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                      PART I 

                   TRANSPORT PHENOMENA 

        IN THE  ENTRANCE REGION OF A CIRCULAR TUBE 

                     CHAPTER 1 

                    INTRODUCTION 

     The flow in the entrance region of a circular tube is a 

transition from a boundary layer flow at the entrance to a fully 

developed turbulent flow far downstream. 

     It is assumed that the fluid enters the tube with an uni-

form velocity distribution. Through the action of wall friction. 

, a boundary layer is created at the wall which gradually en-

croaches on the uniform stream as the flow proceeds down the 

tube. As the total flux remains constant, the flow in the un-

disturbed core (free stream) must accelerate to compensate for 

this retardation of the flow near the wall. This acceleration 

of the free stream velocity causes a negative pressure gradient 

in the direction of flow which, in turn, deforms the velocity 
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profile in the boundary layer. When the boundary layer thick-

ness  reaches a value equal to the tube radius, the free stream 

in the undisturbed core and so the boundary layer type flow 

disappears. Following the disappearance of the free stream, 

further changes in the velocity profile occur before a.fully 

developed condition is reached. Fig. 1.1 illustrates the growth 

of the boundary layer and several of its important character; 

istics. 

     Below the critical Reynolds number where:-the flow in the 

fully developed region is laminar, the boundary layer is laminar 

throughout the entrance region. Beyond the critical Reynolds 

number, the boundary layer is laminar up to the transition point 

and then becomes turbulent. 

     From a practical point of view the problems of momentum, 

heat and mass transfer in the entrance region of tubes have 

been subjects of considerable importance for the design of hy-

draulic pipe systems, heat exchangers and tubular reactors. 

From a theoretical point of view, the main interest is concen-

trated in the interaction between the boundary layer growth 

and the velocity profile in the boundary layer. 

     This work is a contribution to the study of this phenom-
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ena, i.e., the momentum, heat and mass transfer in the en-

trance region of a circular tube. This study is limited to 

transport phenomena in the turbulent boundary layer which 

exists in the entrance region. 

 1-1 Previous work 

1-1-1 Momentum transfer 

    Although laminar flow in the entrance region of a circu-

lar tube has been investigated thoroughly, there have been few 

investigations of turbulent boundary layers in the entrance 

region. The first experimental study was made by Kirsten(55) 

in 1927. Kirsten found that the fully developed velocity pro-

file is achieved after an inlet length of 50 to 100 diameters. 

Later on, Nikuradse(52) found its length to be about 25 to 1t0 

diameters. 

     An approximate analysis of the development of the turbu-

lent boundary layer in the entrance region was first made by 

Latzko(33) based on an assumed 1/7-power velocity distribution 

law and the Blasius resistance formula. A similar analysis 

was later presented by Glanert(15) and Leont'ev(32). In the 
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analysis made by Ross(55), he used the kinetic energy equation 

as well as the continuity and momentum equations. Integration 

of these equations requires an analytical expression for the 

skin friction factor. He used the expression suggested by 

 i Nikuradse(52) for fully developed tube flow. Szablewski(73) 

made use of a logarithmic velocity profile for a flat plate 

boundary layer- Later on,  Deissler(7, 8) assumed that the 

distribution of the eddy diffusivity of momentum for fully 

developed tube flow may also be applied to a developing bound-

ary layer. With this eddy diffusivity distribution, he deter-

mined the velocity profile in the boundary layer and then used 

the momentum_equation to predict the development of the bound-

ary layer. 

     All of the above prediction methods are based on data ob-

tained for fully developed tube flow or fully developed bound-

ary layer flow with zero pressure gradient, but not for turbu-

lent boundary layer flow with non-zero pressure gradients. As 

mentioned earlier, the flow in the entrance region is a turbu-

lent boundary layer with negative pressure gradients. In order 

to predict the development of the boundary layer more accurate-

ly, a more detailed examination of the velocity distribution 

within the boundary layer in the entrance region is necessary. 

This has not been done until now. 

-5-



      Recently, systematic investigations of the velocity pro-

 file in the turbulent boundary layer with pressure gradients 

 have been made by  Clauser(I, 5), Townsend(76, 77), Stratford 

 (70, 71), Mellor(40,41) and McDonald(38). Clauser, Townsend 

 and Stratford showed experimentally that the eddy diffusivity 

 of momentum does not depend explicitly on the pressure gradient 

and remains constant throughout the outer portion of the bound-

 ary layer, i.e., in the velocity-defect layer. Townsend and. 

Mellor predicted the effect of pressure gradient on the veloc-

ity field in the velocity-defect layer. 

     In the inner portion of the boundary layer the eddy diffu-

sivity may be reasonably assumed to be independent on the press-

ure gradient. Mellor and McDonald used this assumption to pre-

dict the effect of the pressure gradient on the velocity pro- 

file., From a detailed and .thorough -examination=of -the veloc-

ity profiles in the flow with and without pressure gradients , 

Coles put forth the so-called "Law of the Wake" and presented 

an empirical formula for the velocity profile which is valid 

both in the wall region and the velocity-defect region.

_6_



1-1-2  Heat and mass transfer 

     Experimental study was first carried out by Stanton(68). 

Later on, Nusselt(50), Humble(27) and Aladyev(2) investigated 

experimentally the effect of the entrance condition on the 

heat transfer coefficient and presented an empirical formulae 

to correct for that effect. Their works were limited to heat 

transfer at moderate Prandtl numbers, so the applicability of 

these formulae to the problems of heat and mass transfer at 

large Prandtl or Schmidt numbers is questionable. 

     Theoretically, the problems of turbulent heat and mass 

transfer in the boundary layer have been attacked by two meth-

ods. One is the integral method wherein the forms of the ve-r 

locity and temperature profiles are assumed and the energy 

integral equation is used to arrive at a relation between the 

local heat transfer coefficient and the local friction factor. 
I I 

The second is the analogy method proposed by von Karman(80) 

wherein the analogy between mechanisms of momentum and heat 

transfer are assumed and an empirical velocity profile is used 

to determine the heat transfer rate in terms of the local fri-

ction factor. 

     The theoretical treatment of heat and mass transfer in 

the entrance region has only been made by Deissler(7, 8). 
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He assumed that the velocity and temperature profiles in the 

fully developed tube flow might be applied also to the devel-

oping boundary layers in the entrance region. He used the inte-

gral  method  mentioned above and obtained fairly good results 

at moderate Prandtl numbers. These methods seem to be useful 

for moderate Prandtl numbers, but their application to heat 

transfer at large Prandtl numbers is questionable because they 

do not account adequately for the transport of heat by the eddy 

motion in the region close to the wall where the temperature 

gradient exists.

1-2 Purpose and outline 

     The purpose of the study in Part I is to investigate trans-

port phenomena in the entrance region of a circular tube. The 

study was started by making precise measurements of the velocity 

distribution in the turbulent boundary layer at several cross 

sections in the entrance region. Then theoretical analyses were 

developed to predict the development of the boundary layer and 

the rates of heat and mass transfer. Finally, the axial dis-

 tributions of the boundary layer characteristics, skin friction 

 and mass transfer rate were measured and compared with the pre-
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dicted values. 

     Chapter 2 deals with the velocity distribution in the 

turbulent boundary layer. At first, the time-smoothed ve-

locity distributions were measured at several cross sections 

and then the effect of the longitudinal pressure gradient on 

the velocity distribution was analysed. Finally, two  expres- 

,sions of the velocity profile written in a simple form were 

recommended for the analyses of the development of the bound-

ary layer. On the other hand, the fluctuating velocity were 

measured by means of the electrochemical method and the dist-

ribution of turbulence intensity and the frequency spectrum 

 density were obtained. 

      In Chapter 3,methods for the analytical prediction of 

the development of the boundary layer by use of the recom-

mended velocity profiles were presented. On the other hand, 

the skin friction were measured directly by means of the elec-

 trochemical method. The experimental results of the axial 

 distributions of the skin friction as well as the boundary 

 layer thicknesses and the static pressure were compared with 

 the analytical r•.e§ults. 

      Chapter 4 deals with mass transfer between the tube wall 
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and the turbulent stream. The mass transfer at large Schmidt 

numbers was analysed theoretically by assuming that the dist-

ribution of the eddy diffusivity of mass is the same as that 

for fully developed turbulent flow. Mass transfer measurement 

were also carried out at a large Schmidt number by means of the 

electrochemical method and were compared with the predicted 

results. 

     In this study measurements were frequently carried out by 

the electrochemical method, so a brief explanation of that 

method will be made in the next section.

1-3 Outline of the electrochemical method 

     In  an electrode reaction the ions move from the bulk of 

the elcrolyte solution to the surface of the electrode where 

'the ions charge or discharge the electro ns. The ions are trans-

ferred: (a) by migration due to the electric potential field , 

(b) by diffusion due to the concentration gradient and (c) by 

convection. When ion transfer is steady and unidirectional in 

the y direction perpendicular to the electrode surface, the 

rate of ion transfer may be expressed as 
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      na4aC 
   N = ( D+eV~)C-------------e- (  D+eD)+ vC (1-1)        RT aya y 

and the current density at the electrode is expressed as 

i / A = n
e F N(1-2) 

The three terms on the right hand side of Eq. (1-1) represent 

the contributions of migration, diffusion and convection res-

pectively. The last term for convection vanishes in the redox, 

system as used in this work because there is no net flow in the 

y direction. If one adds a large excess of inert or "support-

ing"electrolyte, which does not react at the electrode but 

serves to remove all potential gradients in the vicinity of 

the electrode surface, then the migration current becomes neg-

ligible and almost all of the electrolysis current arises from 

the reaction of ions which reach the electrode surface by dif-

fusion. 

     Electron-charge transfer process at the electrode surface 

is discussed in Appendix 2-1. As the overvoltage at the test 

electrode increases, the reaction rate constant increases ex-

ponentially. At the limiting current condition, the electron-

charge transfer occurs so quickly that the concentration of 
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the reacting ions at the electrode surface becomes substantial-

ly zero and the diffusion process of the discharging ions  re-

sults in an ordinary convective mass transfer with constant 

wall concentration. The relation between the electric poten-

tial and the current is shown in Fig. 2-20. 

     In this work the redox reaction of a ferri- and ferro- 

cyanide system is used, that is, 

    Fe (CN)63+e--~Fe(CN)6 at cathode 

                                      (test electrode) 

    Fe (cN)—~Fe (CN)63+ e at anode 

This reaction is superior to other reactions for the following 

reasons: 

     (1) The rate constant of the electron-charge transfer is 

         very large. 

     (2) There is no side reaction provided that the system is 

         free from dissolved oxygen and light. 

     (3) The condition of the electrode surface does not change 

because deposition does not occur during the electro-

         lysis. 

(1) The bulk concentration of reacting ions remains con-

         stant during the electrolysis. 
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             CHAPTER 2 

 MOMENTUM TRANSFER IN THE BOUNDARY LAYER

2-1 Time-smoothed velocity distribution 

2-1-1' Purpose 

     The flow in the entrance region of a circular tube is a 

boundary layer flow. It would be expected that this flow 

would resemble a boundary layer flow over a flat plate, but 

there is actually a significant difference between the be-

havior of the free stream in the two cases. Unlike that en-

countered in the boundary layer over a flat plate, the free 

stream in the entrance region is completely surrounded by a 

growing boundary layer. As the displacement thickness of the 

boundary layer grows, the free stream accelerates, thereby 

causing a negative pressure gradient in the flow direction. 

Therefore, the main characteristic of this type of flow is a 

turbulent boundary layer with negative pressure gradients. 
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     Although time-smoothed velocity profile in the entrance 

region of a circular tube have been presented by a few  inve-

stigators(52,56), but they were unable to obtain reliable data 

on the skin friction. For that reason, they could not make 

detailed examinations of the velocity profile in the turbulent 

boundary layer with non-zero pressure gradients which exists 

in the entrance region, and so they could• not find out the ef-

fect of the pressure gradient on the velocity profile. In cal-

culations of the development of the boundary layer in the ens 

trance region, the previous workers(7,15,32,33,55,73) assumed 

that the velocity profile in the boundary layer was the same 

as that over a flat plate with zero pressure gradient and their 

analyses predicted rapid growthes of the boundary layer thick-

ness. This inaccuracy seems to be brought about by insufficient 

considerations of the velocity profile in the boundary layer. 

     The purposes of the work covered in this section are: 

1: To measure the time-smoothed velocity distributions in the 

entrance region.• 

2: To clarify the difference between the velocity distribution 

   in the entrance region and that in the fully developed turbu-

   lent boundary layer on a flat plate. 

3: To estimate the effect of the longitudinal pressure gradient 

   on the velocity profile. 
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 4+: To recommend an expression of the velocity profile in a 

  simple form for the analyses of the development of the 

   boundary layer and of heat and mass transfer. 

2-1-2 Experimental apparatus and procedure 

 a) Water tunnel 

         The flow system in the experimental apparatus is 

     shown in Fig. 2-1. The design of the tunnel was similar 

    to Hori type water tunnel(25) except that special precau-

     tions were taken in order to avoid contamination of the 

circulating fluid for experiments in which the electro-

     chemical method was used. The only materials in contact 

     with the fluid were nickel, stainless steel and polyvinyl- 

     chloride. Special care was taken to achieve a flat ve-

    locity profile and a small turbulence level at the tube 

     entrance and to eliminate swirling motion of the flow. 

     A convergent nozzle with a contraction ratio of 10:1, 

     three 4+8-mesh screens and a honeycomb were used for this. 

     purpose. The honeycomb consisted of a number of glass 

     tubes, 15cm long and lcm in diameter, was installed in 

     the calming section. In addition, the flow close to the 

     wall of the convergent nozzle exit was cut off to tile 
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   by-pass as shown in Fig. 2-2. Since the opening angle 

   of the divergent nozzle tends to cause a large  swirling 

   motion and since this motion does not disappear in the 

   water tunnel, two 48—mesh screens with a honeycomb bet-

   ween them were installed in the tube preceeding the water 

   tunnel. 

        A centrifugal pump made of polyvinylchloride was 

   used to circulate the fluid. The temperature of the flu-

   id was maintained at 30+0.05 deg. C by a controller and a 

   cooling coil immersed in the reservoir tank. 

b) Test section 

        A schematic diagram of the entrance to the test sec-

   tion and the location of the co-ordinate axes are shown 

   in Fig. 2-2. The test section was made of polyvinylchlo-

   ride tube of 52.5 mm I.D. with a sharp leading edge. In 

   this experiment two kinds of leading edges, with and with-

   out a trip wire were used. If there is no trip wire, a 

   laminar boundary layer develops at first, followed by a 

   turbulent boundary layer. On the other hand, if there is 

   a trip wire, a turbulent boundary layer develops from the 

   leading edge provided that the Reynolds number is greater 
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with 

ated 

55.6

104. The trip wire was made of 1 mm diameter nickel 

attached to the wall of the tube 3 mm downstream 

the leading edge. For the measurement of the varia-

of the static pressure in the flow direction, a tube 

eight static pressure holes of 0.8 mm in diameter loc-

at approximately x/D=1.5, 8.0, 17.5, 27.0, 36.5, 46.0, 

and 65.0 was used.

c) Velocity measuring probe 

     For the measurement of the time-smoothed velocity two 

kinds of total-pressure tube were used. The one was a 

stainless steel tube of 0.8 mm 0.D. and 0.6 mm I.D. The 

other was a thin-walled tube of the same inside diameter, 

but flattened at one end to form a nearly rectangular open-

ing of 1.5 mm wide. The total-pressure tubes were cali-

brated with the standard Prandtl type pitot tube. A 0.6 

mm diameter static pressure hole was drilled in the tube 

wall at the cross section corresponding to the tip of the 

total-pressure tube.
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2-1-3 Preliminary measurements 

     When the measurements were initially attempted without a 

honeycomb in the tube proceeding the water tunnel, a uniform 

velocity distribution was not established at the tube entrance 

and swirling flow was quite unstable. Addition of the honey-

comb upstream of the divergent nozzle made the  flow stable and 

produced a flat velocity profile as shown in Fig. 2-3. Next, a 

careful study of the symmetrical nature of the flow in the en-

trance region was made. Time-smoothed velocity measurements in 

three cross sections at x/D=6, 9 and 12 from the entrance were 

carried out by traversing the total-pressure tube along the 

horizontal and vertical diameters, and it was confirmed that 

axi-symmetrical flow was established in the entrance region.

2-1-4 Time-smoothed velocity distribution 

     As seen from Fig. 3-2, a turbulent boundary layer develops 

from the leading edge if a trip wire is attached, but a laminar 

boundary layer develops at first, followed by a turbulent bound-

ary layer if there is no trip wire. To restrict the discussion 

to the turbulent boundary layer, only the experimental results 

obtained in the case with a trip wire will be shown. 
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       The time-smoothed velocity distributions in the cross sec-

 tions at x/D = 3, 6, 9, 12, 15, 29 and 73 were  measured. iming 

  a total-pressure tube. Figure 2-4+ shows the time—smoothed ve-

 locity distributions at the Reynolds number of ReE=1x105. In 

 this diagram S is the boundary layer thickness defined as the 

 y-distance at which u/UG = 0.99. 

