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Abstract

Methods for damage identification are undergoing increased attention and
development. Finite element model-based methods treat damage identifica-
tion as a constrained nonlinear optimization problem in which the discrep-
ancy between the test data and the predictions from the numerical model
is minimized.

This research focuses on the improvement of the overall performance of
minimum constitutive relation error (min-CRE) based damage identifica-
tion techniques for general applications. The objective function for iden-
tification is defined as the constitutive relation error (CRE), which is an
energy inner product of the residual of the constitutive equation connect-
ing the admissible stresses and the kinematically admissible displacements.
The identification procedures using the CRE function has been applied to
multiple types of measured data: static, modal, frequency response func-
tion and spectrum data. Different types of measured data correspond to
different mathematical details for the formulation of the CRE function and

thus result in different subsequent numerical solving processes.

To circumvent the ill-posedness of the inverse problem which is caused by
use of the possibly insufficient data and enhance the robustness of the iden-
tification process, the sparse regularization is introduced where the £1-norm
regularization term is added to the original CRE function. In regard to
the minimum solution of the sparse-regularized CRE objective function,
the alternating minimization (AM) method is established. The attractive
features of the present damage identification approach are: (a) no sensitiv-
ity analysis is involved and high computational cost could be avoided; (b)
as the objective function is separately convex, large damages may become

identifiable; (c) while coping with the sparse regularization, a closed-form



solution can be obtained due to the decoupling feature of the CRE function
with respect to the damage parameters and hence the sparse regularization
term would introduce little computational complexity; (d) the sparse regu-
larization parameters are directly determined by a simple threshold setting

method.

Each chapter of this thesis concludes with several numerical and experimen-
tal case studies of increasing size. Throughout the case studies, the proposed
approach by min-CRE and sparse regularization exhibits good identification
accuracy and convergence properties for both small and large, single and
multiple damage identification. Results also show that the sparse regu-
larization obviously enhances the robustness of the damage identification
procedure and the proposed approach has the advantage that it performs
well even under the condition that only noise-contaminated measured data

from few limited sensors are available during the identification process.
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Introduction

1.1 Damage identification

Damage can arise in structures due to operational incidents, extreme events and/or
aggressive environmental conditions. It mainly causes a loss of structural stiffness
which may affect the safety, integrity, serviceability and operation of structures. Thus,
establishment of the structural health monitoring (SHM) system that provides damage
and safety information for preventive maintenance, inspection and repair of structures
becomes essential. Indeed, a reliable and effective non-destructive damage identification
approach is always the core ingredient of the SHM system [1].

There are several conventional, experimental and local approaches that are able to
directly identify the damage. The simplest one is visual inspection; however, it is often
difficult and even impossible to work well since there may be damage scenarios that are
not visible [2]. Other approaches, such as ultrasonic testing, radiography and thermal
analysis, require the damaged region to be known a priori and accessible for testing,
which cannot be guaranteed in most cases. Hence, global approaches accounting for
global behavior of the damaged region are developed to overcome these difficulties [3—
6]. Generally, global damage detection approaches are devoted to the identification of
damage location and severity based on the procedure in which the responses caused by
external excitations are measured from dynamic or static tests and thereafter, damage
is often identified indirectly through numerical manipulations. A direct consequence
of damage is the decrease in local stiffness, and therefore damage, regarded as changes

in stiffness, can be detected using changes in dynamic or static characteristics since
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response characteristics are functions of structural stiffness. This has been the key idea
of many extant global approaches [7-9].

In fact, the approaches, using strucutral response data in the damage identification
process, could be classified into two groups: methods based on signals and methods
based on models [10]. Signal-based methods received much attention in recent years
and have been successfully applied to detect and locate structural damages [11, 12].
They are typically non-parametric methods and able to avoid modeling errors and high
computational costs during numerical simulations. However, these methods are hard
to assess the damage severity, sensitive to the measurement noise and mostly limited
up to small-sized structures [10]. In contrast, the advantage of the methods based on
models is obvious: able to identify the damage location and severity simultaneously
and capable to take into account all of the available structural information.

Classically, the model-based methods treat damage identification as a constrained
nonlinear optimization problem with the structural model parameters such as mass,
stiffness and damping forming the basic variables. The objective function of the non-
linear problem is usually set up by measuring the discrepancies between the numerical
model and the test results. The selection of the objective function is a crucial issue.
It does not only affect the interpretation of the best correlation, but also influences
the behavior of the utilized optimization algorithm [13]. Weighted least squares of the
errors between the measured data and the derived data is generally chosen as the ob-
jective function [14]. To solve this optimization problem, the genetic algorithms (GA)
and the sensitivity-based approaches are commonly used [15-17]. Other opimization
methods include the minimization of rank perturbation theory [18] and the ‘residual

force” method [19].

1.2 Minimum constitutive relation error

Recently, usage of the error in constitutive relation for damage identification has caught
the attention of researchers [20-24]. This idea was first proposed for model updating
analysis and then extended to structural damage identification problems in linear stat-
ics [25], transient dynamics [26], elastoplastics [27] and so on. In this approach, the
objective function is defined as the constitutive relation error (CRE), that is, an energy

inner product of the residual of the constitutive equation connecting the admissible
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stresses and the kinematically admissible displacements. This idea is enlightened by a
recent variational theory of [24] for inverse parameter identification. As it is pointed
out, damage parameters and stresses can be identified through minimization of the
CRE objective function as long as displacement measurements are readily acquired
under given loads. It is remarkable that the CRE function is separately convex (see
Chapter 2 for detailed proofs), which guarantees the appropriate application of the
efficient alternating minimization (AM) approach [28, 29] so as to get the solution of
this nonlinear optimization problem. To this end, the sensitivity analysis is no longer
needed.

To define the constitutive relation error (CRE), consider an elastic structure oc-
cupying the domain 2 and bounded by the boundary 02 first. The mathematical

equations of this linear elasticity problem could be described as

e Kinematic constraints

€ =Buin Q
uel:= (1.1)

u = u over 0f),
where B is the strain-displacement matrix and « is the prescribed value of
the displacement filed u on the Dirichlet boundary 0f2,. € represents the
strain field.

e Equilibrium equations

Lo+b=0in
e = - (1.2)
no =t over 0§}y
where £ is the divergence operator (div) on stress filed o and n the external

unit vector normal to the Neumann boundary 0€2;. Over 9}y, the traction

field t is prescribed. In addition, b denotes the body force.

e Constitutive relations
o = De (1.3)

where D is an elastic modulus matrix with appropriate material properties.
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Now consider an admissible physical pair (u,o), of which the displacements u
satisfy the kinematic constrains (1.1) (u € U) and the stresses o satisfy the equilibrium
equations (1.2) (o € ), respectively. It is easily known that, if the constitutive
relations (1.3) are additionally satisfied with an elastic modulus matrix D(6) (0 € A C
R™T), where A denotes the admissible damage parametric space with §, = 1 meaning
no damage of the eth element, the above admissible solution trio (u, o, @) would be the
exact solution (Uex, Oex, Oex). As a result, the CRE function (functional) is introduced

as the following integral form

J = eonp(u, o, 0) = % /Q (D(0)Bu — )" D(0)" (D(0)Bu — 0)dQ.  (1.4)

Normally, variational method in which stationarity is sought is used to obtain the
approximation of (Uex, Oex, Bex) in the forms of equation (1.4). The reader not familiar
with variations in the field of mathematical analysis may be confused about the solv-
ing process in the following sections. We shall introduce here some basic concepts of
calculus of variations and review the variational procedures used in the finite element
method (FEM) for obtaining the approximation in such integral forms, so as to help
the reader to establish a comprehensive picture on how the principle of the proposed
minimum constitutive relation error (min-CRE) obtains the desired results.

A ‘variational principle’ specifies a scalar quantity (functional) II, which is defined

by an integral form

ou ou
/Q (“’ax’ )d */p (“a )d (15)

in which w is the unknown admissible function and F' and E are prescribed known func-
tions or operators. The solution to the continuum problem is a function w which makes
II stationary with respect to arbitrary changes du satisfying homogeneous boundary

conditions. Thus, for a solution to the continuum problem, the ‘variation’ is
6l =0 (1.6)

for any du, which defines the condition of stationarity [30].

Variational principles such as minimum potential energy may be well known to the
reader in the field of FEM. The whole solving process of principle of minimum poten-
tial energy could be described as finding stationarity (61I,(u) = 0) for II,(w) under the

constraints u € U, as shown in Table 1.1. Another famous variational principle in
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FEM, or say mixed FEM, is the Hellinger-Reissner variational principle [31, 32], which
releases the kinematic constraints « € U by introducing these constraints into the orig-
inal functional II,(u), using the method of Lagrange multipliers. To this end, the new
variational functional Il r(u, o) becomes unconstrained, at the expense of increasing
the total number of independent variables. In this case, the newly introduced Lagrange
multipliers o coincidentally correspond to the stresses which have a clear physical in-
terpretation and thus their computation is also of interest. A further extension of such
principles is known by the name of Hu-Washizu [33].

Above presents general concepts of the FEM. The comparison of using variational
methods in the FEM [35] and the min-CRE is shown in Figure 1.1. As could be seen,
the processes of finding stationarity of different variational principles with respect to
different variables provide numerical approximations to different continuum problems.
Different variational principles correspond to different integral forms, which indicate
different release of the original elasticity problem and thus results in different more
‘'permissive’ solutions. The principle of min-CRE is established on the integral form
of the constitutive equation, which means the satisfying the constitutive equation at
each material point is unnecessary (equilibrium equations, kinematic constrains and
boundary conditions have to be strictly satisfied at each point), while the principle of
minimum potential energy is derived from the integral form of the equilibrium equations
and Neumann boundary conditions (BC) and the principle of minimum complementary
energy from the integral form of the kinematic constrains.

Before proceeding further, it is worth noting that the principle of the proposed
min-CRE obtains the numerous approximations of (Uex, Oex, Oex) by finding station-
arity (6J(u,0,60) = 0) for J under the constraints u € U, o € I, 6 € A. Those
constraints could also be released by the method of Lagrange multipliers [26, 34]. To
distinguish the processes with and without Lagrange multipliers, the method using
Lagrange multipliers is called ’'principle of generalized minimum constitutive relation
error’ in this research (see Table 1.1). Although the Lagrange multipliers could change
the original problem into unconstrained, unlike the Hellinger-Reissner variational prin-
ciple, the physical meaning of the newly introduced Lagrange multipliers u* seems
rather hard to be understood. Indeed, the solution field u* is the error in the displace-
ment v introduced by the integral form of the constitutive equation (0 = DB(u+u*)).

To avoid such obscure step, Lagrange multipliers are not used in this research. Instead,
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Table 1.1 Variational Principles

Principle of minimum potential energy

Variational _ B
functional IIp = %fﬂ eTDed) — fQ uThdQ — fﬂf uTtdS
Variational e = Buin Q
constraints w € U :=
u = u over 0§),
Stationary III
condition  dllp = a—Péu = 0 (only wu is independent)
u
Hellinger-Reissner variational principle
1 T -1 T 7
Variational HR =5 /Q o D od+ /Q u' (Lo +b)dQ
functional
—/ uT(na—f)dS—/ a' (no)ds
Variational
constraints Unconstrained
Stationary 9
1 oIl
condition  llyp = —226u + — 25 =0 (o and u are independent)
Jdu Jo
Principle of proposed minimum constitutive relation error
Variational T
functional J =1 [, (D(0)e — o) D(6)"! (D(0)e — o) dS
well — € = Buin Q
o u = @ over 0f),
Variational B
constraints Lo+b=0in
o= _
no =t over 9y
0cACR™
Stationary
oJ aJ oJ
condition ¢J = —du + ——Jo + —00 =0 (o, u and 0 are independent)
Ju oo 00
Principle of generalized minimum constitutive relation error [26, 34]
1 _
Variational J' = 5 /Q (D(0)e — O')T D(6)"! (D(0)e — 7) dQ
functional - -
—/u*T(LU—I—b)dQ—/ t*T (u —a)dS — put (no —t)ds
Q Qu Q
Variational
constraints € =BuinQ, 8 ¢ A CR™
: aJ’ aJ’ oJ’ aJ' aJ’ aJ’
Stationary 57" — 25y 4 Z—§o + =60 + ——du* + ——0t" + ——0p
condition

ou oo 00 ou* ot* on
(only u,u* and 0 are independent [26])

*Note: t*,u

* w are the Lagrange multipliers associated with the constraints.



1.2 Minimum constitutive relation error

r = — — - Variational method to solve forward problem - -----
|
Linear Elasticity ! ) )
______________ Integral form Release kinematic
(approximation): constrains

Equilibrium equations l 1 | Principle of minimum l Hellinger-Reissner
] -

and Neumann BC | potential energy » | variational principle
I
I

displacement-based Element i

Integral form | P mixed element
approximation)i I
(epp )1 Enforce equilibrium

Kinematic constrains l : Principle of minimum equations
. o EEEEE—— <
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Figure 1.1 Overview of variational methods

constraints are directly imposed into the corresponding variables. It is well known
that admissible displacement field w which satisfies the kinematic constraints could be
approximated by the selection of appropriate shape functions in displacement-based el-
ement. However, the difficulty lies in how to obtain the admissible stress field o which
satisfies the equilibrium equations and the Neumann boundary within the principle of
min-CRE. In this research, two novel distinct solving processes are proposed. The first
is to use force-based element which pre-satisfies the admissibility condition in the stress
field (Chapter 2~4). Degrees of freedom (DOFs) of the independent global nodal force
are found by the formulation of nodal force equilibrium. This procedure is efficient and
convenient with respect to the beam-type elements but may lead to solving sophistica-
tion for other types of elements. The second is to obtain the admissible stress field o
directly through the equilibrium equation by acquiring the pseudoniverse of the trans-
pose of the strain-displacement matrix (Chapter 5). The pseudoniverse is computed by
using the singular value decomposition (SVD). This procedure is recommended for a
more general physical problem. Once the admissible physical fields (u, o) are founded
and the corresponding stationary condition is determined, subsequent operations follow
a standard mathematical path. Chapter 2~3 consider the corresponding finite element
formulation arising in a plane while Chapter 4~5 concern the formulations in 3D space.

In this thesis, we chose to present the proposed technique in the simplified case of the
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identification of the properties in elastic beam elements. The method can also be ap-
plied to more complicated cases in general continuum mechanics. Nevertheless, this

simplified framework is sufficient to test the capabilities of the approach.

1.3 {,-norms and regularization

For large scale civil structures, it is often required to identify the structural parameters
based on the incomplete structural response measurement data. This is essentially
an ill-posed inverse problem. Attempting to circumvent this drawback, regularization
techniques such as the Tikhonov regularization and the sparse regularization are always
introduced. The idea that all the damages or changes of parameters are as small as
possible is implicated in the Tikhonov regularization [36]. Such an idea is reasonable for
model updating however, it may not be appropriate for damage identification since large
damages may occur. On the other hand, damages always occur at a few locations where
maximum-stress/plasticity appears, impact loads work or crack propagates for practical
structures. This would be appropriately implicated in the sparse regularization [37, 38|,
which weakly enforces the sparsity constraint for the damage locations.

Back to the basics in mathematics, the process of adding a norm to the objective
function for the optimization problem is known as regularization. One can regularize the
data for different underlying reasons and with different effects. In the case of Tikhonov
and sparse regularizations, both of these regularizers are built to solve colinearity and
model complexity; but the way in which they attain the goals is fundamentally differ-
ent. The properties of regularizing with fo—norm and ¢;—norm are what causes these
differences. For generalized mathematical definition, a norm is a mapping | - || from
a vector space X into R which satisfies the following properties for every & € X and
y € X and every a € C:

(Bt
loz| = |al | ||z (1.7)

& +yll < =] + [yl

A norm generalizes the concept of distance inherited from Euclideam geometry. One

of the most commonly used norms are the £,-norms, which for a vector space X € C"
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and 0 < p < oo is defined as

n 1/p
], = (Z Iwil”> (1.8)

In the case of p = 2, one obtain the usual fo—norm or say, Tikhonov regularization
term. Mathematically, the regularization norms ||z||, with 0 < p < 1 all can enforce
sparsity in solution @. In this research, the sparse regularization is specified as £;—norm
regularization, that is, p = 1, in equation (1.8). The main reason is that although the
¢1—norm is weaker than the p < 1 norm in ensuring sparsity, ¢1-regularized optimization
is a convex problem and admits efficient solution using linear programming techniques
[39].

To get a better physical interpretation of Tikhonov and sparse regularizations, con-
sider a simple structural system (see Figure 1.2) with n displacement DOFs x and
the potential energy of the system is designated as f(a). On one hand, if the spring of
stiffness 2y is additionally enforced onto every mass (see Figure 1.2(b)), the potential
energy becomes f,(x) = f(z) + ul |3, which obviously corresponds to the Tikhonov
regularization. Adding springs to all masses would physically decrease the displace-
ments and this coincides well with the effect of the Tikhonov regularization. On the
other hand, if all masses are placed on a frictional surface with the same threshold
value of the static friction force A\ (see Figure 1.2(c)), the potential energy would be
changed into fy(z) = f(x) + \||z||1, which is equivalent to the ¢;—norm regularization.
As is noteworthy, if the prescribed friction A is greater than the maximum of the forces
exerted on all masses, no movement (x = 0) would occur, while if the prescribed friction
A is less than the k(< n) greatest ones of the forces exerted on all masses but larger
than others, k masses corresponding to k greatest forces would admit some movement
and others keep unmoved; this leads to the sparse solution of . To conclude, with
a proper choice of A, the sparsity of the solution & can be reached by the ¢;—norm
regularization and therefore, the ¢;-norm term A|z||{ can indeed serve for the sparse
regularization. Details on how to obtain the appropriate value of the regularization
parameter A is discussed mainly in Chapter 3 and identification results of comparison

between Tikhonov and sparse regularizations are drawn in Chapter 4.
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Figure 1.2 Physical interpretation of regularizations

1.4 Objectives of research

The objective of the research presented in this thesis is to improve the overall per-
formance of min-CRE based damage identification techniques for general applications.

The specific objectives relevant to this work are:

1. To develop the computational procedures for applying the min-CRE principle

into multiple types of measured data;

2. To clarify the mathematical advantages of the CRE objective function with re-

spect to the damage parameters;
3. To find sparse solutions to the ill-posed inverse problems;

4. To present a novel and simple threshold setting method to properly determine

the sparse regularization parameters.

The following outline of the thesis briefly summaries the content of each chapter.

The order of the chapters largely follows with the progress made during research.

1.5 Outline of thesis

Damage identification methods are always categorized based on the type of measured
data used. In this research, the presentation has been divided into six chapters, rep-
resenting probably the most widely used measured data: static (Chapter 2), modal
(Chapter 3), frequency response function (FRF) (Chapter 4) and spectrum (Chapter

5) data, except for the first introduction and last conclusion chapters, as shown in

10
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Figure 1.3 Outlines of thesis

Figure 1.3. Different types of measured data correspond to different mathematical
details for the formulation of the CRE function and thus result in different subsequent
numerical solving processes.

Chapter 2 illustrates the basic min-CRE principle theoretically. Damage identifi-
cation is performed based on static tests, without the need to consider any additional
knowledge of mass and damping information. Under this circumstance, the static equi-
librium equation is only related to the structural stiffness, and static displacement and
strain measurements can be obtained accurately, rapidly and cheaply. Two novel iden-
tification approaches are proposed: the min-CRE approach for full-field measurements
and the modified min-CRE approach for finite-point measurements, respectively. The
difference between the two approaches is whether to use additional penalty terms for
the enforcement of the experimental displacement data or not. Multiple loads and
associated sets of measurements are also considered to improve the identifiability and
robustness of the procedure. The alternating minimization (AM) method has been
established to fulfill the practical implementation and its convergence has been proved.
Numerical tests have been carried out to verify these approaches.

Chapter 3 presents a modal-based sparse-regularized min-CRE approach for struc-

tural damage identification. In particular, modal data (natural frequencies and mode

11
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shapes) have found broad application as a target for parameter identification due to
the convenience in obtaining modal data, e.g., through ambient tests. To circumvent
the ill-posedness of the inverse problem that is caused by use of the possibly insufficient
modal data and enhance the robustness of the identification process, the sparse regu-
larization is introduced where a sparse (or ¢1-norm) regularization term is added to the
original CRE function. The attractive feature of this damage identification approach
is that no sensitivity analysis is involved herein and the additional introduction of the
sparse regularization term introduces little computational complexity. The approach
is applied to damage identification of beam structures with experimental or simulated
modal data. Results show that the sparse regularization indeed improves the effective-
ness and robustness of the min-CRE approach under measurement noises and initial
model errors.

