.1. Diagrams representing tetrahedral decompositions of man-

ifolds

First, we consider a diagram which represents a tetrahedral decomposition of three-dimensional

sphere S3 (see Fig. 3.6). This is the boundary of the so-called 5-cell or a 4-simplex and can

be constructed from five tetrahedra. Note that the diagram has ten triangles, ten 3-hinges

Figure 3.6: A decomposition of S3 with five tetrahedra [1]. The tetrahedra are

glued together at their faces so that each of the points 1, . . . , 5 represents a single

vertex.

and five vertices. All the index networks around vertices have the same topology and give

triangular decompositions of S2 as in Fig. 3.7. Thus, the neighborhood of each vertex is

homeomorphic to B3. Since every index network can be deformed to a single circle, the

index function of each vertex takes the value N ; ζ(v) = N = Ig(v)=0. Thus, the contribution
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Figure 3.7: A contraction of indices around a vertex [1]. This represents a

triangular decomposition of S2 and gives the value N .

from this diagram to the free energy is given by

1

S
λ10µ10

3 (Ig=0)
5 =

1

S
λ10µ10

3 N5, (3.5.1)

where S is the symmetry factor of the diagram.

The next example is a diagram which represents a tetrahedral decomposition of three-

dimensional torus T 3 (see Fig. 3.8). The diagram has twelve triangles, four 4-hinges and

Figure 3.8: A tetrahedral decomposition of T 3 [1]. This is made by identifying

the boundaries of a cuboid which consists of six tetrahedra.

three 6-hinges. It has only a single vertex due to the identification in the diagram. The

index network around the vertex also represents S2 as in the previous example for S3. Thus,

the contribution from this diagram is given by

1

S
λ12µ4

4 µ
3
6 Ig=0 =

1

S
λ12µ4

4 µ
3
6N. (3.5.2)

We can easily generalize the above results to such diagrams that represent tetrahedral

decompositions of three-dimensional closed manifolds. Since the neighborhood of every

vertex is homeomorphic to B3, the contribution from such a diagram to the free energy is

given by

1

S
λs2
(∏
k≥2

µ
sk1
k

)
(Ig=0)

s0 =
1

S
λs2
(∏
k≥2

µ
sk1
k

)
N s0 , (3.5.3)
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where s2, s
k
1 and s0 represent, respectively, the number of triangles, k-hinges and vertices

of the diagram. Note that since the topology of three-dimensional manifolds cannot be

distinguished by s2, s
k
1 and s0 alone,15 it can happen that topologically different manifolds

give contributions of the same form. However, we in principle can distinguish the topology

by carefully looking at the way of tetrahedral decompositions, although this is usually a

tedious task. Another way to examine the topology of diagrams is to evaluate a set of

topological invariants of each diagram as in [29].

3.5.2. Diagrams corresponding to pseudomanifolds

Our models also generate diagrams that have vertices whose neighborhoods are not three-

dimensional ball B3. One of such diagrams is depicted in Fig. 3.9, which consists of four

tetrahedra, eight triangles, five edges and three vertices. The neighborhood of vertex 3 is

homeomorphic to B3, but that of vertex 1 (and also that of vertex 2) has the topology of

cone over T 2. In fact, the index network around vertex 1 gives a polygonal decomposition

of two-dimensional torus T 2.

Figure 3.9: A diagram which does not give a manifold [1]. The neighborhood of

of vertex 3 is B3 but that of vertex 1 (and also 2) is a cone over T 2.

One can check that the Euler characteristic of the diagram is not zero. Thus, this diagram

should not give a manifold (but still gives a pseudomanifold). The contribution from this

diagram to the free energy can be evaluated to be

1

S
λ8 µ3

4 µ
2
6 Ig=0 (Ig=1)

2, (3.5.4)

where Ig=0 comes from the index network around vertex 3 and equals gijg
ij = N . By

contrast, two of Ig=1 come from vertices 1 and 2, and have the value pijg
ij = pii, which is

the linear dimension of the center of A.

15We can read the number of tetrahedra, s3, since the Euler characteristic of three-dimensional closed

manifold is zero, s0 −
∑

k s
k
1 + s2 − s3 = 0.
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3.5.3. Diagrams including singular cells

There also arise diagrams which do not give tetrahedral decompositions. A few simple

diagrams are depicted in Fig. 3.10. Although they have the topology of S3, it is not suitable

to assign three-dimensional volume.

Figure 3.10: Diagrams with singular cells [1].

3.6. Example of associative algebra: matrix ring

In this section, we consider matrix rings as the defining associative algebras of the models.

In next section we show that such models can be constructed that generate only manifolds as

Feynman diagrams, by introducing a color structure to the models and letting the associative

algebras have centers whose dimensions play the role of free parameters (to count the number

of vertices).

Matrix ring Mn(R) is the set of real-valued matrices of size n. This is an associative

algebra with the same rules of addition, scalar product and multiplication as those of ma-

trices. Note that A has the linear dimension N = n2. Matrix ring is one of the simplest

semisimple associative algebras because any semisimple associative algebra is isomorphic to

a direct sum of matrix rings. In this section we analyze a model where A is set to be a

matrix ring Mn(R). We take its basis to be {eab} (a, b = 1, . . . , n), where eab is a matrix

unit whose (c, d) element is given by (eab)cd = δac δbd. The structure constants can be read

from the multiplication rule of matrices:

eab × ecd = δbc ead = δea δbc δ
f
d eef ≡ y ef

abcd eef . (3.6.1)

We stress that the double index (a, b) corresponds to the single index i (i = 1, . . . , N) in

Sect. 3.2.16 One can compute yi1i2...ik = ya1b1a2b2...akbk and gij = gabcd as

ya1b1a2b2...akbk = n δb1a2δb2a3 · · · δbka1 , gabcd =
1

n
δadδbc. (3.6.2)

16The index I in Sect. 3.1 thus becomes a quadruple index as I = (i, j) = (a, b, c, d).
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By setting the tensor Cijklmn as in (3.3.1):

Ca1b1c1d1a2b2c2d2a3b3c3d3 =
1

n3
δd1a2δc1b2δd2a3δc2b3δd3a1δc3b1 , (3.6.3)

the action (3.2.19) has the form

S =
1

2
AabcdB

abcd − λ

6n3
AbacdAdcefAfeab −

∑
k≥2

n2µk
2k

Ba1a2b2b1Ba2a3b3b2 · · ·Baka1b1bk , (3.6.4)

where A and B satisfy the following relations because of the symmetry property (3.2.18):

Aabcd = Acdab, Babcd = Bcdab. (3.6.5)

The Feynman rules for the action (3.6.4) can be expressed with quadruple lines as follows:

propagator : +

∼ ⟨AabcdBefgh⟩ = δ e
a δ

f
b δ

g
c δ

h
d + δ g

a δ
h
b δ

e
c δ

f
d , (3.6.6)

triangle : ∼ λ

n3
δd1a2δc1b2 . . . δd3a1δc3b1 , (3.6.7)

k-hinge : ∼ n2µk δb1a2δc1d2 . . . δbka1δckd1 . (3.6.8)

Note that each of the index lines in (3.3.2)–(3.3.4) becomes a double line. Moreover, the

index line dose not have branch points in this case due to the index structure of hinges [see

(3.6.8)]. Thus, as depicted in Fig. 3.11, the identification of the index network with a polyg-

onal decomposition of two-dimensional surface can be done automatically (and uniquely)17

[although this identification can also be carried out uniquely even when A is not a matrix

ring, as argued in the first comment following (3.3.6)].

The contribution from each index network to the free energy can be calculated just as in

the standard matrix model. To see this, we first note that each polygon gives a factor of n

17Each polygonal face is specified as the region bounded by a closed loop for index a.

38



Figure 3.11: Index network around a vertex v when A is a matrix ring Mn(R)
[1]. Everything is the same as Fig. 3.5 except that the index lines are now double

lines. The index network represents a closed oriented surface (not necessarily a

sphere).

because each index loop (i.e. the index contraction with respect to one of the double index)

gives δaa = n. We also see from the coefficients in (3.6.7) and (3.6.8) that each segment in the

polygonal decomposition gives n−1 (one-third contribution from a triangle) and each junction

gives n (one-half contribution from a hinge). In total, the contribution from the index

network around vertex v in the original diagram is given by n#(polygon)−#(segment)+#(junction) =

n2−2g(v), where g(v) is the genus of the index network around v. One can easily see that an

insertion of the projector pij, (3.4.3), into the diagram corresponds to attaching a handle to

the index network (as in [43]) and decreases the power of n by two.

3.7. restriction to tetrahedral decompositions

In this section we give a prescription to choose the parameters in our models such that

only tetrahedral decompositions of three-dimensional manifolds are generated as Feynman

diagrams. The strategy is given as follows: As we will show in the proof of the theorem

in Sect. 3.7.3, one can ensure a diagram to be a tetrahedral decomposition if the index

network around every vertex is a triangular decomposition of two-dimensional surface. This

condition can be realized by introducing a color structure to the models, as we will carry

out in Sect. 3.7.1.

Furthermore, the manifoldness of the resulting diagrams can be ensured by appropri-

ately choosing the defining associative algebra A such that the following two conditions are

realized: (i) the number of vertices can be fixed by using free parameters in A, and (ii)

I0(v) ≫ Ig(v) for g ≥ 1. In fact, due to the expression F(γ) =
∏

v Ig(v) [see (3.4.4)], the

dominant contributions come from the diagrams whose index networks all have the topology

of two-sphere (and thus the neighborhood of every vertex has the topology of three-ball),
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namely, from the diagrams that represent (combinatorial) manifolds. If A does not have

free parameters to fix the number of vertices, we extend A as needed. This extension will

be carried out for matrix rings in Sect. 3.7.2.

3.7.1. Color structure

In Sect. 3.5.3 we argued that undesired diagrams appear in our models. In this subsection

we show that they can be excluded by introducing a “color structure” to our models.

Let the size n of matrices be a multiple of three, n = 3m. We then modify the tensor

(3.6.3) to

Ca1b1c1d1a2b2c2d2a3b3c3d3 =
1

n3
ωd1a2ωb2c1ωd2a3ωb3c2ωd3a1ωb1c3 , (3.7.1)

where ω is a permutation matrix of the form

ω ≡

 0 1m 0

0 0 1m

1m 0 0

 , 1m : m×m unit matrix. (3.7.2)

This modification18 corresponds to inserting ω and ω−1 = ωT in a pair into two index lines

on every segment in each index network (see Fig. 3.12). Note that only ω (not ω−1) are

accumulated when following the arrows in each index line. Thus, the value of a closed index

loop forming ℓ-gon changes from tr 1n = n = 3m to

tr(ωℓ) =

{
n (ℓ = 0 mod 3)

0 (ℓ ̸= 0 mod 3).
(3.7.3)

We thus see that the index function of a diagram gives a nonvanishing value only when

the index network around every vertex has a polygonal decomposition where the number of

segments of each polygon is a multiple of three.

18Although we only discuss the case A = M3m(R), we can also introduce the color structure to other

algebras by taking the tensor product of the form R = (A ⊗M3(R)) ⊗ (Ā ⊗M3(R)). Note that Mm(R) ⊗
M3(R) = M3m(R). Then, the variables A and B are expressed as Aij(abcd) = Aji(cdab) and Bij(abcd) =

Bji(cdab), and the action has the form

S =
1

2
Aij(abcd) B

ij(abcd)

− λ

6 · 33
Aij(a1b1c1d1) g

jkAkl(a2b2c2d2) g
lmAmn(a3b3c3d3) g

ni ωd1a2ωb2c1ωd2a3ωb3c2ωd3a1ωb1c3

−
∑
k≥2

32µk

2k
Bi1j1(a1a2b2b1) · · ·Bikjk(aka1b1bk) yi1...ik yjk...j1 .
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Figure 3.12: Triangles with the color structure [1]. ω has the value ωda when it

is inserted into the index line from d to a. Note that ωbc = (ω−1)cb.

Note that such polygonal decompositions with nonvanishing index functions have the

following dependence on the coupling constants. Suppose that the index network around

vertex v has t2(v) polygons, t1(v) segments and t0(v) junctions. Here, t2(v) =
∑

ℓ t
ℓ
2(v) with

tℓ2(v) the number of ℓ-gons, and t0(v) =
∑

k t
k
0(v) with t

k
0(v) the number of k-junctions. It is

easy to see that the function d(v) ≡ 2t1(v)−3t2(v) can be expressed as d(v) =
∑

ℓ(ℓ−3) tℓ2(v).

Thus d(v) is nonnegative for the C’s in (3.7.1) because monogons and digons are excluded

due to the color structure [i.e., tℓ=1
2 (v) = tℓ=2

2 (v) = 0]. Recalling that the contribution from

each diagram is given by

1

S
λs2
(∏
k≥2

µ
sk1
k

) ∏
v: vertex

n2−2g(v), (3.7.4)

and noting that the identification rule of the polygonal decompositions gives the relations

s2 =
1

3

∑
v

t1(v), sk1 =
1

2

∑
v

tk0(v), (3.7.5)

we find another expression of (3.7.4):

1

S
λs2
(∏
k≥2

µ
sk1
k

) ∏
v: vertex

n2−2g(v) =
1

S

∏
v: vertex

[[∏
k≥2

(λ2µk)
1
2
tk0(v)

](n
λ

)2−2g(v)(1
λ

) 1
3
d(v)
]
. (3.7.6)

Therefore, if we expand the free energy around λ = ∞ with λ2 µk and n/λ being fixed, the

leading contribution comes from such diagrams that satisfy d(v) = 0 for every vertex v,

namely, from the diagrams where every index network forms a triangular decomposition.

3.7.2. Counting the number of vertices

One may think from (3.7.6) that it would be possible by taking a limit n/λ→ ∞ to single out

the diagrams where the index networks are all homeomorphic to two-sphere S2. However,

this is not the case. For example, let us consider a diagram which includes an index network

forming a two-torus T 2. Since the index network gives the contribution of (n/λ)0 = 1,
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we cannot distinguish a diagram whose vertices all give index networks homeomorphic to

S2 from a diagram which has the same number of such vertices whose index networks are

homeomorphic to S2 but also has extra vertices whose index networks are homeomorphic to

T 2, because the contributions from the two diagrams to the free energy have the same form.

This problem comes from the fact that we cannot control the number of vertices only

with the coupling constants existing in the model with A = Mn(R). However, this can

be remedied by setting the algebra A to be the direct sum of K copies of matrix ring

A0 =Mn(R),19

A = A0 ⊕ · · · ⊕ A0︸ ︷︷ ︸
K copies

= KA0. (3.7.7)

In fact, the index function of a diagram with s0 vertices becomes proportional to Ks0 since

the index network around each vertex gives a factor of K independently, and thus (3.7.6)

changes to20

1

S

∏
v: vertex

[
K
[∏
k≥2

(λ2µk)
1
2
tk0(v)

](n
λ

)2−2g(v)(1
λ

) 1
3
d(v)
]
. (3.7.8)

Therefore, we can single out the diagrams where every index network is homeomorphic to

S2, by picking out only the diagrams whose index function gives the values with the same

power of K as that of n2.

3.7.3. Reduction to manifolds

Combining the results in Sect. 3.7.1 and Sect. 3.7.2, we can reduce the set of possible

diagrams to those whose index networks all give triangular decompositions of two-sphere

S2. We then can apply the following theorem to conclude that these diagrams represent

tetrahedral decompositions of three-dimensional manifolds:

Theorem. Assume that the index network around every vertex in diagram γ gives a tri-

angular decomposition of two-sphere. Then, γ represents a tetrahedral decomposition of a

three-dimensional manifold.

Proof. We label the vertices, triangles and hinges of diagram γ as v (= 1, 2, 3, . . .), f (=

i, j, k, . . .) and h (= A,B,C, . . .), respectively. Let Tv denote the index network around

vertex v, which we assume to have a form of triangular decomposition of two-sphere. Note

that every corner of a triangle in γ corresponds to a segment of the index network around

some vertex (see Fig. 3.13). We denote by fv the segment which is lying on triangle f and

19The following prescription to count the number of vertices can be directly applied to any associative

algebras A0.
20Note that K equals the linear dimension of Z(A).
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Figure 3.13: A part of diagram γ [1]. The triangle (i1, j1, k1) is a part of the

index network around vertex 1, which has a form of triangular decomposition.

is placed in the corner at vertex v.

We choose a vertex (say v = 1) and focus on an “index triangle” formed by three segments

i1, j1, k1 in T1. Here, i, j, k are the triangles on which the three segments live. Since all the

edges of each triangle are attached to hinges, there are hinges A = (12), B = (13), C = (14),

D = (34), E = (42), F = (23) as in Fig. 3.13.21 As is depicted there, the three index triangles

(i2, k2, l2), (i3, j3, l
′
3) and (j4, k4, l

′′
4) ensure the existence of the corresponding triangles l, l′

and l′′, respectively. We are now going to give a detailed description of these triangles and

show that they all coincide, l = l′ = l′′.

We first take a look at hinge A = (12). We assume that 2 → 1 is the positive direction

of hinge A and label the triangles such that triangle k is to the immediate left of i when

seen from vertex 1 (see Fig. 3.13). This means that triangle k is to the immediate right of

i when seen from vertex 2, so that i2 and k2 are two segments of an index triangle around

vertex 2, which will be complemented by the third segment l2 as in Fig. 3.13. The triangle

l on which the segment l2 lives is glued to triangle i along hinge F = (23), and must be to

the immediate left of i when seen from vertex 2 in the direction of F .

We repeat the same argument for hinge B = (13). There, triangle j is to the immediate

right of i when seen from vertex 1. This means that triangle j is to the immediate left of

i when seen from vertex 3, so that i3 and j3 are two segments of an index triangle around

vertex 3, which will be complemented by the third segment l′3 as in Fig. 3.13. The triangle

l′ on which the segment l′3 lives is glued to triangle i along hinge F = (23), and must be to

the immediate right of i when seen from vertex 3 in the direction of F . However, this means

that l′ is to the immediate left of i when seen from vertex 2, and thus two triangles l and l′

must be the same.

21Note that some of vertices 1, 2, 3, 4 may represent the same vertex because the index triangles around

them may belong to the same connected component of an index network.
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The same argument can also be made for hinge C = (14), and we obtain l = l′ = l′′,

from which we see that there exists a tetrahedron surrounded by four triangles i, j, k, l. By

repeating the same arguments for all the index triangles around every vertex, we conclude

that diagram γ gives a tetrahedral decomposition. Furthermore, since the index network

around every vertex represents a triangular decomposition of S2, the neighborhood of every

vertex is homeomorphic to B3. Therefore, the diagram γ gives a tetrahedral decomposition

of a three-dimensional manifold.

3.8. Relation to three-dimensional gravity

We have shown that a class of our models allow us to single out the diagrams which represent

tetrahedral decompositions of three-dimensional manifolds. Such models can be used to

define discretized three-dimensional Euclidean gravity. In fact, we only need to follow the

arguments given in [45, 19, 20].

The action of three-dimensional Euclidean gravity is given by

S0 = −κ0
∫
d3x

√
g R + Λ0

∫
d3x

√
g, (3.8.1)

where κ0 corresponds to the bare gravitational coupling and Λ0 to the bare cosmological

constant. This can be discretized by using regular tetrahedra with fixed spacing a as

SEH = −4πκ0a s0 +
[√2a3

12
Λ0 − 4πκ0a

(
1− 3θ

π

)]
s3. (3.8.2)

Here, s0 and s3 denote the number of vertices and tetrahedra, respectively, and θ ≡
arccos(1/3) is the angle between two neighboring triangles in a regular tetrahedron. The

free energy of this action is then given by

logZEH =
∑
config.

1

S
e−SEH

=
∑
config.

1

S
(e4πκ0a)s0

(
e−

√
2a3

12
Λ0+4πκ0a

(
1− 3θ

π

))s3 , (3.8.3)

where S is the symmetry factor.

In our models, on the other hand, each diagram representing a tetrahedral decomposition

contributes to the free energy as

1

S
λs2µs1N s0 , (3.8.4)

Here we have set µk ≡ µ (∀k ≥ 2). Since the relations s2 = 2s3 and s1 = s0 + s3 hold for

tetrahedral decompositions of a three-dimensional manifold, the contribution takes the form

1

S
(µN)s0(λ2µ)s3 . (3.8.5)

44



Comparing (3.8.3) and (3.8.5), we obtain the relations between the coupling constants of

the two models,

µN = e4πκ0a, λ2µ = e−
√

2a3

12
Λ0+4πκ0a

(
1− 3θ

π

)
. (3.8.6)

3.9. Duality

We comment that there exists a novel strong-weak duality which interchanges the roles of

triangles and hinges when A is a matrix ring. We expect this duality to play an important

role when we further study the analytic properties of the models in the future.

We first recall that one has two choices when introducing a structure of associative

algebra to the tensor product of linear spaces, R = A ⊗ Ā [see (3.2.4)]. The first is the

algebra structure as the tensor product of two associative algebras A and Ā. This is the

structure we have used exclusively so far, and gives the multiplication (3.2.9) (denoted by

×), which can also be written as

(B1 ×B2)
ij ≡ (B1 ×B2)

i
k σ

kj = Bkl
1 B

mn
2 y i

km y j
nl for B1, B2 ∈ R. (3.9.1)

The second is the algebra structure as the set of endomorphisms of A ; R = EndA. The

multiplication is defined as the composition of two linear operators acting on A and will be

denoted by dot “ · ”:

B1 ·B2 = (B1 ·B2)
i
jei ⊗ ēj ≡ (B1)

i
k(B2)

k
jei ⊗ ēj for B1, B2 ∈ R, (3.9.2)

which can also be written as

(B1 ·B2)
ij ≡ (B1 ·B2)

i
k σ

kj = Bik
1 σklB

lj
2 . (3.9.3)

We will show that there is a duality between the two algebra structures when A is a matrix

ring.

We first set σij = gij. This is possible because σ can be chosen in an arbitrary way [see

a comment following (3.2.19)]. Then, when A =Mn(R), the multiplications are represented

as

(B1 ×B2)
abcd = Baefd

1 Bebcf
2 , (3.9.4)

(B1 ·B2)
abcd = Babef

1 gefghB
ghcd
2 = nBabef

1 Bfecd
2 . (3.9.5)

We now introduce the dual variables B̃ to B as

B̃abcd ≡ Bbcda, (3.9.6)
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which satisfy the symmetry property B̃abcd = B̃cdab due to (3.6.5). Then one can easily show

from (3.9.4) and (3.9.5) that the two multiplications are interchanged for the dual variables:

(B1 ×B2)
abcd =

1

n
(B̃2 · B̃1)

bcda, (B1 ·B2)
abcd = n(B̃1 × B̃2)

bcda. (3.9.7)

We further introduce the variables Ã dual to A as

Ãabcd ≡ Abcda
(
= Ãcdab

)
. (3.9.8)

Then the action (3.6.4) can be rewritten in terms of the dual variables Ã and B̃ to the form

S =
1

2
ÃabcdB̃

abcd − λ

6n3
ÃabcdÃbefcÃeadf −

∑
k≥2

n2µk
2k

B̃a1b1b2a2B̃a2b2b3a3 . . . B̃akbkb1a1 . (3.9.9)

Note that the way to contract the indices of Ã (or B̃) in the dual action (3.9.9) is the same

as that of B (or A) in the original action (3.6.4). This means that a triangle for the original

variables, (3.6.7), now plays the role of a 3-hinge for the dual variables, and a k-hinge for the

original variables, (3.6.8), plays the role of a k-gon for the dual variables. We thus find that

the action (3.9.9) for the dual variables generates the dual diagrams to the original ones,

consisting of 3-hinges (dual to original triangles) and polygons (dual to original hinges).22

Note that the large N limit in (3.7.6) (n→ ∞ with λ2µk and n/λ being fixed) gives λ→ ∞
and µk = µ → 0. Since λ and µ are interchanged in the duality transformation, one sees

that this duality is actually a strong-weak duality.

3.10. Another example: group ring

In this section, we investigate the models where A is set to be a group ring R[G], and

demonstrate how the models depend on details of the group structure of G. We assume that

G is a finite group with order |G| in order to avoid introducing regularizations, although

most of the relations below can be applied to continuous compact groups.

