ooooboooao
7310 19900 130-142

Closure properties of w—languages under morphism
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0. Introduction

Since the study of w-regualar languages was started by
Bichifll, many classés of w—-regular languages have been investi-
gated [6, 7]. These classes are mainly defined by automata with
various types of accepting conditions, Among others, the follow-
ing four types (E, ([E’), tI), and (I') of accepting conditions
are extensively studied; Let 4 be a finite automaton, w be an
w—ﬁord, and r be the run of A on w.

(E) An accepting state of & appears in r.
(E') All states appearing in r are accepting states.
(I> Accepting state appears infinitely many times in r.
(I’) All states appearing infinitely many times in'r are
accepting states.
Recently the following two types of accepting conditions.and
the classes defined thereby are studied [5, 10]:
(L) All accepting states appear infinitely many times in the
run of 4 on w.
(L’) An accepting state appears at most finitely many times in

the run of 4 on w.
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The class of w—languages defined by deterministic finite
automata with the acceptance of type E (E', I, I', L or L’)> is
denoted by E (E’, I, I', L , L’, L or L’ resp.).

As is well known in formal language theory, many important
familes are trios.»Trios and full trios are closed under many
other operations. (See, for example, [2].) Especially,
morphism and inverse morphism are important, since there are some
characterizations for families of languages without intefsection
with regular sets [9, 111.

In this paper we deal with e—free morphisms and inverse
morphisms. Especially we pay our attention to the classes close
under é—free morphisms and w—free inverse morphisms.

In section 2 we provide the closure property of these classes under
w—-free morphisms, and in section 3 under inverse morphisms. In
section 4vwe consider a_“duo", a class of w-—languages closed under
e—free morphisms and inverse w-free morphisms. We first
investigate the principality for the three duos]Ra), 0 and E-

In [9]1 it has%alredy been proved_that HKG) and [’ are principal,
i.e., each language in [’ ,(Héw > is obtained from a particular
w—=language in [’ Q@w, resp.) by finitely many applications of
these two kinds of operations. We show that JI® is alse principal.
Furthermore we present representation theorems for the three duos.
Finally we consider for each of E, E*, I, II’, L and L’,.

the smallest duo that contains it.
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1. Preliminaries

Let & be an alphabet. ‘5™ denotes the set of allffinite
words over X, and Za)cknwte the set of all w-words over X,
i.e., the set of all mappings'a»:(O;l;Q,... } - 2. Let 2%
=% U X® An w-word is written by a = agaq. .. where a =
am (n=20,1,2,...). We call a subset of Z* =%, resp.)

a language (w~—language) over X, We define ‘the w—pdwer of the

- @ _ . _
languages L. as L7 = {wowlwz... ! Wgs Wis oo € L {s} }.
- Here &€ stands the empty word.

A deterministic automaton (DA, for short) & over % is a

5—tuple & = <S8, X, ¢, F>, where S is a finite set of

Sgr
states, 2 is an alphabet, & : S X - X — S is a next state

function, sO € S is an initial state, and F & S is a set of

accépting states. Then the run Run{(4, @) of automaton £ on
an w-word a is an w-word qul"‘ € Qw such that

a9, =¢s0 and qﬁ*l = 6(qn, a (M) (n=0,1,2,...).
For a run r, let
Ex(r) = { q€ Q | q = a  for some n )}, and
Inf(r) = { q€ Q | q = q  for infinitely many n }.
Now we define the following six types of -acceptances of the
automaton & for w-languages:
B = (@ € 2% | ExRun(h, ad) S F )
IGA) = (@ € 2% | InfRunCk, ad)) N F #+ ¢ )
') = (a € 2% | InfRun4, @) T F )
LA = {a € 2% | FC InfRunGk, add )
L' (A = (@ € 2% | F & InfRunCh, a>> 3

These acceptances are called E-, E*-, I-, I-, and L’*accepfance
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resp., and the class of w-languages (over X) of the form
EA), E* 4>, L&>, L4y, ICA>, I'(A), respectively) are
denoted by E, &, L, L, I, I’>.