Chapter 4 aims at providing a sparse-regularized min-CRE approach using FRF
data for damage identification. Vibration-based damage identification using FRF mea-
surements has been studied by a number of references and it has been proved that
FRF data are more reliable and practical to provide abundant information at mea-
sured degrees of freedom and at a great number of desired frequencies without being
contaminated by any modal extraction errors and loss of information. Particular atten-
tion should be paid to properly select the frequency ranges of the frequency response
data. Numerical results show that the proposed approach is more efficient, more ac-
curate and less sensitive to the modeling errors than the sensitivity-based approaches
with the Tikhonov regularization.

Chapter 5 is concerned with a spectrum-driven damage identification strategy
based on min-CRE approach. For large-scale architectural or civil structures under
the action of stationary random excitations such as earthquake ground motions and
random wind loads, the power spectral density matrix of structural responses are more
easily obtained. The above stationary random vibration problem is transformed into a
series of harmonic vibrations by the pseduo excitation method (PEM) and building of
the admissible stress field is addressed in a much simpler way by using singular value
decomposition. The proposed method has the advantage that only measurement power
spectrum density data from few limited sensors are needed for the inverse problem.

Numerical and experimental verification examples show that the proposed method is

12
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insensitive to measurement noise and effective for both small and large damage identi-
fications.

Chapter 6 summarizes the research work performed in this thesis, emphasizes the
main original contributions and findings of the research work and provides recommen-

dations for future research.

13
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Damage identification using

static data

2.1 Problem statement

2.1.1 Baseline model

Consider a one-dimensional Euler-Bernoulli beam defined in interval X = [z4,z¢] as
shown in Figure 2.1. The curve w(x) describes the deflection of the beam at some
position z. The flexural stiffness of the beam is assumed to be k(z) = EI(x). Load-
ing conditions are distributed loads ¢(x) and concentrated loads F¢*, M“* along with
boundary displacements w,, on the prescribed displacement boundary Y. In this beam
model, the bending moment M is directly related to the curvature through the con-
stitutive relation M = kf’ = kw” and the shear force V is given by V = M’ where
= % and f" = ZQTJ;. For general equilibrium, V' = M"” = ¢(z) and V, M should
be in equilibrium with concentrated loads. Space H? is the Sobolev space defined
with the derivatives up to the second order being square-integrable and it is usually
known as containing the C'-continuous functions and space L? is the Lebesgue space

of square-integrable functions. The beam model can be described as a combination of

the following three parts:
e Kinematic constraints

U={we H*(X):w=w, on X} (2.1)

15
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FEX
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w damage

Figure 2.1 Model of Euler-Bernoulli beam

w4 h
I ¥

e Equilibrium equations
Find bending moment M € <& with
S ={M e L*(X):

M //d _ d Fex exr Me.l’ / exr V u (2.2)
/X v a:—/)(q(:v)vzijZ( v(x®) + V' (2%")),Yv € Up}

where z¢* denotes the position where concentrated loads F¢*, M’ are enforced

and Uy the homogeneous part of U;

e Constitutive relations

M = kw" (2.3)

withk € € = {k € Lo(X) : 30 < ¢ < Cy, such that ¢y < k(z) < Cp} representing

a positive and bounded stiffness field.

Generally, U, &, € that will be used frequently in what follows are called the spaces of
(kinematically) admissible displacement field, (statically) admissible bending moment

field and (constitutively) admissible elastic stiffness field, respectively.

2.1.2 Constitutive relation error (CRE) function
Consider an admissible solution trio (@, M, k) which satisfies
wel,MeJ,keC (2.4)

It is easily known that if the constitutive equation (2.4) is additionally satisfied, the

solution trio would be the exact solution of the Euler-Bernoulli beam model. Thus, to

16
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measure the distance of the admissible solution trio to the exact solution trio in energy
product, an error in constitutive relation is introduced

o 1 M o ];: ~11\2
eCRE(UN}7M7k) = 2/ (l*{';’w)dx (25)
X

which is termed the constitutive relation error (CRE) [40, 41] (or constitutive equation

gap (CEG) [42].

2.2 Damage identification by min-CRE approach

In practice, damage identification approaches appear to be limited with respect to
certain displacement measurement techniques. Herein, two cases regarding full-field
displacement measurements and finite-point displacement data, respectively, are con-
sidered within the framework of the minimum CRE principle. For the first case using
full-field displacement measurements, the CRE functional (2.5) is directly treated as
the objective functional and the parameter identification approach is referred to as
the min-CRE approach; while in case of finite-point measurement data, the CRE func-
tional along with additional penalty terms for treatment of the finite-point displacement
measurements are defined as the objective functional. The second identification case is
more applicable and can be viewed as extension of the first identification case, therefore,
the identification approach involved in the second case is referred to as the modified

min-CRE approach.

2.2.1 Min-CRE approach

Assume that the spaces G, U, and & for search of the stiffness k, displacement w and
the bending moment M, respectively, are already known. Then, identification of the
stiffness k& as well the bending moment M from the full-field displacement data w
pertains to the following minimization of the CRE functional (2.5), i.e.,

(M, k) =arg min F(M,k); F(M,k) :=ecrs(M,k, ) (2.6)
MeS,keC

which is known as the minimum CRE principle [43] for identification problems. To pro-

ceed further, it is necessary to clarify some important properties of the CRE functional

F(."’.).

17
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Theorem 2.2.1. The following properties for F(-,-) on compact spaces S x € hold:
(a) F(M,k)>0,Y(M, k) e S x €.

(b) F(M,k) =0 if and only if the constitutive relation M = k" is verified.

(¢) The functional F(-,-) is conver on & x C.

(d) The convexity of F(-,-) on & x € guarantees the existence of the minimizer to
problem (2.6). Then, if u(x € X : w” = 0) = 0 with u(-) denoting the Lebesgue
measure, the minimizer must lie in I* x C with I* ={M € S : u(x € X : M(z) =

0) = 0} and moreover, F\(-,-) possesses separately strict convezity on I* x C.

Proof of Theorem 2.2.1.
(a) and (b) are obvious.

(c) Let 0 denote the variation operator. Then, one has for

SM € o= {M € Ly(X) : [, Mv"dx = 0,Yv € Up},
0k € Co = {k € Lo(z) :| 6k(z) |< Co — co, Yz € X}, (2.7)
V(M,k) e S x@C
where ¢ and Cp are the corresponding trial spaces. To verify convexity of F(-,-), the
term F(M +0M,k + (51%) with ((5M, ok) € (S0, Cp) is expressed in Taylor expansion,
i.e. ~ o ~
F(M + 6M, k + 6k)
= F(NL ) + [y [MR 00 + §(— 25 + (w")?)0k] da
5 J |G + AL (6k)? — 22450 - 6] d + .o
= ¢(M, k) + $0°F + h.o.t

(2.8)

where h.o.t. contains higher (than two) order variation terms, and ¢(M, k) and 62F are
the respective tangential hyper-plane and second order variation of F'(-,-) at (M , ]~€),

that are of the following forms

(M, k) = F(M, k) +/

X

and

:/ %(5]\2—]\25%)2 (2.10)
X

18
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Obviously, §F > 0 implies the convexity of F(-,).
(d) Denote the minimizer by (M, k), which satisfies the following two conditions,

M? - - -
/XWakd:c:/x(w”)%kdm,vakeeo (2.11)
and M
/ ?(5]\2/0[3:: / w"SMdx, YoM € 3 (2.12)
X X

Then, contradiction is utilized to verify
prze X :w'(z)=0)=0=puzre X : M(z)=0)=0. (2.13)

Assume that there exists a subset X, € X with pu(X,,) > 0 such that M(z) = 0
c,r € Xy

on X,,. Trivially, substitution of 5k =
0,z € X\ Xpp

,C = %(Co —Co) > 0 into

equation (2.11) yields

/ c(w”)?dz =0 (2.14)
X

pp

which contradicts with the condition p(w”(xz) = 0,2 € X) = 0.
Next, let cﬁZF and 5I%F denote the second order variations on F(-,-) for M and k,

respectively. By a similar derivation to equation (2.10), one has

SM)? 1 -
52~F:/( d >/ OM)%dx > 0,
M x k x_CO X( )y

53F—/
k X

for fX(éM)de >0, [y (6k)? > 0 and M € $*,indicating the separately strict convexity

on &* x C. O

(2.15)

M? - 1 - -
= (6k)2dx > o /X M?*(5k)* > 0
0

According to Theorem 2.2.1, it is seen that the damaged stiffness is identifiable
through the minimum CRE principle in beams. Theoretically, the complete and unique
identification of the damage requires some extra conditions on the static measure-
ments—which are inherent in the context of inverse problems (see the following Remark)-
including the deforming condition u(w”(z) = 0,z € X) = 0 such that F(:,-) becomes

strictly convex in the vicinity of the minimizer.

Remark. From equation (2.12), it is found that

/ ]\géde = / w'sMdx =y " (0,6M |, +wy(5M) ) (2.16)
X X
p
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where the subscript p indicates the prescribed displacement boundary condition. Obuvi-

ously, equation (2.16) embodies the minimum complementary energy principle

~ / 2 ~ ~
M) = arg win {5 [ Zdo = SO0 | (1Y 1)} @17

and there corresponds to a unique mapping d : C — U such that

/X k(d(k))" " dx = /X g(z)vdz + ) (Fu(a®) + MV (z°7)), Y € Uy (2.18)

and M (k) = k(d(k))". With these notations, the minimization problem (2.6) can become

1 M Y — Leap/\2 1 N N
min = min / (M (k) = k') dxr = min / k ‘(d(k:) —w)”
Meskee  kee 2 Jx k kee 2 Jx

which is a common variational form for inverse identification and its well-posedness

2
dz (2.19)

has been investigated in a variety of work (see [44—46] for instance). As indicated
in the work, problem (2.19) as well as problem (2.6) will have a unique minimizer if
infuex |w”| > 0 and k is prescribed along the inflow portion of the boundary [47]. It is
noted that inf e x |w”| > 0 is a stronger version of the deforming condition u(x € X :

w”(x) =0)=0.

In practice, using more than one set of static measurements could improve the
identifiability and robustness of the identification procedure and provide remedy for
possible unidentifiability of the proposed approach [28, 48]. To this end, the objective

functional as well as the identification procedure becomes,

(M(l),M(Q),...,k) =arg  min _ F(M(l),M(Q),...,k);
MG ex0) kee

P(MW, M, k)= riecrp(MY) kw0

J

(2.20)

where @) denotes the jth set of full-field displacement data resulting from the loading

condition M) € S@Wand rj > 0 is the corresponding weight.

2.2.2 Modified min-CRE approach

In most cases, finite-point displacement measurements rather than full-field displace-
ment measurements are available. Let {w;,i € p} be the measured finite-point dis-

placement data on the set of points {i € p} and then, a new objective functional as

20
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well as a new parameter identification formulation is given as follows.

- - Q.
Froa(M, k,w) := ecrp(M, k,0) + Z 5 (w; — wi)2
ep (2.21)

(M,w,k) =arg  min _ Fyeq(M,k,0);
MeS,well,keC

where w; is the displacement of w at point 7 and {a; > 0,7 € p} represent the penalty
factors. Practically, values of {a; > 0,7 € p} could be tuned according to the confidence
of the corresponding displacement data: a; — +o0o means completely trust of this data,
while @« — 0 means completely untrust. Again, in case of multiple sets of static data,

the parameter identification can read,

(MDD, M@ @y =

arg min Fmod(M(l)aw(l)aM(Q)vﬁ)(Q)a-'-ak);
M@ es0) w6 eut) kee

Froa(MW, oM, M@ @ k)= (2:22)

~ N~ s o (i (i 2
er ecrp(MD, &, wW) + Z EZ (wz(a) _ wZ(J))
J i€p
where S, UG represents the loading and prescribed displacement boundary condi-
tions for the jth set of static measurement, ﬁ)gj ) is the corresponding measurement

displacement at point ¢ and r; is the weight. In what follows, specific algorithms will

be elaborately designed to solve the minimization problems (2.6)-(2.22).

2.2.3 Alternating minimization (AM) method

The above sections give the theoretical view that the damaged stiffness can be identified
through the minimum CRE principle. In this section, numerical algorithms for the min-

CRE approach and the modified min-CRE approach are to be developed.

Min-CRE approach

In Theorem 2.2.1, the CRE function is shown to be convex and hence, separately convex
on M and k. The alternating minimization (AM) method is proposed subsequently
due to the separate convexity property of the objective function. To this end, no

sensitivity analysis is required herein. It is shown that the AM method could lower the
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computational costs associated to the minimization of the CRE objective function than
the traditional direct way [29]. Actually, the AM method has been a suitable approach
for minimum solution of the separately convex objective function and in principle, it
tries to get the solution iteratively by alternating minimization of the objective function
over every separated variable in each iteration. Specifically, given the initial stiffness
ko as those of the intact structure, the solution is obtained successively as follows.
Firstly, minimization of the CRE function over M yields a minimum complementary
energy problem that should be solved by the force method. Therefore, the procedure

is simply designated as

M =Force_Method(k, S, U)

- ) i
:=arg min {;/Xﬂg da:—Z(HpM\p—wp(M)”p)}

o~
MeSy »

(2.23)

and this step is called the force-method step.

Secondly, minimization of the CRE over k gives

/X {]\]j; — (w”)z} Skdx =0 (2.24)

Practically, it is sufficient to assume that the stiffness k is piecewise constant, that is

to say,

X = UiilXi,‘v’l <1# j < N, X; and X; are non-overlapping,
(2.25)

k(z) = {ki,x € X;}
where N is the number of non-overlapping pieces, or elements. Under this circumstance,

equation (2.24) is reduced to

M? -
/ — (w")? % 0kidz =0, i=1,2,...,N (2.26)
X;

=
and then, one has
| X, M2dx

—t———, t=1,2,..,N 2.27
in(w”)Zd"L’, ? » = Y ( )

This step is named the UDP (update the damage parameters) step.
After integration of both of the force-method step (2.23) and the UDP step (2.27),
the AM method for the min-CRE approach is established for its convenience to solve

sets of equations as described in Table 2.1.
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Table 2.1 The AM method for min-CRE approach

e Given the initial stiffness k° and the initial bending moment M?©, i.e

M = Force_Method(k%, 3, U)

e Successively determine (k"1 M 1) from (k™, M™) by the following two steps,
J Xi(M n)2dx
in (w")2dx’
step 2: M"*! = Force_Method(k"*!, &, U)

e Test of convergence with given error tolerance TOL,

kn-i—l kn 2d Mn+1 Mmr 2d
W x \/f Pdr_ o

(k9)2dx (MO)2dx

step 1: k! = reX;, i=1,2,...N

It is noteworthy that when the beam forms a statically determinate structure, such
as a simply supported beam, a cantilever beam and so on, the exact bending moment
is directly known. Under this circumstance, a single step in equation (2.27) would give
the stiffness.

Actually, the AM method is designed for solution of the discrete version of the
problem (2.20); that is

(M, kp) = arg _ min  F(My, k) (2.28)
Mp eSS kLeC

where Cp, = {k € C: k is constant in X;,i = 1,2,..., N} is a compact subspace of C,
with h denoting the characteristic mesh size. Finally, as closure of this subsection, the

AM method will be shown to converge for problem (2.28).

Theorem 2.2.2. Assume that the problem (2.28) has a unique minimizer (My, kp,) and
F(-,-) is strictly convex in the vicinity of (M, ky,), then, the AM method will converge

to the exact solution.

Proof of Theorem 2.2.2.

For proof of Theorem 2.2.2, a lemma is introduced first.

Lemma 2.2.3. Let f : H — R be a continuous and strictly convex function and u € H
be its unique minimizer, where H is a compact Banach space with norm || - ||. Then,

for an arbitrary sequence {u, }5°, € H satisfying lim,_ f(un) = f(u),one has

nll—>nc;lo |, — ul| =0 (2.29)
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Proof. This is obvious by contradiction. Assume that || u, — u || does not converge
to zero; that is, there exists a positive constant € such that for an arbitrary positive
integer N > 0, there is m > N with || w,, —u ||> €.

Note that He = {v € H :|| v —u ||> €} is a compact subspace of H and therefore, f
is also continuous and strictly convex on H, implying that there is u. € H, such that

ue = arg min f(v) (2.30)

’UGHE

By the strict convexity, one has f(ue) > f(u) and hence f(un) > f(ue) > f(u),
contradicting with lim, . f(un) = f(u). O

From the AM method in Table 2.1, one has for (M°, k?) € & x €}, and the integer

n>0

k"t = arg min F(M™, k),
keCy,

i (2.31)
M™M= arg min F(M, k")
MeS*
Then, define a sequence {F,,}5°, as
Fopy = F(M™ k™), Foppy1 = F(M™, k™) m e N (2.32)
and by considering equation (2.31),one has
Fom 2 Fomy1 2 Fomyo (2.33)

Along with Theorem 2.2.1(a), it is seen that F, > 0,n = 0,1,... and thus, it is
deduced that {F,}5° is a decreasing and bounded (from below) sequence, meaning
that {F,}>2, is a Cauchy sequence. Furthermore, uniqueness of the minimizer must
require (M", k") € 3% x €, and by Theorem 2.2.1(d), F(-,-) is separately strictly-convex

on & xCp. Thus, on considering Lemma 2.2.3, one has

Fory1 — Fopy — 0= || — k™| 12 — 0,

(2.34)
Fomio — Fome1 — 0= | M™ — M™|| 12 — 0.
By further exploiting the information in equation (2.31), one has
- M\ 2 .
Vi (M™ K" - 6k = /X [— <kn+1> + (w”)2] Skdx =0 (2.35)
and
n+1 n+1 " Mn+1 1 "
VPR 60 = [ (o - w ) oNtdr =0 (2.36)
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2.2 Damage identification by min-CRE approach

By continuity, it is inferred from equations (2.34) and (2.35) that
Vi F (M Y 5k — F(M™ k") - 6k =0, as n — oo. (2.37)

Next, it is concluded from equations (2.36) and (2.37) that

i VaFQIEY-OM )0 (2.38)
nsoo \ g F(M™, ") - ok 0

By Taylor expansion at the minimizer (Mp, kp,), one can have

VMF(Mn,k‘n)(SM . VMF(Mhakh) 5M
VgF(Mn,kn) 5];3 N V;}F(thkh) 5];3

T ~
M™ — My, sM
+< e > 'J(Mg,k()-< 5i ) (2.39)

n T Y
where (Mg, k¢) is the linear interpolation between (M™, k™) and (M, kp), J(Me, k¢)
is the Hessian matrix of F(-,-) at (Mg, k¢). Trivially, inserting 6M = M™ — Mj, and
6k = k™ — ky, into equation (2.39) and noticing the fact that .J (Mg, k¢) is positive
definite due to the strict convexity of F'(-,-) in the vicinity of (M, ky), it eventually
follows from equations (2.38) and (2.39) that

lim |[M" — Myl||z2 =0, lim [|k" — k| 2 = 0. (2.40)
n—oo n—oo

O]

The convergence theorem above is for the min-CRE approach using only one set
of static measurement data, nevertheless, it can be easily extended to the min-CRE
approach with more than one set of static measurements and the modified-CRE ap-
proach; these will not be specified any more. As regards the case of more than one set
of static measurements, a similar algorithm to that in Table 2.1 can be established as
shown in Table 2.2. For more generalized mathematical proof on the convergence of

the AM method, the reader is referred to [49].
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2. DAMAGE IDENTIFICATION USING STATIC DATA

Table 2.2 The AM method for min-CRE approach under multiple sets of static measure-

ments w

e Given the initial stiffness k% and the initial bending moment MM A7)0 je.
MO = Force_Method (k2, (W, uM),
M@0 = Force_Method(k°, 3, U?),

e Successively determine (k"1 MW+l Ar@ntl ) from (K7, MM M) by

the following two steps,

0T (MUIn)2dy
step 1: k! = {\l L, 2257 ) LreX;, i=1,2,.. N}

fX 'rJ w(ﬂ)”)2d
step 2: MM+ = Force_Method (k" 1, 3(W u®)
M@+ = Force_Method ("1, (), U(?)

e Test of convergence with given error tolerance TOL,

f kn+1 kn de f M(l)n+1 M@Dn 2de: f M(2 )n+1 _ M<2)”)2d$
+ < TOL
fX kO 2dx M(1)0 2d33 <2)0)2d$ =

Modified min-CRE approach

Turning to the modified CRE functional (2.21), it is found that minimization over
k would result in the same constitutive-relation step (2.27) with those in the min-
CRE approach. The difference lies in the introduction of a new unknown quantity .

