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Existence of the 2D stationary N avier-Stokes flow on the whole 

plane around a radial flow 

Hiroyuki Tsurumi 

Department of Mathematics, Graduate School of Science, Kyoto University 

1 Introduction 

This proceeding is based on a joint work [10] with Maekawa Yasunori (Kyoto University). 

We consider the two-dimensional stationary Navier-Stokes equations 

｛土＋ U• ▽u 十▽p= F, 
▽.u=O 

XE配，

XE艮乞
(1) 

Here u = (u1(x)，匹(x))and p = p(x) denote the unknown velocity vector and the un-

known pressure of the fluid at the point x = (x1, x2) E厨 respectively,while F = 

（バ(x)，凡(x))is the given external force. Here u •▽u:＝区j=l,2 附°巧 u.

For three or higher dimension case, the system (1) have been studied well. For instance, 

Leray [9] and Ladyzhenskaya [8] showed the existence of strong solutions to (1), and 

Heywood [4] constructed solutions of (1) as a limit of solutions of the non-stationary 

Navier-Stokes equations. Later on, various researchers have found scaling invariant spaces 

of F guaranteeing the existence of solutions in配， suchas Chen [1] in the Lebesgue space, 

Kozono-Yamazaki [6] in the Morrey space, and Kaneko-Kozono-Shimizu [7] in the Besov 

space. These theories, however, cannot be applied for the two dimension case, since it is 

hard to estimate the advection term u • Vu in scaling invariant function spaces. Hence, 

until now, the two dimension case has been considered independently of higher dimension 

ones. 

For example, Yamazaki [12, 13] showed the existence of small solutions to (1) in the 

weak L2 space when given external forces decay sufficiently and have some symmetric 

properties, such as fi(x2, x1) = h(x1,巧） forexample. Galdi-Yamazaki [?] later showed 

the stability of the above solutions more precisely. For its uniqueness, N akatsuka [11] 

constructed more general theory. Recently, Guillod [2] showed the existence of a pair 

(u, F) solving (1), where F is dependent on u and is constructed around an arbitrarily 

given small function k having zero integral and decaying faster than lxl-3. Moreover, 
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Guillod-Wittwer [3] found solutions to (1) which is scaling invariant with respect to a 

rotation conversion. 

In this study, we will show the existence of solutions for external forces which are not 

necessarily symmetric. Let us suppose that a external force F is divergence-free and can 

be expressed as F =▽渇：＝ （ax2¢, -aXl ¢) with some flow¢. Actually, by the Helmholtz 

decomposition, we can write F as a sum of the rotation-free term and divergence-free 

one. Then the curl-free term is absorbed in the pressure term▽p, and the divergence-free 

one is written as▽噸 ifF decays sufficiently. Under such a situation, we will show that 

for every small compact supported radial flow ¢* having non-zero integral and its smaller 

perturbation cp (which is not necessarily symmetric) decaying faster than lxl-2, there exist 

solutions (u,p) of (1) for F =炉仇＋cp).I . In our result, we also impose the smoothness 

of ¢* and cp, so that we may obtain u as a classical solution inび（蔚；股）．

The standard approach to (1) is to analyze the vorticity-streamfunction system as below, 

which is equivalent with (1) in a suitable functional framework. 

｛辛＝一W, X E記
△W=▽ x （▽上心 •V(V上心）） ＋△cp, XE配．

(2) 

Here心＝ゆ(x)is the stream function, which generates the divergence-free flow as 

u=▽J_心， whilew:＝▽ X U := Ox1匹一仇附 isthe vorticity field. In addition, we 

convert orthogonal coordinates (x1,砂） topolar ones (r, 0), and consider the Fourier se-

ries心(r,0)＝区nEZ叫(r)einOand w(r, 0)＝区nEZ叫 (r)einOwith respect to the angular 
valuable 0. Then (2) is expressed as the system of ordinary differential equations of 

｛心n}nEZand { wn}nEZ with the radius valuable r. For this method, we especially refer to 

Hillairet-Wittwer [5], which studied the exterior problem outside of the unit disk centered 

on the origin. 

This report is organized as follows. In the next section, we will define the Fourier modes 

of vector fields on polar coordinates and some important function spaces of them, and we 

will state our main theorem in the third section. After that, the policy of the proof and 

some required propositions are stated in the last section. 