3.10.1. Action for a group ring

Group ring R[G] is an associative algebra linearly spanned by the elements of G, R[G] =⊕
x∈GRex, with multiplication rule determined by that of group G,

ex × ey = exy. (3.10.1)

22The duality between the two actions will become more symmetric if one allows k-gons to appear in the

original action for all k ≥ 2 .
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The structure constants y z
x,y are then given by

y z
x,y = δ(xy, z). (3.10.2)

Here, the contraction of repeated indices is understood to represent the integration with the

normalized Haar measure
∫
dx ≡ 1

|G|
∑

x:

y z
x,y ez ≡

∫
dz y z

x,y ez =
1

|G|
∑
z

y z
x,y ez, (3.10.3)

and δ(x, y) is the delta function with respect to this measure:

δ(x, y) ≡ |G| δx,y,
∫
dx f(x) δ(x, y) = f(y). (3.10.4)

From the definition we obtain

yx1,x2,...,xk = δ(x1x2 · · · xk, 1), (3.10.5)

gx,y = δ(xy, 1), (3.10.6)

where 1 is the identity of G. Therefore, the action (3.2.19) can be written with the symmetric

dynamical variables Ax,y = Ay,x and Bx,y = By,x as

S[A,B] =
1

2
Ax,y B

x,y − λ

6
Ax−1,y Ay−1,z Az−1,x

−
∑
k≥2

µk
2k

Bx1y1 · · ·Bxkyk δ(x1 · · · xk, 1) δ(yk · · · y1, 1). (3.10.7)

3.10.2. The Feynman rules and the free energy for a group ring

The action (3.10.7) can be rewritten to a form similar to that of matrix ring, by expressing

everything in terms of the irreducible representations of G. To show this, we first write the

delta function as

δ(x1 · · · xk, 1) =
∑
R

dR tr(DR(x1) · · ·DR(xk)), (3.10.8)

where the sum is taken over all the irreducible representations R of G with the representation

matrix DR(x) = (DR
ab(x)) (x ∈ G), and dR is the dimension of representation R, dR =

trDR(1). Then, the action (3.10.7) can be rewritten to the form

S =
1

2

∑
R,S

dR dSA
RS
abcdB

RS
abcd −

λ

6

∑
R1,R2,R3

dR1dR2dR3A
R1R2
a1b1b2a2

AR2R3
a2b2b3a3

AR3R1
a3b3b1a1

−
∑
k≥2

µk
2k

∑
R,S

dR dS B
RS
a1a2b2b1

· · ·BRS
aka1b1bk

, (3.10.9)
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where

ARSabcd ≡
∫
dxdy Ax,yD

R
ab(x)D

S
cd(y) = ASRcdab, (3.10.10)

BRS
abcd ≡

∫
dxdy Bx,yDR

ba(x
−1)DS

dc(y
−1) = BSR

cdab. (3.10.11)

This action gives the following Feynman rules:

propagator : +

∼ ⟨ARSabcdBR′S′

efgh⟩ =
1

dRdS
(δaeδbfδcgδdhδ

RR′
δSS

′
+ δagδbhδceδdfδ

RS′
δSR

′
),

(3.10.12)

triangle : ∼ λ dR1dR2dR3δa1d2δc1b2 . . . δakd1δckd1 , (3.10.13)

k-hinge : ∼ µk dR dS δa1b2δd1c2 . . . δakb1δdkc1 . (3.10.14)

We thus see that the index network around every vertex is again expressed as a closed

surface with double index lines, and its index function is determined only by the Euler

characteristics of the polygonal decomposition:23

F(γ) =
∏

v: vertex

Ig(v) =
∏

v: vertex

[∑
R

(dR)
2−2g(v)

]
. (3.10.15)

Here, elementary group theory shows that
∑

R d
2
R = |G|, and

∑
R d

0
R gives the number of

irreducible representations which equals that of conjugate classes. For example, when G is

the symmetric group Sn, we have∑
R

d2R = |G| = n! ,
∑
R

d0R = pn, (3.10.16)

23This expression can be naturally understood if F(γ) is regarded as the real sector of the index function

for the complexified algebra AC = C[G], because the group ring C[G] can be expressed as the direct sum of

MdR(C) over R, C[G] =
⊕

R MdR(C).
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where pn denotes the number of partitions of n. Therefore, if G admits the relations∑
R d

2
R ≫

∑
R d

2−2g
R (g ≥ 1), the index networks of spherical topology have a large value of

index function compared to those of higher genera.

We also can introduce a color structure as in Sect. 3.7.1 and can control the num-

ber of vertices by considering the direct sum of K copies of group ring as in Sect. 3.7.2.

Therefore, we can again single out the diagrams which give tetrahedral decompositions of

three-dimensional manifolds.

3.11. Orientability

We conclude this chapter by giving a detailed proof of the statement that all the tetrahedral

decompositions generated by the action (3.6.4) are orientable, by clarifying the definition of

orientation for Feynman diagrams in the model.

We first recall that a thickened triangle has two triangular sides, on each of which directed

index lines can be drawn (see Fig. 3.12). Given a tetrahedron T formed by four triangular

sides (each coming from a thickened triangle), we embed it to a three-dimensional Euclidean

space E3 as a regular tetrahedron of unit volume. Note that there can be two embeddings

f+ and f− (up to rotations and translations in E3), depending on whether the directions

of index lines are counterclockwise or clockwise when seen from the center of the embedded

tetrahedron (see Fig. 3.14).24 We say the former embedding to be positive and the latter

Figure 3.14: A positively oriented tetrahedra T+, corresponding to a positive

embedding of T in E3 [3].

negative. We then define an oriented tetrahedron T± to be the pair of tetrahedron and

embedding, T± ≡ (T, f±).

When two positively oriented tetrahedra T+
1 and T+

2 are glued at a triangle ∆, we say

that the orientation is preserved if the two positive embeddings f+
1 and f+

2 can be extended

24Note that if the directions of index lines are counterclockwise for one side, they are also counterclockwise

for the other three sides because index lines are connected in such a way that the direction is preserved.

49



(with the use of rotations and translations) to a common embedding f of T+
1 ∪ T+

2 such

that the images of two tetrahedra are in opposite positions with respect to the intermediate

triangle ∆ (see Fig. 3.15). We then say that a tetrahedral decomposition Γ is orientable if

Figure 3.15: Two tetrahedra T1 and T2 glued at triangle ∆ [3]. (a): both tetrahe-

dra are positively oriented, and the orientation is preserved because they are in

opposite positions with respect to ∆. (b1): both are positively oriented, but the

orientation is not preserved because they are in the same position with respect

to ∆. (b2): they are in opposite positions but are differently oriented.

the orientation is preserved for any two adjacent tetrahedra of positive orientation.

The above orientability condition actually holds for Feynman diagrams discussed in

Sect. 3.3. In fact, the index lines on the two sides of a thickened triangle can be drawn

in opposite directions as in Fig. 3.12, and thus, for any two adjacent tetrahedra there always

exists a natural extension of their positive embeddings such that the images of two tetra-

hedra are in opposite positions with respect to the triangle. Since it holds for every two

adjacent tetrahedra, we conclude that all the tetrahedral decompositions are orientable.
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Chapter 4

Extentions of triangle–hinge models

In this chapter, we review our paper [2, 3] where we discuss the extension of triangle–hinge

models so that the models correspond to many physics, such as three-dimensional gravity

coupling to matter fields. Although these extension should play an important role when we

consider the continuum theory, we leave it for future work and we do not consider these

extension in Chap. 5 or Chap. 8. The reader interested in these chapters can skip this

chapter.

4.1. Matter fields

The prescription to reduce the configurations to tetrahedral decompositions which we discuss

in Sect. 3.7 also works when Agrav is extended to a tensor product of the form A = Agrav ⊗
Amat. Here, Agrav is again Mn=3m(R), and Amat is another semisimple associative algebra

to be characterizing matter degrees of freedom. In fact, since the structure constants of A
are given by the product of the structure constants of Agrav and those of Amat, the index

function F(γ) of each diagram γ is factorized to the product of the contributions from Agrav

and Amat if we set the tensor C to take a factorized form C = CgravCmat:

F(γ) ≡ F(γ;A) = F(γ;Agrav)F(γ;Amat) ≡ Fgrav(γ)Fmat(γ). (4.1.1)

Then, by setting Cgrav to the form (3.7.1) and by taking the limit n → ∞ with n2 µk

and n/λ being fixed as in Sect. 3.7, the index function F(γ) vanishes unless γ represents a

tetrahedral decomposition, and thus we can reduce the set of possible diagrams to tetrahedral

decompositions independently of the choice of Amat.
1 In this section, assuming that this

reduction is already made, we show that a set of colors (representing matter degrees of

1Note that the introduction of matter degrees of freedom may further reduce the set of possible diagrams

because Fmat(γ) may vanish for a subset of simplicial decompositions.
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freedom) can be assigned to simplices of arbitrary dimensions (tetrahedra, triangles, edges

and vertices) by choosing Amat and interaction terms appropriately.

Note that for A = Agrav⊗Amat the dynamical variables take the form Aabcd,ij and B
abcd,ij,

where (ab, cd) are matrix indices for Agrav and (i, j) are those for Amat. In this section, we

omit the indices a, b, . . . with respect to Agrav in order to simplify expressions. We will

denote the set of colors by J and the number of elements by |J |.

4.1.1. Coloring tetrahedra

We show that tetrahedra can be colored despite the fact that the action (3.6.4) does not have

interaction terms corresponding to tetrahedra. We first set Amat =M|J |(R) =
⊕

α,β∈J R eαβ
and let the interaction terms take the form2

−
∑
α,β∈J

λαβ
6|J |3

∑
α1,...,δ3∈J

Aα1β1γ1δ1Aα2β2γ2δ2Aα3β3γ3δ3

× pδ1α2
α pδ2α3

α pδ3α1
α pβ3γ2β pβ2γ1β pβ1γ3β , (4.1.2)

where λαβ = λβα, and pα is the projection matrix to the α-th component:

pα1α2
α = δα1

α δα2
α . (4.1.3)

The interaction terms can be expressed by thickened triangles as in Fig. 4.1, where the

projection matrices pα and pβ are inserted to the index lines such that each side of the

triangle has its own color. Thus, each index triangle at a corner of a tetrahedron gives

a factor of the form tr(pα1pα2pα3) if there meet three triangles with colors α1, α2, α3 at

the corner (see Fig. 4.2). Since there are four corners in a tetrahedron, the tetrahedron

Figure 4.1: A thickened triangle [2]. The upper (lower) side has color α (β).

2Recall that we are only looking at the matter part. Actually, the variable A has extra indices of

Agrav = Mn=3m(R) as Aabcd,αβγδ, and the interaction terms (4.1.2) have extra factors (3.7.1).
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Figure 4.2: Index triangles inside a tetrahedron with triangles colored as in (4.1.2) [2].

illustrated in Fig. 4.2 gives the factor

tr(pα1pα2pα3) tr(pα2pα1pα4) tr(pα1pα3pα4) tr(pα3pα2pα4)

=

{
1 (α1 = α2 = α3 = α4)

0 (otherwise)
. (4.1.4)

This means that the index function F(γ) can take nonvanishing values only when four index

triangles of each tetrahedron have the same color (say, α), which enables us to say that

the tetrahedron has a definite color α. We thus succeed in coloring tetrahedra in γ. The

parameters λαβ in (4.1.2) represent the coupling constants of local interactions among matter

degrees of freedom on tetrahedra, because λαβ appears in F(γ) when the corresponding

triangle is shared by neighboring tetrahedra of colors α and β.

If we take the set of colors to be J = RD = {x} and let the coupling constants λx,y (x,y ∈
RD) take nonvanishing values only around y as a function of x, then x can be interpreted as

the target space coordinates of a tetrahedron in RD. Since neighboring tetrahedra are locally

connected in RD, the model can describe the dynamics of membranes in RD. Instead, if we

take J to be a finite set with |J | = q, then the model can describe a q-state spin system

on random volumes. In particular, if we consider the case q = 2 (with colors α = ±),

then the model represents three-dimensional quantum gravity coupled to the Ising model.

The system is ferromagnetic when λ++ ≥ λ+− and λ−− ≥ λ+−. If the global Z2 symmetry

(+ ↔ −) is explicitly broken by setting λ++ ̸= λ−−, then the model describes a system in

the presence of an external magnetic field. With generic q, we can construct the q-state

Potts models or the RSOS models [46] on random volumes by appropriately choosing λαβ.
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4.1.2. Coloring triangles

Triangles can be colored by making an argument similar to the one in Sect, 4.1.1. We set

Amat =Ms(R) =
⊕s

α,β=1R eαβ,3 and let the interaction terms take the form

−
∑
µ∈J

λµ
6s2

Aα1β1γ1δ1Aα2β2γ2δ2Aα3β3γ3δ3 u
δ1α2
µ uδ2α3

µ uδ3α1
µ uβ3γ2µ uβ2γ1µ uβ1γ3µ . (4.1.5)

The model with (4.1.5) generates diagrams where a color µ (µ ∈ J ) is assigned to each

triangle. If three triangles (with colors µ, ν, ρ) meet at a corner of a tetrahedron to con-

struct an index triangle, the index function gets the factor tr(uµuνuρ). Then, a tetrahedron

illustrated in Fig. 4.3 gives a factor of the form

tr(uµuνuρ) tr(uνuµuσ) tr(uµuρuσ) tr(uρuνuσ). (4.1.6)

Such factors behave as the coupling constants of local interactions among matter degrees

Figure 4.3: Index triangles inside a tetrahedron formed by colored triangles [2].

of freedom located on triangles.

There is another prescription to assign colors to triangles. We introduce |J | copies of

variables A and B [denoted by A(r) and B(r) (r = 1, . . . , |J |)], and let the action take the

form

S =
∑
r∈J

1

2
A

(r)
ij B

ij
(r) −

∑
r∈J

λr
6
A

(r)
ij A

(r)
kl A

(r)
mn g

jkglmgni

−
∑

r1...rk∈J

∑
k≥2

µr1...rkk

2k
Bi1j1

(r1)
· · ·Bikjk

(rk)
yi1...ikyjk...j1 . (4.1.7)

Then, this model also generates tetrahedral decompositions with colored triangles. The

index function F(γ) of the model (4.1.7) gets the factor µr1...rkk from a k-hinge shared by

k triangles with colors r1, . . . , rk, and thus has a form different from (4.1.6). Therefore,

although matter degrees of freedom are assigned to triangles in both (4.1.5) and (4.1.7),

they give different local interactions (at least apparently).
3The linear dimension s can be set to any value as long as the coupling constants (4.1.6) take desired

forms.
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4.1.3. Coloring edges

There are two prescriptions to assign colors to edges as is the case in coloring triangles.

As in the first prescription in Sect. 4.1.2, we take Amat = Ms(R) =
⊕s

α,β=1R eαβ. We

now let the interaction terms corresponding to hinges take the form

−
∑
m∈J

∑
k≥2

s2µmk
2k

Bα1β1γ1δ1 · · ·Bαkβkγkδk umβ1α2
. . . umβkα1

umγ1δ2 . . . u
m
γkδ1

. (4.1.8)

This generates diagrams where each edge has a color m (m ∈ J ), and each index triangle

gives the factor tr(um1um2um3) depending on the colors of the edges. They give the coupling

constants of local interactions among matter degrees of freedom located on edges.

Another prescription to assign colors to edges can be given by modifying the action

(3.6.4) to the form

S =
∑
r∈J

1

2
A

(r)
ij B

ij
(r) −

∑
r1,r2,r3∈J

λr1r2r3
6

A
(r1)
ij A

(r2)
kl A

(r3)
mn g

jkglmgni

−
∑
r∈J

∑
k≥2

µk
2k
Bi1j1

(r) . . . B
ikjk
(r) yi1...ikyjk...j1 . (4.1.9)

Each triangle gives the factor λr1r2r3 if three hinges (with colors r1, r2, r3) meet there.

4.1.4. Coloring vertices

Vertices can also be colored despite the fact that the action (3.6.4) does not have interaction

terms corresponding to vertices.

We first set the matter associative algebra to be Amat = A(1)
mat ⊕ . . .⊕A(|J |)

mat , and let the

interaction terms corresponding to hinges take the form

−
∑
α,β∈J

∑
k≥2

µαβk
2k

Bi1j1 . . . Bikjky
(α)
i1...ik

y
(β)
jk...j1

. (4.1.10)

Here y
(α)
i1...ik

are the coupling constants constructed from the structure constants y
(α) k
ij of A

(α)
mat

and take nonvanishing values only when all the indices i1, . . . , ik belong toA(α)
mat. Accordingly,

all the junctions in the same connected index network should have the same color α in order

for the index function F(γ) to take nonvanishing values. Thus, we can assign a color

to the index network of each vertex in diagram γ, and can say that the model generates

diagrams with colored vertices. The matter degrees of freedom located on vertices have local

interactions, and two neighboring vertices with colors α and β (connected by a hinge) gives

the factor µαβk to F(γ).
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The above coloring of vertices can also be realized by setting Amat =M|J |(R) and letting

the interaction terms corresponding to hinges take the form

−
∑
α,β∈J

∑
k≥2

|J |2µαβk
2k

Bα1β1γ1δ1 · · ·Bαkβkγkδkpαβ1α2
· · · pαβkα1

pβγ1δ2 · · · p
β
γkδ1

, (4.1.11)

where pα is the projection matrix to the α-th component [the same as the one given in

(4.1.3)]. It is easy to see that this model is dual to the model with (4.1.2) through the

duality transformations (3.9.8) and (3.9.6). That is, the action with the interaction term

(4.1.11) can be regarded as a q-state system on the dual lattice of γ (q = |J |).

We thus conclude that matter degrees of freedom can be introduced to triangle–hinge

models such that they live on simplices of any dimensions and interact with themselves

locally.

4.1.5. Relations to colored tensor models

We can further construct various kinds of models by combining several prescriptions ex-

plained in the previous subsections. For example, we show in this subsection that three-

dimensional colored tensor models [24] can be realized as triangle–hinge models by coloring

tetrahedra, triangles and edges at a time .

4.1.6. Feynman rules of colored tensor models

We first review the Feynman rules of three-dimensional colored tensor models (see, e.g.,

[24] for a review). The dynamical variables of colored tensor models are given by a pair of

rank-three tensors ϕµIJK and ϕ̄µIJK with no symmetry properties under permutations of the

subscripts I, J,K. The tensors represent two kinds of colored triangles, where {I} is the set

of indices assigned to edges, and {µ} = {1, 2, 3, 4} are the colors assigned to triangles.4 The

action takes the form

S =
4∑

µ=1

ϕµIJK ϕ̄
µ
IJK + κϕ1

IJKϕ
2
KMLϕ

3
MJNϕ

4
LNI + κ̄ ϕ̄1

IJK ϕ̄
2
KMLϕ̄

3
MJN ϕ̄

4
LNI . (4.1.12)

Looking at the way of contraction of indices I, one easily sees that this action generates the

Feynman diagrams where the interaction vertices can be identified with tetrahedra which

are glued at their faces through the propagator. Since there are two types of interaction

terms κϕ4 and κ̄ ϕ̄4, the set of tetrahedra can be decomposed to two different classes, which

we label with α = ±, respectively. We assign four different colors µ = 1, . . . , 4 to four

triangles of each tetrahedron. This coloring of triangles naturally introduces the coloring of

4In the original Boulatov model [22] the index I runs over the elements of group manifold SU(2).
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six edges in a tetrahedron, and we assign color (µν) = (νµ) to an edge if the edge is shared

by two triangles with colors µ and ν (µ ̸= ν). Since the tensors ϕµIJK and ϕ̄µIJK have no

permutation symmetry with respect to the subscripts, two tetrahedra can be glued at their

faces only when two triangles to be identified have the same color µ and two edges to be

identified have the same color (µν) as in Fig. 4.4. We say that the tetrahedron has positive

(or negative) orientation if triangles 1, 2, 3 are located clockwise (or counterclockwise) when

seen from triangle 4 (see Fig. 4.4). Since the kinetic term has the form ϕ ϕ̄ (not including

ϕ2 or ϕ̄2), two adjacent tetrahedra must have different orientations.

Figure 4.4: A part of a Feynman diagram in colored tensor models [2]. There are two

tetrahedra, one corresponding to an interaction vertex proportional to κ and the other to κ̄.

The two adjacent tetrahedra have opposite orientations.

The Feynman rules for colored tensor models (4.1.12) thus can be summarized as follows:

1. Interaction vertices are represented by two types (orientations) of tetrahedra, α = ±,

and any two adjacent tetrahedra have different types.

2. Four different colors µ = 1, . . . , 4 are assigned to four triangles of each tetrahedron,

such that the assignment agrees with the orientation of the tetrahedron when α = +,

while it is opposite when α = −.

3. Two tetrahedra are glued at their faces in such a way that two triangles to be identified

have the same color µ and two edges to be identified have the same color (µν).

4.1.7. Realization of colored tensor models as triangle–hinge mod-

els

The above Feynman rules for three-dimensional colored tensor models can be reproduced

from triangle–hinge models by coloring tetrahedra, triangles and edges at a time. To see

this, we set the matter associative algebra Amat to be a matrix ring M2s(R) and let the
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action take the form

S =
∑
(µν)

1

2
A

(µν)
αβγδB

αβγδ
(µν) − λ

6(2s)3

4∑
µ=1

1

6

4∑
ν,ρ,σ=1

(µνρσ): all different

A
(µν)
α1β1γ1δ1

A
(µρ)
α2β2γ2δ2

A
(µσ)
α3β3γ3δ3

×
(
uδ1α2
+µ uδ2α3

+µ uδ3α1
+µ uβ3γ2−µ uβ2γ1−µ uβ1γ3−µ + uδ1α2

−µ uδ2α3
−µ uδ3α1

−µ uβ3γ2+µ uβ2γ1+µ uβ1γ3+µ

)
−
∑
k≥2

n2µk
2k

∑
(µν)

Bα1α2β2β1
(µν) Bα2α3β3β2

(µν) · · ·Bαkα1β1βk
(µν) . (4.1.13)

Here, the indices (µν) = (νµ) (µ, ν = 1, . . . , 4; µ ̸= ν) stand for the colors assigned to edges,

the sum
∑

(µν) is taken over all different colors of edges, and we again have neglected the

gravity part which ensures the resulting Feynman diagrams to form a set of tetrahedra (see

footnote 2). We further assume the matrices u±µ to have the form

u+µ =

(
uµ 0

0 0

)
, u−µ =

(
0 0

0 (uµ)
T

)
. (4.1.14)

Here s× s matrices uµ are chosen such that they satisfy5

tr(uµuνuρ) tr(uνuµuσ) tr(uµuρuσ) tr(uρuνuσ) =

{
1 (ϵµνρσ = +1)

0 (otherwise)
, (4.1.15)

where ϵµνρσ is the totally antisymmetric tensor with ϵ1234 = 1. The interaction vertices

corresponding to triangles can be expressed by thickened triangles as in Fig. 4.5. Note

Figure 4.5: A thickened triangle vertex coming from the action (4.1.13), which realizes

colored tensor models [2].

5For example, one can take the following 6× 6 matrices:

u1 = 2−
2
3

 0 σ1 0

0 0 σ1

0 0 0

 , u2 = 2−
2
3

 0 0 0

0 0 −iσ2

−iσ2 0 0

 ,

u3 = 2−
2
3

 0 σ3 0

0 0 0

σ3 0 0

 , u4 = 2
1
3

 1 iσ2 0

0 1 −σ3

−σ1 0 1

 ,

where σi (i = 1, 2, 3) are the Pauli matrices.

58



that we make colorings for simplices of three different dimensions (tetrahedra, triangles and

edges), which are described in Sect. 4.1.1, Sect. 4.1.2 and Sect. 4.1.3, respectively. In fact,

each tetrahedron has a type (orientation) α = ±, each triangle has a color µ = 1, . . . , 4, and

each edge has a color (µν) = (νµ) (µ ̸= ν). The interaction terms corresponding to triangles

indicate that the three edges of a triangle of color µ have different colors (µν), (µρ), (µσ).

Note that we particularly set λαβ as λ++ = λ−− = 0 (and λ+− = λ−+ = λ), so that any two

adjacent tetrahedra have different types. As can be seen from (4.1.6), a tetrahedron of type

α = + (or α = −) gives the factor

tr
(
uαµuανuαρ

)
tr
(
uανuαµuασ

)
tr
(
uαµuαρuασ

)
tr
(
uαρuανuασ

)
(α = ±), (4.1.16)

which takes a nonvanishing value (= 1) only when the four colors µ, ν, ρ, σ are all different and

correspond to the positive (or negative) orientation. Thus, a tetrahedron in a nonvanishing

Feynman diagram has a positive orientation when its color is α = + and has a negative

orientation when α = −. Furthermore, if two triangles sharing an edge of color (µν) (µ ̸= ν)

belong to the same tetrahedron, then one of the two triangles has color µ and the other has

color ν. In fact, any triangle connected to a hinge of color (µν) must have color µ or ν, but

two triangles sharing the edge (µν) must have different colors if they belong to the same

tetrahedron.

Therefore, the Feynman diagrams generated by the action (4.1.13) consist of tetrahedra

where two adjacent tetrahedra have different orientations α = ±, and four triangles in each

tetrahedron have different colors µ = 1, . . . , 4 such as to be consistent with the orientation of

the tetrahedron. Furthermore, the coloring of each edge does not depend on the choice of a

tetrahedron including the edge, which leads us to the interpretation that two tetrahedra are

glued at their faces such that the edges to be identified have the same color. We thus conclude

that the Feynman diagrams obtained from the action (4.1.13) obey the same Feynman rules

obtained from the action (4.1.12) of three-dimensional colored tensor models.

4.2. Unoriented theory

In this section, we define unoriented membrane theories in terms of tetrahedral decomposi-

tions. A realization of unoriented membrane theories within the framework of triangle–hinge

models will be given in the next section.

4.2.1. Matrix models for unoriented strings

As a warm-up before discussing unoriented membrane theories, we review the definition of

unoriented string theories and how some of them are realized in terms of real symmetric

matrix models.
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We first recall that an oriented open string is an oriented one-dimensional object with

two ends. If we forget about the target-space degrees of freedom, the scattering processes

of oriented open strings are represented by Feynman diagrams of Hermitian matrix models:

S[M ] = tr
(1
2
M2 − λ

3
M3
)
, (4.2.1)

where M = (Mij) = M † is an N × N Hermitian matrix. In fact, the propagator and the

interaction vertex are expressed as6

propagator : ∼ δilδjk
(
=MijMkl

)
, (4.2.2)

interaction : ∼ λ δjk δlm δni . (4.2.3)

Each Feynman diagram can also be thought of as a triangular decomposition of an orientable

two-dimensional surface by representing it with the dual diagram.