Minimization of the CRE functional (2.21) over M and @ yields

/ oM ( - w”) dx +/ ow" (kw" — M)dx + Zaiawi(wi —w;) =0 (2.41)
X k o

where M = M, + Mp with M, = N, F, being the bending moment produced by the
unknown redundant forces F, and the corresponding shape functions IN,, and Mp =
Npﬁ‘p the bending moment caused by the given external loads F‘p and the corresponding
shape functions IN,,. Indeterminate structures have more unknowns that can be directly
solved using equilibriums. The extra unknowns are called redundant forces F.. Selected
external reactions are used as redundant forces F, in this research. For instance,
consider a beam with the left end simply supported and the right end fixed under a
uniform load ﬁ'p = ¢, there would be one redundant force F, as the support reaction

force at the left end. Then, for this beam, there is Mr = Nrﬁ’r = x - F,, where z is the
distance between the left end and the position of M,, and Mp =N, F‘ (ZL‘Z — 22)p,
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2.2 Damage identification by min-CRE approach

where [ is the length of beam. Based on this, equation (2.41) could be rearranged into

~ T - B T
f oM, % -1 r o+ Z oM, 0
X i (67
A\ s Ik @ < 5, o
1 (2.42)
oM, 0 oM, —= .
= Zzep Qy ~ R + fX - ¥ Mpdl'
dw; w; Ow; I

where [ is the identify operator. To go further, the displacement field w is often
represented by the cubic Hermit interpolation of nodal deflections {w;} and slopes
{0}, that is to say, for an arbitrary element e with two nodes i, j whose coordinates

are r; < xj, the following approximation is adopted,
w = ( H, Hy Hs H, )‘76,‘76 = [w;, 0;, wj, 0] (2.43)

where the superscript e denotes the restriction into element e and the polynomial

interpolation functions Hq, Ho, Hg, H4 are of the following forms,

HI(€) = 5(6+2)(€ — 12, Hal€) = (€ + 1)(E ~ 12
Hs(8) = %(2 —)(E+1)%, Hy(€) = %(g —1)(E+ 1)2? (2.44)
he_xj—xi@—z(ggh_exi)—l.

For brevity, the total finite element approximation is designated as

£
Il
T
<h

(2.45)

where H forms the finite element space and V collects all the displacement DOF's.
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2. DAMAGE IDENTIFICATION USING STATIC DATA

Above all, equation (2.42) can yield,
s -c F, a
-cT K \ 4

1
S:/ NTZN,dz
x "k

Ty . . . . Q1 € P
K= | H "kH"dr + a,« a diagonal matrix with a(i,i) = (2.46)
X 0,i ¢ g
C= / NITH"dz
X
aiwivi cp

a=— / NT %M,«dx, b= / H'"M,dz + p,p(i) = .
X X 0,i¢ p
This step is called the UMF (update the mechanical field) step which is designated to
recover full-field displacement and bending moment data from incomplete finite-point
displacement data. For simplicity, this step is designated as (M, w) = recovery(l}, 3, U,
{w;,i € p}).
As a consequence, a new AM method (to that in Table 2.1 or Table 2.2) for the

modified min-CRE approach with multiple sets of measurement data can be established

in Table 2.3.

2.3 Numerical verification

To show the effectiveness of the proposed damage identification approach, four beams
are studied. They are a propped cantilever beam, a simply supported beam, a three-
span continuous beam and a plane frame respectively. For application of the AM
method (in Table 2.1, Table 2.2 and Table 2.3), the convergence tolerance is prac-
tically set to TOL= 1 x 1076,

2.3.1 Propped cantilever beam

A propped cantilever beam of continuously varying stiffness k(x) = ko(1 + z/L)? with
ko = 1 (see Figure 2.2) is studied in this example to examine the capacity and identifi-

ability of the proposed min-CRE approach for damage identification in general beams.
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2.3 Numerical verification

Table 2.3 The AM method for the modified min-CRE approach under multiple sets of

static measurements w

e Given the initial stiffness k2, the initial displacements w0 w0 . and the
initial bending moment M(l)o, M(Q)O, co., le.

(MM 4y(10) = recovery(k?, M, UM, {w§”,¢ € p}),

(M0 y(2)0) = recovery(k, (), U, {w§2),i € p}),

e Successively determine (k"1 MIn+1 (41 from (7, MU™ w0)m) by

the following two steps,

Jx, 225 mi( M(J)”)de

Jx, 25 ri(wn”)2dz

step 2: (M(l)”“,w(l)"H) = recovery(/’@’”rl SO UM {ay M e o),
(M@t p(2)nt1y — recovery (k™1 32 U2 {w(g) i € p}),

step 1: k:?Jrl =

L reX;, i=1,2,..,N

e Test of convergence with given error tolerance TOL,

I kn-i-l kn)2dz \/f MWntl — Ar(Wn)24y \/f M(2n+1 M@m)2dy
 (M(D0)2y;

" (K0)2da M®0)2dz
f w(l)n+17w(1)n de f (w(2)n+17w(2)n)2d$
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2. DAMAGE IDENTIFICATION USING STATIC DATA
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Figure 2.2 Geometry and loads for a propped cantilever beam
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Figure 2.3 Damage identification in propped cantilever beam using two sets of static

measurements

The geometric parameter is L = 1. Two sets of static measurements are used: a con-
centrated moment My = 1 at the right end and a unit concentrated force at z = 0.3.
The beam is uniformly partitioned into 100 elements and each node’s displacement is
obtained directly from analytical solution.

The algorithm in Table 2.2 is adopted with an initial stiffness being k%(z) = 1.
Eventually, the piecewise constant stiffness can be identified as exhibited in Figure 2.3.
As we can see, the stiffness can be well identified.

In addition, to show the convergence of the proposed min-CRE approach, the bend-
ing moment at the left end of the beam M (x = 0) is observed at each iteration step.
Detailed results are displayed in Figure 2.4. It is seen that the bending moment

converges only after 20 iterations, verifying the convergence of the AM method.
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2.3 Numerical verification
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Figure 2.4 Convergence of bending moment at left end of propped cantilever beam

2.3.2 Three-span continuous beam

Damage in an equi-spaced three-span continuous and statically indeterminate beam
(see Figure 2.5) is to be identified in this example. Length of each span is L = 2m
and the stiffness of the intact beam over the whole beam is k° = 8.33 x 10*Nm?. In
this numerical test, measurement points are so distributed that each span is uniformly
partitioned into four elements and the specific enumeration of points and elements are
also shown in Figure 2.5.

Two damage cases are taken into account, including:

e Large damage case D1: stiffness reduced to 60%, 40% and 80% in elements 1, 4

and 10, respectively; and

e Small damage case D2: stiffness reduced to 95%, 90% and 85% in elements 1, 4
and 10, respectively.

To enhance the identifiability of the algorithm, nine sets of load cases are considered
and for each case, a concentrated force is enforced on one of the nodes 2-4, 6-8 and 10-
12. Accordingly, nine sets of static displacements at the same nine points are measured.
This kind of measurement can often be seen in damage detection of bridges for which

a moving truck (or load) is used to generate the multiple load cases.
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2. DAMAGE IDENTIFICATION USING STATIC DATA

The simulated displacement data is acquired through finite element computation.

A uniform distribution noise is added to the simulated response as
noise(z) = uniform - a (2.47)

where uniform is a number pertains to the uniform distribution in the range [—1,1]
and a is the applied noise level. Noises of levels 0.05mm, 0.1lmm and 0.2mm (relatively
0.5%, 1%, 2% to the maximum displacement response) are considered in this example.
For the sake of convenience, the Damage Index (DAI) is introduced to represent the

scaled damage in the beam, i.e.
DAI; = kfemese /i) (2.48)

for the ith element where k?amage

is the damaged stiffness in element 1.

By performing the iterative algorithm in Table 2.3 with the initial stiffness setting
to the stiffness of the intact beam, the modified min-CRE approach for damage identi-
fication can proceed. Good identification performance for the statically indeterminate
structure is achieved when the measurement noise is not greater than 0.2mm in the
large damage case and 0.lmm in the small damage case as shown in Figure 2.6. To
visualize the convergence of the algorithm for large damage case D1, detailed results
on the damage indices (see equation (2.48) at each iteration step under 0.05mm noise
are given in Figure 2.7. Obviously, all the quantities converge within 200 iterations
verifying the convergence of the proposed AM method. The displacement fields for the
large damage case D1 are also rebuilt based on this approach. As can be seen from
Figure 2.8, the ‘uncertainties’ due to the 0.2mm noise in the discrete displacement
boundary are much more overcome in these superior rebuilt fields, resulting in good

identification for the damage.

2.3.3 Plane frame structure

A plane frame structure as shown in Figure 2.9(a) is to be studied to demonstrate the
robustness of the proposed min-CRE approach. The axial displacement u, and tension
force N are additionally considered in this case. The damage parameter is set to be
E(x) instead of FI(x). The height and width of the frame are H = L x 2 = 8m and
L = 4m, respectively, with the inertial moment for planar bending I = 5 x 10~m? and

cross-sectional area A =1 x 10~ "m?. For the undamaged frame, the Young’s modulus
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Figure 2.5 Geometry, damage location and load cases of three-span continuous beam

(D1-damage case 1, D2-damage case 2)
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Figure 2.6 Damage identification with measurement noises of three-span continuous beam

33



2. DAMAGE IDENTIFICATION USING STATIC DATA

1.2 ; .
Element 2
Qo mmm e e e e e e e
il lLLEE
Element 10
0.8
<
o) Element 1
0.6 —
Element 4
0.4
0-2 1 1 1 1 1
0 50 100 150 200 250

iterations

Figure 2.7 Convergence of the damage indices of three-span continuous beam under D1
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Figure 2.9 Geometry, measurement points and load cases of plane frame structure
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Figure 2.10 Damage identification with measurement noise of plane frame

is £ = 2x 108N/m. The plane frame consists of 12 Euler-Bernoulli beam elements with
13 nodes, each with three degrees of freedom. The displacement measurement locations
and corresponding direction are illustrated in Figure 2.9(b). Damages were enforced
by reducing the Young’s modulus F to 256% in element 1 and 75% in element 6. Two
sets of load cases are considered: a unit concentrated force P; at node 2 in x direction
and P, at node 9 in negative y direction (Figure 2.9(c)). The uniform distribution
noise described in equation (2.48) is used and noises of level 0.02mm and 0.05mm are

considered in this example.

As shown in Figure 2.10, the good identification performance is achieved for the

damage scenario even under the noise of level 0.05mm.
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Figure 2.11 Geometry and experimental displacements of simply supported beam

2.4 Experimental verification
2.4.1 Simply supported experimental beam

In this example, experimental finite-point measurements are used for stiffness iden-
tification to testify the applicability of the modified min-CRE approach. The beam
model is taken from the experimental bending test in [50]. Parameters of the ex-
perimental uniform beam are: length L = 4m, Young’s modulus F = 206GPa and
the H — 100 x 100 x 6/8 section with depth of 100mm, flange width of 100mm, web
thickness of 6mm and flange thickness of 8Smm. Only one load case is enforced in the
experiment with a concentrated force P = 9.66kN at the middle point of the beam as
shown in Figure 2.11. Experimental displacements attained by respective the linear
variable-differential transformers (LVDT) and the Terrestrial Laser Scanning (TLS)

[50] are shown in Figure 2.11.

Using these displacement data, the distributive stiffness of the beam can be iden-
tified by the modified min-CRE approach and detailed results are presented in Fig-
ure 2.12. The value of the initial uniform inertial moment is set to 400cm?. Obviously,
the distributive stiffness is well identified with respect to the beam’s theoretical inertial
moment 383cm* (Figure 2.12); the relative errors are less than 3% for both the LVDT

data and the TLS data.
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Figure 2.12 Inertial moment identified by modified min-CRE approach comparing to the

theoretical inertial moment of simply supported beam

2.5 Conclusions

Two new approaches based on the minimum constitutive relation error (CRE) principle
have been proposed for static damage identification in Euler-Bernoulli beams, i.e. the
min-CRE approach for full-field measurements and the modified min-CRE approach
for finite-point measurements, respectively. The difference between the two approaches
is whether to use additional penalty terms for enforcement of the experimental dis-
placement data or not. The robustness of these approaches could be guaranteed by
applying multiple sets of static measurements. Numerical tests have been carried out
to verify these approaches. The sound performance of these proposed approaches in

the following aspects have been observed:

1. The convexity of the CRE function has been proved and this guarantees the

existence of the minimizer to the identification problem.

2. For full-field displacement measurements, the CRE functional is directly treated
as the objective functional while in case of finite-point measurement data, the
CRE functional along with additional penalty terms for treatment of the finite-

point displacement measurements is defined as the objective functional.
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2. DAMAGE IDENTIFICATION USING STATIC DATA

3. Multiple loads and associated sets of measurements could improve the identifia-

bility and robustness of the procedure.

4. The alternative minimization (AM) method has been established to fulfil the

practical implementation and its convergence has been proved.

5. The approaches are well applicable to both statically determinate and indeter-
minate beam structures for stiffness/damage identification and bending moment

reconstruction.
6. Even large damage could be well identified.
7. The approaches perform well under measurement noise.
8. The approaches converge well in practice.

Therefore, it is believed that the proposed approach can serve as an effective tool

for practical structural damage identification.
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Damage identification using

modal data

3.1 Problem statement

3.1.1 Baseline model

Consider an Euler-Bernoulli beam occupying the physical domain x € X. Let (u;(x),0;(z))
denote the deflection and rotation of the ith mode shape and M;(z), Q;(x) the corre-
sponding bending moment and shear force. The flexural stiffness and mass per unit
length are denoted by EI and pA as shown in Figure 3.1. The support displacements
satisfy the homogeneous Dirichlet boundary conditions, or mathematically u;(z) € U,
Uo = {u; € H*(X) : u; satisfy the homogeneous Dirichlet boundary conditions} and
(M;(x), Qi(x)) satisfy the homogeneous Neumann boundary conditions, or mathemat-
ically M;(z) € o, So = {M!" € L*(X) : M; satisfy the homogeneous Neumann bound-
ary conditions}. As is noteworthy, H? is the Sobolev space defined with the derivatives
up to the second order being square-integrable and it is usually known as containing the
C'-continuous functions and L? is the Lebesgue space of square-integrable functions.
With these notations, the free vibration of the Euler-Bernoulli beam is divided into

three parts.

e Kinematic constraints

u;i(x) € Up (3.1)
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=] >

U onllh ® _

= hN
X =
Flexural stiffness=EI(x) damage

Mass per unit length =pA(X)

Figure 3.1 Model of Euler-Bernoulli beam
e Equilibrium equations

foi(x) + M () =0 (3.2)

where fp;(z) is the transversal inertial force per unit length and M;(z) € Sp.
Moreover, the equilibrium equations as well as the boundary conditions (by prin-

ciple of virtual work) could also be expressed as
/fbi(a:)éuid:n + / M;(z)éu dz = 0,Vou,; € Up. (3.3)

e Constitutive relations

M;(z) = Elu}(x)—Hooke’s law, (3.4a)
fri(x) = pAd;(x)—Newton’s law. (3.4b)
By the use of the relations ;(z) = —w?u;(z) in free vibration analysis, where

w; is the ith circular natural frequency, equation (4b) could be simplified as
foi(x) = —w?pAui(z).

3.1.2 CRE function for a given mode

To define the constitutive relation error for the ith mode shape, consider an admissible
displacement solution W; = w;(z) € Uy, an admissible force solution F; = M;(x) € Iy
which satisfies equilibrium equations (3.2) and the admissible structural parameters
X € € which may include some model’s parameters such as Young’s modulus, mass
density and cross-section information of the beam. It is easily known that, if the
constitutive relation (3.4) is additionally satisfied, the above solution would be the

exact eigenmodes of this structure.
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3.1 Problem statement

As a result, to measure the distance of the admissible solutions to the exact solutions
in the energy product, the constitutive relation error for the ith mode of the beam is
defined by

r [ (M; — EIul)? L—r [ (fp +w?pAu;)?
ecre(W;, 53, K) = / Y dx + / : dx 3.5
( ) 2 Jx El 2 Jx wipA (3:5)

where r € [0, 1] is the corresponding weight which depends on the relative reliability
between the constitutive relation (3.4) based on the Hooke’s law and based on the
Newton’s law and is fixed to be r = 0.5 in this paper.

For this free vibration problem, further considering the equilibrium equations (3.2),
the CRE in (3.5) could be simplified into:

r (M; — EIul)? 1—7r (M — w2pAu;)?
W’i’ 9 =3 L d L L d .
ecrp(Wi, 31, %K) = 5 /X ol T+ — /X W2pA z  (3.6)

Then the parameter identification formulation based on the given complete mode
data u; is established as:
F,(W;, 53,K) := ecre(W;, Fi, X)
(3.7)
(5, K) = arg ?ecdrpoi’glceeﬂ(wi,?i,x)
which is known as the min-CRE principle for inverse identification problems and F;(W;, F;, K)
is the objective function.

In many situations, the complete or full-field mode data u; is often hardly available,
rather, the incomplete modal displacement data measured by finite sensors is obtained.
Herein, an additional penalty term is incorporated into the constitutive relation error
function (3.7) in order to simply enforce the conditions of the measured data. Such
a penalty term can also account for the different level of reliability or measurement
noise of the experimental measurement data. More specially, the objective function for
damage identification using the ith mode data is modified as follows

Fi(Wi, F1,%) = ecre(Wa, F,5) + > % (ugi — ;) (3.8)

kep
where {uy;, k € p} is the measured displacement modal data on the set of points
{k € p} and wuy; is the admissible modal displacement at kth position for the ith
mode. Values of {a > 0,k € p} could be tuned according to the confidence of the
corresponding displacement data: {a; — 400} means completely trust of this data,

while {a — 0} means completely untrust.
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3. DAMAGE IDENTIFICATION USING MODAL DATA

3.1.3 CRE function for multiple modes

In order to identify the damage parameters, multiple modal data {(ug;,w;),7 € S k € p}
are often measured, where S denotes the set of all modal data. The objective function

(CRE function) for multiple modes is defined as follows

FW,F,K) =Y t:F;(W;,5,5) = > ti | ecre(Wi, Fi,K) + > % |gi — i)
€S €S kep
(3.9)

where t; is the corresponding weight coefficient and W = {W;,i € S}, F = {F;,i € S}.

Herein, the weight coefficient ¢; should be chosen based on the reliability of each mode.

3.2 Damage identification by min-CRE and sparse regu-

larization

Section 3.1 presents the basic background of the min-CRE principle for beam structures.
In practice, the amount of the measured modal data is always limited and this may
make the damage identification problem ill-posed. To properly circumvent the ill-
posedness, the sparse regularization technique is reasonably introduced and the AM
method is proposed to practically solve the nonlinear optimization problem in this
section. Particular attention is paid to estimation of the regularization parameters for

the sparse regularization.

3.2.1 AM method

e step 1 (UMF Step): Update the mechanical field (W;, F;) for the ith mode with

the given material parameters X"

(Wit g7ty — arg  min F(WZ, Fi, K"),i € S. (3.10)
t ¢ Wellp,FeSo

e step 2 (UDP Step): Update the damage parameters or stiffness K based on the
mechanical fields (W7 37+ obtained in step 1.

xn+1 — arg minF(Wn+1, gf’n-‘rl’ j(:) — arg Ij?uél <§ tiF(W?+l’ 3?4’1’ :K:)) .
S
i€S

(3.11)
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UMF Step

The mechanical field (W;, F;) is recovered from the measured data and the given stiff-
ness matrix X individually for every mode. The sparse regularization term is not
involved in this step. Specifically, the minimization over J; yields the equation:

dM; M; SM! M
/ r + (1 —r)—5—+ — OM]'w;) p dz =0, VoM; € o (3.12)
. EI w;pA

and the minimization over W; yields

/{rEI&ué’ug +(1- T)wlszéuiui — du; M"Y dx + Z ai0ug; (up; — ;) = 0, You; € Ug
z kep
(3.13)

From equations (3.12) and (3.13), the mechanical field (W;, F;) can be updated simul-
taneously. Practically, equations (3.12) and (3.13) are dealt with in the finite element
setting as follows.

A finite dimensional space %8 C S and ug C Up are constructed at first with h
denoting the characteristic mesh size. For each mode, the nodal forces (Q;, M;) and
displacements (0;,u;) at an arbitrary node i are naturally selected as the basic DOFs
to solve the admissible force solution and displacement solution, respectively. Then, for
an arbitrary element e with two nodes 4, j whose coordinates are x; < x;, the following
approximation (Qp, M}) and (6, up) are adopted for the force and displacement finite
element computation,

My = ( Hy Hy Hy H, )FF = Qi Mi, Qj, Mj] (3.14)

ujp = ( H, H, Hs Hy )Wevwe = [0, us, 05, uy]

where the superscript e denotes the restriction into element e and the polynomial

interpolation functions Hy, Hs, Hs, H4 are of the following forms,

HI(€) = 5(6+2)(€ — 12, Haf€) = (€ + 1€~ 12
Hs(¢) = %(2 —O)(E+1)E Hy(e) = %(& —1)(&+ 1)2% (3.15)
he:xj—xi@:z(ggh_exi)—l.

