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Fibrations on cyclic coverings of the projective plane

Hiroyasu TSUCHIHASHI

Introduction

Let GG be a finite group. We call a Galois covering whose covering transformation group
is isomorphic to G, a G-covering. Let r and n be integers greater than 1. Let A : Y — P?
be a Z,-covering of the projective plane ramifying along a curve (f) of degree n. In
this paper, we study how many fibrations Y has and what singular fibers appear on
those fibrations. Here we call a holomorphic map from Y onto a curve whose fibers are
connected, a fibration on Y. We note that if (f) is irreducible, then n is a multiple of
r and Y is biholomorphic to X} ,, because Hi(P?\ (f),Z) = Z, (see Proposition 1.3 in
Chapter 4 of [1]). Here Xy, is the subvariety defined by § — f(z0,21,22) = 0 in the
total space of a line bundle over P? of degree s := n/r. In addition if n = r, then Y is
biholomorphic to the hypersurface of P? defined by 2z} — f(z9, 21, 22) = 0. First, we give
an example of fibrations on Xy,. Assume that n is a multiple of , let X = X, and let
7w : X — P? be the projection. Then 7 is a Z,-covering and there exist an element fof
H®(X,n*O(s)) and a generator o of Gal(X/P?) satisfying f* = n*f and o* f = pf, where
p = exp(2ry/—1/7). Let m, p and ¢ be positive integers satisfying m > s and p+¢q = .
Assume that there exist homogenous polynomials gg, ¢1, g2 and h of degree m, mp, mgq
and m — s, respectively, of zg, 21, 29 satisfying

I = g3+ 9192 and (g0) N (g1) N (g2) = 0.
For a subset I = {¢1,29,...,%,} of {1,2,..., 7} with |J| = p, we define a meromorphic map

ér: X — P! onto P! by ((7*go — p* fr*h)(w* g0 — p fr*h) - - (x*go — p'» fr*h), m*1). In
Section 1, we prove the following.

Theorem 1. If g; and g, are reduced, then ¢ is a holomorphic map.

== ¢;'(0) ===== (7*go — p* f7*h) — ¢7 ()
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The above theorem shows that if (f) is the Fermat curve (2§ + 2} + 27), then X has

3((VE) + )0+ + (r) o) + (2 ()2) o 3(()Q) + () () +-+

((n_';) /2 (r—rl) /2)) fibrations, accordingly as r is even or odd, because there exist s’;
pairs of polynomials g; and ¢, of degree sp and n — sp, respectively, satisfying g;92 =
2} +z7. On the other hand, if #71(0) or ¢7*(00) is connected, then ¢; is a fibration,
i.e., all fibers ¢;'(t) are connected, and the genus of generic fibers of ¢ is equal to
mpgq(n —n/r — 3)/2 + 1 (Proposition 7). In particular, when % is a constant and p = 1,
it is equal to n(r — 1)(n —n/r — 3)/(2r) + 1. Conversely, we show at the end of Section 1
that when n —n/r > 3, any fibration ¢ : X — P! on X the genus of whose generic fibers
is equal to n(r — 1)(n — n/r — 3)/(2r) + 1, coincides with one of the holomorphic maps
¢(;) in Theorem 1 for certain polynomials go, g1 and gs of degree n/r, n/r and n{r —1)/r,
respectively, satisfying f = gj + g162. v

We can see the structure of ¢;*(0) and ¢ *(co), which consist of parts of the irreducible
components of 771((g2)) and 771((g1)), respectively. For example, if h = 1, go = 2z and
g1 =21 (f = 2 + 2192), then ¢{'5 (0) is biholomorphic to the curve (g2) of degree r — 1
and ¢{'1§(oo) consists of r — 1 rational curves meeting at a point. On the other hand, if
T is even, h = 2y, go = 2122, 1 = —z4 — 2] and g2 = 2 + 2§ (—f = 2 + 2] + 25), then
#7'(0) and ¢7'(c0) consist of 2/2 rational curves. In particular, when r = 4, ¢ is an
elliptic fibration and ¢{‘11,2}(()), gb{“llg}(oo) are singular fibers of type Is. Moreover, when
h is a constant, p = 1 and (f) is non-singular, ¢{'$ (t) are biholomorphic to the curves
(((go — tg1)" — (g5 + 9192))/g1) for t € C. Hence in this case we can see what singular
fibers appear on the fibrations ¢(;), besides ¢{:§ (0) and ¢{_$(oo)

In the case that m = 1 and n = r = 2, (f) is a smooth conic and the images
(ga + 2tgo — t*g1) under 7 of the fibers ¢{‘11} (t) of ¢(1} are tangents of (f). Moreover, then
X is biholomorphic to P! x P!. Let x4 : Z — P? be a holomorphic map from a compact
analytic space Z onto P2 and let (u*f) = 3°_, ¢;D;. Then there exists a double covering
Y — Z ramifying along 3 ¢z D;. and p induces a surjective holomorphic map from Y
to X ~ P! x P!, Hence Y has fibrations. Conversely, we have:

Theorem 2. Let A\ : Y — Z be a double covering of a compact analytic space
Z. Assume that there exist a surjective holomorphic map ¢ :' ¥ — B from Y to a
curve B and no surjective holomorphic maps from Z to curves. Then there exists a
surjective holomorphic map p : Z — P? satisfying u(Ay) = (23 + 2122) and the following
commutative diagram holds, where Ay is the branch locus of A and p is the projection.

B — P! (%0, &1)
P71 Tp T

Y - Pl X Pl 2 (diagonal) ((éOa 61)7 (770, 771))
Al tm ! !

z 5 p? D (22 + z1z2) (omi + &m0, —260m0, 260m1)

In Section 2, we prove the above theorem. The images under the composite g o A of
the connected components of the fibers of ¢ are tangents of the conic (23 + 2;22). Hence

131



the pull-backs under u of generic tangents of (2} + z12;) are irreducible, if and only if the

fibers of the composite Y % B — P! are connected, i.e., ¢ is a fibration and B ~ P!.

Corollary 3. Let A : Y — P¥ be a double covering of the projective space of
dimension N greater than 2. Then there exist no surjective holomorphic maps from Y to
curves.

Corollary 4. Let n be an even number and let A : Y — P? be a double covering of the
projective plane ramifying along a curve (f) of degree n. IfY has a fibration, then there
exist polynomials go, g1, 9> of degree m and h of degree m —n/2 satisfying fh*® = g2+ g1 92
and (go) N (g1) N (g2) = 0.

