
Final Fate of Generic Gravitational Collapse 
- Is Shell-Focusing Naked Singularity Realiz d ? 

Tomohiro Harada 1 

D epartment of Physics) f(yoto University, 
J(yoto 606-8502) Japan 

Ph.D. thesis subrnitted to Department of Physics, Kyoto University 
January, 1999 

1 Electronic address : harada tap.scphys.kyoto-u.ac.jp 



Abstract 

I summarize my and our works on the final fate of generic gravitational col­

lapse. It is known that the spherically symmetric dust collapse results in the 
shell-focusing naked singularity from generic smooth initial data. Then we 
concentrate on the effect of tangential pres ure, counterrotation, pressure 
and break of spherical symrnetry on the final fate of collapse, in particular , 
the central naked singularity formation. The results are the following. In 
the presence of generic counterrotation the shell-focusing naked singularity 
formation is prevented. Pressure with a sufficiently soft, 1-law equation of 
state cannot prevent the central naked singularity formation. At the central 

naked singularity, linear perturbations of the Riemann tensor diverge for 
the odd-parity mode . However, the naked shell-focusing singularity is not 
a strong source of odd-parity gravitational radiation. In summary, the oc­

currence of the naked shell-focusing singularity is not generic in the collapse 
of gas of collisionless particl s and is not a serious counterexample to the 

cosmic censorship hypothesis. 
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Chapter 1 

Introduction 

We follow the sign conventions of the textbook by Misner, Thorne and 
Wheeler (1973) about the metric, Riemann and Einstein tensors. We use 
the units with c = G = 1 all over this thesis unless otherwise stated. The 
Greek indices denote the components with respect to the coordinate basis, 
while we follow the abstract index notation of Wald (1984) as for the Latin 
indices a, b, c, . .. 

1.1 Introduction 

Gravitational collapse is one of the most intriguing phenomena in gravi­
tational physics and astrophysics . Considering the final fate of complete 
gravitational collapse we cannot help mentioning a black hole . 

The possibility of an object frmn which light cannot escape due to its 
strong gravity was alr ady noted by Laplace (1795) who considered Newton 
gravity and Newton's corpuscular theory of light . Einstein (191.5) proposed a 
field equation for gravitational field which is now called Einstein's field equa­

tion and completed general relativity which took the place of Newton gravity. 
He first brought the concept of curved space-tim to physics. Schwarzschild 
(1916) found the exact solution of Einstein equation which describes the 
external gravitational fi ld of a spherical mass . This solution turn d out to 
have singularity. Chandrasekhar (1931) discovered the existence of an upper 
limit to the mass of complet ly degenerat fermion gas . Landau (1932) gave 
more intuitive derivation of this upper limit . From these arguments, it was 
suggested that a massive stellar core above this upper limit which exhausted 
its fuel ends to continu d gravitational collapse. Opp nheimer and Snyder 

3 



(19:39) olved the collaps of a homogeneou dust ball and showed that a 
black hole forms and that the dust ba.ll becontes cut off from all commu­
nication with th outer region. Kerr ( 1963) discovered a family of exact 

vacuum solutions to Ein stein equat ion. Th Kerr solution which describes 
a rotating black hole turned out to be a unique stationary vacuum solution 
with a regular event horizon of Einstein equat ion. Wheeler (196 ) named 

''black hole". Discov ry of quasars, pulsars and compact X-ray sources in 
1960's strongly encoura.ged researches on gravitational collapse and black 
holes . 

The Schwarzschild and the Kerr solutions contain singularity inside an 

ev nt horizon. Anoth r typical example of singularities is the big bang singu­
larity which appears in the Friedn1ann-Lemaitre-Robertson-Walker (FLRW) 

space-time. At these singularities, curvature invarian ts of the space-time di­
verge. General relativity and all other known physics do not apply there be­
cause singularities cannot be a part of the space-time manifold. Some people 
felt that the singularity is only due to the presence of singular matter-source 
and that it could be avoided if we considered non-singular rnatter-source 

only. Others felt that the occurrence of singularity is an artifact of the high 
symmetry of the metric which we had to assume in order to obtain exact 
solutions. For example, in Newton gravity, a cloud of collisionless particles 
frmn velocity dispersion free and spherical initial data collapses to singular­

ity while there appears no singularity from generic initial data (Pfaffelmoser 

(1993)). 
In fact, it was proved that the occurrence of singularity is generic in 

gravitational collapse. This theorem is call d the singularity theorem. It 
proves the existence of singularity under the null energy condition for matter 

content, generic condition and causality. The theorem also strongly suggests 
the existence of the big bang singularity or the initial singularity in our 

universe. For a proof, see Hawking and Ellis (1973). From this theorem, the 
singularity formation was proved to be a generic property of gravitational 
collapse. However, the singularity theorem only proves the causally geodesic 
incompleteness of the space-time and do s not mention the properties of the 
singularity. Is the singularity observable ? Do curvature invariants blow up 
at the singularity ? Is an object which goes toward the singularity crushed by 

the tidal force ? The singularity theorem does not answer to such problems. 
As for observable singularities, there is as rious problem. If the singular­

ity i observable, then what occurs ? What does the singularity emit ? What 
boundary conditions does the ordinary well- known physical fi ld, such as the 
electromagnetic field, follow ? So far, we have no answer to these problems. 



If the curvature blows 11 p at the singularity, the space- time curvature be­

comes beyond the order of z;; 2 where lp = ( hG / c3 ) 112 ~ 1.6 x 10-33 cm is the 
Planck length. Some people expect that cla::;sical gen ral relativity breaks 

down at th stage characterized by the Planck length, in which quantum 
effects will play a dorninant role and it wm save the situation. The full d -
scription of such rrtechanisnt will need quantum gravity which is expected to 

de cribe the Planck-scale physics. Sorne people think that classical theory 
ha some mechanism which Inakes itself self-contained at least in an observa­

tional sense. In other words, ature hides singularities frorr1 observations in 
gravitational collapse. This idea was proposed explicitly by Penrose (1969, 

1979) and is called a cosmic censorship hypothesis (CCH). Th hypothesis 
has weak and strong versions. If the hypothesis holds, we can completely 

discuss the time evolution from complete initial data in the framework of 
classical general relativity, not knowing quantum gravity. Various useful 

theorems on gravitational collapse and black holes are proved under the 
assumption of this hypothesis (Hawking and Ellis (1973)). In spite of its 
attraction and fruitage, all attempts to prove the hypothesis have not yet 

succeeded. The difficulty mainly comes from the fact that there exist space­
times which contain observable singularities. Such singularities are referred 
to as naked singularities. 

As Penrose (1969) noted already when he first proposed the hypothesis, 
the key idea of the hypothesis is the "physical reasonableness'. In fact, 
we can easily construct a naked-singular space-time which is a solution of 

Einstein equation. This can be done by taking any naked-singular space­
time and assuming matter content which is a source term of this metric 
through Einstein equation. Since the physical reasonableness is somewhat an 

ambiguous concept, we would rather say what is physically unreali tic . We 
can recognize, for example, high symmetry of space-time, negative energy, 
superluminal energy flows and special choice of initial data as physically 
unrealistic. 

Thorne (1972) proposed apparently similar but different conjecture on 
the formation of black holes. See also box 32.3 of Misner, Throne and 
Wheeler (1973). He conjectured that black holes with horizons form when 
and only when a mass M get compactified into a region whos circurnference 

in every direction C ;:; 471 M. This is called the hoop conj ctv.r . version of 
the "when" half of the hoop conjecture can b proved by the Schoen and Yau 

(19 3)'s theorem if we as ume the weak cosmic censorship. However there is 
no proof which does not assume the cosmic censorship. vertheless there 
has not been discovered any counterexample to this conj cture and rnany 



vid nces for validity of this conjecture have be n accumulating . 

In recent years, there are sorne important advances in studies on the grav­

itationa.l collapse and the cosmic censorship. We will briefly explain them 

after the precise fonnulation of singularities, CCH and curvature strength. 

1.2 Singularity 

1.2.1 Definition of Singularity 

The definition of singularity in general relativity is not a trivial task. There 

has been a succession of changes of meaning. Since general relativity has in­

variance to a general coordinate transformation, the definition of singularity 

should not depend on the coordinate system. We will sketch the definition 

of singularity, following Clark (1993). 
The space-time manifold is denoted by M with the metric 9ab · We begin 

with definitions about a curve in M. The generalized affine parameter length 

lE( 1) of a curve 1 : [0, a) ---+ M with respect to a frame 

Ea = (E(i): i = 0, 1,2,3) (1.1) 

is given by 

Mrl = [ ds (~ (9abiaEt•J(s)rt
2

, (1.2) 

where 1a = ( 8/ as )a denotes the tangent vector and Ea ( s) is defined by 

parallel propagation along the curve, starting with an initial value Ea(O): 
that is, we impose 

ia\1 aEb(.s) 

Ea( o) 

(1.3) 

(1.4) 

1 is said to be incomplete if lE( 1) is finite with r pect to some Ea. This 

definition turns out to be independent of the choice of the reference frame. 

1 : [0, a) ~ M is said to be in xtendible if there is no curve 1 ' : [0, b) ---+ M 

with b > a such that 1 '! [0, a) = I· This is equivalent to saying that 1 has 

no endpoint in M. 
Then we proceed definitions about a space-tim . A space-time is said to 

be incomplete if it contains an incomplete inextendible curve . An xtension 

of a space- time ( M, !Jab) is an isometric embedding () : l\1 ---+ M ' , where 

(M' , g~b) is a space- time and () is onto a. proper subset of M' . A space- time 
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is terrned xtendibl if it ha an exten ion. The following proposition holds: 

if AI has an ext nsion () : M --r M', then there is an incomplete timelike 
geode ic r in M such that ()or is extendible. A space-time M is said to be 

singular if it contains an incomplete curve r such that there is no extension 
() : M __,. M' for whkh ()or is extendible . 

Space-time its lf consists entirely of r gular points at which gab is well 

behaved , while singularities belong to aM, the boundary of M, whkh is a 
set of "ideal points" added on M. We define appropriately the topology 

of M U a Jvf, the closure of M. The construction of the boundary of the 
space-time can be carried out in various ways, for example, b-boundary, g­

boundary and causal boundary. Suppose we are given a singular space-time 
Jvf . Then a singularity in aM is defined as a point which is an endpoint of an 

incomplete inextendible curve r' where r is such that there is no extension 
() of M for which ()or is extendible. 

A singularity may be classified to thre types: (i) a scalar constructed 
polynomially from the Riemann tensor and its covariant derivatives blows up 
along the geodesic ("scalar curvature singularity"), (ii) no such scalar blows 
up but a component of the Riemann tensor and its ·covariant derivatives in 
a parallely propagated frame blows up along the geodesic ( "parallely propa­
gated curvature singularity") and (iii) no such curvature scalar or component 
blows up ("non-curvature singularity") . Examples of (i) are the singulari­
ties in the Schwarzschild and the FLR\tV space-times. An example of (ii) is 
the singularity in the plane gravitational wave solution . An example of (iii) 

is the conical singularity which appears in the wedge-rernoved Minkowski 
space-time. It should be noted that there xist singular space-times which 

are geodesically complete. 

1.2.2 Singularity Theorem 

Hawking and Penrose (1970) proved the following singularity theorem. See 

Hawking and Ellis (1973) for a proof. 

Theorem 1.2.1 (Singularity Theorem) Suppoc;e a space-time (M , 9ab) 

satisfies the following four conditions: 

{1) R abVa ,ub ~ 0 for all tim like and null va. 

(2) Every non- pacelike geodesic possess s at least a point wher 

k[eR a]bc[dk f]kb k c f:. 0, 

wh ,re ka is the tangent v ctor of th g odesic . 
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{3) No closed timelike curve exists. 

(4) At l asl on of the follov ing thr e conditions hold<::: 

(a) lvf pass s<::es a co·mpact achronal set without edge. 

{b) M pass ~ es a trapped surface. 

(c) There is a point p in M . uch that th expansion of the null 

g odesics emanating front p becomes n egative . 

Then M must contain at l ast an incomplete causal geodesic . 

Condition (1) is sat isfied for all plausible non-quantum matter. Condi­

tion (2) is a generic condition serving only to rule out certain high symmetry. 

Condition (3) has no direct support but it seems to be reasonable to assume 

it. Condition ( 4a) is satisfi d if the universe is compact. It is believed 

that condition ( 4b) is quite likely to be satisfied in gravitational collapse 

in our universe. And it is also believed that condition ( 4c) is satisfied for 

any past-directed null cone in our universe from the fact that the expanding 

FLRW model is a very good approximation of our universe at least after the 

epoch of decoupling. Then the theorem strongly suggests the existence of 

singularity in our universe and in generic continued gravitational collapse. 

1.3 Cosmic Censorship 

1.3.1 Cosmic Censorship Hypothesis 

Though the singularity theorem strongly suggests the existence of singular­

ities in generic gravitational collapse , it does not answer where it is. If an 

observer can see singularity, which is called naked singularity, we cannot say 

anything about the causal future of it unless we know appropriate boundary 

conditions at the singularity. Since we do not find any plausible bound­

ary conditions at the singularity, the predictability within the fra,mework 

of classical physics is broken and we are at lost in the presence of naked 

singularities . According to these discussions it has been conjectured that 

general relativity might have a remarkable feature that no naked singularity 

would be formed in realistic gravit ational collapse . This conjecture is called 

CCH. The CCH, which prohibits the formation of naked singularities has 

two versions, weak and strong ones. Both were forrnulat d by Penrose (1969, 

1979). 
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The weak cosrnic cen orship hypothesis (WCCH) was first formulated 
by Penrose (1969). It states that all singulariti s in gen ric gravitation<tl 
collapse are hidden within black holes. More precis ly, we restrict attention 
to we<tkly asymptotically simple space- times having a partial Cauchy surface 
S such that <til past-dir cted generators of future null infinity enter and 
remain in the boundary of th future domain of dependence of S . We will 
also suppose that S is R 3 with some map R 3 --+ S so that data on S can be 
pulled back to data on R 3 . Then we call a set of such things generic if the 
corresponding collection of such data sets on R 3 is open and dense in sorne 
suitable topology. 

Hypothesis 1.3.1 (Weak Cosmic Censorship) For a generic set of space­

times and partial Cauchy surfaces as above, the whole of null infinity lies in 

the boundary of the futur domain of dependence of S, i.e., the space-time 

is future strongly asymptotically predictable. 

A singularity which is censored by WCCH i termed a globally naked sin­

gularity. The WCCH proves the existence of black hole together with the 
singularity theorem. The WCCH is often assumed in theorems on general 
properties of a black hole, such as that it cannot bifurcate, that apparent 
horizon must be contained in it and that area. of it cannot decrease. 

Progress towards proving this hypothesis has been much limited. The 
difficulty comes from the fact that we are concerned with a. global existence 
proof for the nonlinear hyperbolic equations of general relativity and that 
such glo ba.l proofs are notoriously hard to come by. As a result, it has 
been understood that the strong hypothesis described below would be more 
tractable to prove. 

The strong cosmic censorship hypothesis (SCCH) was first formulated by 
Penrose (1979). It states that no singularity except for initial singularities 
is visible to any observer. More precisely, 

Hypothesis 1.3.2 (Strong Cosmic Censorship) Every generic inextendibl 

space-time containing physically reasonable matter is globally hyperbolic. 

singularity which is censored by SCCH but not by WCCH is t rmed a. 
locally naked singularity. It should be noted that the violation of either 
WCCH or SCCH does not nee ssa.rily m an the existence of na.k d singu­
larity. It should be also noted that, although SCCH is intuitively tronger 
than WCCH, the violation of \tVCCH does not necessarily rn an the viola­
tion of SCCH. This is because, if a. singularity is formed from asyrnptotically 
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fla.t initial cla.ta a.nd it propagates out to null infinity destroying asymptotic 

flatness while preserving global hyperbolicity, this would violate WCCH but 

not SCCH . 
Let S be a closed achronal set . We define the future Cauchy horizon of 

S, denot d by J-J+(S) by 

(1.5) 

wh re D+(A) and 1-(A) denote the future domain of dependence and the 

chronological past of A, respectively, and A denotes the closure of A. Simi­

larly we can define the past Cauchy horizon of S, i.e., H- ( S) . The Cauchy 

horizon of a closed achronal set S is defined by 

(1.6) 

It can be shown easily that H(S) = 8D(S), where 8A denotes the boundary 

of A. Moreover, if M is connected, then a nonempty closed achronal set, .E, 
is a Cauchy surface for (M,gab) and therefore (M,gab) is globally hyperbolic 

with a Cauchy surface .E if and only if H(.E) = 0 is satisfied. 

1.3.2 Curvature Strength of Singularity 

In attempts to prove CCI-I , the curvature strength was defined . By intro­

ducing this, it was hoped that all real singularities were strong singularities 

and that strong singularitie were always covered by horizons . In spite of 

the hope, there has been no satisfactory definition of curvature strength . 

Here we first present the definition of strong curvature condition (SCC) by 

Tipler (1977) . It refers to a timelike (resp . null) geodesic 1 : [0, s0 ) -+ M, 
the singularity being approached as the affine parameter s tends to s0 , and 

is conveniently expressed in tenns of Jacobi fields that vanish at a point on 

I · We define ] 81 ( 1) for s1 E [0, so) to be a set of maps Z : [0, so) -+ T M 

(T M means the tangent bundle) such that 

za(s) E 1,(s)M, 

za(sl)=O, 

. an ( · bn z c) _ R c zb ·a· d 
I v a I v b - - abd I I , 

-ya,:,/vbzaJ = 0, 
sl 

(1. 7) 

(1. ) 

(1.9) 

(1.10) 

where -ya i the tangent vector of I· For a timelik (r sp . null) geodesic we 

use three (resp . two) such fields independent of each other. Their exterior 
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product defines a spacelike volume (r sp . area) element, whose magnitude 
at the affine paramet r value s we denote V( s ). 

Definition 1.3.1 (Strong Curvature Condition) For all s 1 E [0, s 0 ) and 

all three (resp. two) linea·rly independent fields Z1 , Z2 , Z 3 E ls 1 (resp. 

Z1, Z2 E ls 1 ) 1 we have 
lim inf V ( s) = 0. 

S-+So 

This d finition intuitiv ly says that any object that hits a strong singularity 
is crushed to zero volume (resp. area). 

Krolak (1983, 19 7) proved a theorem which roughly says that, if all 
physically realistic singularities are strong, then WCCH holds but with 
rather strong additional assumptions. Krolak (1987) realized that weaker 
condition for the strength of singularity is sufficient for the proof. We will 
refer to the condition as the limiting focusing condition (LFC) . 

Definition 1.3.2 (Limiting Focusing Condition) For all s 1 E [0, s0 ) 

and all three (resp. two) linearly independent fields Z1, Z2, Z3 E ls1 (resp. 

Z1, Z2 E ls1 ) 1 there xists s E [ s1, so) with 

dV 
ds(s) < 0. 

Clarke and Krolak (19 5) found necessary conditions and sufficient con­
ditions for SCC and LFC that are very useful in determining the curvature 
strength of singularity. See Clarke and Krolak ( 1985) and Clarke ( 1993) for 
proofs. 

For a timelike geodesic r : [0, s0 ) ---+ M, we prepare a parallely propa­

gated frame Ef : ( i = 1, 2, 3, 4) with E(l)E(l)a = E(2)E(2)a = E(3 )E(3)a = 
-E(4)E(4)a = 1, all other products vanish and E(4) = -ya . For a null geodesic 

r : [0, s0 ) ---+ M, we prepare a parallely propagated frame Ei : ( i = 1 2, 3 4) 

with E(1 )E(l)a = E(2)E(2)a = -E(3 )E(4)a = -E(4)E(3)a = 1, all other prod­
ucts vanish and E(4) = -ya. ecessary conditions for SCC are: 

Proposition 1.3.1 For both the timelike and the null cas SJ if sec is sat­

isfied) then for some component R(i) (4)(j)(4) of the Riemann tensor in a 

parallely propagated frame the integral 

I (i) ()- r sd I r s'd "IR(i) (")I 
(j) s = Jo s Jo s (4)(j)(4) (1.11) 

do s not converge ass---+ s01 where i,j = 1, 2, 3 (i,j = 1, 2 in th null case) . 
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In the null case, it is po sibl e to consider the Ricci and Weyl t nsors sepa­

rately. The Weyl tensor c,_ll/</A is defined as 

1 
cj.LI/</A = Rj.LI/</A + (gJ.L [AR</]v + 9v[</RA]J.L) + 3RgJ.L[</9A]v· (1.12) 

Proposition 1.3.2 Let !(.s) be a null geodesic. Let R(4 )(4 ) and C(m~ 4 )(n)( 4 ) 
i th components of th Ricci tensor and Weyl t nsor, respectively. If SCC 

i ~ ~ati .. fi d, then either th integral 

s s' 

I{ ( s) = 1 ds' 1 ds" R( 4)( 4 ) ( s" ) 

or the integral 

L(m)(n)(s) = 1' ds' { ds" ({' ds'"IC(m14)(n)(4)(s111)1) 
2 

for some m, n = 1, 2 do s not converge a s ----* so . 

