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NOTES ON  THE COEXISTENCE OF LIMIT NOTIONS 

TAKASHI YAMAZOE 

ABSTRACT. We summarize the current knowledge on the three 
limit notions: ultrafilter-limits, closed-ultrafilter-limits and FAM-
limits. Also, we consider the possibility to perform an iteration 
which has all the three limits and clarify the problem we face. 

1. INTRODUCTION 

1.1. Cichoがsmaximum. Cichoがsmaximum is a model where all 
the cardinal invariants in Cicho丘'sdiagram (except for the two depen-
dent numbers add(M) and cof(M)) are pairwise different. Goldstern, 
Kellner and Shelah [GKS19] proved that ~1 < add(N) < cov(N) < 
b < non(M) < cov(M) < () < non(N) < cof(N) < 2N。consistently 
holds assuming four strongly compact cardinals. Later, they and Mejia 
[GKMS22] eliminated the large cardinal assumption and hence proved 
that Cicho丘'smaximum is consistent with ZFC. 
We study what kinds of cardinal invariants can be added to Cicho恥's
maximum with distinct values. In this article, we deal with the follow-
ing numbers: 

Definition 1.1. • A pair 7f = (D,｛冗： nE D}) is a predictor if 
DE  [w忙andeach 7f n is a function 7f n :切→ w.Pred denotes 
the set of all predictors. 

• 7f E Pred predicts f E ww if J(n) = 1rn(f「n)for all but finitely 
many n E D. f evades 7f if 7f does not predict f. 

• The prediction number pt and the evasion number e are defined 
as follows1: 

pt:= min{IITI : ITこPred,¥;/ f E wwヨ7fE IT 7f predicts f}, 

e := min{IFI: Fこw叉V1rE PredヨfE F f evades 7f}. 

There are variants of the evasion/prediction numbers. 

Definition 1.2. (1) A predictor 7f bounding-predicts f E ww if 
f(n) :S 1r(f「n)for all but finitely many n E D. pt* and e* 
denote the prediction/evasion number respectively with respect 
to the bounding-prediction. 

1 While the name "prediction number" and the notation "pぜ arenot common, 
we use them in this article. 
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FIGURE 1. Cicho丘'sdiagram and other cardinal invariants. 

(2) Let g E (w + 1 ¥ 2t. ("¥2" is required to exclude trivial 
cases.) g-prediction is the prediction where the range of func-

tions f is restricted to fln<w g(n) and pt9 and e9 denote the n<w 
prediction/ evasion number respectively with respect to the g-
prediction. Namely, 

四：＝ min{IIII: II ~ Pred, ¥:/ f E fln<w g(n)ヨ1rE II 1r predicts f}, 

% ：＝ min{|F| ： Fこfln<wg(n), ¥:/1r E PredヨfE F f evades 7r}. 

Define: 

Ptubd := sup｛四： gE(w¥2t},

Cubd := min{e9: g E (w ¥ 2t}. 

£ denotes the (]'-ideal generated by closed null sets and we define the 
four numbers add(£), non(£), cov(£) and cof(£) in the usual way. 
The above cardinal invariants can be added to Cichoむsdiagram as 
in Figure 1. 

1.2. Limit notions. The construction of Cicho丘'smaximum consists 
of two steps: the first one is to separate the left side of the diagram with 
additional properties and the second one is to separate the right side 
(point-symmetrically) using these properties. In [GKS19], the large 
cardinal assumption was used in the second step to apply Boolean Ul-
trapowers. In [GKMS22], they introduced the submode[ method in-
stead, which is a general technique to separate the right side without 
large cardinals. 
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Let us focus on the first step. The main work to separate the left side 
is to keep the bounding number b small through the forcing iteration, 
since the naive bookkeeping iteration to increase the cardinal invariants 
in the left side guarantees the smallness of the other numbers but not 
of b. To tackle the problem, in [GKS19] they used the ultrafilter-limit 
method, which was first introduced by Goldstern, Mejia and Shelah 
[GMS16] to separate the left side of the diagram. 

Theorem 1.3. ([GMS16, Main Lemma 4.6]) Ultrafilter-limits keep b 
small. 

Recently, other kinds of limit notions have been studied. 
After the first construction of Cicho丘'smaximum in [GKS19], Kell-
ner, Shelah and Tanasie [KST19] constructed2 Cicho恥'smaximum for 

another order ~1 < add(N) < b < cov(N) < non(M) < cov(M) < 
non(N) < () < cof(N) < 2虹 introducingthe FAM-limit3 method, 
which focuses on (and actually is short for) finitely additive measures on 
w and keeps the bounding number b small as the ultrafilter-limit does. 
Recently, Uribe-Zapata [Uri23] formalized the theory of the FAM-limits 
and he, Cardona and Mejia proved that the limits also control non(E): 

Theorem 1.4. ([CMU23]) FAM-limits keep non(E) small. 

The author introduced in [Yam24] a new limit notion closed-ultrafilter-
limit, which is a specific kind of the ordinary ultrafilter-limit and proved 
that it controls e*: 

Theorem 1.5. ([Yam24, Main Lemma 3.2.4]) Closed-ultrafilter-limits 
keep e* small. 

In [Yam24], the author also performed an iteration which has both 
ultrafilter-limits and closed-ultrafilter-limits and controlled both b and 
e*. Thus, the following natural question arises: 

Question 1. Can we perform an iteration which has all the three limit 
notions? 

If such an iteration is possible, we can control b, e* and non(E) 
simultaneously and finally obtain a new separation constellation (see 
Figure 2 in Section 4). 
However, at the moment we cannot answer Question 1 positively, 
but we are close to achieving the construction. 
In this article, we study the possibility of the construction. Also, 
this article is a detailed analysis of [Yam24, Question 5.4]. 

