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Tokyo Metropolitan University

BE

polycosecant #{, polycotangent £i% poly-Bernoulli Z{® L ~)L 2 FAM D —D & L TEFR X 745
TH%. KFTIE, polycosecant £, polycotangent (743 % O, poly-Bernoulli £zl 5 2 MHHE, %72
polycosecant #4350 duality O—ffb & 72 2 WH 2 FFOBINC OV TIEN .

1 Polycosecant #, polycotangent #IDEZ L 4HE

AT, polycosecant #, polycotangent ¥ DEFE, M Z N 6 A7z TGRS OWTIRN S, £zt
D728, poly-Bernoulli O EIZDOWTH kRS,

EE 1.1. poly-Bernoulli ¥ B P (n€Zxo,kel)idzhzh

Licl—e™®) -y Y

1—e® = ol
er —1 = "on!

TEREINS. 2L, Lig(z) BRTERINBHIITH S :

Lij(z i % (2] < 1).
#z, BP.CP € Q (n € Zoo, k € Z), ¥72 BV, 05 € Zsg (In € Zsg) £75 Z M BATVS
S 2 SOMINE duality ¥ IHZRBHE RO 2 L AHISATV S (FEIERE SI7).
FE 1.2. n,l €Z>0I1THL,
B =", (1)
ot =gy (2)
eiRb.
polycosecant % DY, polycotangent £ A 13 2R BD LA 2 FAD—D ¥ TR TV BEFITH 5.

EE 1.3. [3,4] polycosecant # DY | polycotangent % B (n€Zxokel)ideheh

Ay (tanh (¢/2)) _ Z Dﬁbk)t—r:,
n!

sinh ¢
n=0



Ay (tanh (¢/2)) )t"
tanh ¢ Z ’6

TERIND. 2L, Ak(z) BRTERSINWIHETH S :

oo 2n+1
Z CEmL - = Lij(2) — Lig(—2) (|2] <1).

poly-Bernoulli 5[k, DI, 5 € Q (n € Zo,k € Z), % DLV, 80 € Z (In € Zzo) L7252 w28
HoNTW2, Fi2, 2hd 2 ODOKGNGZ ORISR 723 2 e 205,
Dé’;?ﬁ»l - 0 ﬁ;fz)ﬁ»l =0 (TL S ZZO‘/ ke Z)

LB bh b (o T, AETIE FEEDBEROLEEN->TW5). Zhd 2 008fRe LT, BB
1Z cosht 5DENHBH 5 DT, Euler £

ERVT,

(0 _ Z 20\ (k)

2n 2 24
i=0
"\ (2n

k k

D = 32 () Pt
i=0 )

YhBZEDbNG. ASHUINT B IR RIS S T w s, AT’ BY, P, DP sF o
FTARTHWTHHERE 2T 5 (2 DRDBIFRICOWT, fIZIE [7), [11] CRdnH 3).

EE 1.4. m,n € Z <X L, 5 Stirling ¥ {:J 55 _F# Stirling X { } zhzhfifb

Ehhashs.

BELS5. kecZ mneZey O m>20T5. corE, DY AN wrowtAziss

é(%)j Ejﬂ DG — o, 0

HE 1.1 0P B oWt ez Z vz [10] T, BY »C oWt RE#ET 2 L3 2] TREATVLS.

DML, k IO T LOFEAEAVWThDOLEBITL 2 X 51cHiks.
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Bl11 k=-2n=2m=>5r¥5y, D =16 pi — 1 pO —o p~ =1,0{"? = 16,0 =
121 THDY,

15 15
0

5

1408 1918
> (-1 { 1] DY) = 22 - 0 10— 85 4 240 — 121
J=0 I

v, AR, B = 199 g = 8 50 =1 g7V =887 = 41,5 =200 THY,

157

5

1592 | 2192
j{: { 4_1} P = S T 225 - 6804615 - 200
= j

=0
b,
IARRIC OV THHEEFI SN TV R, HIZERD X5 BK03H 5.

W 1.6. n,k € Z>o WAL,
min {2n+1,k} |

(—h) _ G =1 (k) (2n+1
Dy = X T2l ) i

i=1
Liss.

ARo#AEMAVZ L, B0 120w TR &3 hRAELNS.