A sufficient condition is as follows: 

(1.13) 

(1.14) 

Proposition 1.3.3 For both the timelike and the null geodesics, if the in­

tegral ]( ( s) diverges and ha a positive integrand, then sec is satisfied. 

Similar conditions for LFC hold but with one less integral in all cases: 

Proposition 1.3.4 For both the timelike and the null cas s, if LFC is sat­

isfied, then for some component R(i) (4 )(j)(4 ) of the Riemann tensor in a 

parallely propagated frame the integral 

J (i) ( ) - { s d 'IR( i) ( ')I 
(j) s = Jo s (4)(j)(4) s (1.1.5) 

does not converge ass----* s0 , where i,j = 1, 2, 3 (i,j = 1 2 in the null case) . 

Proposition 1.3.5 Let!( s) be a null g odesic. Let R(4)(4 ) and C(m~4)(n)( 4 l 
is the components of the Ricci tensor and Weyl tensor, respectively. If LFC 

is satisfied, then either the integral 

(1.16) 

or the integral 

N(mln/s) = [ ds' ({ ds"IC(m11 )(n)(4)(s")1) 
2 

( 1.17) 

for some rn, n = 1, 2 does not converge ass----* -"o· 
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Proposition 1 .3.6 For both the time/ike and the null geod sics, if the in­

t gral M( ") dive1g . anrl has a positive integrand, then LFC is satisfied. 

1.3.3 Examples o f Non-G lobally Hyperbolic Space-Time 

In spite of all atten1pt. , neither WCCH nor SCCH has been proved. In fact, 
there have be n found a number of solutions of Einstein equation that are 

not globally hyperbolic with matter content which sati. fies the dominant 
energy condition. Important examples are summarized in Table 1.1. 

Yodzis, Seifert and Miiller zum Hagen (1973) showed that "shell-crossing" 
singularities occur in a generic spherically symmetric collapse of a dust ball. 
Moreover, Muller zum Hag n, Yodzis and Seifert (1974) extended the anal­
ysis to a perfect fluid with bounded pressure. 

Another type of naked singularities in the spherically symmetric collapse 

of a fluid was discovered. Eardley and Smarr (1979) indicated that the 
central "shell-focusing" singularity is naked in the collapse of a spherical 

dust ball . Christodoulou ( 1984) mathematically proved the appearance of 
central shell-focusing singularity in the collapse of a spherical dust ball from 
a generic set of smooth initial data. 

The smooth initial data mean initial data in which the center is not sin­
gularity and physical quantities, such as energy density and specific energy, 

are C functions . The regular initial data. mean initial data the center is 
not singularity. 

Newman (1986) showed that, for the first null ray from the singularity, 
neither SCC nor LFC is satisfied for the shell-crossing singularity in the 

spherically symmetric dust collapse from generic smooth initial data. He 
showed also that not SCC but only LFC is satisfied for the shell-focusing 
singularity in the spherically symmetric dust collapse from generic smooth 
initial data. 

Apart form spherical symmetry, Szekeres (197.5) discov red a class of 
exact solutions which describes the irrotational dust collapse with no Killing 
vector. This model is often said to be "quasi-spherical" . He found that shell­
crossing singularities that occur in these space- times can be naked . Joshi 
and Krolak (1996) found shell-focusing naked singulariti s that atisfy not 

S 'C but only LFC can occur from r gular initial data. 
Returning to spherical symmetry, Singh and Jo hi (1996) eli cov red an­

other type of shell-focusing singularities in the collapse of a spherical dust 
ball . The initial data from which this type of singularity develops is only 



regular but neither smooth nor generic. They showed that this type of 

naked singularity satisfi s both SCC and LFC for the first null ray from the 

singularity. 
We should mention the collapse of imploding null dust (directed radia­

tion) described by the Vaidya space-time (Vaidya 1943, 19.51a, 19.51b ). Joshi 

and Dwiv di (1992a) found that there appears naked singularity which sat­

isfies both SCC and LFC if the implosion rate is sufficiently small. 

Ori and Piran (1987, 1988, 1990) discovered an important example of 

naked singularity in the system in which pressure is not negligible. They 

considered the sph rically symmetric self-similar collapse of a perfect fluid 

with barotropic equation of state. The assumptions restrict an equation of 

state to the form P = ( 1-1 )c They showed the naked singularity formation 

in the pure collapse for 1 ~ 1.0105. They showed also that there are naked­

singular solutions with oscillations in the velocity field for 1 < 1 < 1.4. 

Lake (198 ) showed that SCC is satisfied for the first null ray from the 

singularity. Furthermore, Waugh and Lake (19 9) showed that central naked 

singularity in a self- imilar space-time with the Cauchy horizon generated 

by the homothetic Killing vector satisfi s SCC for the first null geodesic. 

On th other hand, some people think that, since the fluid description 

is only phenomenological, the formulation of CCH should be done by 'el­

ementary fields" which obey some quasi-linear hyperbolic equation (Wald 

1984) . In this context, Christodoulou (1994) proved analytkally that, in 

the spherically symmetric collapse of a scalar field, naked singularities may 

arise from regular initial data on a low differentiability class ("collapsed cone 

singularity") and that those solutions are not generic . 

Choptuik (1993) discovered numerically the "black-hole critical behav­

ior" which is analogous to the critical behavior in solid state physics. He 

showed the appearance of a "zero-mass black hole" (which may be recog­

nized as naked singularity) in the critical collapse of a spherically symmetric 

scalar field. This phenomenon turned out to be universal for the collapse of 

several matter ftelds, such as, axisymm tric gravitational waves ( braharns 

and Evans ( 1993)) and a spherically symmetric radiation fluid (Evans and 

Coleman (1994)). It is noted that th zero-mass black hole formation is 

unstable phenomenon. 
In gravitational astrophysics, a syst m of colJisionless particles is often 

studied since it models a stellar systern such as an elliptical galaxy and 

a globular cluster. Shapiro and Teukolsky (1991, 1992) showed numeri­

cally the divergence of curvature invariant without apparent horizon in the 

collapse of a. (slowly rotating) prolate spheroid with snfficicntly elongated 
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initial configuration of collisionless particles. After the shape it is called 
'·spindle singularity" . Their numerical simulation was done in the maxintal 
time slicing. Sine the occurrenc of singularity without detection of appar­
ent horizon does not necessarily mean the nak d singularity formation ( cf. 
Chap. 5), wheth r or not this simulation is the naked singularity formation 
is rath r controversial 

Th re have also been discovered xamples of locally naked singularity. 
Th most famous example would be a timelike singularity in the Kerr and 
the Reissner-Nordstrom black holes (R BH) . It is known that there is a sim­
ilar type of locally naked singularities in the Reissner- ordstrorn-de Sitter 
black holes (RN dSBH) . On the other hand, there are other types of non­
globally hyperbolic space-times, such as the Taub-NUT space-time which is 
a spatially homogeneous vacuum solution with violation of strong causality. 

We have to consider if such a space- time is physically realizable or not . 
It was proved that the Cauchy horizon inside the event horizon is unstable 
due to the infinite blueshift effect in the case of the RNBH ( Chandrasekhar 
and Hartle (1982), Poisson and Israel (1990)), the RNdSBH (Brady and 
Poisson (1992), Brady, Moss and Myers (199 )) and the Kerr black hole 
(Ori (1998)). Since the Cauchy horizon will be transformed to null, scalar 
curvature singularity through nonlinear evolubon (Brady and Smith (199.5), 
Burko (1997)), global hyperbolicity of the space-time will be recovered . 

In the Taub-NUT case, it is believed that, if one slightly perturbes the 
initial data in a suitable way, one would convert the Cauchy horizon to 
singularity due to the violation of strong causality. Hence, it is believed that 
no generic violation of global hyperbolicity exists since small perturbations 
may destroy the extendibility of the maxirnal Cauchy development because 
of the appearance of singularity on the Cauchy horizon (Wald 1984) . 

On the other hand, it has not yet clearly shown that some examples 
of the formation of naked singularities in a space- time with divergence of 
the matter density enumerated above cannot be counterexamples to CCH . 
The main difficulty is the choice of matter model for revealing the es ential 
properties of gravity. A bad choice of matter model will lead us to the 
matter-generated singularities, which we could define as a singularity formed 
in the situation in which the dynamics of the matter leads, independent of 
the presence of gravitation, to the blow-up of th stress-energy t n or and it 
causes the space- time geometry becom singular through Einstein equation 
(see for example, Rendal (1992)) . Thus it is important to choos physically 
reasonable matter. 

1.5 



Table 1.1: Exa.mples of non-globally hyperbolic pace-time. 

Example Matter Syn1metry 

shell-crossing1 du t spherical 
shell-cro sing2 perfect fluid spherical 

IPI < 00 

shell-focusing3 dust spherical 
shell-focusing4 dust ( quasi-sph rical) 
shell- focusing 5 dust spherical 

central6 null dust spherical 
central, in perfect fluid spherical 

pure collapse 7 P=(!-1)£ self similar 
collapsed cone8 scalar field spherical 

zero-mass BH9 scalar field spherical 
zero-mass BHIC GW axisymmetric 
zero-mass BH11 radiation fluid spherical 
RNBH12 EM static, spherical 
RNdSBH 13 EM+A static, spherical 
K rr BH14 vacuum stationary 

axisymmetric 
Taub-NUT15 vacuum spatially 

homogeneous 
spindle16 collisionless axisymmetric 

particles 
1 Yodzis , Seifert and Mi.ill r znm Hagen (1973) 
2 Mi.iller zum Hagen , Yodzi and Seifert (1974) 

Notes 
w ak 
weak 

LFC 
LFC 
sec, not generic 
not smooth initial data 
sec 
sec 
1 ~ 1.0105 
not generic 
not smooth initial data 
unstable 
unstable 
unstable 
unstable 
unstable 
unstable 

strong causality violation 
believed to be unstable 
numerical simulation 
controversial 

3 Eardley and Smarr (1979), Christodoulou (1984) , ewman (1986) 
4 Szekeres (1975), Joshi and Krolak (1996) 
5 Singh and Joshi (1996) 
6 Vaiclya (1943, 1951a 1951b) , Joshi and Dwivedi (1992) 
7 Ori and Piran (1987 , 1988 , 1990) , Lake (1988) 
8 Christocloulou (1994) 
9 Choptuik (1993) 
10 Evans and Coleman (1993) 
11 Abrahams and Evans (1994) 
12 Chandrasekhar and Hartle (1982) , Poisson and Israel (1990) 
13 Brady and Poisson (1992), Brady, Moss and Myers (1998) 
14 Ori (1998) 
15 Hawking and Ellis (1973) , Wald (1984) 
16 'hapiro and Teukolsky (1991, 1992) 
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Chapter 2 

Spherically Symmetric Dust 
Collapse 

It is difficult to obtain a general solution of the Einstein equation even with 
the assumption of spherical symmetry. The simplest model of spherical 
collapse of a star is that with uniform density and zero pressure. The pres­
sureless :fl.uid is called a "dust" . The dust can be regarded as a cloud of colli­
sionless particles which obey collisionless Boltzmann (Vlasov) equation with 
vanishing velocity dispersion . Therefore, in this sense, we can say that dust 
matter is zero-temperature gas. This model was :first solved and analyzed by 
Oppenheimer and Snyder (1939) and is called the Oppenheimer-Snyder so­
lution . This model first presents a clear vision on the black hole formation as 
a final fate of complete gravitational collapse . This model can be generalized 
by introducing inhomogeneities . The solution was given by Tolman (1934) 
and Bondi ( 194 7) and is often called the 1 maitre-Tolman-Bondi (LTB) so­
lution . These models of spherically symmetric dust collapse give us a deep 
insight into the final fate of collapse and CCH. It was proved that shell­
era sing and shell-focusing naked singularities emerge frorn generic regular 
or smooth initial data (Yodzis, Seifert and Mull r zum Hagen (1973), Eard­
ley and Smarr (1979), Christodoulou (1984), Joshi and Dwivedi (1993a), 
Singh and Joshi (1996), Jhingan, Joshi and Singh (1996)). 

2.1 Spherically Symmetric Space-Time 

Before restricting to dust matter, we present the Einstein equation for a gen­
eral spherically symmetric spac -time. In the spherically symmetric space-
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tint , without lo s of generality, the line element is written in the diagonal 

form as 

H r w adopt the comoving coordinates as a tirne slicing condition. In these 
coordinates, the stress-energy tensor T~ which is a source of the spherically 
symmetric gravitational field must be of the following form: 

TJ.L 
Ll 

0 
~ 

0 
0 

0 
0 
II 
0 

(2 .2) 

wh re E(t, r), ~(t, r) and II(t, r) are the energy density, the radial pressure 
and the tangential pressure, respectively. If we consider a perfect fluid, 
which is given as 

(2.3) 

then the pressure must be isotropic, i.e., 

~=II= P. (2.4) 

From the Einstein equation and the equation of motion for the matter, 

we obtain 

m' 47rER
2 R' , (2.5) 

m -47r~R2 R, (2 .6) 

il' Rv' + R' ..\, (2. 7) 

~ I 
R' 

- ( E + ~) v' - 2 ( ~ - II) R , (2 . ) 

m ~ ( 1 - R ' 2e-2 /\ + fl2e-2v) ' (2 .9) 

wher m = m(t, r) is the Misner- Sharp mass (Misner and Sharp (1964)) and 
the prime and over dot denote the partial derivatives with respect to t and 

r, respectively. 
H re we locate apparent horizon, which is d fin d as the outer boundary 

of a connected component of the trapped region. The remarkable feature 
of th apparent horizon is that, if the spa.ce-ti1ne is strongly asymptotically 

predictable, i.e., WCCH holds, and the nnll convergence condition holds, 

1 



I 

the presence of the apparent horizon impli s the existence of event horizon 

ontsid or coinciding with it. If the connected component of the trapped 

surface has the structure of a manifold with boundary, then the apparent 

horizon is an outer marginally trapped surface with vanishing expansion 

(Hawking and Ellis (1973)). Along a futnr -directed outgoing nulJ geodesic, 

-=R+R'-= ev ± -l+-+R'2 - 2,\+R'e- /' dR . dr ( v 2rn \) 
dt dt R 

(2.10) 

is satisfted, where the upper and lower signs correspond to the expanding 

and collapsing phases , respectively, and we assume R' > 0. Therefore , in 

the expanding phase, there is no apparent horizon. In the collapsing phase, 

R = 2m is apparent horizon, 0 :S R < 2m is a trapped region , and 2m < R 
is an untrapped region. 

Here we should mention about singularities which may occur in the 

spherically symmetric collapse. The shell-crossing singularity is the one 

characterized by R' = 0 and R > 0, while the shell-focusing singularity is 
the one characterized by R = 0. It is believed that the space-time can be 

extended beyond the shell-crossing singularities because they satisfy neither 
SCC nor LFC (for example, Clarke (1993)) . The central singularity is the 

one characterized by r = 0, while the non-central singularity is the one char­
acterized by r > 0, where r = 0 is set to be the symrnetric center. It is noted 

that, since 

871( E- IT - 2IT) 

6471 2
( E

2 + ~ 2 + 2IT2
) 

(2 .11) 

(2.12) 

are satisfied, the divergence of the energy density directly implies the scalar 

curvature singularity. 

2.2 Spherically Symmetric Dust Collapse 

We restrict the matter content to dust, which is defined as a pressurele s 

fluid, i.e ., 

Then, Eqs. (2 . .5)-(2 .9) become 

~ 

IT 

19 

0 

0. 

(2 .13) 

(2 .14) 

(2.1.5) 



rn 0, 

R' l~v' + R'~, 
I 0, v = 

Til, = ~ ( 1- R'2e-2>- + R? 

The above equations are integrable as 

m F(r), 
F' 

( 

471 R2 R' ' 

e2>-
R'2 

1 + f' 
v 0, 

fl2 2F 
!+If, 

-21/). 

(2.16) 

( 2.1 7) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

where arbitrary functions F = F( r) and 1 + f = 1 + f( r) > 0 are the con­

served Misner-Sharp mass and the specific energy, respectively. In Eq. (2 .23), 

using the rescaling freedom of the time coordinate, we have set v( t, r) = 0. 

This means that the synchronous comoving coordinates exist in this system. 

Eq. (2.24) is integrable, as 

t- ± [ R3/2 G (- f R) ] R - m 2F RO, 
(2 .25) 

where R0(r), G(y) and [Q(R)]~o are defined a 

R0 (r) = R(O, r ), (2.26) 

G(y) 

ArcsinJY ;r=y 
for 0 < y ::; 1 y3/2 y 

2 
for y = 0 ,(2.27) 

3' 
- Arcsinh y!=Y ;r=y 

for y < 0, 
( -y )3/2 y 

[Q(R)]~o = Q(R)- Q(R0
), (2.28) 

and the upper and lower signs in Eq. (2 .25) correspond to expanding and 

collapsing phases, respectively. H reaft r our main concern i turned on the 

collapsing phase. 
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Assuming that R is initially a monotonically increasing function of r 

and rescaling the radial coordinate r, we identify r with the circunlf rential 
radius R on the initial spacelike hypersurface t = 0. Hereafter we take this 
radial coordinate r. Then, regularity of the c nter requires 

f(O) 
R(t, 0) 

F(r) 
r3 

< 

0, 

0, 

oo at r ----r 0. 

(2.29) 

(2.30) 

(2.31) 

The solution can be matched with the Schwarzschild space- time at an ar­
bitrary radius r = rb if we identify the Schwarzschild mass parameter with 

F(r&)· 

2.3 Occurrence of Naked Singularity 

We concentrate on shell-focusing singularity. The nonextendibility beyond 
the shell-focusing singularity by the spherically symmetric space-time with 
dust was shown by Eardley and Smarr (1979). Eq. (2.24) implies that every 
mass shell labeled by r which is initially collapsing inevitably results in 
shell-focusing singularity. 

It is easily found that the time of the occurrence of shell-focusing singu­
larity t 5 ( r) and that of apparent horizon tAl-I ( r) is given by 

~G (- fr) 
N 2F' 
i 5 (r)- 2FG(- f). 

(2.32) 

(2.33) 

Therefore, the shell-focusing singularity which occurs at r > 0 is in the 
future of the apparent horizon. 

The non-central shell-focusing singularity is not naked. Indeed, suppose 
a light ray emanates from the shell-focusing singularity at som r 1 > 0, which 
is given by t = t( r). Then by continuity there must exist an E > 0 such that 
for r 1 < r < r 1 + E the light ray with positive expansion is later than the 
apparent horizon and earlier the shell-focusing singularities since the appar­
ent horizon is everywhere but at the cent r earlier than the shell-focusing 
singularities. This means 0 < R(t(r),r) < 2F(r) and dRjdt(t(r) r) > 0. By 
Eq. (2 .10) they lead to a contradiction. Thus the hell-focusing singularities 
possibly except for the central shell- focusing singularity are not visible to 
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an observer. Therefore it is ufficient to consider central shell-focu. ing sin­
gularity in order to examine whether or not strong naked singularity exists. 
By the above argument such a light ray must lie to the past of th apparent 
horizon . 

Here we show that th LTB solution from generic smooth initial data 
results in shell-focu ing naked singularity at the center r = 0. In order to 
investigate the existence of naked singularity, we investigate the geodesic 
equation for a future-direct d outgoing null geode ic which manates from 
the singularity. In the coordinates (2 .1), we d rive thereby the root equation 
which probes the naked singularity as follows (Joshi and Dwivedi (1993a)) . 
A future-directed outgoing null geodesic is given as 

dr v->. - -e dt - . (2 .34) 

Here we define 

(2.3.5) 

where a > 1 is determined by requiring that x has a positive finite limit x 0 . 