2It was constructed under the same large cardinal assumption as [GKS19]. Later, 
the assumption was eliminated in [GKMS22] introducing the submodel method. 
3While they did not use the name "FAM-limit" but "strong FAM-limit for in-
tervals", we use "FAM-limit" in this article. Also, the original idea of the notion is 
from [SheOO]. 
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1.3. Structure of the article. In Section 2, we review the relational 
systems, the Tukey order and the general preservation theory of fsi 
(finite support iteration), such as goodness. In Section 3, we present the 
three limit notions: ultrafilter-limit, closed-ultrafilter-limit and FAM-
limit. In Section 4, we analyze the possibility to construct an iteration 
with all the three limit notions and clarify where the problem lies. 

2. RELATIONAL SYSTEMS AND PRESERVATION THEORY 

Definition 2.1. • R =〈X,Y,亡〉 isa relational system if X and 
Y are non-empty sets and二 XxY.

• We call an element of X a challenge, an element of Y a response, 
and "x□y" "x is responded by y". 

• F ~ X is R-unbounded if no response responds all challenges 
in X. 

•F こ Y is R-dominating if any challenge is responded by some 
challenge in Y. 

• R is non-trivial if X is R-unbounded and Y is R-dominating. 
For non-trivial R, define 
-b(R) := min{IFI : F ~Xis R -unbounded}, and 
-()(R) := min{IFI : F ~ Y is R -dominating}. 

In this section. we assume R is non-trivial. 

Example 2.2. • D :=〈W竺WW<＊〉． Noteb(D) = b, ()(D) = (). 
•PR:= 〈ww,Pred, □P 〉 ,where f口p 7f: ⇔ f is predicted by 
1r. Also, BPR :=〈ww,Pred,亡bp〉,wheref□bp 7f: ⇔ f 
is bounding-predicted by 1r and PR9 :=〈ITn<wg(n), Pred,仁P
〉whereg E (w + 1 ¥ 2t. Note b(PR) = e, ()(PR) = pt, 
b(BPR) = e*, ()(BPR) = pt*, b(PRり＝い(PRり＝四•

• For an ideal I on X, define two !elational syste~s I :=<I,I,~>
and C1 :=〈X,I,E〉.Noteb(J) = add(!), ()(I) = cof(J) a叫
b(CI) ＝ non(I)，叩(Cり＝cov(I).We write just I instead of I. 

Definition 2.3. R_ldenotes the d叫 ofR =〈X,Y,に〉， i.e.,R_l ：= 
〈Y,X,ご〉 whereyご x：⇔心に y).

Definition 2.4. For relational systems R =〈X,Y，亡〉，R'=〈X',Y'，亡＇〉，
（叫虹）： R→R'is a Tukey connection from R into R'if屯： X → 
X'and虹： Y'→Yare functions such that: 

¥:/x E X Vy'E Y'屯 (x)口'y'⇒x □虹(y').

We write R ::Sr R'if there is a Tukey connection from R into R' 
and callゴrthe Tukey order. Tukey equivalence is defined by R巧 R'
iff R ::Sr R'and R'::Sr R hold. 

Fact 2.5. (1) RさrR'implies (R'）上土T(R)_l． 
(2) RさrR'implies b(R') :S b(R) and ()(R)さ()(R').
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Using a relational system of the form 0rAJ<0 ([A]<0 is an ideal on A), 
b(R) and c>(R) can be calculated from "outside" and "inside". 

Corollary 2.6. Let 0 be regular uncountable and A a set of size ~ 0. 

(outside) If R :Sr GrAJ<0, then 0 ~ b(R) and c>(R) ~ IAI. 
(inside) If qA]く0ゴrR, then b(R)さ0and IAIさ"（R).

Both "R五 C[Al<o’'and“C[Alく。今 R"have the following charac-
terizations. 

Fact 2.7. ([CM22, Lemma 1.16.]) Let 0 be an infinite cardinal, I a 
(index) set of size ~ 0 and R =〈X,Y,こ〉 arelatio叫 system.

(1) If IXI ~ 0, then RさrGrxJ<0 iff any subset of X of size < 0 is 
R-bounded (i.e., not R-unbounded). 
(2) C[I]＜0ゴTR iff there exists〈Xi: i E J〉suchthat every y E Y 
responds only < 0-many xi・

Fact 2.8. ([CM22, Lemma 1.15.]) If 0 is regular and A is a set with 
IAl<0 = IAI, then 0rAJ<0号 [Al<°.

Fact 2.9. ([CM22, Lemma 2.11.]) Let 0 be uncountable regular and 
A be a set of size ~ 0. Then, any 0-cc poset forces [A]<0号 [A]<0nv
and qA]<0巧 C[A]＜。 nV. Moreover, r([A]<0) = r門[A]<0)where r 
represents "add", "cov", "non" or "cof". 

Definition 2.10. R =〈X,Y,口〉 isa Polish relational system (Prs) if: 
(1) X is a perfect Polish space. 
(2) Y is analytic in a Polish space Z. 
(3)こ＝ LJn<wこnwhere〈こn:n < w〉isan （こ—）increasing sequence 
of closed subsets of X x Z such that for any n < w and any 
yEY,{xEX:x亡ny} is closed nowhere dense. 

When dealing with a Prs, we interpret it depending on the model we 
are working in. 

In this section, R =〈X,Y,仁〉 denotesa Prs. 

Definition 2.11. A poset JPl is 0-R-good if for any匝nameiJ for a 
member of Y, there is a non-empty set YoこYof size < 0 such that for 
any x E X, if x is not responded by any y E Y0, then JPl forces x is not 
responded by iJ. If 0 =巡 wesay "R-good" instead of‘岡 R-good".

