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We investigate the (2þ 1)-dimensional q-deformed SUðNÞk Yang-Mills theory in the lattice Hamil-
tonian formalism, which is characterized by three parameters: the number of colors N, the coupling
constant g, and the level k. By treating these as tunable parameters, we explore how key properties of the
theory, such as confinement and topological order, emerge in different regimes. Employing a variational
mean-field analysis that interpolates between the strong- and weak-coupling regimes, we determine the
large-N phase structure in terms of the ’t Hooft coupling λtH ¼ g2N and the ratio k=N. We find that the
topologically ordered phase remains robust at large N under appropriate scalings of these parameters. This
result indicates that the continuum limit of large-N gauge theory may be more intricate than naively
expected, and it motivates studies beyond the mean-field theory, both to achieve a further understanding of
confinement in gauge theories and to guide quantum simulations of large-N gauge theories.
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I. INTRODUCTION

Gauge theories with finite-dimensional Hilbert spaces
have long been studied as effective quantum field theory
descriptions of topological phases of quantum matter [1].
More recently, they have attracted growing interest in the
context of quantum simulations of gauge theories [2–6],
as well as in modern approaches to confinement and the
vacuum structure of quantum chromodynamics (QCD) and
QCD-like theories based on generalized symmetries [7,8].
A prominent example, also addressed in this work, is the
q-deformed SUðNÞk Yang-Mills (YM) theory in (2þ 1)
dimensions. This theory interpolates between a confining
non-Abelian gauge theory and a topological quantum field
theory described by a unitary modular tensor category
(UMTC) [9,10]. The level k truncates the spectrum of
irreducible representations, introducing a spurious phase

transition (in the context of conventional high-energy
physics) between confinement and topological order.
Truncating the Hilbert space of gauge fields by intro-

ducing a cutoff k on irreducible representations enlarges the
parameter space. Specifically, the q-deformed SUðNÞk YM
theory has three parameters: the number of colors N, the
coupling constant g, and the level k. Treating these as
tunable parameters, one can explore how confinement or
topological order emerges in different regimes. Previous
works, however, have focused on the cases N ¼ 2 and 3
[11–17]. For fixed N, the continuum limit has been
discussed as a sequential limit, with k → ∞ taken prior
to 1=g2 → ∞. Then, a central question addressed in this
work is whether a meaningful large-N limit of the q-
deformed theory can be defined. Since the deformation
introduces a natural tunable ratio k=N, this allows one to
consider alternative large-N limits other than the ’t Hooft
limit [18]. Taking N → ∞ with fixed ’t Hooft coupling
λtH ¼ g2N and k=N yields a rich phase structure that is
inaccessible in the conventional continuum YM theory.
In this work, we analyze the ground state of the

q-deformed SUðNÞk YM theory in the Hamiltonian for-
malism. Employing a variational mean-field ansatz that
interpolates between the strong-coupling confined vacuum
and the string-net condensed state [19] realized in the weak-
coupling regime, we derive a stability criterion for the
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topological phase expressed in terms of fusion rules,
quantum dimensions, and quadratic Casimirs: Insta-
bilities in the Hessian of the mean-field energy determine
the critical coupling g2cðN; kÞ separating the topological and
confined phases. When expressed in terms of ð1=λtH; k=NÞ,
the critical lines for N ≥ 3 collapse onto a universal curve,
indicating that the large-N limit at fixed λtH and k=N is well
defined at the mean-field level. These results provide
quantitative evidence that the topologically ordered phase
survives in the large-N limit when g and k are scaled
appropriately. This offers guidance for the design of large-
N gauge-theory quantum simulators; for related works, see
also Refs. [20–26].