Note that the regular center correspond to a = 1. Then, from !'Hospital 
rule, we obtain 

xo 

(2 .36) 

Substituting the LTB solution obtained in the previous subsection, we obtain 

x 0 = lim --- 1 - R 
R' ( J j + 2F ) 

7'--+0 ara-1 vr+1 R=xoTCi 
(2.37) 

In order to obtain the root equation for the LTB solution we must have the 
explicit expression for R'. By differentiating both sides of Eq. (2 .2.5) with 
respect to r, we obtain the expression R' after a straightforward but rather 
lengthy calculation as, 

(2.3 ) 
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where N(x r) is given by 

Th refore, the desired root equation is 

_ N(x 0 , 0) 1. ( 1 V f + ~) xo - 1m - --'----
a r-+0 Jl+1 

with 

7J(r) 
rF' 
F' 

f3( T) {"!' for f ~ 0 
J' 

0, for f = 0 

p(r) 
Tj 
2F' 

P(r) pra-l, 

A(r) 
2F 
Ta' 

0(r) 
1 + f3 - 77 ( 77- ~/3) G( -p) 

- (1 + p)1/2r3(a-l)/2 + r3(a-l)/2 · 

(2 .:39 ) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

Note that a is determined uniquely by the requirement that 0( T) has a finite 
limit as T -----+ 0. 

For simplicity we assume that F( r) and f( T) are 

F(r) F3r3 + Fsr 5 + F7 r7 + · · ·, 
f(r) = f2r 2 +f4r4 +J6r6 +·· · . 

(2.4 7) 

(2.48) 

This implies that the density field and specific energy field are initially not 

only r gular but also smooth at the symmetric center. That is , the initial 

density and specific energy profiles are C functions on the entire real space 

T if extended to the negative T as even functions. Hereafter we assume 
F3 > 0, which ensures the positivity of the central energy den ity at t = 0. 

For marginally bound collapse, which is defined by f = 0, the positive finite 

root of Eq. (2.40) is obtained for F5 < 0 as 

xo = (- Fs ) 2/3 
2F3 
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with a = 7/3. F5 < 0 means f
11 (0 , 0) < 0. Therefore ther xist naked 

singularity in the marginally bound collap e with f
11 (0 0) < 0 initially. This 

was first proved by Chri todoulou (1984). 
On the other hand, for F5 = 0, it is easily found that the root equation 

(2.40) has no positive :finite root for any a > 1. Therefore, in this case, 
the singularity is spac like. For a homogeneous case, which is given by the 

marginally bound Oppenheirner-Snyder solution , the singularity is covered 
beca.us of F5 = 0. 

For non-marginally bound case f 2 # 0, Singh and Joshi (1996) found 
the following criterion for the occurrence of naked singularity. We define 

the quantity Q2 as 

Q2 = (1 _A) [2c (-A) (Fs _ 3!4) (1 +A) + 2f4 _ Fs]. 
4F3 2F3 F3 2]2 4F3 !2 F3 

(2 . .50) 
If Q2 is positive, then the singularity is naked, and the positive :finite root 

of Eq. (2.40) is given as 

(2.51) 

with a= 7/3. 
Singh and Joshi (1996) and Jhingan, Joshi and Singh (1996) also inves­

tigated more general class in which F( r) and J( r) are of the form 

F(r) 

!( r) 

F3r3 + F4r4 + Fsr 5 + F6r6 + F1r 7 + · · ·, 
!2r2 + j3r3 + j4r4 + fsr 5 + ]6r6 + · · ·. 

(2 .. 52) 

(2 . .53) 

This choice corresponds to the initial den ity and specific energy distribu­
tions which are not C on the entire real space r if extended to negative 

r as even functions. They found that a naked singularity also occurs from 

generic initial data in this extended space of data. They also showed that, for 

F3 > 0, F4 = Fs = 0 and F6 < -(26/2 + 1.5J6)F;12 for marginally bound 
collapse, Eq . (2.40) has a finite positive root x0 with a = 3 and hence the 

singularity is naked. x0 i given by the root of some quartic equation. In 

this thesis, we mainly restrict our attention to smooth initial data. 
With respect to the globality of the naked singularity, we can give a 

simple answer. If the expansion ofF( r) and f( r) around the center is the 

one in which a naked singularity occurs, we can immediat ly construct a 
spac -time with a globally or locally nak cl singularity, taking the sufficiently 

small or large dust ball. This can be don because the LTB solution can be 

24 



matched with the Schwarzschild space-time at an arbitrary comoving radius 

r = rb. 

2.4 Curvature Strength of Naked Singularity 

Here we investigate the curvature st rength of the naked singularity. We 

restrict our attention to the marginally bound collapse . It is noted that an 

analysis is very similar for non-marginally bound collapse . For rnarginally 

bound collapse, from Eqs . (2 .22), (2.25)-(2.2 ), we obtain 

R 

where is is given by 

R' 
' 

( 
i ) 2/3 

r 1-­
is 

(2 .54) 

(2 .55) 

(2 .56) 

At i = is(r), shell-focusing singularity occurs at a mass shell labeled by r . 

We consider a future-directed outgoing radial null geodesic which em­

anates from the singularity. We prepare the tetrad basis Eti) ( i = 1 2, 3, 4) 

with E(1 )E(l)a = E(2)E(2)a = -E(3 )E(4)a = -E(4)E(3)a = 1, all other prod­
ucts vanish and E(4) is the tangent vector of the geodesic. Define 

(2.57) 

where ka is the tangent vector of the null geodesic. Using Eqs. (2.21), (2 .34), 

(2.54) and the Einstein equation , we obtain 

(2 . .58) 

where ). is the affine parameter such that ). ___,. +0 corresponds to approach 

to t he singularity. From Eq. (2 .35), (2 .3 ), (2.47) and 

7 
N(xo, 0) = -xo, 

3 

F r2/3 
\ 2 2 3 
"' R(4)(4) ~ 14p --, 

xa 
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where p is given by 

l
. d ln r 

p= Jill--, 
r --.0 dln>. 

(2.61) 

and ~ means the equality up to the lowest order. In order to obtain the 

value of p, we write the geodesic equation for the radial null geodesic 

(2.62) 

Using the following rule of partial derivatives: 

Ur), = (:rt + (~:), UJ, 
( 

8 ) JV - ax ( 8 ) 
8T X+ T 8X r l 

(2.63) 

we obtain R" along the null geodesic as 

R"- 28 1/3 - g-xor (2.64) 

Using this, the null geodesic equation is reduced to the following form: 

(2 .65) 

The solution of the above equation is 

(2.66) 

where C and D are constants of integration. We should set D = 0. There­

fore, by substituting p = 3/7 into Eq. (2.60), 

). 2 R ,...__ 1 22;3 FS/3( F )-2/3r2/3 
(4)(4) ,...__ 7 3 - 5 . (2.67) 

On the other hand, in a spherically symmetric space- time, 

c(m) 0 
(4)(n)(4) - (2.68) 

holds, where m, n = 1, 2. Therefore, from Proposition 1.3.2, we conclude 

that SCC is not satisfied. Furthermore, from Eqs. (2 .66) and (2.67), we 

obtain 
R \-12/7 

(4)(4) ex "' · (2.69) 
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Therefore, from Proposition 1.3.6, LFC is satisfied. This means that a con­
gruence of light rays which hits the singularity is not crushed to zero area 
but is inevitably contracted. This result was first shown by - ewman (1986). 

Singh and Joshi (1996) and Jhingan, Joshi and Singh (1996) showed that, 
if we assume F and f are given in more general fonn (2 .52) and (2.53), 
even SCC may be satisfied. For exarnple, for F3 > 0, F4 = Fs = 0 and 

}6 < -(26;2 + 15J6)F:/2 
for marginally bound collapse, the singularity is 

naked and sec is satisfied . 

2.5 Divergent Behavior 

Here we see divergent behavior of the central shell-focusing naked singularity 
in the marginally bound dust collapse, both on the synchronous comoving 
time slice at which the naked singularity occurs and on the earliest outgoing 
null geodesic which emanates from the central naked singularity. We assume 
smooth initial density profile. Then F(r) is given in Eq. (2.47), where we 
take F3 > 0 and Fs < 0. 

First we set t = ts(O) = V2/(3yfF;) . Then, from Eqs . (2.47) and (2.55), 
the following behavior is easily derived at t = t 5 (0) for sufficiently srnall r : 

R ~ x r7/3 
0 ) 

7 R' ~ -x r4f3 
3 0 

On the other hand, 
F' ~ 3F3r2 

holds. Then, from Eq. (2 .21), we find 

From Eqs. (2.20), (2.47) and (2 .73), we conclude 

(2.70) 

(2 .71) 

(2.72) 

(2.73) 

(2 .74) 

(2. 75) 

on the spacelike hypersurface t = t5 ( 0) . This behavior around the naked 
singularity is the same for non-marginally bound collapse. The blow up of 
the central density is given from Eqs . (2.21), (2.47), (2 .55) and (2.56) as 

E(t, 0) ex (ts(O)- t)- 2
, (2.76) 
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whil , for r > 0, 
t(t,r) (ts(r)-t)- 1

. (2.77) 

Next we examine divergent behavior on the earliest future-directed out­
going rrtdial null geodesic from the central naked singularity which results 
from marginally bound collapse . From Eqs . (2 .35), (2.38) and (2 . .59), the 
behavior of R and R' on this null geodesic around the center is given as, 

R ~ 

R' ~ 

Therefore, we conclude 

m 

R 

Xo7.7/3, 

3 
-xo7.4/3 
7 

(2 .78) 

(2.79) 

(2 . 0) 

(2 .81) 

This behavior seen around the central naked singularity is also the same for 
non-marginally bound collapse. 

Integrating the null condition (2 .34) and using Eqs. (2 .23), (2 .54), (2 .. 5.5) 
and (2 .79), we obtain 

(2 .82) 

along the outgoing null geodesic which emana,tes from the singularity. Hence, 
through Eqs . (2 .66) and (2. 78), it immediately leads to the following relation: 

(2.83) 

around the center along the null geodesic, which means that the radial null 
ray is expressed by the straight line with the slope of 45° in the Rt-plane. 

From the above discussions, the following proposition holds both on the 
spacelike hypersurface t = t 5 (0) and on the null hypersurface which origi­
nates from the singularity first : the naked shell-focusing singularity is mass­
less ( m = 0) but the attraction force m/ R 2 and the tidal force m/ R3 diverge. 

2.6 Summary 

The collapse of an inhomogeneous dust ball, which is given by the LTB solu­
tion, results in shell-focusing na,ked singula,rity from generic initial data. The 
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collapse of a homogeneous dust ball , which is given by the Oppenheimer­

Snyder solution, results in covered singularity. Though the Oppenheimer­
Snyder solution has been believed to giv a typical sample of complete gravi­

tational collapse, the absence of naked singularity seen in this solution turns 
out to be not typical in general spherically symmetric dust collapse. 

Note that the assumption of pressureless matter is no more a good ap­

proximation of real rnatter in any situation with blow up of energy density. 
The reason why the Opp nheimer-Snyder solution is considered to imitate 

the physical black hole formation is that the formation of event horizon as­
sociates with no divergence of energy density. In this sense, this model for 

the black hole formation is self-consistent. 
The LTB solution is considered to be idealized too much to be realistic 

as physically realizable singularity formation in many respects , for example, 
zero-pressure, zero-temperature, no heat flow, no velocity dispersion , no 

rotation, spherical symmetry, no gravitational wave , and so on. It is very 
difficult to take all such effects into account, together. So , in the following , 
we will discuss separately some of such effects. 
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Chapter 3 

Matter \Vith Vanishing 
Radial Pressure 

3.1 Metric Functions 

3.1.1 Comoving C oor dinates 

The matter content in the LTB solution is a pressureless fluid . As an exten­

sion of the LTB solution, we consider a general de cription for spherically 
symmetric space-time with vanishing radial pressure. In the spherically 
symmetric space-time, the line element is written as Eq. (2 .1) using the co­
moving coordinates. The field equations are given by Eq. (2.5)-(2 .9). In the 

case where the matter ha,s vanishing radial pres ure, the field equations are 
given by substituting 

2:: = 0, 

into Eqs . (2 .. 5 )-(2.9) . The results are 

m' 47rt.R2 R' , 

m 0, 

R' Rv' + R'~, 

0 
R' 

-t.v' + 2II-
R' 

m ~ ( 1 - R'2 -2,\ + fl2 
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(3.1) 

(:3 .2) 

(3.3) 

(3.4) 

(:3 .. 5) 

(3.6) 



We introduce a function h( r, R) as 

R 
II= --h Rf 

2h ' ' 
(3.7) 

where the comma denotes the partial derivative. For example, Singh and 
Witten (1997) considered an equation of state as II = kc Then Eqs. (3.2)­
(3.6) are integrable to orne extent as 

m, 

f 

I v 

F, 

F' 
47f R2 R'' 
R '2h2 

1 + !' 
_!_hRR' 

h ' ' 
2F 1 + j 

-1+Jf+~, 

:2 [1+ f + ( -1+ 2:) hz], 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

where arbitrary functions F = F(r) and 1 + f = 1 + f(r) > 0 are the 
conserved Misner-Sharp mass and the specific energy, respectively. The 
value of the function h( r, R) > 0 has a rr1eaning of the internal elastic energy 
per volume and the dust limit is given by h = 1. The equation of state (3. 7) 
is derivable from the Lagrangian density A= - APo(t, r )h( r, R), where Po 
is the proper rest-mass density (Magli (1997)). Assuming that R is initially a 
monotonically increasing function of r and r scaling th radial coordinate r, 
we can identify r with the circumferential radius R on the initial pacelike 
hypersurface t = 0. If w take this radial coordinate r, regularity of the 
center requires 

f(O) h2 (0, 0)- 1, (3.13) 

R(t, 0) 0, (3.14) 

lv(t, O)l < oo, (3.1-5) 

F(r) 
< oo at T ---+ 0. (3.16) 

r3 

Note that we can set f(O) = h2 (0, 0) -1 = 0 because basic equations contain 
f and h only in the form of th ratio of h 2 to ( 1 + f). Using th r scaling 
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freedom of the time coordinate, we can set v(t , 0) = 0. The solution can be 

matched with the Schwarzschild space-time at an arbitrary radius T = Tb if 
we id ntify the mass para1n ter with F( Tb) · 

If the equation of state for the matter is independent ofT, i. e., 

h = h(R) , 

then qs. (3 .11) and (3 .12) are decoupled and integrated ti s 

2v 

t = 

1 
h2' 

± {R h(x) [-1 + 2F(T) + 1 + j(T) l -1/2 dx , 
j R O ( r) X h (X )2 

(3 .17) 

(3.18) 

(3 .19) 

where R0(T) = R(O, r) is the initial circumferential radius of a mass shell T. 
However, since in general the h(r, R) depends on T , Eqs. (3.11) and (3 .12) 
are coupled and hence cannot be integrated explicitly. 

3.1.2 Mass-Area Coordinates 

We review the derivation of an exact solution with vanishing radial pressure 
in the mass-area coordinates by Magli (1998) . The mass-area coordinate 
system was first introduced by Ori (1990). The line element is written in 
this coordinate system as 

ds2 = -A(m, R)drn2
- 2B(m, R)dm,dR- C(m, R)dR2 

+R2 (dtP + sin 2 Bdqi ). (3.20) 

Since the Misner-Sharp mass m conserves with respect to each fiuid element, 

the 4-velocity of the fiuid element is written as 

(3 .21) 

wh re u is defined as 
dR 

U = UR = -, (3 .22) 
dT 

and T is the proper time of the fiuid element . From the normalization 

condition ui-LuJ-L = -1, we obtain 

1 
C=2· 

'l.l 
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Since the space-time ca,n be matched with the Schwarzschild space-time 

at an arbitrary m, the contponent A of the m tric tensor should be written 

in th form 

( 
2m,) A=H 1-R , (3.24) 

where H is defined by 
H = B 2

- AC. . (3.2.5) 

The derivation of the relation (3 .24) is as follows . 
We use the fact that the space- time can be matched at an arbitrary 

comoving radius with the Schwarzschild space-time 

Substituting 
dT = T,mdm + T,RdR (3.27) 

into Eq. (3.26), we obtain 

-(1- 2
m) T 2 dm2

- 2 (1- 2
m) T TRdmdR R ,m R ,m , 

[ ( 
2m) 2 ( 2m)-l] 2 

- 1 - R T,R - 1 - R dR 

+R2(dfP + sin2 Bdqi) . (3.28) 

Comparing with Eq. (3.20), we obtain 

A ( 
2m ) 2 

1- R T,m, (3.29) 

B ( 2rn) 
1- R T,mT,R, (3.30) 

c ( 
2m) 2 ( 2m) -l 

1- R T,R- 1- R (3 .31) 

From 
H = B 2

- AC = T 2 
,m1 (3.32) 

we obtain the desired equation. 
The energy density E is expressed by the quantities in thes coordinates 

as 
h 

E= ' 
47r R2 jujE.Jii 

(3 .33) 
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where E( m) is defined by 

(3.34) 

and p-l is the inverse funct ion of F . The derivation of Eq. (3.33) is as 
follows. 

In the comoving coordinates, the line element in the radial direction on 
the pacelike hypersurface L;t which is orthogonal to the velocity field of 
ev ry fluid element uM is written as 

(:3 .35) 

where we have used Eq. (3 .10) for the second equality. In the mass-area coor­
dinates, the 4-velocity of each fluid element is given by Eq. (3.21). Thereby, 
the radial curve on L;t is given by the following equation: 

dR B 

dm C 
(3 .36) 

Hence, the line element in the radial direction on L;t is written as 

(3 .37) 

Then, the requirement of equivalence of these two expressions leads to 

R'2h2 
II om 1

2 
H 

--=-- =-F' 2 . 
1 + f c or t c (3 .38) 

Using Eqs . (3 .9) and (3.23), and assuming that E is nonnegative, we obtain 
the desired equation . 

3.1 .3 Fie ld Equations 

Since, in these coordinates, the stress-energy tensor with vanishing radial 
pre sure is written as 

f-l=m R () ¢ 

fm ( 
0 -Bu2

E 0 !} TM = 0 -E 0 
(3.39) 

!I 0 0 rr 
0 0 0 
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the Einst in equa.bon is giv n as 

e m = ~ [1-A - R(A) l = 0, m R2 H H ,R 
(3.40) 

GRm 1 (A) = - R H = -81r Bu
2

£ , 
,m 

(3 .41) 

GR = -R~ [ B~,R - C,m l = 0. (3 .42) 

The other components of the Einstein equation are not independent of the 
above three equations . 

3.1.4 Integration 

The above equations are ea ily integrated. Eq. (3 .24) automatically satisfies 
Eq. (3.40) . Substituting Eqs . (3 .24) and (3 .33) into Eq. (3.41) , we obtain 

(3.43) 

From Eqs . (3 .23) and (3.43) , we obtain 

J 2m £
2 

u= ± -1+ -+-R h2 . 
(3 .44) 

Substituting Eqs . (3 .23) and (3.43) into Eq. (3.42) , we obtain 

( Jli) R = _!!_ (__!_) . 
' E lui ,m 

(3.45) 

Integrating this equation, we finally obtain the explicit expression for JH 
as 

= g(m) + JR G(m, x)dx, (3.46) 

G(m, x) -~ c~~t 

= x~ (l+~ ( ~:)J (3.47) 
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where g( m.) is an arbitrary function. g( rn) is determined by sp cifying the 
initial data a.s 

Ro 

g(m.) = jH(n~,R0(m, ))- j G(n~,x)dx, (3.48) 

where R0 is defined by 

(3.49) 

3.1.5 Initial Data 

From the two expressions for the energy density E, (3.9) and (3.33), we obtain 

fJRI = R' = El· i/H am t F' h u . 
( 3 . .so) 

Using this equation, w obtain the initial value for /Has 

(3 . .51) 

where u0 is defined by 

Then, Eq. (3.46) becomes 

Vii= jH(m,R0(m)) + {R G(m,x)dx. (3 . .53) 
JR0 (m) 

We summarize the obtain d rnetric functions. 

A = H (1 -
2
;;'), (3 . .54) 

B 
E/H 

= -hGT, (3 . .5.5) 

c 1 
= 

u2 
(3 .. 56) 

'll = J 2m E' ± -1+1f+h2, (3 .. 57) 
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r 

( 

2m £2 ) -3/2 
X -1 + ----;;--- + h,2 dx, (3 .58) 

± _1 + 2rn + E 2 (m,) 
R0 (rn) h2 (m,R0 (rn)) ' 

(3 .. 59) 

h 
E = (3 .60) 

Then, shell-crossing singularity occurs when uJll = 0 is satisfied. If shell­

crossing occurs, the solution is no longer valid after that . 