We now introduce a transformation Ω which acts on one-string states and inverts the

worldsheet parity (the orientation of string). Unoriented open string theories are then defined

as theories where the transformation Ω is gauged (see, e.g., [47]). Namely, we demand that

every propagator in the open-string channel be invariant under the action of Ω . This is

realized by inserting the projector (1 + Ω)/2 to every propagator. If we do not change the

form of interaction, the Feynman rules are then expressed as follows (we have rescaled the

projector for later convenience):

propagator : + ∼ δilδjk + δikδjl
(
= XijXkl

)
, (4.2.4)

interaction : ∼ λ δjk δlm δni. (4.2.5)

It is easy to see that the above Feynman rules are obtained from a real symmetric matrix

model:

S = tr
(1
4
X2 − λ

6
X3
)
, (4.2.6)

6Note that in tr(M3) = CijklmnMijMklMmn, only such components of Cijklmn survive that are totally

symmetric under the permutation of three pairs of indices, (ij), (kl), (mn). However, when we write

Cijklmn = δjkδlmδni , we intentionally think that Cijklmn are only cyclically symmetric for three pairs of

indices, and distinguish two diagrams, one coming from Cijklmn and the other from Cklijmn. Of course,

by summing two ways of Wick contractions in calculating the free energy, the two diagrams appear in a

combined way and Cijklmn will be automatically symmetrized. This “trick” enables us to identify a Feynman

diagram with a triangulated surface, and is widely and implicitly adopted in the study of matrix models.
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where X = (Xij) = XT is an N ×N real symmetric matrix.

A Feynman diagram for the above unoriented string theory can also be represented as

a collection of triangles glued together along two-hinges. In fact, if we express the vertex

C ijklmn (only with a cyclic symmetry) by an oriented triangle, the two contractions in (4.2.4)

can be illustrated as in Fig. 4.6. The first contraction leads to a gluing of two oriented

Figure 4.6: Two ways to identify edges of triangles of positive orientation.

The orientation is preserved for (a): (i1, j1) = (j2, i2), but is not for (b):

(i1, j1) = (i2, j2). The local two-dimensional orientations of triangles induce

one-dimensional orientations of the edges to be identified [3]. The identification

(b) can also be expressed as (b1) or (b2). The expression (b2) is necessarily

accompanied by the flip of the right triangle, which means that the local two-

dimensional orientation is not preserved when one moves from the left triangle

to the right triangle across the identified edge.

triangles with the orientation being preserved, while the second contraction to a gluing for

which the orientation is not preserved.

4.2.2. Unoriented membrane theories

We have seen above that unoriented string theories are obtained from oriented theories

by gauging the worldsheet parity transformation Ω. We now apply the same prescription

to membrane theories in order to define unoriented membrane theories; We first prepare

oriented models and introduce the worldvolume parity transformation Ω that inverts the

orientation of open membrane, and then gauge the transformation Ω by inserting (1+Ω)/2

to every propagator of open membrane in the original oriented models. In the rest of

this section, we assume that worldvolumes in oriented models are already represented as

tetrahedral decompositions.
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4.2.3. Open membranes of disk topology as fundamental objects

We first argue that the worldvolume dynamics of oriented closed membranes of various

topologies can also be regarded as that of oriented open membranes of disk topology. In fact,

tetrahedra in a tetrahedral decomposition can be thought of as interaction vertices that are

connected with propagators of membrane of disk topology (i.e. triangles). One thus may say

that a worldvolume theory of closed membranes of arbitrary topologies has a dual picture

where open membranes of disk topology play fundamental roles, despite the fact that open

membranes can have topologies other than disk (such as disks with handles).

4.2.4. Fundamental triplets for oriented membranes

Given an oriented model, we focus on two adjacent, positively oriented tetrahedra T+
1 and

T+
2 in a tetrahedral decomposition Γ, where T+

1 and T+
2 are glued by identifying a triangle

∆1 in T+
1 with a triangle ∆2 in T+

2 (the resulting identified triangle will be denoted by ∆).

Note that the orientation of a tetrahedron naturally induces the positive orientation for four

triangles belonging to the tetrahedron, and we represent them by arrows as in Fig. 4.7 (a).

We express the identification of edges at ∆ as

Figure 4.7: Two ways to identify triangles of tetrahedra of positive orientation

[3]. The orientation is preserved for (a): (E1E2E3) = (E ′
1E

′
2E

′
3), but is not

for (b): (E1E2E3) = (E ′
3E

′
2E

′
1). The local three-dimensional orientations of

tetrahedra induce two-dimensional orientations of the triangles to be identified.

The identification (b) can also be expressed as (b1) or (b2). The expression (b2)

is necessarily accompanied by the orientation change of the right tetrahedron,

which means that the local three-dimensional orientation is not preserved when

one moves from the left tetrahedron to the right tetrahedron across the identified

triangle.

(E1E2E3) = (E ′
1E

′
2E

′
3) , (4.2.7)
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where E1, E2, E3 (or E ′
1, E

′
2, E

′
3) are the edges of ∆1 (or ∆2). Note that the orientations of

∆1 and ∆2 must be opposite in order to form an oriented tetrahedral decomposition, and

thus the three-dimensional orientation is preserved when one moves from the inside of T1 to

that of T2 through the identified triangle ∆ [Fig. 4.7 (a)]. Three-dimensional orientation is

also preserved for the two other tetrahedral decompositions that are obtained from (4.2.7)

by cyclically permuting the edges (E ′
1, E

′
2, E

′
3). We denote by Γ1(= Γ), Γ2, Γ3, respectively,

the tetrahedral decompositions corresponding to the three edge-identifications that preserve

the orientation,

Γ1 : (E1E2E3) = (E ′
1E

′
2E

′
3), Γ2 : (E1E2E3) = (E ′

2E
′
3E

′
1), Γ3 : (E1E2E3) = (E ′

3E
′
1E

′
2) .

(4.2.8)

We will call (Γ1,Γ2,Γ3) the fundamental triplet associated with triangle ∆.

4.2.5. Definition of unoriented membrane theories

In addition to the edge-identifications (4.2.8) [leading to the fundamental triplet (Γ1,Γ2,Γ3)] ,

we introduce another triplet (Γ̃1, Γ̃2, Γ̃3) that are obtained, respectively, by the following

edge-identifications at the same triangle ∆ :

Γ̃1 : (E1E2E3) = (E ′
3E

′
2E

′
1), Γ̃2 : (E1E2E3) = (E ′

1E
′
3E

′
2), Γ̃3 : (E1E2E3) = (E ′

2E
′
1E

′
3) .

(4.2.9)

Note that, in contrast to (4.2.8), three-dimensional orientation is not preserved across ∆ [see

Fig. 4.7 (b)]. We introduce a transformation Ω that interchanges two triplets (Γ1,Γ2,Γ3)

and (Γ̃1, Γ̃2, Γ̃3), and define unoriented membrane theories to be those that are obtained

from the oriented theories by acting the projection operator (1+Ω)/2 on every triangle. We

will call the set (Γ1,Γ2,Γ3, Γ̃1, Γ̃2, Γ̃3) the fundamental sextet associated with triangle ∆. So

far we have assumed that the tetrahedral decomposition Γ1 is orientable, but one can easily

see that Γ1 is not necessarily orientable for the above definition of a sextet to make sense

because we focus only on local configurations around triangle ∆. In the rest of paper, we

understand that the domain of definition for Ω is extended so as to include nonorientable

tetrahedral decompositions.

Note that each sextet (Γ1, . . . , Γ̃3) consists of both manifolds and nonmanifolds, unlike

the two-dimensional cases where Ω always relates a manifold to another manifold. In fact,

suppose that a tetrahedral decomposition Γ1 represents a three-dimensional manifold. Then,

the change of the edge-identification at ∆ from (E1E2E3) = (E ′
1E

′
2E

′
3) to (E1E2E3) =

(E ′
3E

′
2E

′
1) gives rise to a singularity at the midpoint of edge E2 = E ′

2 in Γ̃1 around which

we cannot define a local orientation. The appearance of singularity will be demonstrated

explicitly when we consider an example in Sect. 4.3.3.
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4.3. Triangle–hinge models for unoriented membranes

4.3.1. Action and Feynman rules

In this subsection, we realize unoriented membrane theories as triangle–hinge models. We

show that they are obtained simply by replacing C = C+ in the original oriented models

(3.6.4) with C = C+ + C−:

S =
1

2
[AB]− λ

6

(
[C+AAA] + [C−AAA]

)
−
∑
k

µk
2k

[Yk B · · ·B︸ ︷︷ ︸
k

]

≡ 1

2
AabcdBabcd

− λ

6n3
(ωd1a2ωd2a3ωd3a1 + ωd3a2ωd2a1ωd1a3)ωb3c2ωb2c1ωb1c3 Aa1b1c1d1Aa2b2c2d2Aa3b3c3d3

−
∑
k

n2µk
2k

Ba1a2b2b1 · · ·Bak−1akbkbk−1
Baka1b1bk . (4.3.1)

Here, C+ is again given by eq. (3.7.1) (where we denote C+ simply as C), and C− by

Ca1b1c1d1a2b2c2d2a3b3c3d3
− ≡ 1

n3
ωd3a2ωd2a1ωd1a3ωb3c2ωb2c1ωb1c3 . (4.3.2)

We first note that the interaction vertices corresponding to [C+AAA] and [C−AAA] can

be expressed by thickened triangles with directed index lines as in Fig. 4.8. Contractions

Figure 4.8: Interaction vertices corresponding to (a): [C+AAA] and (b): [C−AAA]

[3]. If C+ represents triangle-identifications which preserve three-dimensional

local orientation, C− represents triangle-identifications which do not preserve

orientation.

using [C+AAA] yield the identification of a triangle belonging to a tetrahedron with another

triangle belonging to an adjacent tetrahedron so that the orientation is preserved [see Fig. 4.8

(a)]. The two positively oriented tetrahedra thus reside in opposite positions with respect

to the thickened triangle, and the edges (a1, d1), (a2, d2), (a3, d3) will be identified with the

edges (b1, c1), (b2, c2), (b3, c3), respectively, when we deflate the triangle to get a tetrahedral

decomposition. On the contrary, contractions using [C−AAA] yield an identification of

triangles where the orientation is not preserved [see Fig. 4.8 (b1,b2)]. In fact, the indices
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of C− [see (4.3.2)] can be expressed as Fig. 4.8 (b1) or (b2). We use the expression (b1)

in a Feynman diagram where the triangle is connected to hinges, but we exploit the other

expression (b2) when the thickened triangle is interpreted as representing two triangles to be

identified in gluing two tetrahedra of positive orientation. Then, the edges (a1, d1), (a2, d2),

(a3, d3) will be identified with the edges (c1, b1), (c2, b2), (c3, b3), respectively, when we deflate

triangles to get a tetrahedral decomposition. It is easy to see that the two positively oriented

tetrahedra are now in the same position with respect to the triangle and thus will take a

configuration of Fig. 3.15 (b1) after the triangle is deflated. This means that the orientation

is not preserved for this gluing of tetrahedra.

Note that the direction of arrows on index lines is still preserved for diagrams using

C−. Thus, taking the same large n limit as in the oriented models, we can reduce the set

of diagrams such that all their index polygons are triangles,7 and can conclude that they

represent tetrahedral decompositions.

4.3.2. Wick contractions corresponding to the fundamental sextet

Recall that for each triangle ∆ in a tetrahedral decomposition Γ = Γ1, we have the fun-

damental sextet of tetrahedral decompositions, (Γ1,Γ2,Γ3, Γ̃1, Γ̃2, Γ̃3), which close among

themselves under the action of Ω . In this subsection, we write down the corresponding

sextet (γ1, γ2, γ3, γ̃1, γ̃2, γ̃3) in unoriented triangle–hinge models.

We first note that, while the total number of triangles (as well as that of tetrahedra)

is the same among the sextet (Γ1, . . . , Γ̃3), this is not the case for those numbers around

each edge of triangle ∆ . For example, let us consider the case where the three edges of ∆

in Γ1 [denoted by E1(= E ′
1), E2(= E ′

2), E3(= E ′
3)] are connected to three different hinges.

If we change the identification at ∆ from (E1E2E3) = (E ′
1E

′
2E

′
3) to (E1E2E3) = (E ′

2E
′
3E

′
1)

to obtain Γ2, all the three edges E1, E2, E3 must be the same due to triangle-identifications

at other triangles.8 Therefore, Feynman diagrams γ1 and γ2 in a triangle–hinge model

must have different numbers and different types of hinges if they correspond to Γ1 and Γ2,

respectively. This means that the constructions of sextets are not so straightforward in

triangle–hinge models compared to other models (such as tensor models).

Let us make the above consideration to a more concrete form, considering a triangle ∆

in a tetrahedral decomposition Γ1, at which two positively oriented tetrahedra glued with

the orientation being preserved. We first note that there are the following three cases for

7As in the original models, a tetrahedron has one index triangle at each corner (see Fig. 4.1.15).
8Since we assume that Γ is a tetrahedral decomposition without boundaries, other triangle-identifications

in Γ ensure the edge-identifications E1 = E′
1, E2 = E′

2 and E3 = E′
3. See discussions below (4.3.12) for

more details.
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the three edges I, J , K of triangle ∆:

(1) Three edges I, J , K are connected to three different hinges.

(2) Two and only two of them are connected to the same hinge.

(3) All of them are connected to the same hinge. (4.3.3)

We suppose that Γ1 is of the type (1) at ∆, and that edges I, J , K are connected to (p+1)-,

(q+1)-, (r+1)-hinges, respectively. Including p other edges connected to the (p+1)-hinge,

we label the edges around the (p + 1)-hinge as [I, I1, . . . , Ip] in a cyclic order. Here, we

define the cyclic ordering of edges around a k-hinge as follows (see Fig. 4.9): We first pick

Figure 4.9: Labeling of edges around a k-hinge [3].

up two neighboring triangles t1 and t2 belonging to the same tetrahedron T+
1 of positive

orientation, and label their edges connected to the hinge as L1 and L2, respectively. Next to

T+
1 there is another positively oriented tetrahedron T+

2 determined by triangle t2 and another

triangle t3 sharing the same hinge, and we label as L3 the edge of t3 that is connected to

the hinge. Repeating this procedure, we obtain a sequence [L1, L2, . . . , Lk] around the k-

hinge. Since another choice (t2, t3) is possible as the initial pair for the same configuration of

edges around the hinge, we should regard the above sequence as being cyclically symmetric,

[L1, L2, . . . , Lk] = [L2, L3, . . . , Lk, L1]. Note that, if we take (t2, t1) as the initial pair, the

edges around the k-hinge will be represented as a sequence in reverse order, [Lk, . . . , L2, L1].

Labeling similarly the edges around the (q+1)- and (r+1)-hinges by [J, J1, . . . , Jq] and

[K,K1, . . . , Kr], respectively, we have

Γ1 : edge I is connected to a (p+ 1)-hinge as [I, I1, . . . , Ip],

edge J is connected to a (q + 1)-hinge as [J, J1, . . . , Jq],

edge K is connected to a (r + 1)-hinge as [K,K1, . . . , Kr]. (4.3.4)

Then, the remaining tetrahedral decompositions in the sextet have the following configura-
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tions:

Γ2 : three edges I, J , K are connected to a single (p+ q + r + 3)-hinge

as [I, I1, . . . , Ip, K,K1, . . . , Kr, J, J1, . . . , Jq]. (4.3.5)

Γ3 : three edges I, J , K are connected to a single (p+ q + r + 3)-hinge

as [I, I1, . . . , Ip, J, J1, . . . , Jq, K,K1, . . . , Kr]. (4.3.6)

Γ̃1 : two edges I, K are connected to a (p+ r + 2)-hinge as [I, I1, . . . , Ip, K,K1, . . . , Kr],

and edge J is connected to a (q + 1)-hinge as [J, J1, . . . , Jq]. (4.3.7)

Γ̃2 : two edges J , K are connected to a (q + r + 2)-hinge as [J, J1, . . . , Jq, K,K1, . . . , Kr],

and edge I is connected to a (p+ 1)-hinge as [I, I1, . . . , Ip]. (4.3.8)

Γ̃3 : two edges I, J are connected to a (p+ q + 2)-hinge as [I, I1, . . . , Ip, J, J1, . . . , Jq],

and edge K is connected to a (r + 1)-hinge as [K,K1, . . . , Kr]. (4.3.9)

Equations (4.3.4)–(4.3.9) can be understood in the following way. We begin with (4.3.4),

which is simplest and obvious. We first split the triangle ∆ in Γ1 to two triangles as in

Fig. 4.10 in order to realize the configuration before the edge-identification (E1E2E3) =

(E ′
1E

′
2E

′
3) is made. This splitting is accompanied by that of edge I to two edges E1 and

Figure 4.10: The splitting of ∆ corresponding to Γ1 [3]. Edge I becomes two

edges E1 and E
′
1, and edge J (or K) becomes E2 and E

′
2 (or to E3 and E

′
3). The

(p+1)-, (q+1)-, (r+1)-hinges accordingly become (p+2)-, (q+2)-, (r+2)-hinges,

respectively. Γ1 is restored by the edge-identification (E1E2E3) = (E ′
1E

′
2E

′
3) for

the split triangles.

E ′
1, and that of edge J (or K) to E2 and E ′

2 (or to E3 and E ′
3). Accordingly, the (p + 1)-,

(q+1)- (r+1)-hinges are transformed to (p+2)-, (q+2)- (r+2)-hinges, respectively. Now

we follow the sequence of the edges connected to each hinge in the other way around. If

we start from the edge E1 connected to the (p + 2)-hinge, we then pass through the edges

I1, . . . , Ip following the original sequence [I, I1, . . . , Ip], and reach the edge E ′
1, which will be

identified with the starting edge E1 (i.e., E
′
1 = E1 = I) under the edge-identification for Γ1,

(E1E2E3) = (E ′
1E

′
2E

′
3). Let us write the total path schematically as a cycle,

• E1 → I1 → · · · → Ip → E ′
1 = E1. (4.3.10)
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Similarly, if we start from the edge E2 connected to the (q + 2)-hinge or from the edge E3

connected to the (r + 2)-hinge, we then have the following paths:

• E2 → J1 → · · · → Jq → E ′
2 = E2, (4.3.11)

• E3 → K1 → · · · → Kr → E ′
3 = E3. (4.3.12)

Equations (4.3.10)–(4.3.12) are exactly what is expressed in (4.3.4).

Now we consider the tetrahedral decomposition Γ2, which was obtained from Γ1 by

changing the edge-identification from (E1E2E3) = (E ′
1E

′
2E

′
3) to (E1E2E3) = (E ′

2E
′
3E

′
1) [see

Fig. 4.11 (a)]. If we start from the edge E1 connected to the (p + 2)-hinge, we then again

Figure 4.11: The splittings of ∆ corresponding to (a): Γ2 and (b): Γ̃1 [3]. Γ2 is

obtained by the edge-identification (E1E2E3) = (E ′
2E

′
3E

′
1) for the split triangles,

and Γ̃1 by (E1E2E3) = (E ′
3E

′
2E

′
1) for the split triangles.

pass through the edges I1, . . . , Ip and reach the edge E ′
1. However, this is not the end of

journey because E ′
1 will be identified with E3 in the edge-identification, and we need to

follow another sequence of edges, K1, . . . , Kr, to reach E ′
3. Since E ′

3 will be identified with

E2, we need to continue the journey; we pass through the edges J1, . . . , Jq to reach E ′
2,

which finally will agree with the starting edge E1. The total path thus can be written as

the following cycle:

• E1 → I1 → · · · → Ip → E ′
1 = E3 → K1 → · · · → Kr

→ E ′
3 = E2 → J1 → · · · → Jq → E ′

2 = E1. (4.3.13)

Since E ′
1 = E3 = K, E ′

3 = E2 = J and E ′
2 = E1 = I under the edge-identification, the path

(4.3.13) can be written as (4.3.5). Similarly, (4.3.6) can be understood from the path:

• E1 → I1 → · · · → Ip → E ′
1 = E2 → J1 → · · · → Jq

→ E ′
2 = E3 → K1 → · · · → Kr → E ′

3 = E1. (4.3.14)

Equation (4.3.7) can be understood in a similar way, by recalling that Γ̃1 is obtained from

Γ1 by changing the edge-identification from (E1E2E3) = (E ′
1E

′
2E

′
3) to (E1E2E3) = (E ′

3E
′
2E

′
1)
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[see Fig. 4.11 (b)], which gives the following two disconnected cycles:

• E1 → I1 → · · · → Ip → E ′
1 = E3 → K1 → · · · → Kr → E ′

3 = E1,

• E2 → J1 → · · · → Jq → E ′
2 = E2. (4.3.15)

Similarly, the cycles for Γ̃2 [edge-identification (E1E2E3) = (E ′
1E

′
3E

′
2)] are given by

• E2 → J1 → · · · → Jq → E ′
2 = E3 → K1 → · · · → Kr → E ′

3 = E2,

• E1 → I1 → · · · → Ip → E ′
1 = E1, (4.3.16)

and those for Γ̃3 [edge-identification (E1E2E3) = (E ′
2E

′
1E

′
3)] are given by

• E1 → I1 → · · · → Ip → E ′
1 = E2 → J1 → · · · → Jq → E ′

2 = E1,

• E3 → K1 → · · · → Kr → E ′
3 = E3. (4.3.17)

Now that we understand in detail the configurations of the fundamental sextet (Γ1, . . . , Γ̃3)

associated with triangle ∆, it is easy to translate (4.3.4)–(4.3.9) in terms of unoriented

triangle–hinge models, and we obtain the sextet of Feynman diagrams (γ1, . . . , γ̃3) as the

following groups of Wick contractions:9

γ1 : [C+AIAJAK ]XI1...Ip,J1...Jq ,K1...Kr

× [Yp+1B
(+)
I B

σI1
I1

· · ·BσIp
Ip

] [Yq+1B
(+)
J B

σJ1
J1

· · ·BσJq
Jq

] [Yr+1B
(+)
K B

σK1
K1

· · ·BσKr
Kr

] , (4.3.18)

γ2 : [C+AIAJAK ]XI1...Ip,J1...Jq ,K1...Kr

× [Yp+q+r+3B
(+)
I B

σI1
I1

· · ·BσIp
Ip
B

(+)
K B

σK1
K1

· · ·BσKr
Kr

B
(+)
J B

σJ1
J1

· · ·BσJq
Jq

] , (4.3.19)

γ3 : [C+AIAJAK ]XI1...Ip,J1...Jq ,K1...Kr

× [Yp+q+r+3B
(+)
I B

σI1
I1

· · ·BσIp
Ip
B

(+)
J B

σJ1
J1

· · ·BσJq
Jq
B

(+)
K B

σK1
K1

· · ·BσKr
Kr

] , (4.3.20)

γ̃1 : [C−AIAJAK ]XI1...Ip,J1...Jq ,K1...Kr

× [Yp+r+2B
(+)
I B

σI1
I1

· · ·BσIp
Ip
B

(+)
K B

σK1
K1

· · ·BσKr
Kr

] [Yq+1B
(+)
J B

σJ1
J1

· · ·BσJq
Jq

] , (4.3.21)

γ̃2 : [C−AIAJAK ]XI1...Ip,J1...Jq ,K1...Kr

× [Yq+r+2B
(+)
J B

σJ1
J1

· · ·BσJq
Jq
B

(+)
K B

σK1
K1

· · ·BσKr
Kr

] [Yp+1B
(+)
I B

σI1
I1

· · ·BσIp
Ip

] , (4.3.22)

γ̃3 : [C−AIAJAK ]XI1...Ip,J1...Jq ,K1...Kr

× [Yp+q+2B
(+)
I B

σI1
I1

· · ·BσIp
Ip
B

(+)
J B

σJ1
J1

· · ·BσJq
Jq

] [Yr+1B
(+)
K B

σK1
K1

· · ·BσKr
Kr

] , (4.3.23)

where the superscript σ takes (+) or (−), which represent two types of independent Wick

contractions, and we write the first type as AB(+) or simply as AB(+) and the second type

as AB(−) = AB(−), where we have omitted the indices i, j, . . ..10 We have written explicitly
9Due to the cyclic symmetry of C+ , a group of wick contractions containing [C+AIAJAK ] and that

containing [C+AJAKAI ] represent the same Feynman diagram.

10Of course, the two pairs appear in a combined way as AB(+) +AB(−).
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only for the part of the interaction vertices corresponding to ∆ (expressed by [C±AIAJAK ])

and the hinges connected to ∆. The remaining part (denoted by XI1...Ip,J1...Jq ,K1...Kr) is

common among the sextet (γ1, . . . , γ̃3) and represents the other interaction vertices and their

contractions.11 As for diagrams γ1, γ2, γ3, the identification at ∆ preserves the orientation

as in Fig. 4.7 (a), and thus we have used the vertex [C+AIAJAK ]. On the other hand, as for

diagrams γ̃1, γ̃2, γ̃3, the identification at ∆ does not preserve the orientation as in Fig. 4.7

(b), and thus we have used the vertex [C−AIAJAK ].