For brevity, the total finite element approximation is designated as

My, = ®F up = ®W (3.16)
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3. DAMAGE IDENTIFICATION USING MODAL DATA

where F and W collect all the DOF's with a priori satisfaction of the Neumann bound-
ary condition and Dirichelet boundary condition respectively. For a complete exposition
of the displacement and fore based beam element, the reader is referred to the Ap-
pendix A. Using the finite element approximation (3.16), the discrete formulation of

equations (3.12) and (3.13) is obtained

AO —Cg F a
-CTy By w b

TP 7" o
A= 1—r)———— 7 d
/X{r &1 + ( T)prA}x

B = / (r®T"EI®" + (1 — r)®Tw?pAd}dz + P
X

(3.17)
Ak, ke ©

0,k ¢ g

P a diagonal matrix with P(k, k) =

C = / d"T®ds
X

akak,kep
0,k ¢ o

a=0,b=p,p(k)=

where Ag,By and Cj are the reduced forms of A,B and C after applying the homoge-

neous boundary conditions.

UMP Step

The damage parameters for the Euler-Bernoulli beam structure in this paper is set to
be KX = EI(z) and, the sparse regularization term is involved and needs to be properly
tackled. The sparsity assumption that the number of damage locations of a structure is
as few as possible is sensible for the practical damage identification problem. Properly
enforcing the sparsity assumption could improve the robustness of the identification
results [51] and this shall be easily reached by the sparsity regularization technique as
mentioned in Chapter 1.

Assume that the stiffness E1 is piecewise constant, that is to say EI(x) = {EI,,x €
Xp,p=1,2,...,N}, where {X,,,p = 1,2,..., N} is the non-overlapping decomposition

of the whole domain X. Then, with the sparse regularization, the objective function is
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3.2 Damage identification by min-CRE and sparse regularization

reformulated as

. Jr (Ml-—Elpug/)2 1—p (M;/—wprui)Q
Ly =%es Ix, tz{i‘m,, T wZpA dx

(3.18)
+Al, | EI, — Ely, ||}, p=1,2,...,N

where {l,,p = 1,2,..., N} is the length of EI, and Ely, is set to be the stiffness of
the structure before damage. || EI, — Ely, || is the sparse regularization term with
|z||1 = |x| being the ¢1-norm. A > 0 is the regularization parameter which controls
the trade-off between the sparsity and the residual norm. Furthermore, the partial

differential equation of equation (3.18) for {EI,,x € X,,p =1,2,..., N} takes the form

oL M?
TE} = Z/ tir{ EIlQ — (u;’)z}dm — Ap{sign(E1, — Elyp)}dz = 0. (3.19)
ics / Xp p

bp
J— ipa<a
ay T A, S

EI, = by QA< A, p=12,...,.N (3.20)
ap — Nlp

Ely, ,if A > [A,]

Finally, one has

where

1 b
tir N2 rtdr = — | =5 — 3.21
Z {EIOp (u’b) } €z lp <Elgp ap) ( )

P ies Xp

and

ap—Z/ tir(ull)?dz, bp—Z/ tir MPdx (3.22)

€S €S

Datailed explanations of A, are discussed in the next section. From equations (3.19)
and (3.20), the sparse regularization term would introduce little computational com-
plexity and the minimization over the damage parameters along with the sparse regular-
ization term is solved immediately by the closed-form solution in equation (3.20) for the
sparse-regularized min-CRE approach. However, in the sensitivity-based approaches[51],
the sparse regularization term in each sensitivity step must be dealt with in a costly
manner by iterative algorithms, e.g., the linear programming method or the inte-
rior point method. Moreover, no sensitivity analysis is involved in the proposed ap-

proach. All of these have constituted the advantages of the proposed min-CRE approach
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3. DAMAGE IDENTIFICATION USING MODAL DATA
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Figure 3.2 Sparsity with different valuses of A

over the conventional sensitivity-based approaches, due to the employment of the AM
method.

To get a better perspective of equation (3.20) and the sparsity-promoting nature of
¢1-norm regularization, E1 p (dotted line in Figure 3.2) is introduced for the situation

when no sparsity is considered (A = 0)

R > tiM?dx b
El, = i Jx, b ps— =12, p=1,2,.,N (3.23)
> pr ti(uf)?de ap

Based on equations (3.20) and (3.23), Figure 3.2 illustrates the relationship between
EI, and EIp with different values of \; (i = 1,2, 3). As it is shown, the value of ET), is
prone to be unchanged from the initial value Ely, when A > |A,| while EI, begins to
deviate from Elg, to EI, when A < |A,|. EI, is equal to EI, when A\; = 0 (red line in
Figure 3.2). Besides, when A3 > A9, E1), is more difficult to get deviated from Ely),.
That is to say, the regularization parameter A determines whether damage occurs: as
long as A < |A,|, the pth element would admit stiffness change or damage; otherwise if

A > |A,|, the damage would be found to not occur in the pth element.

3.2.2 Regularization parameter estimation

As shown in many refernces [52, 53], the regularization parameter A plays an important
role in the quality of the damage identification results, especially in cases where high

levels of noise are present in the data. In this section, a novel and simple strategy,
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3.2 Damage identification by min-CRE and sparse regularization

named ‘threshold setting method’, for estimating the optimal regularization parameter
Aest, 1S devised.

For each iterative step, A = {|Ap|,p = 1,2,..., N} could be obtained for each ele-
ment by equation (3.21). From Figure 3.2, one could see a close relationship between
A and A. In fact, A is used to distinguish the damaged elements from the undamaged
elements and A reflects the difference between the stiffness obtained directly from the
CRE objective function without sparsity (EI,) and the undamaged stiffness (Ely)
for each element. It is easily known that if this difference is large enough (|A,| > X),
damage is reasonably assumed to occur. In other words, elements with higher values
of |Ap| are likely to be damaged with stronger possibility while lower values indicate
undamaged and perturbation errors. Thus, setting one of the values in A as threshold
could separate the damaged and undamaged elements.

As a result, a simple procedure to estimate the optimal regularization parameter

Aest = TSM(A, lmax, @) is proposed for each iterative step as follows:

1. Get A from equation (3.21) and sort the absolute values in descending order,

leading to {A; > Ay > ...}
2. Fix the maximum threshold setting rank l,,,x and the discriminating ratio «;
3. Obtain the optimal regularization parameter Ag: for each | =1, ..., lnax — 1,

A ,if A >a-A
Aot = ) I+1 = I+1 (324)
Ay, else

The maximum threshold setting rank [,y limits the maximum number of possible
damages and principally one tends to choose a relatively small value of [;;,,x to guarantee
the sparsity of the identification results. On the other hand, it is conceivable that
the general undamaged elements have relatively small values of |A,| corresponding to
the noise level and would be quite away from |A,| of the damaged elements. As a
result, the discrimination ratio o measures the distance between the minimum error
caused by possible damages and the maximum error purely invoked by the measurement
noise level. If A; is much greater than Ajq (A; > a - Ajpq), element [ is identified as
damaged. The maximum threshold setting rank I,,,x gives possible maximum number

(initial guess) of damages while the discrimination ratio « narrow it down. The choice
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3. DAMAGE IDENTIFICATION USING MODAL DATA
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Figure 3.3 Model and measurement points of two-span continuous beam

of a should be very careful in the multiple damage case because it directly affects
the identified number of damages. Nevertheless, the identification process tends to
be reasonably robust with a broad selection of «, which is illustrated in detail in the
following numerical example.

A numerical equi-spaced two-span continuous beam was studied to test the proposed
threshold setting method. The first three modal responses of this beam were generated
using finite element software. For detailed information on the geometry and boundary
of the structure as well as the specific enumeration of the 17 equidistant measurement
points, refer to Figure 3.3. 64 Euler-Bernoulli beam elements were used both for
the modal evaluation model and the identification model. Damages were enforced by
reducing the stiffness of the corresponding elements. Two damage cases are taken into

account, including;:
e Single damage case D1: stiffness ET reduced to 50% in element 21; and

e Multiple damage case D2: stiffness T reduced to 90%, 80% and 85% in elements
16, 22 and 46 respectively.

Figure 3.4 shows the identification results in cases D1 and D2, using the pro-
posed sparse-regularized min-CRE approach with threshold setting method to select
the optimal regularization parameter Ast. Noise is not considered herein. Good iden-
tification performance for this two-span continuous beam structure is achieved. The
optimal regularization parameter Aqg; from the threshold setting method in Section3.2.4
is 6.57 x 107% for D1 and 1.84 x 10~% for D2 for the convergence step.

Next, to have an impression on how the regularization parameter \ affects the iden-
tification results in the min-CRE approach and testify the efficiency of the threshold
setting method, changes in E'I with different regularization parameters A are addition-

ally plotted in Figure 3.5 for both single damage case D1 and multiple damage case
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3.2 Damage identification by min-CRE and sparse regularization
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Figure 3.4 (a) actual damage for D1; (b) damage identification result for D1 using min-
CRE approach with threshold setting method; (c) actual damage for D2; (d) damage
identification result for D2 using min-CRE approach with threshold setting method

D2. Asis observed, smaller value of A or say, weaker enforcement of sparsity renders the
identified results more sensitive to the error and uncertainty in modeling and simulation
while very large value of A\ or stronger enforcement of sparsity may fail in identifying
damages or produce biased damage extents. Figure 3.5 shows that A € [1076,1073]
in D1 and A € [107%,1073] in D2 could result in satisfactory identified results, coincid-
ing well with the good identification results from the threshold setting method as in
Figure 3.4 and again verifying the effectiveness of the threshold setting method. In
addition, Figure 3.5 exhibits a broader selection of X\ in the single damage case D1
than in the multiple damage case D2. The choice of the regularization parameter A
must be paid more attention for multiple damage cases consequently.

To testify the robustness of the threshold setting method, a normal distribution

noise is added to the simulated modal response as
noise(z) = randn - a - ¢(x) (3.25)

where randn is the normal distribution with zero mean and unit deviation, a is the
applied noise level and ¢(x) is the measured modal displacements at a certain point x.
Noises of level 3% (Signal-to-Noise-Ratio, SNR=15dB) as well as 5% (SNR=13dB) for

both of the cases D1 and D2 are considered in this example. As the natural frequencies
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Figure 3.5 Reduction in EI with different vaules of regularization parameter A: (a)D1
(b)D2

can be often measured with negligible error compared with the mode shapes, noise for
natural frequencies is not considered herein.

As shown in Figure 3.6, damages are identified successfully when the measurement
noise is not greater than 5% in single damage case D1 with a value of At = 0.1644.
In contrast, multiple damage case D2 seems to be more sensitive to the noise: un-
der 3% noise level, actual damages in elements 16, 22 and 46 were properly identified
but unwanted yet acceptable stiffness change at element 55 was also observed (Fig-
ure 3.6(c)); while under 5% noise level, the actual damage in element 46 was missed
but false positions near element 60 were observed (Figure 3.6(d)). This phenomenon
is attributable to the different effectiveness of the sparse regularization. Single damage
is apparently more in conformity with the sparsity assumption while multiple damages
reduce sparsity in intensity and rely more on the data fidelity. Consequently, damages
occurring at less locations achieve better identification results by the sparse-regularized
min-CRE approach.

Figure 3.7 compares the evolution of CRE for each of the iterative step with
different levels of noise. The error decreases with the number of iterations increases
and most of the damages are identified after 30 steps, verifying the convergence of the

present method. Moreover, escapes from local minima could also be observed from this
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Figure 3.6 (a) damage identification result for D1 with 3% noise; (b) damage identification
result for D1 with 5% noise; (¢) damage identification result for D2 with 3% noise; (d)
damage identification result for D2 with 5% noise

figure.

To get a better picture on how the discriminating ratio « in the threshold setting
method works when determining A, further simulations are performed. Noise of level
3% for both of the cases D1 and D2 are considered herein. Figure 3.8 shows the
obtained optimal regularization parameter Aegt (in purple) with various values of the
parameter «. As is expected, the choice of higher value of o may result in improper
damage identification in the single damage case D1 while lower value of « leads to
incomplete damage identification in the multiple damage case D2. The main reason
for this observation lies in Eq. (3.24): larger value of o makes the condition A >
« - Al+1 more difficult to be satisfied, implying that greater [ is gained and less spare
identification results are achieved. The appropriate ranges are o € [1,18] in D1 and
a € [3,20] in D2. As is seen, the identification process is fairly robust for the choice

of a € [3,18] and therefore, a = 4 and [;y,x = 5 are used for the following examples in

this paper.
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3.3 Numerical verification

Table 3.1 Measured frequencies and modal displacements of cracked simply supported
beam

Case-order Frequency(Hz) x/L=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

CL1-1 11.162 0.632 1.182 1.585 1.843 1.927 1.836 1.576 1.169 0.614
CL1-2 43.857 1.168 1.839 1.766 1.035 0.055 -1.118 -1.808 -1.847 -1.154
CL2-1 11.019 0.635 1.208 1.598 1.842 1.912 1.820 1.557 1.159 0.612
CL2-2 42.701 1.170 1.839 1.766 0.959 -0.122 -1.146 -1.805 -1.821 -1.139
CL3-1 10.746 0.664 1.254 1.640 1.85 1.901 1.791 1.531 1.134 0.604
CL3-2 40.825 1.170 1.909 1.737 0.879 -0.209 -1.220 -1.813 -1.777 -1.094

3.3 Numerical verification

In the following, several numerical simulations are used to test the proposed sparse-
regularized min-CRE approach. The performance of the threshold setting method to
give the regularization parameter and the effectiveness and superior identifiability for
structures with different damage severities by the sparse-regularized min-CRE approach
are demonstrated in Section 3.3.1 and Section 3.3.2 shows that the sparse regularization
can significantly improve the robustness of the identification results from Monte Carlo

simulations.

3.3.1 Single cracked simply supported beams

Simply supported post-tensioned beams with different damage extents are to be iden-
tified in this example (see the reference [54] for details of the structure). Parame-
ters of the simply supported beam are: length L = 3.6m, rectangular cross-section
t x H = 0.1m x 0.125m, stiffness of the beam before damaged k° = EI = 2.44 x 10°Nm?
and mass per unit length pA = 29.44 kg/m. As shown in Figure 3.9, damage was
simulated by a designed crack-depth (a/H = 0.09,0.27,0.45) for each damage case
(CL1,CL2,CL3) and located at 0.89m(x/L=0.248) from the left edge. The first two
modal responses of these structures were obtained by the 3D FE models from the refer-
ence [55]. The 3D FE model, with totally 28,512 block elements (288 elements along the
length of the beam) used for the modal analysis, was generated using the commercial
software ANSYS and damage was inflicted by reducing the stiffness of the appropriate
elements. The vibration amplitude was measured at nine equally spaced positions, each

of which was 36cm between two adjacent locations.
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Figure 3.9 3D finite element model with different damage severities for modal responses

In reference [55], a mode-shape-based damage detection method based on the sensi-
tivity approach, using the Euler-Bernoulli beam model with 288 elements of equal size,
was used to identify the damage, while the model for damage detection in the min-CRE
approach consists of 50 beam elements.

Damage identification results for each damage case obtained by the min-CRE ap-
proach as well as the sensitivity approach in reference [55] are summarized in Table 3.2.
It is shown that the min-CRE approach could give nearly the same results for damage
localization as well as damage extent assessment in CL2 (middle damage case) and
even superior results in CL3 (large damage case) when compared with the results in
reference [55]. The accuracy of the damage localization by the present approach was
evaluated by measuring the localization error, ranged from 5% to 19% and the accuracy
of damage severity is from 21% to 33%. For CL1 (small damage case), the identified
results obtained by the present min-CRE approach are reasonable and slightly less sat-
isfactory than the results by the sensitivity approach. This is mostly caused by the
fact that under small damage, the difference/error between the displacement-based FE
model and the force-based FE model may be in the same level with the discrepancy of
the derived modal data between the damaged and undamaged structures.

To visualize the convergence of the min-CRE approach for the large damage case,
detailed results on the damage index of the most probable damaged element 11 and its
nearest elements 8-10 at each iteration step, are given in Figure 3.10. Obviously, all
the quantities converge within 27 iterations verifying the convergence of the proposed

two-step substitution algorithm even for the large damage case.
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Table 3.2 Damage identification of simply supported beam compared to the results in

reference

Damage case Damage Index Predicted Damage Range Most Probable Damage Index et

-method (FE model) Elements(z/L) Element(Location)  (Identified)
CL1-CRE 0.76 6-10(0.1-0.2) 10(0.20) 0.973 0.230
CL1-reference[55] 0.76 55-81(0.191-0.280) 67(0.233) 0.926 \
CL2-CRE 0.41 11-15(0.2-0.3) 13(0.26) 0.62 0.300
CL2-reference]55] 0.41 55-80(0.191-0.277) 67(0.233) 0.636 \
CL3-CRE 0.22 11-15(0.2-0.3) 11(0.22) 0.29 0.466
CL3-reference[55] 0.22 55-81(0.191-0.277) 67(0.233) 0.491 \
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Figure 3.10 Convergence of Damage Index for simply supported beam in CL3
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Figure 3.11 Model and measurement points of plane frame structure

3.3.2 Plane frame structure

A plane frame structure[56] as shown in Figure 3.11 is to be studied to demonstrate
the robustness of the proposed sparse regularization technique. The axial displacement
uz, tension force N and the corresponding longitudinal inertial force f; are addtionally
considered in this case. The damage paremeter is set to be X = FE(z) instead of
EI(x). The height and width of the frame are H = L x 2 = 8m and L = 4m,
respectively, with the inertial moment for planar bending I = 5 x 10™%m?* and cross-
secional area A = 1 x 10~"m?. For the undamaged frame, the mass density of the
material is p = 1O7kg/m3, the Poisson’s ratio is ¥ = 0.3 and the Young’s modulus
is B =2x 108N/m2. The plane frame consists of 24 Euler-Bernoulli beam elements
with 24 nodes, each with three DOFs. The vibration amplitude measurement locations
and corresponding direction are also illustrated in Figure 3.11 and the measured
modal displacements are normalized with respect to the maximum vibration amplitude.
Herein, the Young’s modulus of each element is identified and no damage pattern is
needed to be assumed before the identifcation process, which is different from reference
[56].

Two damage cases are considered: damages were enforced by reducing the Young’s
modulus E to 25% in element 1 and 75% in element 9 in case D1 and to 85% in element

1 and 85% in element 9 in case D2. According to reference [56], damage case D1 with
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Figure 3.12 Mean values and standard deviations of Damage Index for: (a) no noise; (b)
2% noise; (c) 5% noise; (d) 10% noise in D1

large stiffness differences for close elements was selected based on the experience due to
its hard identifiability. The first three modes and their frequencies are used herein and
all modes are equally weighted. The normal distribution noise described in Equation
(3.25) is used and noises of level 2%, 5% and 10% (SNR=17dB, 13dB and 10dB) are
considered in this example. Again, noise for natural frequencies are not considered
herein.

As shown in Figure 3.12(a) and Figure 3.13(a), good identification performance
is achieved when there is no noise. The optimal regularization parameter Aegt is 3.4 X
10~* and 1.1 x 107, To get a better picture for the cases with noise, statistical analysis
was performed. Mean values and standard deviations of damage index over 100 Monte
Carlo trials with different levels of noise are presented in Figure 3.12(b)(c)(d) and
Figure 3.13(b)(c)(d). The mean of the optimal regularization parameters is 1.7x 1073,
2.3 x 1072 and 6.0 x 1073 for D1 and 1.3 x 1073, 2.7 x 1073 and 5.5 x 10~2 for D2.
Satisfactory identification results are observed even under the noise level 10%.

Figure 3.14 compares the results obtained by the min-CRE approach in D1 with
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2% noise; (¢) 5% noise; (d) 10% noise in D2

o8



3.3 Numerical verification

2 2
3 3
5 1.5 315
= =
&1 o g
© ©
%05 %05
0 '_I_l 0
1 2 3 4 9 12 1 2 3 4 9 12
Element Element
(a) (b)
1.5 1.5
x X
S 5
c 1 c 1
) m
(@] (@]
© ©
€05 €05
< ©
° LE ° Lm
0 0
1 2 3 4 9 12 1 2 3 4 9 12

Element Element

(©) (d)

Figure 3.14 Identification results with 5% noise by: (a) reference without regularization;
(b) min-CRE without regularization;(c) reference with regularization; (d) min-CRE with

regularization

the identification results in reference [56], where a sensitivity-based approach with
Tikhonov regularization was used. Obviously, the sparse-regularized min-CRE ap-
proach gives the best estimation of the damage parameters in terms of the mean values
and standard deviations of the damage indices. The reason for different levels of stan-
dard deviation is possibly because some elements are more sensitive to perturbation
errors than others. Moreover, it is clear that the sparse regularization greatly improves
the identifiability and robustness of the min-CRE approach by comparing the results
between Figure 3.14(b)(min-CRE approach without regularization) and (d)(min-CRE
approach with regularization).

