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Specification analysis of concurrent programs
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Abstract

A formal sYstem FLm‘n is proposed to analyse the specificatio:
14
of concurrent programs. The completeness theorem is also proved

for this system.
1. Introduction

In [1] and [2], one of the authors and his colleagues propose¢
a new specificatipn technique called Process-Data Representation
(PDR) . PDR aims at the improved reliability and modifiability in
software system, especially involving concurrent processing, by
giving a precise specification of their whole computational
processes.

In PDR, concurrent interactiOnslbetween processes and data
are specified by describing the constraint conditions imposed on
them in terms of the formulas in the forcing logic (FL).

A formal system should be‘formulated not only to provide
a compact description of the system specification but also to
make it possible to derive certain useful conclusions from the

given. specification.



To £ill this requirement, we propose a formal system FLm
. 14

as a tool for analysing the specification described in the forcipg

logic.
Following notations are used in this paper:
<’x1,.;.,x£>k

cardinality 2k, which means " at least k out of & objects

denotes a set of the subsets of {xl,...,xl} whose

{xl,...,xl}". [xi""’lek denotes a set of the subsets of

{Xl’°"’xl} whose cardinality 2k, which means," at most k out of

. ’ " ) :
2 objects {Xl"“"xl} S SRR e e Y means that the

‘element of <x operates only on the element in Y,

1reee Xy

[xl,...,xg]k————» Y means that the element in Y can be operated

only by the element in [xl,..;,le and X—=:===-,Y means that the

kl

element of X operates on the element of Y. For example, the
specification of the conditions in the dining philosophers

problem can be described as follows:

-

<phl>, »—— [<f5,fl$2]i [phl,ph2];— <f1>,

‘<ph2>l>~——+ﬁ [<fl,f2>2]l [ph2,ph3]l———+ﬁ <f2>l
* N L 5 .. \
(*) < <ph3>l,————7 [<f2,f3>2]l [ph3,ph4]l————7 <f3>l )
<ph4>, — [<f3,f4>é]l [ph4,ph5] . <f4>

1
 <ph5>; i—— [<£4,£5>,], [phS,phl]l———e» <£5>,

where phk (k=1,...,5) represents the philosopher k and fi
"(i=1,...,5) represents the folk i.
Then, for example, the conclusion

[phl,...,phS]2 o [<£5,f1> .,<f4,f5>2]2

PR

is deducible from (*) in our system.

In section 2, we shall present the system FLm n and, in
14

section 3, we shall prove the completeness theorem for FL
7

In the following lines, for a set X, we denote the power sét

of X by P(X), the cardinality of X by #X and X-{¢} by x*.
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2.'The formal system FLm,n

In this section, we define the language Lm a and inferece
,T

rules for the formél system FLm,n‘

The language L " consists of
m,n \

(1) Constant symbols,
Pyre--rPy (p-sort),
dl""'dn (d-sort).

(2) Function symbols,
[ veverdy 4< seeey > (-ary, 05k £2,240),
( yoeer ) (g-ary, 12q), | |
(( 7oy )] (r;arYr 0sr).

(3) Predicate symbols,

, >, > — > .

We inductively define the p-terms (respectively d-terms)

aé fbllows:
(i)'pl,.f.,ph (d;,...,d ) are p-terms (d-terms).
(ii) If sl’, eeesS

and <S

o are p—térms (d-terms) , then [Sl""'sz}k

l""’SZ>k are p-terms (d-terms).

We define the p-A-terms,p-B-terms and p-C-terms
(respectively d-A-terms,d-B-terms and d—C—terms) as follows:
ﬁii)pl,...,pm(dl,...,dn) are p-A-terms (d—A—terms).

(iv) If o o (pl,...,pz) are p-A-terms (d-A-terms), then

177"
<01,...,02>2v(<pl,...,p£>2) is a p-A-term (d-A-term).

(v) If o 19y (pl,.;.,pl) are p-A-terms (d-A-terms), then

l, * o o
(Ol,...,OQ) ( (pl,...,pz) ) is a p—B—term_(d—Béterm).
(vi) If (( )) is a O-ary function symbol, then (( )) is a

p~-C-term and a d-C-term.



