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Solutions to the KP hierarchy with an elliptic
background
By

Saburo KAKET*

Abstract

A class of “elliptic soliton” solutions of the Kadomtsev-Petviashvili hierarchy, which in-
cludes a determinantal solution of Li and Zhang, is described in terms of pseudo-differential
operator formulation. In our approach, the Li-Zhang solution is obtained by repeatedly apply-
ing the Darboux transformation to a stationary solution. Real-valued solutions are discussed
and various examples that display web-like patterns are presented.

§1. Introduction

The relationship between soliton equations and elliptic functions is a fascinating
and deep connection. An example of the connection is elliptic function solutions of the
Kadomtsev-Petviashvili (KP) equation,

(1.1) (Auy — 120ty — Ugrr), — Syy =0,

where the subscripts denote the derivatives that are being taken. The simplest elliptic
solution is given by the Weierstrass p-function [32, 38, 41],

(1.2) p(z)zz%Jr Z {( 1 - 1 2},

(2 (0,0) L&+ 2mwr + 2nws) (2mw1 + 2nwo2)
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where wy, wy is a fundamental pair of half-periods: p(z + 2w;) = p(z) (i = 1,2). It is
well-known that (1.2) satisfies the following differential equations:

(1) {9 — 160~ gaote) — .
(14 T oy — 2,

where the constants g, g3 are given by

1 1
(L.5) g2 =160 . g3 =140 .
(m,n)z;;((),()) (2mwy + 2nw2)4 (m,n)z;;((),()) (2mwy + 2nw2)6

It is clear from (1.4) that

(1.6) u(z,y,t) = —p (r)

is a stationary solution to the KP equation (1.1). A non-stationary solution can be
attained through the application of a Galilean-type transformation:

(1.7) u(z,y,t) = —p (2 + 2ay + 3a2t)

where a is an arbitrary constant.
Recently, Li and Zhang [17, 18] obtained Wronskian representation for a class of
“elliptic soliton” solutions to the Korteweg-de Vries (KdV) equation,

(1.8) duy = 120ty + Urre,

and for the KP equation (1.1). The elements of Wronskians are a composition of Lamé-
type plane wave factors,

(1.9) (2 k) = M;c%)a

o(x)

where k is a constant. Here we have used the Weierstrass functions ¢ and o that are
related to p as follows:

(1.10) olr) = -2 (@)= ——-

Note that (1.9) is slightly different from the plane wave factor used in [17, 18] (up to
multiplication of o(k)).

We remark that the term “elliptic solitons” is used in various ways. In [17, 18], as
mentioned above, the solutions are constructed by the Weierstrass functions g, ( and o
and Li and Zhang call their solutions as “elliptic solitons” after [27, 42]. On the other
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hand, in [15, 37, 40], the term “elliptic solitons” refers to algebro-geometric solutions
of soliton equations that exhibit doubly-periodic behavior in one variable, while ®(x; k)
(1.9) is quasi-periodic in z:

(1.11) D(x + 2wy k) = @Rl g (1 k) (5 =1,2).

In this paper, we investigate “elliptic solitons” in former sense. In [17, 18], Li and
Zhang studied a function f of the form,

(112) f:W(§017~~~7§0n)7
;= al @(w;k;)e M) +as (s —ky)e M) (j=1,...,n),

1) =ity - S () = ),

where W (1, ..., ¢,) denotes the Wronskian determinant, and proved that (1.12) sat-
isfies a Hirota-type bilinear differential equation,

(1.13) (D; — 4D, Dy — 12p(x)D; 4+ 3D2) f - f = 0.
Here D., D,, D, are Hirota’s bilinear operators:

DDy D} f-g
(1.14)

o aN'y/o aN"[/o I\
= <%—%> <8_y_8—y’> <&—@> flx,y. g’y )

Although the bilinear equation (1.13) contains the p-function in the coefficient, it can
be shown that

z' =y =yt =t

(1.15) u=—p(x)+ (log f),,

satisfies the KP equation (1.1) without @-function coefficient. In other words, u of
(1.15) represents a solution of the KP equation with the p-function background. In the
case of the KdV equation, solutions of this class has been discussed in [16] based on
the approach of Shabat [36]. We remark that solutions of nonlinear Schrédinger type
equations with elliptic backgrounds have been studied as a model for density-modulated
quantum condensates in [39], and as a model for rogue waves in [3, 7].

The principal aim of this paper is to investigate hierarchy structure that includes the
solution (1.15). Li and Zhang [17, 18] introduced higher order time variables ¢, 3, ..
and studied hierarchy structure associated with the Wronskian solutions (1.12). They
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obtained an infinite sequence of Hirota-type bilinear equations such as

D} — 4D, Dy, + 3D}, —g2) f- f =0,

D3Dy, + 2Dy, Dy, —3D.Dy,) f- f =0,

DS —20D3D,, — 80D} + 144D, D,, — 45D2D? + 392 D% — 24g5) f - f =0
DS +4D3D,, — 32D} — 9D2D? + 36Dy, By, + 3g2D2 — 24g3) f - f =

As mentioned in [18], (1.16) is transformed to (1.13) by setting f = o(z)f. Li and Zhang
proposed a generating function of bilinear equations (bilinear identity) that includes
(1.16)—(1.19) using vertex operators [18].

If we set go = g3 = 0, the bilinear equations (1.16)—(1.19) coincide with those of
the KP hierarchy listed in [13]. On the other hand, if we set

(1.20) f=exp [g4 {(1+2a)t3 + (1 + 3a)xt3}} T
for a is an arbitrary constant, then 7 satisfies
(1.21) (D3 —4D,Dy, + 3D} )77 =0,

which is the bilinear form of the original KP equation (1.1). This suggests that the
bilinear equations with elliptic solitons may be transformed to the equations without
elliptic parameters go, g3 via suitable transformation like (1.20). We will show that
bilinear equations associated with the Li-Zhang solution (1.12) are actually equivalent to
those of the original KP hierarchy without elliptic parameters go, g3. We will construct
the transformation from the Li-Zhang solution (1.12) to a 7-function of the KP hierarchy
via pseudo-differential operator formulation.