3.2 Existence of Central Naked Singularity 

We will examine the nakedness and curvature strength of the central shell­
focusing singularity, following Harada, Nakao and Iguchi (1998) . If and 

only if the singularity is naked, there exists a future-directed outgoing null 
geodesic which emanates from the singularity. In the mass-area coordinates, 

we can derive the root equation which probes the existence of such geodesic 

as follows . The radial null geodesics are given as 

dR 

drn 
-B =f VH 

c 

Villul ( ~ 'F lui) · (3.61) 

Iote that we will denote E/h as 1/h for the rest of this chapter as a matter 
of convenience . Of course, this change of notation does not imply any loss 

of generality. We should note that the upp r sign refers to an outgoing null 
ray in a collapsing phase and an ingoing null ray in an expanding phase at 
the same time. Similarly, the lower sign r fers to an ingoing null ray in a 
collapsing phase and an outgoing null ray in an expanding phas at the ame 
time. Hereafter we mainly concentrate on a collapsing phase. 

Here we define 
R 

y = 2rn!3 ' (3.62) 
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wher > 1/3 is d t rmin d by requiring that y has a positive finite limit 

y0 . Note that we will only consider naked singularities with such {3. The 

regular center corresponds to (3 = 1/3. Then, frorn the !'Hospital 's rule, we 

obtain 

Yo "l• R I un --
m___. o 2rnJ3 

m
1

- (J dR I ]im---
m-+0 2(3 drn 

13 R=2yom 

m
1
- fJ . (1 )I 

Ji.::'o 21Jiul JH h 'f lui R=2yom~ . (3.63) 

We will assume the existence of every limit in this chapter including ±oo. 
Therefore, we obtain the root equation 

Yo ]___ lim [m3(I-fJ)/ZJ]j J(-1 + ~) m -(l- (J ) + ~ 
2(3 m-+0 h2 Yo 

(1 Jmi- (3 1)] X -=j= ---1+-
h Yo h2 

R=2yom f3 

In order for y0 to be positive and finite, f3 must satisfy 

From u2 ~ 0 and 0 < Yo < oo, 

1 
-<{3<1. 3 -

(3.64) 

(3 .65) 

(3.66) 

holds along the null ray which emanates from the singularity. Here we should 

note that, if the singularity is critically naked, i .e., 

2rn 
lim -R = 1 

m-+0 
(3.67) 

is satisfied along the null ray, higher ord r analysis is needed. 
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3.3 Curvature Strength of Naked Singularity 

We consider a radial null geodesic which emanates from or terminates at 
the naked singularity. vVe prepare a para.llely propagated tetrad E(i) : ( i = 
1, 2, 3, 4) with E(l)E(l)a = E(2)E(2 )a = -E(3 )E(4 )a = -E(4 )E(3)a = 1, all 
other products vanish and E~ is equal to the tangent vector ka of the null 
geodesic. In a spherically syrnmetric space-time, 

c(m) 
(4)(n)(4) = 0 (3 .68) 

is satisfied for m, n = 1, 2. Define 

(3 .69 ) 

where R(4)(4) is given by 

(3. 70) 

and A is the affine parameter such that A ____,. +0 corresponds to an approach 
to the singularity. Then, from Propositions 1.3.2, 1.3.3, 1.3.5 and 1.3.6, we 
obtain the following lemma: 

Lemma 3.3.1 For the radial null geodesic which emanates from or termi­
nates at the singularity in the spherically symmetric space-time: sec is 
satisfied if p is positive for a = 2, and not satisfied if p is equal to 0 for 
a < 2. LFC is satisfied if p is positive for a = 1, and not satisfied if p is 

equal to 0 for a < 1. 

Since the null geodesic is given as 

kR = -B =f ·/H km 
c ' 

we obtain, from the form of the stress-energy tensor (3.39), 

Then, 

~JuJh ·VJi (2m) 2 

(~ drn)
2 

2 R m dA 

(3q2 1-(3 h? 
-m 
Yo 1 =f hJuJ 
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hold , where q is defmed by 

and we have used Eq. (3.63). 

q =lim dlnrn 
m-+0 dln A 

We should note that, for ((3, y0 ) -# (1, 1), 

h2 
0 < lim hi I < oo, m----,.0 1- 'U 

h2 
0 < lirn < oo 

m-+0 1 + hlul 
hold, where the equality holds only when 

lim h = 0 
m-+0 

is satisfied . Therefore, we obtain 

R(4)(4) o:: _Aq(I- .6)-2, 

(:3.74) 

(3 .7.5) 

(3.76) 

(3 .77) 

(3.78) 

for the outgoing null g odesic with 0 < q < oo and ({3, y0 ) -# (1, 1), and for 

the ingoing null geodesic with 0 < q < oo, ((3, y0 ) -:/ (1, 1) and limm-+O h > 0. 
In summary, we pre ent the following theorems: 

Theo rem 3.3 .1 For the outgoing radial null geodesic which emanates from 

the non-critically naked singularity with 0 < q < oo : if and only if 1/3 < 
(3 < 1 and 1 I ( 1 - (3) < q < 00 are satisfi d, neither sec nor LFC holds, if 

1/3 < {3 < 1 and 0 < q :s; 1/(1 - (3) are satisfied, not SCC but only LFC 

hold. , and if and only if (3 = 1 is sati fled, both SCC and LFC hold. 

Theo rem 3.3.2 For the ingoing radial null geodesic which terminates at 

the non-critically nak d singularity with 0 < q < oo and limm-+o h -:/ 0: if 

and only if 1/3 < {3 < 1 and 1/(1 - (3) < q < 00 are satisfi d, n ither sec 
nor LFC holds, if and only if 1/3 < (3 < 1 and 0 < q :s; 1/(1 - (3) are 

satisfied, not SCC but only LFC holds, and if and only if (3 = 1 is satisfied, 

both SCC and LFC hold. 

In order to estimate q, we must solve the null geodesic equatjon 

dd). ( VJlkm) ± ~ [A,R + 2B,Riullfl G =f lui) 

+C,R u2 H G =f lui) 2] (km)2 = 0, 
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where we have used th null condition (3.71). From Eq. (3.4.5 ) we obtain 

. h (2 (1) ) Jii,R = 2lul3 R + h2 ,m . 
(3.80) 

Using this, the following expressions are derived: 

(3.81) 

(3.82) 

(3.83) 

Using these expressions , we finally obtain the radial null geodesic equation 
for n1, ---+ 0 in the explicit form 

(3.84) 

where the ordinary derivative is taken along R = 2y0 m !3 . On the other hand , 
if m is proportional to Aq along the null geodesic, the following equation 
holds: 

d
2
rn = (l _ ~) ]__ (dm) 2 

d:A 2 q m d:A 
(3.85) 

Comparing Eqs . (3.84) and (3.85) , we can determine q and therefore the 
curvature strength of the singularity only from f3 and h( m , R = 2y0 m !3 ) . In 
evaluating the right hand side, we should note 

R ::::::::: 2y0 m {3 , (3 .86) 

lui ::::::::: m(l-fJ)/2J _I:_+ m-(1-fJ) (_I:_ - 1)' 
Yo h2 

(3.87) 

Jjj ::::::::: 
{3R h 

m I ul(l =f hlul)" 
(3.8 ) 
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3.4 Gravity-Dominated Singularity 

Her we defme the "gravity-dominated" singuhuity as follows: 

Definition 3.4.1 A central singularity is said to be gravity-dominated if 

and only if 

lim !i_ (~ - 1) = 0 
m---+0 2m h2 

(3 .89) 

is satisfi d along a radial null geodesic which emanates from or terminates 

at the r;;ingularity. 

For the gravity-dominated singularity, the collapse is induced dominantly 
by the gravitational potential energy (see Eq. (3.12) or (3.44)) and the null 

geodesic equation is controlled only by the gravitational potential. The 
latter can be shown by the following proposition : 

Proposition 3.4.1 For the gravity-dominated singularity1 

is satisfied. 

R d 1 
lim ----= 0 

m---+0 2m d ln rn h2 
(3.90) 

Proof. We use R ~ 2y0 m f3 along the null geodesic. Then, for f3 < 1 the 

!'Hospital's rule applies. For f3 = 1, we set f = h-2 
- 1. Then condition 

(3 .89) implies limx_.o f(x) = 0. From the mean value theorem, there exists 

c E ( 0, x) for any x > 0 such that 

I c !' (c) I = I/ ~X) I ::; If (X) I· 

From the existence of the limit, it must be zero. D 

This class contains very wide range of naked singularities . Furthermore 
it might be thought that, if the gravitational collapse of physical matter 

from regular initial data results in the central naked singularity formation, 
the singularity would be gravity-dominated at least within our knowledge. 

For the gravity-dominated singularity, Eqs. (3.87) and (3 . ) become 

lui~ y~ 112 m(l-(J )/ 2 (3.91) 

and 

2(3, 3/2 -3(1- (J)/2 Yo m , for < 1 
2y6 

1/2 ' 
Yo =f 1 

for f3 = 1 and Yo "# 1 
(3.92) 
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For j3 < 1, sine Eq. (3. 4) becomes 

we obtain 

d2m. = ( _ j3)~ (drrt) 2 

dA 2 
1 

rn dA ' 

1 
q-­- j3 . 

Then, 1 < q < 3 and R ex A hold . Eq. (3.7 ) becomes 

R(4)( 4) ex A- 3+ I/,6 _ 

(3.93) 

(3 .94) 

(3.9.5) 

Therefore SCC is not satisfied. LFC is satisfied for 1/2 :s; j3 < 1, while LFC 
is not satisfied for 1/3 < j3 < 1/2. 

For j3 = 1 and y0 i= 1, Eq. (3.84) becomes 

d
2 
rn 1 1 ( d m) 2 

dA 2 = - 2(y~/2 =F 1 )y~/2 rn dS: (3.96) 

Therefore we obtain 
2(y~/2 =F 1)y~/2 

q - --=------=----

- 2(y~/ 2 =F 1 )y~/ 2 + 1' 
(3.97) 

Then, 0 < q < 1 and Rex Aq hold . Eq. (3.78) becomes 

R(4)(4) ex A-2
. (3.98) 

Therefore both SCC and LFC are satisfied. 
In summary, we present the following theorems: 

The orem 3 .4. 1 For the gravity-dominated non-critically naked singularity: 

if and only if 1/3 < j3 < 1/2 is satisfied, neither SCC nor LFC holds, if and 

only if 1/2 :S j3 < 1 is satisfied, not SCC but only LFC holds, and if and 

only if j3 = 1 is satisfied, then both SCC and LFC hold, for th radial null 

geode ic which emanat s from or terminates at the singularity. 

Theore m 3.4 .2 For the gravity-dominated non-critically naked singularity: 

1
. R 
lm­

m-+OA 

along the radial null geodesic which emanates front or terminal at the sin­

gularity is nonzero finit e value or infinity. If and only if the limit converges, 

SCC do s not hold1 and if and only if the limit diverges1 both SCC and LFC 

hold1 for the null geodesic . 
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3.5 LTB Solution in Mass-Area Coordinates 

s an example, if we consider marginally bound dust collapse, i.e., E = 1 
and h = 1, the integration can be executed by hand and we obtain the 
marginally bound LTB solution in the mass-area coordinates . 

A H (1- 2~'), (3 .99) 

B 
Jii 

(3.100) 
i'ul ' 

c 1 
(3 .101 ) 

2' u 

u fi ± R' (3 .102) 

Vii ~m'/3(m-1/3 Ro) + ~ ( !!_ r/' 
,m 3 2m (3 .103 ) 

1 
(3 .104) E 

4n- R 2 lul Vii. 

We restrict our attention to a collapsing phase. We set the initial space­
like hypersurface as 

(3 .105) 

which corresponds to the choice of the radial coordinate in the co moving 
coordinates as R(O , r) = r. 

First we give the function F( r) as 

(3 .106) 

which corresponds to generic smooth initial data. For F3 > 0 and F5 < 0, 
Eq. (3.64) has a finite positive root 

( 
-Fs ) 2/3 

Yo = 4J2Fi3/6 
(3.107) 

with {3 = 7/9. Then, from Theorem 3.4.1 not SCC but only LFC is satisfied 
for the radial null geodesic which emanates from the singularity. 

Next, if we give F(r) as 

(3.108) 
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which corresponds to non-generic regular initial data. For F3 > 0 and 

F6 < -(26/2 + 15J6)F; 12 , Eq. (3.64) has a finite positive root Yo with 
{3 = 1, where y0 > 1 is expressed using the root of some quartic equation. 
Then, from The01·ern 3.4.1, both SCC and LFC are satisfted for the outgoing 
radial null geodesic which emanates frorn the singularity. 

For the above two cases, the curvature strength is exactly the same for 
the ingoing radial null geodesic which terminates at the singularity. 
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Chapter 4 

Counterrotating Particles 

In Newton gravity, the final fate of the gravitational collapse of a cloud 
of collisionless particles crucially depends on whether or not it is initially 
rotating and whether or not its velocity di persion vanishes. Hence, also in 

general relativity, it is expected that rotation and velocity dispersion would 
play a crucial role . In general case, the collapse of a rotating cloud will 
proceed in a very aspherical manner. It is , however, known that spherical 
symmetry is very helpful simplification in investigating the space-time. Here 
we introduce counterrotation of collisionless particles which is consistent 
with spherical symmetry in order to know the effect of rotation and velocity 
dispersion on the shell-focusing naked singularity formation. 

A spherical cloud of counterrotating particles has been studied by sev­

eral authors. The static case was :first investigated by Einstein (1939) . The 
static rnodel is often referred to as an "Einstein cluster". Recently, Comer 

and Katz (1993) studied its mechanical stability. The dynamical model was 
investigat d by Datta (1970), Bondi (1971) and Evans (1976). Evans (1976) 
also studied the infinitesimally thin case, i.e., a self-gravitating counterro­
tating shell. They obtain d partially differential equations for the metric 
functions and had qualitative understanding, but could not obtain the met­

ric functions in the explicit integral form. This system is described by a 
fluid with vanishing radial pressure as will be shown below. Here we will 

determine the metric functions in the explicit form and ther by see how 
the occurrence of the shell-focusing nak d singularity in the LTB solution is 

altered, following Harada, Iguchi and akao (199 ). 
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4.1 Construction 

Suppose we are given a spherically symmetric space-time . In a spherically 
symmetric space-time, without loss of generality, the line element is written 
by Eq. (2.1 ). We assume that each particle has negligibly sn1all mass m 

and that collisions of particles are negligible. If we put a particle with a 
certain velocity and a certain inclination a (0 :=:; a < 27r) with respect to 
the equatorial plane e = 7f /2 at a certain point, it begins to move along a 
timelike geodesic in the plane inclined by the angle a. We choose the radial 
coordinate r as the one which follows the radial motion of the particle. 

The geodesic equation of the particle is integrable as 

( 4.1) 

(4.2) 

( 4.3) 

( 4.4) 

where ut-t = dxt-t /d).. is the 4-velocity of the particle, and ).. is the proper 
time of the particle. L and M are constants of motion, which are the mag­
nitude and z-component of the specific angular momentum of the particle, 
respectively. M satisfies 

M = Lcosa. ( 4.5) 

Moreover, from the condition for the radial coordinate 

dr d2 r 
d).. = d)..2 = 0, (4.6) 

we obtain the condition for the lapse function, 

( 12) -l R' 
v' = 1 + R2 R. (4.7) 

We put another particle at the same point with the identical phase of 
the identical orbital motion except for the inclination. Repeating this many 
times, we can finally obtain the homogeneous distribution with respect to 
the inclination with common orbital motion at the point. We also obtain the 
homogeneous distribution with respect to the inclination at another point of 
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the same r. R peating this rnany times, we can finally obtain a. sufficiently 
homogeneous sh ll of collisionless particles at r with the common phase 
of the common orbital motion. We call this a thin shell . A thin shell 
is characterized by its energy density, specific energy and speciftc angular 
momentum . By constructing the thin shell, we recover spherical symmetry 
in the matter distribution. If we put together a. lot of thin shells with 
smoothly distributed energy density, specific energy and specific angular 
momentum with respect to r, we can obtain a. thick shell or a spherical 
cluster of counterrotating particles. 

We regard this as a. source of the spherically symn1etric gravitational 
field which has been dealt with until now as if it was a. given "background" 
space-time. Clearly, isotropic tangential velocity dispersion is introduced. 
Coherent local radial motion is allowed, while local radial velocity dispersion 
is not allowed . 

4.2 Stress-Energy Tensor 

By spherical symrnetry, without loss of generality, we concentrate on a point 
p on the equatorial plane in estimating the averaged stress-energy tensor. 
Frorn Eqs . ( 4.3) , ( 4.4) and ( 4.5), we parametrize the tangential velocity by 
the inclination angle a as 

L(r) . 
R2 s1n a, ( 4.8) 

L( r) cos a 
R2 (4.9) 

for each particle comprising the thin shell at r, where L(r) is the common 
specific angular momentum of each particle on this thin shell. By con­
struction, particles that pass through p are distributed homogeneously with 
respect to the inclination angle a . Therefore, if we average ui-Luv with re­
spect to the inclination angle a at p, we obtain, from Eqs . ( 4 .1 ), ( 4.2), ( 4.8) 
and ( 4.9), 

< UJ.L1Lv >a 1 [~ - daui-Luv 
27f 0 r- (1 f ~~) 0 0 j,) 0 0 

(4.10) 
0 1 £2 

2 R 2 

0 0 2 R 2 
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Here, w note that the incl.ination-averaged tress-energy tensor T~ is given 
a. 

(4.11) 

w h r n = n( t, r) is the proper number density of particles. Th n we finally 
obtain T~ for the spherical cluster of counterrotating particl s in the form 

of Eq. (2.2), where E, ~ and II are 

E mn (1+ ~: ) , 
~ 0, 

II 
mn L 2 

--
2 R2 ' 

respectively. The "equation of state" for the cluster is given as 

(4.12) 

(4.13) 

(4.14) 

(4 .1.5) 

This stress-energy tensor is consistent with spherical symmetry of the space­
time . Note again that the specific angular momentum may depend on the 
radial coordinate r. 

4. 3 M etric Funct ions 

The derivation of an exact solution with general tangential pressure in the 
mass-area coordinates has been described in Chap. 3. From the equation of 

state for the cluster ( 4.15) and boundary condibon h(O , 0) = 1, the function 

h( r, R) is given as 
L2 

h2 = 1 + R2 , (4.16) 

where L = L( r ). We should note that, although the definition of h( r, R) 
includes the ambiguity of factorizing by an arbitrary function of r, it can be 
placed on the function J(r) . Since, in this mod 1, h(r, R) d pends on r, the 
coupled partially differential equations in the cornoving coordinat s cannot 
be decoupled. Adopting the results obtained in Chap. 3 to the present prob­
lem , we obtain the explicit form for the metric functions giv n in Eq. (3.20) 
as follows: 

( 4.17) 
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B = -EVJi[E2 -2V(R;m,)]-
112

, ( 4.1 ) 

c = (1+ ~: ) [E
2
-2V(R;m)r, (4.19) 

'U ( 
L2) -1/2 1/2 

± 1 + R2 [E2
- 2V(R; m,)] , ( 4.20) 

VH(m,R) = (Ri ,m ( 1+ (~:)2 ) [E2- 2V(Ro· m)r/2 

+ {R 2_ [ (1 + L2) 2 + ~ (1 + L2) x£2 - £2 L~ l 
} Ro E X 2 2 X 2 'm 2 X 

[ ] 
-3/2 dx 

x E 2 -2V(x;m) ~, (4.21) 

f = 
4" R2~Jii ( 1+ ~:) [E2

- 2V(R; mf112

, ( 4 .22) 

where the effective potential V(R; m) is defined as 

V(R;m) = Hl- 2
;) (1+ ~:) 

1 m L 2 mL2 

= 2 - R + 2R2 - R3 . ( 4.23) 

The integral in the expression of Jii is reduced to 

{R 2(x2 + L2)2 + x3 [(E2),m(x2 + L2) _ (L2),mE2] 

} Ro 2E[(E2- 1)x3 + 2mx2 - L 2 x + 2mL2) 
1 

x dx. 
J (E 2 - 1)x4 + 2mx3 - L2x2 + 2mL2x 

( 4.24) 

Therefore we find that the general solution is expressed by an elliptic inte­
gral . 