      By use of the local values of the skin friction factor 

 measured directly by the electrochemical method (see in Section 

 3-6), the velocity distributions are replotted by transforming 

 the coordinates to u+ vs. y+, as in Fig;. 2-5. In each 

 diagrams, the velocity distributions in any cross sections of 

 the entrance region are correlated by a single curve, which 

 deviates only slightly from the curve for fully developed tur-

 bulent flow with zero pressure gradient. This correlation was 

 also confirmed at various other Reynolds numbers, i.e., ReE = 

2x10, 3.6X10' and 5x101, as shown in Figs. 2-6, 7_ This fact 

 indicates that the similarity exists in the velocity profiles 

 in the entrance region of a circular tube. 

      These curves for velocity distributions may be represented 

 by the following equation: 

  u+ = c ( y+ )1/m(2-1) 
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where  m and c are  characteristics of the flow and depend only 

on the Reynolds number'on the inlet velocity and the 

tube diameter. Nikuradse(52) found that in fully developed -' 

turbulent flow the velocity distribution in the turbulent core 

region shows a straight line in the coordinate of in u+ vs. y+. 

He also showed that the velocity distribution is represented 

by Eq. (2-1) very well. His data for fully developed tube 

flow shows the dependence of m and c on the Reynolds number as 

shown in Fig. 2-8. From Figs. 2-5ti2-7, m and c for the devel-

oping boundary layer in the entrance region are determined. 

The dependence of m and c on ReE is shown in Fig. 2-8. Both 

m and c are a little smaller than those for fully developed 

turbulent tube flow. The values of m are only slightly depend-

ent on ReE and the values of c are alit-Lost constant. Assuming 

that the correlation curves of m and c are parallel to those 

for the fully developed region, the correlations may be repre-

sented approximately by the following equations: 

    G.0537m =3.6t)ReE( 2-2) 

 c 99tG.a24l(2-3)

 -27-



 N 
co

E 
-v 

c 
rd 

U

9 

9

V• =C (y•)1/m 

     c for entrance region
 c for fully developed region 

(NJkuradse) 

m for fully developed reaion

 m  fc1r entrance re i on

( N kuradse) 

/L__

6

104

Fig.(2-8)c and

2

m in

3

similarity

4

formula

6

of velocity

8 05 

ReE

_distribution.



2-1-5 Effect of pressure gradient on the velocity distribution 

     In the previous section, it was shown experimentally that 

the measured distribution of the time-smoothed velocity has a 

similar profile at each of the cross sections in the entrance 

region and deviates only slightly from that in a turbulent 

boundary layer with zero pressure gradient. This seems to be 

due to the effect of longitudinal pressure gradient, which 

will now examined. 

     If one introduces the Bousinesq's definition of an "ef-

fective viscosity", the shear stress may be described by 

   T/p =  ve  au/ ay = ( v+ vt) au/ ay(2-4+) 

which includes the molecular shear stress v au/ay as well as 

the Reynolds stress -u'v'. Alternatively, ve = v+, vt, where 

vt is the turbulent or eddy viscosity. In the light of the 

works of Clauser( 4, 5 ), Townsend(75; 76; 77) and Stratford 

(70) on boundary layer flows with pressure gradients, it seems 

possible to make a reasonable assumption concerning ve which 

is not explicitly dependent on the pressure gradient. 

     In the region adjacent to the wall, i.e., in the wall re-

gion, the eddy viscosity may be represented by the Prandtl's 
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 mixing-length theory: 

   K2y2au(2-5) 
    vt=

va y 

 where 

     ( K/KO) = 0.00714 Y + exp {3(Y-9)} for Y < 9                                              (
2-6) 
 =  1Y > 9 

andK©is the von Kaman constant and Y=1/(1/v)au/ay. y,. 

Equation (2-6) is an empirical formula presented by McDonald 

 (38). In the present analysis this equation, as well as Ko 

0.41 is used. On the other hand the shear stress distribution 

is given by 

 T=Tw+d~xy(2-7) 

which assumes that the inertia terms in the equation of motion 

can be neglected in the wall region. 

      One obtains the velocity distribution by integration of 

Eq. (2-1+), using Eqs. (2-5), (2-6) and (2-7). Simple analytic 

 integration of these expressions is not found possible, so a 

 numerical procedure is adopted. In the outer portion of the 
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wall region the velocity distribution may be given by  Egs.(2- 

4+), (2-5), (2-6) and (2-7), on neglecting the molecular viscd-

sity contribution, as 

     8u(T•fd~Y )l/2  
8y 

p 1/2 KY                 4 

which integrates to 

+2+1/214(l+dy+)1/21+ 
    u=. K{{1+ aY):..1} +KZn{...1/2'.}+B1«) 

a( y..) +1 -
                                        C2=8) 

where the pressure gradient parameter a is defined by 

      v dp 
a =(2-9) 

       p dx u*3 

The resulting equation was presented from the analyses made by-

Townsend(77), Mellor and Gibson(b0) and McDonald(38). B+(a) 

is the so-called "slip velocity" and a function of a only. 

The values of B+ are determined by comparing Eq.(2-8) with the 

numerical solution mentioned above. 

     For small negative values of a, as occured in the e±htr.ance 

region, the values of B+ were computed and plotted in Fig.(~-

9). The velocity profiles predicted by this analysis are shown 

in Fig.(2-10) with the parameter a. For negative values of a, 
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the curves of the velocity profiles lie a little below that 

for the turbulent boundary layer with zero pressure gradient, 

i.e.,  a  =  0. 

     The experimental results are plotted in Figs.(2-.11,l2) 

compared with the analytical one. The agreement is very good, 

and it seems possible to predict the effect of the pressure 

gradient on the velocity profile by means of this analysis. 

As will be seen in Section 3-4 and 3-5, dp/dx and Twbecome 

constant at x/D=15, so that a becomes constant at that point. 

Therefore this analysis suggests that the velocity profiles at 

any cross sections downstream from x/D=15 should be perfectly 

similar.

2-1-6 Velocity-defect layer 

     From a detailed and thorough,examination of the various 

velocity profiles, Coles(84) put forth the so-called "Law of 

the Wake". He assumed that the development of a turbulent 

boundary layer can be interpreted fundamentally in terms of an 

equivalent wake profile which is characterized by the profile 

at the point of separation or re-attachment and which is the 

restraining effect of inertia. This equivalent wake profile 
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is  modified  by s en e of the wall, at which a further 

restraint is grovidedbY viscosity. This restraint at the 

wall , although it penetrate% the entire boundary layer, is 

manifested chiefly in the wall region,. Coles presented the 

following empirical formula for the velocity profile: 

u = f(y+) + 5 w(y/d)(2-10) 

where w(y/d) is a universal function known as the "Wake Func-

tion" and written by 

w(y/S). _ (1 - cos(ry/S))/2 

and i is alprofile parameter. Coles showed this formula avail-

able to the flow with and without pressure gradients. In the 

region near the wall w(y/6) becomes zero and Eq.(2-10) reduces 

into the ordinary law of the wall: 

    u+ = f(y+) 

With the empirical velocity profile of Eq.(2-1) for f(y+) and 

with the boundary condition, i.e., u=UG at y=S, one obtains the 

profile parameter 5. Equation (2-10) may be rewritten as 
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 u/UG = ZE (y/d)1/m + (1-ZE) {l-cos(1ry/0}/2 (2-11) 

where 

     ZE = c ReGl/m (cf/2)(l+m)/2m ReG = UG6/v • 

Equation (2-11) is compared with the experimental velocity pro-

file in Figs.(2-13, 14). The agreement of these results is 

fairly good and confirms that Eq.(2-11) may represent the veloci-

ty profile in the whole region of the boundary layer. Although 

this equation may represent the actual velocity profile very 

well, this equation is a two-parameter velocity profile. In 

other word, this equation gives the valane of the flow velocity 

when both the skin friction factor and. the Reynodxis number are 

given.

2-1-7 Concluding remarks 

     The following conclusions were obtained from an investiga-

tion of the time-smoothed velocity distribution in the entrance 

region of a circula,.r tube. 

1: A similarity in the time-smoothed velocity distribution 

sexists at any cross section in the entrance region. The 

  velocity distribution may be represen r 

                  u+ = c (y+ )1/m 
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  The coefficient c and the exponent  m depend only slight on 

  the Reynolds number ReE and are given by 

    c = 3.60 ReE0.0537 45 
                             for 104 ReE 10 

m = 5.99 ReE0.0241E 

  These values of m and c are slightly less than those for 

  fully developed turbulent flow, so the velocity distribution 

  in the entrance region deviates slightly from that in the 

   fully developed region. 

2: This deviation of the velocity distribution is caused by the 

   influence of pressure gradient in the flow direction, and 

  may be predicted by a theory based on Prandtl's mixing 

  length hypothesis and the assumption of linear shear stress 

  distribution. This theory also predicts the existence of a 

   similarity in the velocity distribution in the entrance. 

3: Coles' "Law of the Wake" is valuable for representing the 

  velocity distribution in the whole of the boundary layer and 

   gives: 

     u/UG = ZE (y/6)l/m + (1-ZE) {1-cos(Try/6)} /2 

  where ZE = c ReGl/m (cf/2)(1+m)/2m 
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 2-2 Fluctuating velocity 

 2-2-1 Purpose 

       In the previous section, it was found that the time-

 smoothed velocity distributions at any cross sections in the 

 entrance region have a similar profile and that under the in-

 fluence of longitudinal pressure gradients this profile differs 

 slightly from that of a boundary layer over a flat plate. It 

 would be expected that the longitudinal pressure gradient also 

 affects the mechanism of turbulence and the distributions of 

 the fluctuating properties in the boundary layer. Examination 

 of these effects offers us, in turn, an understanding of the 

 time-smoothed velocity field. 

      The purposes of this work covered in this section are: 

1: To measure the distributions of the turbulence intensity at 

    various cross sections in the entrance region. 

 2: To measure the power spectrum-densities of the fluctuating 

    velocity at various distances from the tube wall. 

 3: To examine the difference between these results and those 

    for the boundary layer with zero pressure gradient. 

      Since there have been no convenient and reliable technique 

 for measuring the fluctuating velocity in the liquid flow, an 
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electrochemical technique was developed and used in these ex-

periments.

2-2-2 Method in the measurement of the fluctuating velocity 

     In measuring the  fluctuating  velocity in a gas flow, a 

hot wire anemometer is generally used. However, convenient 

and reliable techniques have not yet been developed for liquid 

flows. Because of the thermal inertia of the hot wire, the 

hot wire anemometer needs compensation for phase shift and am-

plitude, and its mechanical strength and operating temperature 

are limited. Furthermore, the wire length is important because 

a short wire gives a larger error due to the cooling effect of 

the supports. 

     A diffusion-controlled electrochemical process on an ex-

tremely small cathode which was used as velocity measuring 

probe was found to be suitable for this purpose. The electro-

chemical reaction used was the reduction of ferri-cyanide ion 

on a platinum cathode in the presence of a large excess of 

potassium hydroxide. 

     For the measuring probe, a blunt-nose type and a hot-wire 

type probes were made as shown in Fig.(2-15). The blunt-nose 
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type probe has a 0.01 cm diameter platinum wire cathode  embed-

ded in the blunt glass nose and smoothed flush with nose sur-

face so that only the tip of the wire is exposed. This type 

of probe has two appreciable advantages. Hardly any dirt par-

ticles cling to the probe during an experiment and the output 

signal is most reliable. Secondly, the output signal is hardly 

affected by the angle 8 between the flow direction and the axis 

of the measuring probe provided that 0 < 7/6. The hot-wire 

type probe has a glass-coated platinum wire cathode, 0.003 cm 

in diameter by 0.15 cm long at the tips of the prongs. In 

the experiment, the blunt-nose type probe was used. 

     The limiting currents of these very small electrodes are 

related to the liquid velocity and are generally expressed by 

  i = a+ a u0'5(2-12) 

where a is the natural convection term and au0'5 is the forced 

convection term. For practical use, a and a are determined by 

experimental calibration. A typical calibration curve of u vs. 

i is shown in Fig.(2-16). 

    Since u and i may be written as the sum of the time-

smoothed value and the fluctuating one, the Taylor expansion 
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of Eq.(2-12) gives the root mean square of the fluctuating 

velocity as   

(  u'2 )l/2 / u = 2 ( i'2 )l/2 / (u)l/2 s(2-13) 

The derivation of this equation is presented in Appendix 2-2. 

As seen in Eq..(2-13), (3 is a very important value, so a more 

detailed discussion is presented in Appendix 2-2. 

     For the hot wire anemometer, compensation for phase shift 

and amplitude attenuation of the fluctuating signal due to the 

thermal inertia or heat capacity of the hot wire is a serious 

problem. In the electrochemical method, this compensation is 

not necessary because there is no capacity for the transferred 

quantity. However, since this method is based on the transfer 

of ions, it would be expected that at large Schmidt numbers a 

capacitance effect of the concentration boundary layer limits 

the frequency range of the velocity fluctuation that can be 

detected. The response of a blunt-nose type electrode and a 

hot wire anemometer to velocity fluctuation was discussed in 

Appendix 2-3. The amplitude attenuation estimated for Pr=0.7 

and 2431 are shown in Fig.(2-23). It is seen that the amplitu-

de ratio decreases more rapidly at higher Prandtl numbers and 

so the response of mass transfer to velocity fluctuation in 

liquid flow is not so good as the response of heat transfer in 
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air flow.

 2-2-3 Experimental apparatus and procedure 

      The experimental apparatus is the same as described in 

 Section 2-1. An electrolyte solution containing 0.01 mole of 

K3Fe(CN)6, 0.01 mole of KFe(CN)6 and 2 moles of NaOH per liter 

was circulated through the flow system and the temperature was 

 controlled at a constant value of 30.00±0.05 deg C. In order 

 to avoid the side reaction on the cathode, dissolved oxygen was 

 purged with nitrogen before running and a positive nitrogen 

 pressure was maintained in the flow system while running. 

      To obtain a good reproducibility of the measurement, the 

 electrodes were polished with fine emery paper before each run. 

 After each run, the probe was rinsed with demineralized water 

 and wiped with a clean soft cloth.. When this procedure was 

followed, the reproducibility of the measurements was within-

 3 %. 

      The electric circuit used is shown in Fig.(2-17). The 

electric potential of the probe(cathode) was held at -200 mV 

 relative to a H g20 reference electrode with a potentio-
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stat. The potentiostat can respond to a fluctuation of the 

electric potential within  10-5 sec and hold the potential con-

stant even if the electric current at the cathode surface is 

fluctuating. Thus the electric current due to the potential 

fluctuation may be eliminated. The limiting current was amp-

lified 104 times with a D.C. amplifier. The root-mean-square 

of the fluctuating signal was measured by passing the signal 

through a square circuit and an averaging circuit and then to 

a recorder. Power spectrum densities were measured with a 

frequency analyser.

2-2-4 Distribution of turbulence intensity 

     The measured distributions of turbulence intensity based 

on the free stream velocity, u " /UG were shown in Fig. (2-18). 

The measurements were carried out at the cross sections of x/D 

= 4.638 ,12.05 and 29.77. It will-be noticed that the similar-

ity exist in the distributions of turbulence intensity in any 

cross sections in the entrance region. The distribution of 

the turbulence intensity extends into the free stream region . 

and the outer edge is approximately 1.28 from the tube wall. 

When the distributions are compared with Klebanoff's results 

(29) obtained in the turbulent boundary layer flow over a flat 
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plate with zero pressure gradient, it can be seen that these 

results agree with each other. 

     Small increases in the turbulence intensity with increas-

ing x/D were detected in the non-turbulent region. This can 

be explained by velocity changes in the non-turbulent region 

caused by irregular motion of the boundary between turbulent 

boundary layer flow and non-turbulent  flow. This is the so-

called potential flow disturbance.

2-2-5 Power spectrum density of u' 

      The power spectrum densities of 

u' were obtained at y/6 = 1.086 and 

x/D = 12.05. The results presented 

ized as 

W
o do = 1 

.where the wave number a is given by 

           a = 2rr n/u 
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 The results obtained by  Klebanoff for a flat-plate .boundary 

 layer are also represented in Fig.(2-19). There is a similarity 

 in these results except the data of y/S=1.06 in the low frequ-

 ency range. The discrepancy in the low frequency range seems 

 to be due to the difference in mechanism of the intermittent 

 flow in the outer portion of the boundary layer, and it is 

 caused by the longitudinal pressure gradient. In the higher 

 frequency range, the turbulent eddies are at loral isotropic 

 condition and the spectrum densities decrease in the same way 

 as the Klebanoff's results. 'All of the spectrum have two ex-

 tensive regions(23). One is the inertial sub-range where the 

 spectrum variesin proportion to a-5/3 and the other is'the 

highest frequency range where viscosity plays an important role 

 and the spectrum is proportional to a-7. 

