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Abstract
This thesis discusses a neural network (NN)-based graph embedding and

its extensions. The NN-based graph embedding computes feature vectors for
nodes of a graph, by leveraging observed data vectors of nodes and their asso-
ciation strengths called link weights. Obtained feature vectors are, in general,
(i) containing richer information than the original data vectors, as they are
computed from both data vectors and link weights, and (ii) computationally
tractable, as their dimension is reduced. Therefore, the graph embedding
can be regarded as a kind of dimensionality reduction; the obtained feature
vectors can be used for a variety of tasks in machine learning and statistics.

Although existing graph embedding methods achieve success from ap-
plication perspectives, several challenges remain; this thesis provides the fol-
lowing three contributions towards a theoretically-guaranteed unified frame-
work for the NN-based graph embedding.

The first contribution is applying NN-based graph embedding to differ-
ent types of data vectors, i.e., users, images, and texts in social networking
services, where the data type is called a view. Although such multi-view anal-
ysis has been developed, the existing methods in line with correlation anal-
ysis are mainly based on linear models; we extend the NN-based graph em-
bedding to the multi-view setting, and propose probabilistic multi-view graph
embedding (PMvGE).

The second contribution is studying the expressive power of the NN-
based graph embedding. Although inner product similarity (IPS) is often
employed for the graph embedding, we may replace the IPS with other ar-
bitrary similarities, as a study called Poincaré embedding employs negative
Poincaré distance instead. For shedding light on the nature of similarity func-
tions, we first prove that IPS is limited to approximate positive-definite (PD)
similarities, and provide more expressive similarity called shifted-IPS (SIPS).
SIPS is capable of approximating a wider class than IPS. Furthermore, we
provide a more expressive inner-product difference similarity (IPDS), and prove
that IPDS can approximate arbitrary similarity; graph embedding equipped
with SIPS or IPDS is expected to demonstrate better performance than that
with IPS.

The third contribution is extending the NN-based graph embedding to
hyper-relations. A collection of U (∈ N) data vectors is called a U-tuple,
and an association strength among the vectors of a tuple is termed as a hy-
perlink weight. We propose Bregman hyperlink regression (BHLR), which learns
a user-specified symmetric similarity function such that it predicts the tu-
ple’s hyperlink weight from the data vectors stored in the corresponding tu-
ple. Whereas BHLR is a simple and general framework for hyper-relational
learning including graph embedding, we prove that general BHLR possesses
favorable theoretical properties, such as statistical estimation consistency.
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1 Introduction

In this chapter, we first briefly describe the background of this thesis in Sec-
tion 1.1. Descriptions are based on a paper of ours (Okuno and Shimodaira,
2020), whereas additional descriptions and figures are also provided. Subse-
quently, three main challenges considered in this thesis are presented in Sec-
tion 1.2, and our contributions to solving these challenges are summarized in
Section 1.3. The organization of this thesis is shown in Section 1.4.

1.1 Background

Many real-world datasets are represented in the form of undirected graphs
comprising nodes and their links, where nodes may have attributes called
data vectors and the links are specified by link weights wij = wji ≥ 0. Link
weight represents the association strength between the corresponding data
vectors xi, xj ∈ Rp of nodes vi, vj. A friend network shown in Figure 1.1(A)
is an example; data vectors and binary link weights represent properties of
people and their friendships, respectively. Co-authorship network shown
in Figure 1.1(B) is also an example, as attributes of a researcher such as the
number of publications in each journal may specify the data vectors, and
the number of publications written by the two researchers specifies the link
weights. Furthermore, many other examples of such link weights and data
vectors can be found in real-world situations.

Female
24 years old
Bachelor

...

Male
74 years old
Master

...