2 Preliminaries 

We will analyze the equations in the polar coordinates. Actually, some key structures 

are found by decomposing the system (2) into the Fourier mode with respect to the 

angular valuable. For later use, let us introduce the Fourier series, as 

f(rcos0,rsin0) = Lf壽）in°, (r, 0) E [0, oo) x [0, 21r), 
nEZ 
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where fn denotes then-mode off defined by 

fn(r)＝上j21rf (r cos 0, r sin 0)e―in0dB, 
21r。 Oさr< oo. 

In what follows, we write J = Un)nEZ and f = (f砂nEZ¥{o}for the Fourier mode of f. 
We now introduce the following function spaces for the Fourier mode. For simplicity, we 

write continuous and smooth function spaces as 

cm:=C門[O,oo); C), cm:= (Cm戸， cm:=(C門Z¥{O}

for m E N U { 0}. Let a > 0 and K, > 1. For a function f E C1, define the weight function 

M如，氏[flas 

M~;a,,.[f](r) := (1 + r)"'+1(1 + lnl)"-l匹f(r)I, n E Z, l E NU {O}, l < K,. 

We note here that a counts the decay in r and K, the decay in n. In addition, the order 

l of derivative makes the decay in r faster and the decay in n slower. In this report, we 

applied this weight M如x，"forthe Fourier mode fn with the same n E Z, so that in what 
follows, we use the abbreviation as 

Mい[f』(r):= M~;a，ん［f』（r).

In association with this weight function, we define some norms and spaces as follows. As 

for spaces of the vorticity and external force, we define the norm 

m 

llfllu閉氏：＝とsupsupMい[f』(r), j E cm, m EN U {0}, m < t,, 
l=O 
nEZ r;c:O 

and set 

u：：：1,,:={]ECm; llf三 <oo,f-n＝五¥InEZ,丘（0)= 0 ¥In'E Z叩｝｝．

Here ] denotes the complex conjugate of f. 

On the other hand, as a space of stream functions, we set 

V悶":={i = UoJ) E vr; X芦 IIf||u閉氏 :=||follv炉+||f玉く00}'
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We note that as for J E))悶氏， wedo not consider the zero mode Jo itself, but consider its 
differential. In addition, each differential洸Jodecays as 18げo(r)I乏(1+ r)-1, while that 
of non-zero mode fJ;fn decays as lfJ;fn(r)I乏(l+ r)-a-l. 
We easily see that the above U,品 isa Banach space with its norm. Moreover, there 
hold the embeddings U,品 CU店,,,,and))品 CV悶い forevery O < a'::; a, 1 < ;,,'::; ;,,, and 
1さm'::;m with the estimates 

||f||: ：：：：：： ||fllu年， Ill||巧'.ん'：：：：：： ||fllv品・

3 Main results 

Our main result now reads: 

Theorem 3.1. There exists a constant 8 > 0 such that the following statement holds. 

Letか EC名（記；股） bea radial function expressed as広(r)E C;([O, oo）遣） inpolar 
coordinates (r, 0), and let R* 2:: 1 be such that supp (¢』 C[O, R*]. Moreover, define 

1 

R. 
1 

μ* = J氾 (s)ds, p＊ ＝ ⑪ ［｛1 ＋（可｝!+ 1]う-2,
゜

2 

1/* := sup［弘（s）ds+ sup(1 + r)檎 (r)|＋ sup (1 + r)2|8ふ (r)I, 
o:o;だ;R.I Jo I o:o;r:o;R. o:o;r:o;R. 

and suppose that 

μ*ヂ 0, Rぐ広く 8. (3) 

Then for every O <a< min{l/2,几｝， thereexists a constant E = c(Rぐ，a)> 0 such that 

for every cp E C囁直） whoseFourier mode satisfies ll0llu• +2 ,~+2 < E for some "'> 1, 
there exists a solution u E C町罠叫股り of(1) for an external force F =▽J_(の＊＋cp)having 

the decay property 

1 r 
悶。：悶1r(1 + r)l+a lu(r, 0) -(t 1r s（広十'Po)(s) ds) e0 I < oo, (4) 

where ((Jo denotes the Fourier zero-mode of ((J, and e0 := (-sin 0, cos 0) denotes the basis 

for the direction of increasing angle in polar coordinates. 