Fact 2.12. ([JS90], [BCM23, Corollary 4.10.]) Any fsi of 0-cc 0-R-good 
posets is again 0-R-good whenever 0 is regular uncountable. 

Fact 2.13. ([FM21],[BCM23, Theorem 4.11.]) Let JPl be a fsi of non-
trivial 0-cc 0-R-good posets of length 1 ~ 0. Then,]Pl forces c['Y]<0ゴT
R. 

Fact 2.14. ([Mej13, Lemma 4], [BJ95, Theorem 6.4.7]) If 0 is regular, 
then any poset of size < 0 is 0-R-good. In particular, Cohen forcing is 
R-good. 
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To treat goodness, we have to characterize cardinal invariants using 
a Prs. While D, PR, BPR and PRg are canonically Prs's, the cardinal 
invariants on ideals need other characterizations. 

Example 2.15. (1) For k < w, let idk E ww denote the function 
i →快 foreach i <wand let 1{ := {idk+l : k < w }. 
Let S = S(w, H) be the set of all functions'P: w→[w]<w 
such that there is h E 1{ with I'P(i) I :S h(i) for all i < w. Let 
Le*=〈ww,S,E*〉bethe Prs where x E*'P：⇔ x(n) E <p(n) for 
all but finitely many n < w. 
As a consequence of [BarlO], Le*号 N holds. 
Any μ-centered poset is μ土Lc*-good([Bre91, JS90]). 
Any Boolean algebra with a strictly positive finitely addi-
tive measure is Le* -good ([Kam89]). In particular, so is any 
subalgebra of random forcing. 
(2) For each n < w, let Dn := { a E [2<w臼： Lb2(LJsEa[s]):S 
2-n} (endowed with the discrete topology) where Lb2 is the 
standard Lebesgue measure on 2竺 PutD := TI 糾 withthe n<w 
product topology, which is a perfect Polish space. For x E D, 
let N; := nn<w UsEx(n)[s], a Borel null set in 2竺 Definethe 
Prs Cn :=〈D,2竺亡Cn〉wherex亡Cnz: ⇔ z tj_ N;. Since 
〈N;:XE D〉iscofinal in N(2w) (the set of all null sets in 2w), 
Cn号 C}Jholds. 
Any μ-centered poset is μ+-en-good ([Bre91]). 

(3) Let己：＝ ｛f E (2<w臼： VsE 2竺 s~ f (s)} and define the Prs 
Mg:=〈2又三，Eりwherex E• f: ⇔ |｛s E 2<w : X ;;;2 f(s)}I < 
w. Note that Mg巧 CM・

Summarizing the properties of the "inside" direction and the good-
ness, we obtain the following corollary, which will be actually applied 
to the iteration in Section 4. 

Corollary 2.16. Let 0 be regular uncountable and]IDbe a fsi of ccc 
forcings of length 1 ~ 0. 

(1) Assume that each iterand is either: 
• of size< 0, 
• a subalgebra of random forcing, or 
• (J"-centered. 
Then,]ID forces C[Tl<0づTLeべinparticular, add(N)さ0.
(2) Assume that each iterand is either: 

• of size < 0, or 
• (J"-centered. 
Then,]ID forces C[T]<0ゴTCn, in particular, cov(N)さ0.
(3) Assume that each iterand is: 

• of size< 0. 
Then,]IDforces Cr,J<e ::Sr Mg, in particular, non(M)さ0.
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3. LIMIT NOTIONS 

3.1. Ultrafilter-limit and closed-ultrafilter-limit. We basically fol-
low the presentation of [MCU23] to describe the general theory of 
(closed-)ultrafilter-limits. Also, the original ideas are already in [ GMS16] 
and [Yam24]. Thus, we often omit the proofs in this subsection. For 
details, see [Yam24]. 

Definition 3.1. ([Mej19, Section 5]) Let r be a class for subsets of 
posets, i.e., r E ITJP> P(P(IP')), a (class) function. (e.g., r = A(centered) := 
"centered" is an example of a class for subsets of poset and in this case 
r(IP') denotes the set of all centered subsets of IP'for each poset IP'.) 

• A poset IP'is μ-f-linked if IP'is a union of：：：：：：仕manysubsets in 
r(IP'). As usual, when μ = N。,weuse "(J-f-linked" instead of 
喰o-f-linked".

• Abusing notation, we write'T <:;;; f'" if r(IP') <:;;; r'(IP') holds for 
every poset IP'. 

In this paper, an "ultrafilter" means a non-principal ultrafilter. 

Definition 3.2. Let D be an ultrafilter on w and IP'be a poset. 

(1) QこIP'isD-lim-linked (E A籾(IP'))if there exists a function 
limD: Qw→IP'and a IP'-name D'of an ultrafilter extending D 
such that for any countable sequence q =〈qm:m < w〉EQ竺

(3.1) limDqll-{m<w:伽 EG} ED'. 

Moreover, if ran(lim州<:;;;Q, we say Q is c-D-lim-linked 
(closed-D-lim-linked, EA悶(IP')).
(2) Q is (c-)uf-lim-linked (short for (closed-)ultrafilter-limit-linked) 
if Q is (c-) D-lim-linked for every ultrafilter D. 
(3) A屈：＝几A肘andA悶：＝ nDA悶．
We often say "IP'has (c-)uf-limits" instead of "IP'is (J-(c-)uf-lim-
linked". 

Example 3.3. Singletons are c-uf-lim-linked and hence every poset IP' 
is IIP'l-c-uf-lim-linked. 