It should be remarked that solutions with the @-function background has been
discussed in [25, 26] as certain degeneration of hyperelliptic solutions, using the corre-
spondence between algebro-geometric solutions and the Sato Grassmannian. We also
remark that a similar results can be found in [11]. The approach for handling ellip-
tic solitons in this paper doesn’t rely on the algebro-geometric framework. Instead,
we employ a formulation based on pseudo-differential operators and utilize elementary
properties of the Weierstrass functions @, ( and o.

§ 2. Pseudo-differential operators and KP hierarchy

The KP hierarchy is an infinite (countable) family of partial differential equations
that includes the KP equation (1.1). Here we give a brief review of the KP hierarchy
using pseudo-differential operator formulation [5, 31, 33, 34, 35].
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§ 2.1. Pseudo-differential operators

Let A be an associative ring and 9, : A — A its derivation. Let us consider the
ring of formal pseudo-differential operators:

(2.1) £= { Y a,0) an € A}.
—oo<n&+oo
Multiplication can be defined according to the generalized Leibniz rule:
> (n
2.2 O mOn' | = ; O (b, )Ontm=r,
09 (Saar) (Shar) - Xa s (1o

Here the generalized binomial coefficient is defined by

29 (1) = e ()

For P = > _ a, 07 € & (a,, # 0), denote by ordy, (P) = m the leading
order of P. Let £(m) be a subspace of €& with the following property:

co<n<m

(2.4) Em)={Pe&|ordy, (P) <m},

and let D be a subring of differential operators:

(2.5) D= > a0, anc A
0<n&+o0

Then € has a natural decomposition £ = D @ £(—1). Denote by (-)>o the projection
to D, and by ()< the projection to £(—1), i.e., for m > 0,

(2.6) Y awdl| = Y a,00 €D,

—oo<n<m 0<n<m

(2.7) dwdl | = D a,0r €E(-1).

—oo<n<m <0 —oo<n<0

We prepare several formulas that we shall use later.

Lemma 2.1 (Helminck and van de Leur [9, 10] (cf. Oevel [28], (2.10))).  Leta,b €
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A, P= Z;”:_OO p;07 € &, and Resp, (P) = p_1. Then the following relations hold:

(2.8) (aPb)>o = a(P)>0b, (aPb)<o = a(P)<ob,
(2.9) Resg, (aPb) = abRess, (P),

(2.10) (0:P) .o = 0:(P) <0 — Resp, (P),

(2.11) (P02) <o = (P)<08. — Resy, (P),

(2.12) (PO;Y) _y = (P)<00; " + Resy, (PO 1),
(2.13) Resy, (Pad; ') = (P)>o(a),

where the right-hand-side of (2.13) means that the differential operator (P)>o acts on
ac A

§ 2.2. KP hierarchy

We introduce an infinite set of “time” variables ¢ = (¢2,t3,...). Usually x is iden-
tified as £1, but we do not follow this convention to distinguish between 2 and the time
variables t = (fo,%3,...), except for Lemma 4.3. We consider generalized Lax operator
L of the form

o0
(2.14) L=0,+Y ujnd7, w1 =uji(a,t),

j=1
We say that a Lax operator L is a solution to the KP hierarchy if and only if it satisfies
the generalized Lax equations:

OL
(2.15) Fr [B,, L], B, = (L")ZO (n=2,3,...).

The explicit forms of By, Bs are given by

)
(2.16) By = 0% 4 2us, Bg=3§—|—3uQ—l—3U3—l—3%.
X

The Lax equations (2.15) are equivalent to the following infinite set of equations (Zakharov-
Shabat equations):
dB,, 0B,
Otn Ot
Applying (2.16) to (2.17) with m = 2, n = 3, one can show that u = us(x, t2, t3) satisfies
the KP equation (1.1) (y = ta, t = t3).

The equations (2.15) and (2.17) are compatibility conditions for the following aux-

(2.17) = [Bn,By] (mn=2,3,...).

iliary linear problem:

(2.18) Lip =X, ¢ =4, 85 A),

(2.19) gsz =B, (n=2,3,...).
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Let us consider a solution of (2.18) and (2.19) of the form

G, b N) = bz, & N)efHEN,

Wiz, 6 A) =1+ > wi(z, A~

=1

€z, 6 0) = Az + YNt
j=2

(2.20)

The function ¢ of the form (2.20) is called the wave function (or the formal Baker-
Akhiezer function) associated with L.
Define a space M as [10]

(2.21) M= ST N | BN g e 4G

—oo<jL+o0

which is an £-module:

b Z a; A" S (@Y Z baj \" St be A,
—oojK+o0 —oojK+o0
(2.22) 9, ST @ | IV = 83T 0 (0N + Y ap Nt L St
—o0<jK+o00 J J
9 Z ad? | @t L Z %)\n + Z PUS VAN IRICH 22N
Ot ! - Ot ! ‘
—oo<j&K 400 J J
Using (2.22), one can introduce W € £ as
(2.23) W=1+Y w;xt)d;’
j=1
which is called the wave operator or the dressing operator. From (2.18) and (2.19), we
have
(2.24) Yl tN) = Wes @b L —wo, Wt
ow 2} 2} —1
(2.25) G = BaW WO = — (Worw ) W

The equation (2.25) is called the Sato- Wilson equation. We remark that the coefficients
of L can be written in terms of w; (j =1,2,...):

/ / /
U = —wWy, U3 = —Wy + WiWy,

(2‘26> ' ' ' 2 1 2
Ug = —Ws + wrwy + wiwe —wiw; — (W), .. ..
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Here and hereafter, the prime denotes differentiation with respect to .