(A) Friend network

Conf. A 2
Conf. B 3
Conf. C 0

Conf. A 3
Conf. B 0
Conf. C 1 Conf. A 1

Conf. B 1
Conf. C 1

Conf. A 0
Conf. B 0
Conf. C 1

Conf. A 5
Conf. B 0
Conf. C 5

Conf. A 3
Conf. B 1
Conf. C 1

(B) Co-authorship
network

FIGURE 1.1: Practical examples of link weights and data vectors

Although such a graph-structured dataset contains rich information, a
large number of underlying link weights may be missing in practice (Clauset,
Moore, and Newman, 2008; Lü and Zhou, 2011). Such missing link weights
may be inferred by considering the observed link weights as shown in Fig-
ure 1.2(A); for instance, two nodes that are connected to the same types of
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nodes in common are supposed to have high link weights (Lü and Zhou,
2011; Liben-Nowell and Kleinberg, 2007). However, such an inference dete-
riorates easily when no or only a few positive link weights to the target nodes
are observed; link weights to unseen nodes are especially hard to predict in
this way, as none of the link weights are observed, as shown in Figure 1.2(B).

Predicted link

(A) Link between
training nodes

Conf. A 2
Conf. B 3
Conf. C 0

Conf. A 3
Conf. B 0
Conf. C 1

Conf. A 1
Conf. B 1
Conf. C 1

Conf. A 0
Conf. B 0
Conf. C 1

Conf. A 5
Conf. B 0
Conf. C 5

Conf. A 3
Conf. B 1
Conf. C 1

New node

?

(B) Link to unseen node

FIGURE 1.2: Whereas (A) link weights may be inferred if some
positive link weights to the target node are observed, (B) link
weights to unseen nodes are more difficult to predict, as posi-
tive link weights to the nodes are not observed. For considering
the situation (B), we employ observed data vectors for nodes
throughout this thesis, in addition to the observed link weights;

similarities of the data vectors imply the link weights.

Even in a severe situation, missing link weights can be inferred by addi-
tionally utilizing node data vectors {xi}n

i=1, as their similarity μ(xi, xj) im-
plies the corresponding link weight wij, for 1 ≤ i < j ≤ n. Thus, vari-
ous methods inferring link weights through data vectors, which are often
implemented with neural networks these days, have been developed. The
method is also called inductive, if it can predict the link weights to unseen
nodes which are not included in the training data. As wij is predicted from
the corresponding data vectors xi, xj, we generalize these methods as link re-
gression.

A simple implementation of link regression is similarity learning, where
a user-specified similarity function μθ(xi, xj) defined for pairs of data vec-
tors is trained to predict link weights {wij}. Although arbitrary similarity
functions can be employed, many existing studies leverage the Mahalanobis
distance (De Maesschalck, Jouan-Rimbaud, and Massart, 2000) μθ(xi, xj) =

−‖θ�xj − θ�xj‖2
2 and Mahalanobis inner product (Kung, 2014) μθ(xi, xj) =

〈θ�xi, θ�xj〉 where 〈·, ·〉 represents inner product and θ represents a p × K
matrix. Using these Mahalanobis similarities is mathematically equivalent to
using the Euclidean distance or inner product between low-dimensional lin-
early transformed data vectors yi = θ�xi (Goldberger et al., 2005), implying
that Mahalanobis similarity learning implicitly obtains a low-dimensional
linear transformation Rp 	 x 
→ y := θ�x ∈ RK. We especially call the
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vector y as feature vector, and obtaining such a transformation is also classi-
fied into graph embedding (GE).

Embed

FIGURE 1.3: Graph embedding transforms p-dimensional ob-
served data vectors into K-dimensional feature vectors. Usu-
ally, K is specified smaller than p; graph embedding is a kind of
dimensionality reduction, that considers graph-structured as-

sociation.