To visualize how the sparse-regularized min-CRE approach proceeds, the iterative
procedure for the case of 5% noise is shown in Figure 3.15. Although it seems to take
a little more steps to get the convergence, this approach would still be an efficient tool

for structural damage identification.
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Figure 3.15 Damage identification procedure of plane frame structure
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Figure 3.16 The cracked cantilever beam specimen

3.4 Experimental verification

3.4.1 Crack identification in a cantilever beam

A single cracked cantilever beam as shown in Figure 3.16 is adopted as the first
experimental verification example. The crack is assumed to remain a continuum and
the mechanical properties (stiffness ET in beam model or Young’s modulus F in plane
stress model) are modified to account for the effect of cracking, that is, the following
models do not account for discontinuities in the topology of the FE mesh for this kind
of general damage identification problem.

The length of the beam is L = 300mm with square cross-section h X d = 20mm x
20mm. The stiffness of beam is kg = FI = 2.75 x 103Nm? and the mass per unit
length is taken to be pA = 3.12 kg/m. The crack is located at [ = 145.51mm from the

clamped end with depth @ = 9.71mm. The crack was initiated with a thin saw-cut and
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Table 3.3 Measured frequencies and modal displacements of cracked cantilever beam

Order Frequency(Hz) xz/L=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.9 1.0

1 171 0.027 0.063 0.109 0.156 0.236 0.354 0.487 0.778 0.940
2 987 0.069 0.149 0.276 0.444 0.516 0.400 0.200 -0.455 -0.899
3 3034 0.033 0.103 0.221 0.288 0.011 -0.387 -0.498 -0.203 0.435

propagated to the desired depth by fatigue loading. The crack depth was measured
directly and verified with an ultrasonic detector for uniformity and actual depth. The
measured natural frequencies and modal responses were obtained experimentally [57].
Electromagnetic vibrator, amplifier and accelerometer were utilized in the experiment.
Harmonic excitation was applied and only one mode at a time was investigated. The
signal generator could be tuned to the natural frequency of interest automatically by
using a frequency hunting circuit.

The vibration amplitude was measured at the positions 30mm, 60mm, 90mm,
120mm, 150mm, 180mm, 210mm, 270mm and 300mm. The amplitude of motion at
240mm was not measured. The vibration signal was transferred to a vibration analyzer
and a recorder to give plots of vibration amplitude versus frequency. The first three
mode shapes were measured by using two calibrated accelerometers mounted on the
beam. One accelerometer was kept at the clamped end of the beam to measure the
mode amplitude. The data used in this case is summarized in Table 3.3. It should be
noted that the modal displacements herein contain not only the measurement errors
but also digitized process errors when extracted from the published paper [57] (see also
the reference [58]).

By performing the two-step substitution algorithm in Section 3.2, the min-CRE
approach for damage identification can be used. The optimal regularization parameter
obtained by the threshold setting method is Aest = 197.97. Well identification perfor-
mance for the structure is achieved by the proposed sparse-regularized approach with
comparision to the identification results in the reference [58] and detailed results are
shown in Figure 3.17. In the reference [58], the same frequencies and modal displace-
ments data in Table 3.3 were used and an algorithm was proposed considering changes
in estimated constitutive properties of the finite element model with an output-error
parameter estimation algorithm to localize the damage. Two models were used for

damage detection in the reference [5§]
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Figure 3.17 Identification results using sparse-regularized min-CRE approach compared

to the results in reference (model A and model B)
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e model A: structure modeled by 50 Euler-Bernoulli beam elements;

e model B: structure modeled by 60 two-dimensional plane stress square four-node
elements without geometric defects (30 elements on the top row and 30 elements

on the bottom row).

Accordingly, structure with 50 Euler-Bernoulli beam elements, compared with Model A
in the reference and structure with 30 Bernoulli-Euler beam elements, compared with
Model B are established for damage identification in the sparse-regularized min-CRE
approach.

For the beam model case, although the crack was identified by model A in the
reference [58], elements at other locations such as element 31 and 46 were also detected
as damaged. The crack actually lied between element 22 and 24 and the results from
the min-CRE approach clearly identify a range of elements 21-25. Model B in reference
[58] offered a much better result than model A: elements 12-15 on the top row and 13-15
on the bottom row were detected as damages, while the beam model of the min-CRE
approach again exhibits a very good identification performance: the crack lies between
element 13 and 15, which are the exact damage locations. Obviously, the distributive
stiffness is well identified with limited and incomplete experimental modal data by the

sparse-regularized min-CRE approach.

3.4.2 Crack identification in a beam with two fixed ends

The proposed damage identification algorithm was also applied to an aluminum beam
with two fixed ends [59] as shown in Figure 3.18. The parameters are set as follows:
E =70GPa, v =0.3and p = 2.7x 103kg/m3. A saw-cut damage was applied by cutting
two cracks on the top and bottom surface of the intact beam with a depth of quarter of
the total thickness of the beam for each crack. Experimental modal data were obtained
by the impact excitation and only one accelerometer was employed at the center of the
beam to measure the deflection response. Modal responses were attained through one
line in the transfer function matrix. More details of this experiment could be found in
reference [59]. The first three-order frequencies and mode shapes of the damaged beam
are used herein (Figure 3.18). Based on the FEM computation from reference [59],
the saw-cut damage could be simulated using 87.5% reduction of the bending stiffness

in the ninth element.

63



3. DAMAGE IDENTIFICATION USING MODAL DATA

s —E
| .5em |/ Saw cut b =5am

Y |
1 2 3747516 78 9110 11[12[13[14 1571617181920

60cm -
[ |
40
30 T —y
) 1st Frequency:
20 83.984Hz
é 10} 2nd Frequency:
3 235.792Hz
B op ¥
o 3rd Frequency:
0t . \d A | 1st mode 462.712Hz
® --0--2nd mode
20 F Y —+— 3rd mode
O-o-d
-30 : :
0 10 20 30 40 50 60

X (cm)

Figure 3.18 A beam with two fixed ends and its first three order measured modes (dam-
aged)

Two identification methods which are similar in concept to the best achievable
eigenvector tehcnique were proposed in reference [59]. The first one (DDNKM) does
not employ the analytical global stiffness and mass matrices completely; the second one
(DDNK) uses the analytical global mass matrix only. These approaches first locate the
damages using a special subspace rotation algorithm, and then identify the magnitude
of damage using the quadratic programming technique.

By employing the first two orders of measured modal data, the identification results
using DDNKM, DDNK and min-CRE approach are shown in Figure 3.19(a), (b) and
(c) respectively. It can be found that the damaged element 9 can be detected very
clearly from the min-CRE approach. The damage extent of the min-CRE approach is
reasonable, although not as accurate as DDNK. The reason that the proposed algorithm
exhibits such strong capability in damage location is that the sparsity could extract the
most important features from the measured information (the damage) while suppress
the less important ones which seems to be introduced by the noise. The optimal
regularization parameter obtained by the threshold setting method is Aest = 738.76,
suggesting an strong enforcement of sparsity and hence the identified damage extent
is slightly biased. The same phenomenon could be seen from the case employing the

first three orders of measured modal data (Figure 3.20). In this case, the sparse-
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Figure 3.20 Identification results by employing the first three orders of measured modal
data: (a)DDNKM (b)DDNK (c)sparse-regularized min-CRE

regularized min-CRE approach offers a much better identification results than the other
two methods in reference [59], no matter in regard to the assessment of the damage
localization or the damage extent. However, compared with the results from the min-
CRE approach based on the first two orders of measured modal data, no obvious
improvement seems to be attained for this case. The reason is that the first two
modes are already enough to detect the damage and higher level measured error may
be invoked in the third mode. A relatively small weight coefficient is suggested to be
chosen for the third mode in this situation as mentioned in Section 3.1.3.

For further comparison, the recently developed damage identification approach via
sparse representation (SR) classification in reference [60] is also called to identify the
damage in the beam. Note from the above analysis that using the first two modes have
led to better identification results than using the first three modes and therefore, only
the first two modes are adopted for damage identification by the SR approach herein.

In doing so, two stages are involved:

65



3. DAMAGE IDENTIFICATION USING MODAL DATA

Table 3.4 Predefined damage classes of the beam for Stage 1

Class 1 2 3 19 20
Damage location Element 1  Element 2  Element 3 --- Element 19  Element 20
Damage extent 50% 50% 50% . 50% 50%
Obtained incomplete mode shapes ®; € R19%2 &, ¢ R19%2  $3 ¢ R19%2 ... &9 € R19%2 Oy € R19%2
Reference matrix Uy = [B1, Dy, - -+, P1g, Pog] € RIIX40

o Stage 1. Identification of damage location

1. Predefine damage classes of the beam (see Figure 3.18) with all possible
damage locations and then, details are presented Table 3.4. For each dam-
age class, get the first two incomplete mode shapes that correspond to the
measured first two mode shapes. Then, collect the first two incomplete mode

shapes of all damage classes to form the reference matrix.

2. For each of the two measured mode shapes, use /1 minimization to obtain
the sparse solution. Then, the recovery error € = > ;e > e, (Ui — Gigi)?
of each damage class in reference [60] has been calculated. Detailed results
on the recovery error are displayed in Figure 3.21(a). Clearly, damage
location at element 9 is well identified because the damage class with the

smallest recovery error is in principle the desired one for the beam.
o Stage 2. Identification of damage extent

1. Predefine damage classes of the beam with predefined damage location at
element 9 and all possible damage extents for which the details are listed in
Table 3.5.

2. Repeat Stage 1 except that the predefined damage classes only consider the
reference structural FEM model damaged at the identified location with
all possible damage extents. Results on the recovery error under different
damage extents are obtainable as depicted in Figure 3.21(b). Obviously,
the damage extent of 70% is identified.

To conclude, damage location at element 9 of extent 70% has been well identified in
the beam by the two-step SR approach in reference [60]. Comparing the identification
results in Figure 19(c) by the proposed sparse-regularized min-CRE approach with the

identification results by the two-step SR approach, both approaches have given rise
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Figure 3.21 Identification results by SR of (a) damage location and (b) damage extent

Table 3.5 Predefined damage classes of the beam for Stage 2

Class 1 2 3 e 9 10
Damage location Element 9  Element 9 Element9 .- Element9  Element 9
Damage extent 0% 10% 20% e 80% 90%
Obtained incomplete mode shapes ®; € R19%2 &, ¢ R19%2 &3 ¢ R19%2 ... &y c RY9Y*? &) ¢ R19*2
Reference matrix Uy = [By, Do, - - - , By, P1g] € RIM*20
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to satisfactory identification of the damage: damage location at element 9 is perfectly
detected with almost no fictious damage locations while damage extent around 0.7 is
also reasonably identified. The good performance of both approaches shall be benefit
from the sparsity assumption—sparsity of damage locations for the proposed sparse-
regularized min-CRE approach and sparsity of damage classes for the two-step SR
approach. Correspondingly, the importance of the sparsity in damage identification
is recognized. It should be noted that the SR approach is efficient and robust for
both single and multiple damage cases, but it is found that this approach is incapable
of identifying small damage with very limited sensors [60]. However, as shown in
the numerical example, the proposed sparse-regularized min-CRE approach can well
identify small damages if the damage locations are scarce enough. In other words, in
case when small damages occur at a single or scarce location, the proposed approach

is recommended.

3.5 Conclusions

A modal-based damage identification approach by the minimum constitutive relation
error (min-CRE) principle and the sparse regularization was proposed in this paper.
To this end, a (separately) convex objective function, also known as the CRE, to
measure the residual of the constitutive equations connecting between the admissible
stress field and the admissible displacement field has been established and the sparse
regularization has been enforced to enhance the robustness of the damage identification
with insufficient modal data. The alternating minimization (AM) method was then
applied to practically get the solution and a simple strategy for automatically selecting

the regularization parameter was presented. Results show that:

1. The objective CRE function is separately convex, and therefore, large damages

become identifiable.

2. The sparse regularization is enforced such that incomplete as well as noisy modal
data can also lead to good identification and it indeed enhances the robustness

of the damage identification procedure.
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3. The present threshold setting method to get the regularization parameter is ef-
fective. The identification process is fair robust for the choice of the parameters

a and lyax in the threshold setting method.

4. The present sparse-regularized min-CRE approach can give good identification
results of the damage locations and severities for damage with relatively few
damage locations, while for damage with multiple damage locations, identification

of the damage location is still satisfactory.

5. The present damage identification approach performs well in both numerical and

experimental tests.

6. Though the sparse regularization has already been incorporated into the sensitivity-
based approaches, the incorporation is not straightforward at all, because mini-
mization of the linearized objective function along with the sparse regularization
term at every sensitivity-based iteration should again resort to an iterative pro-
cedure. In contrast, minimization of the CRE objective function along with the
sparse regularization over the damage parameters can be directly solved at once

with closed-form solutions.

7. No sensitivity analysis needs to be called in the present sparse-regularized min-
CRE approach, and the exact order, for example, first/second of the mode shape,
which must be known in the sensitivity-based approaches, is not required in the

min-CRE approach.

8. Comparing the identification by the proposed min-CRE approach with the iden-
tification results by the two-step SR approach, both approaches have given rise
to satisfactory identification of the damage, which benefits from the sparsity as-

sumption.

Thus, it is believed that the proposed approach can serve as an effective tool for

practical structural damage identification using incomplete modal data.
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4

Damage identification using

frequency domain data

The previous chapter is based on use of modal parameters. As modal parameters
are indirectly-measured test data, they could be contaminated by measurement errors
as well as modal extraction errors. In addition, modal test often requires a large
number of sensors so as to obtain enough modal data. To avoid disadvantages of using
modal data, the frequency response function (FRF) data, directly extracted from the
dynamic test, are used as the measured data in this chapter. The FRF expresses
the frequency domain relationship between an input signal and output signal of a
linear, time-invariant system. The input excitation can be of a selected frequency band,
stepped sinusoid, transient or periodic. It is usually measured by a force transducer
at the driving point while the output is measured by accelerometers or other sensors.
Vibration-based damage identification using FRF measurements has been studied by a
number of references [61] and it has been proved that FRF data are more reliable and
practical to provide abundant information at limited measured degrees of freedom and
at a great number of desired frequencies [62]. In a broad sense, those methods using
modal data are discrete versions of the methods using FRF data [63].

In order to have consistent notations with other chapters, symbols in this chapter
are defined as follows. Given input and output time histories, the FRF can be calculated

through the output/input Fourier Transform ratio:

Receptance FRF = =
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where F'(w) is the Fourier Transform of the input excitation and U (w), A(w) is the
Fourier Transform of the measured displacements and accelerations, respectively. The
FRF could also be estimated by cross power spectral density and power spectral density
of the input and output signal [64].

As FRF could be viewed as the response of the system for unit sinusoidal input e,

the displacement field w and traction field ¢ in the following sections are expressed as

u = Receptance FRF, t =e.

4.1 Problem statement

4.1.1 Baseline model

Consider an elastic structure occupying the open domain 2 and bounded by the bound-
ary 0f). The vibration of this linear elastic problem in frequency domain is divided into

three sets of differential equations for the displacement field uw and the stress field o.

¢ Kinematic constraints

€ =Bu in ()
uecl:= (4.1)
u = u, over 0f),
where B is a suitable linear differential operator and wu,, is the prescribed value

of the displacement filed u on the Dirichlet boundary 0f2,. & represents the

deformation tensor.
e Equilibrium equations

Lo+b=7in
e = (4.2)

no =t over 0y
where L is the divergence operator on stress filed & and n the external unit
vector normal to the Neumann boundary 9€2y. Over 01y, the traction field ¢ is
prescribed. In addition, b denotes the body force and b = 0 herein. 7 is the

inertial force.
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e Constitutive relations

o = De—Hooke’s law,
(4.3)
T = —w?pu—Newton’s law.
where D € C is an elastic matrix with appropriate material properties and p is
the density which is assumed to be constant in this research. It should be noted

that only the case of forced vibrations problems are considered and the equations

are written in the frequency domain with w being the angular frequency herein.

4.1.2 CRE function

To define the constitutive relation error (CRE), consider an admissible physical pair
(u, o), of which the displacements u satisfy the kinematic constrains (4.1) (v € U)
and the stresses o satisfy the equilibrium equations (4.2) (o € ), respectively. It
is easily known that, if the constitutive relations (4.3) are additionally satisfied with
an elastic modulus matrix D(0) (6 € A C R™"), where A denotes the admissible
damage parametric space with . = 1 meaning no damage of the eth element, the
above admissible solution trio (u, o, @) would be the exact solution (Ueyx, Tex, Oex)-

As a result, to measure the distance from the admissible solution to the exact

solution in the energy product, the CRE for a given frequency is expressed as

1

ecrp(u,,0) = /Q {ril0 ~ D©O)e(w)]" D©) o~ D(O)e(u) + "

o (pw?) ™ [T(0) + pw2u]T [7(0) + pw2u} } s

where 71,79 are the corresponding weight coefficients (r; +r9 = 1). The values of these
coefficients depend on the relative reliability between the constitutive relations based
on the Hooke’s law and based on the Newton’s law and are fixed to be r;1 = r9 = 0.5
in this work.

Further considering the kinematic constrains and the equilibrium equations, the

CRE in equation (4.4) could be rewritten as

ccre(u,0,0) = ;/Q {n [0 —D()Bu|" D' [0 — D(0)(0) Bu] + s

ro(pw?) Tt [(Lo + b+ pw’u)t (Lo + b + pwu)] } dQ
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For the structure which is of interest in a frequency range [Wmin, Wmax|, the frequency

weighting factor z(w) is introduced

/wmax z(w)=1, z(w) >0 (4.6)

Wmin

Then the total CRE in the given frequency range is established as

Flu,0,0) = / T eonn(u, o, 0)2(w)dw (4.7)

Wmin
Based on the equations above, the damage identification problem is formulated as
arg min F(u, o, 0)

(4.8)
subject tou € U,0 € §,0 € A,u =ug, k€ p

where {u, k € p} is the incomplete frequency response data measured by finite sensors
on the set of points {k € p}. Equation (4.8) is known as the min-CRE principle for
inverse identification problems [40, 43] and F(u, o, 0) is known as the CRE objective
function. For each frequency w;, z(w;) is taken equally herein. The CRE function is

chosen as the objective function in this research due to the following crucial features,

e Separate convexity: the separately convex property of the proposed objective
function is of critical importance for the application of the alternating minimiza-
tion(AM) method because only then, each alternating step become well-posed[49].
(Refer to section 4.2.2)

e Decoupling with respect to the damage parameters: under the constant stiff-
ness assumption in every element, the CRE objective function is decoupled with
respect to the damage parameters, or specifically, minimization of the CRE objec-
tive function over the damage parameters gives rise to a series of single-variable
minimization problems. With the decoupled objective function, the sparse regu-
larization, which is to be introduced later, will be easily tackled by the closed-form

solution with little additional computational efforts. (Refer to section 4.2.2)

4.1.3 Discrete formulation of the CRE function

In the following, the inverse identification problem is solved in a finite element environ-

ment which requires to discretize the CRE objective function at first. A typical finite
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element, e, is defined by local nodes i, j, k, ... and for each frequency, the displacement u
and stress o and the trial counterparts du and do within the element e is approximated

as

u ~ Njuf, du~ Nijdu®

(4.9)

o ~ Na2g® = Na2gi + N2gy, 60 ~ N26q® = Nadqg
where N7 and Ny are called shape functions (or interpolation functions) corresponding
to nodal displacement vector ©® and nodal force vector g€ separately. The nodal force
q°¢, obtained from a mathematical integration of stress o, is dynamically equivalent to
the addition of the boundary forces g, and the remaining homogeneous forces 5. As is
noteworthy, the inhomogeneous part N5 g,, vanish in the virtual stress do. Additionally,
the nodal force ¢¢ should contain the same number of components as the corresponding
nodal displacement u® and be ordered in the appropriate corresponding directions. For
three-dimensional beam elements, details on the expressions for the nodal displacement
vector u® and the nodal force vector g and the derivation for the shape functions Ny
and NNs are given in Appendix A.