A nondeterministic automaton (NDA, for short) is a b—tuple

<S8, %, ©, F>, where S, %, s and F have the same meaning

0’ 0’
as for a deterministic automaton, but & is a mapping S X X
— P (S)~-{¢}. For an NDA 4 and .anv w-word w, let Run(4, w) be
the set of runs of A on w. Simulérly as for the deterministic
case, we define the six w-languages NE(4A), NE’ (4>, NIC4),
NI’ (4>, NLC(A>, and NL’ (4> accepted by 4. |

We denote by NE WE’, NI, NI, NL, NL’> the class
of w—-languages of the form NE(4A) ( NE’ (4>, NICAD, NI’ (&),
NL(AD>, NL’ (4> respectively). For, inclusinon relations among
these classes, see [bJ]. |

Let 2 and A be two alphabets. A morphism h: 2* - A*

is said to be e—free if h(Z) C A+, where AT = A%-(e).

Let £ be a class of w—languages, &£ is called a duoc if it
is closed under e€-free morphism and inverse e€—free morphism.For
a class £ of a)—languages‘, the smallest duo that contains &£ is
denoted by 5 (£). £ is called a principal duo generated by an
w-language X, denote by H(X), if it is the smallest duo that

contains X. The w~—language X is called a generator of £.

2. Closure under morphisms

Morphisms given in this section are &—free.

Theorem 2,1 [3, 81, The classes Ra) and £’ are closed under
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morphism.

Theorem 2, 2. The class I’ is closed under morphism.

(Proof) Let L = I'"(4A) for a DA A = <@, X, &, F>,

4.
oo 00 .
and ‘h : % - A be a morphism. We construct an NDA £’

=< Q, A, 07, 4 F' > such that hd{) = I'.(4’)
as follows, First, for g € Q and a € %2, define

{{<q, a, 1>, ..., <q, a, |h@|-1>} if |[h]| = 2
fqa> T & if |hea| =1
Set S = U ¢ Q<q,'a> | ¢ € Q, a € X}, and @ = Q US U {1,

where # € Q U S. Define &' as follows. For ¢ € Q and a €
Y such that ha) € A, define &' by &' (q, h€)) =

{ &(q, b | h(a)

h) }. For q € Q and a € 2, let h@) =

xlxz...xﬁ (n=2). Define 6'(qg, x.,) = {<q, b, 1> | h) =

1
h(ad } and define ¢’ (<q, a, 1>, x2) = {<q, a, 2>}, ., 0’ (<q,a,
| hdca) | ~1>, xn) = {&(q, a)}. For any other <z,a> € Q' X A,
define &’ (z, a) = &’ (#, a) = {#}. Last F* = F U 3.
Theorem 2.3. The class NL is closed- under morphism.
(Proof) Let L = NL(A> for an NDA 4 = <Q, X, &, q'O, F>, and
h : Eoo._) Aoo be a morphism. We construct an NDA 4' = < Q’,

A, 67, 9 F > such that h(L) = NL(4A’) as follows. First,

for p, ¢ € Q@ and a € ¥ such that p € 6 (g,a), define

{ <q, a, p, 1>, ..., <q, a, p, |hCa]|=-1>)
Q = { '
< > :
4@ P ¢ if |hea| =1
Set S = U { Q<q,a,p> | p € (g, a) for some a € %, p, q € Q },

and Q*° = Q US U {#), where # € Q@ U S. Define &' as follows..
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For ¢ € Q and a € X such that h(a) € A, let &’ (q, h(a)d =

U { 8¢z, b | head) = h) Y. For ¢ € Q and a € X, let h(a) =
= ) i ’ : =

X Xge oo Xy (n~2)4and p € & (q, a). Define &’ (q, xl)

Ul <q, b, p, 1> ] héa) = h), p € & (q,a) } and define

8’ (<Q; a, p, 1>9 ) = { <q: a, P, 2> }’ R 6’ (<qa a, Pp, l h(a) ! -1>’

Xo
xn) = S(q, a). For any other <z, a> € Q' X A,

define 8’ (z, a) = &', a) = { # )},

Theorem 2.4. The class £ is not closed under morphism,

(Proof) For & = ( a, b}, define h:3%° = 2% by hea = h

= a. Then hX) = a% ¢ FE for every w-language X.