(R

(vit) If Hyreeerly (Tl,...,TQ) are p-B-terms (d-B-terms), then
((“1""’“2» ( ((Tl,...,Tln.) is a p-C-term (d-C-term).
In the following we use S for p-terms, T for d-terms, o for
p-A-terms, p for d-A-terms, u for p-B-terms, 1 for d-B-terms,

o for p-C-terms and B for d-C-terms.

S»—>1T, S —» T, S=7 5T, p—F— 1, O« - T,
y——— B8 and a-=— B are formulas.
Let X be a set, Xl""’XQ be subsets of P(X) and k£ 2. We

define <Xl""’X2>k and [Xl’°"’xl}k as follows:

A"

Ky X > = (U g% |Tc{l, ..., 8,81

1
o S S

k and x;eX. for every ieI},

Xil 1cfl,...,2 ,#I £k and x.eX, for every ieI},

We define the canonical interpretation ~,— of terms as

follows:

(i) If a is a constant symbol, then d = {{a}} and a ={a}.

@) <sl""’sz>k =<S,,...,S » and [Sl"

27k

The canonical interprotation n of d-terms is similarly defined.

..

\_/ ~o ey
"'Sl]k “[51""'Sz]k .

LK) e e e e e e s —_ n < . . S 2 — — —
(]11)<O]_'.."GQ,>,Q, \J{Oi!l:l——gf} I (Oll"'IOQI) (01,---,02') and

((ul,...,péb = {pl,...,ﬁg}. The canonical interpretation — of

d-A-terms,d-B-terms and d-C-terms are similarly defined.

If xc{pl,...,pm}( yc{dl,...,dn}), then we denote by ¥ ( § )

one of the p-A-terms (d-A-terms) which satisfies L =x (? =vy).

. A 1 1 2 2
We denote by a” oo, the p-C-term ((“1""’”k'“1""'“2» where

1 1 2 2 _
ag= «ul,..-,ukn and a,= «ul,.--,uzn . If u—(ol,...,oz), then p°

is the p-A-term <Ol”"’02>£' We denote by Sl*"’*sl one of the

: ey TTEIUTRE = oty + Dt
p—-C-terms which satisfies Sli A S2 Slx X Sz and by [Sl""’szlk

one of the p-C-terms which satisfies

[SlfiQ,SMk=LHsj%i.n(§j | 1€3,<3,« <3 5L, azkl.
1 a
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~~ o 111 1
By By + T° Tlg *Tz and,[Tl"'f’Tg]k are 51mllarly defined.

Let l"l={Sl>—*-*~—> T c oS

1’e 2
We say that S——=———=3 T is deducible from T

17"

1 ' ‘
sy — Ty} , and T,

( Ty Tz_fajﬁ S=———=T ) if S=——,T is provable from ry,T, and

. m .._ | -
—_—— 12} and I‘2——{Sl —3>» T!

—_—
[8yr---18,1,

“?[Tl;?ff,Tl]z by the following inference rules.

S—>» T
()5 0 0 7
(Gllo--lgglrgll°-~lck')—74—> (OII"‘ng‘llpll"'lpkl)
where <0‘,...,ck>k¢§ and there exists a Eéﬁ such that 5681
for every 1% k and Bfag for every j£ 2'.
)(Ol!"’loil'"IGjI"°IUkI)_7L.—-) (pl;-o-rpir-~-lpjl-'-lpkl)
(A
(Ol,...,O:!’,'...,Gi,...,Gk,)+9 (pll-°'lp:!)l"'lpil"'lpkl)
¥ =- ' a p——t al s =‘—w‘ : reY =~" 1 ’
where 0,=0:4 Oj Gj’ pi=p; and pj.pj.
S%}————% Tg,...,sg,>—-—e Tg,
(B,)
1 (o Oy ) —— V% - xp?
IS & 1 k!
where Eiegg for every i£ k' and Sgb—-4—9 Tg(ié.k') are all
different formulas.
(B )L[H ((Tll‘-'-~lTir--~lTQ’|)) 7 U'ﬂL% Ti
2
p—> «Tl,...,Ti_l,Ti+l,...,Tl.»
SS>————?TS,...,S§,>————>Tg.
(Cl) 0 0 :
Sl**skv EE— (plr---lpkl)"
where Biefg for every izt k' and Sg>————9 Tg(ié k') are all
different formulas.
(C ) ((Ul,--plui,---luk,))———> T, Ul—H T
2 ‘ :
((Ul,--oyui_lrui_,_l:---:Uku))"“——‘—? T
( ) ((ull°'v'Iuil"'luk')):::":‘:>8 ’ ul'——“—_} (< ))
D
1 S
((Ull---r“i_llui+ll-"luk|))-~--~»~—~» >B