Using equations (4.1) and (4.2), one could also obtain the following expression.
€ = Bu ~ BNju® = Bju°
Lo ~ LN»G® = Bag®

(4.10)

With these preparations and further considering the CRE in equation (4.5), one can
have the discrete form of the CRE as follows.

ecre(u,q,0) = ;/ {r1(N2g — D(0)B1a)" D(6) " (N2G — D(6)Bya)+
Q (4.11)

ry (pw?) " (Bag + b+ pw?Nia)" (Bag + b+ pw? Nyai) } dQ
As for the damage parameters 0, it is assumed to be linearly implicated in the
elastic matrix D, or in other words, the elastic matrix D is an affine function of the
damage parameters 0, i.e., D = D(é) := 0D, for element e where D, is termed the
elemental elastic matrix of the intact structure. Obviously, for an intact structure,

there is 8 = 0 := [1;1;...;1]. As a result, equation(4.11) can be equally described as

N
N e e _
€CRE(U,(179) = 22/{) {TI(N2q —0.D.Bju )T(geDe) !
e=1 ¢

4.12
(N2q¢° — 6.D.B1u°) + rg(pr)_l(Bgtje + b+ prNliLe)T ( )

(B2@° + b+ pw*N1a®) } d
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With these notification, it is obvious that the CRE objective function (4.12) is decoupled
with respect to the damage parameters 0, ie. in every single equation of the equation
(4.12), only one of the parameters 0 arises. Such a decoupling will act as a particular

role in later analysis when the sparse regularization is considered.

4.2 Damage identification by min-CRE and sparse regu-

larization

4.2.1 Sparse regularization

In practice, the amount of the measured data is always limited and this may make the
damage identification problem ill-posed and very sensitive to the measurement noise.
To circumvent the ill-posedness and improve the robustness, the sparse regularization
technique is reasonably introduced. The main prerequisite is that the change of damage
parameters 6 — 6, must be sparse and no other information regarding the damage is
required. By incorporating the sparse regularization into the objective function, the

damage identification problem is reformulated as

F(@,4.0) = F(a.G,0) + A | A (6 6)) |} (4.13)

where A = diag ([Aq, ..., Ay]) is the diagonal matrix of elemental length/area/ volume
N

for beam/plate/solid element respectively. The ¢;-norm ||z||; = Z |xe| defines the

e=1
sparse regularization term and A > 0 is the corresponding regularization parameter

which controls the trade-off between the sparsity and the residual norm. For detailed
estimating the proper value of the regularization parameter A, the reader is referred to
Section 3.2.2. In the next section, the AM method is called to get the solution of the
sparse-regularized CRE objective function (4.13).

4.2.2 AM method

In this section, the AM method is again proposed to practically solve this nonlinear
optimization problem (4.13). Given the initial damage parameters 6y as those of the

intact structure, the solution is obtained successively for n = 1,2, ... as follows
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e step 1 (UMF step): Update the mechanical field (w,q) with the given damage

parameters 8" for each given frequency

(@™, g™t = arg min F(a,q,0m) (4.14)

uel,oce,u=u,,k€p

e step 2 (UDP step): Update the damage parameters 6 by the mechanical fields

(@"*1, G"*1) obtained in step 1.

6" = argmin F(a"1, g"*, 0) (4.15)
0

UMF Step

The mechanical field (w, ) is recovered from the measured data and the given damage
parameters 0 (given elastic matrix D) individually for each given frequency. The sparse
regularization term is not involved in this step. Specifically, the minimization over ¢

yields the equation:

/ {ri (N§ D"'N>G — Nj Bya) +
Q (4.16)
T

5 ((pw®) "' B Bog + By N1t + (pw?®) ' B3 b)} =0

and the minimization over @ yields
/ {ri (B{ DBy& — B{ N2q) + 73 (pw’ N{ N1+ N{ Bog+ N{b)} =0 (4.17)
Q

From equations (4.16) and (4.17), the mechanical field (@, §) can be updated simulta-
neously. Moreover, equation (4.17) could be simplified as
d,

- (4.18)
do

(r1Co + % Hy) A
Ag (TlK[) + TQ(A)ZM[))

Qe

=31
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where

C = / NI D 1Ny dQ,
Q

H = lBgTBQdQ,
Qp

Q
K = / BTDB,dQ, (4.19)
Q
A= / (~r1 N By + 1B Ny) d2,
Q
di = / {=r2(pw®) ' B3b — (riNg D™' Ny + r3(pw?) "' B3 Ba) G, } d9,
Q
dy= [ {-raNb— (BTN + N B 4}
Q

In equation (4.19), Agy, Cy, Ko, My and Hj are the reduced forms of A, C, K, M
and H after applying the homogeneous boundary conditions.

To enforce the incomplete measured data, the displacements vector u will now be
partitioned symbolically into unmeasured displacement @V and measured displacement
a™. For the sake of convenience, in the following equations superscript U and M
represent the corresponding unmeasured and measured DOF's of the array respectively.

As a result, equation (4.18) can be rewritten as

L) (4", (aU)T)T — S(6) (4.20)
where
L(é) _ r1Co —;[;:%HO Ay ol
A (rlKo + rngMo)
S’(é) _ <d?, (d;U>T>T’ (4.21)
dy = d¥ — (r Ko+ raw*Mg) "M @M
UDP Step

Due to the decoupling of the CRE objective function (4.7) as mentioned in Section4.1.4,

the UDP step is tackled by solving a series of single-variable optimization problems, that
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is, minimization of equation (4.13) with respect to 6, for each element e (e = 1,2, ..., N)

takes the form

-1
/6 7421{(N2q~6)T(D6)2(N266) — (Bl’ae)TDe(Blﬁe)}dx

(0e) (4.22)
— AA“{sign(f. — 1) }dz = 0.
Finally, one has
[ be .
m ,lf A< Ae
6. = be : A L,e=12..N (4.23)
RS VX AP A < —Ae
1,if A > |A
where
1 r ~e - € ~e ~e
Ae= / 5 {(N2g)" (D)™ (Vo) — (Buat*) " D, (Bya) } d2
) Qe (4.24)
= Ae (be - ae)
and

o= [ G BEYTDBE0, b= [ TN (D)7 (N (125
Qe Qe

Detailed explanations of A, are discussed in the next section. Based on equation (4.23)
, the value of 6, is found to be prone to be unchanged from the initial value 1 when
|Ae| < A while 6, begin to deviate from 1 to §, when |A.] > X. That is to say, the
regularization parameter A determines whether damage occurs: as long as A < |A.[, the
eth element would admit stiffness change or damage; otherwise if A > |A.|, the damage
would be found to not occur in the eth element.

Moreover, from equations (4.22) and (4.23), the sparse regularization term would
introduce little computational complexity and the minimization over each damage pa-
rameter along with the sparse regularization term is solved immediately by the closed-
form solution in equation (4.23). This advantage benefits from the decoupling of the

CRE objective function with respect to the damage parameters.
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4.2.3 Summary of the proposed damage identification approach

By combining the UMF step in Section 4.2.2 and the UDP step in Section 4.2.2, using
the proposed threshold setting method so as to estimate the optimal regularization
parameter A in Section 3.2.2, the damage identification algorithm by min-CRE and
sparse regularization can be established as shown in Table 4.1. It should be noted
that different analysis models could be applied in the UMF step and the UDP step. In
the UMF step, more elements are recommended so as to avoid the discretization error
for the mechanical field analysis, while less elements could be used in the UDP step
to mitigate the ill-posed problem if acquiring less damage parameters. Nevertheless,
as the sparse regularization could indeed circumvent the possible ill-posedness caused
by more damage parameters, refined elements for the UDP step is also possible in the
proposed damage identification approach, which would be illustrated in the following

numerical examples.

4.3 Numerical verification

In the following, three numerical simulations are used to test the proposed sparse-
regularized min-CRE approach using FRF data. Damage identification results ob-
tained by three identification approaches are compared in Section 4.3.1 and Section
4.3.2, namely the min-CRE approach with sparse regularization (C1), the sensitivity
approach with Tikhonov regularization (S2) and the sensitivity approach with sparse
regularization (S1). The advantage of being efficient for the proposed min-CRE ap-
proach is strongly substantiated. The example in Section 4.3.1 further considers some
modeling errors in the mass matrix so as to testify the robustness of the identification
results. Section 4.3.3 shows that the sparse regularization can significantly improve the
accuracy of the identification results for a more general three-dimensional structure.
For application of the iteration algorithm, the convergence tolerance is practically set

to TOL=1 x 1076,

4.3.1 Simply supported beam structure

In this example, a simply supported beam is utilized to compare the accuracy and

efficiency between the proposed min-CRE approach and sensitivity approaches with
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Table 4.1 Summery of the proposed AM method

Initial algorithm setting

o set initial damage parameters é(o) — B, as those of the
intact structure

o set values of the maximum threshold setting rank l,,,4,
and the discriminating ratio « for the threshold setting
method

o define the convergence tolerance TOL and the maxi-
mum number of iterations Z,,..

o load the measured FRF data

Alternating minimization approach (for j =1: Z,,42)

o Refer to the UMF step in Section 4.2.2 to ob-

tain the updating mechanical field (cj,'&U)z;.) =

L(0(-1))"'S(0;-1))

o Choose the optimal regularization parameter A.s ac-
cording to the threshold setting method in Section
3.2.2 from

—fore=1:N
— e = Jo, %(Blﬂfj))TDe(Blﬁfj))an
= be = Jo, F(Nog;))" (De) ™" (N2gf))dQ
— A, = ﬁ (be — ae), end for
— Xest = TSM(A, lpax, @)
o Refer to the UDP step in Section 4.2.2 to obtain the

updating damage parameter 0,;) for each element:

)]

— if Aest < Ae then 06(]) = m,

— else if Aest < —A, then 960) = ,/m,
— else 98(]») =0,0=1

o Convergence criterion
— if || 8¢5y — @1y || / Il B0y ||< TOL break.
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Figure 4.1 Model of simply supported beam structure

different regularization techniques. The total length of the beam is 1m and the mass-
per-length and bending stiffness are estimated as 1kg/m and 1Nm?, respectively. As
with finite element modelling, the beam is uniformaly divided into 16 Eular-Bernoulli
beam elements with 17 nodes each with two degrees of freedom (see Figure 4.1 for
more details). The damage scenario admits the damage in element 9 with 20% stiffness
reduction (damage parameter §y = 0.8). The measurement points are chosen to be node
5, 7,9 and 11 (Y direction only). The selected frequency range is simply chosen to be
[1,80]Hz with 1Hz intervals. For a more complicated model, an appropriate choice of
the selected frequency range could improve the identification results greatly. Detailed
selecting rules are discussed in Section 4.2. The measured FRF data at kth selected
excitation frequency is obtained from simulation with addition of the measurement
noise as follows,

noisei(s) = randn - a - di(s),k =1,2,...m (4.26)

where randn is the normal distribution with zero mean and unit deviation, a is the
applied noise level and di(s) is the measurement FRF data at certain position s. Noise
level of 10% (SNR=10dB) is considered in this example. For excitation, an unit har-

monic load as shown in Figure 4.1 is enforced at node 5.

On choice of (42, @) in the threshold setting method

To have an impression on how the maximum threshold setting rank [,,,x and the dis-
criminating ratio « work in the threshold setting method, different choices of (Iyax, @)
for damage identification in different noise levels are studied herein and detailed results
are displayed in Figure 4.2. On one hand, the identification process tends to be rea-
sonably robust for a broad selection of (I,,q4, @) with appropriate ranges of « € [2, 50]

and lmax € [2,10] for the case with low level of noise (Figure 4.2(a), (b)). On the
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Figure 4.2 Damage identification results under different choice of (lqz, @)

other hand, the choice of (Ijyax, @) should be paid more attention for the case with high
level of noise (Figure 4.2(c), (d)). Damage locations are badly identified for o = 2
and « > 20. This means that the discriminating ratio « should not be too small or
too large. In terms of the maximum threshold setting rank lpa.x, Imax > 8 leads to
the failure of damage identification, indicating that [,y shall not be too large. As a
result, in the following of this example, the threshold parameters are reasonably fixed

at lmax = 5, a = 4.

Comparison to the results by sensitivity-based algorithms

In this section, the following sensitivity-based algorithm, representing probably the
most widely used techniques on the use of FRF data is considered.

Normally, the damage identification process based on the sensitivity approach is
formulated as minimization of the following objective function-weighted least squares

of the error in measured quantities,

argmin | R — R(9) |3 (4.27)
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Table 4.2 Sensitivity-based identification approaches with different regularizations

Objective function Solution method Parameter estimation
Approach . . . .
for each iteration for each iteration method
AR(0) — S(0)A8 |3 + closed-form solution
S2[65] | @ (020 llw _ _ - _ L-curve method
A A6 |2 AG = [S(6)"WS(0) + M| ' S(6)" WAR(H)
S139] | AR(8) — S(0)A8 ||} + Primal-dual interior point method Using residual and
M Ao |} Newton’s method proceeds solution norms[66]

where R and R(0) denote the measured and analytically predicted outputs respectively.
W is the positive definite weight matrix. Linearization of the above non-linear problem

(4.27) at given @ for iterative method is as follows
R—R(0) = AR(0) — S(6)A6 (4.28)

where A@ := @ — 6 is the update of 8, AR(6) := R — R(8) is the residual and S()
is the response sensitivity matrix. For the method using frequency response function,
the mathematical formulation of R(€) and the eth column of sensitivity matrix S are

often expressed as [65]:

R(9) = [-w’M(0) + K(0)] & (4.29)
OR(0) oOM 0K M
Se = = |- 4.30
9. |y_s [ 6. 90 |, 5" (4.30)
where @M represents the measured frequency-domain displacement response. Static

condensation is needed so as to condense the above equation to the measured degrees
of freedom and the weighting matrix H (w, @), the frequency response function matrix
should also be considered so as to reduce the bias on the estimated parameters. To cir-
cumvent the ill-posed problem, regularization is required. Objective function, solution
method for each iteration and regularization parameter estimation method for different
regularization types are briefly summarized in Table 4.2.

The final identification results are presented in Figure 4.3. As is seen, all of these
three approaches can well identify the damage location and extent in the beam through
10% noise level, except that false positions, although with minor degree, are also ob-
served by the sensitivity approach with Tikhonov regularization (S2). Many researches
have shown that Tikhonov regularization tends to produce over-smooth solutions be-

cause the quadratic regularizer cannot recover the sparse features of the solution.
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Figure 4.3 Stiffness reduction for each element using different approaches

Table 4.3 Convergence property for different identification approaches

Approach Numbers of iterations Total computation time (s)
C1 24 0.51
S2 6 5.41
S1 - 899.47
S1(with known A) 9 4.89

Regarding the corresponding convergence property in Table 4.3, it is shown that
the computational effort necessary to solve C1(0.51s) is much less than the sensitivity
approaches(4.89s-899.47s), although it takes more steps for C1 to get convergent. This
advantage attributes to the inherent decoupling nature of the CRE function with respect
to the damage parameters, making every parameter-update-step solved as a series of
single-variable optimization problems. It should be noted that due to the lack of closed-
form solution for regularization parameter estimation, the computational time for S1 is
huge(899.47s). For S1 with unknown A, an appropriate range of \(2.9 — 5.4) is picked
up by achieving balance between the residual norm and solution norm [66] as shown in
Figure 4.4(b). With the properly chosen or experienced-based A, the computational
cost of S1 could be reduced significantly(4.89s).

Considering modelling errors

With respect to the modeling errors, simple mass modeling errors are added to the
simulated beam structure. To do so, the exact mass density of element 2, 3 and 12,
which are involved into the generation of the measured FRF data through simulation,

are changed to 1.05kg/m, 1.05kg/m and 0.95kg/m respectively, while the mass density

85



4. DAMAGE IDENTIFICATION USING FREQUENCY DOMAIN
DATA

10t 3.595 -4
aw 359 7T Residual Norm e
= S —— Solution Norm | - 3 =
) < i ]
= 1 e s i 3
g < (i =
g E j ! &
s 5 S 28
=
2 10t 10933 sapmz2 | T S
E e 2 - s
© ¢ A=2.9-541 1 @
corner at|1,264
102 .
10° 10! _ 10° 5 10
residual norm [|S(8)A8-AR(6)]|2 I\
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04 ; @ [ [N I I B NERERE
©) ©) © L
WA 7 o} I C1
§ 03 N deling error 7| | £ s
2 £ mass mo : - -
S §RRiban bl es st
B 02
g L{ Exact reduction for element 9]
goi—F—P— EA
0 o [ o (o 0 J_‘L il
[ fod - RS ]
0 2 4 6 8 10 12 14 16

Element number

Figure 4.5 Stiffness reduction for each element using different approaches with mass

modeling errors

for damage identification are still set to be 1kg/m as before. Noise level of 10% is
also added into the measured FRF data. The identification results obtained by the
three approaches are shown in Figure 4.5. As could be seen, the present approach
(C1) could still identify the damage location clearly, although with a less satisfatory
damage extent assessment. However, this bias can be further revised if needed by simply
fixing the damage location and optimizing the extent to match the observed changes.
For the sensitivity-based approaches (S2&S1), the modelling errors may deteriorate
the damage identification if no additional improvement, such as optimizing the weight

matrix through the model error covariance [67], is enforced.
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Figure 4.6 Model of plane frame structure: (a)Geometry, (b)Element sets

4.3.2 Plane frame structure

A plane frame structure as shown in Figure 4.6 is studied in the second example
(see reference [14] for detailed explanation on the target structure). The height and
width of the frame are H = 1.2m and L = 0.6m, respectively, and the rectangular
cross-sectional dimensions are b = 0.01lm and h = 0.02m with the inertial moment for
planar bending I = 6.67 x 107 %m* and area A = 2 x 10~*m?. For the undamaged
frame, the mass density of the material is p = 2.7 x 10%kg/ ms, the Poisson’s ratio is
v = 0.3 and the Young’s modulus is £ = 6.9 X 1010N/m2. The plane frame analysis
model consists of 88 Fuler-Bernoulli beam elements with 89 nodes, each with three
degrees of freedom. This finer numerical model is used to obtain the mechanical field
for the UMF step so that the discretization error caused by finite element model could
be ignored. For the UMP step, the structure is divided in 11 sets of elements (see
Figure 4.6(b)) and the identification procedure updates the 11 element parameters
independently. A single harmonic load is applied in the z-direction of node 2. The
FRF data are obtained by the discrete Fourier transform(DFT) of the corresponding
numerical simulated accelerations (see Figure 4.7 for the FRF data of node 2).
Twelve damage scenarios, including single and multiple, small and large damage,
unpolluted and polluted measurements are taken into account, as listed in Table 4.4,
where Nil stands for no noise. The measurement locations and the corresponding
directions are also illustrated in Table 4.4 and Figure 4.8. Herein, the stiffness
parameters {0, e = 1,2,..., N}, standing for the Young’s modulus of each element

set, is identified and the identified results in the percentage error forms are presented
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Figure 4.8 Measurement points and directions
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Table 4.4 Damage scenarios for plane frame structure

Damage scenario Damage location Reduction in
scenario (element set no.) elastic modulus (%) Noise (%) Measurement
1 3 10 Nil 32, Agz9
2 3 20 Nil g2, Gz9
3 3 40 Nil A2, Az9
4 3 10 10 g2, Az9
5 3 20 10 g2, Az9
6 3 40 10 Qz2, Q39
7 4.5 10,5 Nil (32,04,029,0y7
8 4,5 20,25 Nil (32,024,029 ,0y7
9 475 50750 Nil Az2,054,0:9,0y7
10 4.5 10,5 10 Q22,024,029 ,0y7
11 4.5 20,25 10 A3:2,034,039,0y7
12 4.5 50,50 10 A32,034,029,0y7
as
gid — g
Relative error(%) = eTe x 100% (4.31)
e

where 0% and 6, are identified and true values of the stiffness parameter for each
element set, respectively. Noise level of 10% (SNR=10dB) is added to the measurements
primarily.

Several practical rules for selecting excitation frequencies are

Excitation frequencies should not be selected at resonance frequencies to prevent

resonance phenomena and high sensitivity to noise.

e Dynamic response of target structure is more sensitive to damages for frequency
points close to resonances than points far from resonances. Therefore, excitation
frequency points near resonance frequencies are recommended for measurement

[62].

e Although the response of the target structure in higher frequency ranges, which
excites higher mode shapes, is more sensitive to damages, numerical analysis

results are shown with less accuracy than those in lower frequency ranges [68].

e Using more frequency ranges corresponding to different resonance frequencies

could improve the identification accuracy while using more frequency points near
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Table 4.5 Frequency ranges (Hz) with 4Hz interval (number of frequency points)

Scenarios
1&4 2&5 3&6 7&10 8&11 9&12
50-82 (9) 50-82 (9) 46-82 (10) 46-74 (8) 50-82 (9) 50-82 (9)

143-147 (2) 143-147 (2)  139-143 (2)  139-143 (2) 139-143 (2)  127-135 (3)
157-161 (2) 153-157 (2)  157-161 (2)  157-161 (2) 157-161 (2) 149-161 (4)
169-185 (5) 165-185 (6)  169-181 (4)  169-185 (5) 169-185 (5)  165-177 (4)
199-215 (5) 195-219 (7)  195-211 (5)  199-219 (6) 195-215 (6) 187-203 (5)
230-262 (9) 226-258 (9)  226-258 (9)  230-262 (9)  226-258 (9) 215-251 (10)
316-352 (10) 316-352 (10) 308-336 (8) 316-352 (10) 316-348 (9) 300-316 (5)
382-410 (8) 378-394 (5) 386-422 (10) 382-410 (8) 382-410 (8) 378-402 (7)

total number=(50) (50) (50) (50) (50) (47)

one resonance frequency seems to have no significantly effect on the results for

lower noise level cases.

e For higher levels of noise, presence of more frequency points near certain resonance

frequency can result in a robust identification.