Definition 3.4. ： A迂 iterationi戸afsi已＝〈（lP'心） : ~;i;>
with witnesses (IP'Z : e < I〉and〈Qu,:〈＜ 0はく 1〉satisfying
for all e < 1: 
(1) lP'; ＜ lP'<• 
(2)役く K,.
(3) (QE and〈如：〈＜佐〉 areIP'Z -names and IP'Z forces that 

u<＜OCエ＝(QEand QE,(E f心） foreach〈<0E・
• e < 1 is a trivial stage if II-JP>―|Qui = 1 for all〈<0E.5-is 
the set of all trivial stages and s+ := 1 ¥ s-. 

• A guardrail for the iteration is a function h E ITEく'Y0E. 
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•H こ rrC＜改 is complete if any countable partial function in 

rr€＜戌 is extended to some (total) function in H. 

•乾 is the set of conditions p E IP',,, following h, i.e., for each 

e E dom(p), p(e) is a IP'€-name and 11-IP'z p（e) E 依，h(€) ・

Lemma 3.5. If ~1 :S μ :S I叶さ 2μ and μ+ = "', then there exists a 
complete set of guardrails (of length 1) of size :S μ岡

In this section, let r uf represent A肘orA悶

Definition 3.6. A "'ーruf-iteration has r uf-limits on H if 
(1) H <;;;;: IT€<"! 0€, a set of guardrails. 

(2) For h EH,〈閣： ＜さ分 isa sequence such thatか・€ is a IP'c name 
of a non-principal ultra~lter o~ w. 
(3) If〈<T/:S 1, then ll-!P'71 iJJこDか
(4) For e < 1, I国 (Dt)―EV町― where(Dど）―：＝ Dt n v万― if
e E s+, otherwise let (iJJ)-be an arbitrary ultrafilter in V町
(hence this item is trivially satisfied in this case). 
(5) whenever〈品m:m<w〉<;;;;:1 and ij =〈伽： m<w〉satisfying

II-IP'—伽 EQ知，h（知） for each m < w: 
l;m 

(a) If〈品： m<w〉isconstant with value e, then 

(3.2) II-IP', lim(b~）一 q|国 {m<w: 伽 E Hc} E Dt+1• 

直 denotesthe canonical name of隻genericfilter over 
砂．）
(b) If〈品： m<w〉isincreasing, then 

(3.3) I圧 {m<w:伽 EG'Y} E沈．

Lemma 3. 7. Let IP''Y+1 be a K,-f uf-iteration (of length,+1) and suppose 
已＝ lP'T+1日hasr uf-limits on H. If: 

(3.4) 八（位）― EVIP'::; for all h E H, 

then we can find { iJい： hE H} witnessing that IP'Y+l has r uf-limits 
onH. 

The limit step of the construction of ultrafilters is realized if we resort 
to centeredness. 

Lemma 3.8. Let I be limit and巳bea r,,-(A(centered) n r ur)-iteration. 
If〈図： ＜く 1,hEH〉witnessesthat for any e <,,応＝已ぽ has
r uf-limits on H, then we can find〈図： hEH〉suchthat〈図： eさ
1,hEH〉witnesses已hasr uf-limits on H. 

We give a proof since this lemma plays a crucial role in Section 4. 
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Proof. Let h E H be arbitrary and S be the collection of q =〈伽： m<
w〉suchthat for some increasing〈品く 1:m<w〉'II-JP>―伽 EQ知，h({m)

l;m 

holds for each m < w. For q ES, let A(q) := {m < w:如 EG'Y}. By 
excluding triviality, we may assume that we are in the case cf(r) = w 
(hence em→1) and all we have to show is the following: 

(3.5) 11-lP'-y "LJ功u｛庫） ：q_ E S} has SFIP". 
C<T 

If not, there exist p E已， e<,,氏-nameA of an element of閃
{『＝〈q:n:m < w〉:i< n} E [ S] <w and increasing ordinals〈e:n<': 
m<w〉fori < n such that II-JP>― q:n E Qい（乱） holdsfor m < w and 

¢わ
i < n and the following holds: 

(3.6) p|トIP',.,AnnA（す） ＝0. 
i<n 

We may assume that p E氏． Sinceall〈品く 1:m<w〉areincreasing 
and converge to 1, there is m。<wsuch thatぐ＞ efor any m > m。
and i < n. By Induction Hypothesis, p |卜ll'¢‘'虜isan ultrafilter’'and 
hence we can pick q ::::;ll', p and m > m。suchthat q|卜ll',m EA. Let 
us reorder｛品： i< n} =｛砂<..．＜ e1-1}. Inducting on j < l, 
we construct qj E IPEr Let q_1 := q and j < l and assume we have 

constructed qj-l ・ Let Ij := { i < n :品＝釘． Since喜 forcesthat all 
位fori E Ij are in the same centered component Q豆 (EJ),we can pick 
Pjさqj-1in真 anda 喜—name も of a condition in (Q)Ei such that for 
each i E Ij, Pj lf---ll',iもさ似 Letqj := p；も． Byconstruction, q':= qz-1 

satisfies q' さ q さ pan~ q＇「e:n|卜『smq'(e:n)さ位 forall i < n, so in 
particular, q'|卜ll''Im E A n ni<n A(『）， whichcontradicts (3.6)．ロ

Ultrafilter-limits keep b small and closed-ultrafilter-limits keep e* 
small: 

Theorem 3.9. ([GMS16, Main Lemma 4.6], [GKS19, Lemma 1.31.]) 
Consider the case r uf = A桐
Assume: 

・1,,is uncountable regular and 1,, < 1. 
• H is complete and has size < 1,,. 