If m = n/2, ie, h is a constant, then the holomorphic map u : P? — P? defined by
(9o, 91, g2) does not ramify along the conic (22 + 2122) and hence the pull-backs L under u
of generic tangents of (2% + 212;) are non-singular. On the other hand, if m > n/2, then
p ramifies along (23 + 2z12;) and hence L have singularities. When (f) and (k) have no
common irreducible components, and (h) is reduced, L have (m —n/2)m/2 nodes, because
deg(u) = m? and L are tangent to (f) at mn/2 points. For example, if go = 2§ + 222122 +
2322, g1 = —z} and go = 25, then g3 + g1g2 = 23 (2§ + 2232120 + 3222322 + 22323) and the
pull-back (22§ + 2222125 + 22822 — c2f — ¢™'23) of a generic tangent (229 + cz; — ¢ 23) of
the conic (22 + 2122) under the holomorphic map defined by (go, g1, g2), is an irreducible
quartic curve with two nodes at (0, 1, +c'/?).

In Section 3, applying the above corollary, we calculate the number of the fibrations
on a double covering Y of P? ramifying along a quartic curve (f) with only nodes as
singularities. When n = 4, for any fibration on Y, the holomorphic map x in Theorem
2 is obtained by quadratics go, g1 and g» satisfying f = g2 + g192, i.e., the pull-backs of
tangents of (22 + z122) under p are quadrics (Proposition 12). In particular, when f is the
product of two quadratics, we can write those quadratics gg, g1 and g2 explicitly. On the
other hand, if the curve (f) has two bitangents L; and L,, then Y has a fibration with a
fiber F satisfying [Y — P?](F) = L, + L, (Proposition 13), i.e., there exist quadratics go,
g1 and g, satisfying f = g2+ 9192 and (g1) = Ly + Ls. Moreover, any fibration on Y has at
most six fibers whose images under the covering map ¥ — P2 consist of two bitangents of
(f). Hence Y has many fibrations for a generic quartic curve (f). Therefore, Z4-coverings
of P? ramifying along (f) also have many fibrations induced from those on Y, besides
those obtained by Theorem 1. In Section 4, we examine what singular fibers appear on
those fibrations. For example, if f = 232} + 223 + 2222, then the minimal resolution of
Y has an elliptic fibration with three singular fibers of type I3, which is induced from the
holomorphic map (23, —22 — 2%, 22 + 23) : P? — P? (see Examples 3 and 6).

1 Proof of Theorem 1

We continue to use the notation in Introduction. Let C and D be the curves on P? defined
by g» = 0 and ¢, = 0, respectively.
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Lemma 5. For each irreducible component C’ (resp. I') of C (resp. D), the number
of the irreducible components of 7~*(C’) (resp. n~Y(D")) Is equal to r.

Proof. Note that (ﬂ'*go ~ fw*h) (w‘go - pfw’h) (w‘go - r“lfw*h) = —1*(g142)
(e HY(X,7m*O(mr))) has 0 of order 1 along n~*(C"). Let Cjj be an irreducible component
of w“l(C’) Then there exists an integer j such that (m*gy — P fr*h) has 0 along CJ.
Hence (o%)*(m*gp — P frrh) =gy — P fr*h has 0 along o ~*C} for each i. Therefore,
cTiCy#£ Ch if0<i<r. m)

Let C; (resp. D;) be the sum of the irreducible components of 7~ !(C) (resp. m (D))
contained in (7*gy — p' fr*h). Then o*"Y(C;) = Cy (resp. " }(D;) = D;) and n71(C) =
Ci+Co+ -+ C; (tesp. YD) =Dy +Dy+---+ D).

Lemma 6. C; N\ D, =0, if i # j.

Proof. C;N D; C (r*go — pfmR) N (m*go — p? fr*h) C (7*go). On the other hand,
C; C (m*g2) and D; C (m*g1). Hence C; N D; C (w*go) N (m*g1) N (77ga) = 0. O

Since (w*go — pifﬂ"h) = C;j + D; and (n*¢1) = Dy + Dy + --- + D,, we see that
671(0) = Cy +Ci + - - +C, and ¢7'(00) = Dj, + Dy, +- - -+ Dy, where {j1, j2, ..., Jg} =
{1,2,...,7}\ I (see the figure in Introduction). Hence we see by the above lemma that
the meromorphic map ¢; : X — P! is holomorphic. In the following, we examine the
structure of ¢;'(0) and ¢;'(co). First, we consider the case that m = s, ie., & is
a constant. Let z be a point in C \ (f) and let 77 }(z) = {.’)‘1,232,...,1,.} Then z;

is contained in only one among Cy, Co, ..., C;, because C; C (mw*gy — p7f7r*h) and
(m*go — P fr*h) 0 (m*go — pFfm*h) C (7*f), 1f 7 # k. Conversely, C; contains only one
in {zy,z2,... ,rr} because if z; € C;, then ¢/~ *z; € {z1,70,... z,} N C’k Hence the

restriction m¢, : C; — C of 7 to C; is one to one. For example, if f = 2z;+ 27+ 23, go = 20,
Q=2 — ezg and g2 = (z1 — €%22) - - (z1 — €7 712,), where ¢ = exp(27y/—1/2r), then
¢{’11}( ) = C} and d){”ll}( o00) = Dy + D3 4+ --- 4+ D, consist of r — 1 rational curves meeting
at a point. While if n = r =4, go = 20, g1 = 2% + \/_zl and gy = 27 — /=122, then
¢{1,2; is an elliptic fibration and ¢{1,2}( ) = Cy + Co, ¢{1,2}( o0) = Dj + Dy are singular

fibers of type l4.

—¢{—11}(0) — ¢{—11}(°O) —é('ll,z}(o) — qé{_lfz}(oo)
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Next, we consider the case that h is not a constant. As we see in the above, the restriction
Ticneh) : Ci \ (m*h) — C\ (h) of m to C; \ (7"h) is one to one.. Let z be a point in
(R)N(go)NC\ (f). Then C; contains all points in 77!(z), because C; = (7*go — g frh)N
7~1(C). Hence C; and C; cross each other at all points in 7~ !(z). For example, if
n=r=4, —f =28+ 22+ 23, h =z, go = 2122, 1 = —24 — 2} and go = z§ + 23, then
(k)N {(go) N C = {(0,1,0)}. Hence we see that ¢{"11,2}(0) = C) + Ca, d){_ll’z}(oo) = D3+ Dy
are singular fibers of type Ig and that d){'ll,s} (0) = C1+Cs, d){"ll’s}(oo) = Dy+ D4 are disjoint
union of two singular fibers of type I4.