Theorem 2.2 (Existence of 7-function [5]).  If ¥(x,t; A) is a wave function (or
a formal Baker-Akhiezer function) of the KP hierarchy, then there exists a function
7(x,t) (T-funcion) that is related to w(xz, t; A) of (2.20) as

7z =2t — A1)

2.2 D ‘) =
(227 (6,3 e
where

1 1 1
2.2 — A1 = S — B - ...
( 8) t [A } <t2 2)\27 i3 3)\37 ) 129 n)\nv >

Expanding (2.27) with respect to A™!, one obtains (cf. [31])

_lor _ 1 (P or
V=m0 T\ 02 T 0 )

1 337_3827 —I-Zﬁ
W= e \ o ooty | Cots )

(2.29)

Applying these relations to (2.26), we obtain (cf. [31])

_ L9 2,
U279 8T BT\ T T Grot, ) BT
1/ o4 & 62 02 ?
S —3 2 log7 —  — 1
U= <3x4 0720t 8x8t3> 87 <3x2 OgT) !
Theorem 2.3 (Bilinear identity [5, 13, 23]).  If 7(x,t) is a T-function of the KP

hierarchy, then 7(x,t) satisfies the following equation (bilinear identity) for any x, x’,
t andt':

(2.30)

(2.31) Res), esle—a' B0 (:L‘ —2 - [)\_1}) T (:L‘/ + A7 h Y+ P\_lD} =0,

where Resy, is the formal residue: Resy [, a,A"] = a—y. Conversely, if T(x,t) satisfies
the bilinear identity (2.31), then the corresponding ¥ (x, t; X) via the formulas (2.20) and
(2.27) solves the auxiliary linear problem (2.18), (2.19).

§2.3. Galilean symmetry of the KP hierarchy

The Galilean-type transformation used in (1.7) can be generalized to the whole KP
hierarchy. For t = (t2,t3,...), define T'(x,t) as

(232) T(l‘7t> — :L‘—I—Z <‘]7_>aj_1tj7 Z <;>aj_2tj, RN Z <i>a‘7_nt]7
7j=2

J=2 j=n
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Theorem 2.4 (Galilean symmetry of the KP hierarchy).  Let L(z,t) € £V of
the form (2.14) be a solution of the KP hierarchy. Define L(x,t) as

(2.33) L(x,t) = e L(T(x,t))e " +a

for a is an constant. Then L(z,t) is also of the form (2.14) and satisfies the KP
hierarchy.

Proof. It follows from (2.8) that

(2.34) (Em) = nf% (Z‘) AT (L) e

We introduce a new set of time-variables ¢t = (fg,fg, . ) and define (x,t) =T (:i‘,t),

ie.,

(2.35) ty = i (i) 7" (n=1,2,...),

j=n

where t; = z and t; = Z. Using (2.34), we have

0 - ~ I\ m m m—n axaL(x7t) —azx
£L<T(x,t))—z<n>a e Te

n=1
¢ m m—n ar n —azx ax —azx| __ rm T
(2.36) - z% <n>a [e (L") e~ e** Lo } - {(L >zo’ L} ,
which proves the desired result. 1

Corollary 2.5 (Galilean symmetry of the KP equation).  Let u(x,y,t) be a so-
lution of the KP equation (1.1). Then @(z,y,t) = u(z + 2ay + 3a*t,y + 3at,t) is also a
solution with arbitrary constant a.

§ 2.4. Darboux transformation for the KP hierarchy

Let L € €1 of the form (2.14) be a solution of the KP hierarchy, and 1 an
associated wave function of the form (2.20). In this subsection, we consider a kind of

gauge transformation
(2.37) L— L=Ade¢(L)=GLG™", ¢ w— =Gy,

where G € £ is an invertible pseudo-differential operator. If L is again another solution
of the KP hierarchy and 1) is the wave function associated to L, we call the transforma-
tion (2.37) a Darbourz transformation. Darboux transformations for the KP hierarchy
have been discussed by many authors [2, &, 9, 10, 19, 28, 29, 30]. Among those, here-
after we shall follow the pseudo-differential operator formulation by Helminck and van
de Leur [8, 9, 10] (cf. [30]).
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Theorem 2.6 (Elementary Darboux transformation for the KP hierarchy [8, 9, 10, 30]).
Let W € £O) be a monic pseudo-differential operator that satisfies the Sato-Wilson equa-
tion (2.25). Let o(x,t) satisfy

0 ZC,t ' -

We say o(x,t) is an eigenfunction of the Lax operator L = Wo, W~ if it satisfies
(2.38).
Define a first order differential operator G, as

/

(2.39) Gy, =007t =0, — % =0, — (log ).

Using G, we define another monic pseudo-differential operator W, € £© s
(2.40) W, =G, Wa,".
Then W, also solves the Sato-Wilson equation (2.25).

A proof of Theorem 2.6 can be found in [8] (Proposition 4.1).

Theorem 2.7 (Darboux transformation in terms of 7-functions [8, 9, 10]).  De-
note by 7(x,t) (resp. T,(x,t)) the T-function corresponds to W (resp. W, ). Then
T,(z,t) can be written as

(2.41) To(z,t) = o(z,t)7 (2, 1).
A proof of Theorem 2.7 can be found in [9, 10].

Lemma 2.8 (Darboux transformation for eigenfunctions).  Let W € £© be a
monic pseudo-differential operator that satisfies the Sato-Wilson equation (2.25), and
let o1(x,t), ©2(x,t) be eigenfunctions of L = WO, W ™1, The corresponding differential
operators are abbreviated as G; = G, = gpi(?xgpi_l (i=1,2). Define gog] as

/
(2.42) 8051] =Gy = < © %) V2.