B 1.7. n,k € Zso THL,
min {2n,k—1} min {2n—1,k—1}

o ) )

Jj=0 0
R SRR TR VIR ”f Y+ o1 [
=0 27+ i+2fi+1 =0 R UESNAVESY A
ARGV T, poly-Bernoulli D355 XD Kummer BERRIRENTWS. DIFETIE, ¢ % Euler
Do T3,

FIE 1.8 ([12, Theorem 6.1)). p: HRE, k € Z>o, m,n, N € Z>1 : m =nmod p(pV) 2 mn >N &
ToL
BUR = B&R) mod pP,
O = CF) mod pV
b,
Z0EH L OB DY AT IS LT O RIT B 2 L avRE 5.
EE 1.9. p: R, k€ Zso,m,n, N € Zz1 : 2m = 2nmod p(pV) 222 2m,2n > N £ 55

DR = D< k) modp

2m

3(=k) — g(=k)
— M2n

2m

mod pv

b,



95

DS o Eicitd 5 Kummer B4R Pallewatta 1< & DR EH TV ([11, Theorem 3.12]).
DIFHHEDFHD AT H BN, b DS Y o duality ZFEHHTHWTWS I EICkS. ZOFE
HOFTIE, 55 2 B Stirling BucBF 2 RO BMGR L, DS P, A0H oBRR %W 2 ¥ T duality 12 &
BRI EST 5 7.

WRE 1.10. p: WFEE, mon, N € Z>1 :m =nmod p(pV) 2D m,n>N ¥ T2L

]'{n} Ej!{m} mod p™
J J

tlsb.

AR 1.2,
DY) = (22" Bay, (5)
3;11) — 227LBQT“ (6)

LibDT, LB 1 DBE, n,m, N € Zso : 2n = 2m mod p(pV) 222 (p—1)f2n I L
(1) (1)

D. D
(1 7p2n71) 227: = (1 7p2mfl) 2frrln mod pN7
2n—1 3;11) — 2m—1 ﬁé:r)z N
A=p™ )5 - =1 —p™ )5 mod p

L, lHE D Bernoulli BUZx$ % Kummer RN E FREOBRIRIMIT 2 e h3bh 5
B 1.2. p=3m=2n=5k=3N=2vr35%, D{¥ =121,D\,% =88573 v 72D,
D =D{;¥ =4mod 9
vis. AR, B0 =200, 8% = 786944 £ 72D,
B = 8% =2mod 9
vn5.

ko TH2BL AT PN 2K LTHEM oY) 2FoZ b2 5. ZOAMOKEHRICHE LT,
BIZIE N =1 D86, ZBHISH TV,

R 1.11. [9] p: A8, k€ Zoo ITHTL

B~
P 2 mod p #0 and p—1]k),

71)[16)7

v _ ) 1modp (k=0or p—11k),
1= (k

(»

(p=11Fk)

L8 s.

(1), (2) 225, fmd 1.11 13

sy _ [Imodp (k=000 p— 11K, (pe _ [Omodp (p—11K),
k 2modp (k#0 and p—1]k), k lmodp (p—1]|k)

YEIBI DA 5. CORMOKSEIICE LT, oG DY, BCH icovnT e BT 5.
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W 1.12. p: AHEE, k€ Zso AL

Dé;P‘Fl)

0 mod p
1 mod p
glor+D) 1 mod p
an 2 mod p

p71f2n)7
p71‘2n)7
2n=0 or p—112n),
2n #0 and p—1|2n)

(
(
(
(

L.
Fiz, SR L B oW TR ST WS,
EIE 1.13 ([12, Theorem 6.10]). p: THE, k € Zso,n, N € Z>1 :n > N IZHL
o(p™N)—1

Z B R = 0 mod pV
i=0

rRB.
ZORICHLT 2 BHERERD X 512785, B Topir, Ton, BZRZHN

t2n+1

o0
tant = Z T2n+1m7

n=0

~ 1 n =0),
Ton = n—1
(71) T2n+1 (Tl S ZZI)

LEDTBEL . K, Bernoulli & ORfRE LT

22n(22n o 1) l;z;n (TL c Z>1)7
T271,+1 =
1 (n=0)

PRI T B 2 L AR TV (RN (2] % BH).

R 1.14. p: GHRE n € Lyo, b N € L1 k> N ITHL

5. fitoT

e(@™)-1 ‘
Z Bé;ki_l) =0 mod pN !
i=0

L3B.



B 13. p=3n=3k=3N=2vr32%r, D\? =1093, D\ = 12160, D> = 111721, D" =

927424, D{ 7 = 7256173, 8§ %) = 54726400, Ty = 272 ¥ 72 D,

5
223 "D =6= 272 x 6 mod 9
=0
s, g7, 80 = 3104, 80" = 23801, 857 = 174752, 80 = 1257125, 87 = 8948384, 5, ¥ =
63318641, 7, = 272 £ 721,
5
203 B =3=272 x 6 mod 9
i=0

b,

ZE T, HEBDE D polycosecant $i7e ¥ DM A R C &7z EHREDIEDSE, poly-Bernoulli B

DWW, Clausen von-Staudt BUEMAHI S TWS
EIE 1.15 ([1, Theorem 14.7)). p: TRE, k € Zso,n € Z>y (k+2<p<n+1)xfL,
1. (p—1) | nofa, pBF ez, iy,
pkBﬁbk) = —1mod p
b,