Based on these rules, the selected frequency ranges are given in Table 4.5 and
the sampling frequency stepping size in each frequency range is 4Hz. Consequently,
identification results of each scenario are obtained using 50 frequency points, except
for scenarios 9&12, where 47 frequency points are used.

As is observed in Table 4.6 with the relative error defined in equation (4.31), for the
single damage scenarios 1-6, the proposed approach could provide satisfied identification
results: the maximum relative error does not exceed 0.02% in the case of no noise and
1% in the case of 10% noise. Only the horizontal acceleration response at nodes 2 and 9
is measured herein. For the multiple damages scenarios 7-12, the horizontal frequency
response at node 4 and the vertical acceleration response at node 7 are additionally
measured. The identification by the min-CRE approach can well identify the damage
locations as well as extents with a maximum relative error 0.01% in the case of no noise
and 3.7% in the case of 10% noise.

Compared with the results in the reference [14], which used an enhanced response
sensitivity approach with the Tikhonov regularization under the same measurement
degrees of freedom, identification results of the min-CRE approach with the sparse

regularization demonstrated the superiority for all of the 12 scenarios. Most of this
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Figure 4.9 Stiffness reduction for scenario 2/5: (a) the min-CRE approach with sparse
regularization; (b) the min-CRE approach without sparse regularization

superior identification accuracy is attributed to the enforced sparse regularization: the
sparse regularization yields sparse damages that are more compatible with pratical
damage patterns, while the Tikhonov-regularized damage identification does not result
in sparse solutions, which typically have non-zero relative errors associated with all
damage parameters [69]. All coincide with the existed observations where replacement
of the Tikhonov regularization by the sparse regularization can indeed improve the
identification accuracy and robustness for damage identification.

To get a better picture on the effectiveness of the sparse regularization, detailed
identification results for scenario 5 with and without sparsity are shown in Figure 4.9.
Obviously, when there is no measurement noise, using or not using sparse regularization
would lead to the same good identification results. However, it is almost impossible to
get to the reasonable identification results for the case without sparse regularization
when measurement noise is enforced. It is clear that the sparse regularization greatly
improves the identifiability and robustness of the CRE-approach. Furthermore, to vi-
sualize how the sparse-regularized min-CRE approach proceeds, the iterative procedure
for the scenario 5 is shown in Figure 4.10. On the other hand, Figure 4.11 compares
the evolution of the constitutive relation error(CRE) for each of the iterative step with
different levels of noise (0%, 5%, 10% and 20%) for damage scenario 5. As is observed,
the error decreases with the number of iterations increases, verifying the convergence

of the present method.
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Figure 4.12 Schematic diagram showing the numerical structure and the directions of

system output measurements and input excitations

4.3.3 Three-dimensional frame structure

The performance of the presented approach is also illustrated by using a three-dimensional
structure. It is a 2-story, 1-bay by 1-bay frame structure as shown schematically in
Figure 4.12. Parameters of this frame are: height H = 4m, length L = 4m, width
B = 3m, rectangular cross-section h x b = 0.0lm x 0.01m, intact Young’s modulus
E = 2.1 x 10''Pa, Poisson’s ratio ¥ = 0.3 and mass density p = 7860kg/m3. Shear
modulus G for this structure is taken as E/(2(1 +v)) herein. Simulated dynamic FRF
data are used in this study. Two synthetic harmonic load is applied at node 7 and node
9. Node 5(x,y direction) and node 7(x,y direction) are selected as two measurement
points. These input data are contaminated by normal distribution noise with the noise
level 10% (SNR=10dB) according to equation (4.26). The selected frequency range in
this example is [0.4,4.5|Hz with 0.05Hz intervals. Some of the excitation frequencies
are ignored based on the selection rules as stated in Section 4.2. To clearly understand
the spatial motion over the entire model, displacement fields for different frequencies
are depicted in Figure 4.13.

Damages are enforced by reducing the Young’s modulus F to 70% in element

1 (61 = 0.7) and 80% in element 16 (A1 = 0.8). As shown in Figure 4.14(a),
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(a) f=0.50Hz (b) =0.65Hz (c) =1.20Hz (d) f=2.25Hz

Figure 4.13 Displacement fields for different frequency

stiffness reduction

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43
Element number

IR IR AR AR AR I A A
| - -

Plbbddbbboibbb bbb bbb [ mnonoise O 10% noise |
T T A O O AT e i s s

stiffness reduction

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43
Element number

Figure 4.14 Stiffness reduction for each element: (a) the min-CRE approach with sparse

regularization; (b) the min-CRE approach without sparse regularization

good identification performance is achieved when noise level is up to 10%. The op-
timal regularization parameters are Aest = 1.45422 x 10713 for the no noise case and
Aest = 3.72452 x 10~13 for the 10% noise case. Again, identification results with and
without sparsity are additionally compared in Figure 4.14. From the results of the
identified stiffness reduction under the measurement noise and without the sparse reg-
ularization (Figure 4.14(b)), damage locations and extents became almost unidentifi-
able, while the sparse regularization substantially improves the accuracy and robustness
of the identification procedure (Figure 4.14(a)). The proposed damage identification

approach with sparsity is shown to be well applicable to the identification in 3D frames.

To show the convergence of the proposed spare-regularized min-CRE approach,
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Figure 4.15 Contour plot of damage parameters for each element

filled contour plot of the damage parameters 0 was drawn in Figure 4.15. As it is
seen, damages in Element 1 and element 16 are identified after 35 steps, verifying the
convergence of the present method. Besides, escapes from local minima could also be
found in Elements 21-23 and Element 37. Algorithm without sparsity would encounter
divergence or convergence difficulty with the same amount of input measurement data.
This phenomenon is attributable to the fact that sparse regularization provides a flexible
and parsimonious reconstructing process for high-dimensional model parameters from

limited incomplete input data.

4.4 Conclusions

This research is focused on the damage identification approach with incomplete fre-
quency response data using the minimum constitutive relation error (min-CRE) princi-
ple and the sparse regularization. The identification process is a nonlinear optimization
problem and the corresponding objective function is set to measure the residual of the
constitutive equations connecting the admissible stress field and the admissible dis-
placement field. Numerical examples are conducted to verify the present approach and

the results show that:

1. The CRE function is chosen as the objective function due to its separate convexity

and decoupling with respect to the damage parameters.

2. FRF data are more reliable and practical to provide abundant information at

measured degrees of freedom and at a great number of desired frequencies.
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10.

. Particular attention should be paid to properly select the frequency ranges of the

FRF data.

. The present damage identification approach performs well in both damage lo-

calization and extent assessment for 2D/3D frame structures with incomplete

frequency response data.

. The AM method could effectively tackle the nonlinear optimization problem.

. The sparse regularization obviously improves the accuracy and robustness of the

damage identification results.

The advantage of being efficient for the proposed min-CRE approach is strongly
substantiated by the damage identification results obtained by three identifica-
tion approaches, namely the min-CRE approach with sparse regularization, the
sensitivity approach with Tikhonov regularization and the sensitivity approach

with sparse regularization.

. The sparse regularization along with the CRE objective function is shown to

be more accurate than the Tikhonov regularization along with the sensitivity

identification approach.

. The proposed threshold setting method could be used to determine the sparse reg-

ularization parameter automatically and efficiently and the threshold parameters

are reasonably fixed at l;q = 5 and o = 4.

The proposed approach is found to be much more efficient and less sensitive to the
mass modelling errors than the sensitivity-based approaches (with the Tikhonov

regularization or with the sparse regularization).
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Damage identification using

spectrum data

To our best knowledge, the min-CRE approach has not yet been applied to spectrum-
driven problems and for most of the previous work, certain loads are required in order
to compare the test data of real structures and that of the numerical model. Therefore,
this would be impractical for large-scale engineering structures. In this chapter, a
novel spectrum-driven damage identification strategy based on the min-CRE approach

is introduced.

5.1 Problem statement

5.1.1 Pseudo excitation method (PEM) for forward problem

Under the action of stationary random excitations such as earthquake ground motions
and random wind loads, the power spectral density matrix of structural responses is
easily obtained. Accordingly, the PEM, which could reduce the structural stationary
random response analysis into the structural harmonic response analysis by using the
power spectral density data, has been proved computationally convenient and efficient
[70, 71].

Consider a general finite element model of a linear elastic time-invariant structure,

whose equation of motion can be written as

Mi+ Cu+ Ku = f(t), (5.1)
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where M, K and C are the system mass, stiffness and damping matrices, respectively.
C is assumed to be a Rayleigh damping herein and C = a;M + a2 K (a1 and as
are two constants determined by two modal frequencies). f(¢) is a stationary random
process whose power spectrum density Sp(w) has been specified. To solve this problem,
let f(t) = a\/WGM (a is a given constant vector, w is the circular frequency and
i = v/—1), then the above equation of motion is reduced into the following harmonic

equation according to the PEM:
Mii + Cu + Ku = ay/Sp(w)e™* (5.2)
and its stationary solution would be

ug = Hay/Sy(w)e™?, (5.3)

where ug is called the excitation spectrum-based(ExS-based) solution in this research
and H is the frequency response function.

Assuming that the power spectrum density of the kth structural response S¥, is
known, where {k € g} is the set of points measured by incomplete finite sensors, the
harmonic response u* of the corresponding points based on these structural response

spectrum can be written as
k __ N\ k k iwt
up = (c+di)"/ Sk, (w)e (5.4)

where (c¥)2 4 (d¥)?2 = 1 and the ratio ¢*/d* is equal to the ratio of the real part to
imagery part of (Ha)k. Tt is easily proved that uf, = u’f{ for k € p. Unlike the
ExS-based solution ug in Eq. (5.3), which is obtained by the excitation spectrum
through the forward process, the response spectrum-based (ReS-based) solution ugr =
(c4di)* /Sy (w)e™! can be directly transformed from the structural response spectrum
without the knowledge of structure damage’s information. Due to this fact, it serves

as the measured displacement in the following inverse solving process.

5.1.2 CRE function

To define the constitutive relation error(CRE), consider an admissible pair (@, &) which
satisfies the kinematic constrains (u € U) and the equilibrium equations (6 € ), re-

spectively, in the frequency domain. It is easily known that, if the constitutive relations
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5.1 Problem statement

are additionally satisfied with an admissible elastic modulus matrix D(0)(D € €),
where 6 denotes the damage parameters with 6; = 1 meaning no damage of the
ith element, the above admissible solution trio (@, &, D) would be the exact solution

(Tex, Fex, Dex). As a result, the CRE for a given frequency is established as

conn(i, &,0) = / (D(6)Bii— &) D(6)"! (D(0)Bii — &) d9

1
(5.5)
-5 [ 1D(@) (Do) Bi— &) as.

where B is the strain-displacement matrix and 2 defines the physical domain of the

structure. The elastic modulus matrix D(0) denotes the following diagonalization of

the damage parameters @ = [61;- - ;0,,],
01D 0 ce 0
0 6Dy --- 0
D(6) = ; (5.6)
0 0 - 0,Dy,
where D; is transformed by the elasticity tensor Cpqs for element 4,9 = 1,--- ,m. The

diagonal matrix D(0) is of size r = > ", 1, r; = rank(D;).
For the structure which is of interest in a frequency range [wmin, Wmax), the frequency
weighting factor z(w) is introduced as
Wmax
/ z(w)dw =1, z(w) > 0. (5.7)
Wmin
z(w) is taken equally herein. Then the total CRE in the given frequency range is
Wmax
P, 5,0) = / con(it, &, 0)2(w)dw (5.8)
Wmin
Based on the equations above, the damage identification problem can be solved by
the following program (Pg)
(a,6,0) = argmin F(u,,0)

(Po) (5.9)
subject to . € U, & € I, D(0) € C, 4 = uk. k € p,

where @}, is the Fourier transform of uf, defined in equation (5.4) and (@, &) is caused

by the pseudo harmonic excitation f(t) = a/So(w)e™".
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5.2 Damage identification by min-CRE and sparse regu-

larization

5.2.1 Stress field building strategy

Consider an admissible stress field & which satisfies the equilibrium equation in the

frequency domain as follows:

Ka=uw’Mu —iwCa+ f = B’
) (5.10)
=BT6 = (1 +iwa) ™" [(w2 —iwar)Ma + £ .

To obtain the stress field &, the following remark is necessarily invoked.

Remark. For A € R™" and rank(A) = n (A is of full-row rank), consider a
system of linear equations

Az =b (5.11)

Ifn = r, equation (5.11) admits a unique solution x = A~'b. In general, forn <r,
a vector x that solves the system may not be unique. A computationally simple and
accurate way to solve this equation is by using the SVD. That is, if A=UXV™ is
the SVD of A, where U and V' are unitary matrices, V* is the conjugate transpose
of V and X is a diagonal matriz with non-negative real numbers on the diagonal,

the solutions of equation 5.11 are all given by
x=A"b+ Zp, (5.12)

where AT = VETU* is the pseudoninverse of matriz A, p is an arbitrary column
vector of length r —n, Z = |A"||,, Va2 and V = [(V1)7»Xn, (Vg)rx(r,n)]. | AT ey
denoting the lo-norm of the matriz AT, is introduced to reduce the possible ill-

conditioning.

Combining of equations (5.10) and (5.12) and setting A = BT, = & yields

& =cye AT Mu+ AT f + Zp, (5.13)

2

where ¢; = (w? —iway) and ¢ = (1 +iwaz)~!. It should be noted that only the vector

p is unknown in (5.13). As a result, to acquire the stress field & is equal to acquire the
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vector p. The objective function could be reformulated into

1 1 -
cons(@, p.0) = 5 /Q |D(6) % (D(0)Bii — (e201 A" Mii - 247 f + Zp) ) |22
(5.14)

5.2.2 Sparse regularization

Usually, the amount of the measured data S¥, is insufficient due to the incomplete finite
sensors and limited sample sources. This drives the inverse problem ill-posed and very
sensitive to the measurement noise. As mentioned before, the sparse regularization is
used herein. By incorporating the sparse regularization into equation (5.5), (Pg) can

be replaced by (Ps)

(@, p,8) = argmin F(a, p,0) + A6 — 6|1
(P,) (5.15)
subject to @ € U, &(p) € 3, D(0) € C, i = uf, k € p,

where A is the non-negative sparse regularization parameter controlling the trade-off
between the sparsity and CRE, and [|@ —6q||1 = 3", |0; —0o;|. According to posteriori
research, the ‘threshold setting method’(TSM) is used to estimate the optimal regu-
larization parameter where Aest = TSM(A, lax, «). For more details, refer to Section

3.2.2.

5.2.3 AM method

With an initial guess of the damage parameters 6y, the solving process for the program

(Ps) is described below.

e step 1 (UMF step): Update the mechanical field (w,p) with the given damage

parameters 6;_1)

(@) pp) =arg  omin - F(@P,0G) (5.16)

e step 2 (UDP step): Update the damage parameters 6 by the mechanical fields
(@), P(;)) obtained in step 1.

9@) = arg D%i)réeF(ﬁ(j),p(j), 0) -+ )\||0 — 00”% (517)
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UMF step

For the sake of convenience, superscript U and M correspond to the unmeasured and
measured parts of the array in follows, respectively. Minimization of the objective

function over the mechanical field (u;p) yields

Uy | k()
p(j) (RUU>71(SU RUMuR(g))
R=((D(8;_1))B — c2c1A*M,~Z) " D(6;_1)) "' ((D(6(;_1))B — c2c1 ATM, ~ Z)
S =((D(6(;_1)B —c2c1A™M,~Z) " D(6; 1)) 'z A" f.
(5.18)
As p;) is obtained, ;) could be easily assembled based on equation (5.13).
UDP step

To update the damage parameter 8, the objective function in (Py) is divided by each

element
clne(iy 51000 = 5 [ 10D (DBl - o)) a0+ M, o
b; .
= (ai9¢+0+ci> +A|9¢—90i|, 1=1,---.m
L[ it pr =i 1

. ~ T
bi = 2/ oDy 6 (),
¢; : constant term.

Minimization of the objective function over every single-variable 6; in each element

results in

, bi
0;(;) = arg min (a,ﬂi + 7 + ci> + Al0; — 6ol

b if)\<1<bi—a->
a; +2)° 2\62, (5.20)
bi 1 b .
= _2>\ elself)\<2<i 03@) 52_17"'7m'
1 b;
i selse A > ~la; — —
Oo; ,else A 2a 98@-
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5.2.4 Summary of the proposed damage identification approach

By combining the UMF step and the UDP step in Section 5.2.3 and using the threshold
setting method so as to estimate the optimal regularization parameter A\, the damage
identification algorithm by min-CRE and sparse regularization based on power spec-

trum density data can be established as shown in Table 5.1.

5.3 Numerical verification

5.3.1 Shear building structure

A 12-story shear building structure as shown in Figure 5.1 is used to test the proposed
damage identification approach first (see reference [73] for details of the structure).
The mass and stiffness parameters of the intact system are m; = mo = -+ = mig =
1.0 x 10°kg, k1 = kg = --- = k12 = 2.0 x 103N/m. The Rayleigh damping model is
adopted with the damping ratios taken equal to 5% for the first and second modes
and the Rayleigh coefficients a; and ap are 0.506 and 1.073 x 10~%, respectively. Two
damage cases are considered: Single damage (D1), the stiffness of the 6th story is
reduced by 20% (stiffness reduction=0.2); Multiple damages (D2), the stiffnesses of
2nd story and 4th story are reduced by 5% and 15% (stiffness reduction=0.05, 0.15),

respectively. The natural frequencies before and after damage are shown in Table 5.2.

Assume that the structure is subjected to a stationary acceleration excitation of
white noise from the ground. The measured accelerations of the 1st and 2nd stories are
taken from the results of numerical simulation during the time period [0, 60s] with a
sampling rate of 500Hz and polluted by a standard normally distributed random noise
of 10% level (Figure 5.2). Figure 5.3 shows the comparison of the power spectrum
density between the initial (undamaged) model and the damaged model at the 2nd
story for D1.

To investigate the correspondence between the ReS-based solution ugr and the Exs-
based solution ug in section 5.1.1, the frequency response uo of the 2nd story for the
undamaged model is shown in Figure 5.4. One can find that two curves match each
other well. This verifies the effectiveness of using the ReS-based solution to simulate

the ExS-based solution during the damage identification process.
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Table 5.1 Summery of the proposed AM method

Initial algorithm setting

-set inital damage parameters 6g) = 6y as those of the intact structure

-set values of the maximum threshold setting rank /4, and the discriminating ratio
a for the threshold setting method [72]

-define the convergence tolerance TOL and the maximum number of iterations 7,4,
-load the measured response power spectrum density data Sfju as well as the exci-
tation power spectrum density data Sp(w)

~construct the pseudo harmonic excitation f(t) = a+/Sp(w)e™(section 5.1.1)
-assemble the strain-displacement matrix B and refer to Remark 5.2.1 to get the

matrices A,Z

Alternating minimization approach (for j =1: Z,,4.)

-assemble the mass, stiffness and frequency response matrices M, K and H using
current value of 6;_1)

-obtain the pseudo harmonic response ulf{(j—n = (c + di)*/SE,(w)e™* (section
5.1.1)

-refer to the UMF step to obtain the updating mechanical field (section 5.2.3, Ap-
pendix 5.2.3)

- ok
O YR()
P() (RUU)fl(SU _ RUMﬂ’;%(j))

-choose the optimal regularization parameter A\ according to the treshold setting
method [72]

-refer to the UDP step to obtain the updating damage parameter 6;(
(section 5.2.3, Appendix 5.2.3):

: 1 b; o b;
o if A< 5 (@ —ai), then Gl(]) = \/7 N
e else if A < % (ai — %), then 0;;) = \/7 a_ﬁiiw\,
07 7

e clse 91(]) = Hi() =1

e t=1-,m

-Convergence criterion

o if || 05y — ;1) || / || B0 ||< TOL break
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Table 5.2 Frequencies of the shear building structure in undamaged and damaged states

Mode undamaged freq. (Hz) DI freq. (Hz) D2 freq. (Hz)

1 0.89 0.88 0.88
2 2.67 2.66 2.66
3 4.40 4.32 4.37

D1: single damage D2: multiple damages

Figure 5.1 Overview of the numerical model
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Figure 5.2 Response at 2nd floor for D1
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Figure 5.3 Power spectrum density of acceleration at 2nd floor for D1
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Figure 5.5 Identification results with 10% noise: (a)D1, (b)D2

Identification results for respective damage scenarios are summarized in Figure 5.5.
As can be seen, damage is identified successfully for the single damage case D1 with an
optimal value of regularization parameter A = 1.211 x 107!, Regarding the case D2,
the multiple damages case seems to be more sensitive to the noise: some unwanted yet
acceptable stiffness change at the 1st story was also observed. This phenomenon is due
to the different effectiveness of the sparse regularization [72]. Sparsity obviously has a
pronounced effect on less number of damages while multiple damages reduce sparsity
in intensity. The optimal sparse regularization parameter is found to be 1.018 x 10!

for D2.