(D ) ‘a~»v—~»r-~::::?((’rll‘°;"ITi”'-.'FTkI)) 14 (( ))—.—") Ti
2
a._é___.‘.,f__._:?(('l—l,‘---JTi_llTi+1l'--'Tkv))
gy 7P
E
1 ‘al > B!
where a@=a' and B=R'.
o == )
2l Ty [Tl
whera 2,k'£1.
[ Ree— <
(E3) -
[p;1y ——=14,1,

where a=({()) or B=({()).

S::::i:?T

S' T=—— T

(F)

where S¢S' and TS T'. .
3. Completeness theorem

In this section, we show that the completeness theorem for
FLm a after defining standard models.
Let X,Y be sets, u be a subset of P(X)XP(Y) and y be a subset
of Y. We define u*,wl(u),ﬂz(u),wi(u),Wg(uj and A(u,y) as follows:
u*={(x,y)euly#¢},

Wl(u)={x|(x,y)€u for some y},

ﬂz(u)={yl(x,y)€u for some x},

“i(u):{(xl""’xk)l{X1’°f"xk}=“l(u) ,k=#nl(u)},

ﬂg(u)={(yl,;..,yk)[{yl,...(yk}=ﬂ2(u) ,k=#ﬂ2(u)},

Afu,y)=U{x|(x,y')eu for some y'z2y}.
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Let_P={pl,...,pm}, D={dl,...,dn} énd,u be a‘nonempty subset
of P(PY+XP(D). We define the relation uk ¢(u satisfies %) for
every fdrmula 9 as follows:

(1) uf S>»——> T if and only if
S+=¢ orTV(x,y)su[xeS implies yeT],
E!(X,y)e:u[an and‘ysT] and

Vix,y),(x',y")eulx,x'eS and y,y'eT imply

I © IIx=x' and y=y'] or y=¢ or y'=¢]1].

(2) uf S—» T iftand only if |
Vy€T+[.A(ﬁ;y)#¢ implies_A(u,y’eS I.

(3) uk (ol,...,qk)—+%—9 (pl""!pk) if and only if
WE(T 5y s e (G, )

(4)  uf (0y,...,0)—> B if and only if o
Vyl5g--,ykeP(D)+[u*={(61,yi),...,(ak,yk) implies

(Yil .. ka) EE] .

(5) ufo - (pyr---spy) if and only if

Vxl,...,xkeP(P)+[u*={(xl,51),...,(xkfﬁi)} implies
(xys--.,x )eal.
(6) ufk a=———> B if and only if
m (u*)=¢ or [m¥(u*)N a#¢ and 7% (u*) N B#¢].
(7) upS=———>T if and only if ﬂ

U (a*) €8 and Ur, (u*) €T .

Let rl={sl>-———s T «erS. >—m Tk} and P2={sl———4» T, ...,

1= k

Si———ﬁ» Ti}.lu is said to be a (standard) model of T, and Pz if

1
« . ~
and only if u# ® for every QEFlL}FZ and V(x,y)mlgn_ék [xesi and

YEQ; ]. We write Pl,FZF ¢ if every model of ', and T, satisfies ¢.

1 2
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We say that Fl is normal if Viz k[ Si#¢ and ¢gTi] and
. . : ot ) .
‘1,37 k[ i#j implies SI/,Sj=¢]. Also, we say that ry is good if

. e e . . S S
Fl is normal and VYi,j 7 k[ i#j implies Ti{‘Tj:¢]‘

Lemma 1. Suppose that Ty is normal.

(i) “u: a model of Fl and F2 [ 5¥\$ﬂl(u*)]'if and only if

J(Xl""'xk)e[slllx"'X{Sk]lj(yl"'°'yk)ETlX"'XT

zayé5§+

A ~

[5’=\J{xi§l€:iﬁvk} and {ilxi#¢}={i]yi#¢} imply 33
el xi#¢}[ J£6, v g(\{yijigJ},\j{xiiieJ}g§g and
elilx #¢3-90 yZ v 111.