2 (p—1)tn o, P B e 2y vy,

1 )
,{ 771} kaOdp (n=1modp—1),
pip® =P\

—1 n—1
L{ " } mod p (otherwise)
p p—1
L%,
polycosecant £, polycotangent DWW T b [FABD EFAIKILF 5.
EE 1.16. p: FFEM, 1 € Zoo b € Lo (K+2<p<2n+1)ITHL,
1. (p—1)| 2n 0H&, PO pFpd) € 7, B, FIC,

k ok
kaén> = pkﬂgn) = —1mod p

¥%%.
2. (p— 1)t 2n OBE, p DY) p-1pE >ez(,,) LB, R,

a—l 1
1 2 2 1
S Gy e AR
Jj=0

=p
= lm d p

Pl = - 1{ } (2%1)&0 { 1}

j
llmodpl
2 I (j+2)! {Qn }<j+1>
Z . mod p
= p J+2 P

LB, 12, a€Z & 2n & p—1 THoZBORER, v =min{2n,2p — 3} & L.

—-
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2 Symmetrized polycosecant D EEHE L 4E

ARFTIE, symmetrized polycosecant D ER L HEHICOWTIANS. E L DI, LITHATDH 3
symmetrized poly-Bernoulli #(c>W Tt 5.

EE 2.1 ([5, Section2]). I,m,n € Zxo WXL, symmetrized poly-Bernoulli {%’5{1)(71)} &
00 =Y m B ()
i=o U

TERENS. EEL, BY(2) &

. o —t o0 n
D) Y B e )
n.

1—et
n=0
TEFHEEND poly-Bernoulli ZWNTH 5.

MIREED S, n=0 o8a 25°0) =B, n=108a 25°1) =c'™) vrszribhs
2D B0 (n) 12oWT, KO duality AHLT 5 Z L REATVS.

EE 2.2 ([5, Corollary 2.2]). [,m,n € Zso 1L,
A1) = B (n)
b,

Z DI poly-Bernoulli 2 duality d—f{L & 7o T 5. FBE, Eofilns n =0 e BLY o
duality (1) 25, n = 1 5813 C5 0 0 duality (2) 2538ph3 2L dbd 5. —4, DSV, A5 o duality
BROETHILT 5 2 RENTVD

FE 2.3. [3,11] l,m € Z>o WXL,

D( 20—-1) D( 2m— 1) (11)
1 m
o = " (12)

2m

L85,

BGY, 00wty 3 B0 (n) piteAe s 20T, DY D 10onT b & 5 BT R RS OB HE
FT5DTIERWD, ¥&E X =D symmetrized polycosecant Bl TH 5. Lo L, Béln)l PRMEE LTHRoE—
K BBAER SN TWIRWDT, [5, Section 3] D & 5 7ZHHild TE LW, Z 2T, duality DFEHOFIED —D
TH 5,2 ZHOURBEBICAER L.

EIE 2.4 ([5, Theorem 2.1]). n € Zzo ITHL,
n|ez+y

(T Y :
Z Z ﬂ ll TTL' - (ez +eY — ez+y)n+1

=0 m=0

b,
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T 2.5. ne ZZO &:ﬁb,

2m nlerty nle*ty

— = 2 (2m) (1 +ette¥ —ettY)2 (14 e %4V —e21Y)2

Ty nle”*7Y

+ (14 e*+ev—erv)2 + (I+e*4e¥v—e2Y)2

nle

Linb.
Z DORHEFERR % W AH DI #E L7z b DAY symmetrized polycosecant £ o l)( ) TH5.
EE 2.6. [,m,n € Zxo WXL, DS l)( ) &

aLioa(tanh (0/2)) 1 oy L tanh t/2 ZD( Dn 13)

Ly -
—(e"+1
2 (e +1) sinh ¢ 2 sinh (—

TREFL, symmetrized polycosecant ¥X ’Dg{l)(n) &

200 = 3 || D)
TERT 5.