Theorem 2. 5. The classes [[, L and .’ are not closed under

morphism.

(Proot) Since I & NI, L C NL, and L” & NG (51>, it
is obvious from the fact that an w=language of the class
NICNL, NL’> is written as an morphic image of an w-—

language in X ., L’ resp.).

Lemma 2.6. X = aa, b1¥a® g NL°.

(Proof) Suppose that X = NL’(AI) for an NDA Al = <3, Q, 61, 99
F> Take b®, and consider the computation tree of Al on bw, an
infinite tfee labeled with the elements in Q, defined as follows:
The root Cof level 0) is labeled with O and if a node v of
level n is labeled with a state q then for each g’ in 61(q, wl[n])

v has a child labeled with q’. Since b® ¢ X, for every f in F

and every path (i.e., run) of the trée, f appears infinitely often
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on the path. By K3nig’s lemma, there exists an integer i such that

®y, FC {r@®, rd, ..., rdid).

for every run r in RunCk,, b
Similarly, for an w-word abw, there exists an integer j such that
for every run r’ in Run(Al, abw), FC {(rr <o, ..., rr (. Nowr
take an w-words Wy = b"a® with n=i. Since L) € X, there exists
a run r” in Run (4, wl) such that F & Inf(r”). On the other hand,

there exist integers k and 1 such that r’ (k) = r” (1) with 1=k=i

1, i~k @
a .

and 1=1=3j. Last consider wo = ab’b Then there exists a

) such that F <Z Infd(r).

run r,. = r’ [11r" D r” k+1d. .. € Run(Al, w 1

1 2
This contradicts the fact that w2.£ X. Thus X & NL'.

Theorem 2.7. The class NI’ is not closed under morphism.

(Proof) Let A& be anNDA <({a, b}, (po, pl}, pO, J, (p1}> where for

p € Q, & (p, a) = { }, & (p, b) = { P, }. Obviously NL’ (4D

90
= (a, b1¥a®. Ve define a morphism h : {a, b1C = a, 0>
by h(a) = aa and h(b) = b. Then hNL’ (A4)> = { b, aa }*aw.

3. Closure under inverse morphisms

Theorem 3.1 [3, 8]. The classes H@w and [’ are closed under

inverse e€e—free morphisms

Theorem 3.2. The class |£ is closed under .inverse &—free

morphisms.

(Proof) Let X = E(4) for a DA &4 =< @, %, &, F>,

qO'
Without loss of generality, we may assume that for every a € 3

andL§ € F, 06(q, a) € F. . Let h : A — X be a morphism. We
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construct an automaton ;41 = < Q, A, 6‘1, qo, F‘l > such that

h—}(X) = E(Al)' Define 61(q, a) = 0 (q, h() for ¢ € Q and a

€ A, and set F‘l = F.

Theorem 3.3. The class I is closed under inverse e-free

morphisms,

(Proof) Let L = I(4) for a DA &4 =< Q, X, J, F>, and

qgr
© oo .
let h : A~ — X be a morphism. We construct an automaton

A =<Quaev, A, @ Q~ >, where Q¥ = ( ¢~ | q€ Q},

10 qol

such that h-_1 @L = I(Al). The function 61 is define4d as follows,
For ¢q € Q and a € A with h(a) = bl"'bn (bj € ), ﬁl(q, ad

= Bl(q"', a) = &g, hC)™ if there exists i (1=i=n) such that
6(q,b1...bi) € F, and 81(q, a) = 61,(q“", a) = (& (q, hadd)

otherwise.