     As described in Section 2-2-2 , the electrochemical method 

has a limited frequency range. This limit at which the amp-

litude ratio becomes 0.9, corresponds to 60,20 . Accordingly, 

measurements up to a220 may be considered reliable . 

     Finally, it should be mentioned that the magnitude of the 

electrode potential had no effect on the spectra. This indica-

tes that the reaction kinetics at the electrode surface do not 

influence the measurement of the fluctuating mass transfer and 
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that the 

as zero

 concentration  of  the 

at the -surface of the

diffusing ions can be regarded 

electrode.

2-2-6 Concluding remarks 

     As a result of this experimental and theoretical investi-

gation, an electrochemical method based on a diffusion-control-

led reaction was found to be a very useful and convenient meth-

od for measuring the turbulent stream velocity in liquid flow. 

If the measuring probe is made sufficiently small, it needs no 

compensation for amplitude attenuation and phase shift up to 

the sufficiently high frequency range 

     As a result of the experimental investigation by means 

of the electrochemical method, the following conclusions can 

be drawn concerning the turbulence mechanism in the entrance 

region of a circular tube. 

1: Similarity exists in the distributions of turbulence inten-

  sity at any cross sections in the entrance region. 

  These distributions agree closely with that in a boundary 

   layer over a flat plate with zero pressure gradient. 

2: The power spectrum densities of the fluctuating velocity u' 

   at various values of y/S in the entrance region show a re-
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similarity with  those  for flat-plate boundary layer with .zero-

pressure gradient except the data of y/S=1.086 in the low fre-

quency range seems to be due to the difference in mechanism of 

intermittent flow in the outer portion of the boundary layer, 

and is caused by the longitudinal pressure gradient.

Appendix 2-1 Electrochemical kinetics 

     The overall resistance of the electrode reaction consists 

of a series of partial resistances. In the ferri- and ferro-

cyanide system, three kinds of resistances are in series, viz. 

1: the resistance to diffusion of the ferri-cyanide ion from 

the main stream to the cathode surface. 2: the resistance to 

electron-charge transfer at the cathode surface. 3: the re-

sistance to diffusion of the reaction product from the cathode 

surface to the main stream. 

     The electrochemical kinetic theory may be used to predict 

the rates of transfer of electron-charge. The net current at 

the cathode is the sum of the anodic partial current density 
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and the cathodic one and may be represented as 

 _(1-a)nF 
     nF=ksICox,wfoxRT nE}-Cred,wfredexp{RTnE} } 

                                              (2-16) 

where  a and  ks are the charge-transfer coefficient and the 
rate constant respectively. nE is the overvoltage with res-

pect to the equilibrium potential and f is the activity coef-

ficient. 

     On the other hand, the diffusion process may be described 

with the mass transfer coefficient as 

       I_= 
     nF-Kox(C      nF 

(2-17-a,b) 

         _ 

     nF-Kred( Cred,wCred,b 

Combining Eqs.(2-16) and (2-17-a,b), one obtains the relation-

ship between current density and potential as 

fr ednF 

-  

   i Cox,bfoxCred,be{RTE}                                                 (2 -18)     nF
Kl+K1f..xp{_nF~E}+K1fredexp{E} 

    ox ox oxredox 

     Measurement of the relationship between current density 

and potential was carried out with the blunt nose type probe 
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in a liquid stream of 20 deg C, containing 1 molar potassium 

hydroxide and equimolar  quantities(0.01 mole ) of ferri-•and 

ferro-cyanide. The electric current was plotted against the 

potential difference between the cathode and the silver-oxide 

standard electrode. The equilibrium potential was 0.402 volt. 

The diffusion-controlling condition seemed to be established 

at about 0.25 volt. This condition was maintained until the 

potential becomes larger than the hydrogen overvoltage(ap-

proximately -1.2 volts) where the discharge current of hydrogen 

ions adds to the limiting current of the ferri- and ferro-

cyanide redox system. The reaction rate constant k s and the 

charge-transfer coefficient a have been determined to be 

9.0x10-2 cm/sec and 0.61 respectively(6) when this redox reac-

tion occurs on a platinum cathode at 20 deg C in the presence 

of 1 mole of KC1 per liter. If these values of the reaction 

rate parameters, a and k
s,are accepted as the approximate valuias 

for this experimental condition, Eq.(2-18) predicts the current-

potential relation and the result is plotted in Fig.(2-20). 

Since it agrees well with the experimental curve, it shows that 

these values of a and k
s are approximately correct. With these 

reaction rate parameters the contribution of the electron-charge 

transfer process to the overall reaction process may be predicted. 

     If the blunt nose type probe of 0.12 cm in diameter is im-
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 mersed in a flow of velocity u=100 cm/sec and the electric po-

tential is held at -0.300 volt against the silver-oxide stan-

dard electrode, the concentration ratio Cox
,wICox,b is calcu-

lated to be 1.i+3x10 4. Therefore, the concentration on the 

electrode surface may be regarded as zero. The influence of 

the electron-charge transfer process on the measurement of the 

fluctuating velocity may also be ignored. An experimental 

check was performed and mentioned in Section 2-2-5.

Appendix 2-2 Principle in the measurement of the turbulent 

               velocity 

      In the electrochemical reaction under the diffusion con-

trolling condition the electric current to the electrode sur-

face of the velocity measuring probe is related to the liquid 

velocity. At large Schmidt numbers the correlations of mass 

transfer coefficients are very scarce. However, they are high-

ly required for measuring the stream velocity by means of the 

electrochemical method. 

     Velocity measurement with the hot wire type probe is based 
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on mass transfer around a circular cylinder in cross flow. Van 

der  Hegge Zijnen(79) compiled the results of many investigators 

and obtained the following correlation: 

    Sh = 0.38 Sc1/5 + (0.56Re1/2+0.001Re) Sc1/3 (2-19) 

which is valid for Re=1%500. 

     The mass transfer coefficient at the front stagnation 

point of a cylindrical electrode may be predicted by the methods 

described in Chapter 5 and may be represented approximately by 

the following equation: 

  Sh = 1.30 Re1/2 Sc1/3(2-20) 

A comparison with the exact solution is given in Table 2-1 and 

shows that Eq.(2-20) is a good approximation at large Schmidt 

numbers. 

     Velocity measurement with the blunt-nose type probe is 

based on mass transfer at the stagnation point of an axi- 

symmetrical body. The rates of mass transfer are correla-

ted approximately by the following equation; 

  Sh = 1.46 Re1/2 Sc1/3(2-21) 

A comparison with the exact solution is also given in Table 
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2-2. Anyhow,  at,large Schmidt numbers the rates of mass trans-

fer on the electrode surface of these probes are proportional 

to 1/3-power of the Schmidt number and 1/2-power of the Reynolds 

number. 

     For practical use, the limiting current is correlated by 

the following equation: 

     i = a + au0.5 Sc1/3 

Although Egs.(2-19),(2-20) and (2-21) give a good estimation 

for the forced convection term of B , some inaccuracies cannot 

be avoided, that is, contribution of the natural convection 

term and inaccuracy of the dimension of the probe. 

     In the turbulent stream the momentary values of the limit-

ing current and the velocity-are assumed to be correlated by 

Eq.(2-12). (Here the amplitude attenuation and the phase lag 

of the limiting current from the velocity fluctuation is ig-

nored. Those will be discussed in Appendix 2-3.) If u' is 

the fluctuating velocity component in the direction of the 

main stream u which is assumed to be perpendicular to the wire 

and if v' is the lateral one perpendicular to the wire, the ef-

fective velocity is written by 
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Table  2-1 

     Sc 

      11.0 

     36.6 

     122.0 

404.0 

   1340 

446o 

14800 

Table 2-2 

     Sc 

      11.0 

     36.6 

    122.0 

404.0 

1340 

446o 

1480o

Mass transfer at the stagnation 

cylinder 

Shbq Sh/V 
    Exact solution Eq.(2-20) 

(cis. (5 -9, 10)) 
    2.782.89 

4.234.32 

    6.396.44 

    9.629.61 

14.414.3 

    21.621.4 

    32.331.9 

Mass transfer at the stagnation 

    Sh/ReSh/ Re 
    Exact solution Eq.(2-21) 

(Ref. (62)) 
3?143.25 

4.764.85 

7.177.24 

    10.810.8 

    16.616.1 

24.124.0 

    36.035.9 
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     Error 

+4.0 

      +2.1 

+0.8 

      +0.1 

        -0.7 

        -0.9 

        -1.2 

point of a 

     Error 

      +3.5 

      +1.9 

       +1.0 
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   u
eff= ( (u + u' )2 + v'2 ) 1/2(2-22) 

Substituting this equation into Eq.(2-12) and expanding the 

 resulting  equation into Taylor series, one obtains 

      _i,~2~2 
    i +i'=a+guz( 1+u-1u+1 v+ ... ) (2-23) 

                    2u 824 u2 

By neglecting the higher order terms and after some algebraic 

calculation, one obtains the intensity of turbulence in the 

direction of main stream as follows: 

  (u'2)1/2/ u_ = 2 (1'2) / (u) s(2 -13)

_h), _



Appendix 2-3 Response of the probe output signal to  fluctua-

             tions in the stream velocity 

    For the measurement of the velocity fluctuations of liquid 

flaw the electrochemical method has a serious problem that is 

a capacitance effect of the concentration boundary layer over 

the electrode surface. However, no consideration for this pro-

blem has been accomplished up to now.Even in the technique of 

the hot-wire anemometer, this effect may not be overlooked in 

measuring high frequency components of the velocity fluctuation. 

     The capacitance effect is the response of laminar heat 

almmps transfer to fluctuations in the velocity of oncoming 

flow.1111. is eMpected that this effect grows as diffusivity of 

het or IfavtExe, 43barauser. In the liquid flow of large Schmidt 

n- itn 'the electrochemical method, this effect 

must be considored. 

     In Chapter 5, effects of the velocity fluctuations on mass 

transfer around a cylinder in cross flow will be discussed. In 

that case the scale of turbulence is smaller than or comparable 

with the size of the cylinder and the interaction between ed-

dies which increases the rate of heat or mass transfer is the 

most important problem, whereas in this case the scale of turb-
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   ulence is  much larger than the electrode size soo that the elec-

   trode is regarded to be immersed in a turbulent eddy where the 

   free stream velocity around the electrode oscillates uniformly 

   in magnitude. In two dimensional case Lighthill(31+) solved the 

   linearized equations for the response of laminar skin friction 

and heat transfer to fluctuations in the oncoming velocity. 

   He calculated numerically the amplitude ratio and phase lag in 

   the case of two dimensional stagnation flow at Fr=0. 7. A simi-

   lar calculation at large Schmidt numbers gives an reasonable 

   estimation for the response of a hot-wire type probe in the 

   electrochemical method. 

        In this section the response of a blunt-nose type probe 

  to the velocity fluctuations will be analysed by an extension 

  of the Lighthill's procedure to axi-symmetrical flow. The re-

  sults obtained will be compared with those for two dimensional 

  flow, and then the influence of the Schmidt number or the Pran- 

  dtl number on the capacitance effect will be discussed. 

Basic equations 

       The boundary layer equations for axi-symmetrical incom-

  pressible flow are 
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 a(ur) 
as

au 
at

a

+uax+ V

a(vr) = 0

au+1 ap
=a2 u  

3y p ax a y2

u 

u

   au ~
_ 

t+ Ua x+pax0

v = 0 at y = 0 

U(x,t) at y m

(2-24)

(2-25)

(2-26)

(2-27)

where r denotes the distance of a point on the wall from the 

axis of symmetry. The equation of Conservation of mass is 

written as 

                           2 

at+uax+v 
  ac—DC.-Da—,C

2(2-28)           By D y 

   C = C
w at y- = 0, C ='Cbat y(2-29) 

     One now assumes that the fluctuations in the free stream 

velocity, U(t, x), are produced by fluctuations of the oncom-

ing velocity in magnitude but not in direction. Secondly, 

if the oncoming velocity is written by
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     U ( 1 +  e eiwt  ) 

,then since irrotational flow responds instantaneously to alter-

ations in the conditions producing it, the free stream velocity 

may be assumed to fluctuate by the same factor so that 

U(t, x) = UO(x) (1 + Eeiwt)(2-30) 

     One now supposes that the quantities(u,v,C) are all per-

 forming small oscillations around those steady means, and 

writes 

     u = u0(x,y) + eul(x,y)eiwt,,v = v0(x,y) + evl(x,y)eiwt 

    C = C0(r,>y) + eC1(x, y)eiwt(2-31,32,33) 

Substituting these equations into Eq.(2-25) and retaining only 

the terms of order c, one obtains linearized equations and its 

boundary conditions as 

      auau auaudU 22u     iwul +u—+—ul+ vO ay+ayvl= i wUO+_dx+v-----a 
(2-31t) 

ul = vl = 0 at y = 0, ul UO at y -> (2-35) 

           acac acac a2c1
iwC1 + u01+a xu1+ v0a y+ayvl—Da(2-36). 
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 C1  =  0 at y = 0 and y - co(2-37) 

Solution for large w 

     For large w, only the terms involving w and the derivative 

of highest order are retained in Eq.(2-31L). The solution of 

this equation may be easily obtained as 

  u1 = U0 ( 1-e1 )(2-38) 

For a spherical body, r(x) is obtained geometrically as 

  r(x) = R sin(x/R)(2-39) 

Substituting Eqs.(2-38) and (2-39) into the equation of conti-

nuity, Eq.(2-21+), one obtains the transverse velocity vl as 

v1 = -{dU0+ x0}{y+ l ( 1-e-y1) }(2-40) i 

Let us now consider the response of mass transfer. For small 

y, Co may be approximated by C0= Cw+y(9C0/9y)w Substitution 

of this equation into the right hand side of Eq.(2-36) gives 

      dU08C01---------------------------------Sc+Sc e-yie-yiw D 
_+     Cl

w dxa y)y=0{y(1 -Sc ) i 
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 a2c-y i-yiw D 
   i0Sc -yi+2Sc e-e      +

w U0(axay)y=0{y+1-Scy e(1-Sc)2 ^ iw/v 

(2-41) 

Then the mass transfer rate at the front stagnation point of a 

sphere is obtained as 

   N =Day y=0{1- eiwt(2d x0 1---------)}(2-42) 
                   1+~

}

Solution for

     The solution 

w40 is called 

  vs,C
s). Since: 

boundary layer

w 3 0 

tion of Egs.(2-34) and (2-36) in the limiting case 

as the quasi-steady solution to be denoted by (u s 

ince the velocity distribution in the laminar 

r is generally discribed in the form(see ref.(57))

u0 Um f(x/R, y^U./vR ) (2-43)

so that

and

             au 

u s=uO+EU2u0+                ..au

similarly

Cs=CO+2y
ac0 

ay 

        1

     au 

2yay (2-44)

(2-45)
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Then the mass transfer rate is given as 

 N  =  DdC0{1 +1ceiwt) a
y y=0 (2-46)

Solution for small w 

     For small w, it is convenient to write 

(u1,v1,C1) = (u s,vs,Cs) + iw (u2,v2,C2) (2-47) 

Substituting Eq.(2-1+7) into Egs.(2-31t) and (2-36), and using 

the fact that (u
s,vs,Cs) is a solution forw.4-0, one obtains the 

equations for (u2,v
2,C2), that is, 

au2r av2r 

ax+ay=0(2-48) 

         au2 au0 au2 au0 a?u2 
    iwu2+ u0a x+axx 2+V0a y+ayy2vay= U0- us (2-19) 

3C2 aC2 a2C2aC03 
    1wC2+ u0a 

x+ v0ay-Da-----_ —Cs a xu2 ayv2(2-50) 

    At first let us consider the velocity field. For very 

small w, Lighthill obtained a solution for two-dimensional 

stagnation flow, using the Pohlhausen's approximate method(53)• 

In this analysis for axi-symmetrical flow the approximate meth-
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 od presented by  Tomochika(74) will be used. In solving the e-

 quation of motion by the approximate method, one makes use of 

 the last equation at y-*O; 

         a2u 
v (-5-72)y=0  = U0(x)(2-51) 

 and the integral form of Eq.(2-)49) after eliminating vO and v2 

 by the equation of continuity. Then one obtains 

     -U(x) =2I000(U0-uO)dy + (UOdx- iw + UOr dx)00u2dy 
-(2— + 2—

dX)f uOu2dy(2-52) dx0 

Unperturbed velocity uO in Eq.(2-52) is approximated by the 

quartic velocity profile, that is, 

    uO/U0= 1 - (i-n)3{ l+0.-6A)n}(2-53) 

where A is a shape factor defined by (82/v)(dU0/dx). Substi-

tuting Eq.(2-53) into Eq.(2-25), one obtains the basic equation 

for predicting the growth of the boundary layer around the 

spherical body. Near the stagnation point, the following re-

lations hold true: 

LT0 = Sx = 3Ux/d, A = 4.716 
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   1drU0 =1 dA 
 r dx U'ax=O (2-54) 

Now for u2, another quartic profile may be assumed 

        UO2 
u2 = v (i-n)2{An + (2A-2) n2}(2-55) 

This inherently satisfies all of the boundary conditions. Sub-

stitution of Eqs.(2-53) and (2-55) into Eq.(2-52) gives 

    U6A =36-A U 6+(U d-iw+U1 dr) (9A-1 U06 

                                              3 

  0240 0 OdxOr dx 6O v 

U2 0 
         -(2 d + 2 1 dr) {(263A-32 + ~10A-1) 0}(2-56) 

        dx r dx252060b8

For small w and 

right hand side 

was verified by 

be also verified

constant A, the second and third terms of the 

of Eq.(2-56) may be neglected. This neglectiun 

Lighthill for the two dimensional case and may 

 for the axi-symmetrical case, so that

A = ( 36- A) /240 (2-57)

     Let us now consider the mass transfer rate. For this pur-

pose one may use the approximate method which may be deduced 

by some extention of Dienemann's method(9) presented for two 

dimensional flow. At first an unperturbed concentratation pro-
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 file is assumed to be 

 CO/Cw = (1-an)(l+an)(2-58) 

where a is the ratio of the hydraulic boundary layer thickness 

•to the concentration one, i.e., a=8/6
c. Substituting Egs.(2-

 53) and (2-58) into the equation of conservation of mass, Eq. 