So far we have assumed that the orientation is preserved at ∆ in Γ1 and also that Γ1

is of the type (1) in (4.3.3). For other cases, one can also obtain the corresponding sextets

(γ1, . . . , γ̃3) in a similar way.

4.3.3. Example

To understand the meaning of the above sextet (4.3.18)–(4.3.23), let us consider a simple

example. We take a tetrahedral decomposition Γ1 of a three-sphere, consisting of two tetra-

hedra glued together at their faces as shown in Fig. 4.12. Diagram γ1 representing Γ1 is

Figure 4.12: Tetrahedral decomposition Γ1 of three-sphere, where triangles with

the same label are identified [3].

realized by the following group of Wick contractions [eq. (4.3.18)]:

[C+AIAJAK ]∆[Y2B
(+)
I B

(−)
I1

][Y2B
(+)
J B

(−)
J1

][Y2B
(+)
K B

(−)
K1

]×XI1J1K1 , (4.3.24)

XI1J1K1 = [C+AI1AM1AN2 ]1[C+AJ1AN1AL2 ]2[C+AK1AL1AM2 ]3

× [Y2B
(+)
L1
B

(−)
L2

][Y2B
(+)
M1
B

(−)
M2

][Y2B
(+)
N1
B

(−)
N2

] . (4.3.25)

Here, the subscripts ∆, 1, 2, 3 specify the triangles corresponding to the interaction vertices;

∆ specifies the triangle at which we change the edge-identification to obtain γ2, . . . , γ̃3, and

1, 2, 3 specify the triangles belonging to the rest part X, which consists of three triangles

(1, 2, 3) and three 2-hinges (see Fig. 4.13). Fig. 4.13 (a1) depicts the part corresponding to

X, while Fig. 4.13 (a2) depicts the part corresponding to ∆, which consists of a triangle

and three 2-hinges. In Fig. 4.13 (a1) and (a2), edges with the same indices are connected

11XI1...Kr includes AI1 , . . ., AKr , which are the partners of BI1 , . . ., BKr in the Wick contractions.
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Figure 4.13: Feynman diagram γ1 representing Γ1. (a1): the part corresponding

to X. (a2): the part corresponding to ∆. The interaction vertices corresponding

to triangles are specified by the labels, ∆, 1, 2, 3 [3]. Three 2-hinges exist in (a1)

but are not displayed explicitly there. (b): edge-identification at ∆, which is re-

alized by contracting (a1) and (a2). (c): the obtained tetrahedral decomposition

Γ1.

by contractions. Recalling that the edge-identification of Γ1 is expressed by (E1E2E3) =

(E ′
1E

′
2E

′
3), we label the ordered indices (bi, ci) and (ai, di) (i = 1, 2, 3) in Fig. 4.13 (a1)

as Ei = Ei(bi, ci) and E ′
i = E ′

i(ai, di), respectively. Since edges Ei and E ′
i are expressed

as in Fig. 4.13 (b) when (a1) and (a2) are combined, we see that the edge-identification

(E1E2E3) = (E ′
1E

′
2E

′
3) will certainly be realized after triangle ∆ is deflated.

Now we consider diagram γ2 representing the tetrahedral decomposition Γ2 that is ob-

tained from Γ1 by changing the edge-identification from (E1E2E3) = (E ′
1E

′
2E

′
3) to (E1E2E3) =

(E ′
2E

′
3E

′
1) (see Fig. 4.14). Note that Γ2 has the topology of a three-dimensional lens space

Figure 4.14: Feynman diagram γ2 representing Γ2 [3]. (a1): the part correspond-

ing to X. (a2): the part corresponding to ∆. (b): the edge-identification at ∆.

(c): the obtained tetrahedral decomposition Γ2.
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L(3, 1), as can be seen from Fig. 4.14 (c). Diagram γ2 is given by (4.3.19), that is,

[C+AIAJAK ][Y6B
(+)
I B

(−)
I1
B

(+)
K B

(−)
K1
B

(+)
J B

(−)
J1

]×XI1J1K1 . (4.3.26)

Since the part given by X is common among the sextet, we have the same labeling of edges,

Ei(bi, ci) and E ′
i(ai, di) (i = 1, 2, 3), and diagram γ2 takes the form shown in Fig. 4.14

(a1) and (a2). In Fig. 4.14 (a2), the ordered indices (b1, c1) are connected to (g, f) by

index lines, and (a2, d2) are connected to (h, e). Thus, as can be seen from Fig. 4.14 (b),

edge E1(b1, c1) = (g, f) will be identified with edge E ′
2(a2, d2) = (h, e) after triangle ∆ is

deflated. Similarly, edges E2(b2, c2) and E3(b3, c3) will be identified with edges E ′
3(a3, d3)

and E ′
1(a1, d1), respectively. We thus obtain the edge-identification (E1E2E3) = (E ′

2E
′
3E

′
1)

of Γ2. In a similar way, we can realize Γ3 [resulting from the edge-identification (E1E2E3) =

(E ′
3E

′
1E

′
2) at ∆] as a diagram γ3 [eq. (4.3.20)] of a triangle–hinge model. Γ3 has the topology

of a lens space L(3, 2) = L(3, 1). Thus, in this simple example, two diagrams γ2 and γ3

represent the same tetrahedral decomposition, Γ2 = Γ3.

As for the tetrahedral decomposition Γ̃1 [resulting from the edge-identification (E1E2E3) =

(E ′
3E

′
2E

′
1) at ∆], the corresponding diagram γ̃1 is obtained from the following group of Wick

contractions [eq. (4.3.21)]:

[C−AIAJAK ][Y4B
(+)
I B

(−)
I1
B

(+)
K B

(−)
K1

][Y2B
(+)
J B

(−)
J1

]×XI1J1K1 . (4.3.27)

The diagram is depicted in Fig. 4.15. In Fig. 4.15 (a2), the ordered indices (b1, c1) are

Figure 4.15: Feynman diagram γ̃1 representing Γ̃1 [3]. (a1): the part correspond-

ing to X. (a2): the part corresponding to ∆. (b): the edge-identification at ∆.

(c): the obtained tetrahedral decomposition Γ̃1, where the midpoint of the edge

shared by triangles 2 and ∆ is singular.

connected to (h, e) by index lines, and (d3, a3) are connected to (f, g). Thus, due to the

edge-identification for C− explained below (4.3.2), edge E1(b1, c1) = (h, e) will be identified

with edge E ′
3(d3, a3) = (f, g) after triangle ∆ is deflated. Similarly, edges E2(b2, c2) and

E3(b3, c3) will be identified with edges E ′
2(d2, a2) and E

′
1(d1, a1), respectively. We thus obtain
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the edge-identification (E1E2E3) = (E ′
3E

′
2E

′
1) of Γ̃1. Although Γ̃1 consists of two tetrahedra,

it is not a three-dimensional manifold. In fact, there is a singularity at the midpoint of edge

E2 = E ′
2 of ∆, around which we cannot define a local orientation. It is easy to see that the

other diagrams γ̃2 and γ̃3 are realized by (4.3.22) and (4.3.23), respectively, and represent

the same tetrahedral decomposition as Γ̃1.

4.3.4. Note on the weights of diagrams

We comment that a sextet (γ1, γ2, γ3, γ̃1, γ̃2, γ̃3) appears in the free energy with the same

coefficients. By “the same coefficients” we mean that the numerical factors of these diagrams

are the same except for powers of n, λ, µk if we treat the common part X as a set of

distinguished external vertices and sum over all diagrams representing the same tetrahedral

decomposition.

We note that, if a group x of Wick contractions represents a tetrahedral decomposition

and if all the interaction vertices are distinguished, then x contributes to the free energy

as12

1

s2!

( λ
6n

)s2∏
k=1

[
1

sk1!

(n2µk
2k

)sk1]
. (4.3.28)

Here, s2 and sk1 denote the numbers of triangles and k-hinges, respectively, in diagram

γ = [x]. Thus, there arise 1/(s2! 6
s2) and 1/(sk1! (2k)

sk1 ) in the free energy as numerical

factors.

If there are nk internal k-hinges in a diagram,13 there are nk! different contractions cor-

responding to the permutation of these hinges, since the external vertices are distinguished.

For each k-hinge, there are 2k ways to give the same diagram due to the symmetry of k-hinge

vertices. Thus, the numerical factor of each contraction, 1/(nk!(2k)
nk), is compensated if we

sum these contributions. The numerical factor 1/6 of triangle ∆ is also canceled. Actually,

since C+ has the symmetry (3.2.17) there are six ways to give the same diagram. The above

computation ensures that three diagrams γ1, γ2, γ3 are generated with unit coefficient in the

original triangle–hinge model. Furthermore, since C− also has the symmetry

Ci1j1i2j2i3j3
− = Ci2j2i3j3i1j1

− = Cj1i1j2i2j3i3
− , (4.3.29)

γ̃1, γ̃2, γ̃3 are also generated with unit coefficient in an unoriented model.

12The n dependence comes from the assumption that all the index polygons are triangles.
13Internal hinges mean the parts not in X but connected to ∆.
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4.4. Matter fields in unoriented triangle–hinge models

In this section we show that matter fields can be introduced to unoriented triangle–hinge

models in the same way as the original triangle–hinge models (3.6.4). We here focus on

assigning matter degrees of freedom only to tetrahedra, but the assignment can be done to

simplices of any dimensions as in Sect. 4.1.

Introducing matter degrees of freedom is realized by coloring each tetrahedron in tetra-

hedral decompositions. Actually, we only need to repeat the steps given in Sect. 4.1. We

first extend the algebra A to a tensor product of the form A = Agrav ⊗ Amat. Here, Agrav

is again Mn=3m(R), and we take Amat to be M|J |(R), where J is the set of colors. Now the

dynamical variables A, B have eight indices A = (Aabαβ,cdγδ), B = (Babαβ,cdγδ), where the

indices a, b, c, d correspond to Agrav, and α, β, γ, δ to Amat.
14 Next we set the tensor C to

take the form C = C++C− (C± represents two ways to glue tetrahedra depicted in Fig. 4.8),

and assume that each has a factorized form C± = C±gravC±mat. Here, we set C±grav to the

form (4.3.1), and let C±mat take the following form:

Cα1β1γ1δ1α2β2γ2δ2α3β3γ3δ3
+mat =

∑
α,β∈J

λαβ p
δ1α2
α pδ2α3

α pδ3α1
α pβ3γ2β pβ2γ1β pβ1γ3β , (4.4.1)

Cα1β1γ1δ1α2β2γ2δ2α3β3γ3δ3
−mat =

∑
α,β∈J

λαβ p
δ3α2
α pδ2α1

α pδ1α3
α pβ3γ2β pβ2γ1β pβ1γ3β , (4.4.2)

where pα = (pβγα = δβαδ
γ
α) is the projector to the α-th component and λαβ is a real constant.

Equations (4.4.1) and (4.4.2) mean that we insert pα to each index lines (as ω was inserted for

Agrav) and take a summation over α and β with weight λαβ. The Amat part of the interaction

vertex [C+A
3] + [C−A

3] can be illustrated as in Fig.4.16. Note that pα is common among

Figure 4.16: Interaction vertices corresponding to triangle (Amat part) [3]. The

upper (lower) side of each triangle has color α (β).

three index lines on each side of a triangle. Thus, one can say that each side of triangle has

a color.

In this construction, the index function F(γ) of diagram γ is factorized to the form

F(γ) ≡ F(γ;A) = F(γ;Agrav)F(γ;Amat) ≡ Fgrav(γ)Fmat(γ), (4.4.3)

14A and B are real-valued matrices symmetric with respect to the pair of indices, Aabαβ,cdγδ = Acdγδ,abαβ ,

Babαβ,cdγδ = Bcdγδ,abαβ .
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and the factor Fgrav(γ) ensures that diagram γ represents a tetrahedral decomposition. The

index lines corresponding to Amat also form index triangles (see Fig.4.17). A tetrahedron

Figure 4.17: Index triangles inside a tetrahedron with triangles colored as in

(4.4.1),(4.4.2) [3].

surrounded by four side of triangles with color α1, α2, α3, α4 gives the factor

tr(pα1pα2pα3)tr(pα2pα1pα4)tr(pα1pα3pα4)tr(pα3pα2pα4)

=

{
1 (α1 = α2 = α3 = α4)

0 (otherwise).
(4.4.4)

This means that Fmat(γ) can take nonvanishing values only when four side of triangles of

each tetrahedron have the same color (say α), which enables us to say that the tetrahedron

has the color α. We thus succeed in coloring tetrahedra in γ.

If two tetrahedra with color α and β are glued at their faces, the face (corresponding to

C±mat) gives the factor λαβ. In this sense the coupling constants λαβ define a local interaction

between the color α and β. If we take the set of colors, J , to be RD = {x} and let the

coupling constants λx,y (x,y ∈ RD) take nonvanishing values only around y as a function of

x, then x can be interpreted as the target space coordinates of a tetrahedron in RD. Since

neighboring tetrahedra are locally connected in RD, the model can describe the dynamics

of unoriented membranes embedded in RD.
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Part II

Numerical analysis of triangle–hinge

models and the sign problem
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Chapter 5

Numerical analysis of triangle–hinge

models

In Part II, we make a numerical study of triangle–hinge models. We first make a numerical

study of a simplified models, and claim that we need to study the models with the restriction

to tetrahedral decompositions as we did in Sect. 3.7, which causes the sign problem. We next

review our work [4], where we propose a versatile prescription for the generalized Lefschetz

thimble method to solve both the sign problem and the multimodal problem simultaneously.

We then perform the Monte Carlo simulation to triangle–hinge models with the restriction.

In this chapter, we perform the Monte Carlo simulation to our models, and show the

numerical result. Although we have considered the models generating tetrahedral decompo-

sitions, in this chapter we consider the models generating general polygonal decompositions

S[A,B] =
1

2
AabcdBabcd +

l∑
k=1

λk
2knk

Aa1b1b2a2 · · ·Aak−1bk−1bkakAakbkb1a1

+
l∑

k=1

n2µk
2k

Ba1a2b2b1 · · ·Bak−1akbkbk−1
Baka1b1bk . (5.0.1)

We can again restrict the obtained diagrams to polygonal decompositions by inserting matrix

ω as in Sect. 3.7. The way to restrict the diagrams to that represents three-dimensional

manifold is also completely same for that in Sect. 3.7.

5.1. Redefinition of the models

We consider the partition function with the above action,

Z =

∫
dAdB e−S[A,B]. (5.1.1)
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If the domain of integration is spaces of real symmetric matrices, the integral does not

convergent because the action (5.0.1) is not bounded below. This is not suitable to discuss

analyticity of the model. We thus redefine the model (5.0.1) by changing the domain of

integration. A new domain is given as follows:{
Aabcd = Acdab = A∗

badc = A∗
dcba ∈ C

Babcd = Bcdab = B∗
badc = B∗

dcba ∈ C.
(5.1.2)

This modification does not change the Feynman rules, since the propagator for the new

measure is the same as the original one,

⟨AabcdBefgh⟩ = δaeδbfδcgδdh + δagδbhδceδdf (5.1.3)

If the domain of integration is given by (5.1.2), the integral (5.1.1) is finite. it is convenient

to change the variables as follows:

Aabcd = A′
ijτ

i
abτ

j
cd , Babcd = B′

ijσ
i
daσ

j
bc , (5.1.4)

where {τ i} and {σi} (i = 1, . . . , n2) are bases of space over n × n Hermitian matrices. We

assume that they are normalized as

tr(τ iτ j) = tr(σiσj) = δij. (5.1.5)

If A and B satisfy (5.1.2), new variables A′ and B′ are real symmetric matrices (A′
ij = A′

ji,

B′
ij = B′

ji). Thus, the dimensions of the domain (5.1.2) is the same as those of space over

two real symmetric matrices. Using new variables A′ and B′, the interaction terms in the

action (5.0.1) are written in terms of traces of matrices,

Aa1b1b2a2 · · ·Aak−1bk−1bkakAakbkb1a1 = trA′k, (5.1.6)

Ba1a2b2b1 · · ·Bak−1akbkbk−1
Baka1b1bk = trB′k, (5.1.7)

although the quadratic term becomes slightly complicated,

AabcdBabcd = A′
ij tr(τ

iσlτ jσk)B′
kl ≡ K(A′, B′) = A′

ijKijklB
′
kl , (5.1.8)

Kijkl =
1

2
tr(τ iσlτ jσk + τ jσlτ iσk). (5.1.9)

The action thus takes the form

S[A′, B′] =
1

2
K(A′, B′) +

l∑
k=1

λk
2knk

trA′k +
l∑

k=1

n2µk
2k

trB′k. (5.1.10)

Since A′ and B′ are real symmetric matrices, they can be diagonalized using orthogonal

matrices S and T as

A′
ij = Sik xk S

−1
kj , B′

ij = Tik yk T
−1
kj . (5.1.11)
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The partition function Z can be written as an integral over eigenvalues and orthogonal

matrices,

Z =

∫ ∏
i

dxidyi dSdT |∆(x)∆(y)| e−S[SxS−1,TyT−1], (5.1.12)

S[SxS−1, T yT−1] =
1

2
K(SxS−1, T yT−1) +

n2∑
i=1

l∑
k=1

(
λk

2knk
xki +

n2µk
2k

yki

)
, (5.1.13)

where ∆(x) is the Vandermonde determinant. We suppose that the upper bound l in the sum

of interaction terms is an even integer (l ≥ 4), and that λl and µl are positive.1 Then, the

x-integrals and y-integrals converge due to the potential terms xli and y
l
i. After performing

the integration over eigenvalues, Z reduces to an integral over orthogonal matrices S and

T . Since the space of orthogonal matrices, SO(n2), is compact, Z should be finite.

Here, we give a choice of bases τ i and σi in (5.1.4):

τ ief = τabef =
√
n
−1√

gabef , (5.1.14)

σief = σabef =
√
n(
√
g)−1
abef = τabfe , (5.1.15)

where index i is represented by double-index (a, b) (a, b = 1, . . . , n), and the square root of

g is given by

√
gabcd =

√
n
(1 + i

2
δacδbd +

1− i

2
δadδbc

)
, (5.1.16)

(
√
g)−1
abcd =

1√
n

(1− i

2
δacδbd +

1 + i

2
δadδbc

)
. (5.1.17)

In the bases, A′ and B′ are represented as

A′
abcd =n (

√
g)−1
abefAefgh(

√
g)−1
ghcd , (5.1.18)

B′
abcd =n

−1√gabefBfghe
√
gghcd , (5.1.19)

and the kinetic term K(A′, B′) is given by

K(A′, B′) =
1

2
A′

abcd(B
′
dabc + 2B′

acbd −B′
adcb). (5.1.20)

We use this expression in the following computations.

1Although the upper bound is an odd integer, we can again deform the integration contour so that the

integration become finite. This is a similar discussion to that for the integration contour of cubic matrix

model.
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5.2. Notes on K

In this section, we note the properties of K, which is defined in (5.1.9). We regard K given

by (5.1.9) as a linear transformation on the space of n2 × n2 real symmetric matrices. (We

call the space Vsm, whose dimension is N(N + 1)/2, (N = n2).) The components are

KIJ = Kijkl =
1

2
tr(τ iσlτ jσk + τ jσlτ iσk), (5.2.1)

where I denotes a symmetrized pair (ij). Using the identity,

N∑
i=1

τ iabτ
i
cd =

N∑
i=1

σiabσ
i
cd = δadδbc, (5.2.2)

one can find that K satisfies KKT = 1Vsm , that is,

KijklKmnkl =
1

2
(δimδjn + δinδjm). (5.2.3)

K is thus an orthogonal transformation on Vsm, and the eigenvalues should be 1 or -1.

The number of each eigenvalue depends on the choice of bases τ i and σi. If we set

σi = τ iT as in (5.1.15), we have

Kijkl =
1

2
tr(τ iτ lT τ jτ kT + τ jτ lT τ iτ kT ). (5.2.4)

K then satisfies

trVsmK =
1

2
(δimδjn + δinδjm)Kijmn

=
1

2
tr(τ iτ jT τ jτ iT + τ jτ jT τ iτ iT )

= n , (5.2.5)

where we have used the identity (5.2.2). Therefore, the number of eigenvalue ±1 is

1

2

[1
2
n2(n2 + 1)± n

]
. (5.2.6)

If we instead set σi = τ i, we have

trVsmK =
1

2
tr(τ iτ jτ jτ i + τ jτ jτ iτ i) = n3 . (5.2.7)

Thus, the number of eigenvalue ±1 in this case is

1

2

[1
2
n2(n2 + 1)± n3

]
. (5.2.8)
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5.3. Simplified triangle–hinge model

As a first step towards understanding critical behaviors in triangle–hinge models, we study

a simplified model, which is given by setting all λk and µk in (5.1.10) to zero except for λ4

and µ4. Although we can only search a narrow parameter region, we expect to find a critical

point corresponding to (pure) gravity theory, because the critical behavior of matrix models

is determined only by the scaling behavior near the critical point and many potentials give

the same critical behavior unless we tune the parameter, and because the first-order (i.e.

the lowest) critical point of the matrix models corresponds to two-dimensional pure gravity

theory. By rescaling variables, the action is written in the form

S[A′, B′] =
n2β

2

[
K(A′, B′) +

1

4
trA′4 +

1

4
trB′4], (5.3.1)

where the coupling constant β is given by

β = (n2λ4µ4)
− 1

2 . (5.3.2)

We first see the asymptotic behaviors of the free energy of the simplified model,

F ≡ − 1

n4
logZ = − 1

n4
log
[∫

dA′dB′e−S[A
′,B′]
]
, (5.3.3)

in the regions β ≪ 1 and β ≫ 1, and in the next section we argue that there is a critical

point in the model.

5.3.1. Free energy at β ≪ 1

If we rescale the variables as

A′ → β− 1
4A′, B′ → β− 1

4B′, (5.3.4)

the partition function becomes

Z = const.× β−n2(n2+1)
4

∫
dA′dB′ exp

[
− n2

2

{√
βK(A′, B′) +

1

4
trA′4 +

1

4
trB′4}]. (5.3.5)

We expand it perturbatively with respect to β ≪ 1, and obtain

Z = const.× β−n2(n2+1)
4

(
1 + n4

∑
k

akβ
k
)
, (5.3.6)

ak =

∫
dA′dB′e−

n2

8

(
trA′4+trB′4

)[
K(A′, B′)2

]k
. (5.3.7)
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The coefficients ak are written as integrals over eigenvalues. For example, a1 is given by

a1 =

∫ N=n2∏
i=1

(dxidyi)|∆(x)∆(y)|e−
n2

8

∑
i(x

4
i+y

4
i )xp1xp2yq1yq2

×Ki1j1k1l1Ki2j2k2l2Ii1p1j1p1,i2p2j2p2Ik1q1l1q1,k2q2l2q2 , (5.3.8)

Ii1j1i2j2,i3j3i4j4 =

∫
SO(N)

(dS)Si1j1Si2j2Si3j3Si4j4

=δj1j2δj3j4(ξδi1i2δi3i4 − ηδi1i3δi2i4 − ηδi1i4δi2i3)

+ δj1j3δj2j4(−ηδi1i2δi3i4 + ξδi1i3δi2i4 − ηδi1i4δi2i3)

+ δj1j4δj2j3(−ηδi1i2δi3i4 − ηδi1i3δi2i4 − ξδi1i4δi2i3), (5.3.9)

where N = n2, ξ = N+1
N(N−1)(N+2)

and η = 1
N(N−1)N+2)

.

5.3.2. Free energy at β ≫ 1

We show that the free energy of the simplified model behaves as follows in the region β ≫ 1:

F ∼ −1

4
β + cn log β + const., (5.3.10)

where cn is a constant depending on n.

In order to derive (5.3.10), we first decompose symmetric matrices into eigenvalues and

orthogonal matrices as (5.1.11). The partition function is given by

Z =

∫ ∏
i

dxidyi dSdT |∆(x)∆(y)| e−S[SxS−1,T yT−1], (5.3.11)

S[SxS−1, T yT−1] =
n2β

2

[
K(SxS−1, T yT−1) +

1

4

∑
i

(x4i + y4i )
]
, (5.3.12)

Since there is a factor β in the action (5.3.12), it is expected that the configuration which

gives the local minimum of the action dominates in the region β ≫ 1. In the bases (5.1.18)

and (5.1.19), if we set orthogonal matrices S = T = 1, we have conditions for eigenvalues,

0 =
∂S

∂xab
=

{
n2β
2
(yaa + x3aa) (a = b)

n2β
2

(
− 1

2
(yab − yba) + x3ab

)
(a ̸= b)

, (5.3.13)

0 =
∂S

∂yab
=

{
n2β
2
(xaa + y3aa) (a = b)

n2β
2

(
− 1

2
(xab − xba) + y3ab

)
(a ̸= b)

. (5.3.14)

These are satisfied by the following x̄ and ȳ:{
x̄aa = −ȳaa = ±1

x̄ab = −x̄ba = ȳab = −ȳba = ±1 (a ̸= b)
. (5.3.15)
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The value of the action at this point is S0 = −βn4/4. Expanding x and y around the

configurations as,

xab = x̄ab +
1√
β
x̂ab, (5.3.16)

yab = ȳab +
1√
β
ŷab, (5.3.17)

one can show that the quadratic part of the action with respect to x̂ and ŷ is positive definite.

Thus, (5.3.15) gives the local minimum if we fix S = T = 1.