If L( m) = 0, the solution is reduced to the LTB solu tion in the mass-area 
coordinates which is presented in Sec. 3.5. If E( m,) = 1 and L( m,) = 4m, 
the integral is expressed by lementary functions as follows: 

(4.25) 
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B 

c 

X 

R{Rii 
IR- 4nt l V 2;;; ' 

R(R2 + 16nt2
) 

2nt( R- 4nt )2 ' 

2nt 
±iR- 4m.l 

R(R2 + 16m.2)' 

(R0
) ((R0

)
2 +16m2

) 
,m + sign(R0 - 4m,) 

IR0 - 4m l J2ntR0 

[(
(R- 8nt)

2 
+80m

2 /R + 4 /2 ln Jii + 2JTii ) 
3m(R- 4m) V ~ 1/R- 2JTii l 

(4.26) 

( 4.27) 

( 4.28) 

-+4v2n 4.29 
(

(R
0

- 8m)
2 

+80m
2 ~0 

r;:.; l VfiO + 2.j7n) l ( ) 
3m(R0 -4m) 2m IJR0-2Jml ' 

( 4.30) 

4.4 Causal Structure 

Now that we have obtained the explicit expression for the metric functions, 

we investigate singularities which may occur in the collapse of a spheri­

cal cloud of counterrotating particles . Since shell-crossing singularities are 

widely believed not to be true singularit ies, we concentrate on shell-focusing 

singularities . Furthermore, as in the dust case, no light ray can emanate 

from non-central shell-focusing singularities b cause R = 0 < 2F for r > 0. 

Therefore it turns out to be sufficient to consider central shell-focusing sin­

gularity in order to discuss whether or not naked singularity exists . 

4.4.1 General Case 

The motion of each thin shell labeled by r is described by Eq. (3 .12) or 

( 4.20), which transforms as 

1 ( L2
) (dR) 2 

1 ( 2F) ( L2
) 1 - 1 + - - + - 1- - 1 +- = -(1 +f) 

2 R 2 dr 2 R R 2 2 ' 
( 4.31) 

where Tis the proper time of the thin sh ll, i.e ., dr = ev dt. By investigating 

the shap of the effective potential V(R; m), we obtain qualitative under-
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tanding about the ruotion of each shell. The motion of a mass shell labeled 
by r is the same as the radial motion of a test particle with the specific 
angular nwrnentum L( r) and specific energy ( 1 + f( r)) in the Schwarzschild 
space-tim of which mass parameter is F( r ) . The factor (1 + L2 

/ R 2
) in the 

first term in the left hand side of Eq. ( 4.31) is the Lorentz factor which origi­
nates from the cliff renee between .\,the proper time of the particle which is 
orbiting the center, and T, that of the shell-cornoving observer which moves 
only in the radial dir ction . 

In convenience for further discussions, we adopt here the radial coor·di­
nate r which agrees with the circumferential radius Ron the initial spacelike 
hyper urface t = 0. Frorn this choice of the radial coordinate, the initial ra­
dius R0 (m) is specified as 

( 4.32) 

We a sume that not only regular but also smooth initial data. before the 
occurrence of the central singularity. From this assumption, the metric 
variables in the comoving coordinates can be expanded as 

v(t,r) 

R(t, r) 

vo ( t) + v2 ( t) r 2
 + · · · , 

Rr(t)r + R3(t)r3 + · · ·, 
( 4.33) 

( 4.34) 

and we set v0 (t) = 0 by u ing the rescaling freedom of the time coordinate. 
From the choice of r, we obtain 

( 4.35) 

Then from Eqs . (3.11) and (3 .12), the arbitrary functions F(r), J(r) and 
L 2 ( r) should be expanded as 

F(r) 

f(r) 

L2 (r) 

F3 r 3 + F5 r
5 + · · · , 

f2r 2 + j4 r4 + · · · , 
L4r4 + L6r6 + · · ·. 

From Eq. (3 .9), the energy density should be expanded as 

E(t, r) = Eo(l) + E2(t)r2 + · · · 

and then the energy density at the center is given by 

3F3 
E(l,O)=Eo(t)= R() 3 . 

47r 1 t 

52 

( 4.36) 

( 4.37) 

( 4.38) 

( 4.39) 

( 4.40) 



Observing the lowest order of Eq. (4 .20) or (4.:31), the tirne development of 
R 1(t) is giv n by 

( 4.41) 

Frorn Eqs . ( 4 .35) and ( 4.41), we obtain the condition for initial data 

( 4 .42) 

The equality holds only when R1 (0) vanishes. 
First we consider th case of L 4 > 0. This condition corresponds to the 

generic initial data within this model. Then, from Eq. ( 4.41), we find that 
R 1 ( t) cannot vanish . Therefore no central singularity occurs for L 4 > 0. 
This result was first shown by Evans (1976). Next we examine the motion 
of the shell r > 0. From Eq. ( 4 .20) or ( 4.31), allowed regions for given r are 
obtained by 

1 
V(R; r) ::; 2(1 + f). 

For sufficiently small r, we find 

V(R;r) ---* -00 as R ---* 0, 

V(2F; r) 0, 

V(4F; r) 
1 L 2 1 

~ 64 p2 > 2(1 +f) 

V(R;r) 
1 

as R---* oo . ---* -

2 

( 4.43) 

( 4 .44) 

( 4.4.5) 

( 4.46) 

( 4.4 7) 

Considering that V ( R; r) - ( 1 + f) /2 for fix d r has at mo t thre zeros and 
that f( r) = 0( r 2

), the allow d regions are given as 

0 ::; R ::; R1, Rn ::; R, (for f ~ 0), 

0 ::; R ::; R1, Rn ::; R::; Rni, (for f < 0), 

( 4.4 ) 

( 4.49) 

where R1 < Rn < Rni are positive zeros ofV(R; r)-(1+ f)/2 . The following 
inequality is satisfied: 

2F < R1 < 4F < Rn . (4 . .50) 

From F = 0( r 3 ) around r = 0, R(O , r) = r cannot be in the inner allowed 
region 0 ::; R ::; RJ. This m ans that R(t, 1·) must be in the outer allowed 
region at t = 0. Therefore we conclude that the region around r = 0 
which was initially in a collapsing phase , necessarily experiences a bounce 
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and begins to expand . The motion after that is an eternal expa.nsiou for 

f 2: 0 or oscillations for f < 0. This impLe that, due to the inequality 
R > Ru > 4F > 2F, the r gion around r = 0 is untrappecl. We summarize 
this case by no central singularity, no apparent horizon and a bounce of the 
region around the center. 

vVe proceed to the cas of L 4 = 0. Though this condition corresponds to 

zero-mea ure initial data within this rnodel, we examine this case because 
some interesting facts a.r found . From Eq. (4.41), we find that the initially 

collapsing cloud inevitably form central shell-focusing singularity after a 
finite proper time. In order to see whether this central singularity is naked 

or covered, we examine the motion of the region around the center. Here 
we define 

L LI/2 
D = Lm- = - 6

- . 
r---tO F F3 

For D > 4, for sufficiently small r > 0, we find 

V(R; r) ---+ -00 as R ---+ 0, 

V(2F; r) 0, 

V ( ~
2 

F; r) ;::::::: 
1 4(D

2 
-16) 1( f) 

2 + D 4 > 2 1 + ' 

V(R·r) 
1 

R---+ oo. ---+ - as 
2 

Then, the allowed regions are given as 

0 ~ R ~ Rr, Rn ~ R (for f 2: 0), 

0 ~ R ~ Rr, Rn ~ R ~ Rnr (for f < 0), 

where the following inequaLty is satisfied : 

D2 
2F < Rr < 4 F < Rn. 

(4.51) 

(4.52) 

( 4 .. 53) 

( 4.54) 

(4 .55) 

( 4 .56) 

( 4.57) 

( 4 .. 58) 

In th same way as for the case of L 4 > 0, we conclude that the region around 
r = 0, which was initially in a collapsing phase, necessarily experiences a 
bounce and begins to expand. The motion after that is an eternal expansion 

for f 2: 0 or oscillations for f < 0. This irnpli s that, due toR > Rn > 4F > 
2F, the region around r = 0 is untrapped . Therefore the central singularity 
is naked. Since the space-tirrte can be matched to the Schwa.rzschild space­
time at an arbitrary radius r = rb, we can construct th space-time with a 
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globally naked singula.rity. The results given a.bove do not depend on details 
of initial density di. tribution. 

For D = 4, the behavior depends on the higher order terms. We will 

present the critical case in which f(r) = 0 and L(r) = 4F(r) in the next 
subsection. 

Then we proceed to the case 0 ~ D < 4. Consider the sign of 

g(R; r) 2R(R2 + L2
) [v(R; r)- ~(1 + fl] 

- f R 3
- 2F R2 + L2 R- 2F L2 

~ - j R 3
- 2F R 2 + D 2 F 2 R- 2D 2 F 3

, ( 4.59) 

for sufficiently small r > 0. For f 2: 0, it is easily found that g(R;r) is 
always negative. For f < 0, it is easily found that g( R; r) takes the relative 
maxirnum and minimum at R = Rmax and Rmin (Rmax < Rmin) respectively 
and that the relative maximum is negative . Therefore the allowed region is 
given as 

0 ~ R (for f 2: 0), 

0 ~ R ~ R1 (for f < 0). 

(4.60) 

(4.61) 

Therefore , the collapse continues to a covered singularity in the region 
around the center. An apparent horizon is formed in this case. In order 
to see whether the central singularity is naked or not , we hav to examine 
the existence of future-directed outgoing null geodesic which ernanates from 
the singularity. That can be done by the same scheme in Chap. 3 because 

we have now the explicit exact xpression for the metric functions. 

4.4.2 Special Case 

Here we present the critical case in which f(r) = 0 and L(r) = 4F(r). In this 
case, the rnetric functions are given explicitly only by elementary functions , 
and hence it is easy to examine the absence of shell-crossing singularity, the 
existence of future-directed outgoing null geodesic which emanates from the 
singularity and the curvature strength of the singularity. 

Since L 4 = 0, the central singularity occurs. The effective pot ntial for 
a mass shell is given in this case as 

V(R· r) = ~ - F(R - 4F)2 
' 2 R3 

( 4.62) 
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On the initial spacelik hyp rsurface, regularity r quires R(O , r) = r > 4F = 

0( 1·3 ) in a sufficiently small but finite region around r = 0. Then each 

initially collapsing shell of r > 0 approaches R = 4F. From Eq. (4.31), the 
behavior of this approach i as 

R- 4F ex exp (- ~). ( 4.63) 

This b havior means that R approaches 4F asymptotically. In the region 
around the center r = 0, the collapse becomes frozen to R = 4F due to the 

angular momentum braking. Due to R > 4F > 2F, the region around the 
center is untrapped eternally. Therefore the central singularity is naked and 
can be globally naked . 

Furthermore we can prove that no hell crossing occurs and the coor­

dinate system is valid at least in the region around the center by directly 
showing VJl > 0. Each term in the first couple of parentheses in the brack­
ets on the right hand side of Eq. ( 4.29) is positive, because of R > 4F in the 
region around the center. The contribution of the first term and the terms 
in the second couple of parentheses is expanded as 

J2 24Fi - Fs -1/3 O( 1/3) 
13/6 m + m ' 

9 F3 
( 4.64) 

wh re terms which is O(m- 1
) cancel each other. Therefore, for F5 < 24Fi, 

at least a sufficiently small region around the center is shell-crossing free, and 
we can construct a shell-crossing free solution by matching. This condition 
holds if the initial energy density profile E(O, r) is a decreasing function of r 
around the center . 

The central singularity is naked if and only if there exists a future­
directed outgoing null geodesic which emanate from the singularity. For a 
spherically symmetric space- time with vanishing radial pres ure, the naked­

ness of the central singularity is discussed in Sec. 3.2. The root equation 
which determines the tangent of the null geod sic which emanat s from the 
singularity is obtained in Eq. (3.64) . Consid r.ing the explicit metric func­

tions, we obtain the positive finite root of the root equation with {3 = 7/9 
as 

(
24Fi- F5 ) 

213 

Yo = 4 J2Fi3/6 
(4 .6.5) 

for F5 < 24Fi, i.e., when no shell-crossing singularity occurs. The above 
result implies that, along the future-directed outgoing radial null geodesic 
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r 

which en1ana.t s from the naked singularity with the definite tang nt 

( 4.66) 

Therefore, unlike marginally bound dust collapse, the central shell-focusing 
singularity is naked even for initially homogen ous ball. 

The curvature strength of the naked central singularity which appears 
in a spherically symrnetric pace-time with vanishing radial pressure is dis­

cussed in Chap . 3. From Eq. (3.89), fJ = 7/9 irnplies that the singularity 
is gravity-dominated . Then, from Theorem 3.4 .1, not SCC but only LFC 
is satisfied for the null geodesic which emanates from or terminates a.t the 
singularity. This means that the cross section of any congruence of null 
geodesics which hit the singularity is not crushed to zero but is contracted. 

4. 5 Summary 

In the realistic collapse from generic smooth initial data, net rotation will 

induce very large deformation from spherical symmetry. Nevertheless, this 
model will display us pure effect of counterrotation or tangential velocity 
dispersion on the formation of shell-focusing naked singularity. From this 
model we learn a lesson that generic counterrotation or tangential veloc­
ity dispersion will rub off the shell-focusing naked singularity which forms 

without it. This strongly suggests that the hell-focusing naked singularity 
cannot be a counterexample to CCH because the effect of counterrotation 
will be necessarily present in generic collapse of a cloud of collisionless par­
ticles which obey the Einstein-Vlasov equation. 

The important corollary of the analysis in this chapter is that, if the 
generic spherical cluster of counterrotating particles collapses to singularity, 
then there necessarily exist shell-crossing singularities. This strongly sug­
gests that the extension of the space- time b yond the shell-crossing singular­
ities is an essential problern to overcome. It is expected that the extension 
beyond the shell-crossing singularity results in incorporating radial velocity 
dispersion. Therefore we must deal with radial velocity dispersion to ob­

tain a picture of the formation of black holes and singularities from generic 
gravitational collapse of collisionless particles. Crossing of spherical timelike 

shells analyzed by Ida and Nakao (1998) and Nakao, Ida and Sugiura (199 ) 
might contain some implications. 
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Chapter 5 

Spherical Collapse of Perfect 
Fluid 

In the previous section we have seen that the dust matter can be regarded as 
a cold lirnit of a system of collisionless particles. However it is also possible 
to regard the dust matter as a zero-pressure limit of a perfect fluid . In 
realistic situations it is expected that pressure is not negligible at all. In 
fact, in the blow up of energy density, it is expected that pressure would 
increase unboundedly and that its ratio to the energy density would not 

vanish observing the radiation fluid which is a good approximation of a 
system of highly relativistic particles in thermal quilibrium. 

Ori and Piran (19 7 1988, 1990) investigated numerically the spherically 
symrnetric collapse of a perfect fluid with a barotropic equation of tate un­
der the assumption of self-similarity. By thi assumption the equation of 

state is restricted to the form P = ( 1- 1)E. They showed that a central 

naked singularity forms in pure collapse for 1 ;S 1.0105. They showed also 
that there are naked-singular solutions with oscillations in the velocity field 
for 1 < 1 < 1.4. Lake (1988) showed that the naked singularity satisfies 
SCC for the first null ray from the singularity. Indeed, Waugh and Lake 
(19 9) showed that any central naked singularity which occurs in a spheri­

cally symmetric self-similar space-time satisfies sec for the first null ray if 
the Cauchy horizon is generated by th homothebc Killing vector. nalytic 

discussions based on elf-similarity followed it (Joshi and Dwivedi ( 1992b 
1993b)). However the whole of initial data from which a self-similar space­

tirne develops occupies only zero measur in the space of spherically syrn­
metric initial data. Thus, there have been eli cu sions that the en1ergence of 
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the naked singularity may be an artifact of the assurnption of self-similarity. 
The effort of getting rid of the assumption of self-similarity was made by 

Onozawa, Siino and Watanabe (1994) . They solved numerically the Misner­
Sharp equations (Misn r and Sharp ( 1964)) from smooth initial dat a and 
searched the format ion of apparent horizon until the density blows up and 
the numerical scheme breaks down. In fact , their method is not sufficient 
to detect naked singularities because the combination of the blow up of cur­
vature invariants and the absence of apparent horizon does not necessarily 
mean naked singularity. 

Here, following Harada (1998), those difficulties in detection of naked 
singularities are avoided by constructing a null coordinate. Then, the causal 
structure of the space-time can be obtained autornatically in solving the 
dynamics of the space- time and the matter . Furthermore , by using the 
"observer time coordinates", the coordinates never cross an event horizon 
and therefore the global nakedness is trivial. 

5.1 Basic Equations 

In the presence of the radial pressure it is impossible to solve the Einstein 
equation analytically for a general equation of state. Therefore we solve the 
Einstein equation numerically. The equations for relativistic hydrodynamics 
in spherical symmetry were first derived by Misner and Sharp (1964). In 
a spherically symmetric space-time, the line element is given by Eq. (2.1) . 
The stress-energy tensor of a perfect fluid is given by Eq. (2.3). E is written 
as 

E = po(l + e), (5.1) 

where p0 is the rest-mass density and e is the specific internal energy. The 
4-velocity ui-L of a fluid element is written in the comoving coordinates as 

ui-L = (e-v, o,o, o). (5 .2) 

The comoving radial coordinate r is chosen to be the rest mass A enclosed 
within R. Then, from the Einstein equation and the equation of rnotion for 
the fluid, we obtain the following Misner-Sharp equations : 

au 
at 
aR 
at 
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8m 
-ev47rR2PU (.5. 5) -

8t ' 

r ( 2 2m) I/2 
1+U --

R 
(.5.6) 

r 
(5.7) Po 

47rR2( ~1)' 
8e -P~ eJ (.5.8) -

8t 8t Po 
p 

(5.9) w 1 + e + -, 
Po 

8m 
(1 + e)r, (5.10) 

8A 
av 1 aP 

(5.11) -----
a A PoW aA' 

where U, m and w are the coordinate velocity, the Misner- Sharp mass and 
the specific enthalpy, respectively. r is the radial metric function defined as 

_ -A oR 
f = e a A. 

Then, from Eqs. (5 .7) and (5.12) , we obtain 

-A 4 R2 e = 7r Po · 

The boundary conditions are given as 

R = 0, U = 0, r = 1, m = 0, at the origin A= 0, 

P = 0, ev = 1, at the surface A = Atotal· 

(5 .12) 

(5.13) 

(.5.14) 

In fact , the boundary condition for ev is arbitrary. The above choicer quires 
that t should agree with the proper time of the stellar surface. 

Then we proceed to another formulation in the observer time coordi­
nates given by Hernandez and Misner (1966). For a derivation , see also 
Baumgarte, Shapiro and Teukolsky (1995). We introduce the outgoing null 
coordinate u by 

so that the line element is given as 

ds 2 = - e2V; (u,A) du2 - 2 V; (u, A) e /\(u, A) dudA 

+R2 (u , A)(dB2 + sin 2 Bdq} ). 
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Transforming time coordinate from t to u, we obtain the following Herna.ndez­
Misner equations: 

au 
a'U 

aR 
au 
am 
au 

r 

Po 

ae 
au 

w 

am 
a A 
a 'If; 
a A 

-~ [47tfR
2

8P + m, + 411 R
3 Pl 

1- v; w aA R2 

_ e'1/;v; ( 471 R2 aU 2Uf) 
1- v 2 Po aA + R ' 

s 

( 1 + u' _ 2;:) '/' 

f+ u 
471R2 ( ~~)' 

_p!_ (~) ' au Po 
p 

1 + e + -, 
Po 

PU 
(1 + e)r- -, 

Po 
1aU m P --+ +--r a A 47tpoR4 f pof R' 

_1 [p (aP) + p5 (aP) l 
p5w 8e Po Gpo e ' 

where V5 is the sound speed . The boundary conditions are given as 

R = 0, U = 0, r = 1, m = 0, at the origin A = 0, 

P = 0, e'1/; = r + U, at the surface A= Atotat· 

(.5 .1 7) 

(.5.18) 

(5.19) 

(5 .20) 

(.5.21) 

(5 .22) 

(5 .23) 

(.5 .24) 

(.5.25) 

( .5.26) 

(.5.27) 

The above boundary condition for e'lj; ensures that the coordinates are the 
outgoing Eddington-Finkelstein coordinates in the exterior of the star. Thereby 
the coordinate value u agrees with the proper time of a distant stationary 
observer, and hence that the time coordinate is called the observer time co­
ordinate. Therefore, in approach to an event horizon, the lapse function e'lj; 

decreases to zero, and the coordinate system never crosses the event horizon. 
The limit curve of the time slices u = const in the limit u __,. oo is , if it exists, 
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an event horizon . If the observer time coordinates hit singularity, it turns 

out to be globally naked singularity. ote that u is not the characteristic 

coordinate because there is no gravitational radiation in a spherically sym­

metric space-time. Hence, for the Hernandez-Misner equations , a Cauchy 

problerrt for the flu id evolution is formulated in the same way as for the 

Mi ner-Sharp equations. 