 (2-28),and integrating the resulting equation over the concen-

tration boundary layer, one obtains the following equation for 

a (a > 1): 

U0 1 

     Sc {A+ (r dx U')A + 2 UOz' + U0z dx} 

0 

      x 
151 

          a23 a4+11 a 905+A(a-2_1a3+3a4_a-5))                                      560 1o80 

(2-59) 

where z=d2/v. At the stagnation point , a is obtained by 

a _2 -2 3 _4a51 -2 1 -3 3 -4 a-5 
    Sc- _At a140 a+180+A(90 a84 a+560a1080)) 

                                               (2-60) 

Here a quartic profile is also assumed for C
2: 

   C2 = BC
w62an(1-an)2(1+2an)(2-61) 

which also inherently satisfies all the boundary conditions. 
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Substituting these profiles into  Eq.(2-50) and taking into ac-

count for the fact that A, A and a are constant at the stag-

nation point, then one obtains the equation for B (for a > 1): 

    -B a=- 3 1 +(iw/B) +2A{A()=- a-2- 9 a-4+  90a5) 
    Sc 20 a 20a 15 280 

         +(87+a3+280a3~0a-5) }+2AB{i5a2-70a~+ 
                  -5 

         a 1 -21 -33-4 1-5)           +
72+A(90a -3-6- +65a -32a}(2-62) 

From Egs.(2-45) and (2-47) the rate of mass transfer at the 

stagnation point is given by 

      3 Co
N ={l+1Eeiwt (1-(iw/8)AB)}(2-63) a

y y=0 2 

Figure(2-21) shows the amplitude ratio and the phase lag 

of mass transfer from those in quasi-steady state. In this 

diagram the broken lines show both the solution for small w 

and that for large w, and the full lines are the conjectural 

curves which are seen to be fairly good representations. In 

Figs.(2-22) and (2-23) the dependence of the frequency response 

on the Prandtl or the Schmidt numbers are shown for two dimen-

sional and axi--symmetrical flow respectively. These diagrams 

may be used to compensate the amplitude attenuation of the out-
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put signal of the velocity measuring probe. In  Fig.(2-21i) the 

critical frequency at which the amplitude ratio becomes equal 

to 0.9 is plotted against the Prandtl or Schmidt number- This 

diagram may be useful for an estimation of the upper limit up 

to which one may need no compensation for amplitude attenua-

tion for a practical point of view.
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 CHAPTER 3 

            DEVELOPMENT OF THE BOUNDARY LAYER 

3-1 Purpose 

     The knowlegde of the development of the turbulent boundary 

layer in the entrance region of a circular tube is of special 

importance for the design of working sections of wind tunnels 

and for the design of hydraulic systems. It is also important 

for the design of heat exchangers and tubular reactors. There 

have been few experimental works for the development of the 

turbulent boundary layer in the entrance region. In addition, 

the variation of the skin friction along the flow direction 

have not been measured. According to the measurements per-

formed by Kirsten(56), the fully developed velocity profile 

exists after an inlet length of 50 to 100 diameters. But Niku-

radse(52) obtained its length to be about 25 to 40 diameters. 

The discrepancy of these results is surprising. 
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     On the other  hand the entrance-region problem has been 

solved for turbulent boundary layers by several investigators 

(7, 8, 15, 32, 33, 55, 77, 78). However, all of them assumed 

the velocity profile to be equal to that for the fully devel-

oped flow. 

The purposes' of the work covered in this chapter are 

1: To measure the boundary layer quantities such as the bound-

   ary layer thickness as careful as possible. 

2: To measure the skin friction directly. 

3: To predict the development of the boundary layer by use of 

   the expressions of the velocity profile which represent in 

   itself the effect of the longitudinal pressure gradient.

3-2 Theoretical prediction: method I 

      (with one-parameter velocity,profile) 

3-2-1 One-parameter velocity profile 

     The method I is based on the assumption of a similarity 

which exists in the velocity distributions at any cross sec -

tions in the entrance region. The similar velocity profile' 

is represented by Eq.(3-1): 
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     u+ = c (y+)l/m 

 The coefficient c and the exponent 

 , of the flow in the entrance region 

 let Reynolds number (see  Eqs.(2-2) 

 the condition of u=UG at y=d into 

 skin friction factor, cf, based on 

G

(3-1) 

m are characteristic values 

 and depend only on the in-

and (2-3)). Substituting 

Eq.(3-1), one obtains the 

UG as follows: 

-2/(m+l) 
                  (3-2)

3-2-2 Basic equations 

     The equation of motion and the equation 

    u a
x +vay P dx+rar(rve ar) 

     ouravr + =0 
ax ay 

     In analysing the boundary layer flow in 

the adequate definitions of the displacement 

momentum thickness are introduced as 

    S1 = JR(1-U(1-R) dy 
     0G 
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of continuity are 

          (3-3) 

(3-4+) 

a circular tube, 

thickness and the 

          (3-5)



 R 

    2 f(1-U)L(1_R) dy(3-6) 
         GG 

 Integrating Eq.(3-3) from y=0 to y=R and using the equation of 

 continuity and the definition of the displacement and the mo-

 mentum thicknesses, one obtains the momentum equation as fol-

 lows. This is formally identical to that for two dimensional 

flow. 

  d62ddUGc 

   d+ (H+2)U?d x=2(3-7) 

                G 

 where H is a shape factor defined as 

  H = 61 / 62(3-8) 

 This equation is valid provided only that there exists an un-

 disturbed central core(free stream) in which the shear stress 

' i s zero. In this central core, the Bernoulli's equation is 

 established along each streamline and the longitudinal pres-

 sure gradient is related to the velocity gradient by 

  dp dUG 

 dxPUG d x(3-9) 

      The macroscopic mass balance for circular tube flow gives 
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            R 
    TrR2UE=f2Trru dr 

             0 By use of the definition of the displacement 

 10) leads to 

U 
    dl=2(1- UE ) 

G 

    Substituting Eq.(3-1) into Eqs.(3-5) and 

tains the following expressions for 61 and 62 

tions of, 6 only. 

     __d _ d2      d
l m+1 2R(2m+1) 

    _  and  _  m62.  8
2 - (m+1)(m+2) 2R(2m+1)(m+l) 

6 is expressed by 61 by accepting only minus 

of Eq,(3-12) 

R 1 (1 - B(d1)). 

where 

                    2 2d 
   B(d1) = 1 -:+1Rl

 -85-

          (3-10) 

thickness, Eq.(3-

          (3-11) 

 (3-6), one ob-

 which are func-.. 

          (3-12) 

(3-13)' 

sign of two roots 

(3-l4+) 

          (3-15)



From Eq.(3-13) and  (3-14), 62 is expressed by 61 as 

62 
=m 61_ in(2m+1) {1 - B(S)}(3-16) 

   Rm+l R (m+l)3(m+2)1 

Substituting Eqs.(3-2) and (3-16) into the momentum equation, 

one obtains the basic equation for 61: 

             2m2     d61m+l 
jj  2m+1 R(1-B(61))1-m+1 

dx- c 12(m+1)ReE R-61 

         X~m+1 {1--------------(m+2)B(61)},+ (61+2A(61))R-2S1}-1(3-17) 

where 

                   m(2m+1) A(S1) = m+161(m+l)(m+2)(1.43(151))R(3-18) 

The boundary condition for Eq.(3-17) is 

6•= 0 at x = 0(3-19) 

The differential equation was solved by a standard Runge-Kutta 

procedure on the Kyoto University KJJC 1I digital computer. 

When 6 was obtained, all values of UG/UE, S, 62 and cf could 

be calculated. 
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3-3 Theoretical prediction: method  II 

     (with two-parameter velocity profile) 

3-3-1 Two-parameter velocity profile 

     The two-parameter velocity profile was presented in Sec-

tion 2-1 as 

u/UG = ZE (y/S)1/m + (1-ZE) {l-cos(rry/(5)}/2 (3-20) 

where 

ZE = c ReG1/m (c/2)(l+m)/2m(3-21) 

Though both Egs.(3-1) and (3-20) represent the velocity profile 

in the wall region very well, Eq.(3-20) is a better represen-

tation in the outer region of the boundary layer. However, 

Eq.(3-1) involves in itself a relation between the skin fric-

tion factor and the boundary layer thickness as represented by 

Eq.(3-2). In contrast with that, Eq.(3-20) does not present 

the relation like Eq.(3-2). In other word, Eq.(3-20) is a two-

parameter velocity profile. Hence, in order to determine three 

independent quantities 6, cf, UG, one more differential equa-

tion as well as the macroscopic mass balance and the momentum 

equation are required. This may be satisfied by the introduc-
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tion of the entrainment theory.

3-3-2 Entrainment function 

     The entrainment theory was presented by Head(20) who re-

lated the shape parameter of the velocity profile to the rate 

of fluid entrained in the  boundary  layer- His assumption is 

that the rate of irrotational fluid entering the region of tur-

bulent motion depends on the intensity of velocity fluctuations 

near the outer edge of the turbulent boundary layer. On the 

other hand, the turbulent shear stress, which controls the ve-

locity profile, is also a function of the fluctuation intensi.• 

ty. It is thus plausible to postulate a dependence between the 

rate of entrainment and the shape of the velocity profile. In 

two dimensional flow, the amount of fluid entrained per unit 

length and unit width of the layer is assumed to be 

       =—.ld-u dy} =
a~xUG(d-dl)} =UGF(H) (3-22) 

where F(H) is referred to as the "entrainment function" which 

is a dimensionless function of the shape factor, H. Several 

recommendations for the entrainment function have been made by 

the previous investigators(11, 20, 51, 67, 68). Those curves 
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are plotted in Fig.(3-l) along with the experimental results 

(49,59). These results are scattering and a strong support 

for choosing one entrainment function from others can  not  be.. 

found. Since Nicoll's entrainment function is given in a sim-

pler form and seems to correlate many experimental results as 

well as those of this work, his function is chosen in this anal-

ysis, that is, 

  F(H) = 0.0354 ^H-l.25(3-23)

3-3-3 Basic equation 

    The auxiliary equation(3-22) was derived for two dimen-

sional flow. For axi-symmetrical flow as exists in the entrance 

region, this equation must be modified on the basis of the phys-

ical concept of the entrainment theory. The auxiliary equation 

for axi-symmetrical flow is derived from the mass balance in the 

boundary layer and written as 

S 

dx dxf u(R-y) dy =d—x—{U(6-61)1= F(H)(R-S)UG (3-24) 

            0 With the dimentionless quantities defined as 
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 UG  SU
G S1    Re

S= ------Re1 = 

 UGx            S 

   Re2 =2, Rex=Uvdx 

the basic equations can be written as: 

Auxiliary equation 

     d 

d Re
x 

= F(H) (1-R) 

         x Momentum equation 

  d Re2d(ZnUG) cf 

    d Re+(l+H)d ReRe22  Rexx 

Macroscopic mass balance 

    d(ZnU) 

    dnUG- {ReS- (Rex-2Re1)/ 2(dRe1/dRex)}-1 Re
x 

As done by Spalding, let us introduce the following 

    I1=rlU(1-nR) dn, I2=(1(U)2(1-n - 
  UGbG 

         1 F = (I-n R ) do

(3-25)

(3-26)

(3-27)

(3-28)

quantities

R) do

then the boundary layer thicknesseg 

-91-

are represented by these



quantities: 

 61 =  6(F-I1), 62 = 6(I1-I2) 

With these definitions the basic equations may be rewritten as 

Re6(IldRe6+Ilscf')+ I1ReS = F(H) (l-2Re6/ReG) (3-29) 

Re6{(I1 -I2 )Re' +(I1s-I2s)c. }+(Il I2)ReS 

                                 d(ZnUG) c 
                   + Re6(I1-I2)(1+H)dRe2(3-30) 

                                              x d(lnUG) 4Re6Re' 
=(F-I)Re6

6166lsf                                 -Re(IRe'+Ic)- 
   d Re

xReG1  ReG 

                                               (3-31) 

where the prime denotesdifferentiation with respect to Rex and 

     I1S=aI1/8Re6,I26=aI2/DRe6,Il
s-2I1/3cf'I2s-aI2/Dc                                                  f 

These equations are the basic equations for the prediction of 

the boundary layer growth and have independent variables which 

are Re6, cf and UG. With the velocity profile of Eq.(3-20) and 

the entrainment function of Eq.(3-23), three basic equations of 

Egs.(3-29),(3-30) and (3-31) should be solved simultaneously. 

The calculations were performed by the n-th order Runge-Kutta 

procedure on the Kyoto University FACOM 230-60 digital comput-
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er. 

 x=0 

As 

and

  Since the skin friction factor,cf,should be infinite 

, the numerical calculation can not be performed from x=0 

the starting values for calculation, the values of Red, c 

UG predicted by the method I at x/D=O.l were used.

at 

f

3-4 Boundary layer thickness 

     The measurements were made by use of two kinds of leading 

edges, i.e., one with a trip wire and another without a trip 

wire. The longitudinal distributions of the boundary layer 

thickness for ReE=5x104 and lx105 are shown in Fig.(3-2) where 

the boundary layer thickness is defined as y-distance at which 

u/UG 0.99. The point of effective zero thickness isdetermined 

by the extrapolation of the uncorrected data for d vs. x to be 

denoted by x0. The abscisa, x, in Figs.(3-2H3-6) was cor-

rected with x0. 

     If there is no trip wire, at first a laminar boundary lay-

er develops and then a turbulent boundary layer is achieved. 

This is confirmed by the change of shape factor, H, defined as 

the ratio of the displacement thickness and the momentum thick-

ness, as shown in Figs.(3-3-a,b). In the laminar boundary lay-
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er H is approximately 2.2 and it gradually decreases to the 

value 1.35 for the turbulent boundary layer in the region of 

5<x/D<20. If the transition point is defined as the point of 

inflection of the  curve(d vs. x/D), the transition Reynolds 

number , UExc/v, is 6.2x105 and 7.7x105 at ReE5x104 and lx105 

respectively_ These values fall in the range of the transi-

tion Reynolds number for the boundary layer over a flat plate. 

When the length of the entrance region is defined as the leng-

th from the tube inlet to the point at which the boundary lay 

er thickness becomes equal to the tube radius, it is 32.4+ and 

34+.8 diameters for ReE 5x104 and lx105 respectively. 

     In another case with trip wire, H is nearly constant and 

the curves of d vs. x/D show smoothly increasing distributions. 

From these facts the boundary layers as exist in this region 

can be presumed to be turbulent from the leading edge. The 

length of the entrance region is 22.0 and 27.4+ diameters for 

ReE=5x104 and lx105 respectively. , According to the measurement 

performed by Kirsten, its length is about 50 to 100 diameters. 

Later on, Nikuradse carried out an experiment of the flow in 

the entrance region and found that the fully developed velocity 

profile exists already after an inlet length of 25 to 40 diam-

eters. The results of this work agrees with the Nikuradse's 

results. As shown later, this results also agree with the pre-
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dicted ones. Therefore, the Kirsten's results are not accept-

able. This  seems to be due to the flow condition at the inlet 

cross section of the test tube, such as deformed velocity pro-

file and swirling motion of the flow. 

    The longitudinal distributions of dimensionless free 

stream velocity, UG/UE, for ReE 5x104 and lx105 are plotted 

against x/D in Fig.(3-l+). The displacement and the momentum 

thicknesses are calculated from the measured velocity distri- 

butions'and are plotted in Figs.(3-5) and (3-6). 

     In these diagrams theoretical curves predicted by the 

method I and II are also plotted. It is surprising that the 

difference between the curves predicted by these two methods 

is not distinguishable, although expressions of the velocity 

profile employed in these methods are slightly different with 

each other in the outer region of the boundary layer. This 

seems to be due to the choice of the entrainment function made 

in the method II. 