II. q DEFORMATION

The q deformation restricts the number of possible
irreducible representations. The irreducible representations
λ are labeled by the Young diagrams and run among the
set Pk ≔ fλjk ≥ λ1 ≥ λ2 ≥ � � � ≥ λN−1 ≥ λN ¼ 0g. In other
words, Young diagrams whose number of columns is less
than or equal to k are allowed. The fact that the number of
irreducible representations is jPkj ¼ ðkþN−1

N−1 Þ enables us to
regulate theHilbert space by the integer k (see alsoRef. [27]).
For irreducible representations, λ and μ, their fusion is

defined in terms of the fusion coefficients NðkÞν
λμ as

λ × μ ¼
X
ν∈Pk

NðkÞν
λμ ν: ð1Þ

We will omit the superscript (k) of the fusion coefficients
from now on. To calculate the fusion coefficients, we
employ the Verlinde formula [28]

Nν
λμ ¼

X
σ ∈Pk

SλσSμσS−1νσ
S0σ

; ð2Þ

with 0 being the irreducible representation such that the
total number of boxes in the Young diagram is zero, i.e.,
λ1 ¼ � � � ¼ λN−1 ¼ 0, and the modular S-matrix S [29]
(see Appendix A for the details). The fusion coefficients
are non-negative integers, and they satisfy Nν

λμ ¼ Nν
μλ ¼

N λ̄
μν̄ ¼ N ν̄

λ̄ μ̄
. In the limit k → ∞, the fusion rules reduce to

those of suðNÞ. Recall that the Verlinde formula provides a
powerfulmethod for computing fusion coefficients in rational
conformal field theories, such as theWess-Zumino-Novikov-
Witten models. It is quite intriguing that this class of theories,
developed in a very different context, finds an unexpected
point of contact with YM theory and QCD.
The quantum dimension dλ is also an important algebraic

quantity, which can be computed by the modular S-matrix
as dλ ¼ Sλ0=S00. The quantum dimensions are not integers,
in general, and are equal to those of their antirepresentation,
dλ ¼ dλ̄. At k → ∞, the quantum dimension also reduces to

the Lie-algebraic dimension of λ. Additionally, we utilize

the total quantum dimension defined as D ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

λ∈Pk
d2λ

q
.

In this work, we numerically evaluate the fusion coef-
ficients for various N and k. We mainly investigate points
of ðN; kÞ such that jPkj≲ 3000 due to the computational
cost of fusion coefficients. The analysis code used in this
work is available at Ref. [30].

III. MEAN-FIELD ANALYSIS
OF q-DEFORMED YM

We first review how to treat the physical states in the
Hamiltonian formalism [14–16,31]. The gauge-invariant
physical Hilbert space of gauge theory on the lattice can be
spanned by a basis corresponding to a network of Wilson
lines. Our primary interest is the SUðNÞ gauge theory in
(2þ 1) dimensions. Let us consider its lattice regularized
and q-deformed theory. The Hamiltonian of SUðNÞk theory
is given by the Kogut-Susskind formalism [32] as

HKS ¼
1

2

X
e∈E

E2ðeÞ−K
2

X
f∈F

ðtrUfundðfÞþ trUfundðfÞÞ; ð3Þ

with a couplingK ¼ 1=g4 in lattice units. Here, E andF are
the sets of edges and faces of the system, respectively. The
electric-field operator EðeÞ lives on edges e of the square
lattice E, and tr UfundðfÞ is the Wilson loop operator in the
fundamental representation that circles the edges of the
plaquette f clockwise. The action of operators in Eq. (3)
can be represented in a graphical notation (for details, see,
e.g., Refs. [15,16]). Notice that the mean-field analysis
does not require the explicit form of the F symbols,
whereas it becomes necessary when the Wilson loop
operator is applied to a general state.
To proceed, we employ the variational wave function

[14,27]: jΨi ¼Qf

P
λf
ψðλfÞtrUλf jΩi, where jΩi is the

vacuum state in the strong-coupling limit, satisfying
E2ðeÞjΩi ¼ 0 for all e∈ E. The variational parameter
ψðλfÞ obeys the normalization condition N ðψÞ ¼P

λf
jψðλfÞj2 ¼ 1, ensuring hΨjΨi ¼ 1. It is advantageous

that this ansatz covers the ground state of both the strong-
and weak-coupling limits by tuning the variational para-
meters. By assuming the translational symmetry under the
open boundary conditions in the infinite volume limit, we
take the same wave function on all plaquettes. Now, the
variational problem can be solved analytically, which leads
to the mean-field Hamiltonian density [16]