We next consider directions of orthogonal matrices. If we represent S and T as

S = eu/
√
β, T = ev/

√
β, (5.3.18)

where uT = −u and vT = −v, the expansion of K with respect to u and v at x = x̄, y = ȳ

is given by

βK(Sx̄S−1, T ȳT−1) = βK(x̄, ȳ) +
∑

a,b,c,d,e,f,g,h

Kabcd,efgh(x̄ab − x̄cd)uabcd(ȳef − ȳgh)vefgh

+
∑
a,b,c,d

(x̄ab − x̄cd)
2u2abcd +

∑
a,b,c,d

(ȳab − ȳcd)
2v2abcd +O

(
β−1/2

)
. (5.3.19)

We can show that the quadratic term with respect to u and v is non-negative,2 by using the

fact that eigenvalues of K as a linear transformation on the space of symmetric matrices are

±1 (see Sect. 5.2). Thus, S = T = 1 gives a local minimum.

Expanding around the above minimum, we have

Z =const. βconst.

∫ ∏
ab

dx̂abdŷab
∏

(ab)<(cd)

duabcddvabcd

× |∆(x)∆(y)| exp
[n4

4
β − δV (x̂, ŷ, u, v)

]
, (5.3.20)

where δV (x̂, ŷ, σ, τ) represents a term depending on x̂, ŷ, u, v, The leading term of δV is

quadratic with O(β0) coefficient in the β ≫ 1. Thus, we can find the behavior (5.3.10),

although it is hard to determine the coefficient cn which depends on the nonlinear structure

of δV due to zero-eigenvalues of the Hesse matrix.

5.4. Numerical analysis

In this section, we argue that there is a critical point in the model, and a third-order phase

transition occurs there. We expect that there is a phase transition in the large N simplified
2There are zero-eigenvalues in the Hesse matrix around the point. Some of them correspond to flat

directions, namely symmetry of K. However, the other directions are not true symmetry, and lift up at

higher order.
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triangle–hinge model from the following observation. Due to the expression (5.3.5) for small

β ≪ 1, the potential terms tr(A′4 + B′4) dominate compared to
√
βK(A′, B′). Since the

potential has only one minimum at the origin, eigenvalues of A′ are distributed continuously

in a connected range around the origin, (and those of B′ also). On the other hand, for

β ≫ 1, eigenvalues should be distributed around the saddle point (5.3.15) of the action

(5.3.12). This distribution may have two disconnected supports: one is around 1 and the

other is around −1. Therefore, there seems to be a transition between the 1-cut distribution

at small β and the 2-cut distribution at large β.

In order to check the above observation, we will compute numerically the following k-

point functions Ik corresponding to derivatives of the free energy:

Ik(β) = βk
dkF

dβk
=
(
− n4

2

)k−1
βk⟨Ok⟩c, (5.4.1)

O =
1

n2

[
K(A′, B′) +

1

4
trA′4 +

1

4
trB′4]. (5.4.2)

From the behavior (5.3.10) at β ≫ 1, Ik (k ≥ 2) should be an O(1) constant at β ≫ βc for

arbitrary n. This may make it clear to see numerical results and to find a critical point βc.

We perform the Monte Carlo simulation to compute k-point functions Ik defined by

(5.4.1) in the simplified triangle–hinge model. We used matrices A,B as dynamical variables,

and applied Metropolis-Hasting algorithm with the standard deviation σ = 0.05β−1/4 for

the transition. We consider three types of n = 4, 6, 8 (thus the size of matrix is 16, 36, 64

respectively), and guess the large-n behavior from them. We calculate β dependence of ⟨O⟩,
where O is defined in (5.4.2). We start the Monte Carlo calculation from initial values

A′
abcd = αabδacδbd, B

′
abcd = βabδacδbd, (5.4.3)

αaa = −βaa =

{
+1 (a ≤ n

2
)

−1 (a > n
2
)
, (5.4.4)

αab = βab =

{
+1 (a > b)

−1 (a < b)
. (5.4.5)

We show the distributions of eigenvalues for various β at n = 8(N = 64) in Fig. 5.1. For

small β, the distribution has a single connected support. For large β, the distribution has

two supports as we expected. They indicate that there is a phase transition between the

two behaviors. Taking the finite n effect into account, we expect that the transition occurs

around β ∼ 6 in the large n limit. We show the 1-point functions in the triangle–hinge

model in Fig. 5.2. They seem to be smooth. Thus, the expected transition seems to be

more than the second-order. We show the 2-point functions in the triangle–hinge model in

Fig. 5.3. It seems that the behavior changes around β ∼ 6. We thus consider that there is

a third-order phase transition around β ∼ 6 in the simplified triangle–hinge model.
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Figure 5.1: Distributions of eigenvalues in the triangle–hinge model (5.3.1).
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Figure 5.2: 1-point functions for the triangle–hinge model (5.3.1). The red, green

and blue dots are the results for n = 4, 6 and 8 respectively.
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Figure 5.3: 2-point functions in the triangle–hinge model (5.3.1). The red, green

and blue dots are the results for n = 4, 6 and 8 respectively.

5.5. Interpretation

We saw in the previous section that the triangle–hinge models have a third-order phase

transition in the large-n limit. However, this phase transition may not correspond to three-

dimensional gravity theory: The phase transition is quite similar to that of a class of one-

matrix models such as

S(M) = Nβtr

(
−1

2
M2 +

1

4
M4

)
, (5.5.1)

where M is N ×N Hermitian matrix. As we have seen in Sect. 2.1.2, the resolvent for the

one-cut solution is given as

w(z) =
β

2

(
−z + z3 −

√
(z2 +

a2

2
− 1)2(z2 − a2)

)
(5.5.2)

a2 ≡ 2

3

(
1−

√
1 +

β

12

)
. (5.5.3)

On the other hands, this model has another class of solution (two-cut solution). Let us

consider the case that the eigenvalues distribute in two regions [−a, b] and [b, a] (0 < b < a).

The resolvent is then written as

w(z) =
β

2

(
−z + z3 − |z|

√
(z2 − c2)(z2 − d2)

)
. (5.5.4)

Here, the constant c and d can again be determined by (2.1.31), (2.1.31) and the asymptotics

w(z) → 1/z(z → ∞), and we obtain

w(z) =
β

2

(
−z + z3 −

√
z2(z2 − 1 +

2√
β
)(z2 − 1− 2√

β
)

)
. (5.5.5)
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We can easily calculate the second derivative of the free energy from the resolvent as

∂F

∂β
=

1

N2

[
⟨
(
∂S

∂β

)2

⟩ − ⟨∂S
∂β

⟩2
]

=

{
− 1

216β2

(
54 + β2 + (β − 6)

√
β(β + 12)

)
(β ≤ 4)

− 1
4β2 (β > 4)

, (5.5.6)

where the one-cut solution appears for β ≤ 4 and the two-cut solution appears for β > 4.

The third derivative is discontinuous at β = 4, and this model thus has third-order phase

transition at β = 4. Since the two-point function of the triangle–hinge model has a behavior

quite similar to that of this matrix model, this critical point may correspond not to three-

dimensional gravity but to two-dimensional gravity.

The numerical result shows that the critical point β ≃ 6 of triangle–hinge models do not

depend on n. The critical point thus corresponds to the large-n limit

n→ ∞, β = n2λ4µ4 : fixed. (5.5.7)

However, this limit is different from the limit that we have considered in Sect. 3.7, which

should be corresponds to three-dimensional gravity. Furthermore, we do notinsert the ma-

trix ω, which we need in order to restrict the diagrams to that represent tetrahedral de-

compositions as we discussed in Sect. 3.7. Because of that, the diagrams as in Fig.5.4 for

example, which represents two-dimensional surface rather than three-dimensional volume,

still remains and gives the Boltzmann weight proportional to n52λ484 µ
48
4 . This is dominant

Figure 5.4: An example of singular diagrams that have larger contribution than

diagram corressponding to tetrahedral decomposition in the large-n limit. The

cube consists of doubloed quadrangles which are glued by four-hinges.

in the limit (5.5.7) compared to the diagrams that represent three-dimensional tetrahedral

decompositions. This also implies that the critical point may correspond to two-dimensional

gravity.

In order to obtain the phase transition corresponding to three-dimensional gravity, we

need to insert ω properly to restrict the diagrams. However, we must do this carefully: The
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ω-inserted model is given as

S(A,B) =
1

2
AabcdB

abcd

− λ4
8n4

Aa1b1c1d1 · · ·Aa4b4c4d4ωd1a2ωb2c1ωd2a3ωb3c2ωd3a4ωb4c3ωd4a1ωb1c4

− n2µ4

8
Ba1a2b2b1Ba2a3b3b2Ba3a4b4b3Ba4a1b1b4 . (5.5.8)

We can perform similarity transformation

Aabcd → A′ = Aa′b′c′d′(ω
−1)aa

′
(ω−1)bb

′
(ω−1)cc

′
(ω−1)dd

′
, (5.5.9)

and obtain

S(A,B) =
1

2
AabcdB

a′b′c′d′waa
′
wbb

′
wcc

′
wdd

′

− λ4
8n4

AbacdAdcefAfeghAhgab −
n2µ4

8
Ba1a2b2b1Ba2a3b3b2Ba3a4b4b3Ba4a1b1b4 , (5.5.10)

where ω appears only in the quadratic term (we denote A′ simply as A). We can again

use the transformations (5.1.18) and (5.1.19), and redefine the models as we discussed in

Sect. 3.7, we finally obtain

S(A,B) =
1

2
Kω(A,B)− λ4

8n4
trA4 − n2µ4

8
trB4 (5.5.11)

Kω(A,B) ≡ AabcdB
efgh

[ ωafωgbωchωed − iωbfωgaωchωed − iωafωgbωdhωec − ωbfωgaωdhωec

+iωaeωgbωchωfd + ωbeωgaωchωfd + ωaeωgbωdhωfc − iωbeωgaωdhωfc

+iωafωhbωcgωed + ωbfωhaωcgωed + ωafωhbωdgωec − iωbfωhaωdgωec

−ωaeωhbωcgωfd + iωbeωhaωcgωfd + iωaeωhbωdgωfc + ωbeωhaωdgωfc

]
.

(5.5.12)

However, since ω is not a Hermitian matrix (Hermiticity conflicts the properties tr ω =

tr ω2 = 0 and tr ω3 ̸= 0), (5.5.11) takes complex value. We then need to face the sign

problem, which we will see in the next chapter.
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Chapter 6

Numerical tools for complex actions:

Lefschetz thimble method

6.1. Sign problem

We first briefly review the problem (so-called “sign problem”) that we often encounter when

we perform numerical calculation with a complex action.

When we study phase structures of some models, we often perform the Monte Carlo

simulation. In Monte Carlo simulation, we calculate the correlation function of operator

O(x) as an ensemble average with respect to the configuration generated with probability

P (x) ≡ 1
Z
e−S(x) as

⟨O⟩ =
∫
dxO(x)e−S(x)∫
dxe−S(x)

=
1

Z

∫
dxO(x)e−S(x)

≡
∫
dxP (x)O(x)

≃ 1

M

M∑
i=1

O(xi). (6.1.1)

In this approach, the statistic error of the correlation function is O(M−1/2), especially inde-

pendent of the degrees of freedom. This approach is quite useful for real-valued action S(x),

however, we are often interested in complex actions, as we already encountered in Chap. 5.

Complex actions also appear when we consider the finite density lattice QCD or real time

evolution of the system. Since P (x) can no longer be regarded as a probability when the

action is complex-valued, we need some prescription to apply Monte Carlo simulation. The

naivest prescriptions is so-called reweighting method: we use the real part of the action

SR(x) to generate configurations and incorporate the imaginary part SI(x) into operators
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as

⟨O⟩ = ⟨Oe−iSI ⟩SR

⟨e−iSI ⟩SR

(6.1.2)

⟨O⟩SR
≡
∫
dxO(x)e−SR(x)∫

dxe−S(x)
=

1

ZSR

∫
dxO(x)e−SR(x). (6.1.3)

Although we can in principle calculate with this prescription, this often fails because the

phase e−iSI(x) oscillates violently when SI(x) becomes large. For example, let us consider a

simple model

S(x) =
β

2
(x− i)2 (6.1.4)

O(x) = x2. (6.1.5)

We can easily perform the integral and obtain ⟨O⟩ = 1/β − 1. If we apply the reweighting

method to this model, SR(x) =
β
2
(x2 − 1), SI(x) = −βx and from (6.1.2) we obtain

⟨Oe−iSI ⟩SR
= (

1

β
− 1)e−β/2 (6.1.6)

⟨e−iSI ⟩SR
= e−β/2. (6.1.7)

Both of them become exponentially small when β ≫ 1. On the other hand, the statistic

error can be estimated to be

δ⟨e−iSI ⟩SR
= ⟨cos(SI)⟩SR

− i⟨sin(SI)⟩SR
(6.1.8)

δ⟨cos(SI)⟩SR
∼ 1√

M

√
⟨cos(SI)2⟩SR

− ⟨cos(SI)⟩2SR
, (6.1.9)

whereM is the number of data points. In contrast to small ⟨cos(SI)⟩SR
, ⟨cos(SI)2⟩SR

remains

O(1) and we thus need exponentially large number of data points enough in order to suppress

the error.

To avoid the sign problem, there are two major approaches. One is called complex

Langevin method (CLM): In this approach, roughly speaking, we double the degrees of

freedom and consider real positive probability P (x, y) that satisfies∫
dxP (x)O(x) =

∫
dxdyP (x, y)O(x+ iy) (6.1.10)

for any O(x). Since P (x, y) is positive we no longer suffer from the sign problem in this

approach. However, CLM suffer from another problem which is called “wrong convergence

problem”. This means that the Monte Carlo simulations corresponding to P (x, y) may

not give the correct answer corresponding to P (x) even when we generate sufficiently large

data points. The conditions that judge whether this problem occurs or not is given in [48],
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however, the prescription to avoid the wrong convergence problem is still under development.

The other approach is called (generalized) Lefschetz thimble method (GLTM): This approach

is, roughly speaking, the change of integration contour so that the imaginary part of the

action do not oscillates. We will review this approach in the following section.

6.2. Generalized Lefschetz thimble method

In this section, we review the generalized Lefschetz thimble method (GLTM), which is a

strong tool to avoid the sign problem.

The idea of GLTM is the change of integration contour from RN to N -dimensional

submanifold in CN where the sign problem becomes milder. In order to do this, we need to

define submanifolds in CN with good properties. The Lefschetz thimbles Jσ are defined by

an antiholomorphic gradient flow with saddle points of the action zσ as

Jσ ≡
{
z(t)|dzi

dt
=

¯∂S(z)

∂zi
, z(−∞) = zσ

}
, (6.2.1)

where σ labels saddle points. We here put the following assumptions:

• The second derivative of the action (i..e Hesse matrix) do not have zero eigenvalue on

the saddle point. (det( ∂S
∂zi∂zj

) ̸= 0. )

• The gradient flow do not end at another saddle points. ( Re(S(z(t)))) → ∞ (t → ∞.

))

Then the Lefschetz thimble Jσ has the following properties:

• Jσ is N -dimensional submanifold in CN including zσ.

• The imaginary part of the action is constant on Jσ.

The first property can be shown from the fact that Jσ is defined by the gradient flow and the

fact that Jσ spans N -dimensional space at least near zσ since det( ∂S
∂zi∂zj

) ̸= 0. The second

property can be shown from

dS(z(t))

dt
=
∂S(z)

∂zi

dz(t)

dt
=
∂S(z)

∂zi

¯∂S(z)

∂zi

=

∣∣∣∣∂S(z)∂zi

∣∣∣∣2 ≥ 0, (6.2.2)

by using the flow equation. When we change the dynamical variables to Lefschetz thimbles,

we can rewrite the partition function as

Z =
∑
σ

nσ

∫
Jσ

dze−S(z). (6.2.3)
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Here, nσ is integers called “intersection numbers”, and can be represented as the number of

intersection between another submanifold Kσ defined as

Kσ ≡
{
z(t)|dzi

dt
= −

¯∂S(z)

∂zi
, z(−∞) = zσ

}
(6.2.4)

and real axis RN . 1 However, since Z is represented as the sum of integrations, it is hard to

perform Monte Carlo simulations when more than two thimbles contribute to Z.

In the generalized Lefschetz thimble method, which is proposed in [40], the change of

integration contour itself is defined by the gradient flow:

dzi
dt

=
¯∂S(z)

∂zi
(6.2.5)

z(0)i = xi ∈ R (6.2.6)

When we take the flow time t large, the dynamical variables flow from real axis to neighbor of

Lefschetz thimbles, and go to infinity or a singular point of the action. Thus the integration

contour sticks to thimbles for large t. The Jacobian can also be calculated by flow equation

dJ(t)ij
dt

≡ d

dt

∂z(t)i
∂xj

=
∂

∂xj

dz(t)i
dt

=
¯∂2S(z(t)

∂zi∂zk

dz(t)k
dt

=
¯∂2S(z(t)

∂zi∂zk
J(t)kj (6.2.7)

J(t = 0)ij = δij. (6.2.8)

We finally rewrite the partition function as

Z =

∫
dx det Je−S(z(t;x)) =

∫
dxe−Seff(x;t)e−iImS(z(t;x))+i arg det J (6.2.9)

Seff(x; t) = ReS(z(t; x))− log | det J |. (6.2.10)

The reweighting method now becomes varid. Although it seems strange that ImS is constant

along the flow, ReS increases drastically and z(t; x) is finite only when x is near the point

of intersection between the real axis and Kσ (the intersection point flows into the saddle

point), and thus ImS is almost constant in this narrow region.

Let us see that this method actually works well through the simple model (6.1.4). In

this model we can solve the flow equation (6.2.5) and (6.2.7) exactly and obtain

z(t;x) = eβtx+ i(1− e−βt) (6.2.11)

J(t;x) = eβt. (6.2.12)

1The sign of nσ can be uniquely defined when we define the direction of integrations. The appearance of

these integers can be easily understood when we consider GLTM which we will see below. However, we do

not discuss on nσ anymore because we do not have to calculate nσ in GLTM.
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The partition function is

⟨x2⟩ = ⟨z(t;x)2eiβt⟩
⟨eiβt⟩

(6.2.13)

⟨O(x)⟩eff ∝
∫
dxe−

β
2
(x2e2βt) (6.2.14)

⟨z(t;x)2eiβx⟩eff = e−
β
2
e−2βt( 1

β
− 1
)

(6.2.15)

⟨eiβx⟩eff = e−
β
2
e−2βt

. (6.2.16)

Here, the integrand of (6.2.14) is finite only for an narrow region of x (z(t;x) spread widely,

however), and thus eiβx do not oscillate and the damping with respect to β is suppressed for

large t. Therefore we can obtain the denominator of order O(1) and avoid the sign problem.

GLTM is quite versatile method in contrast to complex Langevin method, which suffers

from wrong convergence problem. However, there are two other problems in GLTM: One

is that the configuration would be trapped on a single thimble when we take t large. This

is because the effective action (6.2.10) has exponentially or infinitely high potential barrier

among thmbles, and this problem (so-called multimodal problem) gives wrong result pre-

cisely. Of course this problem can be mild for small t, however, the sign problem comes

back to life. We cannot always tune t in general so that both of these problems do not

appear. Another problem is the computational cost of this method. The computational

cost is O(N3) because of the determinant of the Jacobian. Furthermore, we should solve

flow equation carefully since z(t; x) moves drastically and flows off to infinity in finite flow

time in general. Therefore solving the flow equation takes many computational costs (the

flow equation for Jacobian itself need O(N3) computational costs for nonlocal action). Of

course they are drastically reduced in contrast to the reweighting method, which need expo-

nentially large computational costs, it is still hard to apply GLTM to large-scale numerical

calculation such as lattice QCD.

6.3. Parallel tempering algorithm for Lefschetz thimble

method

In the previous section we briefly review the generalized Lefschetz thimble method and

pointed two problems. To solve the first problem, we proposed to introduce parallel tem-

pering algorithm by regarding the flow time as a tempering parameter. In this section we

review our work [4].
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6.3.1. Simulated tempering

Before introducing the parallel tempering algorithm, we first review the simulated tempering

algorithm [49] which should help the understanding of the idea of tempering algorithm.

In simulated tempering, we consider the parameter λ which reduces the multimodality of

the action. Usually λ is overall constant of the action, but we here leave λ as a general

parameter. In simulated tempering, we expand the configuration space and regard λ as

dynamical variables: That is, we consider several λ = λ0 ≥ · · · ≥ λA and perform the Monte

Carlo simulation corresponding to the equilibrium distribution

Peq(x; a) = wae
−S(x;λa). (6.3.1)

Here, the original action is corresponding to λ = λA, and λ = λ0 is sufficiently small so

that the multimodal problem do not occur for S(x;λ0). The weight wa is constant which

should be tuned by hand or adaptiively so that the appearance ratios of the configuration

with a (=
∫
dxPeq(x; a) = Z(λa)wa) are finite for all a = 0, · · · , A. We finally obtain the

configuration linked to a, and calculate the correlation function by using only configurations

corresponding to a = A. In this distribution (6.3.1), the configuration can move to other

modes through small λa, although the original action is highly multimodal.

We consider two types of transition in simulated tempering. One is the transition from

(x, a) to (x′, a), which is an ordinary transition used in Monte Carlo simulations (such as

Metropolis-Hasting algorithm, Langevin algorithm, or hybrid Monte Carlo algorithm) for

the action S(x;λa). The other is the transition from (x, a) to (x, a′), where a′ = a ± 1. To

keep the detailed balance condition with respect to (6.3.1), we accept the transition with

probability

min{1, Peq(x; a
′)

Peq(x; a)
}

=min{1, wa
′

wa
e−S(x;λa′ )+S(x;λa)}. (6.3.2)

The multimodal problem can be solved by using the simulated tempering algorithm,

however, we must tune wa by hands or adaptively, and thus we need to estimate (at least

roughly) the partition function Z(λa). This is in general hard to calculate, and in particular

we cannot apply this method to the effective action (6.2.10). The parallel tempering algo-

rithm is the method that overcame this problem, and we need not to calculate wa (implicitly

wa is tuned to be 1/Z(λa)).
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6.3.2. Parallel tempering

In the parallel tempering algorithm, unlike in the case of the simulated tempering algorithm,

we consider the replica of configuration space as

x ∈M → {xa}a=0,··· ,A ∈MA+1. (6.3.3)

We perform the Monte Carlo simulation with respect to this extended configuration space

with the equilibrium distribution

Peq(x0, · · · , xA) =
∏
a

1

Z(λa)
e−S(xa;λa). (6.3.4)

We again consider two types of transition: One is again the transition along x-direction, such

as Metropolis-Hasting algorithm, Langevin algorithm, and so on. Here the configuration xa

evolves with the action S(xa;λa) and do not interact other xa. The other transition is the

exchange of configuration among replicas. In parallel tempering algorithm, we exchange xa

and xa′ with the probability

wα(x, x
′) = min

(
1,
e−S(x

′;λα)−S(x;λα+1)

e−S(x;λα)−S(x′,λα+1)

)
, (6.3.5)

due to the detailed balance condition with respect to (6.3.4). We can solve the sign problem

as is the case for the simulated tempering algorithm, but (6.3.5) do not require additional

parameters to tune such as wa. All we have to do is to choose λa (and A) so that the

exchange can be done with finite probability. 2

6.3.3. Parallel tempering algorithm for GLTM

Our proposal is to take the flow time t as such tempering parameter. The basic algorithm

is then as follows.3

• Step 0. Fix the maximum flow time T which should be sufficiently large such that

the sign problem disappears there, and pick up flow times {tα} from the interval [0, T ]

with t0 = 0 < t1 < · · · < tA = T . The values of A and tα are determined manually or

adaptively to optimize the acceptance rate in Step 3 below.

2In the simulated tempering algorithm, the acceptance rate of the transition along a-direction is∫
dxmin{ 1

Z(λa)
e−S(x;λa),

1

Z(λa′)
e−S(x;λa′ )}. (6.3.6)

This means that we need much numbers of λa if the distribution changes drastically with respect to λ. In the

parallel tempering algorithm, we should take λa in the same manner for the simulated tempering algorithm.
3To make discussions simple, we only take the flow time as a tempering parameter. The algorithm can

be readily extended such that other parameters are included as extra tempering parameters.
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• Step 1. Choose an initial value xα ∈ RN for each replica α, and numerically solve the

differential equations (6.2.5) and (6.2.7) to obtain the triplet (xα, ztα , Jtα).

• Step 2. For each α, construct a Metropolis process to update the value of x. Explicitly,

we take a value x′α from xα using a symmetric proposal distribution, and recalculate

the triplet (x′α, z
′
tα , J

′
tα) using the x′α as the initial value. We then update xα to x′α

with the probability min(1, e−∆Seff,α), where

∆Seff,α ≡ Seff(x
′
α, tα)− Seff(xα, tα)

= SR(z
′
tα)− ln

∣∣detJ ′
tα

∣∣− SR(ztα) + ln
∣∣detJtα∣∣ (6.3.7)

[recall that Seff(x; t) = SR
(
zt(x)

)
− ln

∣∣detJt(x)∣∣, eq. (6.2.10)]. We repeat the process

sufficiently many times such that local equilibrium is realized for each α.