    The theoretical curves agree fairly well with the experi-

mental results. The agreement confirms the availability of the 

method I and II to predict the flow behavior in the entrance 

region of a circular tube. When the method I and II are com-
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pared, in the method II the velocity profile is more adequate 

but the entrainment function is only an empirical formula. 

Furthermore, the calculation followed by the method  IIis more 

laborious. Therefore it is recommended to use the method I 

for the prediction of the growth of the boundary layer in the 

entrance region.

3-5 Skin friction 

    The skin friction is one of the most important properties 

for the understandings of the flow field and for the prediction 

of the heat and mass transfer. In spite of this importance, 

there have been no reliable and convenient method which may be 

used in the boundary layer flow with pressure gradients except 

for the method used by Ludwieg and Tillmann(37). The preston 

tube and the sublayer fence which have been applied in the flat-

plate boundary layer flow have a defect since these techniques 

are affected by the longitudinal pressure gradient; Ludwieg 

and Tillmann used a hot film sticked on the wall and obtained 

the skin friction from the heat loss of the film. The electro-

chemical method may also be applied to obtain the skin friction 

(43,44,45). 
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3-5-1 Principle, method and equipment in the measurement of 

       the skin friction 

     A diffusion controlled reaction on the surface of a small 

 electrode of 1 mm in diameter enbedded in the tube wall is 

used to measure directly the shear stress on the tube wall. 

In this experiment, the reaction which occurs on the test elec-

trode is reduction of ferri-cyanide in the presence of a large 

excess of potassium hydroxide which eliminates the migration 

of reacting ions. 

     Since the size of the electrode for the measurement of the 

skin friction is very small and since the Schmidt number of the 

electrolyte solution is very large, the concentration boundary 

layer thickness is much thinner than the viscous sublayer thick-

ness and the velocity field is approximated by the following 

equations: 

u = s(X) y = {T(X)/u} y(3-32) 

  v=- I
O H = s(X)(3-33) 

where X is longitudinal distance from upstream edge of mass 

transfer section. This is schematically shown in Fig.(3-7). 

The equation of conservation of the diffusing species leads to 

-102-



 u

 7C

Y

ac/
Electrode

 Fig.(3-7) Concentration 

profiles over 

surface.

and velocity 

electrode

-103



                      2  u DC+ vay=Day(3-34) 

Here, the transport of mass by eddy motion is neglected since 

the concentration changes occur only at the vicinity to the 

wall. The contribution of the eddy motion to the mass transfer 

process will be discussed in Chapter 4. Since the concentra-

tion at the electrode surface is zero under diffusion control-

ling condition, the initial and boundary conditions are given 

as 

C=0 aty=0 for all X> 0 

C = Cb at y 3 co for all x > 0(3-35) 

C=CbatX= 0 for all y> 0 

     Assuming a similar concentration profile given by 

    C = 0(n) (3-36) where n = y/d
c(X)(3-37) 

  and substituting it into Eq.'(3-34), then one obtains 

    fQ_dCdac(X)1dsDnz-s(x) 62(x)a--------x2dxX)ac(x)} = o (3-38) 

Since C is a function of n only, and c is a function of X only, 

Eq.(3-38) leads to 
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  d2    + a29an=  0(3-39) 
      dd(X) 
   ~(x)dex +1as(X) 6 (x)+a2a1(x) _ °(3-4o) 

c where a is an arbitrary constant and is chosen to be a2=3. 

Equation(3-39) and the boundary condition lead tit) 

C (n) = Cbf0e_n3do /foa-n3  do(3-41) 

Equation(3-40) is a Bernoulli-type equation and the introduc-

tion of a new variable z=6 transforms this equation into a 

linear differential equation. With the initial condition, the 

transformed equation is solved as 

X 
d3(X) = exp{- r2 sX)ds(X)dX} 

                 0 

           x
s~)e{ fX 2s3X ds X) dX}dX(3-42) 

                    0 With Egs.(3-41) and '(3-42) the mass transfer coefficient is ob-

tained as 

  K(X) = -------l{D}1/3  s(X)1/2(3-43) r(4/3)9 
{ IX s(x)1/2dX}1/3 

                        0 An estimation of s(X) or T
w(X) from the momentum equation shows 
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that except for a region in the vicinity to the leading edge 

the variation of s(X) in Eq.(3-32) over the  electrode surface 

may be neglected. Then Eq.(3-43) is reduced into the Lev-ague 

solution written by 

               21/3 (3 -44) K(x) =r(4/3)1-9x'1  

The mass transfer averaged over the electrode surface is 

T D2 113 
<K(Le)> 2r(4/3){9Lep}(3-45) 

     The measurements of electric current to the test electrode 

determine the values of mass transfer coefficient<K from which 

s(X) can be calculated by Eq.(3-45)• Then the skin friction, 

Tw, is obtained. As shown by Hanratty et al.(60), if the cir-

cular electrode is considered as a rectangle whose effective 

length in the direction of flow is L
e.and whose space-averaged 

                               mass transfer coefficient is equal to that for a circular elec-

trode, then one obtains 

   1JLeK(X)ax =fK(x) as(3-46) 
   e0.Trd2 / 4 

e Space integration of the above equation gives 
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L
e 0.8136 d ee

 (3-47)

3-5,.2 Preliminary experiment 

    In order to confirm the principle of the skin friction 

measurement, a preliminary experiment was carried out in the 

fully developed tube flow where . the skin friction remains con-

stant in the flow direction and 'sa.i$_ simply 'related with the 

pressure drop. 

     The electrodes used were small platinum wires of 1.035 

and 1.000 mm in diameter and were mounted flush with the pipe 

wall as shown in Fig.(3-7). These electrodes were located at 

the position of x/D=100 from the entrance of the tube where 

the fully developed velocity profile was established. Measure-

ments were performed at the Schmidt number of Sc=2586 in the 
     34 

Reynolds number range of 2x10 < ReE < 7x10 . The reproduc-

ibility of the measurements ranged within 3 %. In Fig.(3-8) 

the data are represented in the form of skin friction factor 

based on the mean velocity, along with that obtained from the 

pressure drop. These results agree very well with each other 

and also with the Blasius equation, i.e., 

c f = 0.0791 ReE1/4 
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These agreement confirms that the skin friction  measurement' 

based on the electrochemical method is very useful.

3-5-3 Distribution of the local skin friction factor 

    The longitudinal distributions of the friction factor 

based on the inlet velocity in the case with trip wire are 

shown in Fig. (3-9). The distributions of the skin friction 

factor are calculated from the prediction method I and are 

shown in this diagram. These predicted curves are in good 

agreement with the experimental results. From this agreement 

the validity of the method I is confirmed.

     In order to examine the behavior in the vicinity to the 

inlet of the tube the same measurements were made at Reynolds 

numbers of ReE=1x104, 2x104and 3x104 in the test section which 

will be described in Section 4-3. The representative curves of 

the experimental results are drawn in Fig.(3-10). For x/D> 1, 

the agreement with the predicted curve is very good. However, 

for x/D<1 the experimental results show the poor agreement with 

the predicted curve. The reason may be that the disturbances 

produced by the trip wire cause considerable alterations in the 

velocity profile which are, however, obliterated in the down-
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stream direction quite soon. 

    For  ReE>104, after approximately 15 pipe diameters down-

stream from the leading edge the friction factor reaches a con-

stant value which is equal to that in the fully developed re. 

gion. For ReE<104 there is observed a transition of the lam-_ 

inar boundary layer to the turbulent one even in the case with 

a trip wire. This is clearly seen in Fig.(3-11,) in which the 

data are replotted as a function of ReE with x/D as a parame-

ter. Obviously the transition occurs at the location of smaller 

x/D when the Reynolds number increases.

3-6 Concluding remarks 

    The following results were obtained from the analytical 

and experimental investigation of the development of the tur-

bulent boundary layer in the entrance region of a circular 

tube. 

1: If there is no trip wire, at first a laminar boundary layer 

 develops and then a turbulent boundary layer is achieved. 

 The transition occurs in the same Reynolds number region as 
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2:

3:

 4:

that for a  flat-plate boundary layer. The transition Rey-

nolds number is approximately 6.2x105 and 7.7x105 and the 

length of the entrance region is 32.4 and 34.8 pipe dia-

meters for ReE 5x104 and 1x105 respectively. 

If there is a trip wire, the turbulent boundary layer devel-

ops from the leading edge. The length of the entrance re-

gion is 22.0 and 27.4 pipe diameters for ReE 5x104 and 

1x105 respectively. 

Availability of the electrochemical method for direct meas-

urement of the skin friction was confirmed. 

After approximately 15 pipe diameters downstream from the 

leading edge, the skin friction factor based on the inlet 

velocity reaches a constant value which is equal to that 

in the fully developed region. 

Two prediction methods for the development of the turbulent 

boundary layer are presented. The method I is based on the 

similarity in the velocity distributions at any cross sec-

tions and on the one-parameter velocity profile. The an-

other method Iris based on the entrainment theory and on 

the two-parameter velocity profile. The difference between 

the results predicted by these methods is not distinguish-

able. 

The theoretical results predicted by these two methods 

agree fairly well with the experimental results of the 
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growth of the boundary layer, the displacement and 

 mentum thicknesses. The theoretical results agree 

with the experimental results of the skin friction.

the mo-

very well
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CHAPTER  4

MASS  TRANSFER

4-1 Purpose

     Heat and mass transfer between the tube wall and the 

turbulent stream in the entrance region of a circular tube 

is an important problem in chemical industries, for example, 

in heat exchangers and tube reactors. In this case a 

thermal or a concentration boundary layer develops in a 

turbulent boundary layer with small negative pressure gradi-

ents.

    Experimental study was first carried out by Stanton (68). 

Later, Nusselt (49), Humble (27) and Aladyev (2) investigated 

experimentally the effect of the entrance condition on the 

heat transfer coefficient and presented empirical formulae 
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to correct for the effect of the entrance length. Their 

works are limited to the heat transfer at moderate  Prandtl 

numbers. 

    The theoretical treatment of heat transfer in the 

entrance region has only been made by Deissler _(7, 8). He 

assumed that the velocity and the temperature profiles in 

the fully developed turbulent flow may be applied also to 

the developing boundary layers in the entrance region. He 

used the momentum and the energy integral equations to pre-

dict the development of the hydrauric and the thermal 

boundary layer thicknesses. He obtained a fairly good a-

greement with the experimental results at moderate Prandtl 

numbers. These experimental and theoretical results seem to 

be useful for moderate Prandtl numbers. However, their 

application and extension to mass transfer at large Schmidt 

numbers is questionable because they do not account ade-

quately for the transport of heat by eddy motion in the 

region close to the wall. 

     The purposes of the work covered in this chapter are: 

1: To measure the turbulent mass transfer at large Schmidt 

   numbers. 
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2: To provide a general method for 

   the space-averaged heat and mass 

   large Plandtl or Schmidt number

predicting the local and 

 transfer rates in the 

range.

 4-2 Theoretical prediction 

4-2-1 Differential equation 

     When the transport of mass from the tube wall to the 

turbulent stream occurs, the mass is transported by molecular 

diffusion and by eddy motion of the turbulent flow. The effect 

of turbulence on the rate of transport may be conveniently 

characterized in terms of an eddy diffusion coefficient (3). 

     in the turbulent mass transfer the concentration gradi-

ents in the direction perpendicular to the wall are usually 

much larger than that in the direction of flow because of the 

small liquid diffusion coefficient and the large Reynolds 

number. 

     In the case of turbulent mass transfer at large Schmidt 

numbers, the concentration changes occur in a region close to 
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the wall, so the curvature of the tube wall may  be ignored. 

Making use of the eddy diffusion coefficient, and neglecting 

the diffusion in the flow direction and the curvature.:of the 

tube wall, one obtains the two'dimensional equation of con- 

servation of the diffusing species as 

u ex+vac=8y{(D+ED)ay}(4+-1) 

     When the boundary layer is laminar, ED is zero. 

Falkner and Skan (12), and Hartree (19) obtained the exact so-

lution of the boundary layer equation which gives similar ve-

locity profile at diffeLent stations along the surface. With 

these results of the velocity distribution, they obtained a 

solution of the energy equation in the case of the uniform 

wall temperature. Lighthill (3b) solved a problem of the 

laminar heat transfer, in which the velocity distribution is 

linear but its gradient at the tube wall (or the skin friction)' 

changes along the flow direction. His solution is an excel-

lent approximation in the case of large Prandtl numbers. The 

analysis which will be developed hereinafter is an extension 

of the Lighthill's procedure to the turbulent heat and 

mass transfer at large Schmidt numbers. 

      Introducing a new variable Y' as 
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    DT = u,—aX=v(4-2),(4-3) 

       Y , then one obtains the transformed equation 

DC a {(D + E) uac}(4 -4) 
ax =DTDaY' 

 where Y' is the so-called "stream function". This procedure 

  is known as the von Mises' transformation. 

      In the case of the turbulent boundary layers with small 

 negative pressure gradients as exist in the entrance region 

 of a circular tube, the effect of the pressure gradient on the 

 velocity field is very small. As mentioned in Section 2-1-5, 

 this effect may be neglected in the region close to the wall, 

 i.e., in the laminar sublayer where the concentration changes 

 occur. Therefore, _the flow field in the laminar sublayer may 

 be described by the law of the wall, i.e., 

                T(X) 
  u(X,y) =w

u y(4-5) 

 where T
w(x) is the skin friction at station x . Then one 

 may describe the stream function as 

Y` = udy = ( T
W (x) / 211 ) y2 

 and so 
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 u = (  2Tw(x) T /p )l/2(4-6) 

Here, it is assumed that the distribution of ED for the fully 

developed tube flow may be applied to developing boundary 

layers as exist in the entrance region of a circular tube. 

The distribution for the fully developed tube flow has been 

investigated by Mizushina et al. (46), Lin et al. (36) and 

Son et al. (64). They have proposed several formulae for the 

distribution of ED in which the wall parameter y+ is a single 

variable. In this analysis the following experimental formu-

la which was obtained by Lin et al. from the mass transfer 

experiments at large Schmidt numbers, is used: 

ED /v = (Y+ / 14.5 )3 0 < y+< 5(4-7) 

The wall parameter y+ is related with the stream function as 

follows: 

y+ = yu* /v = ( 2 /v )1/2 `Y1/2(4-8) 

Introducing dimensionless variables and a dimensionless 

concentration as 

     = {y (T
w (x) /P )1/2 / v)2 = (+ )2(4-9-a) 

                           1 4 1xTw(x) c = (
Sc)v(--p)dx(4-9-b) 

                  0 
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  b = Sc /  (  14.5 )3(4-9-c) 

c = ( C - Cb ) / ( Cw - Cb )(4-9-d) 

and substituting Eqs. (4-6), (4-7) and (4-9-a, b, c, d) into 

Eq. (4-4), one may obtain the basic differential equation as 

3 1 
ac a {(1+ bl2)~2 ac}(4 -10) 

     D 3*

with initial and boundary conditions 

   I.C. c = 0 at = 0 , 4,> 0 

B.C.l c = 0 at p _ co , > 0(4-il) 

    B.C.2 c = f() at 4 = 0 , E > 0 

In the case of the uniform skin friction distribution this 

equation becomes the basic equation for mass transfer in 

the fully developed turbulent flow, where E corresponds to 

                                           *  the familiar dimensionless coordinate x+ _multi-
                                                    V 

plied by 4 / Sc.



 4.2.2 Solution 

     For simplicity Eq. (1+-10) is rewritten as 

  a=ak(*) -------a(4-10) 

where 

3 1 

k(*) = ( 1 + b *2 )*2(1+-12) 

This equation is the same form as that for the conduction of 

heat where the heat conductivity is a function of position. 

However, in contrast with the heat conduction problem, the 

conductivity k(*) becomes zero as i approaches to zero, so 

that the procedure•used in the heat conduction theory gives 

a singular solution at ip 0 . The analytical procedure de-

scribed hereafter is a modification of the method used in the 

heat conduction problems. This problem will be solved as an 

eigen-value problem. 

     Now, let the concentration profile be expressed by 

           m 
2 - 

  c =-4Rds f(s)e2is(s)4)($ , R d 
rr                                 Jo 

(1+-13) 

where R F ( ) is the real part of a complex function F (E) 
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and  0 is a solution of the following ordinary differential 

equation: 

   d~--------- ( k(,)d0------- )-21i320 = 0(4-14)tp 

with boundary conditions 

0 = 1 at tp 4-0  , 0 = 0 at iy 4- 00 (4-15) 

It is clear that the concentration profile expressed by this 

equation satisfies Eq. (4-10)' and the initial and boundary 

conditions (4+-11). Equation (4-13) may be transformed into 

a Fredholm integral equation of the first kind by the intro-

duction of a Green's function defined by 

                           s 

G(V)s) = k(
n)k(n)0 < s < 

0 (4-16-a) 

G(1P s) = gfk(n)--------Ik(n)* < s < 
     m s 

                                                 (4-16-b) 
where 

g = 1—c-7-1)(4-17) 

        0 Using the Green's theorem, one obtains the Fredholm integral 

equation for the unknown function 0(4') . 
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   0()=gk~n)-2is2G(,^) 0(s)ds (4-18) 
*0 

   Here, it must be noticed that 

1 

)1 

        

k(n}={k(~y)a}=0= {k*(*)a G1/2}(1+-19)  gaip i,=0 

where k*(ip) is k(0/41/2 and has a finite value at *4-0. In-

troduction of k*(*) prevents the solution of Eq.(4-10) from be-

coming singular at 4140. 