—Cl
Y

Co
\

0,1,0)

T~ 1-1((0,1,0))

Proposition 7. If ¢;(0) or ¢;*(c0) is connected, then all the fibers of ¢; are con-
nected and the genus of generic fibers of ¢y Is equal to mpg(n —n/r —3)/2 + 1.

Proof. Since ¢;7'(0) and ¢;'(oo) are reduced, ¢;'(t) are connected for all ¢ in P'.
First, we consider the case that H := {7 € Gal(X/P?)|¢;7 = ¢1} = 1. Let F = ¢]'(t) be
a generic fiber of ¢;. Then ((7*go—p'* fr*h)(n*go—p f*h) - -+ (7*go—p'* fr*h)—tn*g1) =
F 4 Dy + Dy + -+ Dy, Hence S o*(m°0 — o Froh) (g0 — p fh) -+ (g0 —
p» fr*h) —tr*gy) = m Y (w(F)) + p(Dy + Dy + - - - + D). Therefore, the degree d of n(F)
is equal to mpr — deg(g:1)p = mpg. On the other hand, ¥\ «; <, (0'F)(0?F) = rd*/2,
because (0;F)? = 0 and ( T aiF)2 = rd?. Hence the number of the nodes of 7(F') is
equal to (rd?/2 — sd@))/r = d(d — sr + s)/2, because w(F) is tangent to (f) of order r
at nd/r = sd points. Therefore, the genus of 7(F) is equal to (d — 1)(d — 2)/2 — d(d —
st +5)/2 =d(sr —s—3)/2+ 1. Also in the case that H # 1, we obtain the same result,
using the Riemann-Hurwitz formula. O

In the case that n = mr and p = 1, we can see what singular fibers appear on the
fibration ¢(1} besides QS{_II}(O) and d){_ll}(oo).

Proposition 8. When p = 1, the images n(F') of fibers F' = qﬁ{ll}(t) of ¢(1; are defined
by ((go—tg1)" — (g5 +9192))/91 = 0. In addition, if h is a constant and (f) is non-singular,
then the restrictions mp : F — w(F) of w to F is biholomorphic for any t in C = P\ {oc}.

Proof. As we sce in the proof of the above proposition, m(F) + D is defined by
g0 — tgr — pfR) = (9o — tg1)” — (9§ + g192) = 0. When h is a constant, the
restrictions mma-1((sy ¢ F\ 7 ((f)) = 7(F)\ (f) of 7 to F\ 7~ !((f)) are one to one
and locally biholomorphic. Moreover, for each point z in w(£') N (f) the inverse images
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7r|}1 (z) under the restrictions mz consist of one point and 7 (F') is non-singular at z, if (f)

is non-singular, because f = (go —tg1)" + 19’ and (go —tg1)(z) = 0, where ¢’ is a defining
equation of 7(F). a

Example 1. Let n = r = 4, let p = 1, let go = zp, let g1 = 2 — €z, and let
g2 = (2} + 23)/g1, where € = exp(2mr+/—1/8). Recall that ¢y} is an elliptic fibration and
that ¢>{_11} (0) and ¢>{_11} (00) are singular fibers of type IV. Let t be any point in C with 8 = 1.
Then we see by an easy calculation that (((zo — t(2z1 — €22))* — (2§ + 21 + 23)) /(21 — €22))
consists of the line (2o — tz1) (resp. (2o + tezz)) and a conic crossing at two points, if
t4 = —1 (resp. 1). Hence ¢>{‘11}(t) is a singular fiber of type I,.

In the following, we show that any fibration on X the genus of whose generic fibers is
equal to n(r — 1)(n — n/r — 3)/(2r) + 1, coincides with one of holomorphic maps ¢ in
Theorem 1.

Proposition 9. Let ¢ : X — B be a fibration on X and let F be a generic fiber of ¢.
Assume that n —n/r —3 > 0. Then

-1

The equality holds if and only if H := {7 € Gal(X/P?)|¢7 = ¢} = 1 and deg(n(F)) =
n(r — 1)/r. Moreover, then w(F') is non-singular.

Proof. First, we note that 7F is a fiber of ¢, if and only if 7 is in H for each element
7 in Gal(X/P?), because each point in 77 1((f)) is a fixed point of 7 and #~'((f))F > 0.
Let X' = X/H, let ¢ : X — X' be the quotient map and let 7’/ : X’ — P2 be the
holomorphic map satisfying n’ c ¢ = 7. Then there exists a fibration ¢’ : X’ -~ B on
X' with ¢’ o g = ¢. Let d be the degree of 7(F) and let ' = r/|H| (= |Gal(X'/P?))).
Then 7(F') is tangent to (f) of order v’ at dn/r’ points, because q(F) crosses (')~ ((f))
normally. Let (f) N7(F) = {z1,22,...,Zanyr}. Then z; may be a cusp of 7(F) for each
j. Let 5(x;) = 25 cicjcr tij, if (7)'q(F) are tangent to (7')7q(F) at (n')~!(z;) of order
tij, where 7’ is a generator of Gal(X’/P?). Then the number of the nodes on m(F) is
equal to (d?r' — =47 G(x;))/(2r')(< (d® — dn(r' —1)/r')/2). Hence d > n(r —1)/r' and
the equality holds only if 5(z;) = r/(r' — 1), i.e., 7(F) is non-singular at z; for all j. Let
(20, 21) and (Zy, Z,) be local coordinate systems on neighborhoods U and V' of z; and
(7')7*(z;), respectively, satisfying (m(;,)*z0 = zr (mly)*21 = Z1, 20(z;5) = 21(z;) = 0 and
(fyNU = (29). Then there exists a holomorphic function h(Z) such that ¢(F) NV is
defined by Z; — h(Zo) = 0. Since 7’ is a generator of Gal(X'/P?), we see that (7)*Z, =
pZy, where p is a primitive r’-th root of the unit. Let G(Zy, Z;) = H{':‘OI(ZI — h(p*Zy)).
Then (7))~} (7 (F))(= &5 (7)iq(F)) and 7(F) are locally defined by G(Z,, Z;) = 0 and
9(z0,21) = 0, respectively, where g is the holomorphic function satisfying G(Z, Z;) =
9(Z5, Zy). Hence 5(z;) = dime C[[Zo, Z1])/(G,Gz,) = r'dimc C|[z0, 21]]/(g, gz, ) Let
o(z;) = dime C{[zo, 21)]/(9, gz, ) — 7 + 1. Since g(0,21) = 27, the genus of ¢(F) is equal
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to