Graph embedding is a method for representation learning; it computes fea-
ture vectors such that their inner products predict link weights as shown in
Figure 1.3. Although the above Mahalanobis similarity learning corresponds
to finding linear transformation x 
→ y := θ�x of data vectors, we may
employ highly non-linear neural networks x 
→ y := f NN(x) instead, for en-
hancing its expressive power; we mainly consider the neural network (NN)-
based graph embedding throughout this thesis. More specifically, this thesis
considers graph embedding in line with Tang et al. (2015), that leverages a
conditional probability model of the link weights given data vectors, that is

wij | xi, xj
indep.∼ Bernoulli(σ(〈 f NN(xi), f NN(xj)〉), (1 ≤ i < j ≤ n)

where Bernoulli(μ) represents Bernoulli distribution whose expectation is
specified by μ ∈ [0, 1], and σ(z) := (1+ exp(−z))−1 represents sigmoid func-
tion. Once the NN is trained by maximizing the conditional likelihood of the
link weights by stochastic optimization algorithms (Goodfellow, Bengio, and
Courville, 2016), we may obtain the feature vectors

yi = f NN(xi) (i = 1, 2, . . . , n).

The obtained feature vectors are,

(i) containing richer information than the original data vectors, as they
are computed from not only the data vectors but also observed link
weights, and

(ii) computationally tractable, as the user-specified dimension K of the fea-
ture vectors is usually smaller than the dimension p of the original data
vectors.

Graph embedding can be regarded as a kind of dimensionality reduction;
the obtained feature vectors can be used for a variety of downstream tasks in
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machine learning and statistics, such as clustering and discriminant analysis.
See Section 2.2 in Chapter 2 for more details on graph embedding. Although
the existing graph embeddings achieved success from application perspec-
tives, several challenges remain; we study three different challenges in this
thesis, towards a theoretically-guaranteed unified framework for NN-based
graph embedding.

The three challenges are summarized in Section 1.2, and subsequently,
our contributions to these challenges are shown in Section 1.3.

1.2 Challenges

Problems considered in this thesis can be classified into three independent
challenges, which are summarized in the following Section 1.2.1–1.2.3.

1.2.1 Multi-view Graph Embedding

Graph embedding considers a single type of data vectors. For instance, co-
author network and friend network shown in Figure 1.1(A) and 1.1(B) em-
ploy properties of people and researchers as their data vectors, respectively;
the dimensionality of all the data vectors is the same for each example. How-
ever, real-world graphs may contain various types of data vectors. A dataset
consisting of users, images, and text tags obtained from social networking
services, is a typical example as shown in Figure 1.4. These different types
of data vectors are especially called multi-view data vectors, where the data
type is called domain or view.

"dog"

"car"

"animal"

“four-legged"

Users Images Words

Favorite Tags

FIGURE 1.4: Multi-view data vectors with the graph-structured
association. The dimensionality of the data vector depends on

the view to which the data vector belongs.

Denoting the number of views and the view index by D ∈ N and d ∈
{1, 2, . . . , D}, the dimension of each data vector depends on the view d to
which the data vector belongs.

We here consider the case D = 2 that we have observed images (d = 1),
text tags (d = 2) and their graph-structured associations. Then, data vec-
tors for images and their text tags may be obtained from different external
sources; dimensionalities of the vectors may be different depending on the
view. Thus standard graph embedding cannot be applied to the multi-view
data vectors. Although canonical correlation analysis (CCA; Hotelling, 1936)
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may be employed for dealing with such a (D =)2-view data vectors, CCA
assumes that the 2-view data vectors possess one-to-one relationship; graph-
structured associations across views cannot be considered. For solving the
issue, Shimodaira (2016), which is mathematically equivalent to Nori, Bolle-
gala, and Kashima (2012), extends CCA so that the graph-structured associa-
tions can be considered. However, transformations used in these approaches
are limited to linear setting; the lack of expressive power in multi-view graph
embedding is the first challenge we consider in this thesis.

1.2.2 Expressive Power of NN-Based Graph Embedding

NN-based graph embedding considers applying a neural network to the
data vectors, i.e., yi = f NN(xi), and their inner product 〈yi, yj〉 is lever-
aged for predicting the link weight wij ≥ 0. Whereas many of existing stud-
ies consider the inner-product for measuring the similarity (Tang, Sussman,
and Priebe, 2013; Perozzi, Al-Rfou, and Skiena, 2014; Mikolov et al., 2013),
a recent study called Poincaré embedding employs negative Poincaré dis-
tance instead. Poincaré embedding is known to efficiently embed the tree-
structured associations in low-dimensions. Obviously, such a similarity is
straightforwardly generalized to arbitrary kernel g, where the function in the
form of g( f NN(xi), f NN(xj)) shown in Figure 1.5 is also called siamese neural
network (Bromley et al., 1994).