Then,已forcesC王ゴTD, in particular, b ::::; 1,,. (Note that since a 
set of conditions following a common guardrail is centered,『)"Iis K,-CC 
and hence preserves all cardinals ~位）

Theorem 3.10. ([Yam24, Main Lemma 3.2.4]) Consider the case r uf = 
A盟
Assume: 

● 1,, is uncountable regular and 1,, < 1. 
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• H is complete and has size < K. 

Then,巳forcesCb]＜"'jr BPR, in particular, e :s; e* :s; K. 

We introduce a sufficient condition for "Q ~ lfD is (c-)uf-lim-linked". 
The condition is described in the context of pure combinatorial prop-
erties of posets and we do not have to think about forcings. 

Definition 3.11. • Let D be an ultrafilter on w, Q こlfDand 
lim凡 Qw→lfD.For n < w, let (*)n stand for: 

(*)n: "Givenが＝〈q!r,:m<w〉EQw for j < n and r :s; lim呪 forall j < n, 

then { m < w : r and all q!r, for j < n have a common extension} E D". 

Q ~ lfD is sufficiently-D-lim-linked (suff-D-lim-linked, for short, 
QEA炉(lfD))if there exists a function lim互Qw→lfDsatisfying 
(*)n for all n < w. 
Moreover, Q こlfDis suff-c-D-lim-linked (Q E A雷(lfD))if 

ran(lim州 ~Q.
•Q こ lfD is suff-(c-)uf-lim-linked if Q is QこlfDis suff-(c-) D-lim-
linked for any D. 

• A8uff := nD A炉 andA戸：＝ nDA訪ff.

Lemma 3.12. Let D be an ultrafilter on w and Q こ]lDissuff-D-
lim-linked witnessed by limり Then,Q is uf-lim-linked with the same 
witness limりInparticular, A 8tiff こ A~『 and A~uff こ A盟

Lemma 3.13. ([GMS16]) Eventually different forcing IE is 
びー(A(centered)n A戸）—linkedand henceびー(A(centered)n A悶）—linked.

Definition 3.14. For g E (w + 1 ¥ 2)又letg-prediction forcing]ID恥，
the poset which generically adds a g-predictor and hence increase eか
defined as follows: 
国 consistsof tuples (d, 1r, F) satisfying: 

(1) d E 2竺
(2) 7f =〈冗： nEd―1({1}）〉．
(3) for each n E d―1({1}），匹isa finite partial function of ITk<n g(k)→ 
g(n). 
(4) FE [ITn<w g(n)]<w 
(5) for each f, f'E F, f「|di=f'「|diimplies f = f'. 
(d', 1r', F'）さ (d,1r, F) if: 

(i) d'2 d. 
(ii) Vn Ed―1({1}），叫 2匹・
(iii) F'2 F. 
(iv) Vn E (d')-1({l})¥d-1({l}),Vf E F,ffn E dom(1r~) and1r~(ffn) = 
f(n). 

When g(n) = w for all n < w, we write麟 insteadof]ID罠， andjust call 
it "prediction forcing". 
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Lemma 3.15. ([B896]) For g E (w + 1 ¥ 2)竺『股9is CT-(A(centered) n Asuff)-
linked and hence CT-(A(centered) n A肘）—linked. Moreover,四恥 isぴ
(A(centered) n A□)-linked and hence CTー(A(centered)n A盟）—linkedwhen-
ever g E (w ¥ 2)竺

3.2. FAM-limit. We describe the general theory of FAM-limits fol-

lowing [Uri23]. Also, the original ideas are already in [SheOO] and 

[KST19]. Thus, we omit proofs in this subsection (See [Uri23] for de-

tails). 

Definition 3.16. • For a set A and a finite non-empty set B, 

dB(A) := 
IAnBI 

IBI. 

• For a poset JID and a countable sequence p =〈pz:l < w〉E戸
of conditions, let II-JP> W(p) := {l < w : pz E G}. 

• A fam on w is a finitely additive measure三： P(w)→[O,1] such 
that三(w)= 1 and三({n}) = 0 for all n < w. 

• II(X)is defined by〈I砂k<wE][(X) ：⇔〈I〉kh<w is an interval partition 
of w such that all h are non-empty and lhl goes to infinity. 

• (0, l)Q denotes the set of all rational numbers q with O < q < l. 

Definition 3.17. Let三bea fam, J =〈I砂k<wE][(X)，0 < E < land 
JID be a poset. A set Q ~ JID is（三，l,E)-linked if there is some map 
lim三：び→ JIDand some JID-name包ofa fam extending三suchthat for 
any q E Q又

lim% |I-J仇(W(q))dさ’2:1 -c. 
w 

Definition 3.18. Let IP be a poset, n < w and q_ E戸． Wedefine 

贔）：＝ max{IFI:Fこn,｛佑： iE F} has a common lower bound}. 

For Q ~ IP, define 

int(Q)：＝ inf { 
瓢

0<n<w n : q E Qn}. 

Definition 3.19. A poset IfD is μ-FAM-linked4 if there is a sequence 

〈Qa,c:: 0: < μ, E E (0, 1応〉 ofsubsets of IfD such that凡
• Each Qa,c: is (3,l, E)-linked for any fam 3 and「E][oo・ 
• For any E E (0, l)Q, Ua<μ心 isdense in IfD. 
• For any a<μ and EE (0, l)Q, int(Qa,c:)~ 1-E. 