    Now, introduce a homogeneous integral equation: 

0(*) =A G(*,^) 0(s) ds(1+-20) 

           0 Then, the Green's function may be expanded in terms of eigen-

values An and eigen-functions (I)n(110 of Eq.(1+-20) as follows: 

°73 (P(V~)
n(s) G(ip,^) = Gn(1+-21) 

n=1An 

By combining Egs.(1+-19) and (1+-21), one can transform the first 

term of the right hand side of Eq.(1+-18) to 

On 
°°

1/2~n()   1d o __ 1diip=0                                                (4-22)     gk(n)2nL1An 
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Introducing  Egs.(4-20), (4-21) and (4-22) into the right hand 

side of the integral equation(4-18), one obtains finally a so-

lution of Eq.(4-l8) in an infinite series: 

w O
n(*) Id41/2I4y=0,------------------------------------------•n('i^)  _ y(4-23) 

n=12(An + 2102) 

Since the right hand side of Eq.(4-13) is evaluated as 

    R e2_s) ~(8,)Rd1 

      0 

                 -A (c-s) d4 
=ii en2I1/2 (Pn(*) (4-24) 

n1Id*ip-0 

finally the concentration profile is given by the following 

equation: 

                      -A
n(-s)ld~n     c = ds f(s) 

               n=1ee2d*1/2I4)114) (4-25) 
 0~-0 

The local value of the dimensionless mass transfer coefficient 

K+ is given by 

                          -A (c-s) d42 
K+2 Scds f(s) e n1/2--(4-26) 

     0n=14 *=0 

The method for calculating the eigen-values and eigen-functions 

numerically will be mentioned in Appendix 4-l. The validity 
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of this solution will be discussed in Appendix  4-2. 

    This solution includes the case with .a step change in the 

wall concentration following an initial zero mass transfer re-

gion and the case with an arbitrary distribution of the wall 

concentration, f(E), from the leading edge of the boundary lay-

er. 

    In the case with an uniform wall concentration, i.e., f(E) 

=1, the concentration profile is given by 

                -X 

       c1-en 1dn      c =

nLl           n2 dl~2-0(1)n(*)(4-27) 

and then the local mass transfer coefficient is 

-A
n 2 

K+ -v1-e ~n  
n=12 ScAnd1/2=0(4-28) 

The mass transfer averaged over E. with respect to E is calcu-

lated from Eq. (4-28) to 

                      -A
nd2 

  <K+>1K+d 2Sc{a+--—} l/2(4-29)            •
n=1nAnd~ ip=0 

0 

This may be related to the space-averaged mass transfer coef-

ficient as 
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Mass

 <K> = <K>/<u*> 

transfer in the short transfer sectio

                    (for small value of E) 

     For sufficiently short mass transfer section, 

tration boundary layer is so thin that theeddydif 

is small compared to the molecular diffusivity 

lected. Then, Eq.(4-10) becomes 

    a c =a 1/2 ac    aa' a`ij,} 

The solution of Eq.(4-31) is given by the so-called 

solution" which is 

       1     c = r (4/ 3 ) edo 

              0 where 

     -1/2(4/9E)l/3 

The local and space-averaged mass transfer 

given by the following equations: 

    K= 0.3392 ()-1/3(Sc)-1 
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          (4-30) 

n 

        the concen-

       fusivity eD' 

ity and may be neg-

          (4-31) 

"Leveque 

(4-32) 

(4-33) 

coefficients are 

(4-34)



Mass

 <K+> = 0 

transfer

.5088  (E.)-1/3 

in the well

(Sc)-1 

developed reeion

(4-35)

                    (for large value of 0 

    For very large values of F, the concentration profile be-

comes well developed and the concentration gradient in the E-

direction may be neglected which is clearly shown by Eq.(l+-27). 

Replacing the variable IP by the ordinary wall parameter y 

(_4- ), one obtains the concentration profile as 

c = 1-sin(Tr/3)3 { lZ++b-1/3)3            Tr6(
y+)3+b-1 

+ -1/3 
       +1(ax1ctan-------------b+ arctan (-1) ) } (IL-36 ) 

             b-1/31/-3 

and the mass transfer coefficients as 

K+ = <K+> =1b1/3 sin(Tr/3) Sc-2/3(1_37).

2-2-2

Description of experiments 

The flow system is the same as that mentioned in 

 and is shown in Fig.(1i-1). The experiments were 
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ed in the closed flow channel containing a test tube of which 

short  sectionsof the wall were made of nickel cathodes. A 

nickel tube of much larger surface area than that of the test 

electrode was located downstream and was used as the anode. 

An electrolyte solution which contained small equimolar quan-

tities(approximately 0.002 to 0.0004 mole ) of ferro- and 

ferri-cyanide and 3 moles of potassium hydroxide as an indif-

ferent electrolyte was circulated through the flow loop. The 

leading edge of the test tube was located at the outlet of the 

convergence nozzle where a flat velocity profile was obtained. 

The circular test tube, shown in Fig.()+-2) had 30 separate 

electrodes in the form of a ring of 3.80 cm I.D., ranging in 

length from 0.3 to 4+9.3 cm and isolated by 0.1 mm of epoxy res-

in. These rings were held together by supporting pipes of 

poly-vinylchloride. Shorter electrode sections were used for 

the measurements of the skin friction and the local mass trans-

fer rate. The inner surface of the test electrodes was made 

smooth by sanding and polishing. A nickel trip wire of 1 mm 

in diameter was attached to the inner wall of the tube 2 mm 

downstream from the tube inlet and the first 3 mm from the tube 

inlet was coated with epoxy resin, so the mass transfer section 

begins 3 mm downstream from the inlet of the tube. 

     The electrode reaction carried out on the surface of the 
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Table  4-1 Physical properties of the electrolyte solution 

                                (at 30.0 degree C) 

Density1.127(g/cm3) 

Viscosity0.01107(poise) 

Diffusion coefficient 

 for Fe(CAT)z3ion-66* (cm2/sec) 

Schmidt number 1561•( - ) 

  This value was calculated by substitution of Hanratty's 

  data(60) into Eisenberg's empirical formula(10); 

      D = 2.298x10-10 (T/u) 

  where D should have the unit (cm2/sec) and T (degree K) 

  and u (poise).
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cathode was the reduction of  ferri-cyanide ions under the dif-

fusion controlling condition. The electric circuit is shown 

in Fig.(4-1). A negative potential relative to a Hg20 stand-

ard electrode was applied to all the sections of the test elec-

trode and was held at -100 mV by a potentiostat. In 'the meas-

urement of the local rates of mass transfer, all sections of 

the cathode were active and the output signal at each section 

was recorded. The measurements were carried out at a Schmidt 

number of 1561 and inlet Reynolds numbers of lx104, 2x104 and 

3x104. The concentration of the ferri-cyanide ions in the 

electrolyte solution was determined by the standard iodometry. 

Physical properties of the electrolyte solution are tabulated 

in Table (4-1).

4-4 Experimental results and discussion 

4-4-1 Local mass transfer coefficient 

    The distribution of the local rates of mass transfer was 

measured at a Schmidt number of 1561 and Reynolds numbers of 

lx104, 2xl04 and 3x104. In Fig.(4-3) the measured distribu-

tions of Stanton number are plotted as a function of x/D from 

the front edge of the mass transfer section which is located 
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at 3 mm downstream from the tube inlet.

     In order to compare the experimental  results-  with the ana-

lytical theory, the dimensionless streamwise distance E was 

calculated numerically from the measured distribution of the 

skin friction factor(see in Fig.(3-12)) and was plotted in Fig. 

By use of this diagram the experimental.results of the 

local mass transfer coefficients are replotted in Fig.(4-5) in 

the form of K}(-K/u4e) against dimensionless distance E. The 

predicted curve calculated from Eq.(4-28) is also shown in the 

same diagram. All the measurements are represented satisfac-

torily by this type of correlation in which the Reynolds num-

ber does not appear as a parameter. 

     By means of the method I and IIpresented-.in Sections 3-2 

and 3-3, the variations of the friction velocity and the dimen-

sionless distance with x/D can be predicted analytically. 

With these results and with the relation between K and E, the 

local mass transfer coefficient or Stanton number can be pre- 

dicted. The results are plotted in Fig.(4-3) . The predicted 

curves agree closely well with the experimental results . The 

agreement suggests that the rates of mass transfer can be pre-

dicted by the combination of the method I '(or II) and the ana-

lytical relation between K+ and . 
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 The well deveigped e ncentration profile is attained .-at 

the location at which" K4. becomes constant. The length from 

the leading edge to that locati=onsis_refered to as the en-

trance length for mass transfer. This length is 8000 for 

the Schmidt number of 1561. For Reynolds numbers of 3x104, 

2x104 and 1x104, the location of E= 8000 corresponds to x/D= 

3.95, 5.96 and 12.7 respectively at which the skin friction 

is still changing in the flow direction. Therefore, the local 

mass transfer coefficient is also changing. The local mass 

transfer coefficient becomes constant at the distance of about 

15 pipe diameters from the leading edge, at which the skin fri-

ction just becomes constant. This is a characteristic feature 

of mass transfer at large Schmidt numbers in the entrance re-

gion of a circular tube. 

    In Fig. (4-l+) and (4-5) , the experimental results with the 

small value of E, that is, near the leading edge of the test 

tube show the poor agreement with the predicted curve of Eq.( 

-28). The reason is that disturbances produced by the trip 

wire cause a considerable change in the velocity profile. 

Since these disturbances are soon obliterated further down-

stream, the good agreement is obtained at the larger value 

of E. 
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 4-4-2 Space-averaged mass transfer coefficient 

     In Fig.(4-6) the space-averaged mass transfer coefficients 

are plotted in the form of <K+> against E. The rigid line re-

presents the predicted curve which is obtained by integration 

of Eq.(4-28). The agreement between the predicted curve and 

the experimental results. is clearly indicated. 

     The agreement of the experimental values of the local and 

the space-averaged mass transfer coefficient with Egs.(4-28) 

and (4-29) verifies the assumption that the distribution of the 

eddy diffusivity is a function of i alone and is represented by 

Eq.(4-7) which is attained in the fully developed tube flow. 

Therefore, it. may be concluded that the distribution of the 

eddy diffusivity of mass is not dependent on the longitudinal 

pressure gradient as exists in the entrance region of a circu-

lar tube and that the distribution of the eddy diffusivity for 

the fully developed tube flow may apply to the developing 

boundary layer with small negative pressure gradients . 

    Since the eddy diffusivity distribition described by Eq.( 

4-7) is applicable only to the region O +<5 , The calculated 

results might-not be correct for smaller Schmidt numbers , be- 

cause the thickness of the concentration boundary layer in this 

case may become larger than y+=5 . 
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     After all, the theoretical analysis given in Section  1+-3 

tredicts satisfactorily the variations of both the local and 

the space-averaged values of dimentionless heat and mass trans- 

f'er coefficients, K+ and <K+>, with E. The relation--of K vs.. 

E and that of <K+> vs. E are dependent only on the Prandtl or 

the Schmidt number and are available universally, i.e., for 

fully developed tube flow and turbulent boundary layer flow 

with and without pressure gradients and flows in convergent 

and divergent nozzles with small opening angles.--For the seve= 

ral Prandtl or Schmidt numbers these relations are shown in Figs. 

(4+-7) and (4-8). For turbulent flow with arbitrary distribution 

of the skin friction, the value of E must be calculated by analy,.. 

tical or experimental results of the skin friction and then the 

relations of K+ vs. and <K+> vs. E are used to predict the 

local and the space-averaged rates of heat and mass transfer.
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 4-4-3 Comparison with previous works 

     Experiments of the turbulent heat transfer at moderate 

Prandtl numbers were made by many investigators. However, few 

general correlations showing the effect of the entrance condi-

tion on the heat transfer coefficient exist. Stanton(69) 

showed that the space-averaged heat transfer coefficients are 

attained at a constant value at the cross section of x/D=30. 

Later on, Nusselt(50) studied the effect of entrance length 

                                                   0.054 and recommended introducing the correction factor (L/D) 

so that the resultant equation for the heat transfer coeffi 

cient becomes 

    <h>D0.8l/30.054         = 0.036 Re
EPr(L/D)for 10<L/D<400 

(4-38) 

     The local heat transfer coefficients were measured by 

Aladyev(2). In Fig.(4-9) some of his results are shown. His 

results indicate that the local heat transfer coefficient re-

mains constant at x/D >40 and the space-averaged coefficient 

is constant at L/D > 50 and that the distribution of the trans-

fer coefficients depend on ReE as well as on x/D (or L/D). In 

the same diagram the results of this work are also plotted. 

It is clearly shown that the correction factor is also depend-

ent on the Schmidt number (or Prandtl number) and that at 

larger Schmidt numbers the mass transfer coefficient becomes 
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the well developed value in a shorter 

sufficiently large Schmidt numbers the 

section becomes constant that is  x/D=15

entrance 

length of

section. At 

the entrance

4-5 Concluding remarks 

    The following results were 

and experimental investigation 

at large Schmidt numbers in the 

tube.

1:

2:

obtained from the analytical 

of the turbulent mass transfer 

 entrance region of a circular

   If the distribution of the eddy diffusivity is assumed 

to be a function of y+ almne,the equation of conservation of 

matter may be simplified by introducing new valiables IP and 

E. The transformed equation may be reduced into the form of 

integral equation which is solved easily as an eigen-value 

problem. 

    The agreement between the exper inental results and the 

analytical ones confirms that the distribution of the eddy 

diffusivity of mass is not dependettit on the longitudinal 

pressure gradient as exists in the entrance region of a cir-
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   cular tube and that the distribution of the eddy  diffusivity 

   for the fully developed tube flow may apply to the develop-

   ing boundary layer with small negative pressure gradients. 

3: At large Schmidt numbers the local mass transfer coef-

   ficient K becomes constant at the distance of about 15 pipe 

diameters. from the leading edge, at which the-skin friction 

Just becomes constant, since the dimensionless mass transfer 

coefficient K (.=K/T7) have been already' constant up-, 

   stream from that location. 

Appendix 4-1 Numerical calculation 

     The homogeneous integral equation is 

   f, 0( ) = A G(b,^) 0(s) ds(4+-20) 

0. 

with the boundary conditions 

0=1 at4j=0 
(4-39) 

0=0 atiU -- c 
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    For numerical calculation the second boundary condition 

 0.0D  is replaced by *=h where h is a sufficiently large value 

in comparison with the concentration boundary layer thickness. 

For simplicity the Green's function is written as follows 

G(*,^) = G(1) 0 < s < 

G(2) i < s < h 

If one splits the interval (0,h) into m of parts, the integral 

equation (4-20) becomes

A

In  accordance 

placed by Newton-Cotes 

        __i 
A m 

where R(1) is a weigh 

mean-value 

Simpson's 1/3 

For i=1 and 

ing way:

2-h                       m 
G(1)(1— h,^)4(s)ds + G(2)(m h,^)(p(s)ds 

i 

         h(4 -4o) 

 ce with Laka's method(21), the integral may be re- 

            approximate method and then one obtains 

            (1) m-im(m-i-1) (2) 
       iJ~j mhRJGiJgJ 

j=1(4-41) 

 is a weighting coefficient of the Newton-Cotes 

or i > 2 or m-i >2, a combination of the 

/3 rule I the Simpson's 3/8 rule may be used. 

            may rewrite the integral in the follow-
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   h mf
ol 

Then one may 

term of the 

second  term.

  hh 
 mm 

 0lh m 

 also apply the 

right hand side

Simpson's 3/8 rule for the first. 

and the Simpson's 1/3 rule for the

     The application of this procedure for each i results in a 

set of m+l homogeneous simultaneous equations which has m+2 un-

knowns. The set of equations written in a matrix form is 

1    A
11 a,Al2 'Al,m+1$l 0 

             1 A
21 'A22 a'(I)20(4 -2) 

• 

                             1 Am+1,1'm+l+l X 4Im+1- 0 

The matrix A must always be zero. Otherwise, the solution of 

cp must always have zero value. The requirement of A E-_-0  gives 

the eigen-values A. which are real. Substituting X
i into Eq. 