Then gog] is an eigenfunction of L, = leﬁwWL;ll,

Proof. For simplicity, we use the notation 9, (¢) = gTi (n =1,2,...). By the

assumption, @, (i = 1,2) satisfies

(2.43) On(ps) = (W&?W‘l)zo (¢i) = Reso, (WOIW p001),
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where we have used (2.13).
On the other hand, straightforward calculation with Lemma 2.1 shows

(W, i W)y = (p10upr ' WOTW L0107 01" g
= 010,07 (WRW 0107 ) _ 07" — @1 'Resa, (WOTW ™10
= 10,07 (WORW ™) _ 10, !
et {(Warw ), (o0 b o ter = e {(War WY (e0) }
(244) =Gy (WOIW™)_ GT" + G1 {0, (log 1)} Gi' — 8, (log 1)

Thus we have

(245) <W<P18:7):1 >ZO = G1 <W8:?W_1> >0 Gl_l — G1 {8n (10g gOl)} Gl_l + 8n (10g 801) s
and obtain
(W W) sy 0b) = (W, W) S Gregs
=G1 (W W) 2 — [G1, On (log 1)) 2
(2.46) = G109 (2) + (0uG1) 02 = D (Grip2) = D (1),
which completes the proof. ]

From Lemma 2.8, we know that G GLP 1) can be applied to L,, = GlLGl_1

and obtain yet another solution G GlLG 1G -
fold iteration of the elementary Darboux transformations of Theorem 2.6. To describe

This can be generalized to N-

N-fold iteration, we introduce the following notation:
sz = G, G[l] =G [,

ol = Ggﬂgpgﬂ = aYaGie, G =G o,
§0[321] — G:[)?l]go[?l] _ G:[)?l]Ggl]GlgOi, G£321] — G¢[321],

? ?

(2.47)

ol =g el G, G =6,

Iterative actions of the elementary Darboux transformations may be summarized in the
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following diagram:

a Gg] Ggm] Gfm]
L ——— Adgl(L) e Angl]Gl(L) e Angl]Ggl]Gl(L) _ .
@Y1 L 0

G[l]
pay 2w o0

G [1] el [21] el
p3 —— Pz  ——— @3 — 0

G [1] Gy [21] (el [321] P
P —— Py Py — P4 — 0.

The following proposition is a generalization of Crum’s theorem [4] (cf. [21]) to the
KP hierarchy.

Theorem 2.9 (Iteration of the elementary Darboux transformations [19, 28, 30]).
Let W € €O be a monic pseudo-differential operator that satisfies the Sato-Wilson
equation (2.25). Let o1(x,t),...,on(x,t) are eigenfunction of the Lax operator L =
Wo, W=t Denote by G the monic differential operator of order N that corresponds to

the iteration of the elementary Darboux transformations associated with p1(x,t),..., pn(x,t):
(2.49) Gy =GN gl = o + oY+ 4 g

Then the coefficients ¢y, ...,gn are parameterized as

(2.50) Gy = (—1)N-i (pr, o) (i=0,1,....,N—1),

W (1., 0n)
where W is the usual Wronskian determinant and
o1 Oy Oy o N g

2 0Ny Oy oo 0N gy

pn e O on O e - 9 N
Proof. From the diagram (2.48), we know that
(2.52) Gnpi=0 (i=1,2,...,N).
Solving the linear algebraic equation (2.52) by the Cramer’s rule, we obtain (2.50). O
Transformed wave operator can be calculated more explicitly:

€T

(253) ~ -1 / ~ ~ —2
=14 (w1 +g1) 0, + (Nwy + w2+ Grwy + G2) 0, " + -+ .
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The solution of the KP equation that corresponds to (2.53) is of the form
We can describe the action of the transformation G'n to the 7-function.

Corollary 2.10.  Let L be a solution to the KP hierarchy and T the T-function
that corresponds to L. Denote by T the T-function that corresponds to Ada, (L). The
transformed T-function T is given by

(2.55) T=WI(p1,...,oN) T

Proof. From Theorem 2.9, we have

N-—-2

—1,... _ _ —’LW@ gy YN—
SOE{]V 1,...1] _ GN—lSON _ aiV 1§0N + Z(_l)N 1 (gpl 4 1)
1=0

W(8017~~~7§0N—1)

LN
W (p1,. .., oN—1,¥N)

(2.56) T Wl on-1)

where we have applied the expansion along the N-th row on W (p1,...,0on—1,9N).
Applying Theorem 2.7 recursively, we obtain

. [N=1...1] [1]
T=YN TP T P1T
w _ w w
(257) _ (@17 s PN lvgpN) (@17@27@03) . (@17§02) o7,
Wp1,. -, on-1) W (1, p2) ©1
which is equivalent to (2.55). O

§ 2.5. Reduction of the KP hierarchy

Let L € €M be a solution to the KP hierarchy. For a positive integer £, we say L
is f-reduced if L satisfies

(2.58) (L) _, =0.
Under the condition (2.58), it is clear that

(2.59) (L£)<O = (L2f)<O = (L?’f)<O =...=0

and hence we have
oL _ oL _ oL
Ot¢ N Otoy N Oty

In the case £ = 2, the 2-reduced hierarchy is equivalent to the KdV hierarchy.

(2.60) —...=0.

We consider the elementary Darboux transformation (Theorem 2.6) for the /-

reduced case.
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Lemma 2.11.  Fix a positive integer m and let L be a solution of the KP hier-
archy that satisfies the condition

oL
(2.61) priadl

Let o(x,t) be an eigenfunction of L, i.e.,

dp(x,t)

(2.62) o = L)zl t) (n=23,..)

We further assume p(x,t) satisfies

(2.6 ALY gl

where p,, is independent of x. Then L = C{pLG;1 also satisfies
(2.64) = —.

Proof. From (2.63), it follows that
(2.65) O (Gp) = —0.0y (log 9) = 0.
Together with (2.61), we have (2.64). ]

Lemma 2.11 shows that under the condition (2.63) for m = £,2£,3/,. .., the ele-
mentary Darboux transformation preserves the differential equations for the f-reduced
KP hierarchy, (2.15) and (2.60). We will use this fact to discuss a class of elliptic soliton
solutions for the KdV hierarchy.

§ 3. Stationary solution of the KP hierarchy associated with the Lamé

function

In this section, we consider a special solution to the KP hierarchy that is a gener-
alization of the stationary solution (1.6) to the whole hierarchy. Firstly we recall the
addition formulas for the Weierstrass functions [32, 38, 41]:

(3. rk) = L{ZOFIOL o) o

o(x)
(3.2) Clat k) = () £ C(k) + %%}P{%?.
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Straightforward calculation with (3.1) and (3.2) shows (1.9) satisfies

(3.3) &' (x:k) = %%w;@,
(3.4) (k) = (20(2) + p(k)} B(a: ).

It should be remarked that the second equation (3.4) is a special case of the Lamé

equation in Weierstrass form:
(3.5) Y = {A+ Bo(x)}y =0.