E½ψ ;ψ�� ≔ hΨjHKSjΨi
V

¼ 1

N 2

X
λ;μ;ν

C2ðνÞNμ
λν

dν
dλdμ

jψðλÞj2jψðμÞj2

−
K
2N

X
λ;μ

ψ�ðλÞMλμψðμÞ; ð4Þ
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where V ¼ jF j is the volume of the system (the number of
plaquettes), C2ðλÞ denotes the quadratic Casimir invariant,
and Mλμ ≔ Nλ

fund μ þ Nλ
fund μ

. The fundamental representa-

tion, fund, is specified by λ1 ¼ 1, λ2 ¼ � � � ¼ λN−1 ¼ 0.
The wave function ψðλÞ that minimizes Eq. (4) varies
depending on the YM coupling 1=g2 and cutoff k.
Correspondingly, the phase structure is divided into two
regions, the confined phase and the topological phase. The
former is connected smoothly to the ground state in the
strong-coupling limit 1=g2 ¼ 0, whereas the latter is con-
nected to the ground state in the weak-coupling limit
1=g2 → ∞ (at finite k). The mean-field computation
implies that the ground state in the topological phase is
identical to the string-net condensed state [14,19], i.e.,
ψ0ðλÞ ¼ dλ=D, which gives the topological order charac-
terized by the UMTC. In order to take the limit achieving
the SUðNÞ YM theory in the continuous spacetime, one
should control the parameters 1=g2 → ∞ and k → ∞ in a
nontrivial manner, avoiding entering the topological phase.
To this end, it is quite important to understand the phase
boundary.
Our strategy to determine the phase boundary for each N

is to investigate the stability of the mean-field theory
around the topological phase by assuming the second-
order phase transition. We consider

ψðλÞ ¼ ψ0ðλÞ þ δψðλÞ; ð5Þ
where ψ0ðλÞ is the wave function of the string-net con-
densed state, which is real. Notice that N ðψÞ > 1 in the
presence of δψ , and we need to take the normalization into
account. For complex δψ , one finds that the second-order
perturbation has the form

Eð2Þ ¼
X
λ;μ

vðλÞ†MλμvðμÞ; ð6Þ

where vðλÞ⊤ ¼ ðδψðλÞ; δψ�ðλÞÞ and

Mλμ ¼
�
Hψ�ðλÞψðμÞ Hψ�ðλÞψ�ðμÞ
HψðλÞψðμÞ HψðλÞψ�ðμÞ

�
;

Hψ1ψ2
¼ ∂

2E
∂ψ1∂ψ2

����
ψ¼ψ0

: ð7Þ

After a straightforward calculation, each component can be
expressed as

HψðλÞψðμÞ ¼ 2
X
ν

C2ðνÞ
dν
D2

�
Nμ

λν −
dλdμdν
D2

�
;

HψðλÞψ�ðμÞ ¼ HψðλÞψðμÞ −
K
2
ðMλμ − 2dfundδλμÞ; ð8Þ

and Hψ�ψ� ¼ Hψψ ; Hψ�ψ ¼ Hψψ� . To derive these expres-
sions, we have used the relations dλdμ ¼

P
νN

ν
λμdν ¼P

νN
μ
λνdν and

P
λ;νN

μ
λνdλdν ¼D2dμ. While the q-deformed

quadratic Casimir invariant [27,33] was employed in the
previous works for N ¼ 2, 3 [15,16], this work employs
the continuum definition [14,34] expressed as C2ðλÞ ¼
1
2
ðnNþ C̃2ðλÞ− n2

NÞ; C̃2ðλÞ ¼
P

N−1
j¼1 λjðλj− 2jþ 1Þ, where

n ¼ jλj ¼PN−1
j¼1 λj. This choice has the advantage of being

close to the continuum limit in terms of gauge group.
For each N and k, we determine the critical coupling

1=g2c as the point where the negative eigenvalue of the
matrix (7) appears (or disappears) by varying the coupling
from the weak-coupling (or strong-coupling) regime. Note
that there are always two zero modes, coming from the
contribution at k ¼ 0.