(4-42), one finally obtains the values of the eigen-function 

4i(jh/m) for the locations of j=1,•••, m+1. One may perform 

the calculation of the eigen-values and the eigen-functions by 

the Danielevsky method by use of a digital computer .
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    Since the derivative of the Green's function  G(,,^) with 

respect to 41/2 is 

h 
aG(4',^) 2 do 

alp 1/2gk() 

, the derivative of *n at 4=0 is obtained by numerical integra-

tion of the following equation 

     hs   a 
1/2=2gnds *n(s)kdn(4-43) 

Appendix 4-2 Validity of Equation (4+-25) 

    The concentration profile is given by Eq.(-25)

c = 

Now it w 

tial dif 

boundary 

     Now

t will be  veri 

differential 

ary conditions 

Now let

 ds 

be 

nti

co -A (c-s) d4(ip) 

f(s) y e n 1/2~n()(4-13)
n=124=0 

 verified that this solution satisfies the par- 

al equation (4+-10) with the initial and the 

ions, Eq. (4-11). 
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B = G(*,^) 

 0 

 = ds f(s) 

    0

 c(s,E) ds =

C n e 

n=1

(E-s)A., d,L
1/2 

n .
'*=0 , 721"- 

2A
n

(4-4+4)

The partial derivative of B with respect to E gives

 h 

0

G( ,^) 8ds = -c + f(E)

    h 

1 

g

do 

T(7 (4-45)

On the other hand, the partial derivative of B with respect to

s gives

fo
h

G(IP ,^)I74k(s)ac 
as }ds

.1 

g

h 

do

1 

g 1:1) 
do

c(0,E)

k(n) c(h,E) - c(cE)

(4-46)

Combining Egs.(4-45) and (4-46), one obtains

fo
h

G(1p,^){
ac 

aE -

{f(E) -

a( 
as

c(0

k(s)

,E)} 

ac 

as

1,

ds

h 

do c(h,E) 1 

g 
0

I) 
do 

k(n ) (4-47)

Substitutions of ip=0 and ip=h into Eq.(4-47) give
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Since 

shown 

rary

 c(0,E) = f(E) and c(h,E) = 0 

 all the terms of the right hand side of Eq.(1 47) were 

 to be zero, the left one must be always zero for arbit-

values of 4. This results in
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PART II 

     TRANSPORT PHENOMENA 

A CIRCULAR CYLINDER IN CROSS FLOW

CHAPTER 5

ON MASS

EFFECT 

TRANSFER

OF FREE-STREAM 

FROM A CIRCULAR

TURBULENCE 

CYLINDER IN CROSS FLOW

5-1 Introduction 

     In Part 1 the transport phenomena in tube flow were dis-

cussed. The another important problem for numerous engineer-

ing applications is concerned in the transport phenomena from 

1.body in cross flow. For this reason, and also because a 

circular cylinder has a convenient shape with which to work, 

this study was initiated. There have been many experimental 

and theoretical studies. However, the experimental results on 

the rates of heat and mass transfer reported by different in- 

aestigators show divergence which exceeds the respective ex-

perimental errors. These discrepancies can be explained by 
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the effect which free-stream turbulence has on the rate  affluent 

and mass transfer. 

    The free-stream turbulence increases heat and mass -

fer from .a circular cylinder in cross flow. Recently a rem, emF-

perimental results concerning to this effect have been re 

ed. However, these works have been done in air flow (Pr = OL_7() 

and little have been done with liquids (Pr =6). Furthermore 

these data have been obtained for the space-averaged heat taa 1 -

fer coefficient only. For liquids at large Prandtl or Schmid& 

numbers, there have been no investigation.

5-1-1 .Previous works 

    It has been known for long time that heat transfer fronts 

body in cross flow increases when the free-stream turbulence 

intensity increases, and recently a few experimental results con— 

cerning to this effect have been reported, particularly for 

space-averaged heat transfer at moderate Prandtl numbers. 

    The first quantitative investigation was carried out by 

Comings et al.(81) who measured the influence of turbulence am 

the space-averaged heat transfer coefficient in the subcritical 
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Reynolds number range from 400 to 20,000. They  found that if 

the Reynolds number is high enough, the heat transfer coeffi-

cient is increasing with the turbulence intensity at low tur-

bulence intensities, tending toward a definite value at higher 

turbulence intensities, and that such an effect is negligible 

at smaller Reynolds numbers. The effects of turbulence are 

divided into an increase in the local heat transfer rate, an 

earlier transition to turbulent boundary layer, a movement of 

the separation point and a change of flow mechanism in the sep-

arated region. Giedt(1]4) measured the local skin friction and 

the local rate of heat transfer in the ranges of near-critical 

and supercritical Reynolds number, and found a very important 

fact that the distribution of the skin friction factor around 

the front portion of the cylinder remained virtually unaffect-

ed by a considerable increase in free-stream turbulence inten-

sity- Kestin and Maeder(28) made an extensive discussion on 

this problem and reported experimental results on the effect 

of screen-produced turbulence on the space-averaged coefficient 

of heat transfer from a cylinder in air stream in near-critical 

Reynolds number range. These results demonstrate that the heat 

transfer rate is increased substantially by the slight in-

creases in turbulence intensity, and that it becomes almost con-

stant with further increases in turbulence intensity. 
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5-1-2 Purpose and outline 

     The purpose of the work covered in Part II is an experi-

mental presentation of the effects of screen-produced turbu-

lence on the local and the space-averaged mass transfer coef-

ficients at large Schmidt numbers. 

1: For the presentation of the effect of turbulence on 

   the space-averaged mass transfer coefficient the measure-

   ments were made in subcritical Reynolds number range from 

 3870 to 10,380 and at free-stream turbulence of 0.8, 1.2 and 

   2.3 % at a Schmidt number of 1230. The investigation was 

   carried out at large Schmidt number range. For this reason 

   the analogy between heat transfer at moderate Prandtl number. 

   and mass transfer at large Schmidt numbers is examined and 

   then the effect of turbulence on the space-averaged mass 

   transfer coefficient is discussed. 

2: For the presentation of the effect of turbulence on the 

   local mass transfer rate, we must know the local values of 

  mass transfer coefficient for zero turbulence, which may be 

   obtained by the solution of mass transfer equation as well 

   as by the solution of laminar boundary layer equation. The 

   solutions can be obtained at the front portion of the cylin-

   der at which a laminar boundary layer exists so that the 
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   discussion is limited to that portion. 

        The boundary layer equation was solved by use of the 

   measured distribution of the static pressure around the cyl-

   inder. For solving this problem three approximate methods 

   were used. On the other hand the measurements of the local 

   mass transfer rates were carried out. The measured distri-

   butions were compared with that for zero turbulence intensi-

   ty and the effect of turbulence on local mass transfer was 

   discussed. 

3: In addition, the location of the separation point were 

   determined experimentally at  Re=104 and the effect of turbu-

   lence on the location of the separation point was discussed. 

     The measurements of the local and the space-averaged mass 

transfer coefficients and of the location of the separation 

point were carried out by use of the electrochemical method 

which was explained in detail in Section 1-3. The measurements 

of free-stream turbulence intensity were also performed by the 

electrochemical method described in Section 2-2.
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5-2 Experimental apparatus and procedure 

     The experimental apparatus is shown schematically in Fig. 

 (5-1). To make the velocity profile as flat as possible, five 

screens were installed in series in the channel upstream from 

the test cylinder. Turbulence intensities were varied as 0.8, 

1.2 and 2.3 % by changing the screens located 21 cm upstream 

from the test cylinder. A test cylinder of 1 cm diameter was 

mounted horizontally in a channel of 8x16 cm cross section, and 

its axis being perpendicular to the free stream. The flow.sys-

tem, i.e., the water tunnel and the pump were made of polyvinyl-

chloride plastic. Two types of test cylinder having diameter 

of 1 cm were used and shown in Figs.C5-2-a) and (5-2-b). The 

one for pressure distribution measurement had a static pressure 

tap of 0.5 mm diameter. The second for mass transfer measure-

ment had a platinum cathode of 0.5 mm diameter, which was embed-

ded in but isolated electrically from the main cathode around 

the middle part of the cylinder surface in width of 2 cm. Both 

the isolated cathode and the main cathode were active during 

the measurement. The cylinder can be rotated , so as to make 

the position of the pressure tap or the isolated cathode rel-

ative to the front stagnation point vary. The anode, which was 

a large nickel plate of 20x10 cm, was located downstream. 
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     The electrochemical reaction, which was 

surface of the test cylinder was reduction of 

The circulating solution  contained..0.01 mole 

K14Fe(CN)6respectively and 1 mole of NaOH per 

kept at 30.00±0.05 deg C. Then, the Schmidt

carri eld <outi crn- th i 

ferri-cyanide. 

of K3Fe(CN)6 and 

 liter, and was 

number was 1230.

5-3 Space-averaged mass transfer coefficient 

     In Fig.(5-3), results of the space-averaged mass transfer 

coefficient are plotted in the form of j-factor as a function 

of Reynolds number. The Reynolds number is based on the free 

stream velocity corrected for solid-blocking and for wake-

blocking after Pope's method(82), which gives 1.029 as the cor-

rection factor for the free stream velocity. The results ob-

tained by other investiga6ors are also plotted in Fig.(5-3). 

Among these, Grassmann's data(48) were obtained from the mass 

transfer measurements by means of the electrochemical method. 

     In this work the space-averaged mass transfer coefficients 

were obtained with three levels of free-stream turbulence inten-

sity, i.e., 0.8, 1.2 and 2.3 %. The data for turbulence inten= 
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sities of 1.2 and 2.3 % are in good agreement with the heat 

transfer data obtained by Comings et al. for the same  turbu-

lence levels and with the mass transfer data by Grassmann, cor-

rected for the blocking effects. Grassmann has not measured 

the turbulence intensity but his data are conjectured to be ob-

tained at considerably large turbulence intensities. The data 

for the turbulence intensity of 0.8 % agree with Hilpert's heat 

transfer data(22) which were ,obtained at very low turbulence 

intensities. The agreement confirms that the analogy between 

heat and mass transfer exists at large Prandtl or Schmidt num-

bers. 

     The effect of turbulence was studied by Kestin and Maeder 

in heat transfer from a cylinder in air stream. Their results 

together with the author's results are shown in Fig.(5-.1). 

Agreement between the results for Pr=0.7 and those for -Sc=1230 

is good. Therefore, the analogy between heat and mass transfer 

is confirmed even in the effect of turbulence intensity.
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 5-4 Local mass transfer coefficient 

5-4-1 Local mass transfer coefficient for zero turbulence 

       intensity 

     To estimate the effect of turbulence on the local mass 

transfer rate, the local values of the mass transfer coeffi- 

cient for zero turbulence intensity are necessary as the basic 

values. However, these values may not be obtained experimen-

tally since the wake of the cylinder increases the turbulence 

in the approaching flow, even in a low-turbulence wind tunnel. 

Hence, theoretically predicted values will be regarded as the 

basic values. Since the theoretical prediction is possible 

in the laminar boundary layer at the front portion of the cyl-

inder up to the separation point, hereafter,the discussion 

will be limited only to that portion. 

     Since the diffusions of momentum and mass occur in a thin 

layer on the wall, the usual boundary layer assumptions are val- 

id,and the governing differential equations and the boundary 

conditions are the same as those for heat transfer to a geomet-

rically similar surface with constant wall temperature. 

Equation of continuity:ax+Dv=0(5-1) 

                            Y 
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               dU 2 
Equation of motion: u+ v                        au= UG d 

x+ vu(5-2)             axa          yay2 

Conservation of mass: u DC+ vaC= Da2C  8x ayay2(5-3) 

Boundary conditions: u(x,y)=v(x,y)=0, C(-x,y)=Cw 0 at y4-0 

u(x,y)=UG(x), C(x,y)=Cb at y+co 

(5-4) 

where x is the distance from the front stagnation point along 

the circumference of the cylinder, and y is the distance from 

the surface. The velocity at the outer edge of the boundary 

layer, UG(x), is presumed to be determined from the pressure 

distribution. Froessling(13) obtained the exact solution of 

this problem by using a power series, and presented a table of 

its coefficients for the case of Pr=0.7. Since these coeffi-

cients depend on the Prandtl number, further numerical evalua-

tion is needed for large Prandtl numbers. Since the evaluation 

is laborious, in this investigation the following three methods 

will be used. 

    The first, due to Dienemann(9), is a simple extension of 

Pohihausen's mehtod for velocity boundary layer and based on 

the equations wbizh are the integral form of Egs.(5-2) and (5-3) 

and on the polinomial temperature distribution of forth degree. 
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The second, due to  Merk()+2) is an extension of Meksyn's method 

(39) for the hydraulic boundary layer, and uses the "wedge so-

lution", i.e., the solution of the boundary layer equation for 

the flow past a wedge. This method consists of a transforma-

tion of variables of Egs.(5-1) and (5-2), that is

The 

form 

    Sh 

,where 

number 

Terms be 

and, 

of the 

solution 

case 

employed

 UG(x) dxRe 1/2 UG(x)
R,n=(2)UR(5-5),(5-6)  fox 

     solution of the transformed equation is determined in the 

 of a series expansion. The local Sherwood number is 

    U(x) 
Sh=2GU1(EO+2dA El+.... )Re(5-7) 

the quantities E0 and El are functions of the Schmidt 

er and the "wedge variable" defined as 

2E dUG(x)/Um 
  (UG(x)/U)2d------------x/R(5-8) 

beyond the first in Eq.(5-7) are relatively small if E 

 or dA/dE are small, and may be neglected. The estimation 

he error by neglecting them has not been performed, but the 

tion is in good agreement with the exact solution in the 

 of Pr=0.7. As the third method, the Leveque solution is 

oyed which has been discussed in Section 3-6. This is an 
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exact solution when a concentration boundary layer is so thin 

that the velocity profile may be assumed to be linear. In the 

case of large Schmidt numbers, this assumption may be valid. 

The velocity gradient at the wall may be calculated exactly 

with Blasius  series(57) by using the measured pressure distri-

bution. 

     At the front stagnation point, the exact solution for the 

mass transfer coefficient may be obtained from the following 

equations: 

  Sh = a(Sc) (u1D2/v)l/2(5-9)

      1 

    a Sc) 

where u1 is d 

function f(n) 

ary layer. E 

were used in 

ly a(Sc) from

 CO

exp{ -Sc

 n

f(n)  dn} do (5-10)

dUG(x)/dx at the front stagnation point,-and the 

) represents the velocity distribution in the bound-

Egs.(5-9) and (5-10)' were derived by Squire(66) and 

. the present investigation by evaluating numerical-. 

m tabulated values for f(n)•(see ref(57))
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 5-4-2 Distributions of static pressure, UG(x)/UWand local 

       skin friction factor 

     For the prediction of the growthes of the velocity and con-

centration boundary layers around the circular cylinder, the 

distribution of static pressure needs to be measured. The meas-

ured pressure distribution is plotted in Fig.(5-5). 

    The velocity distribution at the outer edge of the bound-

ary layer is determined after Bernoulli's theorem, i.e., 

  uG(x)/U = (1-c )1/2(5-11) 

where c
p is the pressure coefficient which is defined from the 

following equation: 

c = (p-p.)/(ps-pco)'=(p-pm)/(Ple/2)(5-12) 

Since the laminar region is of particular interest with regard 

to the boundary layer prediction, the calculated values of 

UG(x)/U . for that region are plotted in Fig.(5-6) together with 

the results obtained by Hiemenz(16) at the Reynolds number of 

Re=18 ,400 . 

    For flow around a cylinder in a finite channel the poten-
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tial flow theory  was_extended 

The velocity as given by poten 

of the cylinder is 

UG/U= sine--2){ 

         sin(2in9)sinh(

                   extended by Streeter(72) and 

                    by tial flow theory at

.cos(—W
"-p

Kotcliin(30 ) 

the surface

-sine)sine 

{ cosh(

                  .21Dcos9)-cos(23sin9)}2 
                                            (5-13) 

For a cylinder in an infinite stream(D/W=0), this equation is 

reduced into 

UG/Um = 2 sine(5-14) 

These expressions may be used to find the velocity or the press-

ure distribution as a function of angle 0 and blockage ratio 

D/W with the results shown in Figs.(5-5) and (5-6). In the 

case of real flow, the inability of the laminar boundary layer 

to overcome the adverse pressure gradient causes it to separate 

near 0=85 degree and thus causes the distribution of UG/Uco to 

change from that of potential flow. Only near the front stag-

nation point the agreement between the potential flow theory 

and experiments is confirmed as shown in Fig.(5-6). 

     In spite of the difference of the Reynolds numbers, the 

                                  -173-

cosh( Wcos8)-cos(2Win 0) 
  cos9)cos9-sin(--sinO)sin 0



velocity distributions calculated from the measured pressure 

distributions agree very well with each other, especially near 

the stagnation point. This fact have been examined in detail 

 b-i Giedt(11+) and Sogin(63). They have also found an important 

f-i,ct that the pressure distribution near the stagnation point 

remains virtually unaffected by the increase of free-stream 

turbulence, whereas the distribution of heat and mass transfer 

coefficient is affected by it very much. These facts permit 

us to use the measured pressure distribution at any value of 

the Reynolds number and the turbulence intensity for-the pre-

diction of mass transfer at zero turbulence intensity. The 

equation correlating the plots is obtained by the least square 

method as in the form: 

U(x)3 57         = al(}) + a3CI)+ a5(R) + a7(=R)(5-15) 

Table (5-1) shows the determined values of the coefficients in 

Eq.(5-15) and also includes the ones by Hiementz and by Schmidt 

and Wenner(58). 