+1

(@-1d-2) @S5 5@)/r W oz _din—n/r ~3)
2

2 2 *]; 2

(see Theorem 2.1.9 in [2]). Since deg(q) = r/r’ and qr ramifies at dn/r’ points in
()"H(f) Nw(F)),

T dn /T r n dr /n n

—2 = — F)) -2 —_ - = ——— B e

29(F) ZesaF) -2+ Z (5-1) = Zd(n-5-3)+ 5 (5-7)
dr n n

On the other hand, (r' —1)/(r")? > (r —1)/r? and the equality holds if and only if 7’ = r,
because 2 < ' < r. Now assume that the equality of the inequality in the proposition
holds. Then r =’ and d = n{r — 1)/r. Hence 7(F) has no nodes and is non-singular at
z; for all j. Therefore, #(F') is non-singular. ]

Theorem 10. Let ¢ : X — B be a fibration on X. Assume that n—n/r —3 > 0
and that the equality of the inequality in the above proposition holds. Then there exist
homogenous polynomials go, g1 and g» of degree n/r, n/r and n(r — 1)/r, respectively,
satisfying f = gj + g192, and ¢ = 0 o ¢(;; for an integer 1 and for a biholomorphic map
6 : P! — B, where @{s:y are the holomorphic maps in Theorem 1 for these polynomials go,
g1, 92.

Proof. Let F' be a generic fiber of ¢, let D = w(F) and let g2 be a defining equation of
D. Then deg(gz) = n(r —1)/r by the above proposition. Hence there exists the following
short exact sequence of sheaves for each positive integer k.

0 — Opa (kﬁ - 1)) s Ops (kﬁ) L 0p (kﬁ) 0
roor r T
Since H'(P?, Op: (klr‘- —2(r -~ 1))) = 0, we have the following exact sequence.
0— I(P*,Op2 (k= = 2(r =1))) 2 T(P*, Op: (k7)) <= (D, 05 (7)) — 0

Here the second arrow g3 sends g to g;g. Since D is non-singular, the restriction 7z :
F — D of m to F is biholomorphic. Hence there exists an element f' in I'(D, Op (n/r))
with 7 f' = fir- Then (f')" = i*(f) and there exists an element go in T(P2 Op2 (n/r))
with ©*(go) = f’, by the above exact sequence for k¥ = 1. Since *(f — g}) = 0, there
exists an element g in I'(P?, Op: (n/r)) with g5(g1) = f — g5, again by the above exact
sequence for £ = r. On the other hand, the fiber 45{:;(0) of ¢(;) over 0 is an irreducible
component of 77(D) for each 7. Hence ¢>{:i (0) = F for an integer . Then ¢ = o ¢y
for a biholomorphic map ¢ : P! — B. O

Let n = r. If X has a fibration the genus of whose generic fibers is equal to (n —
1)(n—4)/2+ 1, then there exists a line tangent to (f) of order n at a point, by the above
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theorem. Conversely, if there exists such a line (g;), then we see in a way similar to the
proof of the above theorem that there exist homogenous polynomials go and g, satisfying
f = g} +9192. Thus we see that the number of fibrations on X the genus of whose generic
fibers is equal to (n — 1)(n —4)/2 + 1, is equal to n times the number of lines tangent to
(f) of order n at a point. '

2 Proof of Theorem 2

Since there exists a surjective holomorphic map from B to P!, we may assume that
B =P!L. Let o be the generator of Gal(Y/Z).

Lemma 11. v:= (¢, ¢0): Y — P! x P! is a surjective holomorphic map.

Proof. By the Stein factorization theorem, there exist a surjective holomorphic map
¢ : Y — B whose fibers are connected and a finite holomorphic map 0 : B — P! with
6 o ¢ = ¢. Suppose that ¢(o (¢~ '(t0))) is a point for a pomt to in B. Then ¢(a(4~1(t)))
are also points for all points ¢ in B, because o(¢(t5))o(¢7*(¢)) = 0. Hence the following
commutative diagram holds.

Yy - v
¢l L¢
B o™ 3

Then there exists a surjective holomorphic map from Z = Y/(g) to the curve B/( .
Hence ¢(o(¢7'(t))) = B for all points ¢t in B. Therefore 7 = (¢,¢0) : ¥ — B x B is
surjective. Since (6,6) : B x B — P x P! is surjective, v = (6, ) o ¥ is also surjective. O

The following cormmutative diagram holds.

Yy % P'xP' 3 (&7)
lo ! !
Y 5 P'xP' 3> (n9)

Hence the following also holds.

Yy % P'xP! (%0, &1), (10, m))
LA l ]
z 5 P2 (&om + &1m0, —2E0m0, 261m1)

The map u is surjective, by the above lemma. Since Ay = A{y € Ylo(y) = y}),
= [P} x P* — P?|((§om — &1m0)) = (w + wiwa).

3 Fibrations on double coverings of P? ramifying along
quartic curves

Let f be a reduced homogenous polynomial of zp, 21, 2, of degree 4. Let ¥ = X4 and
let A : Y — P2 be the projection. Then Y is biholomorphic to the hypersurface of P?
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defined by z3 — f(20,21,22) = 0 and A is a Z,-covering ramifying along each irreducible
component of the curve C := (f) with the ramification index 4. Let A\; : X — P? be
a double covering ramifying along the curve C. Then there exists a holomorphic map
A2 1Y — X satisfying A = A o A, which is a double covering ramifying along A\[*(C). If
X has a fibration ¢ : X — B, then the base space B is a rational curve, because X is a
rational surface. Hence we may assume that fibers of the composite X — P! x P! — P!
in Theorem 2 are connected. Then the pull-backs under p of generic tangents of the conic
(w? + wyw,) are irreducible.