To calculate higher order derivatives of the Lamé function (1.9), we prepare several
notations. Let R = C [p(x), ¢’ (2)] be the ring of polynomials with respect to p(x), @' (x),
and Dp = R [0.] the ring of differential operators with coeflicients in R. For P (x,0,) =
> 5o fi(x)0] € Dp, we use the notation P’ (x,0,) = > fi(x)9]. Hereafter we will
omit z and d, of P (x,0d,) if it does not cause confusion.

Define P, (z,0;), Q1 (x,05) € Dr as

(3.0 Py = 0%~ 20(x), Q1= o) — 50/ (x)

It follows from (3.3) and (3.4) that

B Pk = oBh), oW k) = {0+ 50/ o)

We now generalize this observation.

Lemma 3.1. Forn=2,3,..., the Lamé function (1.9) satisfies the relations
(3.8) P, ®(x: k) = apn (k)P (x; k),
(3.9) ()" (2: k) = {Qn—1 + a1 (k) } (23 k),

where as(k), as(k),... are defined by

1

(3.10) azm (k) = p(k)™,  comy1(k) = 5@(k)m_1@'(k) (m=1,2,...),

and P,,Qn—1 € Dr are defined by the following recursion relations with the initial
condition (3.6):

(311) Pn+1 = Pnax—l—P,’L—Qn_l, Qn = 2@($)Pn—Qn_18x—Q;_1 (TL = 2,3,. )

The assertions of Lemma 3.1 can be proved by induction with differentiating (3.8),
(3.9) with respect to z, so we omit the details. Examples of P,,, Q,,—1 (n =2,3,...) are
listed in Appendix. We remark that P,, @,—1 (n =2,3,...) are independent of k.
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Lemma 3.2.  Define a sequences of polynomials {R,(x)} (n = 0,1,...) by the
following recursion relation:

(3.12) Roy1(x) = (61‘2 — %) R, () + (42® — gow — g3) RLL(x)

with the initial condition Ro(x) = x. Then we have

d?"p(x) "ol

(313) P R, ST = G@ReE) (=01,

Lemma 3.3.  The degree of R,(z) is n+ 1 and the coefficient of x™+1, 2™ are
(2n 4+ 1)!, 0, respectively.

We omit the proof for Lemma 3.2 and Lemma 3.3 since it is straightforward by
induction. From Lemma 3.3, one can write R, (z) as

n—1
(3.14) Ry(x) = @n+ D! | 2" 4+ 5,y
=0

Examples of the formula (3.14) are listed in Appendix.

Theorem 3.4.  Define P, ys (2,0;) € Dr (n=0,1,2,...) as

n—1

(3.15) ]52n+2 (2,02) = Papgo (x,05) + Z Tn,j Pag (2, 01) + 70,
=1
~ n—1 jT ]
(3.16) Ponys (x,0:) = Panys (x,02) + n—:"ipzjﬂ (,0z) .
=1

Then these operators satisfy

(3.17) Pryo (2,0;) ®(x: k) = o' (k)

Proof. Applying (3.14) to (3.13), we obtain

n—1
319 L) a1 4 3 gty
‘ (2n+ 1) da2r ® 7§ ’
§=0
1 P Sy u
319 G = Y@ ] D e+ 3 el
. 2
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for n =0,1,2,... Substituting = = k and applying (3.10), we have
(2n)
(k)
(3.20) _— )
n+ mn— .
© (k) Jrnyg
(2n+2)! Aznta(k) + Z g 102 )
The relation (3.17) is a direct consequence of (3.8) and (3.20). O

We recall the Laurent expansion of p(x) and ((z) around x = 0:

(3.21) ()= 2+, ()= L3 e
. )= — ant'”, )= — — "
p :CQ n—>0 x n—1 n+ 1
where the coefficients ag, a1, as, ... are determined by the following relations:
ao:O, a1:a3:a5:---:a2n_1:---20,
(3.22) g g it
4y =550 4= 50 (n—1)(2n+ 5)aznio :3;a2(n_j)a2j (n=2,3,...).

We remark that the recurrence relation in (3.22) is a direct consequence of (1.4). The
Laurent expansion of p(™(z) = % (n=20,1,2,...) around = = 0 is of the form

(3.23) o) (O ey i

(n+1)!  ant2  n41 — ml(n + 1)!am+nx

If we set k = —A~! and apply (3.23) to the right-hand-side of (3.17), we obtain

(3.24)

8, — n ¢ m_l_n) —1m . —
P,io(r,0,)® (x;—)\ 1) = {)\ +2 4 +mz:1 m' T 1) Gt A }<I> <x7—)\ 1)
forn=0,1,2,....

Now we will rewrite (3.24) as a relation between pseudo-differential operators. To-
ward this aim, we firstly rewrite ®(xz; k) as follows:

(3.25) P (z;—A7") = do(z; N) exp (Az)

S e [ - )]

As a function of A, 0(x; A) isregular at A = oo (i.e. k = 0) and satisfies lim_, o Oo(2; ) =

(3.26) fo(a; \) =

1. The Laurent expansion of vg(x; A) around A = oo is of the form

(3.27) oy A) =14 i Vo (T)AT",
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with

w01(#) = ~C(@), wa(e) = 5 {C@)* — p()}
w0a(r) = 50 + ¢ {/ @) - (@)} - L,

2 60
We introduce a pseudo-differential operator Vy(x, d,) associated with (3.27):

(3.28)

(3.29) Vo(r,0:) =14 von(a)d; ™.
n—1

Using Vi(x, d.), one can rewrite (3.25) as
(3.30) P (x; —)\_1) = Vo(z, 0,)eM.
We introduce another pseudo-differential operator U, 2(d,) (n =0,1,2,...) as

_ont2 . On o (=17 (m+n)!

am+n3;m.