@i) In (i), we can replace o# {Jm, (u*) by Bf\jﬁz(u*) and
6={Hxi§l§i£;k}by &=Lﬁyi;1§i§;k}.
Proof. (=) Suppose that

N

- TN -

a o - :_3 o~ o N

(Xll"'lxk)e[ l]lx X[Sk]l (YII"’IYk) ETlX XTk
- . ‘ . L P i

[0 ='Hx,1124i° k},{i x,#¢}={i y;#¢}and fjé,lfyeTﬁ 7J§Z{1:Xi#¢}
[07¢, v ¢ ({y; 1ied} and'Vie{iixi#¢}—J[yg§yi] imply |

 {Xi 1eJ}€Sj]]. ‘

Without loss of generality, we can assume that
{i‘xi¥¢}={l,2,...,k'}. Pick xiegi for k'< ifk. Let

= b1 ¢ 4 < V) sz ; : Lo
u—{(xi,yi)‘l=;1 :k'}\,{(xi,¢)|k‘< iZ2k}. Since '] is normal,uf T;.
Suppose that 1° jéiz,yefg+ and'A(u,y)#¢. Let J={i§yg;yi}. Since
y#¢ and A(u,y)#¢, Jij{i!xi#¢} and J#¢. It is clear that
yA;{ﬂ{yilieJ}. Hence,by the assumption,A(u,y)=Kj{xi§y;‘yi}=

{xi ieJ}eS%. So u - TI,. Hence u is a model of T'; and T, by the

a-
definition of u. mi (u*)= {xi‘li i< k'}= ’{xiilf'i‘ k}=c0. But
this contradicts our assumption that VYu:a model of Fl and Pz

[6#\;ﬂl(u*)].
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[Se}

(¢::)‘Suppose that Ju:a model of Fl and FZ[B:(le(u*)].
without loss of generality, since u is a model of Fl and Tyr we

! P r~ )
can assume that u*={(xl,yl),...,(xk,,yk,)} and (xi,yi)gsixTi for

A

every 1i

\J{xi;l

. 3 . 3. ma s s -
assumptlon,fajé;zﬁyeTﬁ jJél{llXi#¢}[J#¢,yg (\{y;|ied},

k'. Let x,=y.=¢ for k'< isk. \j{xiilé,ié k}=

S

ié,k'}=ijnl(u*)=6 and {i%xi#¢}={i{yi#¢}. Hence, by our

{}{xi§isJ}ﬁ§§ and 5ie{i§xi#¢}—J{y gﬁyif]. Therefore A(u,y)=
U{xi§ieJ}¢§5. Since J#¢, A(u,y)#¢. Hence u}isa———e»'rﬁ. But

this contradicts that u is a model of Fland F2. Therefore

Yu:a model of T,and r,lo=Umy (u*) 1.

i) The proof of (i) is similar that of (i).

It is easy to show that if ¢e§z then there is a S' such that

Sj=§ }[S ,..st l1,. So let S be one of the p-terms which
1 k'k } Fl'
satisfies Srl=qu[Sl,...,Sk]kvfor every S such that ¢eS. TI,l is
defined Similarly.
3 3 ) - N N
Lemma 2. Suppose that Fl satisfies Vi< k[¢eTi], $eS and ¢eT.
Fl,FZF S =% T if and only if Fl,Fzg-SriﬁﬁfT:;Trl.
Proof. (&=) It follows easily from g} ¢ S and f} eT.
, 1 1
(==>) Suppose that Fl;sz §—==>T. Let u be a model of T, and T,.
. N . .
Since uF:srfffj>T,\jﬂl(u*)€S. On the other hand, since uF Fl’
T~ ~ f’”“_‘\\// . o
R * . —~ * y — .
\Jﬂl(u )e[Sl,...,Sk]k.»Henpe \jﬂl(u )ES‘\[Sl""’Sk]k Srl. It is

similarly showed that {jﬂz(u*)eﬁg . Therefore
"1

rl,rzh S 5T

r r

1 1



Theorem (Completeness theorem) . Suppose that I is good.,
Pl,szASf”“”‘ >T if and only if rl,r2F S —T——=>T.