Proposition 12. Assume that X has a fibration ¢ : X — B. Let u = (go, g1, 92) :
P2 — P? be the holomorphic map in Theorem 2 satisfying 7 o (¢, o) = p o A\, where
(o) = Gal(X/P?). If the pull-backs under u of generic tangents of the conic (w? + wiws)
are irreducible, then go, g1, 92 are quadratics.

Proof. Since the restriction of the canonical divisor of Y to Y\ A=!(Sing(C)) is trivial,
generic fibers of ¢ o Ay are elliptic curves. Let F be a generic fiber of ¢. Then F' crosses
AT }(C) normally. Hence the restriction Adasier) MY (F) — F of the double covering
A2 to Ay }(F) ramifies at F N A7 (C). Since A\;*(F) is an elliptic curve, Agiasi(r) Tamnifies
at 4 points, because the ramification index of A, along A7!(C) is equal to 2. Namely, F
crosses A]1(C) at 4 points. Hence \;(F) is tangent to C at 4 points. Therefore, \;(F)
is a quadric, because C is a quartic curve. On the other hand, A\;(F’) is the pull-back
of a tangent of the conic (w3 + wiw,) under the holomorphic map defined by (go, g1, 92)-
Hence go, 91, go are quadratics. a

When C is a generic quartic curve, we see by the following proposition that X has a
fibration, i.e., there exist quadratics go, g1, g2 satisfying f = g2+g192 and (g0)N(g1)N(g2) =
0.

Proposition 13. Let L, and L, be bitangents of the quartic curve C. Then there
exist exactly two fibrations ¢ : X — P! with a fiber F satisfying A{(F) = L1 + Lo.

Proof. Since L; are simply connected and the restrictions of A; to /\fl(Li) are un-
ramified, A7!(L;) consist of two irreducible components. Let A\;'(L;) = L} + L;. Since
LfL; =2 and (L] + L)% = 2, we see that (LF)? = —~1. We may assume that L} L] > 0,
because (L} + L7)(L¥ + Ly) = 2. Then LTLT = L7 Ly =1 and L{L; = L7L{ = 0.
Hence X has two fibrations with LT + LT as a fiber. On the other hand, we easily see
that there does not exist a fibration with F = L¥ + LT, LT + L7 + Lf or L¥ + Ly + Ly
as a fiber. . - O
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Let Ly, Ls, L3 and L4 be bitangents of C. Then we see by Theorem 2 and Proposition
12 that there exists a fibration ¢ on X with fibers F} and F; satisfying A\ (F1) = L; + L2
and A (F2) = L3 + Ly, if and only if there exists a holomorphic map u : P? — P2
such that p(L, + L) and p(L3 + L4) are tangents of the conic (wg + wyw;) and that
p*(wi + wiws) = (f), i.e., there exist quadratics go, g1 and g, satisfying (g1) = L1 + Lo,
(92) = Ls+La, f = g3 +9192 and (90)N(92)N(g2) = 0. For example, (23 +2{ +23) has four
bitangents (29 2; £ 23). Since (22 + 22 +22)% + (20 + 21+ 22) (20 + 21 — 22) (20 — 21 + 22) (z0 —
21— 29) = 2(z4+ 2} + 28), if f = 2§ + z} + 2}, then X has a fibration with fibers F; and F;
satisfying A\ (F)) = (20+21+22) + (20 + 21— 22) and A (F2) = (20 — 21+ 22) + (20 — 21 — 22)-

Proposition 14. Let Ly, Ly, L3 and L4 be bitangents of C. Assume that there exists
a fibration ¢ : X — P! on X with fibers Fy and F, satisfying \1(F1) = L, + L, and
M(Fy) = L3+ Ly. Then there also exists a fibration ¢ : X — P! with fibers G; and
G, satisfying A\ (G,) = Ly + L3 and A\ (Gz) = Ly + Ls. Moreover, if there exist other
bitangents Ls, Lg of C and a fiber F3 of ¢ satisfying A1(F3) = Ls+ Le, then any irreducible
component of A\{*(Ls) does not contained in a fiber of .

Proof. Let A\{}(Li) = L} + Ly (1 < i < 6) and assume that L{ + L}, LT + L]
and LT + L{ are fibers of . Then LYL; = Ly L} = 1and LYL; = LTL} = Ly L; =
Ly L} = 0. Hence (L{ +L3)* = (L3 + L{)* = (LT + L3 )(L3 + L}) = 0. Therefore, there
exists a fibration 4 : X — P! with LT + L3 and L; + L] as fibers. Since (L} + L3 )L =
(LY +L3)Ls = 1, none of the irreducible components L and L of A7 '(Ls) are contained
in a fiber of 7. m|

In the following, we consider how many fibrations X has, restricting ourselves to the
case that C has only nodes as singularities. Let {p1,p2,...,m} be the set of nodes of
C. Let w : X — X be the minimal resolution of X and let (A\; o @)™} (p;) = E;. Then
we easily see that x(j(v ) = 10 and that Ej; are non-singular rational curves with the self-
intersection number —2.

Remark There may be fibrations on X which are not pull-backs of those on X, i.e.,
at least one of Ey, E;, ... and E; is not contained in a fiber of which.

Lemma 15. Assume that C has only nodes as singularities. Let ¢ : X — P! be a
fibration on X. Then the image of any fiber of ¢ under A, is one of the following.

(i) a smooth conic tangent to C of even order at smooth points of C

(ii) two lines tangent to C of even order at smooth points of C

(iii) two lines passing through one and the same node of C and tangent to C of order
2 at a smooth point of C (or tangent to one branch of C of order 3 at the node)

(iv) a line passing through two nodes of C

Proof. Let F be a fiber of ¢ and let Fy, Fy, ..., F; be the irreducible components of

F. Suppose that ¢ F; = F; for an irreducible component F; of F, where ¢ is the gener-
ator of Gal(X/P?). Then F; is contained in a fiber of each of two fibrations ¢ and ¢o.
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Hence the image of F; under the map v = (¢, ¢o) is a point. Therefore, that under the
composite m o v = po ) is also a point, where 7 : P* x P! — P? and u : P2 — P?
are the maps in Theorem 2. However, p and A; are finite maps, a contradiction. Hence
oF, # F,. Let M = X\(F). Then M is a quadric by Proposition 12. Hence M
consists of a smooth conic, two lines or a double line. Therefore, the number s of the
irreducible components of F' is equal to 1 or 2. On the other hand, if M passes through
nodes p;;, Pi,, --- and p;, of C, then @™ (F) = ciFi + -+ + ¢ Fs + 1 By, + -+ + di By,
which is a fiber of the fibration ¢ o @ on X, where F] are the proper transforma-
tions of F; under @ and c;, d; are positive numbers such that F° = ¢\ F] + -+ + ¢, F5.