REBB W e 72 5 DT, D50 (n) = 0 (m,l,n € Zso) LB LAbRB. Eiz, RO,
90 (n) @ duality 2bH 5
Tl 2.7. nc Zzo &:;FJ‘L/,
21 2m

o= (2, 2y nle*Y nle=*tY
Z Z ®2m (n) = : N + N N
22y @)1 @m)] (Lt e® +ev —emro)ntl | (11 e® o — catv)tl

nle®~Y nle=*"Y
(1+e® +ev —er—y)ntl + (I+e*4e¥—e®y)ntl

L%, eoT, limn € Zxo AL,
—21 —2m
25,70 (n) = D5 *™ (n)
e,

Ble LT, n=1o8a, &xnrs 00 1) = %Dg,_nl_l) b, M 2.7 A 5l H D polycosecant B D
duality O (11) 258N 5. n=0 ODHEER L7012, XOwmEEZHAET 5.

el 2.8. lym,n € Z>o 0:5({“«,

| min {2m,l}

n! Z (j) jH+n\[2m+1[l+1
2n+1 = 21\ n j+1 j+1

ZORE GE 1.6, 1.7 2256, RO bbb

o5, (n) =

LRb.

W 2.9. [,m € Z>1 1THL,

’D( 21)( 0) = (ﬁ( 21)+D( 21)+D( 27n)>

l\)l»—t

b,
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o T, TR 2.7 225

( 21)+D( 2/)+D(727n) _ ( 2m) +D( 2"L)+D( 21)
1 m
L ﬁézz )

vy, (12) UPNS Z L hbh s, k7o, Ml 2.8 6, 850 O duality BEBICHH 5 & 5 RIPRAIE
5h3.

% 2.10. m,l € Z>p:2m+1>01ZH L,

min {2m,l}

= (D

b,

%7z,
1 min {2m,l} A
Z I+1 20 (1) = lIn! Z (n+1)(n+2)---(n+j)[2m+1\ [I+1
el U S R S 211 J+1 f\y+1

Llan el (3) h6, ROBRAA DS

'D?J‘%E 2.11. l,mGZzo MmO l>2m &3 5. :@H%,

[1/2]
L+ 1) pzm-n) _
; Li"" J D2i - A2m(l)
YHB.FEL, Agm(l) WK SHEEBERTH 5.

(l;:j)!et(et 1) =3 A=

7o, KDEENCRERTZEHTES.
R 2.12. [,;m € Zso 22 I >m 2T 5. ZOH,

L1/2] {

I+1 o
2i + J Déi V= Am(l)

LRb.

#2.1. 1=6,m =3 o, D =1,D5 " =40, DY =736, D Y = 12160 TH Y,

3
3 {21' 1 J DS =720 x 141624 x 40 4 175 x 736 + 1 x 12160

= 206640
v, ZhuE Del(el +1)5 ORBED, & OFMY KT 3.
%12, polycosecant £, polycotangent #UCRI T 2 5HOMEE WL D0ZET 5.

() % BTk 2 LT Arakawa-Kaneko %6 — X B % ¥ 0 & 5 1CHIRT % % (Dq(qk) ZRREE L
THOb D [0] TERSINATVS).



o D0V (n) ICHIGEHRIVBIITAET 52 (B (n) ORMAEROBRICOVTIE, B2 [2) 72 2icitd
BbH5).

EHE LT, DY) 100w T OBRARD S, FIZIE, RO &5 2HSEOMR LT 8T 5 2 edib
%. 2n x k Callan permutation (2n fHOERIIBE OB FTHZ2 L L, k HOERITHNETHL LT 5)
BHEZD. FRIINE—D DT LI —HLTE ZDT, [l—H LB ORNTEIRDHN 2 /NS WIS & 51T
JLTBL. 2L, BRT 24—, GLHNEHE ST %2 L.

o 2.13. EOREICBWT, M E DY Tl E %5 Callan permutation @ 55, NS & DEDHI,
HOWNFI L H12 2m HHO S DA 2m — 1 FH X D AMICH 3 b OOERE RCY v¥55L

R = pi
Ll s.

B 2.1 CHEMEDAS (2m - 1,2m) CET 3 4MR0T, IR 1 BHE 3RER 1 HHL 4 BARY
DI DI, 7z, MHIO HAH) v T & DT OFHHF 1T X B b bR,

B 2.2. D§_3> WZOWTC, D= E#H L TEZ 505 Callan permutation (XD LB TH 5

o i =1D%HAE:12312.
o i =2 D 31122, 11232, 21132, 32121, 12231, 22131, 11223, 21213, 31212.
o i =3 D 11223, 11322, 31122.

ChBIREE 13 B, feric DY =13 ¥ BT 5.

HIEF

2022 - RIMS Wt (2 EY — X EOEMH TOMEMRE XD, FLAROERICE UHERZ L
TWe72 & % UGS Ao BE /e, ik o SR O BIfRIc 3 2 Rk Wiz 2 & % LT BEE
A, RRABEE Y LTEL 0B S 2 8% L TW 20 Tw 2B & D IEG#HHB L B s, K
7RI JST BHER A 7 R—> a YRIMIZIT 72 K% 7 = v — v FAREFSE JPMJIFS2139 O X 4&% 521
72HDTT.
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