Here we remark that μ. is also written as (21r）ー1J配釘(x)dx. On the other hand, 

P＊ ＝況［（4+2加）1/2]-2（況［z]denotes the real part of z) appears in the partial linearization 

of the system regarding to the Fourier士2modes. The asymptotic estimate (4) implies 

that the solution u behaves like the radial and rotational flow cxJ. /lxl2 with some c E尺

that decays in the scale-critical order 0(1叫―1).
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The key observation in the proof of Theorem 3.1 is that the system (2) has two aspects; 

the one is related to the analysis in the Fourier士2modes with respect to the angular 

variable 0, where one needs to use the effect of the vorticity transport by the flowμ江J_/lxl2 

to avoid the appearance of the logarithmic loss from the scale-critical decay pointed out 

by Guillod [2]. The other is related to the Fourier土1modes, where we find the key 

cancellation property in the nonlinear term▽ X (u •• u) that seems to be avairable only 

by regarding the linearized term around μご／lxl2as the perturbation. Hence, we build 

up the iteration scheme by taking this observation into account, that is, the transport 

term by the flow μご/lxl2is incorporated as the principal term for the Fourier土2modes, 

while this term is handled as the perturbation for the other Fourier modes and we use the 

smallness of μ* and the cancellation property in the Fourier士1modes. The smallness 

condition of (3) is then needed to close the linear estimate. Another advantage of our 

result is that there is no restriction on cp regarding to its structure such as symmetry, 

while the previous studies [11, 12, 13] require such structural assumptions. 

4 Proof 

4.1 Outline 

We now fix ¢. E C;([O, oo）；艮） satisfyingsupp（か） c[O,R」andμ＊-/-0. Since p. < 
μ. < v., and since the smallness condition in (3) should be satisfied, we assume that 

0<几く 1in what follows. 

In terms of the polar coordinates, the vorticity-streamfunction system (2) is expressed 

as 

｛ふ砂＝ーW,
△r,ew = G十△r,0¢,

(r, 0) E [0, oo) x [0, 21r), 

(r, 0) E [0, oo) x [0, 21r). 
(5) 

Here△r,0:＝洸＋（1/r凪＋（1／戸）偽 denotesthe Laplacian in the polar coordinates, and 

where 

1 1 
G :＝ --8 （噂D+8,。E)＋ー（1+偽）D,r2 r r3 

D:=8刈蒻心， E:= 
(8匹）2
-r(a国）2．
r 

On the other hand, since 

▽ x （▽J_心 •"y'("v'J_7/J)) ＝▽J_心• Vw 

by▽ • ▽J_心＝ 0,we also see that 

1 
G = -（8。ゅ8rw-a心偽w).
r 

(6) 

(7) 
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Since ¢* depends only on r, we see that 

（心，w)=（応(r)，叫(r)): = (-1r ~［瓜(t)dtds, ¢*(r)) 
゜are exact classical solutions of (5) for ¢ =か． Therefore,for given small cp E C刊民叫罠），

we aim to construct solutions of (5) for ¢ =似十cpsuch as 

,

v

、

的(r,0) =叩（r)+,y(r,0)＝叫(r)+I:式）etn°,
nEZ 

w(r, 0) =凸（r)+w(r,0)＝叫(r)+I:叫 r)e丑
nEZ 

(8) 

where（'Y, w) denote the perturbations and（う，心） ＝ （（"fn)nEZ, (w砂nEZ)are those Fourier 
modes. Now let us suppose that（い） in(8) are smooth enough and really solutions of 

(5) for the moment. Since△r,0応＝一凸 and△r,0叫＝ふ叫 theperturbations（う，心）

should satisfy the following system. 

｛ △r,n1n = -Wn, n E Z, r > O, 
△r,n叫＝釘十△r,ni.pn, n E Z, r 2: 0. 

(9) 

Here cp =（r.pn)nEZ denotes the Fourier mode of rp，△r,n :=洸＋ （l/r)8r -（炉／戸）I,and 

g； ＝砧（叫冷） ：＝一］叫噂叩叫う） ＋ i王（広，う））＋崎— n訊（叫う） （10) 

is the Fourier mode of G associated with (6), where 

叩叫う）：＝iLk耐い＋in辺ぷ，
k+l=n 

nE Z, 

&（叫う） ：＝ →区 klm-r区如ふl- 2r如泣ふ， nE Z¥{O}. 
k+l=n k+l=n 

On the other hand, in the notation of (7), g~ is also expressed as 

g； ＝払（広， W＊,汀):=~ L (k砂国l-lwい） ＋ 2鴫 W＊和＿疇応叫・
r r r 
k+l=n 

(11) 
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Here we define integrations I; and J; as 
rz T 