__ exceptional set of

c ME), Fo oo ok resolutions of X, Y
0o 1 2 7
. \.‘ — """5\“ g
blowup = T——— 1z, Z, R, D
— —= —
—_— 2
/ -..—.--mm':ﬂ:.
-2
—1 2 -2
1 1 —1 —1
0 ......... /
— — zs - -
—
- | “to., B
/< 2
—4 —4
—1
) ) leeereearenneeaes
N
VIR SRV B oz 7
AN 72 N N IR I 2
1 -2 1
- 4

First, we consider the case that M consists of a smooth conic. Since A;'(M) consists
of two curves, M is tangent to C of even order. We see by an easy calculation that the
self-intersection number of the proper transformation of F' under w is equal to 0, even if
M passes through nodes of C. Hence if M passes through at least one node of C, then F'
can not be a fiber of ¢.

Next, let L be a line tangent to C of odd order at a point of C. Then A\'(L) is
irreducible and oA7!(L) = A7'(L). Hence L can not be an irreducible component of M.
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Let L be a line tangent to C of even order. Then A; (L) consists of two curves, the proper
transformation Ly of each of which under w has the self-intersection number —1, even if
L passes through nodes of C' (see the figures above). Moreover, if L passes through a node
p;, then Lg intersect F; at a point. Hence if M consists of a line, then M passes through
exactly two nodes of C. While, if M consists of two lines, then both are bitangents of C
which do not pass through nodes of C or both pass through one and the same node of C.

d

Let M be a smooth conic tangent to C of even order and passing through nodes p;, ,
Digs - - - Dip- LThen as we see in the proof of the above lemma, the proper transformation
under w of each irreducible component of A;!(M), is _a rational curve with the self-
intersection number 0. Hence there exists a fibration ¢/ : X — P! with a fiber F satisfying
(Mow)(F)=M and E;,, E,,, ..., E; are sections of 9.

Proposition 16. If C is a non-singular irreducible quartic curve, then X has exactly
126 fibrations.

Proof. Let ¢ : X —+ P! be a fibration on X and let F' be a fiber of ¢. Then M := X, (F)
consists of a smooth conic tangent to C' of even order or two bitangents of C, by the above
lemma. In the former case, F' is a non-singular rational curve with the self-intersection
number 0. In the latter case, F' consists of two rational curves with the self-intersection
number —1 crossing each other at a point. On the other hand, x{X) = 10. Hence ¢ has
exactly six fibers whose images under A; consist of two bitangents of C. Since there exist
28 bitangents of C, we see by Proposition 13 that X has 2(228) /6 = 126 fibrations. O

Proposition 17. If C is an irreducible quartic curve with a node as singularities, then
X has exactly 60 fibrations.

Proof. Let ¢ be a fibration on X. Then by Lemma 15, if the image A;(F') under A; of
a fiber F of ¢ passes through the node p; of C, then it consists of two lines passing through
p1 and tangent to C of even order at another point (or tangent to one branch of C of order
3 at the node p;). Let L; and Ly be such lines. Then the pull-backs of L; under A; consist
of two irreducible components, we denote by L¥ the proper transformation of which under
w. Then we easily see that EyLF =LfL7 =1, (LF)? = —1and LYLT = L{fLY = 0.
Hence there exist four fibrations on X each of which has one of B, + L} + L3, Ei+ LT +L3,
Ey+ L7+ L3 and E, + L] + L; as a fiber. Therefore, there exist exactly four fibrations ¢
on X with a fiber F' satisfying ¢(F) = L) + Ly. On the other hand, we see by the Pliker
formulas that there exist six lines passing through the node p; of C and tangent to C at
another point (or tangent to one branch of C of order 3 at p;). Hence we see that X has

4(5) = 60 fibrations. O

Proposition 18. If C is an irreducible quartic curve with two nodes as singularities,
then X has exactly 26 fibrations.

Proof. Let L be the line passing through the two nodes of C. We easily see that
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there exist two fibrations ¢ on X with a fiber F satisfying Aj(F) = L. We also see as
in the proof of the above proposition that the number of the other fibrations is equal to
4(3) =24 al

Example 2. Let C be the quartic curve on P? defined by z§ + 2222 + 2222 — 2222 = 0.
Then C has two nodes at (0,1,0) and (0,0,1). Four of 13 pairs of fibrations on a double
covering of P2 ramifying along C are obtained by the holomorphic maps defined by

(222 + 22 + 22, -2} + 2V —1zz0 — 22, 22 + 2/ = 12120 + 22), (V223, —2% + 22,22 — 22),
(1£V2)22+ 22, 2oz — 22 — (V2 £ 1)V =Tzoz + (V2 £ 1)V =112,
2021+ 2+ (V2 £ 1D)V=1202 + (V2 £ D)V~12122).

Proposition 19. If C is an irreducible quartic curve with three nodes as singularities,
then X has exactly 8 fibrations.

Proof. Let L3 (resp. L) be the line passing through p; and p, (resp. p; and p3). Then
we easily see that there exist two fibrations ¢ on X with a fiber F satisfying A (F) = L3
(resp. L,). The number of the other fibrations on X is equal to 4, because there exist
two lines passing through the node p; and tangent to C of even order. O

Example 3. Let C be the quartic curve on P? defined by 2222 + 2722 + 2322 = 0. Then
C has three nodes at (1,0,0), (0,1,0), (0,0,1) and four bitangent (2o % z; £ 2;). Four
pairs of the fibrations on a double covering of P? ramifying along C are obtained by the
holomorphic maps p; : P? — P?, where yuy = (22, —22—2%, 23+ 22), po = (2122, 23, 23 +232),
ps = (2220, 22, 23+ 23) and pq = (2021, 22, 22 + 22). The pull-backs (23 + z1), (2§ + 23) and
(224 22) under p, of tangents (wy), (w2) and (2wo+w; —wy) of the conic Q := (w§+wiws)
consist of two lines both of which cross C only at the nodes (0,0, 1), (0, 1,0) and (1, 0,0),
respectively. Those of other tangents of @ consist of a smooth conic. While, the pull-
backs under p; of tangents (2wq — w; + wq) and (2w + wy — w) of the conic @ consist of
the two bitangents (2o & 21 & 2») and (zo £ z1 F 23), respectively, that of (w;) consists of
the line passing through the two node (0,1,0) and (0,0,1) of C, and that of (w,) consists
of two lines crossing C at the node (1,0, 0).