5.2 M ethod 

nfortunat ly, in general, we can analytically integrate neither the Misner­

Sharp nor the Hernandez-Misner equations . Therefore we are forced to 

make numerical integration in order to obtain full general relativistic solu­

tions. Both sets of the Misner-Sharp and the Hernandez-Misner equations 

are very similar to the Lagrangian formulation of spherical fluid dynam­

ics in Newton gravity. Therefore we can use a code very similar to the 

spherical ewtonian Lagrangian hydrodynamical code. Compared with the 

Eulerian formulation, th relativistic Lagrangian formulation has the merits 

of the better accuracy and the save of exterior grids extending to a large dis­

tance in order to impose boundary conditions on the gravitational field. See 

Van Riper (1979), Baumgarte, Shapiro and Teukolsky (199.5) for numerical 

schemes and difference equations . 
The procedure to obtain a numerical solution for the space-time is as 

follows . First, we prepare initial data on a spacelike hypersurface t = 0. 

Then, we integrate the Misner-Sharp equations from the initial data t = 0 

and store data on the first null ray which emanates from the center at t = 0. 

When this ray reache the stellar surface, we begin to solve the Hernandez­

Misner equations using the stored data on the first null ray as initial data 

u = 0. 
The code was tested by the collapse of a homogeneous dust ball (the 

Oppenheimer-Snyder olution) and an inhomogeneous dust ball (the LTB 

solution). supercritical neutron star collapsed while a subcritical neutron 

star did not collapse within many dynamical time scales. The code was 

also tested by the Riemann shock tube problem and point-source explosion 

described by the Sedov solution. The conservation of the total mas is a 

good indicator of nurrterical errors . In all calculations presented in Sec . . 5.3, 

the total mass was conserved within the accuracy of 10-4 . We can add an 

artificial viscosity term to the pres ur term in order to deal with po sible 

shock waves. We use an empirical relativistic generalization of the Neumann 
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artificial viscosity, the expres ion of which i explicitly given in Baumgarte, 

Shapiro and Teukolsky ( 199.5 ). The artificial viscosity term may play a 
rath r subtle role in the formation of the central singularity. To avoid such 

additive difficulties , this term was not included basically. Absence of this 
term did not spoil the results for most calculations because shock waves did 
not occur for rrwst cases. Only for the cases in which the central region 

expanded, shock waves occurred, and thereby the calculation suffered from 
serious numerical instabilities, the artificial viscosity was switched on. For 

those cases, the fluid did not collapse, and h nee the center was regular. 
204 grid zones were prepared in most calculations. 

Initial data are prepared on the spacelike hypersurface in order to obtain 
a clear relation with physical situations . Th initial data are given by the 

following three arbitrary functions : 

Po = Po(R), e = e(R) , u = U(R) . 

We choose the density distribution as 

(0 ::; R ::; Rs) 

(Rs < R) 

(.5.28) 

(.5.29) 

The distribution of the specific internal energy and the velocity is set as 

e(R) 

U(R) 

( - )')'-1 - Po e -c -
Poe 

0. 

We use the following 1-law equation of state: 

P =(I- 1) Po · 

For this equation of state, the sound velocity v5 is given as 

w -1 v? =(I- 1)--. 
w 

(.5 .30) 

(.5 .31) 

(.5.32) 

(.5 .33) 

The combination of the adiabatic condition (.5 . ) or (.5.22), the initial data 
(.5 .30), and the equation of state (.5.32) guarantees that the pressur is in 

proportional to pJ , i .e., 
p - J ... _' p'~' - 01 (.5.34) 



where A. is constant all over the tar. In this cas , the initit1J dt1ta are 

parametrized up to normalization only by -c and Rs/ M , where !VI is the 
ADM mas . If we take th extr mely relativistic limit ( e ~ 1), the above 
equation of state becomes 

P=(!-l)E, (.5 .3.5) 

which is the equation of stat us d by Ori a.nd Pira.n (19 7, 19 , 1990) . 
In determining the final fate of collapse, here we adopt the following 

criteria. If the ratio of the rest-mass density of the innermost grid zone to 
that of the next one exc sses 2, we identify with central ' singularity ' and stop 
the code. If the lapse function e1/J in the Herna.ndez-Misner code decreases 
to less than 10-3 , we identify with an 'event horizon'. If singularity occurs 
before an event horizon is detected, we identify with 'naked singularity'. 
Th result is not so sensitive to the choice of the thresholds . 

5.3 Results 

5.3.1 Naked Singularity 

First we pa.y attention to the naked-singular case, the model with 1 - 1 = 
10-4, ec = 102 and Rs = lOOM. Since the fluid is highly relativistic, the 
equation of state is approximately equivalent with the equation of state 
( .5.35) . Hence, it is expected that the feature of the collapse is not sensitive 
to the value of ec for ec ~ 1. In this calculation , the artificial viscosity was 
switched off. 

Fig. 5.1 shows time slicing by the Misner-Sharp and the Hernandez­
Misner codes . The ordinate is the proper time r of a comoving observer, 
and the abscissa. is the circumferential radius. The Misner-Sharp slicing pre­
sented in Fig . .S .l is a. family of spacelike hypersurfaces, t/M = 0, 100 200, 
300, 400 , .500, 600, 700, 707. On the last slice t = 707 M , the Misner-Sharp 
code detected central singularity based on th criteria described above. The 
Hernandez-Misner slicing is a family of null hypersurfa.ce , uj M = 0, 100, 
200 , 300, 400 , 500, 600, 700, 728. Also on the last slice u = 72 M, a central 
singularity was detected. In this figure, locations of some fluid element are 
marked. 

Fig . .5 .2 shows the Misner- Sharp ti1ne volution of (a) there t-mass den­

sity p0 , (b) the ratio m/ R, a.nd (c) dR/ dt = v (f + U) along outgoing null 
geode .i cs [which is hereafter denoted as (dR/dt)o c] . As seen in Fig .. 5.2(a) 
the time evol ution of the density profile in this model looks lik the Penston 
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(1969) 's dust collapse solutjon in Newton gravity and also the LTB solution 

in in tein gravity. It is remarkable that the density distribution in the 
central region approaches a power-law profile. From Fig . .5.2( a) , the diver­
gent behavior of the density at the center with respect to R changes at the 
occurrence of the singular ity as 

Po ex canst ==> p0 ex R- a. (.5.36) 

with a~ 1.7. Penston (1969) showed that a= 12/7 for the dust collapse in 
Newton gravity. In Sec. 2.5, it has been shown that a = 12/7 is also valid for 
the LTB solution on the spacelike hypersurface t = t 5 (0) of the occurrence 
of the central singularity. As seen in Fig . .5.2(b ), the ratio rn/ R is much 
less than unity. This suggests that this collapse is well approximated by 
Newton gravity. The behavior of the ratio changes at the occurrence of the 
singularity 

m 

R 
Tll (3 

R2 ==>-ex R 
R 

(.5 .37) 

with {3 ~ 0.3. It should be noted that {3 = 2/7 in the Penston 's dust collapse 
solution. In Sec. 2 . .5, it has been shown that {3 = 2/7 also for the LTB 
solution. Fig . .5 .2( c) shows that the expansion of outgoing null geodesics are 
always positive untH the central singularity is detected. In other words, the 
Misner-Sharp code does not find the apparent horizon before the occurrence 

of the singularity. 
Fig . .5.3 shows the Hernandez-Misner time evolution of p0 , m/ R and 

the lapse function e'lj; . From Figs . .5.2(a) and .5.3(a), it is found that there 
is little difference in the divergence property of the density profile in the 
central region in both codes. In Sec. 2 . .5, it has been shown that a = 12/7 
and {3 = 2/7 for the LTB solution also on the arliest null ray which emanates 
from the central naked singularity. Fig . .5 .3(b) shows that the ratio m/ R 
is much less than unity also on that null ray. In Fig . .5.3( c), it is found 
that e'lj; does not vanish but remains of th order of unity until the central 
singularity is detected. Since e'lj; does not converge to zero , an event horizon 
has not yet formed. 

Fig . .5.4 shows growth of the central rest-mass density Poe in this model. 
The simulation was rep ated with various radial grid resolutions. Each 
curve is labeled by the number of spatial grid zones used. The value of the 
central rest-mass density grows unboundedly. Th blow up of th central 
rest-mass density becomes rnore rapid and th maximum value of it that can 
be attained becomes larger as the resolution becon1es higher. In summary, 
the collapse is well approximated by du st colla.p e both in ewton gravity 
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and in instein gravity, and central naked singularity forn1s in this 1nodel 
based on the present criteria . 

5.3.2 Black Hole 

Next we take the model with 1- 1 = 10-4
, ec = 102 and Rs = 10M as an 

example of the black hole formation. Also in this calculation, th artiftcial 
viscosity was switched off. 

Fig. 5.5 shows time slicing by the Misner-Sharp and the Hcrnandez­
Misner codes. The former slicing is t/ M = 0, 10, 20 , 22.3 , and the latter 
is ·u/ M = 0, 10, 20, 30 , 40, 50, 60, 70, 72.3. The fonner code was stopped 
because of the steepness of the density profile around the center, while the 
latter code was stopped because e1/J became less than 10-3 all over the star. 

The sequence of the outgoing null geodesics ·u = const converges , and its 
limit curv is an event horizon. 

Fig . .5 .6 shows the Misner-Sharp time evolution of p0 , m/ Rand (dR/dt)o G · 

The behavior of p0 and m,j R in the central region seen in Fig .. 5.6( a) and 
5.6(b) is quite similar to that in the naked-singular case. From Fig. S.6(b ), 
the ratio m/ R is not so small although it remains less than 1/2 which cor­
responds to the apparent horizon in the spherically symmetric space- time. 
Fig. 5.6( c) shows that the Misner-Sharp code does not detect the apparent 
horizon until the occurrence of the central singularity although the singu­
larity is covered by the event horizon. 

Fig .. 5.7 shows the Hernandez- Misner time evolution of p0 , m/ Rand e1/J . 

It is seen in Fig. 5. 7( a) that the density profile around the center is not so 
steep even at the event horizon. The ratio m/ R is increased and reaches 

1/2 at the surface . Therefore th ewtonian approximation is not valid. 
In Fig. 5. 7( c), it is shown that el/J converges to zero as ·u increase , which 
indicate an approach to the event horizon. 

Fig .. 5.8 shows growth of the rest-mass d nsity at the center for this case . 
The simulation was repeated with various radial grid re olutions. From this 
figure it would be sure that the resolution is sufficient for the following con­
clusion. Since the Hernandez-Misner code detects an event horizon before 
the occurrence of central ingularity, the singularity is covered by the event 
horizon. Moreover, it can be expected that this collapse would result in 
locally naked singularity because the Misner-Sharp time evolution in the 
central region is very similar to that of the globally-naked-singular case . 
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Figure .S .l: Naked-singular model with 1 - 1 = 10-4, ec = 102 and Rs = 
lOOM. Slicing by the Misner- Sharp and the Hernandez-Misner codes . The 

ordinate is the proper time of a comoving observer, and the abscissa is the 

circumferential radius . The Misner-Sharp slicing is t/ M = 0, 100, 200 , 300, 

400 , 500, 600, 700, 707, and the Hernandez-Misner slicing is u/M = 0, 100, 

200, 300, 400 , 500, 600, 700, 728 . The Hernandez-Misner slicing is a set of 

outgoing null geodesics. We stopped the calculation in both codes when we 

detected central singularity. Locations of some fluid elements are marked. 
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Figure 5.2: Evolution of (a) the .rest-mass density po, (b) the ratio of the 
Misner-Sharp mass to the circumferential radius m/ R and (c) dR/ dt along 
outgoing null geodesics ( dR/ dt)o c in the Misner-Sharp code. The density 
distribution in t he cent ral region at t = 707 M becomes so steep that we 
identify with singularity. 
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Figure 5.3: Evolution of (a) p0 , (b) m/R and (c) the lapse function e,p in 
the Hernandez- Misner code. The density distribution in the central region 
at u = 728M becomes so steep that we identify with singularity. 
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Figure .5.4: Blow up of the central rest-mass density Poe· The simulation 

was repeat d with various radial grid resolutions . Each curve is labeled by 

the number of spatial grid zones used. 
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Figure 5.5: Black-hole model with 1- 1 = 10-4
, ec = 102 and Rs = 10M. 

The Misner-Sharp slicing is t/M = 0, 10 .0 , 20 .0 , 22 .3. On the last slice, a 
singularity was detected. The Hernandez-Misner slicing is u/ M = 0, 10.0, 
20 .0 , 30 .0 , 40.0 , 50.0, 60 .0 , 70.0, 72 .3. On th last slice, an event horizon 
was detected. The limit curve is the event horizon. 
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Figure 5.6: Evolution of(a) p0 , (b) m/R and (c) (dRjdt)o a in the Misner­
Sharp code. The density distribution in the central region at t = 22.3M 
becomes so steep that we identify with singularity. 
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Figure 5.7 : Evolution of(a) p0 , (b) m/R and (c) e'!/J in the Hernandez-Misner 
code. The density distribut ion in the central region remains not so steep 
even at the event horizon . 
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5.3.3 Para1neter Search 

Tables 5.1-5.4 surnma.rize the final fate of the collapse for ec = 102 , 1,10-2 . 

Table 5.2 is the detailed search of the critical parameter region of Table .5.1. 
B, N, E, BE and SE denote a. black hole, a. naked singularity, an expansion, 
a. black hole with an envelope and a. star with an envelope, respectively. X 
and Y indicate s01ne technical difficulties. X rnea.ns that the present method 
does not work since a. central singularity occurs before the first ray from the 
center reaches the stellar surface in the Misner-Sha.rp code. Y means that 
the stellar surface goes outward so rapidly that sorne numerical difficulty 
occurs. 

From Tables 5.1 and 5.2, we find that the final fate of the collapse from 
diffuse (Rs/M ;(:; 20) density distribution is, in general, not a. black hole 
but a. naked singularity if the fluid is highly relativistic and 1 ~ 1.01 is 
satisfied. The final fate of the collapse from compact (Rs/M ~ 10) density 
distribution is a. black hole even if the fluid is highly relativistic and 1 ~ 1.01 
is satisfied. If the fluid is highly relativistic and 1 ;(:; 1.01 is satisfied, the 
fluid begins to expand from diffuse density distribution.. It was confirmed 
that the above statements do not depend on details of initial density profile. 
Frorn Table 5.4, we find that, if the fluid is not relativistic and its profile 
is diffuse, the usual picture of collapse in Newton gravity is valid. For 
1 < 4/3, the pressure gradient cannot sustain the gravitational collapse. 
For 1 > 4/3, the final fate of the collapse is a. black hole, a. naked singularity 
or a. stable star depending on energetics, i.e., the total internal energy and 
the gravitational energy. It should be understood that, in Table 5.4, 
i.e., a. naked singularity rnea.ns not e ~ 1 but only the steep density profile 
at the center. In fact, in the present calculation, e did not become not 
so larger than the initial value until the central singularity breaks down 
our numerical code because of the finite resolution. It suggests that the 
dynamical range of the code used here is not sufficient to recognize in 
Table .5.4 as a. genuine naked singularity. From Tables 5.1-.5.4, based on 
the criteria. described above, naked singularity can occur from generic initial 
data. for a. relativistic perfect fluid with 1 ~ 1.01. 

5.4 Summary 

As we have seen above, if 1 - 1 is sufficiently small and the initial den­
sity distribution is diffuse, the spherically symmetric adiabatic collapse of 
a. relativistic perfect fluid results in central naked singularity. The initial 
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data from which nak d singularity occurs is generic as long as spherically 

symm tric initial data ar considered. Here we cornpare the results obtained 
here about the highly r lativistic fluid with there ults under the assumption 

of self-similarity by Ori and Piran (1987, 198 , 1990). The equations of state 
in the both analyses are approximately common, and hence the difference 
will be only gen rkity of initial data. The value / c ~ 1.01 which w have 

obtained here agrees with the value / c ~ 1.0105 for pure collapse by Ori and 
Piran within a numerical accuracy. 

Suppose the cosmic censorship must hold within classical theory of grav­
ity. Then the results obtained here might suggest that a perfect fluid de­
scription would not be appropriate for high-density rnatter. If an asyrnptotic 
fr edorn of particles in high energy scale would be a universal nature, it could 
be a very reasonable approximation that the high density matter is described 
by a cluster of collisionless massive or rnassless particles. This picture is, 

in general, not contained in a perfect fluid description. Alternatively, it 
might be suggested that an extremely soft equation of state would be rather 
pathological in gravitational physics even though the matter satisfies energy 
conditions . The adiabatic index of a radiation fluid is 4/3 and hence quite 
larger than 1.01. For a highly relativistic gas in thermal equilibrium, a ra­
diation fluid would be a good approximation . This fact might be a powerful 

evidence for CCH. 

Table 5.1: Final fate of the collapse of a perfect fluid: ec = 102 

Rs/M ,-1=0 
10 Bl 

50 N2 

100 N 
1000 N 
1 black hole 
2 naked singularity 

expanswn 
4 numerical difficulty 
5 numerical difficulty 

lo-s 10-4 

B B 
N N 
N N 
N 

0 

10-3 10-2 10-1 1 
B x4 y y 

N E3 y y 

E ys y 

E E y y 



Table 5.2: Final fate of the collapse of a p rfect fluid : - c = 102 

Rs/M I- 1 = 2 X 10-3 4 X 10-3 6 X 10-3 8 x 10-3 10-2 2 X 10- 2 

10 B B BE1 X X X 
20 N N N BE 
30 N N E 
40 N N E E 
50 N E E E 
60 N N N E E E 
70 E E E E 
80 N N E E E E 
90 N E E E E 
100 N E E E E E 
1 black hole with expanding envelope 

Table 5.3: Final fate of the collapse of a perfect fluid: ec = 1 

Rs/M ,-1=0 lo-s 10-4 10-3 10-2 lo- 1 1 
10 B B B B BE E E 
50 N N N N E E 
100 N N N N E E E 
1000 N N N E E E E 

Table .5.4: Final fate of the collapse of a perfect fluid: ec = 10-2 

Rs/M ,-1=0 10-3 10-2 10-1 1/3 2/3 1 
10 B B B B B B B 
so N N N B SE1 SE 
100 N N N E SE SE 
1000 N N N E E E E 
1 star with expanding envelope 

81 



Chapter 6 

Gravitational Waves on LTB 
Space-Time 

The LTB solution is pherically symmetric. If spherical symmetry is essential 
to the occurrence of shell-focusing naked singularity, the solution is not a 
genuine counterexample to CCH because the spherically symmetric space­
time is not generic . If spherical symmetry is not essential, the shell-focusing 
naked singularity should be considered seriously. Szekeres (1975) found an 
exact solution of the space-time with non-spherical but quasi-spherical dust 
collapse . Jo hi and Krolak (1996) showed that central naked singularity 
occur in the generic Sz keres solution from regular initial data and that it 
satisfies not SCC but only LFC. This work first examined the existence of 
shell-focusing naked singularity in the non-spherical extension of the LTB 
solution. However we must pay attention to the facts that the whole of quasi­

spherical initial data occupies only zero-measure in generic initial data and 

that the quasi-spherical dust ball is irrotational and emits no gravitational 
wave. 