馴（r)：＝円l:1-Zf(s)ds,Z EC¥｛0}，0さrさT(0 <: rく ooif T = OO）， 

叩］（r)：＝ 2z戸［ sl+zJ(s)ds, z E <C¥{O}, tさr< oo. 
We will mainly analyze the expressions (12) and (13) with g~ of the expression (10), 
while we will apply (11) to confirm the non-singularity at r = 0. It should be emphasized 

here that the expression (10) reveals the key cancellation for lnl = 1 in achieving the 

desired spatial decay, which is difficult to see if one uses only (11). However, there exists 

a problem in analysis of (13) when lnl = 2. Indeed, it is difficult to derive the decay 

property limr→oo(l + r)21叫 2(r)I= 0 from the expression (13). Therefore, in order to 
solve such a problem for n =土2,we utilize the effect of似 asfollows. Since 

己 (r)＝砂(r)三 o, aふ (r)＝一t1r幽 (s)ds=一生
゜for every r 2:: R*, we can rewrite the system (9) locally as 

｛ △r,n%＝ -Wm  
△心叫＝ g~ ＋△r,n五，

n E Z, r > R., 

n E Z, r > R., 

where (n := (n2 + inJL*);，△r,(n := 8; + (1/r)とIr-((~/r2)Id, and 

究：＝伝(0，う） ＝糾(0,0，う，心）． (14) 

Then using the fundamental solutions J(r) = r土(nfor△心f= 0, we have the other 

expression of Wn such that 

Wn(r) = -~ご［笠＋ △r,n五l(r)-J忍［笠＋△r，叶％］（r),r > R*, n E Z¥{O}. (15) 

Actually, we can find the better decay property for w土2of (15) than those of (13). Hence 

in the case of lnl = 2, we set Wn as 

叫 (r)= {―岱賞］（r）-J仇［釘］（r)＋臼）＋clr|n|, 0三r三R*9

-Iご囮＋ △r,n五](r) —恐豆＋ △r,n五](r)+ C汀―(n, R＊さ r< oo, 
(16) 

where c1, c2 E股 areconstants. In this case, we should fix c1 and c2 so that Wn defined by 

(16) becomes continuous and differentiable at r = R*, the detail of which will be stated 
later. 

4.2 Key estimates 

First of all, let us define the linear map£ associated with (12), which has the following 

property. 
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Proposition 4.1. Let O < a < 1/2 and 1,, > 1. For every心EU~+2,K+2, define the map 

£:心→う as
靡[w』(r)+ J贔［叫(r), n E Z¥{O}, 

叫r)：＝ ｛ ＿ Jr! !s two(t)dtds, n = 0. 。s。
Thenうbelongs to V,;，氏十4,and there hold 

1 
llrollvg 乏;||心 ||U~+2 ， 1<+2' ||う||況，に十4乏1|心||uょ＋2，1<+2・

Secondly, we define the map S associated with (13) and (16) as follows. For fixed 

0 < a < 1/2 and "'> 1, we take（心，8-)E U~+2.i<+2 Xびa+2，ん十2 a+2，氏十2arbitrarily, and let 

う＝£(心）． Thenwe define f; = S（心，8-)as 

-I篇［釘］（r)-J贔[g;]（r)＋叩(r),
Yn,1(r)：＝丸，1(r)+ Qn,1［叫（r)

伽(r):= Yn,2 (r)：＝応(r)+ Qn,2［叫（r)

-J00 [ JSt窃(t)dtds十叩(r),
r s 

゜where each g~ is that of (10) or (11), 

r ~ 0, n E Z¥{O，士2},

Oさr::::;凡， n=士2,
r > R., n =士2,

r ~ 0, n = 0, 

Pn,1(r) := -I1!j[9~](r) -J以[g;］（r)

＋ 
(r / R*)lnl 

lnl＋(n 
｛（ふ― |n|）晶図](R*)-2ふIご閲](R*)},0 :Sr :SR*, 

Pn,2(r) := -I,ご［究](r)-Jt•[9~](r) 

＋ 
(R*/r）ふ

lnl +(n 
{ -((n - lnl)J,ご [9~](Rリー 21nlJ似 [9~](R*)}, r > R* 

with g~ of (14), and 

Qn,l［叫（r)：＝叩(r)

(17) 

＋ 
(r/R』|nl

叫＋ふ
{-2知Iご［△r,na』(Rリーふ四(R*)-R心r四(Rリ｝， 0:Sr :SR*, 

Qn,2［四］（r）：＝ -Iご［△r,na』(r)-Jtれ・［△r,n四］（r)

(R*/r)← 
lnl＋ふ
+ ｛-（ふ― |nl)Iご［△r,na』(R*)+ In|叩(R*)-R心刃-n(R』}， r> R*. 