We can prove the following proposition in a way similar to that in the proof of the
above propositions, noting the fact that for a point p on a non-singular cubic curve @
there exist four lines passing through p and tangent to () at another point or tangent to
2 of order 3 at p.

Proposition 20. If C consists of a non-singular cubic curve (resp. a cubic curve
with a node) and a line crossing each other at 3 points, then X has exactly 24 (resp. 6)
fibrations.

Example 4. Let i : P? — P? be the holomorphic map defined by

(22 — 2020 + 23+ V223, —22 + 2pzpz — PPl — VAp?zozy — /42129,
22— 2pP2021 + prat + VAptaoze + VA2 ),
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where p = exp(2my/—1/6). Then the pull-back under y of the conic (w2 + wyw,) consists
of the non-singular cubic curve (23 + 2} + 23) and the line (23). That of the tangent
(wy) (resp. (ws), (2wo + pwy — p°wz)) of (W§ + wyws) consists of two lines (2 — pz1) and
(2o — pz1 + V4p*2,) (resp. (20 — p°21) and (2 — p°z1 + V4p22), (20 + 21 + V4p?2,) and
(20 + 21 + V/4p*23)). These two lines are tangent to (23 + 2z} + z3) and pass through the
point (p, 1,0) (resp. (0% 1,0), (—1,1,0)), at which (23 + 2} + 23) and (z,) intersect.

In the case that f is the product of two quadratics ¢; and g, we can write explicitly the
holomorphic map g in Theorem 2. If there exist two linear equations [; and I, satisfying

(*) @—q@=hlz and (@) N(g)NL)N({) =0,

then p*(wg + wiw,y) = (q192), where p : P2 — P? is the holomorphic map defined by
(q1 + g2, —1%,12). In the following cases, if we replace ¢; and g by their suitable constant
multiplications, then there exist linear equations /; and [, satisfying (x).

(1) In the case that two quadrics (q1) and (gz) intersect each other at four points py,
D2, p3 and py, let I; (resp. l3) be a defining equation of the line passing through the two
points p; and py (resp. ps and ps). Here we assume that if (¢1) or (g2) consists of two
lines, p; and py (resp. ps and ps) are not on one and the same line. Hence there exist
one, two or three pairs {ly, l2} satisfying (%), accordingly as (g1g2) consists of four lines, a
conic and two lines or two conics.

(ii) In the case that (gig2) consists of a conic @ and two lines L;, L, intersecting at
a point p, let [; be a defining equation of the tangent of () at p, and let I, be that of the
line passing through the intersection points of Q with L; and L,.

(iii) In the case that (gi1g2) consists of two conics tangent at a point p; and crossing
each other at two points py, p3, let [; be a defining equation of the tangent of the two
conics at p, and let I, be that of the line passing through the intersection points ps, ps.
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(iv) In the case that (gi¢2) consists of two conics tangent at two points p; and py, let
l; and [, be defining equations of the tangents of the two conics at p; and p,, respectively.

On the other hand, if 4 : P* — P? is the holomorphic map defined by (go, g1, g2) for
quadratics go, g1 and g, satisfying f = g5 + g192 and (go) N (1) N (g2) = @, then the
pull-back @ under u of a generic tangent of the conic (w2 + wyw,) is a conic tangent to
C = (f) at four points. In particular, if f is the product of two quadratics ¢, and ¢z, then
Q is tangent to each of (¢1) and (g2) at two points. Conversely, we have:

Proposition 21. Let () be a conic tangent to each of two quadrics (¢,) and (gz) at two
points. Then there exist linear equations |, and [, satisfying () and Q is the pull-back
of the tangent (2wg + wy — ws) of the conic (w3 + wiws) under the holomorphic map
p: P? — P? defined by (q1 + g2, —1?,12), if we replace q, and qo by their certain constant
multiplications.

Proof. Let l{ (resp. l,) be a defining equation of the line passing through the two
tangential points of @ and (¢q1) (resp. (¢2)). Then we may assume that Q is defined by
q1 — (11)? = 0 (resp. q2 — (I4)* = 0), replacing !{ (resp. ;) by its constant multiplication.
Moreover, we may assume that g1 — (I1)? = g2 — ({})?, replacing g, and I} by their constant
multiplications. Then {; := I + 15 and [, := { — I} satisfy (x) and Q is defined by
2Ap+@)-F-B=0 O

Corollary 22. The number of the fibrations on X is equal to 6, 2, 4, 2 or 2, accordingly
as C consists of two conics crossing each other at four points, two conics tangent to each
other at two points, a conic and two lines in a general position, a conic and two lines
intersecting at a point or four lines in a general position.

Assume that (g1g2) consists of four lines with at least one triple point, a conic and
two lines with at least one tangent point or two conics tangent to each other of order 3
or 4 at a point. Then there do not exist /; and I, satisfying (*). Hence there do not exist
quadratics go, g1 and g» satisfying f = g2 + g1 g2, by the above proposition.

4 Fibrations on Zj-coverings of P? ramifying along
quartic curves

Let A : Y — P2 be a Zy-covering ramifying along a quartic curve C' and let o be a
generator of Gal(Y/P?). Here we note that if C is irreducible or consists of an irreducible
cubic curve and a line, then Zs-coverings of P? ramifying along C are unique up to
isomorphisms, because H,(P*\ C,Z) = Z4 or Z (see Proposition 1.3 in Chapter 4 of [1]).
Then Y is biholomorphic to the hypersurface in P? defined by 23 — f(zo, 21, z2) = 0, where
f is a defining equation of C. While if C' consists of four lines, two lines and a conic or two
conics, then there exist at least two isomorphism classes of Z4-coverings of P2 ramifying
along C. Throughout the rest of this section, we assume that the ramification index of
A along each irreducible component of C is equal to 4. Assume that Y has a fibration
¢ :Y — P! and let F be a fiber of . Then we see as in the proof of Lemma 11 that
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oF is not a fiber of ¢. Moreover, 0?F is a fiber of ¢, if and only if ¢ 0 6? = ¢, because
each point on A~!(C) is a fixed point of 0% In the case that ¢ o 0? = ¢ (resp. # ¢), the
left (resp. right) of the following commutative diagrams holds, by Theorem 2.