In order to examine whether or not the assumption of no gravitational 
wave is essential to the occurrence of naked singularity, we should examine 
the behavior of general non-spherical perturbation of the LTB solution . A 
full order perturbation analysis is very difficult because it requires us to solve 
the full Einstein equation without any symmetry. Hence, we concentrate on 

the behavior of metric perturbations of the LTB olution up to linear order. 
On the other hand, this study investigates the possibility t ha.t the naked 

singularity may be a, strong source of gravita.tional waves. The gravita­
tiona.l wave detectors, such as, LIGO (Abra.movici, et al. (1992)), VIRGO 
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(Brada chia, et al. (1990)), TA IA (Kuroda et al. (1997)) and GE0600 

(Hough ( 1992)) are being constructed and will soon enter a sta.ge of data tak­
ing. They will exploit a new regime of astronomy, i.e. , the gravi ta.tional wave 

astronomy. Gravitational waves were pr dieted by general relativity, while 
the gravitational wave detection will give a strong impact on gravitational 
physics . The obs rvations of gravitational waves rnight enable direct tests 

of g n ral relativity (see Will ( 1992)) . The possible sources of gravitational 
wave radiation are binary neutron stars, binary black holes, supernovae, 

rapidly rotating neutron stars, relic gravitational waves of early universe, 
stochastic gravitational waves from co mic strings, and so on. 

It has been suggested that the naked singularity may ernit considerable 
gravitational wave radiation by Nakamura, Shibata and Nakao (1993) . This 

sugg stion was propos d from the estimate of gravitational radiation from 
spindle naked singularity. They modeled the spindle-like naked singularity 
formation in gravitational collapse by the ewtonian prolate dust collapse 
and the s quence of general relativistic rnom ntarily static initial data. Here 
we tackle non-spherical full general relativistic dynamics using the linear 

perturbation theory. We perturb the generic LTB solution which results in 
a shell-focusing naked singularity from generic smooth initial data. For this 
motivation, the precise formulation of the cosmic censorship is not needed . 
We only consider the situation in which the extremely high-density re ion 

which results from the gravitational collapse can be seen by an observer. 
Such a situation can be regarded as naked singularity in a practical sense . 

In this chapter, we mainly follow Iguchi, Nakao and Harada (199 ) and 
Iguchi, Harada and Nakao (1998). 

6.1 Basic Equations 

Gauge-invariant formalism of linear perturbations of general spherically sym­
metric space-time was formulated by Gerlach and Sengupta (1979). rev1ew 
of it will be described in Appendix A. Equations for linear perturbations 
are completely separat d from each other to odd- and even-parity modes. 

For simplicity we concentrate on the odd-parity perturbations . For the odd­
parity mode, the geometrical gauge-invariant perturbations are kA, while 

the matter ones are LA and L, where A refers to t and r . For notations , see 
Appendix A. 

Then we take the LTB solution as the background space-tirne. We use 

the synchronous comoving coordinates introduced in Chap . 2. Because we 
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are considering the dust mrttter 

( 6.1) 

there is no density perturbation and only the 4-velocity perturbation of the 
form 

8uJ-£ = (0, 0, U(t, r)Sa) (6 .2) 

from observing the form of the odd-parity perturbations of the stress-energy 
tensor, Eq . (A.S) in Appendix A. Therefore the matter perturbations be-
come 

Lt EU, (6 .3) 

Lr 0, (6.4) 

L 0. (6.5) 

From Eqs . (A .23), (A.24) and (A.25) in Appendix A and the metric obtained 
in Chap . 2, we obtain equations for the metric perturbations, 

(eAkt )"- (e-Akr )' 

(R 4 1/Js )' + eA(l-l)(l + 2)kt 

(R4 1/Js )" + e-A(l- 1)(l + 2)kr 

( eA R 2 Lt). 

where 1/Js is defined by 

0 , 

0, 

0, 

_ -A [ ( kr ) . ( kt ) '] 1/Js = e R2 - R2 ' 

and eA is given by Eq. (2.22). 
Eq. (6.9) is integrated as 

(6.6) 

(6 .7) 

(6.8) 

(6 .9) 

(6.10) 

(6.11) 

where J(r) is an arbitrary function of r. From Eqs. (2.21), (2 .22) (6.3) and 
(6 .11), we obtain 

u = 47r/fDJ' 
F' ' 

(6.12) 
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and hence U(t,r) = U(r). U(r) is interpreted as the conserved specific 
a.ngula.r rnomentum. 

From Eqs. (6 .7), (6 . ), (6 .10) and (6.11), we obtain the following wave 
equation: 

[ 1 ( 1 ) ']' >, e>- R2 R '1/J s + ( l - 1) ( l + 2) e '1/J s 

(6.1:3) 

For the dipole (l = 1) mode, we find that Eqs. (6 .7) and (6 .8) are integrated 
as 

167r 
1/Js = R4 J(r) , (6.14) 

while a numerical integration is needed for the higher-multiple mode. For 
the axisymmetric mode of l 2 2, from Eqs . (6. ), (6 .10) and (B .24), we can 
evaluate the total power of radiated gravitational waves as 

P- _1_ l(l+1) r 6 . 2 

- 167r(l-1)(l +2) '1/Js' 
(6.15) 

where '1/Js should be estimated at large di tances. 

6.2 Perturbation of Riemann Tensor 

Here we derive the relat ion between the perturbations of Riernann tensor and 
the gauge-invariant quantity '1/Js around the center. We assume regularity 
on not only the background space-time but also the perturbed space-time 
before the occurrence of singularity. From regularity of the background 
space- time, we obtain 

R c(t)r + 0( r 3
), 

Rc(t) + O(r2
) . 

(6 .16) 

(6.17) 

Hereafter we restrict ourselv s to an axisymmetric mode, i. m = 0. It 
is not d that this restriction is by no means any loss of generality because 
equations of perturbations for each m are completely common for the sarne 
l . Following Bardeen and Pi ran ( 19 3) regular axi ymmetric perturbations 
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should satisfy the following regularity conditions: 

Lc(t)rl+I + O(r.l+3 ), 

ktc(t)rl+l + O(rl+3), 

kT c(t)r1+2 + O(r1+4
) . 

Then, from Eq. (6.3), we obtain 

( 6.1 ) 

(6.19) 

(6.20) 

(6.21) 

On the other hand, from Eqs. (6 .10), (6.17), (6 .19) and (6.20), we obtain 

(6.22) 

(6.2:3) 

Therefore, '1/Js does not vanish at the cent r T = 0 only for the quadrupole 
(l = 2) mode. 

Next we will consider the behavior of perturbations of the Riemann 
tensor . The Riemann tensor RJ-Lva>. is decomposed into the Ricci tensor 

RJ-Lv and the Weyl tensor CJ-Lva>. · Furthermore, the Weyl tensor CJ-Lva>. is 
decomposed into the electric part Eaf3 and the magnetic part B af3 , which 
are defined as 

( 6.24) 

(6.2.5) 

where EJ-Lvaf3 is the 4-dimensional skew tensor, and e(t) is a timelike basis 
vector of the following t trad: 

1-L 
e ( t) 

( hoP1 8 ) 
1 ' 0' 0' - R2 si~ e ' ( 6.26) 

1-L 
e(r) 

( O -A O h,P/,8 ) 
' e ' ' - e>. R 2 sin 2 B ' 

(6 .27) 

1-L 
e(B) 

( 1 h2 sin 8P1,8,8 - cos 8P1,8) 
O, O, R'- R 3 2 sin2 e ' (6.2 ) 

1-L 
e(¢) (o,o,o, Rs~ne)' (6.29) 
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where Pt is the Legendre polynomial and its a.rgurnent is cos B. For the 
background LTB space- time , the Ricci tensor and the electric part of the 
\Neyl tensor do not vanish, while the magnetic part of the Weyl tensor 
vanishes . 

In the presence of perturbations the Riemann tensor is also perturbed. 
In particular, the magnetic part of the Weyl tensor has a. nonzero value. 
The explicit form of perturbations of the Ricci and Weyl tensors is given in 
Iguchi , N a.ka.o and Harada. (1998) and we do not repeat . Here we note the 
behavior of nonva.nishing tetrad cornponents of perturbations of the Ricci 
and Weyl tensors around the center : 

for all l , 

8(E(r )(¢)) ~ 

8(E(B)(¢)) ~ 

8(B(r)(r)) ~ 

8(B(r)(B)) ~ 

8(B(e)(e)) ~ 

8(B(¢)(¢)) ~ 

for l 2:: 2, and 

for l = 1. 

(l- 1)[(/ + 2)k1'C - RcRcktc] p l-1 
2R4 t,e r ' 

c 

(l+2)krc -RcRcktc(P BP) 1-1 
2R4 l, B,B - cot l ,B r ' 

c 

l( l + 1) ,/, p 
2 

'f's l,e, 

l + 1 
-

2
-'l/JsPt,e, 

1 l + 1 ,,, (P l p) 2 l _ 1 'f's l,B,B + l , 

1l + 1 . 
2"z _ 

1 
'l/Js ( cot BPt ,e + lPt) 

8(E(r )(¢)) 
1 . 

~ -Rc'l/Js sin Br, 
2 

8(B(r)(r )) ~ - 'l/Js cos e, 

8(B(r )(B)) ~ ~ 'l/Js sine, 
4 

8(B(e)(e)) 
1 

~ 2'l/Js cos e, 

8(B(¢)(¢)) 
1 

~ 2 'l/Js cos e 
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(6.30) 

(6 .31) 

(6 .32) 

(6.33) 

(6 .34) 

( 6.35) 

( 6.36) 

(6 .37) 

(6.38) 

(6.39) 

( 6.40) 

(6.41) 



For the dipole mode, ·regularity condition ( 6.21) implies that the specific 

angular nwmentum is of the order of r 2
. Then, it is inferred from the 

analysis on counterrotating particles in Chap. 4 that rotation may support 

th collapse and prevent the singularity formation by the centrifugal force 

which is a nonlinear effect . For the dipole mode, there is no degree of freedom 

for gravitational waves. Since we would like to examine the behavior of 

gravitational waves in the presence of shell-focusing naked singularity and 

its effect on the formation of the naked singularity, we concentrate on higher 

multiple mode, i.e., l 2: 2. Since the specific angular momentum U( r) is 

of the ord r of r-3 or higher for l 2: 2, it is inf rred that a central shell­

focusing singularity 1nay form from the analysis on counterrotating particles 

in Chap. 4. 
From Eqs . (6.30) -(6.41), we find that the perturbations of the Rie1nann 

tensor at the center all vanish except for the quadrupole mode up to linear 

order. For the quadrupole mode, only the perturbations of the magnetic part 

of the Weyl tensor may not vanish at the center up to linear order . This 

fact implies that we should pay prior attention to the quadrupole mode in 

examining the effect of the presence of gravitational waves on the possible 

central naked singularity formation. Therefore hereafter we restrict ourselves 

to the quadrupole mode. 

6 .3 M ethod 

The spacelike hypersurface of the occurrence of the central naked singularity, 

t = t 5 (0), is earlier than the Cauchy horizon and the t = canst > t 5 (0) 

hypersurface encounters singularities . Therefore, the time slicing with t = 
canst hypersurfaces does not determine the maximal Cauchy development 

before the singularity is encountered. Here, instead of ( t, r) coordinates, 

we introduce a single-null coordinates ( u, r), where u is an outgoing null 

coordinate which agrees with l at the center and r = r . The transformation 

is expressed in the form 

d·u 

dr 

udt + u' dr, 

dr . 

Since u is the outgoing null coordinate, we obtain 

u' 

u 

8 

(6.42) 

( 6.43) 

( 6.44) 



sing this, we obtain the following expression of the line element: 

ds 2 = -c?dn2
- 2ae'\dudr + R 2 (d8 2 + sin2 Bd¢} ), 

where a is given by 
1 

a=---=- · 
'U 

Then the transformation of partial derivatives is written as 

(6.4.5) 

( 6.46) 

( 6.4 7) 

( 6.48) 

For simplicity, hereafter we restrict our attention to the marginally bound 
collapse which is given by Eqs. (2 .54)-(2 .56) . Then, the wave equation (6.13) 
becomes 

(6.49) 

where c0 (r) = c(O,r) and we have made th choice of radial coordinate as 
r = R(O, r ). If no matter perturbation is included, the above wave equation 
becomes a homogeneous equation . Therefore, a general solution of the wave 

equation is decomposed into a general homogeneous solution and a partic­
ular solution which depends on the matter perturbation explicitly. Using 
the newly introduced single-null coordinate system, we obtain the following 
couple of first order differential equations: 

d¢s 
du 

( f)~s) 8r u 

(6 . .50) 

(6 .51) 
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where d/ dn is the ordinary d riva.tive along the ingoing null direction which 

is written a.s 

d 

du ( 8 ) dr ( 8) au 7-: + d,u or ·u 

( :J, -2~' ( :r) u 
(6 . .52) 

The procedure of obtaining a. num rica.l solution is as follows. First we 

prepare ini tia.l data. for s on the initial null hypersurface n = u0 . Then, 
using Eq. (6 . .51), ¢s is obtained on the initial null hypersurfa.ce. Then, 
integrating Eq. (6 . .50), we obtain ¢s on the null hypersurface 'U = u 0 + 6.u. 

Integrating Eq. (6 . .51), we obtain 1/Js on the null hypersurfa.ce u = 'Uo + 6.u. 

In this integration, we determine the central value of 1/Js by using the fact 

that '1/Js behaves a.s 

,,/, = _ ktc(t) + O( 2) 
'f/s R~(t) r ' 

(6 . .53) 

near the center. Then, we obtain ·1/Js and ¢s on the null hypersurface 'U = 
u0 + 6. 'n. Rep a.ting this process many times, we finally obtain the numerical 
solution up to the null hypersurfa.ce arbitrarily close to the Cauchy horizon 
associated with the central naked singularity. 

The numerical code used here was checked in the Minkowski space- time. 
The obtained numerical olutions were compared with the analytic solutions 
which will be described in Sec. 6.4 and a. good agreement was seen. We also 
confirmed that the numerical results shown here were almost independent 

of the number of grid points. 

6.4 Results 

6.4.1 Pure Gravitational Waves 

For a. while, we restrict our attention to perturbations with no matter pertur­
bations, i.e., U = 0, in order to isolate the effect of pure gravitational waves. 
In other words, we restrict our attention to the behavior of a. homogeneous 
solution of the wave equation given by Eqs. (6 . .50) and (6 . .51). 

Before numerical integration, we must set the initial background density 
profile t:0 and the initial configuration of the perturbation s. The initial 
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density profile at l = 0 was set as 

( 6 . .54) 

for r > rb . 

The initial data for ·1/Js on the initial null hypersurface u = u0 were set to 
the following Gaussian-shaped wave packet: 

0 r- rc 
[ 

(- -)2] 
·1/Jslu:::=uo = 1/Js exp - 2a2 (6.5.5) 

The initial null hypersurface u = u0 is chosen to a future-directed light cone 
the tip of which is at (t,r) = (0,0), except for the analysis on scattered 
waves which will be discussed later. 

See Fig. 6.1, where the conformal diagram of the LTB space-time with 
globally naked shell-focusing singularity is depicted . We investigate three 
cases of initially incident wave packets : the one which reaches the symmetric 
center before the formation of the central naked singularity (case 1); the one 

which 'hits' the central naked singularity (case 2); and the one which reaches 
the Cauchy horizon associated with the central naked singularity (case 3). 

The value of 1/Js at the center is plotted as a function of l for those three 
cases in Fig. 6.2 for the globally-naked-singular space-time and in Fig . 6.3 
for the locally-naked-singular space-time. From these fLgures, we :find that 
no violent growth is observed near the central naked singularity. 

We also observe the time dependence of 1/Js along the trajectory of the 
constant circumferential radius outside the dust cloud. Since we would like 

to see the effect of the central naked singularity on 1/Js, we only consider 
the globally-naked-singular space-time. vVe set up an initial wave packet 
a = O.O.Srb at R = lOOM on the initial null hypersurface which does not 
include ( l, r) = (0, 0) but is chosen so that the wave packet will reach the 
neighborhood of the central naked singularity. The results are shown in 

Fig. 6.4. ote that R = lOOM is located in the vacuum region which is 
the Schwarzschild spac -time. Hence t along the timelik curve R = lOOM 
agrees with the time coordinate of the Schwarzschild coordinate system. 

In Fig. 6.4( a), the solid, broken and dotted curves denote cases 1 2 and 3, 
respectively. In this figure, the initial peak corresponds to the initial incident 

wave, while the last o cillation corresponds to the scatt red outgoing wave . 
Fig. 6.4(b) shows detailed behavior of the scattered 1/Js for case 2. It is the 
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Figure 6.1: Conformal diagram of the LTB space-time with globally naked 

shell-focusing singularity. Three cases of incident wave packets are depicted. 
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Figure 6.2: '1/Js at the center with an initial width o- = 0.05rb as a function of 
t for cases 1-3 for the globally-naked-singular space-time . In (a), the dotted, 
broken and solid lines denote cases 1 (rc = O.Srb), 2 (0.82rb) and 3 (1.2rb), 
respectively. In (b), the results of case 2 are shown in more detail. The 
broken line in (b) is the same as the broken line in (a). The solid and dotted 
lines show the cases in which f c = 0.76rc and 0.88rb, respectively. 
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of t for cases 1-3 for the locally-naked-singular space-time. The dotted, 
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most important that the amplitude of the scattered wave is nlmost the same 

as that of the initial incident wave in cases 1 and 2. 
ext, in order to i olate the effect of the space-time curvature on the 

propagation of gravitational waves, we compare the numerical results ob­
tained in the LTB space-time with th analytic solution in the Minkowski 
space-time. In the Minkowski space-time, since R(t, r) is equal tor, Eq. (6.49) 

becomes 

;j; - 'l/J" = ~ I s s r s· (6 .. 56) 

The solution which is regular at r = 0 is given as 

f(t- r)- f(t + r) j(l)(t- r) + j( 1)(t + r) 
3 5 + 3 4 r r 

j( 2)(t- r)- j( 2)(t + r) 
+ 3 ' r 

(6.57) 

where f is an arbitrary function and j(n) denotes the n-th order derivative. 

We set the following initial wave packet on the initial null hypersurface t = r: 

[ 
( r- reM )

2
] 'l/Js = exp - 2 . 

2aM 
(6.58) 

Using the above solution we compare the evolution of 'l/Js in the globally­
naked-singular LTB space- time with that in the Minkowski space- time. Since 
the circumferential radius R is closely conn cted with the behavior of 'l/Js, we 
set the same initial data with respect to R for both space- times, adapting 

the parameters, reM and aM . The results for 'l/Js at the center are given in 
Fig. 6 . .5 . In Figs . 6.5(a) and (b), the results for cases 1 and 2 are shown, 
respectively. It should be noted that there is little difference betw en two 

curves for both cases. Next we compare the behavior of ·!/Js at R = lOOM 
in the LTB space-time with that in the Minkow ki space-time. The re ults 

are seen in Fig. 6.6. As seen in this figur , the behavior of ·!/Js in the LTB 
space- time is basically the same as that in the Minkowski space- time, except 

for the time it costs in reflection. The effect of the space- tim curvature and 
the nak d singularity in this LTB spac -time on the propagation of 'l/Js would 

be rather small. 
s a result, we conclude that even in the neighborhood of the central 

naked singularity and of th Cauchy horizon associated with it, th met­
ric perturbation 'l/Js shows no violent growth if no matter perturbation is 
included. 
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Figure 6.5: Comparison of wave forms at the center. The solid and dotted 
lines denote wave forms in the LTB space-time with globally naked singular­
ity and in the Minkowski space-time, respectiv ly. In (a), case 1 is plotted , 

while, in (b), case 2 is plotted. 
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6.4.2 Including Matter Perturbation 

In the presence of matter perturbation, the source tenn in the wave equation 
(6.49) does not vanish. In the previous subsection, we have found that the 
hornogeneous solution of the wave equation (6.49) does not show any violent 
behavior. Therefore, if the solution with nonvanishing source term shows 
divergent behavior, it does not depend on the choice of initial data for ·1/Js 
on the initial null hypersurface because the divergent behavior is due to the 
particular solution part . So we choose the following initial data on the initial 
null hypersurface: 

'lj;s = 0. 

We adopt the following initial density profile: 

1 + exp ( _12:.1.) 
EO = E~ ( n 2 r: )' 

1 + exp r n- ;· 1 

2r1 r2 

(6.59) 

(6.60) 

where n is a positive even integer . It is noted that, although the above 
density profile spreads to infinity, almost all the mass of the dust cloud is 
contained within the following core radius : 

1 
Tcore = T1 + 2T2. (6.61) 

If we set n = 2, there appears central naked singularity. Whether the singu­
larity is locally or globally naked depends on the choice of the parameters E~ , 
r 1 and r 2 . On the other hand, for n ~ 4, no shell-focusing naked singularity 
forms . Then we consider three different types of density profiles which will 
result in (a) a globally naked singularity, (b) a locally naked singularity and 
(c) a spacelike singularity. 