IV. PHASE DIAGRAM AT LARGE N

Figure 1 shows the phase structure of the SUðNÞk YM in
terms of the inverse square of the YM coupling 1=g2 and
the cutoff k. Each point corresponds to the critical coupling
1=g2c , determining the phase boundary at which the string-
net condensed state (de)stabilizes in the mean-field calcu-
lation. The phase boundary obtained for N ¼ 3 shows
qualitative agreement with the results of Ref. [16], while
exhibiting a more extensive confined phase due to the
definition of C2ðλÞ. Moreover, Fig. 2 represents the same
phase structure in terms of the inverse of the ’t Hooft
coupling 1=λtH and k=N. These figures reveal a couple of
notable features. First, the phase boundary is drawn non-
trivially in the phase diagram: At k=N ≲ 0.5, the confined
phase becomes broader as N increases. In contrast, for
k=N ≳ 0.5, the critical coupling increases monotonically as
a function of cutoff. This feature strongly suggests that the
continuum limit of the SUðNÞk theory requires a delicate
scaling of parameters; otherwise, one would experience a
bulk transition and intrude into the topological phases.
Such a reentrant structure could not be captured in previous
studies restricted to N ¼ 2 and N ¼ 3. Second, the critical
’t Hooft couplings align with a specific band region, except
for N ¼ 2. More precisely, 1=λtH for fixed k lies along a
smooth curve, particularly at large N. This implies that

FIG. 1. Phase structure in terms of the inverse square of the YM
coupling 1=g2 and the cutoff k.
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N ¼ 2 is not large from the perspective of distinguishing
the confined and topological phases at the mean-field level,
in contrast with the mass spectra obtained by lattice
Monte Carlo simulation [35].
The broad confined region at k ¼ 1 can be interpreted as

follows: The allowed irreducible representations at k ¼ 1

are labeled by Young diagrams of the form λðnÞ ¼
ðn; 0;…; 0Þ with n ¼ 0;…; N − 1 and satisfy the fusion
rules λðnÞ × λðmÞ ¼ λðnþmmod NÞ. In other words, the
SUðNÞk¼1 theory in the weak-coupling limit realizes an
Abelian topological order: All line operators correspond to
Abelian anyons with quantum dimension one, and the
resulting ground state is described by the ZN topological
quantum field theory [36,37]. In this sense, it effectively
has a structure very similar to that of a ZN gauge theory. A
naive large-N limit of such a ZN theory leads to a U(1)
theory, which admits only a confining vacuum in (2þ 1)
dimensions [38,39]. As discussed below, this argument is
supported by quantitative agreementwith lattice simulations.
Somewhat unexpectedly, we also find that, for k > 1, the

confined phase extends in a nontrivial way as N increases.
For k ≥ 2, non-Abelian anyons with quantum dimension
larger than one enter the Hilbert space and become more
dominant for larger N. Moreover, for N ≥ 3, nontrivial
fusion multiplicities Nν

λμ ≥ 2 start to appear at k ¼ 3. These
arguments might suggest that the Abelian structure
observed at k ¼ 1 does not persist for larger k. In contrast,
our results indicate that an extensive confined region
survives for k ≥ 2. Of course, one must take into account
the additional contribution from the electric-field operator
appearing in the first term of Eq. (4), which breaks the
topological order away from the weak-coupling regime.
The phase structure is determined by a competition
between the electric-field and the Wilson loop operators,
achieved through the minimization of the ground-state
energy. In the small-k regime, the observed phenomenon
is therefore a direct manifestation of these nontrivial
dynamical effects.