Proof. We prove only hard direction. Suppose that rl,rzF S—=T.
Since Fl is normal, u={(xi,¢)ll§ i§.k, xiegz} is a model of Fl and
P Hence ¢=\Jnl(u*)g§1and ¢=\jn2(u*)éf. Hence, by virtue of
lemma 2, Fl,rzF:S i—————> Trl

Fl,sz Srizzzzzb Trl. If we can show it, then Fl,sz—Sizzzzi T by

. We try to show that

. ' T~ 3 ———
the inference rule (F). For XE[Sl""’Sk]k.an YE[Tl""’Tk]k'let

F(x)={(gys.--s0 )l(ol,...,o Jelsy,o7.,8, 1, ,x=\J{5; |1¢ith} and hék‘}f
F(y)—{(pl,...,ph)}(pl,...,phfe[T ., T ]k,y=\J{6ill§i§h} and hzk},
~
l""’ 1o Ty ]k'
that Fl,.n I‘"(O'l,..~,0'h)—‘_'—_\7(( )) and Plrrzl—(( ))_ﬁ{plIO--'ph)

Since Pl,r2}~[s Sy ] “fﬁ?fj>[T it is enough to show

for every (ol,...,oh)eF(x) and (pl,...,ph)eF(y) where x¢§;l and

yzfv . Suppose that x¢§v and (g,,...,0,)eF(x). Without loss of
Ty ry 1 h

generality, we assume that 6&e§1 for every i% h. Let xi=yi=¢ for

h< i<k and Xi=6i for 1 £ish. If there is an i< h such that $1=¢,

then by the rule (Bl)

Sl>——% Tl,...,Shf—ﬁ Th

() .

(Ol,...,oh)

Hence we assume that %:#¢ for every i< h. Pick yie%; for 1£is h.

Then \J{x;]1€1i£k}=\{x;]1€i2h}=R=x and {i|x;#¢}={i]y #o).

. SN V - * a” ’
Since Tl,FZF SPI ,_,>Trl, u:a model of Fl and F2 [\}wl(u )esrl].

Therefore Vu:a model of Fl and Pz[\Jﬂl(u*)#gg]. Hence, by lemma 1,
4jé,iﬂye$g+“J$;{i!xi#¢}[ J#d, ygj\{yi]ieJ},\j{xi{ieJ}igg
5ia{i]xi%¢}—J[yg§yi]]. Withoqt loss of generality, we assume

= UIx, ;l< itm'}=

J={1,2,...,m'}. Then <x,,...,X
1 m'm’
R,_}{xigieJ}x‘é\g. Also, ye'IfT_El"-,yc: y; for 1£i<m' and ygy, for

m'< i h. Hence, by the rules (Al) and (AZ)’

- 10 -
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S!— 5 T
J J
”\

, ~ ~ o~ A~ ~
m'+ll---lxhlxll---lxm|)__7L‘_9 (Ym-+lr---:Yh:Yl,-o-yym.)

(X

(Qll"'lgh)-—ﬁ;i (g’\l'...'?h)

~ ~
(Oll-~-10h) —— (er~f-llyh) .

Hence I‘l,l’z}— (O’l',...,O'h)——/—% (§l,...,§h) for every

N+ PRIPEEA N+ £
(yl,...,yh)eTlx XTh. Therefore, by tﬁe rules (Bl),(Bz) and (Az),
Fl,Pztf(ci,...,Oh)—————% (()) . It is similarly proved that

Ty b ()

r (er~..,ph).

1

I3 ’ * -
Remark. If Iy is not good, then let-Fl-{Sl>————+ [<T1’b1>2]l’
ce Sy o/ [<Tk'bk>2]l} where b,,...,b, are new constant

symbols of d-sort. If T. is normal, then for every T, there is a

1

d-term T* in L such that Pl,TZF:S:::?:é>T if and only if

m,n+k
* = re———— I 1 i * 3 i
rl’FZT-S > T*, If Fl is normal, then Fl is good. Hence, if Fl
is normal, then F1,F2F.Sf::::f>T if and only if
* - e U
‘Fl’rz;xT,Mk S > T*,
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