In the case lnl = 2, we see from the above expressions that if Yn,l and Yn,2 are well-defined 

and differentiable in each domain, there hold 

砂 :,.,1(R』= lim 功丸，2(r), l=O,l 
r→R.+o 

(18) 
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and 

麟 n,1［叫（R』＝ lim 叶Qn,2［叫（r), l=0,1, 
r→凡＋0

(19) 

so that each of y土2belongs to the C1 class on [O, oo). 

For this solution map S with respect to the vorticity equation, we can obtain the 

following key estimate. 

... 
Proposition 4.2. Let O < a < min{l/2, p*} and"'> l. Then the map S :（心，8-)←fj 
defined by (17) is bounded from U~+2,"'+2 x U~+2，ぉ＋2 to u』+2，氏十2.Moreover, there holds 

11s（砿6）||ul 乏Rぐ
1 1 

a+2,に+2 (o(p* -a) ||心||心↓＋2,≪+2+叫畑llu;+2，≪+2+ ~ー;ll8-llu;+2,≪+2). 
By Proposition 4.2, there is a constant Ci。>0such that 

11s（心，6）||ula+2,"+2 

こC。陀＊（ 1 ||心||il 1 叫— a)a+2,K+2 +ぃ||心 ||U;+2,"+2 十 ~II8-l lu;+2,"+2) 
=: K1||心||i』+2,氏+2+K2v*||心||u↓+2,"+2+ K3ll8-llu;+2,氏+2

for every O < a < min{l/2, pふ心 EUg+2，ん十2,and 8-EU,↓+2,r;,十2.We should note that K1 
and K3 are constants dependent on R., p., and a, while K2 is a constant dependent only 

on R. and p.. Then in advance, we set ¢. so that 

RP* 
1 

＊広くー＝： 6 
C。'

in order to see K丸く 1.Moreover, let E > 0 be such as 

(1 -K2v.)2 
E := 
4Kぷ3

so that 

(1-K氾）2-4Kふ 118-llu↓+2,K+2> 0 

for every 8-E U~+2，ん十2 such that 118-llu↓+2,"+2 < E. We then take <p E C刊配；股） suchthat 

llrpllu1,o,o < E, a+2，"-+2 
(20) 

We note here that by continuity of cp at r = 0, it holds automatically that五 (0)= 0 for 

n E Z¥ { 0}. Therefore, (p automatically satisfies the condition of U;+2，氏十2at r = 0. After 
that, we define the approximative sequence（孤j))jENto the solution of the equation 

心＝ S（心，(p) (21) 
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as ｛糾）：＝む(¢)，
砂：＝ S（砂—1),rp), j・2:2, 

where叩）＝ （叫(rp))nEZis such that 

虹（¢)＝｛こ'1［叫，：：z土〉門［＇r：：：：： R*9 
Qn,2己］， n=士2,r > R*. 

Let M > 0 be as 

M •=1 -K氾— ✓(l -K:：12 -4kふ 1|¢||u↓+2k+2.
Then we see that 

||心(l)llu,;+2,,,.+2 さK3||晶||U,;+2，れ十2さM, 

and if||心(j)lluょ＋2,,c+2さM for some j EN  U {O}, then 

||炉+1)||ula+2,1<+2 -< k国＋k迅 M+K3||6||ul = M. a+2,,,.+2 

Therefore, by induction, we see that the sequence(||心(j)llu↓+2,1<+2い isuniformly bounded 
by M. Moreover, we have 

||心（J+1)＿而j)llu↓+2,,,.+2:S 115（砂，cp)-S（妍j-i),0)llu↓+2,1<+2 

さ(2粕M+K氾）1|釣） ＿孤j-l)llu_ia+2,,,.+2 

:S (2粕M + K2v*)j-111s（知），cp)ー的(0)llu↓+2,,,.+2 

:S (2K1M +K叫 M.