The absence of the level-rank duality in the phase
boundaries can also be examined from a similar perspec-
tive. In the Wess-Zumino-Novikov-Witten models, one
finds a level-rank duality that relates certain algebraic data
of SUðNÞk to those of SUðkÞN , such as the fusion rules or
quantum dimensions [40]. In the weak-coupling limit, the
second term of the mean-field Hamiltonian density (4),
which consists of such quantities, dominates, and the
duality is manifested. On the other hand, our quadratic
Casimir invariant does not respect this duality. As a result,
the phase boundaries are not symmetric under N ↔ k.
We discuss more quantitatively the expansion of the

confined phase at small cutoff k. Figure 3 shows the N
dependence of the critical coupling for k ¼ 1. The damping
behavior remarkably agrees with the solid black line
representing g2cðNÞjk¼1 ¼ 2

3
ð1 − cosð2πN ÞÞ observed in the

lattice Monte Carlo simulation [41], which indicates
g2c ∼ N−2 at large N [42]. Moreover, Fig. 4 shows the
N dependence of the critical coupling for k ¼ 1, 2, 3.

FIG. 2. Phase structure in terms of the inverse ’t Hooft coupling
1=λtH and k=N.

FIG. 3. Critical coupling g2c at k ¼ 1 for various N ¼ 2;…; 50.
The solid line represents a guideline, g2cðNÞjk¼1 ¼ 2

3
ð1 − cosð2πN ÞÞ.

FIG. 4. Critical coupling g2c at k ¼ 1, 2, 3 for various
N ¼ 2;…; 20. The dotted and dashed lines represent the fitted
results, while the solid line is a guideline, g2cðNÞjk¼1 ¼
2
3
ð1− cosð2πN ÞÞ.
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As in Fig. 3, the solid line represents g2cðNÞjk¼1. The dotted
and dashed lines are the fitted results by a similar ansatz,

g2cðNÞjk ¼ ðcðkÞ2 N2þ cðkÞ4 N4Þ−1, and we obtain cðk¼2Þ
2 ¼

0.0506ð5Þ;cðk¼2Þ
4 ¼−2.3ð2Þ×10−5 and cðk¼3Þ

2 ¼ 0.0419ð6Þ;
cðk¼3Þ
4 ¼−2.8ð3Þ× 10−5, respectively. As in the case of
k ¼ 1, we observe that the confined phase expands non-
trivially as N increases.
Figure 5 shows the N dependence of the minimum of the

critical YM coupling 1=g2cðNÞjmin ≡minkð1=g2cðN; kÞÞ for
N ¼ 2;…; 10. ForN ≥ 3, the data are well fitted by a linear
function, 1=g2cðNÞjmin ¼ c1N þ c0 with c1 ¼ 0.3918ð8Þ
and c0 ¼ −0.090ð5Þ. This behavior implies that the
minimum of the inverse critical ’t Hooft coupling,
ð1=λtHÞjmin ¼ 1=ðg2cNÞjmin, is almost independent of the
value of N. Moreover, Table I presents the corresponding
cutoff, kextðNÞ ≔ kð1=g2cðNÞjminÞ. Taken together, this
analysis indicates that the extremal point ð1=λtH; k=NÞ ≈
ð0.4; 0.5Þ plays an important role as a reference point for
the parameters when taking the continuum limit k → ∞
and 1=g2 → ∞ with fixed N.
In the region k=N ≳ 0.5, where the critical couplings

grow monotonically as a function of k, we fit the data for
the region k ≥ kext using

kðλtHÞ
N

¼ A

�
1

λtH
−

1

λ0

�
B
þ kext

N
þ C; ð9Þ

with fitting parameters A, 1=λ0, B, and C. Note that an
essentially equivalent fitting ansatz was employed in
Ref. [16] for the case N ¼ 3. The results of our best fits

are summarized in Table II; see Appendix B for further
details of the fitting results, where we also show the fitting
results of the critical curves in the region k=N ≲ 0.5.
Except for N ¼ 2, the fitted parameters A; 1=λ0; B show
good agreement with one another. Moreover, the value of
1=λ0 is also consistent with c1 ¼ 0.3918ð8Þ obtained
above. The fitting result suggests the possibility of a
continuum limit in terms of λtH and k=N, even at large N.