Since the coefficients of U, 12(0,) are constants, it commutes with d,. Thus it follows
from (3.24) and (3.30) that

(3.32) Pryo (2,0,) Vo (,02) = Vi (2, 0,) Unya(02).
Theorem 3.5.  Define Lo € £V as

(3.33) Lo = Vo (2,0,) 0, Vo (x,0,) "

Then Lo is a stationary solution of the KP hierarchy, i.e., it satisfies

(3.34) [<L3+2>207 LO} =0 (n=0,1,2,...).

Proof. From (3.31), we have

n n — Qn —
(157%) 0 = 0607 257) = (1 (T =005 ) W)

(3.35) - -
- a a.
+2 n _I_ ]_ 0 270 7 ‘I’ ].
and thus <L8+2)>0 commutes with Lg = Vo(?xVO_l. [

We can calculate the explicit forms for the first few terms of Ly and L3 using (3.28):

(336)  Lo=0 — 0@ + 1/ ()07 + (£ —20@?) 07+
297 - _ Py (92 93\ g4 ...
(3.37) Lf = 02— 20(x) - 220; {1Op(x) + 28}333 Foee
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It is obvious that (L3) <o 7 0 that means Lo is not 2-reduced. However, as can be
seen from Theorem 3.5, Ly satisfies the differential equations for the 2-reduced (KdV)
hierarchy.

§4. Wave function and 7-function associated with the stationary solution

To construct non-trivial eigenfunctions of Ly, we introduce infinite time variables
t = (ta,ts,...) and define ¥(z,¢; k) as

< o0) .
(4.1) U(x,t; k) = D(x; k) exp Z { 8 —I-(f))’ — j—lf ] }t]’+2

Lemma 4.1.  U(x,t;k) is an eigenfunction of Lg.

Proof. From the definition (4.1) and the relations (3.17), (3.35), we have

8\:[/(.%, t; k) p(n) (k) ap, a,
YEA LN B . .
It 2 {(n—l— N ntl (.t k) = § Py (@,0:) — 1 Y tk)
(4.2) = (L677) 5 U, t: K)
for n =0,1,2,..., and the assertion follows. O

Theorem 4.2.  U(x,t;k) solves the auxiliary linear problem (2.18) and (2.19)
associated with Lo, where the auziliary eigenvalue X is given by A = —k=1.

Proof. We have already seen U(x,t; k) solves (2.19). To consider (2.18), we sub-
stitute k = —A7! to (4.1) and apply (3.23), (3.25):

3 3 > D)1 s
\I/<:L‘,t;—)\ 1)2@(1‘;—)\ 1)exp Z{p(j(—l—l)!)_j—lfl}th

5=0
. x (m+ —m
= Bo(; A)e™ exp ZO {/\‘7+2 + Z m, G L }tm
J m=1
(4.3) = (23 \) exp | D wjra (Mt | eS8,
5=0
where we have defined w;2(\) by
= (=1 (m+ H)! N

(4.4) wjt2(A }: Aoy A (j=0,1,2,...).

— m!(j +1)!
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Since w, (A) is regular at A = oo and w,, (A = o) = 0, we have the following form

of expansion:

C1 (t) Co (t)

(4.5) exp | Y wira(Mtjpa | =1+
=0

We introduce the pseudo-differential operator C'(¢;0,) as

(4.6) Ct;0,) =14+ ci(®)07  + co(t)07% + -+ -,

which corresponds to (4.5). Using this operator, we can rewrite ¥(x,¢; —A"1) as

(4.7) Tz, t,—A"Y) = Vo(:0.)C (8 0, )et (F BN,

because the coeflicients ¢;(t), c2(t), ... do not depend on z. Thus we have

(4.8) LoV (z,t; A7) = V50,Ce* = VyC0,et = A\VoCe® = AT (2,8, —A71)

which indicates (2.18). O
We now define V (x,¢;0,) as

(4.9) V(z,t;0;) = Vo(x;0,)C(L;04),

which is the wave operator associated with the wave function ¥ (:L‘, t; —)\_1). It follows
that

(4.10) Lo = Vo(;0,)0.Vo(2,0,) 1 = V{2, 4,0,)0,V (2, ¢,0,) ™",

because C(t;0,) commutes with d,. This means that both of V(z,¢;9,) and Vy(x;0,)
are wave operators that correspond to Lg.
Next we construct the 7-function 7 that corresponds to V(x,¢;0,), i.e.,

_ -1 — -1 .-
TV <ZC A 1 [)\ }> — ’(A]O(x7 )\) exp ij+2(>\)tj+2

oz — A1 -
(4.11) = %GXI} 1Nz + Y wira(Mtjre |
5=0
where we have defined wq(\) by
(4.12) wi(A) = COY) — A = i ED a1y -
m=2 m

To obtain explicit expression of 7y, we prepare a lemma. Here we use the convention

l':tl.
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Lemma 4.3.  There exists a quadratic function Q(x,t) of infinite variables of
the form,

1 o0 o0
(4.13) Q) = 5 D gty + Y st r=t, i =g
ij=1 i=2

which satisfies the following relation:

(4.14) Q=X t= AT+ Q1) =) wa(Mit.

Proof. Denote by ﬁfzm) the coefficient of A~ in w, (X), i.e.,

s (n=1)
(4.15) Blm) —
S eaes (= 2,3,...)
Straightforward calculation shows m@(ﬂbm) = nﬁr(,?) for m,n =1,2,3,.... Thus we can
set
—Qp—1 (m=1,n=2,3,...),
(4.16) Qmn = mﬁfzm) = nﬁr(r?) = Y™ (i —2)a
(=) (gnjl)!(jfl)”;“” (m,n=2,3,...).
Under the conditions (4.16) and
n n—1 q o
4.17 Sp = — —d . (p=2,3,...),
4 2 2 G
we see that (4.14) holds. ]

Lemma 4.3 implies the followin theorem.
Theorem 4.4.  The 7-function 7v(x,t) of (4.11) is given by
(4.18) (2, t) = e 2= o (2).