Theorem 3. 4. The class [’ is closed under inverse &—free

morphisms,

(Proof) Let L = I’ (4) for a DA 4 =<1Q, X, &, 1y, F>.  Let

0 o
h : A - 3 be a morphism. We construct an automaton ;41

= <Quae~, A, &, q5 F; > where @ = { ¢¥ | q€ Q}, such that
h‘l(L) = I’(Al). The function 31 is defined as follows. For q

€ Q and a € A ha =b ...bn (bi € 2, 61(q, a) = 6‘1(q~, ad

1
= & (q, h(a)) if there exists i (1£i=£n) such that 6(q,b1..\.bi)
& F, and 61(q, a) = 61(q"’, a) = (85 (g, h@))>)™~ otherwise. Last
L
we set F1 = F7,

Lemma 3.5. X = acatb) a® U ba+b)p® ¢ NL'.
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(Proof) The result can be proved by the simular way as in Lemma

2. 6.

Theorem 3.6. The classes L’ and NL' are not closed under

inverse'e:*free m‘orphism.
(Proof) Consider the DA 4 = < { 9g) 9ys 9gs dg Y, %, ©,

9 { q3} >, where £ = { a, b}, & is defined by 8'(q0,va) =

Loy 8<q0. b) = a, S(ql, a) = dq é‘(ql. b) = o 8<q2. a) =
qz, 6(q2, b) = q3\, 6(q3, a) = qys 5‘(q3, b) = q2' " Next, define
a morphism h : 2° > 2% by h¢a) = aa and h()> = bb. Then

-1 -1

Kl (40 ¢ = h"bavL ¢4d) ) = aca+bd ¥a®

U bCa+b) b which is

not in NIL’, by the previous Lemma,

Theorem 3.7. The classes L and NI are not closed under inverse

e—free morphisms.

(Proof) For X = {a, b1}, let & be a DA < { 95, 9y

qzn 'q3
3((10, b)

Yo X, 8, 95 (ay, a5} >, where d(qy, a) = qy,

= dg, 6<q1. a) = dq S(ql. b) = 9o 3(q2, a) = a;

6_(q2, b) = qgs ‘o‘(q3, a) = & (qs, b) = dg
: w : w . . oo
Then L(4) = (ab) U (bad . Define a morphism h: {c, d}

— Eoo' by hd(c) = lab, and hl(d) = ba. Obviously, h"1 X = cw

U d®. It is not in NL ([51).

Theorem 3.8 The class [] is closed under inverse morphism.

(Proof) Let X = I(A) for a DA 4 =<@Q, %, &, q, F>,
and let h : Aoo — Zoo be a morphism. We construct an autom—

aton Al = < QUQ~, A, & Q~ >, where Q~ = (¢~ | q€ Q,

1’ qO’
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and # £ QUQ~ such that h" ' (X) = ICA,). The function &, is

defined as follows, For ¢ € Q and a € A with h(a) = bl"'bn

(bi € 2, 61(q, a) = al(q“‘, a).= 0(q, h@d)>)~ if there exists

i (1£iZ€n) such that 5(q,b1...bi) € F, and 61(q, a)

= 61(q~, a) = (8 (q, h(ad)) otherwise. For g € Q and a € A

with h@d=¢e, 6 (q, a) = & (g™, a) = q.

Theorem 3.9 The classes [£, [E* and I[’ are not closed under

inverse morphism.

0o oo -
(Proof) For X% = {a, b}, let h:Z — X be a morphism defined
by h(a) = a and h(b) = . Then h 'G* = 0 0% ¢ T - E.
Define g:=° — X% by gCa) = b and g = &.

Thus ¢ ' G*b2® = ¥ 0@,

Theorem 3.10. -.The class Rw is closed under inverse morphism,

(Proof) Let X = NI(A)'for an NDA automaton & = < Q,

z, J, 4q» F>. Let h : A® - =% be a morphism. Firsr we

1) qO’ Fl >, Where
Q¥ = { q~¥ | g€ Q@ }. The function 81 is defined as follows.

For ¢ € Q@ and a € A with h(a) = e, define al(q, 2 = &, @,

a) =q For g € Qand a € A with h(@ =b,...b (b, € ),

define Sl(q, a) = é‘l(q"’,‘ a) = (&g, h@)I))~ if there exists i

construct an automaton ;41 = < QUQ"’,'A, )

(I1£i=n) such that B(q,bl...b].) € F, and Bl(q, a) = 61(q~, ad

= §(q, h()) otherwise. We se’ch1 = F~, Similarly as in

Theorem 3.8, h L (NI(4)) = NI CA ).