4This linkedness notion is not in the framework of Definition 3.1 in that we use 
an additional parameter c E (0, l)IQI, but the formalization is almost the same as 
ultrafilter-limits. 
50ur definition is a bit different from that in [Uri23]: In Definition 4.2.8 in [UEi23] 
he required a stronger property for μ-FAM-linkedness, especially for（三，I,c)-
linkedness in Definition 4.2.2, and dealt with our definition as a derived property 
in Theorem 4.2.5. 
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Definition 3.20. • A氏 FAM-iterationis a fsi=〈恥立： e<,〉
with witnesses〈巧： e<,〉andQ =〈俗，c:e <汀＜佐， CE 
(O,l)Q〉satisfyingfor all e <,: 
(1) IP'~ <i:氏．
(2)佐く K,.
(3) IP'―forces that Qi; is 0cFAM-linked witnessed by ＜ 
Qi;:=〈燒巳：〈＜佐，cE (0, 1)叫

・~ < 1 is a trivial stage if If-IP'― |Qい＝ 1for all (< 01; and (< 01; 

c E (0, l)Q-s-is the set of all trivial stages ands+：＝ ,¥s-. 
• A guardrail is a function h E IT1;＜川（佐x(0, l)Q)-For a guardrail 
h, we write h(e) = (hL(e), hRほ））．
•闘 is the set of conditions p E IP'17 following h, i.e., for e E 

dom(p), p(~) is a IP'臼—name and|トIP';;-p(~) E Q~ p(~) E Qi(1;)・
• ij=〈りm:m < w〉sequentiallyfollows h with constant c E 
(0, l)Q if there are〈品： m<w〉E,wsuch that both加（品） ＝ C 
and|トIP'瓦伽 EQ篇=lhold for all m < w. 

• A set of guardrail H is complete if for any guardrail h and any 
countable partial function h。こ h,there exists h'E H extending 
h。•

Definiti9n 3.21. A K,-FAM-iteration has FAM-limits on H with wit-
ness 〈三~,I: h EH,「ETioo, e :S 1〉if

(1) H こ rr区＜〖（佐 X (0, 1凡）， aset of guardrails. 

(2) For h E H, l E TI00 and ~ :S 1，亭 isa 恥—name of a fam. 
(3) If~ < T/さ1,then If-IP'"号'Iこ薯，I．
(4)|国（寄）― EVIP'e, where（望’斤：＝望'In v町 if~ E s+, 
otherwise let（寄）＿ bean arbitrary fam in VIP'e (hence this 
item is trivially satisfied in this case). 
(5) Whenever ij =〈如： m<w〉sequentiallyfollows h with con-
stant c E (0, l)Q with witnesses〈品： m<w〉E,竺
(a) If〈品： m<w〉isconstant with value e, then 

砂 I_ 
(3. 7) | f---l..  IP'g lm-s q 1ヽ J仇(W(ii))d望］12: 1 -c. 
(b) If <~m: m < w〉isincreasing, then for any c:'> 0, 

(3.8)|卜•IP', 己~,I({k < w: dh(W(q))こ(1-c:) • (1-c:')}) = 1. 

Lemma 3.22. ([Uri23, Theorem 4.3.16, 4.3.18.]) Let I be an ordinal 
〈.h,I ( and IP'~ be a K,-FAM-iteration. If三： ＜ c 1, h E H, I E TI00〉witnesses

that for any~< 1, 氏＝『サ~ has FAM-limits on H, then we can find 
. h f 

〈亡h,I: h E H,「ETI00〉suchthat〈三':t :eさ1,h EH, IE TI00〉witnesses
已hasFAM-limits on H. 
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Theorem 3.23. ([CMU23], detailed description of Theorem 1.4.) Let 
H be a set of guardrails for a K-FAM-iteration and巳bea K-FAM-
iteration with FAM-limits on H. Assume: 

● K is uncountable regular and K < 1. 
• H is complete and has size < K. 

Then,巳forces6q'Y] く氏 ~T Ct:, in particular, non(£)さ紅

3.3. The forcing poset lE. In [KST19], they also introduced the fore-

ing notion lE instead of lE, which increases non(M) as lE does, but 
has FAM-limits, which lE does not have. (Cardona, Mejfa and Uribe-
Zapata [CMU23] proved that lE increases non(£) and hence does not 

have FAM-limits.) We give a brief explanation of豆(See[KST19] for 
details) 

Definition 3.24. Let T C w<w be a tree. 

(1) stem(T) denotes the stem of T, i.e., the smallest splitting node. 
(2) For s, t E T, s<It denotes that tis an immediate successor, i.e., 
t = s~z for some l < w. Define Ds = Ds(T) := {s'ET: s'e>s}, 
the set of all immediate successors of s in T. 

Definition 3.25. (1) We define the compact homogeneous tree T* s;;; 
w<w with the empty stem stem(T*) =〈〉 byinduction on the 
height h. For h < w, let p(h) := max{IT* n whl, h + 2}, 1r(h) := 
((h + l)2p(h)h+l)p(h)¥ a(h) := 1r(h)h+2, M(h) := a(h)2 and 

叫 n):= loga(h) (~) for n :S M(h)（島(M(h))= oo). 
M(h) -n 

Fors ET* n w八letDs =叫T*)= {s~z : l < M(h)} and 
now T* is inductively defined. 
(2) For s E T* and A s;;;瓜 defineμs(A) := μls1(IAI). For a subtree 
pこT*,de~ne μs(P)＝叫{s'E p : s'C> s}) for s E p. 
(3) The poset lE consists of all subtrees p s;;; T* such that μs(P) 2: 
1 + ~ for alls E p withs ;;2 stem(p). p :Sq：⇔ pこq.

Fact 3.26. (1) ([KST19, Lemma 1.19.(a)]) Let h < w, s E wh and 
{Pi : i < 1r(h)｝こ豆 Ifall Pi share s above their stems, then 
they have a common lower bound. 

(2) ([KST19, Lemma 1.19.(b)］)E is (p, 7r)-linked, 
i.e.，匝＝ Um<wni>mUj＜咬） Q~ where each Q~ is 1r(i)-linked. 