5.4 Experimental verification

In this section, the experimental verification of using the proposed min-CRE approach
for damage identification will be further presented for a laboratory plane frame struc-
ture. The experimental set up, the data generation, the numerical model and the

damage identification results will be presented in details in the following.

5.4.1 Experimental set-up and data generation

Two two-story testing plane frames, undamaged frame (UF) and damaged frame (DF),
are fabricated in the structure laboratory in Kyoto University, as shown in Figure 5.6(a).
Parameters of these frames are: height of the first story H; = 0.225m, height of the

second story Hs = 0.25m, width B = 0.2m, rectangular cross-section of the first
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story’s beam/column b; x h; = 40mm X lmm, rectangular cross-section of the sec-
ond story’s beam/column by X hg = 30mm X 1mm, lumped mass pair of the first story
m1 = 1.16kg, lumped mass pair of the second story ms = 1.09kg. Young’s modulus,
Poisson’s ratio and mass density of the beam/column are estimated as F = 200Gpa,
v = 03 and p = 7.7 x 10%kg/m3. The size of the lumped mass is measured as
50mm x 50mm x 50mm. Lumped mass and beam/column are connected by L-angles
with size 40mm x 20mm X 2mm.

In DF, damages are introduced by reducing the rectangular cross section in the
area of left 1/2 length of the beam in the first story, from b; x h; = 40mm x lmm to
bg X h1 = 20mm x 1mm, as illustrated in Figure 5.6(b). As a result, the approximated
Damage Index (k94ma9¢ /L) for this area is estimated as 0.5. For the sake of clarity, it
should be noted that in this example, since the mass matrix of the structure is mainly
determined by the lumped mass instead of the beam, only the change of stiffness is
identified while the change of mass is ignored.

The frame is bolted on the shaking table and tested using ground excitation (Fig-
ure 5.6(d)). The sampling frequency is set to 200Hz and nine accelerometers(A0-A8)
are installed for this test (Figure 5.6(a),Figure 5.7). Each accelermometer is weighted
about 0.02kg~ 0.03kg. The horizontal acceleration responses are measured during the

time period [0,30]s.

5.4.2 Numerical baseline model

An initial finite element (FE) model is established according to the geometric and
physical properties of the experimental UF model, with 42 planar elements and 42 nodes
as shown in Figure 5.7. Each node has three DOF's (two transnational displacements
and one rotational displacement) and the system has 126 DOFs in total. The weights
of lumped masses are added to the corresponding nodes and adjacent beam elements
are set as rigid link in the FE model.

The UF was tested first using white noise ground excitation. Experimental modal
analysis is then performed so as to extract the natural frequencies and mode shapes
of the frame from the measured acceleration responses by the subspace method. The
obtained modal data are used to perform the initial model updating to minimize the
difference between the UF model and the FE model by the sensitivity-based method.

This procedure was described in detail in reference [65]. Figure 5.8 and Figure 5.9
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150mm

o_o o o

@

Figure 5.6 Overview of the test model: (a) test frame (UF/DF), (b) undamaged and

damaged beam, (c) data acquisition, (d) acceleration of the ground excitation: white noise

show that the natural frequencies and mode shapes predicted by the updated FE model
(the baseline model) match the experimental test results fairly well. It should be pointed
out that the 4th mode was not identified through the experiment data and comparisons
of this mode could not be conducted consequently.

A further validation of the updated model was preformed by comparing the experi-
mental accelerations and those obtained by the updated FE model (Figure 5.10). As
the FE model is only identified based on the experimental modal data, the identified
damping parameters using the Rayleigh damping assumption are used in this compar-
ison. The Rayleigh coefficients a; and as are 0.7102 and 6.9325 x 1075, respectively.
So far, the accuracy of the FE modal was strongly verified. This updated FE model is

then used as the baseline model in the following damage identification process.

5.4.3 Damage identification

In the next identification step, the experimental DF structure is also subjected to the
white noise excitation from the ground. Accelerations are obtained and then trans-
formed into power spectrum densities using the Welch’s method. To improve the ro-
bustness and accuracy of the identification approach, data pre-selection is conducted

[74]. As can be seen from Figure 5.8, obvious changes of natural frequencies could
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Figure 5.9 Mode shapes of the experimental UF model and the baseline model
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Figure 5.10 Accelerations of the experimental UF model and the baseline model at:
(a)Al, (b)A2, (c)A3 and (d)A4
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only be found in higher modes while the changes in lower natural frequencies are small
(modes 1-3). This indicates that the responses of the structure in higher frequency
range are more sensitive to this kind of damage pattern. As a result, the selected fre-
quency range for the response power spectrum density data is set to [45,72]Hz herein.

Using the measured data from the accelerometers installed at all positions is not
necessary for the proposed identification approach. As the frequency range [45,72]Hz is
chosen, only accelerometers Al, A3, A6 and A8 are used for damage identification. The
reason behind this choice is that the dynamic response of accelerometers A2, A4, A5
and A7 is considered to be equal to zero for this selected high frequency range, which
could be directly seen from Figure 5.12 and also be inferred from the 4-6 mode shapes
in Figure 5.9. To investigate the data from which accelerometers are more efficient
for identification, the accelerometers are divided into two groups: (1) G1: A1&A8 and
(2) G2: A3&AG.

Identification results are shown in Figure 5.11. As could be seen, the proposed
approach with sparse regularization could identify the damage location (Element 12)
clearly. Compared to G1, G2 results in more satisfactory damage extent assessment.
The optimal regularization parameters are A = 3.074 x 1072 for G1 and A = 1.980 x
10712 for G2. Figure 5.11(c) is concerned with the identified results without any
sparse regularization for G1. As is observed, neither damage location nor damage
extent could be appropriately identified in such situation. Sparse regularization has
demonstrated a pronounced effect on the accuracy and robustness for the identification
process. To testify the convergence of the proposed approach, the number of iterations
is illustrated in Figure 5.11(d). One can find that damage is clearly identified after
100 steps. This result verifies the convergence of the presented method.

Although the proposed identification approach is a procedure of updating damage
parameter of the identified model to best fit the constitutive relation, rather than
the dynamic response, of the experimental model, the power spectrum densities of
the baseline beam model, identified model and DF model at Al1-A4 are depicted in
Figure 5.12. One can find that the power spectrum density of the identified model
corresponds with the DF model well. This case shows that the proposed approach is
as effective to identify the damage parameters as those methods which measure the

response discrepancies between the numerical model and the dynamic test results.

114



5.4 Experimental verification

0.8 0.8
Approximated reduction forl Approximated reduction for

0.6 element 12 0.6 element 12
804 0.4
°
30.2 0.2
o ™Element 12 ' Element 12
2 0 0
Q
£
'(a,:)rO.Z -0.2

0.4 10 20 30 40 04 10 20 30 40

Element number Element number
(@ (b)

0.8 0.6
=0.6
S0.4 ~
SY. _
8 o7 \Element 12
wo 2 ’ﬂ-ﬂ H-H-n m N h
(%]
€ o
=
@ U.”J | L{U 0

-0.2

04 10 20 30 40 92 20 40 60 80 100

Element number Iteration
© (d)
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Figure 5.12 Power spectrum density of acceleration at: (a)Al, (b)A2, (c)A3 and (d)A4
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5.5 Conclusions

Usage of the error in constitutive relation for damage identification has gained increas-
ing attention from many engineers recently. An effective and simple solution procedure
so as to use the CRE as the objective function is crucial to the development of this
technique. A spectrum-driven damage identification strategy based on the min-CRE
approach was proposed in this chapter. The sparse regularization has been enforced to
enhance the robustness of this approach with introducing little additionally computa-
tional effort due to the favourable mathematical features of the CRE objective function.
The AM method was used to get the solution to this nonlinear optimization problem.

Results show that:

1. The stationary random vibration problem could be transformed into a series of
harmonic vibrations by the pseduo excitation method and the error in constitutive
relation is established by the admissible stress field and admissible displacement
field.

2. The response spectrum based solution (ReS-based) and the excitation spectrum-
based solution (ExS-based) are introduced so as to be used into the CRE objective

function.

3. Building of the admissible stress field is addressed in a much simpler way by using

singular value decomposition than previous chapters.

4. The sparse regularization is found to be effective to circumvent the ill-posedness

of the inverse problem.

5. The proposed method has the advantage that only measurement power spectrum

density data from few limited sensors are needed for the inverse problem.

6. The proposed method is insensitive to measurement noise (up to 10%) and effec-
tive for both small and large damage identifications according to the numerical

example of the shear building structure.

7. Effectiveness and accuracy of the synthesis of the min-CRE approach and sparse
regularization using spectrum data are also verified by the experimental test of a

laboratory plane frame structure subjected to white noise ground motion.
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8. Structures with damages occurring at less locations are recommended for the

proposed approach.
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6.1 Conclusions

The research work presented in this thesis was focused on the development of an ad-
vanced model-based computational procedure for damage identification. This identify-
ing procedure is based on minimum constitutive relation error (min-CRE) and sparse
regularization. The interest in applying the proposed approach in this research to
large-scale architectural and civil structures was the essential motivation of this re-

search. Several main conclusions drawn will be listed in the following.

Minimum constitutive relation error: A separately convex objective function to
measure the residual of the constitutive equations connecting between the admissi-
ble stress field and the admissible displacement field has been established for damage
identification. This function has a strong physical meaning and is quite general. The
mathematical advantages of this objective function has be clarified. The alternating
minimization (AM) method was then applied to practically get the solution for this
nonlinear optimization problem. The attractive features of using min-CRE as objec-
tive function are: 1. no sensitivity analysis is involved and thus high computational
cost could be avoided; 2. as the objective function is separately convex, large damages

may become identifiable.

Measured data: In this research, the the min-CRE principle has been successfully

applied to probably the most widely used measured data: static, modal, FRF and
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spectrum data. Different types of exciatations correspond to different types of mea-
sured data. Multiple loads and associated sets of measurements are suggested to be
conducted for static test. Compared to the number of measured sensors used during
the modal test, only few limited sensors are needed if the FRF or spectrum data are
appropriately obtained. Particular attention should be paid to properly select the fre-
quency ranges of the FRF and spectrum data.

Sparse regularization: Empirical parameter identification from a finite measurement
data set is always an underdetermined problem, sparse regularization is applied to the
original CRE objective function in this research so as to solve such problem. Physi-
cal interpretation of sparse and Tikhonov regularizations has been clarified and sparse
regularization is found to be much more efficient, more accurate and less sensitive
to the modeling errors than the Tikhonov regularization. The main prerequisite for
sparse regularization is that the damage only occurs at limited /sparse members for the
structures and no other information is required. A novel threshold setting method is
proposed to determine the sparse regularization parameter with closed-form solutions

automatically and efficiently.

Identification results: The proposed min-CRE principle and the corresponding sparse
regularized damage identification approach have been successfully applied to beam
structures using few measurements with noise included. The same phenomenon was
also shown to occur with 2D/3D framed structures. It was analytically and exper-
imentally shown that the proposed approach can give good identification results of
the damage location and severity and is effective for both small and large, single and
multiple damage identification. Furthermore, the proposed method converges well in

practice.

6.2 Suggestions for further work

Physics model: The present approach is based on a clear physical model of the
structure. In practice, both Neumann and Dirichlet boundary conditions could be less

reliable. Hence, an identification strategy enabling to take into account all the available

120



6.2 Suggestions for further work

information and capable to deal with different reliability levels of information should

be considered.

Uniqueness aspect: Non-unique parameter estimations seem inevitable in damage
identification or model updating problem. More detailed explanation of the identified
mathematics behind non-unique damage parameter changes and its relation to regu-

larizations should be further investigated.

Non-linearity: Current min-CRE based techniques only have the ability to identify
linear elastic stiffness parameters for an appropriately defined identification model.
However these techniques are not sufficient to provide means to update the parameters
that govern either nonlinear behavior or deterioration of material properties. Appli-
cations of nonlinear damage identification should be further explored. In nonlinear
time-dependent problems, three error sources should be distinguished: the space dis-
cretization, the time discretization and the iterative technique used to solve the nonlin-
ear discrete problem. For that reason, several error estimators could be deduced based

on the constitutive law residuals so as to take these three sources into account.

Strength vs. Stiffness: Existing damage diagnosis techniques are primarily limited to
stiffness reduction identification of the structure. In some instances there is a significant
difference between strength and stiffness. For example, one major failure mechanism
of concrete highway bridge is by the corrosion of the steal reinforcement cables running
in channels in the concrete. Once the cables in the concrete has no strength in tension
and so the bridge is liable to collapse. Unfortunately, the stiffness of the bridge do not
change because the stiffness of the bridge is mainly due to the concrete. Such critical

issue challenges most of the identification techniques.
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Appendix A

Displacement-based and

force-based beam element

For the following 3D beam structure in this Appendix, the displacement and force of the
beam is described in an Ozyz-local coordinate system and an OZgz-global coordinate
system. For the time being, the position of O and the orientation of the y and z-axes

may be chosen freely.

A.1 Displacement-based beam element

The auxiliary local nodal displacements (u’, uz, ut, 0, %, 6%) (3 translations and 3 rota-

tions) at an arbitrary node 7 are naturally selected to obtain the admissible displacement
solution first. Thus, for an arbitrary element e with two nodes i, j, the discretized dis-

placement field (w¢, wy, we, 6%) as shown in Figure A.1 constructed by linear Lagrange

interpolation for (wg, 67) and cubic Hermit interpolation for (wy, w$) based on the cor-

responding local nodal displacements (u?, u;, ul, 0, 0;, %) and (uZ, ujy, ul, 02,64, 60), is
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dw,

W,

—

Figure A.1 Basics of a displacement-based finite element e

expressed as

e
Wy
ws T
Y e~e ~e . __ i o,0 0 gtopglopt j j i nJ pJ pAI
. = q:)u’u'L7 uyp = [ux,uy,uz,Hz,Gy,Gz,ui,ué,uﬁ,@%,%,@i]
w
z
e
0z

(A1)
N 0 0 0 0 0 Ny O 0 0 0 0

0 H 0 O 0 Hy 0 Hz3 0 O 0 Hy
o 0 B, 0 -Hy 0 O O Hz3 0 —-Hg O
0 0 0 N O 0 0 0 0 Ny O 0
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A.1 Displacement-based beam element

where the polynomial interpolation functions Ny, No, H1, Ho, Hs, Hy are of the following

forms,

_1-¢ 1+¢

Ni(€) = =55, Na(€) =

ER
HI(€) = {6+ 2)(E 1% Ha(6) = 2 (€ +1)(6 ~ 170

Hy(€) = 52— O+ VL HE) = (e~ DE+ 1y, (A2

—1,h® = \/(QJJ — )2+ (yj —vi)? + (25 — 20)?,

$© =V (@ —2)2 4+ (y —vi)? + (2 — )%

In order to perform the further assembling computation, the local nodal displacements

u§ need to be expressed in a common coordinate system or the global coordinate
system. To this end, the relationship between local nodal displacements u$ and global

nodal displacements w° in element e is explored, pertaining to
ug; =T uc, (A.3)

where T)¢ is the transformation matrix of the following form

t 0 0O
0Ot 0O
T, = (A.4)
0 0t O
0 0 0 ¢t
cos(z,z) cos(xz,y) cos(zx,z)
t=1 cos(y,z) cos(y,y) cos(y,?2) (A.5)
cos(z,x) cos(z,y) cos(z,Zz)

t is the Direction Cosine Matrix (DCM) between local coordinate system (Ozyz) and
global coordinate system (OZyz).

For brevity, the displacement finite element approximation is designated as

wg,

wlel = N¢u¢. N¢ .= $¢T¢ A6
- 1w, 11— Futu ( . )

wg

0;
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“4
|
|
t
PR B /N RN 3 Loz fla0 My

V,=-M, N V=M Ny

Figure A.2 Basics of a force-based finite element e

A.2 Force-based beam element

In the force-based finite dimensional space, the discretized stress field (Ng, Mg, My, M)
(see Figure A.2) for an arbitary element e should be constructed at first. Practically,

this can be reached by setting
(N5, Mg, My, Mg) = (Np©, M2°, M)°, MJ€) + (NB®, M2<, MJ*, ME?) (A.7)

where (NE¢, M2, MY, ML) is the inhomogeneous part caused by the concentrated
loads on Neumann boundary 0€2; and (NOe, MO MZ?@, M?9) is the homogeneous part
approximated by the following force element.

Auxiliary local nodal forces (N, Vyi, Vi M, Mé, M?) at an arbitrary node i are used

to construct the homogeneous discretized stress field (NY, M2, Mg , M?) initially; that

is, for element e, (N2¢, M?¢, Mz?e, M?Y) are given by

(N9, M2, Mye, ME) " = By,
qbp, = (N5 Vy, V2L My, My, M2 NGV VY M, My, MY
NN 0 0 0 0 0 N 0 0 0 0 0 (A8)
0 —H, 0 0 0 H 0 —H, 0 0 0 H
0 0 H, 0 H 0 0 0 H 0 H; 0
0 0 0 N, 0 0 0 0 0 Ny, 0 0

o =

where ®{ is the shape function matrix. Having gained (N2e Mde Mge, M2) in equa-
tion (A.8) via the auxiliary local nodal forces, the next is to shift into the usage of
global nodal forces. To this end, the transformation matrix for the force finite element

pertains to be
T, = HT; (A.9)
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Figure A.3 Equilibrium at a node @
where
—TIgx6 0
H = x (A.10)
0 I

Hence, the relationship between local element nodal forces qg; and global element nodal

forces g§ in terms of element e is given by
dor. = Ty q5 (A.11)

Next, the formulation of nodal equilibriums is utilized to find independent global nodal
force (DOFs) gE. Element nodal forces g§' = [F;i,Fyei,eri,Mfi, M;i,Mfi]T of all r
beams as well as reaction forces RS = [RL, R;, R, RM?, RMZ, RMT adjacent to the
objective node ¢ in the directions of all the degrees of freedom are algebraically summed

up as shown in Figure A.3. This is carried out for all nodes. The equilibrium equation
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for each node 7 is accordingly given by
r . .
Y @ +R;=0 (A.12)
e=1

Based on this equilibrium equation, dependent nodal forces dgi could be represented
by independent global nodal forces g§' := (G5, e = 1,2,--- ,r — 1, R%,) for the node i

in the sequel

r—1
ngs =~ 45 — Rg = ay’ (A.13)
e=1
where n stands for the linear combination of {g§’,e = 1,2,---,r — 1} and RY. It

should be noticed that homogeneous Neumann boundary conditions should be enforced
on reaction forces ’é, setting corresponding forces to be zero for different types of

supports. Thus, one can obtain for an element e with an ending node ¢ that
[F Fyt P MG M METT = L (A.14)

where

L{(3e —2:3e,3¢ —2:3e) = I3x3 fore=1,2,--- ;r—1
(A.15)

L =nfore=r

Integrating Equations (A.8),(A.11) and (A.14), the force finite element approxima-
tion of (N¢, Mf) is established as

NOe
xr
MOe
z ~ ~
e = W45 = N2 gp
Yy
MOe
X
A.16
L 0 L 0 ( )
we=Ns | =Ty | "
! 0 L R £
. (Li 0} [ Li O aj
90 = 90 = ¥
0 I o It )\ g

Turning to the particular part (N, ML, M, ME®), the external concentrated

loads are directly involved. Assume that the concentrated loads gy := [Fpz, Fpy, Fpz,
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A.2 Force-based beam element

My, My, Myy.]T are enforced on the left-hand side k = 1 (or right-hand side k = 2) of
the element e. Under this circumstance, (NF, ML, M}, M%) could be obtained by
the interpolation matrix defined in equation (A.1) and transformation matrix defined
in equation (A.9) as follows

N

MLe

Mye

MEe

— N5§g (A.17)

where g, collects all concentrated loads (Fpe, Fpy, Fpzy Mpe, Mpy, Mp.).

Finally, substituting Equation (A.16) and (A.17) into Equation (A.7) and simplify-

ing, one can get

= N3q5 + N3 q; (A.18)
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