• Step 3. Starting from α = 0 through α = A − 1, swap the values of x between two

adjacent replicas α and α + 1 with the probability

wα(xα, xα+1) ≡ min
(
1,
e−Seff(xα+1; tα)−Seff(xα; tα+1)

e−Seff(xα; tα)−Seff(xα+1; tα+1)

)
. (6.3.8)

• Step 4. After repeating steps 2 and 3 sufficiently many times, get a triplet (xA, ztA=T , JtA=T )

from α = A as an element of a sample.

• Step 5. After repeating steps 2 to 4, we obtain a sequence of triplets {(x(a)A , z
(a)
tA=T , J

(a)
tA=T )}},

which we use to estimate the expectation value:

⟨O(x)⟩ ≈
∑

a e
i
[
arg detJ

(a)
T −SI(z

(a)
T )
]
O
(
z
(a)
T

)
∑

a e
i
[
arg detJ

(a)
T −SI(z

(a)
T )
] . (6.3.9)

Note that the action with t = t0 = 0 is the original action for which the sign problem

exists. However, as can be seen from (6.3.9), the sample average is taken only with respect

to the action with t = tA = T , so that we need not worry about the original sign problem

although we include configurations near t = 0. Also, T can be taken to be sufficiently large

such that the sign problem disappears if we complement intermediate flow times sufficiently

(with larger A). Thus, this simple algorithm solves the two obstacles simultaneously; the

original sign problem at t = 0 is resolved at t = T and the multimodal problem is resolved

even at tA = T by passing through configurations near t0 = 0.4 Note that this algorithm is

valid for GLTM. The parallel tempering algorithm in general fails when e−S(x;λ) is sensitive

to λ, because the acceptance rate becomes small. However, if we regard the flow time as a

4We have implicitly assumed that the action at t0 = 0 does not cause a multimodality in the configuration

space. If this is not the case, we further introduce other parameters (such as the coefficient of the action)

as extra tempering parameters or prepare flow times {tα} such that t0 < 0.
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tempering parameter, the center of a mode of e−Seff(x;t) is fixed near the intersection point

between the real axis and Kσ. Thus we can tune the acceptance rate to be finite even for

large T . We also note for the relation between the set of tempering parameter {ta} and the

acceptance rate. When we take t large so that z(t; x) is near the thimble, the dispersion of

a mode of ∝ e−Seff(x;ta) is controlled by the eigenvalues of Hesse matrix on the saddle point

and exponentially small with respect to t. We thus can estimate the acceptance rate r as

log r ∝ Nδt, where δt = ta+1 − ta. This means that we need A ∼ N replicas so that we

take δt ∼ 1/N to keep r finite. Therefore the total computational cost of this algorithm

is O(N4). Although this is still large for practical use, this is at most polynomail of N , in

contrast to the reweighting method which need exponentially large computational costs.

6.4. Example: massive Thirring model at finite density

In this section we investigate the (0+1)-dimensional massive Thirring model at finite density

[50, 51, 39] to exemplify that the algorithm given in the previous section does work.

The (0 + 1)-dimensional massive Thirring model is defined from the standard (1 + 1)-

dimensional massive Thirring model by dimensional reduction. With an auxiliary field ϕ(τ),

the continuum representation of the grand partition function Z = tr e−β(H−µQ) is given by

the path integral

Z =

∫
PBC

[dϕ(τ)]

∫
ABC

[dψ̄(τ)dψ(τ)] e−S[ϕ,ψ̄,ψ], (6.4.1)

where the Euclidean action takes the form

S[ϕ, ψ̄, ψ] =

∫ β

0

dτ
[
−ψ̄
(
γ0(∂0 + iϕ+ µ) +m

)
ψ +

1

2g2
ϕ2
]
,

[
γ0 =

(
0 1

1 0

)]
, (6.4.2)

and the ϕ integral (the ψ, ψ̄ integral) obeys the periodic (anti-periodic) boundary condition.

In realizing the model on the lattice, we discretize the Euclidean time as τ = na (n =

1, . . . , N) with β = Na (N : even), and follow the prescription of [51], where ϕ(τ) = ϕn is

treated as a U(1) gauge potential and is combined with the chemical potential µ to become

a link variable of complexified gauge group, e(iϕ(τ)+µ)a = eiϕnaeµa ≡ Un e
µa, as proposed in

[52]. Then, by using a staggered fermion formulation, the grand partition function is given

by

Z =

∫
(dU) e−S(U,χ̄,χ), (6.4.3)

where (dU) =
∏

n(dUn) ≡
∏

n[d(ϕna)/2π] (with ϕna ∈ (−π, π]) and

S(U, χ̄, χ) = −
N∑

n,ℓ=1

χ̄nDnℓ(U)χℓ +
1

2g2a

N∑
n=1

[
1− 1

2
(Un + U−1

n )
]

(6.4.4)
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with Dnℓ(U) ≡ (1/2)
(
Une

µaδn+1,ℓ − U−1
n−1e

−µaδn−1,ℓ − UNe
µaδn,Nδℓ,1 + U−1

N e−µaδn,1δℓ,N
)
+

maδnℓ. We henceforth set a = 1 and treat m, µ and g2 as dimensionless parameters.

After carrying out the fermion integration, we obtain

Z =

∫
(dU) detD(U) e−(1/2g2)

∑
n[1−(1/2)(Un+U

−1
n )], (6.4.5)

which can be calculated analytically [51] as

Z =
e−Nα

2N−1

[
cosh(Nµ) IN1 (α) + ρ+ I

N
0 (α)

]
, (6.4.6)

where α ≡ 1/(2g2), 2ρ± ≡ (
√
m2 + 1 +m)N ± (

√
m2 + 1−m)N , and In(α) is the modified

Bessel function of the first kind of order n. Using this expression, we obtain the analytic

form of the chiral condensate as

⟨χ̄χ⟩ = 1

N

∂ lnZ

∂m
=

ρ− I
N
0 (α)√

m2 + 1
[
cosh(Nµ) IN1 (α) + ρ+ IN0 (α)

] . (6.4.7)

We now numerically evaluate the chiral condensate by using the complex action

S(U) ≡ 1

2g2

∑
n

[
1− 1

2
(Un + U−1

n )
]
− ln detD(U) (6.4.8)

as

⟨χ̄χ⟩ =
⟨ 1

N
tr
(
D−1(U)

∂D(U)

∂m

)⟩
=
⟨ 1

N
trD−1(U)

⟩
, (6.4.9)

where

⟨O(U)⟩ ≡
∫
(dU) e−S(U) O(U)∫

(dU) e−S(U)
. (6.4.10)

It is easy to check that [detD(U ;µ)]∗ = detD(U ;−µ), so that the second term of (6.4.8) is

complex-valued for real µ, and the sign problem should arise when N is large.

We follow the steps given in Sect. 6.3 with the complexification of the variables ϕn ∈
(−π, π]. We first set the largest flow time to T = 2, and prepare flow times {tα} (α =

0, 1, 2, . . . , 20) with equal separations as t0 = 0, t1 = 0.1, t2 = 0.2, . . . , t20 = 2.0.5 Fig. 6.1

shows ϕ(t) ≡ (1/N)
∑

n ϕn(t) at flow times t = tα with ϕn(0)’s set to the same value. As

Step 1 of our algorithm, we make a cold start (ϕn = 0) for every replica α, and numerically

5The fermion determinant at flow time t = 0 is given by detD = (1/2N ) [ζ+ζ−1+(
√
2+1)N+(

√
2−1)N )]

where ζ ≡ ei
∑

n ϕn+Nµ. Note that detD vanishes at
∑

n ϕn = π (mod 2π) when µ = log(
√
2 + 1) ∼ 0.881,

which gives a multimodal distribution even at t = 0. However, this can be handled without introducing

another tempering parameter, because each mode has a rather wide distribution (with not-too-small values

near the boundary) and thus the whole configuration space can be easily explored by setting the interval of

proposal distribution to be a large value as in this paper.
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Figure 6.1: ϕ(t) = (1/N)
∑

n ϕn(t) at flow times t = 0, 0.1, 0.2, . . . , 1.9, 2.0 from

bottom to top [4]. The parameters are set to N = 8, m = 1, µ = 1.3, g2 = 1/2.

The full circles are the critical points of S, and the empty circles are the log

singularities of S.

solve the differential equations (6.2.5) and (6.2.7) with the adaptive 4th-order Runge-Kutta

method to obtain the triplet (xα, ztα , Jtα). We repeat the Metropolis process twenty times in

Step 2,6 which is followed by a single sequence of swapping of Step 3. We then repeat Steps

2 and 3 ten times (as Step 4). With the first 5 data discarded as initial sweeps, we estimate

correlation functions with 104 data. Fig. 6.2 shows the absolute value of the denominator

in (6.3.9) (divided by the sample size) as a function of µ with the other parameters set to

N = 8, m = 1, g2 = 1/2. The blue points are the result for the flow time T = 0. They

correspond to the usual reweighting calculus, and show that the sign problem actually exists

for µ ≳ 1.0. The green (red) points are the result for the flow time T = 2 without (with)

the parallel tempering implemented. The results show that the sign problem disappears at

T = 2.

Fig. 6.3 shows the chiral condensate ⟨χ̄χ⟩ as a function of µ. The other parameters

are again set to N = 8, m = 1, g2 = 1/2. The dotted line represents the analytic result

(6.4.7). The blue points are the result for the flow time T = 0 and exhibit large statistical

errors reflecting the sign problem. The green points are the result for the flow time T = 2

without the parallel tempering implemented. They have small statistical errors, but exhibit

statistically significant discrepancies from the analytic result. This should be attributed, as

discussed in detail in [40], to the fact that the dominant contributions come only from a single

thimble for such large T . The red points are the result for the flow time T = 2 now with

6As a proposal distribution we use the uniform distribution within the interval [−ϵ, ϵ], where ϵ is chosen

randomly from {1, 10−1, 10−2, . . . , 10−[2tα+1]} ([k] is the floor of k).
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Figure 6.2: The absolute value of the denominator in (6.3.9) (divided by the

sample size) as a function of µ with the other parameters set to N = 8, m = 1,

g2 = 1/2 [4]. The blue points are the result for the flow time T = 0 and show that

the sign problem actually exists for µ ≳ 1.0. The green (red) points are the result

for the flow time T = 2 without (with) the parallel tempering implemented, and

show that the sign problem disappears at T = 2.
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Figure 6.3: Chiral condensate ⟨χ̄χ⟩ as a function of µ with the other parameters

set to N = 8, m = 1, g2 = 1/2 [4]. The dotted line represents the analytic result

(6.4.7). The blue (green) points are the result for the flow time T = 0 (T = 2)

without the parallel tempering implemented. The red points are the result for

the flow time T = 2 with the parallel tempering implemented.
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the parallel tempering implemented. They show a good agreement with the analytic result,

which implies that contributions from various thimbles are correctly taken into account

through the parallel tempering. This can be confirmed by Fig. 6.4 and Fig. 6.5. Fig. 6.4

exhibits the histogram of ϕ = (1/N)
∑

n ϕn at T = 2. We see that the configurations are
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Figure 6.4: Histograms of ϕ = (1/N)
∑

n ϕn at the flow time T = 2 without/with

the parallel tempering implemented (left/right) [4]. The parameters are set to

N = 8, m = 1, µ = 1.3, g2 = 1/2.

concentrated on a single thimble if the parallel tempering is not implemented (left), while

they are spread out on various thimbles if the parallel tempering is implemented (right).

Fig. 6.5 shows the average acceptance rates for the swaps between replicas α and α + 1 in

Step 3. We see that the swapping is carried out very well because the average acceptance
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Figure 6.5: Average acceptance rate for the swap between replicas α and α + 1

in Step 3 [4]. The parameters are set to N = 8, m = 1, µ = 1.3, g2 = 1/2.

rate is more than 50% for all pairs (α, α + 1).

6.5. Alternative approach: deep learning method

The generalized Lefschetz thimble method suffer from high computational cost. In this

section, we review another promising approach [42] which solves both of the sign problem
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and the multimodal problem, while reducing the computational cost. Although this method

seems to be quite strong, this is not so strong yet that we can apply to any models because

it loses the versatility. Since we apply the above parallel tempering method in the next

chapters, the reader can skip this section.

In GLTM we consider the change of variables to near the Lefschetz thimbles to reduce

the oscillation of the imaginary part of the action. The effective action becomes highly

multimodal because quite narrow regions of x spread to the thimbles by using the gradient

flow (6.2.5). To make matters worse, we have to solve the flow equations carefully because

z(t; x) moves drastically and flows off to infinity in finite flow time in general. However,

we can consider another way of the change of variables such that only the imaginary part

of the variables moves (which should make the multimodality of the effective action mild).

Although this is hard to represent by flow equations, fortunately we can know the “solutions”

of the flow equation (6.2.5). Alexandru et.al. propose to realize the change of variables near

the thimbles by using deep learning: We first solve (6.2.5) numerically for a number of

x = x0, and estimate the imaginary part y of z(t;x0) = x+ iy from the real part x by deep

learning. Although the estimated result contains error from the solution y, we do not need

the exact positions of Lefschetz thimbles, and we have only to obtain the change of variables

to near the thimbles and the Jacobian of the change. In deep learning method which we

will see below, the Jacobian can be calculated by chain rules, and the computational cost

is O(N3) because of the calculation of the Jacobian and its determinant. Furthermore, we

need not to solve the gradient flow after learning, and this also reduces the computational

cost.

6.5.1. Deep learning method

In this subsection we briefly review the deep learning and the way to define the change of

variables.

In the deep learning method, we consider a function f(x;λ) with parameter λ that es-

timate the solution t = (ti(x)) for all x ∈ M . 7 If we define a distance between f(x;λ)

and t(x), we can tune parameters λ by using the gradient descent method. In deep learning

method, we set f(x;λ) as combinations of linear transformations and simple nonlinear trans-

formations, and tune f(x;λ) by using the gradient descent method. We call each component

as “layer”.

For example, f(x;λ) can be constructed by combining the following two layers alter-

7We only consider a supervised learning. In general, in addition to a supervised learning, we can consider

unsupervised learning by using clustering algorithms or anomaly detections. We do not discuss further in

this direction.
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nately:

Affine(x;w, b)i = wijxj + bi (6.5.1)

SoftPlus(x)i = log(1 + exi), (6.5.2)

where the parameters λ is the set of the weight w and the bias b. The Affine layer

Affine(x;w, b) is a linear transformation, and the Softplus layer is a nonlinear transfor-

mation. We can construct f(x;λ) = f(x;w(1), b(1), · · · ) by combining these layers as in Fig.

6.6. The layers which have index of hidden nodes, which are neither input nodes nor output

Figure 6.6: A conceptual diagram of the deep learning. The flow represents the

order of calculation. The Affine (or Softplus) layers are denoted as A (or S) with

boxes. The input (or the output) is denoted as x (or y), and the results of the

Affine (or Softplus) layers are denoted as v(k) (or ṽ(k)).

nodes, are called “hidden layer” (usually we call a set of linear transformation and nonlinear

transformation as a single hidden layer). In the following, we consider as an example the

algorithm with three hidden layer as in Fig. 6.6. We then define the cost function which

quantifies the distance between y = f(x;λ) and t(x) as

cost(λ) ≡
∑
x

C(y(x;λ), t(x)) (6.5.3)

C(y(x;λ), t(x)) =

√∑
i

(f(x)i − t(x)i)2, (6.5.4)

where the summation
∑

x is taken over known data point of t(x) (which we call as “teacher

data”). The gradient with respect to the parameters ∂cost/∂λ =
∑

x ∂C/∂λ can be calcu-

lated by chain rule. For example,

∂C(y, t)

∂w
(3)
ij

=
∂C(y, t)

∂yk

∂y(z;w(4), b(4))k
∂zl

∣∣∣∣
z=ṽ(3)

∂ṽ(3)(z)l
∂zm

∣∣∣∣
z=v(3)

∂v(3)(z;w(2), b(2))m

∂w
(2)
ij

∣∣∣∣∣
z=ṽ(2)

.

(6.5.5)

This is also called backpropagation method due to the order of the calculation.

By using the gradient descent method with above gradient, we can tune the weight

and the bias iteratively and decrease the cost function. However, there is a case for the

parameters to reach to a destination with oscillatory behavior, and then this method needs a

large number of iteration. This method is also expensive when we consider a large number of
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teacher data. To avoid these obstacles, we often choose a subset of teacher data randomly for

each iteration (this technique is called stochastic gradient descent), and using an improved

method instead of the original gradient descent method. We here review the adaptive

momentum estimate method (Adam) [53] as an example of improved methods. In Adam,

for s-th update, the parameter λ is updated as

λ→ λ′ = λ− η̃s
1− αs

∇̃Cs (6.5.6)

∇̃Cs = (1− α)∇̃C + ∇̃Cs−1 (6.5.7)

η̃s =
η√
ṽs

1−βs + ϵ
(6.5.8)

ṽs = (1− β)
∣∣∣∇̃Cs

∣∣∣2 βṽs−1 (6.5.9)

∇̃C0 = 0 (6.5.10)

ṽ0 = 0, (6.5.11)

where ∇C is the original gradient and α, β, ϵ and η are constants. α and β play the role of

disturbing rapid change of the gradient. ϵ is a small constant which prevents the divergence,

and η is the learning rate. These are recommended to be set α = 0.9, β = 0.999, ϵ =

10−8, η = 10−3 in the original paper [53]. The speed of learning also depends on the initial

values of λ. The initial values are often randomly selected from a normal distribution with

some standard deviation σ. The standard deviation is taken by referring the number of nodes

just before the transformation and the shape of nonlinear function, and it is recommended

by He [54] to take σ =
√

2/N for the Softplus layer, where N is the number of nodes. 8

We can define the change of variables by using above f(x;λ) as

x→ z = x+ if(x;λ). (6.5.13)

The Jacobian can be calculated by chain rule as

J(x;w, b)ij =
∂h(x;w, b)i

xj
=
∂y(z;w(4), b(4))i

∂zk1

∣∣∣∣
z=ṽ(3)

· · · ∂v
(1)(z;w(1), b(1))k8

∂zj

∣∣∣∣
z=x

. (6.5.14)

The total algorithm can be summarized as follows:

• Step 1. We solve the gradient flow (6.2.5) for sufficiently large number of x = x0 to

make a training set {z(t; x(k)0 )}k. Here, the number of x0 is large so that {Rez(t; x(k)0 )}k
8Strictly speaking, this is proposed for ReLU layer

ReLU(x) =

{
x (x ≥ 0)

0 (x < 0)
. (6.5.12)

We here disregard the difference between ReLU layer and Softplus layer.
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covers all region of x ∈ M . If the action has symmetry we should restrict x to

representative elements of the symmetry, because f(x;λ) cannot reflect the symmetry.

x0 need not to follow some specific distribution such as e−Seff , and we need not to

calculate the Jacobian here.

• Step 2. Tuning the weight and the bias by using Adam method and proper initial

values.

• Step 3. Define the effective action by using (6.5.13) and (6.5.14) as

Seff(x;w, b) = S(z(x;w, b))− log(det J(x;w, b)) (6.5.15)

z(x;w, b)i ≡ xi + ih(x;w, b)i, (6.5.16)

and perform Monte Carlo simulation with respect to Seff by using reweighting method.

We can solve the sign problem by using reweighting method since z(x;w, b) should be near

Lefschetz thimbles and thus the phase should not oscillate. Furthermore, unlike z(t;x)

defined by (6.2.5), wide region fo x represent the shape of thimbles, and thus the multimodal

problem should be relatively mild. If we set the number of nodes as O(N), the learning

takes the computational cost of O(N2). 9 The most expensive part of the algorithm is the

calculation of det J , which takes the computational cost of O(N3). However, we need to

solve the flow equation (6.2.5) for a small number of teacher data in contrast to the number

of data points for Monte Carlo simulation, and this make the total computational cost quite

cheap.

6.5.2. Limitations

At first glance the deep learning method which we saw in the previous subsection seems to be

of great use. However, this method loses the versatility of the Lefschetz thimble method in

three points: First, to define the change of variables (6.5.13), we assume that the imaginary

part of z(t;x0) is a function of the real part. However, it is in general not true and this

may give a serious problem that f(x;λ) do not reach to t(x) even after learning. Although

it can be neglected for small flow time, this may give the upper bound for the flow time.

Second, the manifold (which they call “learnifold”) where we change the variables from the

real axis, contains error from original Lefschetz thimbles. The effective action reflects this

error in first order, and this can recover the original sign problem. To solve sign problem,

we must suppress the error δz to be |δz| ≤ β, where β is the order of the action, but it is

hard (at least for now) to suppress the error to such small one in the deep learning method.

9The number of layer and the number of nodes should correspond to the nonlinearity of t(x). If the

imaginary part of t(x) is sensitive to the real part, we should take the algorithm deeper.
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The third is that the deep learning method extrapolate f(x;λ) from the region with a large

number of teacher data to the region with few teacher data. However, there is no reason

that f(x;λ) represents t(x) precisely, and to make matters worse, S(f(x;λ)) can have extra

local minimum due to the lack of the precision. They also cause the original sign problem.

In this subsection, we see two examples. The deep learning method is applicable to one

example, and inapplicable to the other example. The first example which we can apply the

deep learning method, is the (0+1)-dimensional massive Thirring model at finite density,

which we discussed in Sect. 6.4. The dynamical variable is periodic (especially compact) in

this model, and we can apply the deep learning method while keeping the U(1)N symmetry

explicitly by treating (sin(x), cos(x)) as an input. If we take N = 8, µ = 1.3,m = 1, g =

1/
√
2 and apply the above deep learning method, the learnifold can represent Lefschetz

thimbles well, and thus the numerical result precisely agree with the analytic solution.

The other example which we cannot apply the deep learning method, is the effective

action of one-matrix model with complex coefficient, which we will discuss in the next

chapter. If we consider N = 2 case for simplicity, the effective action can be given as

S(x1, x2; β, c) = β
∑
i=1,2

(− c
2
x2i +

1

4
x4i )− log((x1 − x2)

2). (6.5.17)

where β is positive and c = eiθ is complex. This model suffers from the sign problem when

β ≫ 1 and c ̸= ±1. If we take β = 20, c = e0.3πi and apply the deep learning method, the

learnifold can be obtained as in Fig. 6.7. When we generate the teacher data naively, there

-1.0 -0.5 0.5 1.0
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Figure 6.7: The learnifold which we obtain by the above deep learning method.

We consider three hidden layers with ten nodes for each layer, and we prepare 104

teacher data points. We repeat the learning process 105 times while 102 teacher

data points are chosen randomly as a mini batch. Unfortunately the learnifold

fails to reconstruct the Lefschetz thimbles with enough precision.

are few data points in |xi| ≥ 1 and this causes the gap between f(x;λ) and t(x). Therefore

the numerical result suffers from the sign problem.
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Chapter 7

Complex one-matrix models

We are now ready to perform the Monte Carlo simulation for complex action. Although we

are interested in triangle–hinge models in the case that ω is inserted in triangles, it should

be helpful to see the case of matrix models with complex coefficients. In this chapter, we

study the critical behavior of a simple one-matrix models

S(M) = Nβtr

(
− c
2
M2 +

1

4
M4

)
, (7.0.1)

where β is real positive and c = eiθ is complex. This model returns to the ordinary one-

matrix model with double-well potential (5.5.1) for c = 1, and with single-well potential for

c = −1. This model suffers from the sign problem when β ≫ 1 and c ̸= ±1.

7.1. Three-cut solution

In the case c = ±1, the action (7.0.1) is real-valued and thus the classical solution is also

real. The eigenvalues of the classical solution distribute around the minimum of the potential

V (x) = −c/2x2 + 1/4x4 while feeling the Vandermonde repulsion. If c = −1 the potential

is unimodal (i.e. V (x) has a single minimum) and thus only the one-cut solution can be

arrowed as the classical solution. If c = +1 the potential has two local minima, and the

classical solution can be either one-cut solution or two-cut solution. As we discussed in

Sect. 5.5, these solutions appear for β < 4 and β > 4 respectively, and the third-order phase

transition occurs at β = 4.

The one-cut solution can be given for arbitrary c as
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w(z) =
β

2

(
−cz + z3 −

√
(z2 +

a2

2
− c)2(z2 − a2)

)
(7.1.1)

a2 ≡ 2c

3

(
1−

√
1 +

12

βc2

)
, (7.1.2)

and the two-cut solution as

w(z) =
β

2

(
−cz + z3 −

√
z2(z2 − c+

2√
β
)(z2 − c− 2√

β
)

)
. (7.1.3)

However, in the case c ̸= ±1, there can be another solution: The potential V (x) has three

saddle point in general, and thus the resolvent w(z) can have cuts up to three. The three-cut

solution can be written as

w(z) =
β

2

(
−cz + z3 −

√
(z2 − a21)(z

2 − z22)(z
2 − z23)

)
, (7.1.4)

where a1, a2, a3 ∈ C are the endpoints of the cuts, and satisfy

a21 + a22 + a23 = 2c (7.1.5)

a21a
2
2 + a22a

2
3 + a23a

2
1 = c2 − β

4
. (7.1.6)

Unlike the one-cut solution and the two-cut solution, we require additional property to

determine the parameter u ≡ a21a
2
2a

2
3 ∈ C. According to the discussion given by David [55],

the solution which actually appears is the one that minimizes (the real part of) the free

energy while keeping the filling fraction nα

nα ≡
∫
Aα

dz

2πi
w(z) (7.1.7)

to satisfy 0 ≤ nα ≤ 1 (in particular, nα ∈ R). Here α labels the cuts of the resolvent, and

Aα is the integration contour around the cut Iα as in Fig. 7.1. The condition that minimize

the real part of the free energy can be translated to the condition that the corresponding

chemical potentials of cut Iα have the same real part. The difference of the chemical potential

for the cut Iα and Iα+1 can be given as the integral of the resolvent such as

∆µα ≡
∫
Bα

dz

2πi
w(z), (7.1.8)

where Bα is another integration contour across the cut as in Fig. 7.1. In summary, we can

determine u = u(β, c) by

Im

[∫
Aα

dz

2πi
w(z)

]
= 0 (7.1.9)

Re

[∫
Bα

dz

2πi
w(z)

]
= 0. (7.1.10)
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Figure 7.1: The integration contours Aα and Bα. Aα is around the cut Iα, and

Bα pass through the cuts Iα and Iα+1 onto another branch.