    With Eq.(5-15), the local friction is calculated by Pohl-

hausen's method, by Meksyn's approximate method and by the Bla-

sius series respectively. As seen in Fig.(5-7), these three 

results agree very closely with each other near the stagnation 
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Table  5-1 

  Re 

10,330 

 7,320 

18,40Q 

170',000

  Coefficients a1,a3,a5and 

a1 a3 a5 

1.9776 -0.50597 0.084088 -0 

1.9707 -0.45327 0.023894 

1.8157 -0.2714 ,0.04+7325 

1.8155 -0.4094 -0.005247

a
7 

a7 

016946

in equation (5-15)

 Investigator 

present work 

present work 

Hiemehtt(16) 

Schmidt and 

Wenner(58)
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point, and diverge as the angular coordinate 0 increases be-

cause all of these methods become inaccurate near the  separa-

tion point. Since the separation point is the point at which 

the local skin friction is zero, it is determined from Fig.(5-

7) to be at 0=87.6, 78.7 and 85.2 degree by the first, second 

and third method respectively although these accuracies are 

quastionable.

5-4+-3 Distribution of local mass transfer coefficient for 

       zero turbulence intensity 

     In Fig.(5-9) the predicted values of the local mass trans-

fer coefficient obtained by the three appro.%_mate methods are 

plotted as the values at zero turbulence ir'Lensi . For a 

given Schmidt number, Sh/V is a uricus cf ;,he angu-

lar coordinate 6 if the pressure distribution is not influenced 

by the Reynolds number. As seen in Fig.(5-9), the three re 

suits agree very well with each other except in the region near 

the separation point. In Table (5-2), the rates of mass trans-

fer at the stagnation point predicted by these approximate meth-

ods are compared with the exact solution given by Eqs.(5-9) and 

(5-10). This table shows that all of these approximate methods 

lead to a-.satisfactory result at the Schmidt number of 1230. 
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Table 5-2 Predicted values 

front stagnation

of mass 

point of

transfer rate at the 

 a circular cylinder 

 (Se = 1230)

Exact solution, Egs.(5-9) and 

Dienemann's approximate method 

Merk's approximate method 

Leveque solution

(5-10)

Sh/I 

13.88 

1).35 

13.93 

14.11

Error

+3.4% 

+0.I% 

+1.7%
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 5-4-4 Measured distribution of local mass transfer coefficient 

      The measurements of the local mass transfer rate around 

 the cylinder were carried out at the three turbulence levels of 

 0.8, 1.2 and 2.3 %. The measurements were made at two symmet- 

•rical positions, denoted by +0 and -0 respectively. The discrep-

 ancy of both measured values is very small, i.e., 2 % at most. 

The experimental results at the turbulence intensity of 2.3 % 

are plotted in Fig.(5-8) for several Reynolds numbers. 

     In Fig.(5-9), the experimental results are plotted in th .o 

form of Sh/i, to be compared with the distribution at zero 

turbulence intensity. As seen in Fig.(5-9), the distributions 

of the local mass transfer coefficient are represented by a 

family of curves with the turbulence intensity as a parameter. 

The diagram demonstrates the effect of turbulence intensity on 

the local mass transfer rate, and hence on the characteristics 

of the laminar boundary layer. Moreover, this figure shows 

that at the front stagnation point, there is a minimum in the 

measured mass transfer rate, in contrast with prediction for 

zero turbulence intensity. Grassmann(18) also detected this 

phenomenon, and measured the fluctuation of the local mass 

transfer rate near the stagnation point. His results show that 

the fluctuation of mass transfer is negligible at the stagna-

tion point, and that it increases and then decreases again as 
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the angle  0 increases. It seems to be explained by the fact 

that the vorticity carried into the boundary layer at the stag-

nation point is elongated by increasing pressure gradient along 

the cylinder surface and then disappears under the effect of 

the fluid viscosity. Such a behavior of fluctuation corre-

sponds to the distribution of the mass transfer coefficient 

near the stagnation point. 

     From the curves in Fig. (5-9), the ratio of the difference 

between the measured Sherwood number and that for zero turbu-

lence intensity to the latter, i.e., (Sh-ShO)/ShO are calcu-

lated and plotted against 0 on a semi-log scale in Fig.(5-10). 

Different straight lines are obtained'for different intensities. 

With increase of the angle 0, this ratio increases. In other 

word, the effect of turbulence increases with the angle 0. 

The effect of turbulence on the local mass transfer rate may 

be expressed as follows: 

    Sh 
Sh*1 =.f(Tu) exp{g(Tu)9}(5-16) 

0

_12-
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5-5 Location of the separation point 

     As mentioned in Section  5-4-2, the effect of turbulence 

does not seem to produce any measurable change in the pressure 

distribution along the surface of the cylinder and also not in 

the skin friction distribution near the front stagnation point. 

However, since the effect of turbulence becomes very large near 

the separation point, it is expected that the turbulence inten-

sity influences the separation of the boundary layer. Since 

large vortexes are shed at the separation point, the fluctua-

tion of the local mass transfer rate reaches a sharp maximum 

there, so that the separation point is determined by measuring 

the fluctuation. The separation point at Re=10,000 was .deter-

mined by this method to be 0 =81, 82 and 81 degree at turbu-
                               sep 

lence intensity of 2.3, 1.2 and 0.8 % respectively. The angles 

of separation are presented in Fig.(5-11) together with those 

measured in low-turbulence wind tunnels by other investigators 

(16)(65). It is seen that the angle of separation at the smal-

lest turbulence intensity, 0.8 %, is in good agreement with the 

results by other investigators and that the angle of separation 

becomes smaller with increase in turbulence intensity. These 

angles are smaller than the predicted value 0sep 85.2 degree 
from the Blasius series which is more reliable than other ap-

proximate methods. It may be concluded that the increase in 
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                       CHAPTER 6 

     CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK 

 6,1 Conclusions 

6-1-i Transport phenomena in the entrance region of a 

       circular tube 

(a) _ Momentum transfer in the boundary l'ayer' 

         A similarity in the time-smoothed velocity distribu-

     tion exists at any cross section in the entrance region of 

      a circular tube. 

          The velocity distribution may be there be represent-

     ed by the following egpa:tioaas . 

         u+ = c (y)l/m 

-1-



 u/UG = ZE (y/S') + (T--ZE){1-cos(iry/6)}/2 

where 

    c = 3.60 ReE0'0537 

m = 5.99 .Re0.0241 

ZE = c Rel/m (cf/2)(l+m)/2m 

These values of m and c are slightly less than those for the 

fully developed turbulent flow. This is caused by the influ-

ence of longitudinal pressure gradient and can be predicted 

by the Prandtl's mixing-length theory and the assumption of 

the linear shear stress distribution. In the outer portion 

of the wall region, the velocity distribution is represented 

by the following equation: 

   +2+1/21 4 (l+ay+)1/2-1 + 
    u=—{(l+ay)-l} +—Zn{—---------------} + B (a)      K

OKO a(1+y+)2+1 

where 

    a=
P dxu*~, K0=0.41 

(b) Development of the boundary layer 

     Two nrediction methods for the development of the tur-

bulent boundary layer are presented. The one (method I) it 
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 Based on the similarity in the velocity distribution and 

on the one-parameter velocity profile. The another (meth-

od It) is based on the entrainment theory and on the two- 

parameter velocity profile. The difference between the 

results predicted by two,,methods is not distinguishable 

and both results agree fairly well with the experimental 

results of the growthes of the boundary layer, the dis-

placement and the momentum thicknesses. The theoretical 

results agree very well with the experimental results of 

the skin friction. For this reason, it is recommended to 

use the method I. The development of the boundary layer 

may be predicted by the integration of the following dif-

ferential equation 

                                  _2 dd1
__m-12m + lR(1-B(& )) m+l 

d xc{2m+l)ReER--81} 

-1 

       X{m+l(1-(m+2)B(al)) +(a1+2a(alR-2s1} 

whei'e'the initial condition is al= 0 at x = 0 and 

A(Sl) - m.+1a1(m+2))((m+1)-------------(1—B(a1))R 
26 1/2 

   B(S) _ {1-2m+1)1 
      1 }
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 (c) 

1:

2:

Mass transfer 

    The distribution of the eddy diffusivity of mass is 

not affected by the longitudinal pressure gradient as 

exists in the entrance region of a circular tube and that 

for fully developed turbulent flow may apply to the devel-

oping boundary layer with small negative pressure gradi-

ents. For predicting turbulent mass transfer at large 

Schmidt numbers the following equation is recommended for 

the eddy diffusivity of mass: 

D/v = (y+/14.5)3 

    With this eddy diffusivity distribution and the as-

sumption that the velocity distribution near the wall is 

linear, the equation of conservation of matter may be sim-

plified as 

    8c _8{(1+Sc ~2/3) ~l/2 ac } 
aE e(14 .5)3DIP 

where 

* = (y/Tw(x /P /v)2 

                T (X) 1/2 
   'Sv(wP ) dx 

              0 The transformed equation may be reduced into the form of 

integral.equation which can be easily solved as an eigen-
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value problem to give the  dimensionless  mass transfer co-

efficient K+ (=K/u*) with the dimensionless distance . 

With the analytical results of the development of the 

boundary layer, the local and the space-averaged rates of 

mass transfer can be predicted.

6-1-2 

  1:

2:

3:

 Transport phenomena around a circular cylinder in cross 

flow 

     An analogy exists between the space-averaged heat 

transfer at moderate Prandtl numbers and mass transfer at 

large Schmidt numbers. Even in the large Schmidt number 

range the free-stream turbulence causes the increase in 

the space-averaged mass transfer rate in the same magni-

tude as those at moderate Prandtl numbers. 

     The effect of turbulence on the local rate of mass 

transfer becomes larger with the increase in the angle 

from the front stagnation point and is represented as 

Sh - 1 = f(Tu) exp{g(Tu)g}    S
h0 

     The increase in the free-stream turbulence causes 
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      noticeable movement of the separation point in the up-

      stream direction. 

6-2 Recommendations for future work 

6-2-1 Transport phenomena in the entrance region of a circular 

       tube 

1: The analyses for the transport phenomena of momentum, 

  heat and mass are based on the assumption that the eddy dif-

   fusivities are not affected by the longitudinal pressure gra-

   dient. This assumption is believed to give fairly good pre-

   dictions in the entrance region of a circular tube. In order 

  to apply this analytical method to the case of turbulent 

   boundary layer flows with much larger pressure gradients,  a' 

systemat-igstudy of the effect of the pressure gradient on 

  the eddy diffusivities is required. 

2: This study covers- only the region where turbulent bound-

   ary layer flow exists. It-is highly recommended to investi-

   gate the flow mechanism in_the region from the location at 

  which the boundary layer flow disappears to the location at 

  which the fully developed velocity profile is achieved. 
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 6-2-2 Transport phenomena around a circular cylinder in cross 

        flow 

      This study demonstrates clearly the effects of free-stream 

 turbulence on the mass transfer rate. However, it is not suf-

 ficient for the theoretical analysis of this phenomena. Fur-

 ther investigations of the detailed mechanism of changing veloc-

 ity and concentration fluctuations in the laminar boundary lay-

 er by free-stream turbulence are required. For this purpose, 

 the electrochemical method seems to be very useful in the meas-

 urements of the fluctuation of the local shear stress and that 

 of the mass transfer rate.
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              NOMENCLATURE 

surface area of mass transfer 

S/Sc 

coefficient of Eq. (5-15) 

Sc/(11+.5)3 

concentration 

heat capacity at constant pressure 

dimensionless concentration =(C-Cb)/(Cw Cb) 

velocity profile parameter, Eq. (2-3) 

friction factor =T/2PUG2 
friction factor = T/2pUE 

       w2 

friction factor = Tw/2pU002 
pressure coefficient = (p - p.)/.1 

diameter of cylinder 

molecular diffusivity 

electrode diameter 

electromotive force 

coefficient of Eq. (5-7) 

Faraday constant = 9.652 x 104 cou 

activity coefficient 

shape factor = 61/62 

heat transfer coefficient cal/cm 

electric current 
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        cm         2 

g-mole/ctj 

al/g deg C

coulm/g-equiv

2
se

     cm 

cm2/sec 

     cm 

  volt 

 deg C 

    amp



 JD 

 K 

 K+ 

k 
s 

L 

m 

N 

 Nu 

n 

n e 

 Pr 

p 

Q 

R 

R 

ReE 

ReG 

Re
x 

Rel 

Re2 

Re
.6

Chilton-Colburn j-factor for mass transfer — 

Chilton-Colburn j-factor for heat transfer — 

mass transfer coefficientcm/sec 

dimensionless mass transfer coefficient = K/u* — 

reaction rate constantcm/sec 

length of electrodecm 

effective length of electrode, Eq. (3-47)cm 

velocity profile parameter, Eq. (2-2)— 

mass transfer rateg-mole/cm2sec 

Nusselt number— 

frequency1/sec 

valence charge of an ion— 

Prandtl number— 

pressureg/cm sec 

entrainmentcm2/sec 

radius of cylindercm 

gas law constant = 1.9872cal/g-mole deg K 

Reynolds number based on-inlet velocity— 

Reynolds number based on free stream velocity — 

Reynolds number=)(x      UG/v dx— 
               0 

Reynolds number = UGd1/v— 

Reynolds number = UGd2/v— 

Reynolds number = UGd/v-
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 r 

Sc 

Sh 

Sh0 

St 

 s 

Tu 

t 

UE 

UG 

U0 

U 

u 

 + 
u 

u* 

v 

W 

x 

y 

y

 distance of a. point on the surface 

 symmetry 

: Schmidt number 

: Sherwood number 

: Sherwood number at zero turbulence 

: Stanton number 

: velocity gradient near wall 

: turbulence intensity =100)7 / U. 

: time 

: inlet velocity 

: velocity at outer edge of boundary 

: velocity, Eq. (2-30) 

: oncoming velocity 

: velocity in x direction 

: dimensionless velocity = u/u' 

: friction velocity =1 Tw/P 

: velocity in y direction 

: duct width 

: coordinate in flow direction 

: coordinate normal to wall 

dimensionless y = yu / v 
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from axis of 

intensity

layer

    cm 

1/sec 

sec 

cm/sec 

cm/sec 

cm/sec 

cm/sec 

cm/sec 

cm/sec.. 

cm/sec 

    cm 

    cm 

    cm



Greek

 a 

 a 

 a 

 a 

 13 

 13 

r(x) 

6 

6 c 

61 

 62 

E 

ED 

EM 

n 

a 

K 

A 

A 

A   n

symbols 
 0 

: charge transfer coefficient 

: pressure gradient parameter, Eq. (2-9) 

: experimental constant, Eq. (2-12) 

: arbitrary constant 

: experimental constant, Eq. (2-12) amp 

Velocity gradient = dUG/dx 

: gamma function of x 

: hydrodynamic boundary layer thickness 

: concentration boundary layer thickness 

: displacement thickness of boundary layer 

: momentum thickness of boundary layer 

: amplitude 

: eddy diffusivity of mass 

: eddy diffusivity of momentum 

: dimensionless position variable, variously 

 defined 

: overvoltage 

: angle from front stagnation point 

: von Karman constant 

: shape factor, Eq. (2-53) 

: wedge variable, Eq. (5-8) 

: thermal conductivitycal/cm 

: eigen-value 
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 c1/2/cm1/2 

      1/sec

     cm 

     cm 

     cm 

     cm 

cm2/sec 

cm2/sec

    volt 

     deg 

sec deg C
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• 

• 

• 

• 

• 

• 

• 
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• 

• 

• 

• 

• 

• 

• 

• 

•

viscosity 

kinematic viscosity 

effective viscosity 

L ------- 
dimensionless L =1/ T

w/p dx 

dimensionless0  x, Eq. (1-9-b) 

profile parameter, Eq. (2-11) 

density 

number of wave 

shear stress 

stream function 

dimensionless stream function , Eq.(1-9-a) 

electric potential 

eigen-function 

angular velocity

g/cm sec 

  cm2/sec 

  cm2/sec 

   g/cm3 

    1/cm 

g/cm sec2 

 cm2/sec 

    volt 

   1/sec

Superscripts

deviation from time 

root-mean square 

dimensionless

smoothed value

Overline

time smoothed
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Bracket 

< > : space averaged 

Subscripts 

 b  :  bulk 

E : inlet 

G : free stream 

ox : oxidant 

red : reductant 

s : front stagnation point 

sep : separation point 

x : local 

: wall 

: oncoming 

: fully developed
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