(3) ([KST19, Lemma 1.19.(c)]) IE adds an eventually different real 
and hence increases non(M). 

(4) ([KST19, Lemma 1.19.(e)］）丘 is(forcing equivalent to) a sub-
forcing of random forcing. 

6Similarly to the case of ultrafilter-limits，已 is/'£-cc and hence preserves all 
cardinals ~ f£ (see e.g. [Uri23]). 
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Lemma 3.27. ([KST19, Lemma 1.20],[Uri23, Theorem 4.2.19])_ 

For t E T* and E E (0, l)Q, let Qt,c denote the set of all p E IE such 
that some natural number m :::>: 2 satisfies: 

• stem(p) = t has length > 3m. 
・凡(p):::>: 1十点 forall s E p with s 2 t. 
• -< E. m -

Then,〈Qt,0:t E T*,E E (0, l)Q〉witnessesIE is a-FAM-linked. 

Actually, lE has also closed ultrafilter-limits and this is why we say 
we are close to achieving an iteration with all the three limit notions. 

Lemma 3.28. ([GKMS21]) Q = Qにこ lEis closed-ultrafilter-limit-

linked for any t ET* and EE (0, l)Q-Thus, lE is a-A盟linked.

Proof. Let D be any ultrafilter on w. We define limD: Qw→Q as 
follows: For q =〈qm:m < w〉EQ又defineq00 = limD {j := { t E T* : 
Xt E D} where Xt := { m < w : t E伽｝． Sinces ~ t implies X8 2 Xぃ
q00 is a subtree of T*. Inducting on h < w, we show: 

(3.9) Yh:={m<w:qmn凶＝ qoon凶｝ ED for any h < w. 

Y0 = w E D trivially holds. Let h < w and assume Yh E D. Fix 
s E q00 n wh. For A ~ ns, define ZA := {m < w : qm n几＝ A}.
Since LJ{ZA : AこDs}is a finite partition of w, there uniquely exists 
AこDssuch that ZA E D. We show A=  q00 n幻 Onthe one hand, 
if t E A, then t E qm holds for any m E ZA, so ZAこXtand hence 
t E q00. On the other hand, if t E q00 n Ds, then Xt E D and we can 
pick some m E Xt n ZA・伽 witnessest E A. Thus, A = q00 n Ds 
holds. Let Ws be the uniquely determined set ZA for s E q00 n wh. 
Then, yh n n{ws : s E q00 n凶｝ ED is a subset of Yh+ 1 and hence 

the induction is done. By (3.9), we obtain stem(q00) = t。,qooE豆and
moreover q00 E Q (hence the closedness of limD is shown). To show 
(*)n in Definition 3.11 for n < w, letが＝〈qt,,:m < w〉EQw for j < n 
and r ~ lim呪 forall j < n. Take h < w satisfying h > n, I stem(r) I 
and t E r n wh. Since t is also in each limD屑 thereexists X _ E D such 
that for all m E X, t E偏 forall j < n. Thus, ~ h (~ 1r(h))-many 
conditions r and { qt,, : j < n} share the common node t above their 
stems, by Fact 3.26 (1) they have a common extension. 

Therefore, li詔 witnessesQこ匝 isclosed-D-limit-linked. 
ロ

4. ITERATION 

Table 1 illustrates the relationship among the limit notions, the fore-
ing notions and the cardinal invariants. The reason why each line in 
the table holds is as follows: 
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(1) By Lemma 3.15 and the fact that IP政 increasese, which is kept 
small by closed-ultrafilter-limits and FAM-limits. 
(2) By Lemma 3.15 and the fact that IP恥9increases e9, which is 
kept small by FAM-limits. 
(3) By Lemma 3.28 and 3.27. 
(4) By Theorem 3.9, 3.10 and 3.23. 

Thus, we naturally expect that by iterating (subforcings of) each poset 
we can obtain the left side of the separation constellation illustrated in 
Figure 2, since the smallness of b, e* and non(£) is guaranteed by each 
limit notion. 
Let us get ready for the iteration. The construction follows [Yam24, 
Section 4]. 

Definition 4.1. • R1 := Le* and恥：＝A.

A 

• R2 := Cn and恥：＝IB.
• R3 := D and恥：＝ JI])．
• R4 := PR, R4 := BPR and恥：＝直
• Rs := Cc, Ri := PR9, and瞬：＝凰 forg E (w ¥ 2)竺
• R6 := Mg and恥：＝ lE.
Let I:= {1,..., 6} be the index set. 

恥 isthe poset which increases b(R;) for each i E J. 

ssumption 4.2. (1)ふ＜．．．＜ふ areregular uncountable car-
dinals. 
(2)ふ＝ μt,ふ＝ μtandふ＝ μtare successor cardinals and μ3 
is regular. 
(3) K, <入iimplies砂0く入 forall i E J. 

(4)炉＝ふ， hence炉＝ふ forall i E J. 

Definition 4.3. Put ry:＝ふ， thelength of the iteration we shall 
perform. Fix S1 U ・ ・ ・ U S6 = ry, a cofinal partition ofふandfore< ry, 
let i(e) denote the unique i E J such that e E Si. 

A ssumption 4.4.ふく 2厄

Lemma 4.5. There exist complete sets H, H'and H" of guardrails 
of length ry =ふ for入3-A誓iterationof size <ふ,ふ-A盟iterationof 
sizeくふ and入5-FAM-iterationof sizeくふ， respectively.

TABLE 1. The kinds of the limits each forcing notion has. 

forcing notion ultrafilter closed-ultrafilter FAM 

IP'賊 ✓ X X 

『~恥-_. g ✓ ✓ X 

lE ✓ ✓ ✓ 

keep small b c ＊ non(£) 
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Now we are ready to describe the iteration construction, which is the 
main object to analyze in this article. 