Setting t,, = 0 for n > 6 as an example, we obtain
(4.19)
Q($ = tl,tg,. .. ,t5)

a
= agt% — 3a4t§ + 1Oa6ti - 35a8t§ — Clg.ftg - a4xt5 + 4a4t2t4 — 15a6t3t5 — §t4

2
9 g g
- % (3t3 — Bats —ta) + 2—; (=385 — wts + dtota) + oo (267 — Btsts) —

39293

12,
176 5
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If we substitute (4.18) with (4.19) to (2.30), the results coincide with (3.36).
We now apply Theorem 2.9 to Ly = VO('),]CVO_1 = V0, V1. We consider a set of N

eigenfunctions
N
j=1

where k; (1 =1,...,N), v, (i, =1,...,N) are constants. Then one can construct a
differential operator G by the generalized Crum formula (Theorem 2.9). The corre-
sponding solution (2.54) for the KP equations is given by

which is a generalization of (1.15). Although the background of the solution (4.21) is
stationary, solutions with the non-stationary background (1.7) can be constructed by
applying Theorem 2.4 to (4.21).

The 7-function 7y that corresponds to (4.21) can be derived by applying Corollary
2.10 to 7y of (4.18):

(4.22) Fv = e Q@2 a( W (01, ..., on)

Substituting f = €97y with (4.19) in (1.16)-(1.19), then the resulting equations for 7y
coincide with those of the KP hierarchy listed in [13], i.e., the equations (1.16)—(1.19)
with go = g3 = 0.

§ 5. KP-type hierarchy with elliptic background

In the preceding section, we constructed a solution to the KP hierarchy through
the iterative application of Darboux transformations to the “vacuum solution” V. Ex-
pressing this solution in terms of wave operators, it can be represented as

(5.1) W =GyVo Y,

which satisfies the Sato-Wilson equation (2.25). Let us consider differential equation
for Gy = WONV~L Tt is straightforward to show that

OGN
Oty

= B,Gn —GnLy, B, =(WoWw™) = (GNLiGN')s,-
To generalize this observation, we consider the following factorized form:

(5.2) W =wbw©g-m
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where W ¢ €0 W) ¢ £(m) (m € Zsp) and both are monic. If we set m = N,
WO =V and W = Gy, then (5.2) coincides with (5.1).
Assume W (9 satisfies the Sato-Wilson equation (2.25):

77 (0
(5.3) W s _ i 0gn. BO) _ (Wm)an(vmm)—l)
" n x? n x ZO 7
which is regarded as a background wave. If W) satisfies
ow @ i P - i~ -
(5.4) o= BOWO _ O gy _ (W<1>B7go>(W<1>)—1)>07
then W of (5.2) satisfies the Sato-Wilson equation (2.25) with
(55) B, =(Wo.W™),, = (W<1>(E<0>)“(v”v<1>>—1)>0, IO = WOy, (@)~

Conversely, if W satisfies the Sato-Wilson equation (2.25), then W1 = Wam (W (0)~1
satisfies (5.4).

As we have mentioned, (5.1) gives an example with m = N. Next we consider the
case m = 0 and define

(5.6) WO =1+aPo 4+ aPo2 4. (j=0,1).

In this case, BSO), Béo), Bé”, B?(,l) are given by

B(O) ( )

oy D8 =080 3" 4 0 @) — ()
By = B”) 2"’
By = By = 3(@") 0, —3(ay") + 301" (@1") - 3(@1")"

From the compatibility of (5.3), (5.4), we obtain the Zhakharov-Shabat-type equations:

(1 (0
aBY 0B

(5:8) ot; ot

~ (1 ~ (1 ..
- {B](.),Bi()} (1=0,1,4,5=12...).

Now we set

(5.9) up = — (wio))/, u=— (wi”)/

and consider (5.8) with [ = 0, i = 2, 7 = 3, then it follows that ug is a solution of the
KP equation (1.1) (y =t2, t =t3). The case I =1, i =2, j = 3 of (5.8) shows u solves
the KP equation with the background wo:

(510) {4Ut — 12uuy — Uppe — 12 (uou)x};,; - 3uyy = 0.
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If w,,, = 0 then (5.10) is reduced to the KdV equation with the background wq:
(5.11) duy — 120ty — Uzer — 12 (uou) , = 0,

which has been discussed in [36] by using integral operator formulation. In this sense,
the equations (5.3), (5.4), (5.8) describe a hierarchy of soliton equations with the non-
trivial background solution uo. We remark that uo = —p(x) when W(® = V. This case
has been discussed in [16] based on the method of [36].

While we focus on the case where the p-function serves as the background solution
in this paper, it may be possible that our approach could extend to deal with a broader
range of background solutions, such as [6, 22, 24].

§6. A class of real-valued solutions

From the viewpoint of applications in physics, real-valued and non-singular solu-
tions are important. In this section, we will construct a class of real-valued solutions
using the extended Li-Zhang solution (4.21). We remark that real solutions are discussed
also in [11] from algebro-geometric viewpoints.

To construct real-valued solutions to the KP equation (1.1), we prepare a property
of fundamental periods of the Weierstrass p-function.

Theorem 6.1 (Pastras [32], §3).  Let g2, g3 be the constants defined by (1.5). If
the cubic polynomial 3 — gox — g3 has three real roots, two fundamental half-periods wi,
wo can be selected so that one of them is real and the other purely imaginary.

Hereafter in this section, we focus on the case of Theorem 6.1, and choose w; as
real, we as purely imaginary. If = is real, we have

P +w)=p@—w)=p@E+w),
(6.1) C(z+wr) =z —w2) =(C(x+w2) — 20 (w2),
o (4w =0 (x—w) = —e X205 (1 4 w,),

where we have used the (quasi-) periodic properties of the Weierstrass functions g, (,

(6.2) p(z+2w;) =p(2), ((+2w;)=C(2)+Cw;), oc(z+2w,) = —eQC(‘”j)‘ra(z),

for j = 1,2. Following [16], we introduce ® as

(6.3) Bz k) = eSWw2—CWDRP (1 4 o k) = o(r+ws + k) o—C(R)z—C(wa)k
7 o(x 4 ws)
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If x and k are real, one can show that

(6.4) (x: k) = Dz k)
by using (6.1). Then the function
\i/(:c, t: k) = ¢ R)wa—C(wa)kyy (r + wo, t; k)

(65) ™ ek
:@@&ﬁmg}j{@+lﬂ—j+l}wm

=0

is real-valued if all of k, x, t,, (n =1,2,...) are real.
Let N, M be integers such that N < M. Following [1, 14], we introduce a set of
real-valued eigenfunctions of Ly of the form

M
7=1

where a; ; (i=1,....N,j=1,....M), k; (j=1,...,M) are real constants. Further-
more we assume N x M-matrix A = [&Z]];zlljz\\; is totally nonnegative [1, 14].