X 4, plxp! y =@ piyp
[ Im 1 A2 s
pz A, p? X R p?

Here X = Y/{¢?) and A2 : Y — X, A1 : X — P? are the double coverings induced
from A. By Theorem 2, the conic (w3 + wyw,) is the image under y; (resp. us;) of the
quartic curve C (resp. A7'(C)). When C has only nodes as singularities, we know the
number of the fibrations ¢ satisfying ¢ o 0% = ¢, by Propositions 16, 17, 18 19, 20 and
Corollary 22 Assume that there exist homogenous polynomials go, g1, g2 and h satisfying
fht = g4+ g192, (90) N (91) N (g2) = 0 and p := deg(g1)/ deg(go) € Z. Then by Theorem
1 we have fibrations ¢; for all I C {1,2,3,4} with [I| =p. fp=2andif I = {1,3} or
{2,4}, then ¢ o 0? = ¢. In the other cases, $o 0% # ¢. When p = 1and I = {4} (resp.
p=2and I = {4,1}), ¢ is defined by (g0 — fh, g1) (resp. ((go — fh)(go — V/—=1fh),1).
Hence ps is defined by (gogu, f2h* — ¢, g7) (resp. (g3 + vV—11%h% g2, 91)).

Let ¢ : Y — P! be a fibration on Y satisfying ¢oo? = ¢. In the following, we consider
what singular fibers appear on the fibration ¢ o w on ~}7, restricting ourselves to the case
that C has only nodes as singularities, where @ : Y — Y is the minimal resolution
of Y. Here we note that if ¥ is biholomorphic to the hypersurface in P? defined by
25 — f(20,21,22) = 0, then Y has only rational double points of type A; as singularities
and Y is a K3 surface. In the other cases, the exceptional set of w contains rational
curves with the self-intersection number —4 and Y is a rational surface. Let F be a fiber
of ¢. Then as we see in Lemma 15 that A(F') consists of a smooth conic tangent to C of
even order at smooth points, two lines tangent to C of even order at smooth points, two
lines passing through one and the same node of C or a line passing through two nodes of
C. We easily see that the relations in the following table hold (see the figures following
Lemma 15).

A(F) How A(F') crosses C | type of ™ (F')
a smooth conic (2,2,2,2) Ig
(47 2» 2) I1
(41 4) I
(6,2) 1
(8) I1I
two bitangents (2,2), (2,2) L,
(27 2)’ (4) 13
(4), (4 L
two lines passing through a node of C' | (2,2), (2,2) I;
(2,2), (4) I
(4), (@) I3
a line passing through two nodes of C | (2,2) Lorl
In the second column of the above table (I, m, .. ., n) implies that an irreducible component
L of A(F') is tangent to C of order [ at a point, of order m at another point, ... and of
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order n at another point. In particular, if L is a line passing through a node p of C, then
(2,2) (resp. (4)) implies that L is tangent to C of order 2 at another point (resp. tangent
to one branch of C of order 3 at the node p). The third row of the above table occurs only
in the cases that C consists of an irreducible quartic curve, an irreducible cubic curve and
a line or a conic and two lines. In the first two cases Y has only rational double points as
singularities. In the last case the node of C which A(F) pass through, is the intersection
point of the two lines which are irreducible components of C. Then the inverse image of
the node under A, is a rational double point. On the other hand, the fourth row occurs
also in the case that C consists of four lines or two conics. When Y is biholomorphic to
the hypersurface in P? defined by z3 — f(z0, 21, 22) = 0, the fiber F of ¢ whose image
A(F) under A is a line passing through two nodes of C, is of type I3. In the other cases,
the inverse images of the two nodes of C which A(F') pass through, may not be rational
double points. Then @' (F) is of type I5. If the map y; in the commutative diagram at
the beginning of this section, is defined by relatively simple polynomials, then we see as
in the following examples which in the above table occur.

Example 5. Let A : Y — P2 be a Z4-covering ramifying along the quartic curve
(28 + 2t + 23). Let ¢: Y — P! be the fibration obtained as the composite of the above
three horizontal arrows in the following commutative diagram.

Y —  Y/(e?) — P! x P! 2,opl
! !
P2 : 'L P2

(20, 21,22) +— (23,22 + /122,28 —/=122)

Note that y is a finite map with degree 4 ramifying along (wo), (w1 £ ws). The tangents
(ws) and (w)) of the conic (w3 + wyws) at the intersection points (0,1,0) and (0,0, 1),
respectively, with the line (wg), pass through the intersection point (1,0,0) of two lines
(wy + wy). The tangents (F2wo + w1 — wa) (resp. (F2wo + v —1w; + v/—1wy)) of the
conic at the intersection points (£1,1,—1) (resp. (&v/—1,1,1)) with (w; + w,) (resp.
(w1 — wy)), pass through the intersection point (0,1,1) (resp. (0,1, —1)) of (wg) and
(w1 — ws) (resp. (w1 + wq)). Hence the pull-back under p of each of these six tangents
consists of two lines tangent to (z§ + z{ + 23) of order 4 at a point. Thus we see that ¢
has six singular fibers of type I,. Besides twelve tangents ((z; +w*z;) (0 < i < j < 2,
k=1,3,50r7 w=exp(2ry/—1/8))) of (25 + 2} + z3) which appear in the above, there
exist sixteen bitangents (zo + \/:Tkzl + \/~_1l22) (0 < k,l < 3), which are tangent to
(z8 + 2% + 23) at two points. Hence by Proposition 14, any fibration ¢ on Y satisfying
1 o 0% =1 except @, ¢ o o has at least one singular fiber of type I, or I;.

Example 6. Let u; and po be as in Example 3. Then we see as in the above example
that the fibrations induced from p; have three singular fibers of type I3, and those induced
from po have two singular fibers of type If and four singular fibers of type I,. (The pull-
backs (421 2y £ 422 F 2% F 22) under ps of the tangents (4wp £ 4w, F wa) of (w3 + wyws)
at (2,F1,+£4) are smooth conics tangent to C of order 4 at two points.)
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