The specific angular momentum U ( r) should satisfy regularity condition 
(6 .21). Then we set U(r) as 

(6 .62) 

for r > rb. 

where we choose the parameter rb as 

(6 .63) 
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First we observe the b havior of 1/Js at the center. The results are plotted 

in Fig . 6.7. As seen in this ftgure, 1/Js grows proportionally to (to- t)- 15 for 

the nak d-singular space- times, (a) and (b), near the formation epoch of 

the naked singularity, wh re to = t 5 (0) . See Fig. 6.8, in which the local 

power-law index, 

( 6.64) 

is plotted for naked-singular space- t imes, (a) and (b) . Th numerical value 

of 8 is about 1.67. For the pacel.ike-singular space-time, 1/Js shows the 

power-law growth in the earlier part while 1/Js do s not show the power­

law b havior in the later part . Anyway, 1/Js diverges at the central naked 

singularHy. The div rgence of 1/Js is completely controlled by the divergence 

of the source term which appears in the wave equation if we include matter 

perturbations. Since 1/Js is related to the p rturbations of the Riemann tensor 

in a manner describ din Sec. 6.2, the divergence of '1/Js impl.ies the divergence 

of the magnetic part of the Weyl tensor in the neighborhood of the center. 

Nevertheless, it should be again emphasized that our perturbation analysis 

is restricted to linear order perturbations. 
We also observe the wave form of 1/Js along the line of a constant cir­

cumferential radius outside the dust cloud. The results for globally-naked­

singular, locally-naked-singular and spacel.ike-singular space-tirnes are shown 

in Figs . 6.9, 6.10 and 6.11, respectively. For the locally-naked-singular and 

spacelike-singular space-times, damped oscillations dominate the wave form, 

the frequency of which agrees w ll with that of the fundamental quasi-normal 

ringing of the quadrupole mode of the Schwarzschild black hole (Chan­

drasekhar and Detweil r (1975)). In the globally-naked-singular space-time 

we cannot observe the quasi-normal ringing because the Cauchy horizon 

exists earlier than the event horizon and the phenomena of quasi-normal 

ringing of a black hole associate with the event horizon. Anyway, the grav­

itational waves emitt d from the dust cloud are at most weak quasi-normal 

ringing before the Cauchy horizon. Therefore the odd-parity perturbations 

behave in a regular manner and do not destroy the Cauchy horizon. It is 

noted that conclusions which will be obtained frorn the numerical results 

are not altered by the choic of Tb. 
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6.5 Summary 

Up to lin ar order, the odd-parity pure gravitational waves with no matter 

perturbation behave in a regular manner in the background of the LTB solu­

tion which has shell-focusing naked singularity. In contrast, in the presence 

of the odd-parity matter perturbation, the magn tic part of the \!Veyl tensor 

diverges near the central naked singularity. However the metric perturba­

t ion behaves in a regular mann r even just before the Cauchy horizon. This 

implies that the space- time around the Cauchy horizon is altered only per­

turbatively while the space-time around the shell-focusing naked singularity 

altered nonlinearly. The stability of the Cauchy horizon is a highly nontrivial 

result because the divergence near the central nak d singularity might be ex­

pected to propagate just before the Cauchy horizon and because the Cauchy 

horizon was proved to be unstable in the RNBH, (Chandrasekhar and Hartle 

(1982), Poisson and Israel (1990)) the RNdSBH (Brady and Poisson (1992), 

Brady, Moss and My rs (1998)) and the Kerr BH (Ori (199 )) . 

If the singularity formation cannot be prevented by rotation for l 2': 
2 mode as inferred from th analysis in Chap. 4, another type of naked 

singularity than the shell-focusing singularity in the LTB space-time may 

emerge. N evertheles it should be noted that whether or not rotation can 

prevent the shell-focusing singularity formation is an open problem because 

it will induce highly non-spherical situation that has not been dealt with in 

Chap . 4. 
With respect to another important motivation of this study, that i , the 

possibility of the naked singularity being a strong source of gravitational 

radiation, unfortunately, the naked singularity is not a strong source of 

gravitational waves for the odd-parity mode. 
At last, we must say that this approach is still not completed because 

the even-parity perturbation is not investigated . Only for the even-parity 

mode, metric and rnatter perturbations are essentially coupled . The density 

perturbation is also included in the ev n-parity mode, contrary to th odd­

parity mode. Then, t he naked singularity seems rnore likely to be a strong 

source of gravitational waves for the even-parity mode than for the odd­

parity mode. If it is, the back reaction of the radiated energy flux from the 

naked singularity might destroy the regularity oft h Cauchy horizon for this 

mode. The even-parity mode p rturbation is being investigated now . 
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Chapter 7 

Summary and Conclusions 

7.1 Summary and Conclusions 

In general relativity, the occurrence of singularity is a generic property of 

gravitational collapse. A naked singularity violates the future predictability 
of space-time within the framework of classical theory. Then, it has been 
conjectured that no naked singularity forms in physically realistic gravita­
tional collapse. However , in the generic spherically symmetric dust collapse, 

which is described by the LTB solution, shell-focusing naked singularity 
forms. Then, it is our concern whether or not the naked singularity which 
appears in the LTB solution is physically realistic. The physical reasonable­
ness could be separated into two concepts, sufficiently generic space- time 
and non-pathological matter content, although these two may be closely re­

lated with each other. The LTB solution seems to be unrealistic because it 

assumes exact spherical symmetry and because its matter content, the dust 
fluid , has exactly vanishing pressure . Then it is important whether or not 
the above unrealistic assurnptions are essential to the shell-focusing naked 

singularity formation. 
In this context, we have investigated the effects of violation of such ap­

parently unrealistic assumptions on the shell-focusing naked singularity for­
mation. First we have paid attention to the fact that the dust matter can 
be considered as a cold limit of collisionless gas . From this point of view, 
it is more g neric for the gas to have nonvanishing velocity dispersion. In 
Chap. 3 we have developed a formulation on spherically symm tric space­

time with only tangential pressure. Using this formulation , in Chap. 4, we 
have introduced counterrotation which is a kind of non vanishing velocity dis-
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persion in the tangential direction. We ha.ve succeeded to obtain the exact 

solution for the pace- tiwe . Then we have concluded that generic counter­
rotation prevents the central shell-focusing iugularity formation, although 

w have al o found an example of the shell-focusing naked singularity forma­
tion with non-generic counterrotation. Moreover, we have shown that the 
g neric continued collapse must result with shell-crossing singulariti s. 

On the other hand , it is also possible to consider the dust matter as a 
soft lirnit of a perfect fluid with 1-law equation of state. Then, in Chap. 5, 
we have investigated the spherically symmetric collapse of a perfect fluid 
with 1-law equation of state. Since we have obtained the numerical solution 
by using an outgoing null coordinate, the causal structure has been obvious. 
Then we have concluded that the central globally naked singularity forms 

from generic initial data for sufficiently soft equation of state. This study 
has generalized the previous works under the self-similarity assumption. 

Furthermore, in Chap. 6, we have proceeded to consideration of the 
violation of spherical symmetry, in particular, the existence of gravitational 
waves . From a linear perturbation analysis, we have obtained the conclusion 

that th odd-parity mode gravitational waves do not destroy the Cauchy 
horizon while the shell-focusing naked singularity may change its properties, 
for example, the divergence of the magnetic part of the Weyl tensor. We 
have also learn a lesson that nonlinear effect becomes very important on the 

formation of naked singularity. 
Bas d on these results, we discuss the genericity of the shell-focusing 

naked singularity in the LTB solution. Consider a collisionless gas system, 
which will be a realistic matter model. Then, velocity dispersion would 

play an important role at the final stage of gravitational collapse with or 

without spherical symmetry. Generic velocity dispersion have a tendency of 
preventing the central shell-focusing singularity formation. 

On the other hand, consider a perfect fluid with 1-law equation of state. 
Then its adiabatic, spherically symmetric collapse results in central naked 

singularity from generic initial data, if the equation of state is ufficiently 
soft. Provided that the cosmic censorship is to be true, this example calls 
another suspicion if the extremely soft equation of state for highly relativi tic 
matter may be unphysical In fact, it is known that the highly r lativistic col­

li ionless gas in thermal equilibriurn behaves as a radiation fluid. It hould 
be also not d that the fluid picture is only an approximation for a group of 

particles which interact each other and that 1 mentary particles would be­
have like fre particles in high en rgy scales, that is, an asymptotic freedom 
would hold. 
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Without spherica.l syrnn1etry, we must introduce gravita.tional waves in 
general. The odd-parity gravitational waves do not destroy the Cauchy 
horizon, contrary to the case of the inner horizon of the R BH, RN dSBH and 
Kerr BH. The odd-parity gravitational waves cannot be radiated strongly 
from the nak d singularity. 

At last, although there remain open problems which deserve to be in­
vestigated in more detail , the shell-focusing naked singularity would not be 
generic and we cannot accept the shell-focusing naked singularity as a coun­
terexample of CCH. Therefore, no serious counterexample of CCH has been 
discovered. 

7.2 Future Prospects 

There still remain a lot of open problems . In particular, the works in this 
thesis should be extended as follows . 

Which is the naked singularity that appears in the collapse of counter­
rotating particles, timelike or null ? The shell-focusing naked singularity 
which appears in the LTB space-time is ingoing null in this connection . 

Our analysis strongly suggests that the shell-crossing singularities are 
very generic phenomena in gravitational collapse of collisionless particles . 
Hence it is very important to deal with the shell-crossing singularities in a 
distributional sense. The procedure for the crossing of shells may give a hint 
to the present problem. Alternatively, we should solve the Einstein- Vlasov 
equation with or without spherical symmetry. Anyway, we will be forced to 
have recourse to numerical techniques. 

We should clarify the curvature strength of the naked singularity in the 
spherically symmetric collapse of a perfect fluid with very soft equation 
of state. Since the solution has been obtained numerically, the strength 
of the singularity must be examined by numerical techniques. Moreover, 
it should be clarified whether or not the collapse of a nonrelativistic fluid 
results in naked singularity. It needs very high resolution and it is expected 
that the adaptive mesh refinement code may reveal it . On the other hand, 
if the superstring theory or other Planck energy scale physics specifies a 
certain effective equation of state for the matter, what occurs in the complete 
spherically symmetric gravitational colla.pse ? 

The behavior of the even-parity perturbations of the naked-singular LTB 
solution must be investigated . For the even-parity mode, the rnetric and 
matter perturbations are closely connected. In the presence of this rnode, 
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does the Cauchy horizon remain stable ? Doe the naked singularity em it 

gravitational waves for the even-parity mode? Are the gravitational waves 
observable ? This problem is very attractive in the present progr ss in the 

gravitational wave observation projects by laser interferometric detectors , 
such as, LIGO, VIRGO, TAMA and GEO. 

Whether or not the naked singularity is inevitable in classical theory of 

gravity, singularities would result with divergence of curvature invariants. 
Then quantum effect which appears in curved space-time cannot be negligi­

ble. It is an open question how the singularity formation is alt red. 
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Appendix A 

Gauge-Invariant 
Perturbations of Spherically 
Symmetric Space-Time 

A .l Perturbations of Spherically Symmetric Space­
Time 

Here we review gauge-invariant perturbation formalism on a general spher­
ically symmetric space-time, following Gerlach and Sengupta (1979) . 

The perturbed metric tensor is written in the form 

(A.1) 

where gp,v and hp,v are the background metric tensor and the perturbation, 
respectively. The stress-energy tensor is written in the form 

(A.2) 

where Tp,v and ip,v are the background stress-energy tensor and the pertur­
bation, respectively. Tp,v is expressed in the form 

where A, B, ... refer to the t ime and radial coordinates , while a, b, . .. refer 
to () and ¢ . Up to linear order, equations for perturbations are cornpletely 

111 



separated from each other to odd- and even-parity modes. The odd-parity 

mode perturbations are writt n as 

hA(x 0 )Sa(dxAd xa + dxa dxA) 

+h( x 0 )S(a;b)dxa dxb, 

tA(x 0 )Sa(dxAdxa + dx adxA) 

+t( x 0 )S(a;b)dxadxb, 

(A.4) 

(A.5) 

where the semicolon d not s the covariant derivative on the two-sphere xA = 
const and Sa is the odd-parity vector harmonics (Sa ;a = 0) . Sa is constructed 

as 
(A.6) 

where f/ and Y ( e, ¢) are the 2-dimensional skew tensor and the spherical 
harmonic function, respectively, and the comma denotes the partial deriva­
tive. S(a ;b) is the odd-parity tensor harmonics. See also Regge and Wheeler 
(1957) for scalar, vector and tensor harmonics . The even-parity mode per­
turbations are written as 

hAB(x0 )Y dxAdxB + hAY,a(dxAdxa + dx adxA) 

+R2[1((x 0 )Y!ab + G(x 0 )Y,a ;b ]dxadxb, (A.7) 

iAB(x 0 )Y dxAdxB + tAY,a(dxAdx a + dxa dxA) 

+R2 [t 1 (x 0 )Y!ab + t2 (x 0 )Y,a;b]dxadxb, (A.8) 

where lab is the metric tensor of the 2-sphere xA = const, i.e ., 

(A .9) 

Y,a and Y, a;b are the even-parity vector harmonics and the even-parity tensor 
harmonics , respectively. Hereafter we suppress overbars in referring to the 
background quantities. 

A.2 Gauge-Invariant Quantities 

In order to isolate physical 1nodes from gauge ones, we introduce gauge­

invariant variables as follows . We abstract invariant quantities under the 
gauge transformation induced by the infinitesimal v ctor fi eld 

(A .lO) 
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for the odd-parjty 1nod and 

(A.ll) 

for the even-parity rnode. Then we obtain the following gauge-invariant 
quantities : 

1 ah tA--T A 2 a ' 

L t- ~T ah 
2 a 

for the odd-parity perturbations, and 

k 

hAB- (PAIB + PBIA), 

]{- 2vApA, 

tAB - TA~C PC- 2(tcAP~B + tcBP~A), 
c 1 2 

tA- TA PC- 4R G,A, 

tl - ~ pc (R2t a) 
2R2 a ,C, 

t 2 - ~R2 t ac 
2 a 

for the even-parity perturbations, where 

PA 

R,A 
R' 

hA- ~R2G A 
2 ' ' 

(A .12) 

(A.13) 

(A.14) 

(A.1.5) 

(A.16) 

(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A .21) 

(A.22) 

and the vertical bar refers to the covariant derivative on the 2-dimensional 
su bmanifold M 2 spanned by xA. 

A.3 Field Equations 

The linearized Einstein field equation ( 80 ~-tv = 8118TI-Lv) for the odd-parity 
mode b cmnes 

(A.23) 
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- [R·{ (~~r- (~~f}L +(l-l)(l+2)kA 

= 1671 R2 LA (l 2: 1). (A .24) 

The linearized conservation equation ( 8(TJ-L)v) = 0) for the odd-parity rnode 

becomes 
(R2 LA)IA = (l- 1)(l + 2)L (l 2: 1). (A.2.S) 

On the other hand, the lin arized Einstein equation for the even-parity 

mode becomes 

1 2 IC [l(l+1) C a] 
R2 [R (kABIC- kACIB - kB CIA)] - R2 + G C + G a kAB 

+9AB [~2 (R2kcv)ICID- GCDkcv l + kcC IAIB 

- g [2_ (R2kC )ID- l(l + 1) kc - ~(GD + Ga )k cj 
AB R2 CID R2 C 2 D a C 

+2( VAk,B + VBk,A + k ,A IB) 

-g [2k I c + 6 v c k - ( l - 1) ( l + 2) kl 
AB ,c c R2 

=-1671LAB (l2: 0), 
IC c c ( ) k,A - kAC +k c,A-VA k c =-1671LA l 2: 0 , 

-(k IC + 2vckc + Ga k) ,C , a 

+[kclf iD + 2vc kclf + 2(vCID + vcvD)kcn ] 

[ c ID c D c l(l+l ) cj 
- k CID + v k DIG + Rk c - R2 k c 

= -1671L1 (l 2: 0) , 

kcc = -1671 L2 (l 2: 0), 

(A.26) 

(A.27) 

(A .28) 

(A .29) 

where R is the Gaussian curvature on the 2-dimensional submanifold M 2
. 

The linearized conservation equation for the even-parity mode becomes 

( .30) 

114 



1 BC IB C 1 C B C 
= 2kBCIAT + kcB T A - 2k CIB T A- k ,cT A 

+ Gk.A- kvA) T"a + 2v8 ksc tcA + k8c tcAIB (l 2: 0). (A.31) 
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Appendix B 

Radiated Power of 
Gravitational Waves 

Here we examine the asymptotic behavior of the gauge-invariant quantities 

defined in Appendix in the asymptotically flat space- time with outgoing 

wave condition. Then we calculate the radiated power of gravitational waves 

and thereby we comprehend the physical meaning of the gauge-invariant 

quantities. 
Note that, in vacuum at large distances, the ph rically ymmetric back­

ground metric is given by the Schwarzschild space-time, where hereafter we 

adopt the Schwarzschild coordinates: 

( 2M) ( 2M)-1 

ds 2 = - 1- -r- dt 2 + 1- -r- dr 2 + r2(dfP + sin 2 Bdq}) . (B.1) 

To relate the perturbation of the metric to the radiated gravitational wave 

power, it is useful to specialize to the radiation gauge, in which the tetrad 

components of the metric perturbations h(e)(B) - h( cb )( cb ) and h(B)( cb ) fall off 
as 0(1/r) at large distances, and all other tetrad components fall off as 

0(1/r2
) with respect to the following background tetrad basis: 

a 
e(t) 

( 2M) 1/2 
1--r- (dt)a (B.2) 

a 
e(r) 

( 2M) -1/2 
1- -r- (drt, (B .3) 

a 
e(B) r( dBt, (B.4) 
a r sin B( d¢ t. (B .. S) (c/J ) 
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In the radiabon gauge, the metric perturbations in Eqs. (A.4) and (A.7) 
behave as 

oG), 
h f(t- r*)r + 0(1) 

for the odd-parity mode, and 

o e2), 
oG), 

]( o(r12)' 
G g(t- r.) +O ( !._) 

r r 2 

(B.6) 

(B .7) 

(B.8) 

(B .9) 

(B.10) 

(B.11) 

for the even-parity mode, where r* is the tortoise coordinate defined as 

r. = r +2M ln ( 2~ -1) + const, (B.12) 

and the outgoing wave condition is respected. Then, the gauge-invariant 
metric perturbations (A.12), (A .15) and (A.16) are calculated as 

for the odd-parity mode, and 

k 

-~f'r + 0(1), 

1 
2J'r + 0(1) 

g"r + 0(1), 

-g"r + 0(1), 

g"r + 0(1), 

-g' + o G) 

(B.13) 

(B .14) 

(B.15) 

(B.16) 

(B .17) 

(B.18) 

for the even-parity mode, where the prime over for g denotes the derivative 
with respect to its argument. 
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In this radiation gauge, the radiated pow r P per unit solid angle is given 

by the formula derived by Landau and Lifshitz ( 197.5) from their stress­
energy p udo-tensor: 

dP = i!:_ [(ah8¢)2 

~ (ah88 _ ah¢¢)2

]. 

dn 161r at + 4 at at (B .19 ) 

For the axisymmetric mode, i.e., n1 = 0, th above formula is r duced as 

(B.20) 

for the odd-parity mode, and 

dP At(B) ,2 -=--g dn 647r 
(B .21 ) 

for the even-parity mod where At(B) is given by 

( ) 2l + 1 . 4 "( )2 At 8 = --sm BP, case . 
47r 

(B .22) 

It is found that, for the monopole and dipole modes, the radiated power 

exactly vanishes. Then, by using the gauge-invariant quantities and inte­
grating over the whole solid angle, the formula for the power of gravitational 
radiation of l ~ 2 is obtained in the following form: 

dP 

dn 
p 

for the odd-parity mode, and 

dP 

dn 
p 

for th even-parity mode, where Bt is given by 

Bt = (l- 1)l(l + 1)(l + 2) . 
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(B.26) 

(B.27) 
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