If we set M = 2N and assume the following conditions,

kgj_l—l-kgj:() (j:1,...,N),

6.7)
a;; =0 if Jj&{2i—1,2i},

then @; of (6.6) is reduced to the following form:

(6.8) i = &¢,2¢—1‘i’ (2, ko) + ai,2i‘i’ (z,t;—kgi—1) (i=1,...,N).

Since ™ () is an even function, it follows that

(6.9)

Bonds = B3 = [ Py — 2222 ) 5, = ( 201)  Gn=2 ) o1 N).

This means @; satisfies the condition (2.63). Thus we can apply Lemma 2.11 to the
stationary solution Ly . In this way we can reproduce the Li-Zhang solution (1.12).
To construct concrete examples, we consider the lemniscate case ([38], §18.14):

1 1\?
(610) go = 1, gs = 0, w1 = F F(Z) = 1.854074677 . . . Wy = \/—1(4}1,
™

where I'( - ) is the Gamma function. In the case of N = 1, M = 2in (6.6), the generalized
Li-Zhang solution (4.21) now takes the form

(6.11) u=—p(x) + 0% log [al,l\i/ (z,t; k1) 4+ a120 (2, t ko) |
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which corresponds to a line-soliton solution that interacts the background elliptic wave
(Figure 1). In this paper, figures are drawn with Wolfram Mathematica 13.3. In Figure
1, one can observe the phase-shift of the background wave, which is due to the interaction
between the background wave and the line-soliton. In the case of N = 1, M = 3, the
corresponding solution exhibits resonant interaction (Figure 2). The case N =2, M =4
with

_ 1100
6.12 A —
(6.12) 0 [0011]

is shown in Figure 3, which describes interaction between two line-solitons and back-
ground wave. The choice (6.12) is an example of “O-type” in the sense of [1, 14]. It
should be remarked that similar figures have been presented in [26], which are associated
with singular algebraic curves (cf. [11, 25]).

If we choose /Nll, A, as

(6.13) A =

110-0.6 ~ 11-0.4-0.6
5 AQZ )
001 1 00 1 1

more complicated patterns like Figure 4, Figure 5 can be observed. It is expected that
more complex web-like patters, like those described in [1, 12, 14, 20], can be observed
with suitably chosen parameters.

In the usual case without elliptic background, no sign change occurs in the usual
plane wave factor e£@ ) where &(x,t; k) is defined by (2.20), and also in its higher
order derivatives. This fact plays a major role in the classification of web-patterns
[1, 14]. However, as can be seen in Figure 6, the sign change can occur for higher order
derivatives of the real-valued Lamé-type plane wave factor (6.5), and it may induce
zeros of the 7-function (4.22), which may cause singularities of u = 9% (log 7). A more
detailed study is needed to classify web-like patterns of elliptic solitons.
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Figure 1. Line-soliton propagation with the elliptic background ug = —p(z) (the lem-
niscate case, N =1, M =2, 411 = a12 =1, k1 = —3.2, ks = —1.5). In the graphs in
the right column, the brighter the area, the larger the value of u.
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t= -2
t=2:
Figure 2. Resonant interaction of line-solitons with the elliptic background ug = —p(x)

(the lemniscate case, N =1, M =3, @11 = @12 = a13 = 1, k1 = —=3.2, ky = —1.5,
ks = —0.6). In the graphs in the right column, the brighter the area, the larger the

value of u.
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Figure 4. Example of complex interaction 1 (the lemniscate case, N = 2, M =4, Ais
chosen as A; of (6.13), ky = —3.2, ko = —1.5, ks = —0.6, ky = —0.3).
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Appendix

Examples of the differential operators P,,, Q,—1 € Dr (n =2,3,...):

=02 20(r), Q= o()o. - T
= 0%~ 3p()a, - 2D g, = ooz - Do, oy - 2.
Py 01— 15— 500+ Sl
Qs = o)t~ L 52 2002, — o)/ (),
= 52— () — P 52 4 5 (g, 100(2)?) 8, — 150()0 (),

Qu = ot~ S0 (£ 4 goy?) o2

~ 3p()g (@), — s + LI (),

= 9y — 6p(x)d; — 120/ ()03 + (Tg2 — T20(x)?) O3
— T2p(2x) ' (2)0: + 2 (—720(x)* + 11g2p(x) + 8g3) ,

Qs = 0@~ T 01— (2207 — b))
1
>

+ (=295 + g2p() — 24p(2)°) 0, — = (24p(x)* + g2) ¢ (z).

Examples of the polynomials R,,(z) (n =0,1,2,...):

_ Ry(x) 2 Y2 Ry(x) 3 392 gs3
Ro(z) =, T} BT T 0t T 10

ST T T T ey

Ra(x) 5 92 3 593 92 11g29s

o " T4t T ag” +120:’:+ 1680’

R 3 3 7 57 3 2
s(z) _ 6_ 2924 _ 293 3+ﬁ 2 | 9293 .. _92 4 93

1 10 14 400 3080 26400 308
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Examples of the differential operators P, € Dp (n=2,3,...):

1]
2]
[3]

4]
[5]

~ ~ 30’

- 11
Py = P — 8 = 0] — 4p(a)d, — 46/ ()0, + — 5% — 8p(2)”,

~ 15¢/
Py= Py = 90— 5p(@)9? — 2052 43 (g2 100()?) 0, - ()0 ().
~ 392 g3
Ps=Ps—-Lp =

6T T 9077 10

137
=35 = Gp()} - 120/ ()0} + { T~ Tap(o)? 0

1
— 14p(@)* = T20(0)¢ (v)0: + 5 (223920(x) + 15993) .
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