V. SUMMARY AND OUTLOOK

We have analyzed the phase structure of the q-deformed
SUðNÞ YM theory in (2þ 1) dimensions using mean-field
theory. By computing the Hessian around the string-net
condensed state, we determined the critical lines separating
confined and topological phases for 2 ≤ N ≤ 10 and a wide
range of k. When plotted in terms of 1=λtH and k=N, the
critical lines for N ≥ 3 collapse onto a universal curve,
indicating a well-defined large-N limit and suggesting that
the continuum limit is more nontrivial than one might
anticipate. We also showed that for k ¼ 1 the confined
phase broadens with increasing N in a way consistent with
the large-N limit of ZN gauge theory, while for k=N ≳ 0.5
the topological phase persists at weak coupling even
as N → ∞.
There are several directions for future work. First,

analyses beyond the mean-field treatment will be essential.
In particular, determining the order of the phase transition is
an important open problem. In the present work, we
assumed a second-order phase transition in the stability
analysis, and the properties of the phase transition line were
not determined for general N even at the mean-field level.
Second, it would be valuable to relate the phase diagram in
the (λtH; k=N) plane more directly to renowned continuum
large-N results obtained in the path-integral formalism
[43–49]. It would also be interesting to make direct
comparisons with lattice simulations of (2þ 1)-
dimensional SUðNÞ pure gauge theory [50]. Third, the
algebraic data computed here (fusion rules, modular
S-matrices, and quantum dimensions) are useful in quan-
tum-simulation platforms, guiding the design of analog or
digital quantum simulations of large-N gauge theories.
Finally, extending our analysis to include matter fields, or
alternative truncation schemes, would clarify how universal
the topological order at large N is in more general settings.

FIG. 5. Minimum of the inverse critical coupling for
N ¼ 2;…; 10. The dashed line represents the fitted result of a
linear function.

TABLE I. List of kext for each N.

N 2 3 4 5 6 7 8 9 10

kext 1 1 2 2 3 4 4 5 5
kext=N 0.5 0.33 0.5 0.4 0.5 0.57 0.5 0.56 0.5

TABLE II. Fitting results by Eq. (9).

N kext A 1=λ0 B C

2 1 2.16(3) 0.450(3) 0.597(7) −0.20ð2Þ
3 1 2.61(3) 0.358(3) 0.687(6) −0.09ð4Þ
4 2 2.69(3) 0.356(3) 0.600(6) −0.19ð3Þ
5 2 2.59(7) 0.375(5) 0.647(33) 0.11(4)
6 3 2.54(4) 0.376(14) 0.623(101) 0.00(19)
7 4 2.68(7) 0.379(0) 0.688(19) −0.00ð1Þ
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Specifically, choices of the quadratic Casimir invariant
would alter the phase structure, particularly in the regions
with a small cutoff k, opening an intriguing future direction
for engineering the continuum limit.
Code availability: The code that supports the findings of

this work is available on GitHub [30].
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APPENDIX A: COMPUTATION OF
ALGEBRAIC DATA

1. Modular S-matrix

Irreducible representations of SUðNÞk can be character-
ized by partitions,1 which have a graphical representation in
terms of the Young diagrams with boxes of height (: rows)
N − 1 and width (: columns) k. For given partitions λ, μ, the
modular S-matrix of SUðNÞk is given by the Kac-Peterson
formula [29] as

Sλμ ¼
eiπNðN−1Þ=4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Nðkþ NÞN−1

p X
w∈W

ð−1ÞlðwÞe− 2πi
kþNhμþρ;wðλþρÞi;

ðA1Þ

where W is the Weyl group, which turns out to be the SN
permutation group, and lðwÞ is the length of the element
w∈W. Here, ρ ¼Pα∈Δþ α is the Weyl vector, which is a
sum of positive root vectors whose concrete form is
ρ ¼ ðN − 1; N − 2;…; 0Þ, and h·; ·i is the SUðNÞ inner
product:

hu; vi ¼
XN
j¼1

ujvj −
1

N

 XN
j¼1

uj

! XN
j¼1

vj

!
; ðA2Þ

in which the trace part is subtracted to drop an unnecessary
U(1) component.