10
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4, Duos and generators

Theorem 4.1([4]). (D R-w = r,Sf)((a*b)w) @ E° =,D(aw);

Theorem 4.2. I’ = Da+b b®>

. K ‘
(Proof) Since (atb) b® € I’', the inclusion D((a+b)*bw) -
I’ is obvious by the closure property of I’ under morphisms and

inverse e—-free porphisms.

Let L = 1" (A) for anNDA & = < Q, 2,0, 1q: F> with Q@ =
{qo, Qys vve qn)‘ Let =~ = {x~¥ | x € £} and z a new lektter
not in X U X~. Define the finite set T by T = (\.zixzn—j I x
Er z, qa € c?(q/i, x), a, £ F ) U | zix~zn"j | x € Z, aj €
6(qi, x), a; € F}. Ve setT= { t IR tm} and Y = {vy,,
., ¥ Y. We define the following morphisms:

m

he : (a, b1® = (a;, b, 2%, h, (a) = az", h ) = bz

ho s (S U S~U 0% > a, b, 2%, hy(z) = z, hy GO = a,

n

h,(x™) = b for x € X.

2 .
N w ~ m o — 2 -
h3 Y < U I~ U =2y, hS(yi) -—’ci for i+=1, ..., m.
First note that h. (Ca+b>) b®>) = (az™+bz™m ¥ ®b2z™® and thus

1
bl oh ¥ ?y)y = (222D F e 2™®. Then L =

2 1
£(T® N (M~ eH ¥ E~2™ ), where f is defined by

fo0 = x, fx™ = x, £(z) = & for x € %. We note that NT?

1 Thus we get L = f-hS-hB—l-h 1 on catm) ¥p®y,

= h 2 1

*h

3 73

Cororally 4. 3. I = E(a*bw).

(Proof) Define two morphisms h : { ¢, d, e} — { a, b} and

g : {c, d, e} ->{a,b}oobyh(c)=h(d)=a,h(e)=b and

11



1, % w

gCc) = a , g(d= g =b. Then g-h G bY) = a+bd b ?®,

Covrorally 4. 4 EVery‘ w=language X in I is of the form

— . . 4- —ll *m
X =hg-h, -hg-hy "-h G b

where hl’ h2, h3, h4 and h5 are &€—free morphisms.

Theorem 4.5 [3] (1) Every w—language X in [’ is of the‘ form
1 -1 ‘

X = hg "rhg-hy 1’

(2> Every w-language X in R is of the form X =

-1 ¥ W , - . .
hs-h2 -hl((a b) "), where hl’ }12 and h3 are €—free morphisms.

a®) where h hy and h3' are €—-free morphisms.

Lemma 4.6, D ba+bd®) = [,

(Proof) Define the three morphisms h': {a, P = {a, b, ) ® by
h(a) = ac, h(b) = bc, g : { a,, by, a,, by 1" = {a, b, ¢} by

1 1 1 2
g(al) = ac, g(bl) “= b, gad) = ca, g(b2) = ¢b and f :‘{ al, bl’ _
32, b2 } — {a, b} by f(al) = a, f(a2) = f(bl) = f(bz)"-'—' b. Then
g_l . h(a*b (a+b)w = al*bl(az + bz)m. Hence f - g—l . h(a*b (ay+b)w)
= a b®. It is obvious that DCa'ba+b)®) = I’ by the fact that

a b ath)® € .

Theorem 4.7. D{EY = DA’) = HDWL*> =’ and HA) =
DA = HBNL) = R, ’
(Proof) For an alphabet X which contains a andv b, a*bzw <
L N E. Define a morphism h: =% = (a, b1}%, by h(a) = a
and h(s) = b for 6 € A ={ a}. Then ha b5®) = a™bca+b> ¥,

From Lemma 4.6, D) = DA’> = HDWL’) = [['. From the fact
that b ® € L (151>, HA> = BWL> = pAD = R,

12
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