Since V (x) is even, we take 0 ≤ Re a1 ≤ Re a2 ≤ Re a3 and the cut A1, A2 and A3 as the line

between (−a1, a1), (a2, a3) and (−a3,−a2) respectively, and then we obtain two independent

condition

Im

[∫
A1

dz

2πi
w(z)

]
= 0 (7.1.11)

Re

[∫
B1

dz

2πi
w(z)

]
= 0. (7.1.12)

7.2. Numerical results

As we saw in the previous section, either one-cut or two-cut or three-cut solutions appears

for given β and c. Although we can further know which of them appears by studying the

stability of the solutions, we do not do this and only check numerically that the three-cut

solution can actually appear.

Let us consider the case β = 20 for example. If θ = 0 (c = 1), the two-cut solution

appears. On the other hand, if θ = π (c = −1) the one-cut solution appears. There should

be phase transition(s) in 0 < θ < π. However, ∂F
∂β

= ⟨V (M)⟩ is given as

⟨V (M)⟩ =

{
βa4

1024
(9a4 − 40ca2 + 32c2) (one− cutsolution)

− c2

4
+ 1

4β
(two− cutsolution)

, (7.2.1)

respectively, and these real parts and imaginary parts cannot be continuous at the same

time. This suggests that the three-cut solution should appear in some region.

We solve (7.1.11) and (7.1.12) for u ∈ C, and obtain one-point function ⟨O⟩ = ⟨V (M)⟩
in Fig. 7.2. Here, n1 = 1 at θ ≃ 0.2π and n1 = 0 at θ ≃ 0.4π. This suggests that the

three-cut solution appears in 0.2π < θ < 0.4π, and interpolates ⟨V (M)⟩ between that of the

one-cut solution and that of the two-cut solution. The two-point function can be given in
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Figure 7.2: The one-point functions for β = 20 in the large-N limit. The red

(green, blue) line represents the result for one-cut (two-cut, three-cut) solution.

The three-cut solution is given by solving (7.1.11) and (7.1.12) numerically.

Fig. 7.3. Since this is discontinuous at θ ≃ 0.2π and θ ≃ 0.4π, the phase transitions should

0.2 0.4 0.6 0.8 1.0
Θ�Π

-0.015

-0.010

-0.005

0.000

Re
d2 F

dΒ2

(a) The real part.

0.2 0.4 0.6 0.8 1.0
Θ�Π

-0.008

-0.006

-0.004

-0.002

0.002

Im
d2 F

dΒ2
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Figure 7.3: The two-point functions for β = 20 in the large-N limit. The red

(green, blue) line represents the result for one-cut (two-cut, three-cut) solution.

be second-order.

We perform Monte Carlo simulation for the action (7.0.1), by using the generalized

Lefschetz thimble method.1 We introduce the parallel tempering method which we discussed

in Sect. 6.3. Although this model can be rewritten to the effective action of the eigenvalues,

which has lower degrees of freedom and cheap to calculate, we purposely use the matrices

as dynamical variables, looking toward the application to the triangle–hinge models, where

we do not know such an effective action. 2 We set N = 4, β = 20 and the largest

1Exactly speaking, we study the action (7.0.1) where M is N×N real symmetric matrix. Since the result

is simply a half of that for Hermitian matrix in the large-N limit and we are only interested in the large-N

limit, we doubled the obtained result.
2This action has SU(N) continuous symmetry. Although the Lefschetz thimbles themselves are ill-defined

(not manifestly N2-dimensional submanifold), we should be able to apply the generalized Lefschetz thimble

method to such a model because this method do not require the explicit properties of the thimbles.
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flow time T =, and prepare flow times {tα} (α = 0, 1, · · · ,) with equal separations as

T0 = 0, t1 =, · · · , t = T . We calculate ⟨V (M)⟩ for θ = 0, 0.05π, · · · π. We take 10000 data

points for each calculation, and discard the first 1000 data points for thermalization. We

repeat Metropolis algorithm 20 times during the interval for the parallel tempering, and

take a data point just before the tempering. We show the result in Fig. 7.4. This agree
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(a) The real part.
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(b) The imaginary part.

Figure 7.4: The numerical results of the one-point function for N = 4, β = 20.

The red (green, blue) line represents the result for one-cut (two-cut, three-cut)

solution in the large-N limit, and the purple dots are the numerical results.

with Fig. 7.2 and the three-cut solution appears in 0.2π < θ < 0.4π.
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Chapter 8

Numerical analysis of triangle–hinge

models with restriction to tetrahedral

decompositions

We are now ready to study the phase structure of the triangle–hinge model with the restric-

tion to tetrahedral decompositions (5.5.11). In this chapter, we make a numerical study of

the model (5.5.11).

We take n = 3 (that is, m = 1 in Sect. 3.7.1) and calculate dF
dβ

= ⟨ 1
n4β

S(A,B; β)⟩ for

various β = 1, 2, · · · , 20. We use the generalized Lefshcetz thimble algorithm, and take the

flow time as T = 1
n2β

.1 We take A = n2 = 9 and introduce the parallel tempering algorithm

which we saw in Sect. 6.3 where we take the set of flow time as {tα} = {t0 = 0, t1 =

T/A, · · · , tA = T}. We also introduce the parallel tempering algorithm for β-direction (i.e.

we consider 200 replicas) and calculate various β simultaneously. We solve the flow equations

(6.2.5) and (6.2.5) by using adaptive Runge-Kutta method, where we tune the stepsize of

the time evolution so that the discretization errors of z(t; x)i and J(t;x)ij are less than 10−3

and 10−1 respectively. Here, we regard that the configuration reach to infinity when the

stepsize becomes less than 10−3 × tα in order to reduce the computational cost. We repeat

the Metropolis process 20 times for each replica before we apply the tempering process for

t-direction, and apply the tempering processes for t-direction and β-direction, and take a

data point just after performing the tempering process for β-direction. Although we made

a cold start in Chap. 5, we now make a hot start because the action (5.5.11) do not have

a good classical solution on the real axes. We take the initial value for each replica by

repeating the Metropolis process for small flow time and enlarge the flow time slowly. For

the proposal distribution of the Metropolis process we use the uniform distribution, where

1In general, dS
dz determines the typical scale of the flow time. In this case, dS

dz is of order O(n2β).
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the width is chosen adaptively so that the acceptance rate is around 0.8.

We first repeat the above sequence 100 times for some ϵs, and tune ϵs adaptively. We

then take 104 data points by repeating the sequence, and discard the first 2×103 data points

as initial sweeps. We show the result in Fig. 8.1. The one-point function and the two-point

5 10 15 20
Β

-2

-1

0

1

2

Re@
dF

dΒ
D

(a) The real part of one-point function.

5 10 15 20
Β

-1.0

-0.5

0.0

0.5

1.0

Im@
dF

dΒ
D

(b) The imaginary part of one-point function.
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Figure 8.1: The numerical results for the triangle–hinge model (5.5.11).

function are real error ranges, and the one-point function is continuous. Unfortunately, the

results have quite large statistical error and thus we cannot discuss the phase structure of

the model. The average of the phase ⟨e−iImS+i arg det J⟩ is shown in Fig. 8.2. This means that
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Figure 8.2: The numerical results of |⟨e−iImS+i arg det J⟩|. These take small values

of O(10−2).
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the large error is simply because of the sign problem, and that the flow time T = 1
n2β

is

not sufficient to avoid the sign problem. Furthermore, of course, the result is only for small

n = 3, and we need larger n results in order to discuss the phase transitions.

Although the original sign problem can be solved by taking large flow time, There are

some obstacles: One is that another sign problem can then occur because the Jacobian takes

quite large value in this case as we show in Fig. 8.3. Since the Jacobian term dominates
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Figure 8.3: The numerical result of ⟨| log det J |⟩. These take quite large values

of O(102), while the action SR takes values of O(101).

in the effective action, the phase is no longer controllable even on the thimbles. Another

obstacle is the computational cost. Our algorithm takes the computational cost of O(n8),

which is too expensive for larger n. To make the matter worse, We must solve the flow

equations carefully due to reduce the discretization error of the Jacobian, and it makes the

computational cost expensive. The next smallest n is n = 6, however, it spends a large

amount of time unless we improve the algorithm.
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Part III

Distance between configurations in

MCMC simulations
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Chapter 9

Distance between configurations in

MCMC simulations

As we saw in Part II, Monte Carlo simulation is powerful tools. We usually use Markov chain

Monte Carlo (MCMC) simulation, where we update configurations irrespective of their his-

tories. However, in MCMC simulations we often encounter a situation where the equilibrium

distribution is multimodal and the computation requires an extraordinarily long computer

time to make the system reach global equilibrium. In order to speed up the relaxation to

global equilibrium, one usually implements an additional method such as the overrelaxation

[56] or the simulated/parallel tempering algorithm. However, it is not always possible to

find a nice overrelaxation method. Also, the tempering method requires an adjustment of

tempering parameter such that each local move has a finite amount of acceptance rate, which

is usually done in a manual or adaptive way (and sometimes in an empirical way). Thus,

it should be useful if there is a numerical measure that quantifies how much two configura-

tions are separate for a given MCMC algorithm and how fast the system approaches global

equilibrium. Such measure then can be used to numerically evaluate how the situation gets

improved by the introduction of additional methods, which will make the above adjustment

easier.

So far there have been proposed various methods for the above purpose, but they only

quantify the separation between two different probability distributions (such as the L1 dis-

tance) or measure the similarity between two data points for a given observable (such as the

autocorrelation), and there has still not been a useful apparatus that directly measures an

effective distance between two different configurations. For a given MCMC algorithm, we

introduce a distance between two configurations that quantifies the difficulty of transition

from one configuration to the other configuration in [5].

The introduction of such distance opens a way to investigate relaxation processes in an

MCMC algorithm in terms of the geometry of the configuration space itself (which should
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not be confused with the geometry of the set of probability distributions). As an example,

we argue that, when the original distribution is highly multimodal with large number of

degenerate vacua, our distance can be regarded as a geodesic distance with respect to an

anti-de Sitter-like (AdS-like) metric. Such a geometrical viewpoint enables us to adjust the

tempering parameter in a purely geometrical way; the adjustment can be carried out by

requiring that the resulting geodesic distance be minimized. Thus this distance would be

helpful for the reduction of computational cost for the parallel tempering algorithm which

we discussed in Sect. 6.3.

9.1. Definition of distance

In this section, we define the distance between two configurations for a given MCMC algo-

rithm. The distance will be written only with the kernel of a positive, symmetric matrix.

We argue that the distance should take a universal form for the class of MCMC algorithms

that generate local moves in the configuration space.

9.1.1. Preparation

Let M = {x} be a configuration space, and suppose that we are given an MCMC algorithm

which generates a new configuration x from a configuration y with the conditional probabil-

ity P (x|y) at each step. We assume that this yields a stochastic process which has suitable

ergodic properties such that Pn(x|x0) ≡ (P n)(x|x0) converges to a unique equilibrium dis-

tribution peq(x) in the limit n → ∞, irrespectively of the initial value x0. We further make

two assumptions:

1. The algorithm satisfies the detailed balance condition for a given real-valued action

S(x),

P (x|y) e−S(y) = P (y|x) e−S(x), (9.1.1)

which ensures that the equilibrium distribution is given by peq(x) = e−S(x)/Z (Z =∫
dx e−S(x)).

2. The eigenvalues of P are all positive.1

1Note that the second condition is not too restrictive. In fact, when a transition matrix does not satisfy

this condition (i.e., when some of the eigenvalues are negative), one can consider a new transition matrix

Pnew ≡ (Pold)
2, for which the eigenvalues are all positive and the same equilibrium distribution is reached.

Note also that this condition is always satisfied for the Langevin algorithm [see, e.g., (9.2.2)–(9.2.6) below].
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By using the bra-ket notation P (x|y) = ⟨x|P̂ |y⟩ and the configuration operator x̂ ≡∫
dx x |x⟩⟨x|, the above two conditions can be rephrased as a single statement that the

operator P̂ e−S(x̂) is positive and symmetric. This also means that the “transfer matrix”

T̂ ≡ eS(x̂)/2 P̂ e−S(x̂)/2 = eS(x̂)/2
(
P̂ e−S(x̂)

)
eS(x̂)/2 (9.1.2)

is positive and symmetric. T̂ shares the same set of eigenvalues as P̂ , and according to

our assumptions, all the eigenvalues are positive and the largest eigenvalue is unity with no

degeneracy. Note that Pn(x1|x2) = ⟨x1|P̂ n|x2⟩ can be expressed in the form

Pn(x1|x2) = Kn(x1, x2) e
−(1/2)S(x1)+(1/2)S(x2) (9.1.3)

with the kernel of T̂ ,

Kn(x1, x2) ≡ ⟨x1| T̂ n|x2⟩. (9.1.4)

If we introduce the spectral decomposition of T̂ as2

T̂ =
∑
k≥0

λk |k⟩⟨k| = |0⟩⟨0|+
∑
k≥1

λk |k⟩⟨k| (9.1.5)

with λ0 = 1 > λ1 ≥ λ2 ≥ · · · > 0, then the kernel is expressed as

Kn(x1, x2) =
∑
k≥0

ck(x1, x2)λ
n
k (9.1.6)

with

ck(x1, x2) ≡ ⟨x1|k⟩ ⟨k|x2⟩. (9.1.7)

The relaxation of the system to global equilibrium in the stochastic process corresponds to

the decoupling of higher modes from T̂ n = |0⟩⟨0| +
∑

k≥1 λ
n
k |k⟩⟨k| as n increases. Thus,

the large scale behavior of relaxation3 is determined by the wave functions ⟨x|k⟩ with small

eigenvalues λk. Note that the decoupling occurs earlier for modes with larger k.

If we further introduce the Hamiltonian Ĥ by using a small time increment ϵ as T̂ = e−ϵĤ ,

then T̂ n is expressed as e−tĤ with t ≡ nϵ. For generic MCMC algorithms, Ĥ is a nonlocal

operator acting on functions over M. However, for the class of MCMC algorithms that

generate only local moves of configuration, Ĥ should become local in the limit ϵ → 0 (see

Sect. 9.1.4 for further arguments on locality).

We would like to introduce a distance dn(x1|x2) for a pair of configurations, x1, x2 ∈ M,

such that it enjoys the following properties in addition to the usual axioms of distance:

2The ground state wave function is given by ⟨x|0⟩ = e−(1/2)S(x)/
√
Z.

3By “large scale behavior (or structure)” we mean the behavior (or structure) both at large step numbers

and at scales larger than the increment of configuration at each Monte Carlo step.
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• (P1) The distance dn(x1|x2) vanishes in the limit n→ ∞ for any pairs x1 and x2, in

order to reflect the fact that any configuration can be reached from every configuration

in finite steps.

• (P2) If x1 can be easily reached from x2, then the distance is small even for finite n.

• (P3) If the distribution e−S(x)/Z is multimodal, and if x1 and x2 belong to different

modes, then the distance is very large for finite n.

As we see below, such a distance can be naturally introduced if we look at transitions in M
that is already in global equilibrium.

9.1.2. Half-time overlap

Let the system be in global equilibrium with probability distribution peq(x) = e−S(x)/Z. We

denote by Xn the set of sequences of n processes in M and by Xn(x1, x2) the subset of Xn

that consists of sequences which start from x2 and end at x1. We then define fn(x1, x2) to

be the ratio of the sizes of two sets:

fn(x1, x2) ≡
|Xn(x1, x2)|

|Xn|
, (9.1.8)

which can be expressed as

fn(x1, x2) = Pn(x1|x2)
1

Z
e−S(x2) = Kn(x1, x2)

1

Z
e−(1/2)S(x1)−(1/2)S(x2). (9.1.9)

The latter expression shows that fn(x1, x2) is a symmetric function of x1 and x2. fn(x1, x2)

gives the probability to find a sequence of n processes from x2 to x1 (or from x1 to x2) out

of all the possible n processes, and thus expresses “mobility” between two configurations x1

and x2. Note that fn(x1, x2) should take a very small value if the equilibrium distribution

is multimodal and x1 and x2 belong to different modes.

Since our interest is in the mobility between two different configurations, we normalize

the mobility such that it takes the maximal value (= 1) for closed loops which start from

and end at the same configuration:

Fn(x1, x2) ≡
fn(x1, x2)√

fn(x1, x1)fn(x2, x2)
=

√
Pn(x1|x2)Pn(x2|x1)
Pn(x1|x1)Pn(x2|x2)

. (9.1.10)

We will call the normalized mobility Fn(x1, x2) the half-time overlap of configurations x1

and x2 for n steps. In fact, by using (9.1.9) and introducing the “half-time elapsed state”

|x, n/2⟩ ≡ T̂ n/2 |x⟩, the function Fn(x1, x2) can actually be expressed as the overlap of two

normalized half-time elapsed states:

Fn(x1, x2) =
Kn(x1, x2)√

Kn(x1, x1)Kn(x2, x2)
=

⟨x1, n/2 |x2, n/2⟩
|| |x1, n/2⟩ || || |x2, n/2⟩ ||

. (9.1.11)

119



One can easily prove that Fn(x1, x2) enjoys the following properties:

• Fn(x1, x2) = Fn(x2, x1), (9.1.12)

• 0 ≤ Fn(x1, x2) ≤ 1, (9.1.13)

• Fn(x, x) = 1, (9.1.14)

• lim
n→∞

Fn(x1, x2) = 1. (9.1.15)

Furthermore, from the properties of fn(x1, x2), we expect that

• Fn(x1, x2) ≃ 1 when x1 can be easily reached from x2 in n steps. (9.1.16)

• Fn(x1, x2) ≪ 1 when x1 and x2 are separated by high potential barriers. (9.1.17)

9.1.3. Definition of distance

Based on the half-time overlap given above, we define a distance between x1, x2 ∈ M as

follows:

θn(x1, x2) ≡ arccos(Fn(x1, x2)). (9.1.18)

This should satisfy the properties (P1)–(P3) due to (9.1.15)–(9.1.17), as well as the following

axioms of distance:4

• θn(x1, x2) ≥ 0, (9.1.19)

• x1 = x2 ⇔ θn(x1, x2) = 0, (9.1.20)

• θn(x1, x2) = θn(x2, x1), (9.1.21)

• θn(x1, x2) + θn(x2, x3) ≥ θn(x1, x3). (9.1.22)

It is often convenient to introduce other distances from the half-time overlap:5

d2n(x1, x2) ≡ −2 log(Fn(x1, x2)), (9.1.23)

D2
n(x1, x2) ≡ 2(1− Fn(x1, x2)). (9.1.24)

Although these distances do not satisfy the triangle inequality, they agree with θn(x1, x2) up

to higher order corrections when θn(x1, x2) is small enough. For the rest of this paper we will

mainly use dn(x1, x2) as the definition of distance, because it gives the simplest expressions

for the following examples.
4The axiom of nondegeneracy (i.e., θn(x1, x2) = 0 ⇒ x1 = x2) holds for all the algorithms that involve

relaxations. Note that the algorithm consisting of the global updates based on the global heat bath is not

in this class, because the system transits to the equilibrium state at the first Monte Carlo step (the transfer

matrix is given by the projection, T = |0⟩⟨0|). In fact, for this case, the distance θn(x1, x2) vanishes for any

pairs x1 and x2, which is also consistent with our definition of distance.
5Note the similarity of the definition of distance between configurations to that between states in quantum

information. There, Fn(x1, x2) corresponds to the fidelity of two pure states ρ1,2 = |x1,2⟩⟨x1,2|/|| |x1,2⟩ ||2,
and the distances θn(x1, x2) and Dn(x1, x2) to Bures length and Bures distance, respectively.
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9.1.4. Universality of distance

We close this section with a comment on the universality of our distance. As long as

the chosen algorithm generates only local moves of configuration, we expect that the large

scale structure of distance dn(x1, x2) takes a universal form, in the sense that differences of

distance between two such algorithms can always be absorbed into a rescaling of n. In fact,

our distance is totally expressed with the kernel of the transfer matrix T̂ , and, when the

transition is sufficiently local, the corresponding Hamiltonian Ĥ is a local operator acting on

functions over M in almost the same way. We thus expect that the eigenvalues λk and the

wave functions ⟨x|k⟩ are almost the same for small k’s, which ensures the same large scale

structure of the kernel Kn(x1, x2) and thus that of the distance dn(x1, x2). This statement

is explicitly checked in Appendix for the Langevin and Metropolis algorithms using a simple

one-dimensional model. Note that the argument for universality are more trustworthy when

the degrees of freedom of system become larger.

This universality will not hold for algorithms that generate nonlocal moves of configu-

ration (such as the overrelaxation algorithm).6 The Hybrid Monte Carlo (HMC) algorithm

[57] is marginal in this sense, and we leave it for future study to investigate whether the

distance for the HMC algorithm exhibits the same behavior as local algorithms.

9.2. Examples

Expecting the universality of distance commented in the previous section, we consider the

Langevin method as an MCMC algorithm, and write down the explicit form of distance for

a configuration space M = R. We show that the resulting distance actually satisfies the

properties (P1)–(P3).

Let νt be the Gaussian white noise with diffusion coefficient D, ⟨νt νt′⟩ν = 2D δ(t − t′),

and xt = xt(x0, [ν]) be the solution to the Langevin equation

ẋt = νt −DS ′(xt), xt|t=0 = x0. (9.2.1)

Then, the probability distribution7 Pt(x|x0) ≡ ⟨δ(x− xt(x0, [ν])⟩ν is expressed as

Pt(x|x0) = ⟨x|e−tĤFP|x0⟩ (9.2.2)

6The tempering algorithms are nonlocal when viewed from the original configuration space M = {x},
but they actually generate local moves in the extended configuration space, so that the universality of the

distance is expected to hold also for these algorithms. See arguments below (9.3.3) in Sect. 9.3.2 for details.
7In this section we exclusively use a continuous notation; namely, the distribution Pn(x|x0) will be written

as Pt(x|x0) with t = nϵ, where ϵ is the time increment.
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with the Fokker-Planck Hamiltonian (we will set D = 1 below):

ĤFP = −D
∂

∂x

[ ∂
∂x

+ S ′(x̂)
]
. (9.2.3)

The transfer matrix is expressed as

T̂ = e−ϵĤ , (9.2.4)

where the positive, symmetric Hamiltonian Ĥ is given by

Ĥ = eS(x̂)/2 ĤFP e
−S(x̂)/2

=
[
− ∂

∂x
+

1

2
S ′(x̂)

][ ∂
∂x

+
1

2
S ′(x̂)

]
= − ∂2

∂x2
+ V (x̂) (9.2.5)

with

V (x) ≡ 1

4
[S ′(x)]2 − 1

2
S ′′(x). (9.2.6)

The corresponding kernel is then given by

Kt(x, x0) = ⟨x|e−tĤ |x0⟩ (9.2.7)

with which the half-time overlap is expressed as

Ft(x1, x2) =
Kt(x1, x2)√

Kt(x1, x1)Kt(x2, x2)
. (9.2.8)

9.2.1. Example 1: Gaussian

We first consider the action

S(x) =
ω

2
x2, (9.2.9)

for which the Hamiltonian Ĥ takes the form

Ĥ = − ∂2

∂x2
+
ω2

4
x̂2 − ω

2
. (9.2.10)

Note that the last term removes the zero-point energy of this harmonic oscillator. By using

the kernel

Kt(x1, x2) =

√
ω

2π (1− e−2ωt)
exp
[
− ω

4 sinhωt

[
(x21 + x22) coshωt− 2x1x2

]]
, (9.2.11)
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the distance dt(x1, x2) is easily obtained to be

d2t (x1, x2) =
ω

2 sinh(ωt)
|x1 − x2|2. (9.2.12)

This gives a flat and translation invariant metric in the entire configuration space M = R.8

Note that the distance decreases exponentially as d2t ∼ e−ωt, from which we find that the

relaxation time of the system is given by ∼ 1/ω.9 Since the manner of relaxation is almost

the same for unimodal distributions, we see that the distance rapidly decreases to zero when

the action gives a unimodal distribution. We thus confirm that the properties (P1) and (P2)

hold in this example.

9.2.2. Example 2: perturbation around the Gaussian

We now consider the case where the action (9.2.9) is perturbed with a quartic term:

S(x) =
ω

2
x2 +

λ

4
x4. (9.2.13)

The perturbative calculation of distance can be done easily, and we find to the first order

perturbation:

d2t (x1, x2) = |x1 − x2|2
{ ω

2s
− λ

8ωs4

[
12(s3 − 3s2c+ 3ωts+ 2ωts3 − ωts2c)

+ ω (s3 + 3s− 3ωtc)(x1 − x2)
2

+ 3ω (s3 + 3s− 3ωtc+ 3ωt− 3sc+ 2ωts2)(x1 + x2)
2
]
+O(λ2)

}
, (9.2.14)

where s ≡ sinh(ωt) and c ≡ cosh(ωt). This shows that the distance generically does not

take a flat or translation invariant form when the unimodal distribution is not Gaussian.