2. An efficient approach to computing S-matrices

If one naively evaluates (A1), it requires a computational
cost of OðN!Þ because of jSN j ¼ N!. A remarkable fact for
reducing the cost is that the modular S-matrix has an
equivalent determinant formula that can be expressed in
terms of various symmetric polynomials. For the details of
symmetric polynomials, see, e.g., Ref. [51].
Let us introduce xj using the q-deformation parameter

q ≔ e
2πi
kþN; ðA3Þ

xj ≔ q−ðμjþN−j−1
N

P
N
j¼1

ðμjþN−jÞÞ ¼ q−ðμ̃jþN−jÞ; ðA4Þ

with μ̃j ¼ μj − 1
N

P
N
j¼1ðμj þ N − jÞ. Note that these vari-

ables satisfy

YN
j¼1

xj ¼ 1: ðA5Þ

Then, by denoting X ¼ fx1;…; xNg, the expression in
Eq. (A1) can be written as

Sλμ ∝ det1≤i;j≤Nðxλ̃iþN−i
j Þ ¼ det1≤i;j≤NðxλiþN−i

j Þ
¼ sλðXÞ · ΔðXÞ; ðA6Þ

up to a numerical factor. Here, we have introduced the
Schur polynomial

sλðXÞ ¼
det1≤i;j≤NðxλiþN−i

j Þ
det1≤i;j≤NðxN−i

j Þ ðA7Þ

and the Vandermonde determinant

ΔðXÞ ¼ det1≤i;j≤NðxN−j
i Þ ¼

Y
i<j

ðxi − xjÞ: ðA8Þ

At this stage, we have already reduced the computational
cost to OðN3Þ, coming from the evaluation of the deter-
minant by the Lower-Upper (LU) decomposition.
Further reductions can be achieved as follows. By using

the power-sum symmetric polynomials

pmðXÞ ¼
XN
j¼1

xmj ; ðA9Þ
1Recall that an SUðNÞ partition λ can be expressed by a non-

increasing non-negative integer series λ1 ≥ λ2 ≥ � � � ≥ λN−1 ≥
λN ¼ 0.
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the complete homogeneous symmetric polynomials can be
obtained through Newton’s identity,

rhrðXÞ ¼
Xr
m¼1

pmðXÞhr−mðXÞ; ðA10Þ

with conditions h0ðXÞ ¼ 1; hr<0ðXÞ ¼ 0. The index runs at
most up to

rmax ¼ max
i;j

ðλi − iþ jÞ ¼ λ1 − 1þ lðλÞ: ðA11Þ

Using the fact that λ1 ≤ k, it is sufficient to compute fhrg
with r ¼ 1;…; R ¼ kþ N − 2 for each μ or, equiva-
lently, X.
These nice symmetric polynomials enable us to compute

the Schur polynomial through the Jacobi-Trudi formula,
expressed as

sλðXÞ ¼ det1≤i;j≤lðλÞðhλi−iþjðXÞÞ: ðA12Þ

We have succeeded in reducing the cost of calculating this
determinant to OðlðλÞ3Þ with lðλÞ ≤ N − 1. Moreover,
once we compute X and hr for each μ, we can reuse them
for Schur polynomials of any irreducible representation λ,
which enables further efficiency gains for obtaining the
entire element of the modular S-matrix.

3. Properties of the S-matrix

The S-matrix has several notable properties (see
also [36]):

(i) Unitarity: S†S ¼ 1 and Sλμ ¼ S−1λμ .

(ii) Crossing symmetry: Sλμ ¼ Sλ̄μ, where λ̄ ¼
ðλ1 − λN; λ1 − λN−1;…; λ1 − λ2Þ is the conjugate of
representation λ.

(iii) Charge conjugation C is obtained by C ¼ S2,
and Cλμ ¼ δλμ̄.

(iv) Modular relation: ðSTÞ3 ¼ C, where

Tλλ ¼ exp

�
2πi

�
hλ −

c
24

��
; ðA13Þ

hλ ¼
hλ; λþ 2ρi
2ðkþ NÞ ; c ¼ k dim SUðNÞ

kþ N
: ðA14Þ

(v) The quantum dimension dλ can be computed as
dλ ¼ Sλ0=S00.