Construction 4.6. We shall construct a ccc finite support iteration 
IP';re satisfying the following items: 

(1) 1P'7 ・入 lim.pre 1S a 3-Auf―iteration of length'Y:＝ふ andhas A~r-limits 
on H with the following witnesses: 
•〈町： e <'Y〉,thecomplete subposets witnessing A罰—
linkedness. 
•Q= 〈Q邸：く< 0はく 7〉,theA罰—linked components. 
• D=〈図： e:::;'Y,h EH〉,theultrafilters. 
• s-：＝ふUS2US3,the trivial stages ands+:= S4US5USか
the non trivial stages. 

(2) IP'~re is a 入4-A~:r-iteration and has A~:r pre cuf iteration and has A cuf― limits on H'with the 
following witnesses: 
•〈町： e <'Y〉,thecomplete subposets witnessing A盟
linkedness. 
•R= 〈R邸：く< 0はく 7〉,theA盟linkedcomponents. 
•E= 噂： e:::;'Y, h'EH'〉， theultrafilters. 
• r-:= S1 U S2 U S3 U S4, the trivial stages and r+ := S5 USか
the non-trivial stages. 

(3) IP'にisa入5-FAM-iterationand has FAM-limits on H" with the 
following witnesses: 
•〈町： e <'Y〉,thecomplete subposets witnessing FAM-
linkedness. 

• s =〈S贔： c:E(O,l)Q,(<0心<?〉,theFAM-linked 
componen_ts. 

•已＝〈望”,I : eこァ， h”EH”,IE IIOO〉,thefinitely additive 
measures. 

• u-：＝ふUS2US3US4US5,the trivial stages and u+ := Sか
the non-trivial stages. 

(4) For each e <'Y, NE ~ He is a submodel where 8 is a sufficiently 
large regular cardinal satisfying: 

(a) INEI＜入i(E)・
(b) NE is CT-closed, i.e., (NE)wこNE.
(c) For any i E J, rJ <'Y and set of (nice names of) reals A in 
砂 ofsizeく入， thereis some e E Si (above rJ) such that 

A~NE. 
(d) If i(e) = 4, then {D~: h EH}こNE・

(e) If i(e) = 5, then ｛均： hEH}, ｛鯰： h'EH'}~NE ・
(f) If i(e) = 6, then {D~ : h E H},｛靡： h'EH'｝,｛号”,I: 
h" EH”,「EIIOO}~NE. 

(5)町：＝恥nNE・

(6) For each e <'Y, IP'E I 卜 Q€ :＝恥）・
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（島 denotes闘 forsome g E (w ¥ 2)w and g runs through all 
g E (w ¥ 2)w by bookkeeping.) 
(7) Q, R and S are determined in the canonical way: at trivial 
stages, they consist of singletons and at non-trivial stages, they 
consist of w-many A~『/A悶／FAM-linked components, respec-
tively. 

To begin with the conclusion, we have no idea whether Construction 
4. 6 is really possible. We first describe what separation constellation 
we can obtain if the construction is possible. Then, we analyze the 
construction and summarize what we can do and what we may not be 
able to do. 

Theorem 4.7. If Construction 4.6 is possible, then摩 willforce 
for each i E I,凡号 C因l＜入，号［ふl汽 inparticular, b（凡） ＝入
and i>(R;) = 2N。＝ふ（thesame things also hold for R4 and Rg for 
g E (w¥2)w). Moreover, by recovering GCH and applying the submodel 
method, we can obtain ]pi盆whichgives the constellation illustrated in 
Figure 2, where ~1 :S 01 :S ・ ・ ・ :S 012 are regular and 0, is an infinite 
cardinal such that 0, ~ 012 and 0や＝0C・

Proof. Compared with ][llpre in [Yam24, Construction 4.7], what we have 
to additionally deal with are the following: 

(1) Why C因］叫ゴT凡 holds:By Fact 3.26(4) and Corollary 2.16. 
(2) Why C因］→ゴT凡 holds:It is known that there exists a Prs 
R; such that ~づT 凡 and (p, 1r)-linked forcings are R今good
([KST19, Definition 2.3., Lemma 2.5.3., Lemma 2.8.3.]). Use 
Fact 3.26 (2). 
(3) Why C因］＜入5ゴT凡 holds:By Theorem 3.23. 
(4) Why R5ゴTC因］＜入6holds: By Fact 3.26 (3). 

ロ

Let us analyze Construction 4.6. Actually we can realize the succes-
sor steps. 
Successor step. If i（t) :S 5, we are in a similar case to [Yam24, 
Construction 4.7] since t is a trivial stage for the FAM-iteration and 
we do not have to think about fams. Thus, we may assume that i(() = （） 
6. 鳥＝ IE_is a-A盟—linked by Lemma 3.28, so we can extend the 
ultrafilters D and E. By Lemma 3.27 and Lemma 3.22, we can also 
extend the fams豆Also,we can take a submodel NE since IH" x II00 I < 
入6・

However, we have a problem at limit steps, not on fams, but on 
ultrafilters. 
Limit step. For fams邑wecan directly apply Lemma 3.22. For ultra-
filters D and E, recall that when constructing the names of ultrafilters 
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⑥ 
cov(N) 

⑥ 

N1 add(N) 

cof(N) --+----+ 2No 

◎ 

non(N) 

◎ 

R
 

⑥-』

FIGURE 2. Constellation of IP'盆ifthe construction is possible. 

at limit step~ in the proof of Lemma 3.8, we resorted to the centered-

ness, which lE does not have. We have no idea on how to overcome this 
problem without resorting to centeredness. 7. 
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