9.2.3. Example 3: double-well potential

Finally, in order to confirm the property (P3), we consider the case where a high potential

barrier exists between local minima:

S(x) =
β

2
(x2 − 1)2. (9.2.15)

8Our discussion can be easily generalized to the case M = RN = {x = (xi)} and S(x) =
∑

i ωi(x
i)2.

The distance is then given by d2t (x1,x2) =
∑

i (ωi/2 sinh(ωit)) |xi
1 − xi

2|2.
9If we take the limit ω → 0 (corresponding to the pure Brownian motion), the distance is given by

d2t (x1, x2) = (1/2t) |x1 − x2|2, and thus the exponential damping disappears. This reflects the fact that the

relaxation time becomes infinite in the limit ω → 0 in the sense that there is no normalizable equilibrium

distribution for the pure Brownian motion.

123



We assume that β takes a large value so that the equilibrium distribution e−S(x)/Z is mul-

timodal. The potential V (x) = (1/4)[S ′(x)]2 − (1/2)S ′′(x) becomes sextic (see Fig. 9.1),

V (x) = β2x6 − 2β2x4 + (β2 − 3β) x2 + β, (9.2.16)

and has local minima at x = 0 and x = ± x+ with x+ ≡
[(
2 +

√
1 + 9/β

)
/3
]1/2 ≃ 1. One

Figure 9.1: The sextic potential V (x) [eq. (9.2.16)] with β = 20, which has two

global minimum at x = ± x+ and a local minimum at x = 0 [5].

can easily find that x = ± x+ are global minima by looking at the values of S ′′(x) (note

that S ′(x) vanishes there).

The eigenvalues Ek (E0 = 0 < E1 < E2 · · · ) of Ĥ can be roughly estimated as fol-

lows. We first note that the Gaussian approximation around the global minima should be

effective when β ≫ 1, and thus the first two eigenstates of Ĥ can be approximated as

superpositions of the ground states |0+⟩ and |0−⟩ of the approximated Gaussian potential

V (x) ≃ (1/2)V ′′(±x+) (x ∓ x+)
2 ≃ 4β2 (x ∓ 1)2 around the right (x = x+ ≃ +1) and left

(x = −x+ ≃ −1) minima:

|0⟩ ≃ 1√
2

(
|0+⟩+ |0−⟩

)
, (9.2.17)

|1⟩ ≃ 1√
2

(
|0+⟩ − |0−⟩

)
. (9.2.18)

The energy difference between two states is exponentially small, E1 = O(e−β/2), as can be

estimated by an instanton calculation.

As for the second excitation of Ĥ, we expect the relations E0 = 0 ≲ E1 = O(e−β/2) ≪
E2 = O(β). In fact, there are two possible approximations for the second excitation; one

is to represent the second excitation as a superposition of the first excited states of the

approximated Gaussian potentials around the global minima x = ± x+, and the other is

to represent it as the ground state of the approximated Gaussian potential around the local

minimum x = 0. In our case, the latter approximation is applicable, because the former

gives E2 ≃ 4β and the latter gives E2 ≃ 2β.
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By using the expansion of the kernel Kt(x1, x2) = ⟨x1|e−tH |x2⟩ [see (9.1.6)],

Kt(x1, x2) =
∑
k≥0

ck(x1, x2) e
−Ekt

(
ck(x1, x2) = ⟨x1|k⟩ ⟨k|x2⟩

)
, (9.2.19)

the distance dt(x1, x2) is expressed as

d2t (x1, x2) =
∑
k≥1

(−1)k−1

k

[(c1(x1, x1)
c0(x1, x1)

)k
+
(c1(x2, x2)
c0(x2, x2)

)k
− 2
(c1(x1, x2)
c0(x1, x2)

)k]
e−kE1t

+
[c2(x1, x1)
c0(x1, x1)

+
c2(x2, x2)

c0(x2, x2)
− 2

c2(x1, x2)

c0(x1, x2)

]
e−E2t + · · · . (9.2.20)

We now consider the following two cases:

Case 1 : x1 ≃ x2 ≃ 1,

Case 2 : x1 ≃ −x2 ≃ 1.

We first discuss Case 1 where x1 and x2 belong to the same mode. If we expand d2t (x1, x2 =

x1 + δx) to the second order of δx, the coefficient of e−kE1t is given by(c1(x1, x1)
c0(x1, x1)

)k
+
(c1(x2, x2)
c0(x2, x2)

)k
− 2
(c1(x1, x2)
c0(x1, x2)

)k
≃ 4k2δx2

(
⟨x1|0+⟩ − ⟨x1|0−⟩
⟨x1|0+⟩+ ⟨x1|0−⟩

)2k (⟨x1|0+⟩ ⟨x1|0−⟩′ − ⟨x1|0+⟩′ ⟨x1|0−⟩
⟨x1|0+⟩2 − ⟨x1|0−⟩2

)2

, (9.2.21)

which is vanishingly small as can be understood by considering the supports of the wave

functions ⟨x|0±⟩. Thus, the dominant contribution to the distance comes from the second

term in (9.2.20), and the two configurations x1 and x2 can be reached from each other

with a rather short time ∼ 1/E2 = O(1/β). This confirms that two configurations are

close to each other even for a multimodal distribution if they belong to the same mode.

In contrast, as for Case 2 where x1 and x2 belong to different modes, the coefficient of

e−E1t is not small, so that the dominant contribution to the distance comes from the first

excited state, and the transition between x1 and x2 requires an exponentially long time

∼ 1/E1 = O(eβ/2). Accordingly, the distance dt(x1, x2) between x1 ≃ +1 and x2 ≃ −1 has

a large value d2t (x1, x2) ∝ β,10 which decreases only very slowly as t elapses. We thus see

that the property (P3) certainly holds in this example.

9.3. Distance for the simulated tempering and the emer-

gence of AdS-like geometry

In this section, we show that the value of distance dn(x1, x2) for a multimodal probability

distribution gets dramatically reduced when one introduces a tempering algorithm. We

10Ft(x1, x2) = e−(1/2) d2
t (x1,x2) for large β can be estimated to be e−const.β by using an instanton analysis.

125



further argue that the effective distance defined for the extended configuration space gives

an AdS-like geometry when the original distribution is highly multimodal with large number

of degenerate vacua.

9.3.1. Distance for the simulated tempering

Suppose that we are considering a multimodal distribution, and that we implement a simu-

lated tempering method [49]. We take as the tempering parameter the overall coefficient β of

the action and introduce the parameter set A ≡ {βa}a=0,1,...,A such that β0 > β1 > · · · > βA,

where β0 is the overall coefficient of the original action. We denote by S(x; βa) the action

with β0 replaced by βa.

Since the distribution with smaller βa is less multimodal, two configurations belonging

to different modes at β0 can now be easily reached from each other by moving around in

the extended configuration space, as long as moves in the β direction occur frequently (as

we assume here). This improves the convergence to global equilibrium, and accordingly, the

distance between two configurations X1 = (x1, β0) and X2 = (x2, β0) will be reduced. To

demonstrate that this actually happens, we calculated the distance between X1 = (x1 =

+1, β0) and X2 = (x2 = −1, β0) for the action S(x; β0) = (β0/2) (x
2 − 1)2 with β0 = 20,

by using the simplest setting A = 1 and β1 = 1. As for Step 1 above, we adopted the

Metropolis algorithm using Gaussian proposal distribution with variance σ2 = 0.01, where

the configuration space is restricted to the interval [−3, 3] and is latticized with cutoff a =

0.001. Furthermore, by denoting the transition matrix for Step s by P̂(s) (s = 1, 2), we set

the transition matrix P̂ in the simulated tempering algorithm to P̂ = P̂(1)P̂(2)P̂(1) so that

the combined transition matrix satisfies the detailed balance condition. Below is the result

we obtained:11

n d2n(X1, X2) (without tempering) d2n(X1, X2) (with tempering)

10 39.1 26.5

50 19.2 7.16

100 16.9 4.35

500 13.2 0.708

1,000 11.7 0.106

5,000 8.46 2.78× 10−8

We clearly see that the introduction of the simulated tempering method dramatically reduces

the distance for such a multimodal distribution.

11In order to align the scale of n, the transition matrix P̂ = P̂ 2
(1) is used for the original local algorithm

without tempering (central column in the table).
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9.3.2. AdS-like geometry of the extended configuration space

When a system has very large degrees of freedom (as in the case of the large-volume or

low-temperature limit), the issue related to the multimodality of probability distribution

becomes serious. However, it will then become a good approximation to coarse-grain the

elements of configuration space M by regarding configurations in the same mode as a single

configuration, and to introduce a new configuration space M̄ that consists of coarse-grained

configurations which are separate from each other. We assume that the way of separation

between two neighboring configurations is uniform over M̄, keeping in mind a situation

where the original distribution has highly degenerate vacua.

Suppose that we introduce the simulated tempering algorithm to such system. The

original configuration space M is then extended to M × A, as discussed in the previous

subsection. When the degrees of freedom are very large, the spacing in the parameter

set A = {βa} must be sufficiently small such that two adjacent configurations (x, βa) and

(x, βa+1) has an acceptance rate of O(1). Then, we may (and we will) regard A as a

continuous set, A = {β | βA ≤ β ≤ β0}.

Now let us consider the distance in the extended, coarse-grained configuration space:

M̄ × A = {X = (x, β)}. We define the metric ds2 = g
(n)
MN(X) dXMdXN [(XM) = (x, β)]

such that its geodesic distance between two arbitrarily chosen points X1 = (x1, β1) and

X2 = (x2, β2) gives our distance dn(X1, X2). Such metric will take the following form due

Figure 9.2: The geodesic line for the geometry (9.3.1) with two ends at X1 =

(x1, β1) and X2 = (x2, β2) [5].

to the uniformity over M̄:12

ds2 ≃ f(β) dβ2 + g(β) dx2. (9.3.1)

The functions f(β) and g(β) will be studied in detail in the subsequent paper [58], and we

here make a simple analysis of their properties. Since two different configurations (x1, β)

12We have assumed that the coefficient of dβ dx is relatively small and can be neglected.
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and (x2, β) in M̄ × A belong to two different modes of the distribution e−S(x;β)/Z(β), the

transition between them becomes more difficult as β increases. Thus, g(β) should be an

increasing function at least when β is large, and we assume that it takes an asymptotic

form g(β) ∝ βq for large β with some positive number q.13 On the other hand, since the

transition in the β direction has no obstacle, we expect that f(β) has a simple behavior.

Note that, when the measure in the β direction is scale invariant [i.e., when f(β) ∝ 1/β2]

for large β, the above metric has the following asymptotic form:

ds2 ≃ const.
dβ2

β2
+ const. βq dx2 (β: large), (9.3.2)

which is nothing but the Euclidean AdS metric, as can be easily seen by the redefinition of

variable, z ≡ const. β−q/2:

ds2 ∝ 1

z2
(dz2 + dx2) (z: small). (9.3.3)

We here argue that the appearance of AdS-like geometry [eq. (9.3.1) with g(β) ∼ βq]

should be universal. In fact, as discussed above, when implementing the tempering method

to an MCMC simulation for a large system, the spacing in the parameter set A = {βa} must

be sufficiently small, which allows us to regard A as a continuous set. Then, the stochastic

processes in the x and β directions given in Sect. 9.3.1 can be regarded as local moves in

the extended configuration space M×A, which in turn define local moves in the extended,

coarse-grained configuration space M̄×A. Thus, combining with arguments in Sect. 9.1.4,

we expect that the distance takes a universal form for M̄ ×A in the sense that it does not

depend on the particular MCMC algorithms that generate local moves along the x and β

directions.14 This is why we expect that the emergence of AdS-like geometry is universal.

13Without a tempering method, the distance between two configurations belonging to different modes for

fixed large β can be roughly estimated by an instanton analysis to be proportional to β [see discussions below

(9.2.21)]. This implies that the function g(β) increases more slowly than β when the simulated tempering is

implemented, because configurations at larger β will get more benefit from the tempering method. We thus

expect that q satisfies the inequality 0 < q ≤ 1. Our on-going work with numerical calculation [58] shows

that q is actually in this range, excluding a logarithmic growth of g(β).
14However, the distance should depend on the way of preparing the parameter set {βa} even though the

set A can be regarded as almost continuous.
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Chapter 10

Conclusion

We proposed the triangle–hinge models, which is a class of models that generate random di-

agrams consisting of triangles and multiple hinges. The models are completely characterized

by semisimple associative algebras A and tensors C ijklmn. When Cijklmn are chosen as in

(3.3.1) or (3.7.1), each Feynman diagram can be expressed as a collection of index networks

around vertices. The contribution F(γ) from each diagram γ to the free energy is expressed

as the product of the index functions ζ(v) of vertices v of γ, and ζ(v) depends only on the

topology of the index network around v besides the structure of the defining associative

algebra. Although most of the Feynman diagrams do not represent three-dimensional man-

ifolds, we give a general prescription to automatically reduce the set of possible diagrams

such that only (and all of the) manifolds are generated. We implement the strategy for the

models with A set to matrix rings, by introducing a color structure and taking the direct

sum of K copies of matrix ring. We show that every diagram actually gives a tetrahedral

decomposition where each vertex has a neighborhood homeomorphic to B3 (ensured by the

statement that the index network around each vertex has the topology of S2). We further

demonstrate that there is a novel strong-weak duality in the models which interchanges the

roles of triangles and hinges. We also investigate the models where the defining associative

algebras are group rings, and show that most of their analytic properties can be understood

as a straightforward generalization of those for matrix rings.

We also gave a general prescription to introduce matter degrees of freedom to triangle–

hinge models. This is achieved by setting the defining associative algebra A to be a tensor

product of the form Agrav ⊗ Amat and by modifying the interaction terms appropriately.

The matter fields thus obtained have local interactions, since a colored tetrahedron can only

interact with the neighbors. We can assign colors not only to tetrahedra but also to simplices

of arbitrary dimensions. We further show that there exists a duality between matter fields

on a tetrahedral lattice and those on its dual lattice, which can be realized by applying the

duality transformation which interchanges the roles of triangles and hinges. When we take
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the set of colors to be RD and assign colors to tetrahedra as in (4.1.2), the matter fields

represent the target space coordinates of membranes in D dimensions. By taking different

sets of colors, we can also construct various spin systems on random volumes, including the

Ising model, the q-state Potts models and the RSOS models. A wider class of models can

be further obtained as triangle–hinge models by coloring lower dimensional simplices as well

as tetrahedra. For example, three-dimensional colored tensor models can be obtained by

coloring tetrahedra, triangles and edges at a time. This is shown in Sect. 4.1.7 by explicitly

demonstrating that the same Feynman rules are obtained.

We also realized unoriented membrane theories, which we defined in terms of tetrahe-

dral decompositions, as triangle–hinge models. Unoriented membrane theories are obtained

from oriented open membrane theories of disk topology by gauging the worldvolume parity

transformation Ω. For each triangle ∆ in a tetrahedral decomposition, we have introduced

two types of triplets, (Γ1,Γ2,Γ3) and (Γ̃1, Γ̃2, Γ̃3), which respectively correspond to two ways

of identification at ∆, (4.2.8) and (4.2.9). The transformation Ω is then defined as the inter-

change between (Γ1,Γ2,Γ3) and (Γ̃1, Γ̃2, Γ̃3). After gauging Ω, an unoriented membrane the-

ory treats all the tetrahedral decompositions in the sextet (Γ1,Γ2,Γ3, Γ̃1, Γ̃2, Γ̃3) equally. An

unoriented membrane theory is realized as a triangle–hinge model with the action (4.3.1). It

generates Feynman diagrams representing unoriented tetrahedral decompositions. We gave

explicitly in (4.3.18)–(4.3.23) the sextet of Feynman diagrams (γ1, . . . , γ̃3) corresponding to

(Γ1, . . . , Γ̃3), and showed that these six diagrams appear with unit coefficient up to factors of

coupling constants if we treat the common part X as a set of distinguished external vertices

and sum over all Wick contractions giving the same diagram. We further showed that mat-

ter degrees of freedom can be introduced to unoriented triangle–hinge models by coloring

tetrahedra as carried out in [2]. Although we only discussed the coloring of tetrahedra in this

paper, we can set matter degrees of freedom to simplices of any dimensions (i.e. tetrahedra,

triangles, edges and/or vertices) as in [2].

Although the free energies of original triangle–hinge models diverge, we can redefine the

models by using (5.1.18) and (5.1.19) and regard that A′ and B′ run over real symmetric

matrices, without changing the original perturbation series. Since the higher-order terms

are the trace of the matrices in the redefined models, they give finite free energies when

the coefficients of the highest-order term are positive. Although the bilinear term K(A,B)

becomes complicated, the models may be solved even analytically because K(A,B) have

many good properties as we discussed in Sect. 5.2. Furthermore, the redefinition enables us

study the models numerically. We performed the Monte Carlo simulation to the simplified

triangle–hinge models (5.3.1), and found that a third-order phase transition occurs at β ≃ 6.

But unfortunately this critical point may not correspond to three-dimensional gravity theory.

This is because of the lack of the restriction to tetrahedral decompositions as we discussed

in Sect. 3.7, and this suggests that we should study the triangle–hinge models with the
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restriction (5.5.11). However, we then need to face the sign problem in the large-n limit

because the action is complex-valued.

We used the generalized Lefschetz thimble method [40] as a prescription to solve the

sign problem. Although this method is versatile, there is a serious multimodal problem. To

improve this method, we proposed a Lefschetz thimble algorithm where the flow time is used

as an auxiliary variable for the highly multimodal distribution. We in particular implemented

the parallel tempering method by taking the flow time t as a tempering parameter. There,

we prepare flow times {tα} such that t0 = 0 and tA = T . The largest flow time T can be

taken to be sufficiently large such that the sign problem disappears there. Although the

algorithm includes configurations at t = 0, the original sign problem at t = 0 does not enter

the calculation because the sample average is taken only with respect to t = T , where the

sign problem disappears. We investigated the (0 + 1)-dimensional massive Thirring model

at finite density to exemplify that the algorithm does work, and showed that contributions

from multi thimbles are correctly taken into account even for such a large flow time as T = 2.

We should investigate to what extent this algorithm is actually versatile. We then study,

as a check of versatility and as a warming up for the application to triangle–hinge models,

the phase structure of the one-matrix model with complex coefficients (7.0.1). The action

takes complex values when c ̸= ±1, and three-cut solutions may appear, while only one-

cut solution or two-cut solution may appear when c = ±1. We performed the generalized

Lefschetz thimble method with the parallel tempering algorithm to this matrix model, and

checked that the three-cut solution actually appear for a certain parameter region. It is

our future work to determine the phase diagram of this model. In particular, it should be

interesting to study the critical behavior around β = 12, c = i, because this point should be

a critical point corresponding to two-dimensional gravity.

We then performed the Monte Carlo simulation of the triangle–hinge models with the

restriction to tetrahedral decomposition (5.5.11). However, unfortunately the results still

suffered from the sign problem, since the flow time we have set was not sufficiently large.

Our analysis was made only for the n = 3 case, and of course it is insufficient for discussing

the large-n limit. In order to take the flow time large and to study larger n, we must improve

the generalized Lefschetz thimble method to reduce the computational cost.

In order to reduce the computational cost, we need to tune the tempering parameters so

that the system thermalizes rapidly. As a tool to determine the optimal choice of the set of

tempering parameters, we defined the distance dn(x1, x2) between two configurations x1 and

x2 for a given MCMC algorithm in general. The distance is written only with the kernel

of the transfer matrix T̂ , and various properties of the distance (including the universality

for local MCMC algorithms) are easily understood as the reflection of properties of the

transfer matrix. We made a detailed study of the distance for multimodal distributions,
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and showed that distances between two different modes get dramatically reduced by the

introduction of the simulated tempering method. The introduction of distance between

configurations opens a way to investigate relaxation processes in an MCMC algorithm in

terms of the geometry of the configuration space itself. We also considered the effective

distance in the extended configuration space by regarding configurations in the same mode

as a single configuration, and argued that the distance between two configurations may then

be regarded as the geodesic distance in the extended configuration space with respect to

an AdS-like metric. This geometrical interpretation should give us more insight into the

optimization of the parameters.

We now list the future studies of these works. The first is to determine the phase structure

of the triangle–hinge model with the restriction to tetrahedral decompositions (5.5.11). The

model should have a critical point which corresponds to three-dimensional gravity theory.

Since K(A,B) have good properties as we discussed in Sect. 5.2, we may be able to solve

the model even analytically. Of course we can study the phase structure numerically, but

we then improve the generalized Lefschetz thimble method to reduce the computational

cost. The second is the improvement of the generalized Lefschetz thimble method. The

computational cost is expensive due to the flow equations (6.2.5) and (6.2.7). In particular,

(6.2.7) have the cost of O(N3). Although it is expensive to obtain Jij, we need only the

determinant det J . We should be able to reduce the cost when we obtain the flow equation

for det J itself. Furthermore, since we do not need to solve the flow equations exactly, we can

consider another approach to reach near the thimbles. The deep learning method [42] would

be suggestive, since this obtains the change of variables with small Jacobian. Unfortunately

this may fail due to the lack of precision to reach the thimbles, but similar approaches

can make a success if they have enough precision. The third is on the distance that we

discussed in Chap. 9. We have seen that the distance actually quantifies the difficulty of

transition from one configuration to the other configuration, and that AdS-like geometry

emerges when we introduce the simulated tempering method. It should be interesting to

study the geometry induced by the distance in detail, and such a geometrical viewpoint

should enable us to adjust tempering parameters in a purely geometrical way.
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[41] A. Alexandru, G. Başar, P. F. Bedaque, G. W. Ridgway and N. C. Warrington, “Monte

Carlo calculations of the finite density Thirring model,” Phys. Rev. D 95, no. 1, 014502

(2017) [arXiv:1609.01730 [hep-lat]].

[42] A. Alexandru, P. F. Bedaque, H. Lamm and S. Lawrence, “Deep Learn-

ing Beyond Lefschetz Thimbles,” Phys. Rev. D 96 (2017) no.9, 094505

doi:10.1103/PhysRevD.96.094505 [arXiv:1709.01971 [hep-lat]].

[43] M. Fukuma, S. Hosono and H. Kawai, “Lattice topological field theory in two dimen-

sions,” Commun. Math. Phys. 161 (1994) 157 [hep-th/9212154].

[44] C. Bachas and P. M. S. Petropoulos, “Topological models on the lattice and a remark

on string theory cloning,” Commun. Math. Phys. 152 (1993) 191 [hep-th/9205031].

[45] D. Weingarten, “Euclidean quantum gravity on a lattice,” Nucl. Phys. B 210 (1982)

229.

[46] C. Itzykson and J. M. Drouffe, “Statistical Field Theory. Vol. 1: From Brownian Motion

To Renormalization And Lattice Gauge Theory,” Cambridge, UK: Univ. Pr. (1989) 1-

403

[47] J. Polchinski, “String theory. Vol. 1: An introduction to the bosonic string,” Cambridge

University Press (1998).

136



[48] K. Nagata, J. Nishimura and S. Shimasaki, “Argument for justification of the complex

Langevin method and the condition for correct convergence,” Phys. Rev. D 94, no. 11,

114515 (2016) [arXiv:1606.07627 [hep-lat]].

[49] E. Marinari and G. Parisi, “Simulated tempering: A New Monte Carlo scheme,” Euro-

phys. Lett. 19, 451 (1992) [hep-lat/9205018].

[50] J. M. Pawlowski and C. Zielinski, “Thirring model at finite density in 0+1 dimensions

with stochastic quantization: Crosscheck with an exact solution,” Phys. Rev. D 87, no.

9, 094503 (2013) [arXiv:1302.1622 [hep-lat]].

[51] J. M. Pawlowski, I. O. Stamatescu and C. Zielinski, “Simple QED- and QCD-like Models

at Finite Density,” Phys. Rev. D 92, no. 1, 014508 (2015) [arXiv:1402.6042 [hep-lat]].

[52] P. Hasenfratz and F. Karsch, “Chemical Potential on the Lattice,” Phys. Lett. 125B,

308 (1983).

[53] D. Kingma and J. Ba, “Adam: A Method for Stochastic Optimization,”

[arXiv:1412.6980 [cs.LG]].

[54] K. He, X. Zhang, S. Ren and J. Sun, “Delving Deep into Rectifiers: Surpassing Human-

Level Performance on ImageNet Classification,” [arXiv:1502.01852 [cs.CV]]

[55] F. David, “Nonperturbative effects in matrix models and vacua of two-dimensional grav-

ity,” Phys. Lett. B 302 (1993) 403 doi:10.1016/0370-2693(93)90417-G [hep-th/9212106].

[56] M. Creutz, “Overrelaxation and Monte Carlo Simulation,” Phys. Rev. D 36, 515 (1987).

[57] S. Duane, A. D. Kennedy, B. J. Pendleton and D. Roweth, “Hybrid Monte Carlo,”

Phys. Lett. B 195, 216 (1987).n

[58] M. Fukuma, N. Matsumoto and N. Umeda, work in progress.

137