The above properties are useful for the consistency check
in the numerical implementation of the modular S-matrix.

4. Verlinde formula

For the computation of fusion coefficients through the
Verlinde formula, we employ the following strategies to
bypass part of the calculation.

(i) Practically, checking N-ality [52,53] is quite effec-
tive in eliminating the zero fusion coefficients from
the beginning. For SUðNÞ, the N-ality is a genuine
quantum number to be preserved, namely,

jλj þ jμj − jνj ¼ 0 mod N: ðA15Þ

Therefore, the number of boxes for irreducible
representations to fuse is first checked in the
simulation code. If they do not satisfy the N-ality
condition, the corresponding fusion coefficient must
vanish, and we can skip the calculation of the
Verlinde formula numerically.

(ii) Fusion coefficients are symmetric under an exchange
of representations to fuse, namely, Nν

λμ ¼ Nν
μλ. Using

this, we can skip half of the computations. Note that
further reduction can be achieved if one utilizes other
symmetries of fusion coefficients with respect to
raising or lowering indices and taking conjugates,
such as Nν

λμ ¼ Nμ̄
λν̄ ¼ N ν̄

λ̄ μ̄
.

(iii) If the sum of the first element of the partitions being
fused is less than the cutoff k, the corresponding
fusion coefficient coincides with the undeformed
one, i.e., that of SUðNÞ. In other words, the cutoff
dependence appears when fusing irreducible repre-
sentations λ, μ with λ1 þ μ1 ≥ k. In this analysis, we
update only such cases and reuse the coefficients
obtained at small k.

5. Quantum dimension

Although the quantum dimension for irreducible repre-
sentations dλ can be calculated from the corresponding S
matrices, we utilize the following formula [46,47]:

dλ ¼
Y

1≤i<j≤N

½λi − λj − iþ j�
½j − i� ; ðA16Þ

where the square bracket gives the q-number defined
through the q-deformation parameter as

½x� ¼ qx=2 − q−x=2

q1=2 − q−1=2
; ðA17Þ

with q given in Eq. (A3). Note that this is a q-deformed
version of the well-known formula computing the dimen-
sion of irreducible representations, and therefore, Eq. (A16)
agrees with the standard definition in the Lie algebra by
taking the continuum limit for the quantum group, k → ∞.

APPENDIX B: FITTINGS OF PHASE
BOUNDARIES

This section presents the fitting results for phase boun-
daries at various integer values of N. Figure 6 shows the
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phase diagrams in terms of the inverse ’t Hooft coupling
1=λtH and the ratio k=N for N ¼ 2;…; 7, together with
fitting curves obtained using the 4-parameter ansatz in
Eq. (9) of this work. Since the fusion coefficients have
been computed only for jPkj≲ 3000, the number of data
points available for the fitting is limited in the region
k ≥ kextðNÞ ¼ kðmink 1=g2cðN; kÞÞ. The corresponding fit-
ting parameters for each N are summarized in Table II.

We have also analyzed the behavior of the phase
boundaries in the lower region k ≤ kext. In this case, we
perform a fitting analysis for N ¼ 6;…; 10 in the
ðλtH; k=NÞ plane by the following ansatz:

kðλtHÞ
N

¼ −Ãðλmax − λtHÞB̃ þ kext
N

; ðB1Þ

FIG. 6. Phase diagrams in terms of the inverse ’t Hooft coupling 1=λtH and the ratio k=N. The dotted lines represent the fitting results in
the region k ≥ kext with the ansatz in Eq. (9) of this work.

FIG. 7. Phase diagrams in terms of the ’t Hooft coupling λtH and the ratio k=N. The dotted lines represent the fitting results in the
region k ≤ kext with the ansatz (B1).
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where we have defined λmax ≔ Ng2cðN; kextÞ and intro-
duced two fitting parameters, Ã and B̃. Note that this
ansatz cannot be transformed into the previous one for
k=N ≳ 0.5 by a change of variables. As shown in
Fig. 7, the points in the region k=N ≲ 0.5 are well
described by the fitting curves represented by the
dotted lines. The results of our best fits are summa-
rized in Table III.
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