Since 2K1M + K2v* < 1, we see 

DO 

LIi炉＋1)_ 詞 ||U~+2."+2 < 00, a+2，に十2
j=l 

which and the completeness of U;+2,'"+2 yield that砂） convergesto some面DOE U;+2,t<+2 

under the condition (20). Since 

11S(W00, (p) -S(w(j), (p) llu↓+2，ん＋2：：：：： (2K1M -K2z公）1|tODO-t(J)||u↓+2，ん十2---+ 0 

as j→oo, we see that臼 isa solution of (21). 
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In what follows, we fix a pair（砒¢） € U↓+2,K+2 X U,』+2,,,,+2of solutions obtained as 
above. Then this pair satisfies 

叫 (r):= 

-I篇 [9~](r) -Jル[g;］（r)＋'Pn(r), r 2 0, n E Z¥{O，士2},

叫，1(r):= Pn,1(r) + Qn,l［叫（r)

叫，2(r):= Pn,2(r) + Qn,2［叫（r)

-［OO } ［嬬(t)dtds+ cpn(r), 

0 :S r :S R*, n =土2,

r > R*, n =士2,

r 2: 0, n = 0, 

together withう：＝£（心） E炉 Since心EU1 2 ~,r;;H• Since w E U~+2,r;;+2, cp E C-;,, and since 9~ ＝凡 is

finite at r = 0, we see that each of△r,n1伽(|叫ヂ 2)，△r,n叫，1and△r,＜訊Dn,2(lnl = 2) is 

well-defined and continuous in each domain, and is expressed as 

△r,n叫(r)＝釘(r)＋△r,n五(r), 0 :Sr< oo, n E Z¥｛士2}, (22) 

△r,n叫，1(r)= Q~(r) +△r,n五 (r), 0 :Sr :SR*, lnl = 2, (23) 

△心叫，2(r)＝究(r)＋△r,n1Pn(r)，凡 <r< oo, lnl = 2. (24) 

From (23), (24), and the connecting properties (18) and (19), we see 

洸Wn,1(R*) = li,!Il 叶Wn,2(r),l = 0, 1, 2, 
r→R.-0 

and hence each of△r,nW土2is also well-defined and continuous in [O, oo), and satisfies (22). 

Therefore, we see that（名心） ＝ （£（心），心） arestrong solutions of the system (9). 

Using the above solutions（名心） of(9), we set 

叫，0)：＝と叫r)eine, w(r, 0)：＝区Wn(r)ein0
nEZ nEZ 

for every (r, 0) E [O, oo) x [O, 21r). By the definition of Y；；ぶ十4and U,↓+2，ん十2,and the 
discussion in Step 2, we see'Y Eび（配；艮） andw Eび（配；罠）． Moreover,by summing 

up Fourier modes of the system (9), we also see that（心，w)defined by 

心(r,0)：＝応(r)+ 1(r, 0), w(r, 0)：＝凸(r)+ w(r, 0). 

are strong solutions of the vorticity-streamfunction system (5), i.e., (2) for ¢ =む十cp.We 

note here that by the elliptic regularity of the Poisson equation, we see that心EC囁直）．

Now let u:＝▽噸． Thenwe see u Eび（配，罠）． Onthe other hand, 8訂0is actually 

expressed as 

如 o(r)= -~[［―割(s)+ 2s 1(X)~dt + scp0(s)] ds 

= -rl(X) D。s:s)ds-］ ［呼0(s)ds
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We can easily check that the modulus of this first term is bounded by (1 + r)一(a+1).
Hence together with うE V；；，氏十4,we obtain the decay property (4) of u by using the 
formula▽l_伍＋cpo)= -ar（か＋cp0)e0.Furthermore, this u and w satisfy 

｛凶＝u.立＋辱＋cp),
▽.u=O 

and the decay properties 

9

9

 

2

2

 

股

股

€€ 
x

x

 

lu(r, 0)1 ;S (1 + r)―1, IVu(r,0)1乏(1+ r)-2, IVw(r, 0)1こ(1+ r)―3. 

Hence using a similar method to Hillairet-Wittwer [5, Section 3], we see that u becomes a 

classical solution of the Navier-Stokes system (1) for F =▽J_（か＋<p)together with some 

pressure p. 
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