FIGURE 1.5: Siamese NN is computed via feature vectors yi =
f NN(xi), yj = f NN(xj); theories for the standard NN cannot be

directly applied to the siamese NN.

Whereas the expressive power of the standard NN has attracted much at-
tention for long decades (Cybenko, 1989; Funahashi, 1989; Yarotsky, 2017),
the theorems cannot be used for the siamese neural network, that finally ap-
plies a kernel function to measure the similarity between the NN outputs
yi, yj; the lack of theoretical evaluation for the siamese-NN is the second chal-
lenge considered in this thesis.

1.2.3 Hyper-relational Learning

Existing graph embedding methods are limited to considering the link weight
defined between only two nodes, despite the fact that link weights can be
similarly defined for a set of three or more nodes. The set of U ∈ N vectors
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is called U-tuple, and the weight defined for the tuple is called a hyperlink
weight.

(A) U = 2 (B) U = 3

FIGURE 1.6: Link regression including graph embedding con-
siders (A) link weights defined between only two nodes. How-
ever, it cannot be applied to (B) hyperlink weights defined

among more than 2 nodes.

A hyperlink weight appears in many practical situations; in a friend net-
work, the existence of a group to which all the selected U(≥ 2) people belong
should be expressed as a binary hyperlink weight. Similarly, the number
of co-authored papers written by all the selected U(≥ 2) people in a co-
authorship network should be represented as hyperlink weights assuming
values in non-negative integers. The third challenge is that the existing link
regression, including graph embedding, cannot address such complicated
hyperlink weights.

Although one of the main concerns here is hyper-relational learning, ob-
jective function plays an indispensable role in hyperlink regression (includ-
ing graph embedding). As well as the graph embedding methods, logistic
loss and Kullback-Leibler (KL) divergence, where minimizing KL-divergence
corresponds to maximizing the likelihood based on Poisson distribution, may
be employed. However, there is no need to limit the choice of loss functions,
as it may result in a missed opportunity to improve the hyperlink regression
performance. Clarifying a class of functions, that has desirable theoretical
properties in hyperlink regression setting, is also a challenge considered in
this thesis.

1.3 Contributions

For solving the above challenges described in Sections 1.2.1–1.2.3, we provide
the following contributions in this thesis.

(i) Multi-view extension of NN-based graph embedding, that is called
probabilistic multi-view graph embedding (PMvGE), is proposed. PMvGE
stands on a simple idea: considering multi-view data vectors, where xi
belongs to view di, PMvGE simply extends the conditional probability
model of link weights as

wij | xi, xj
indep.∼ Po

(
α(di,dj) exp(〈 f (di)

NN(xi), f
(dj)

NN(xj)〉)
)

,
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where Po(μ) here denotes Poisson distribution whose expectation is
μ ∈ R≥0. Whereas existing graph embedding applies only one NN f NN
to all the data vectors, the multi-view data vector xi ∈ R

pdi is trans-
formed by a NN f (di)

NN depending on the view di. Furthermore, we also
prove that the proposed PMvGE at least approximately generalizes the
linear CDMCA (Shimodaira, 2016), by considering the quadratic ap-
proximation. These contributions are described in Chapter 3 of this the-
sis.

(ii) Expressive power of NN-based graph embedding using inner product
similarity (IPS)

〈 f NN(xi), f NN(xj)〉
(where x 
→ y = f NN(x)) is first studied. More specifically, we prove
that IPS is limited to approximate positive-definite (PD) similarities;
more expressive similarity called shifted-IPS (SIPS)

〈 f NN(xi), f NN(xj)〉+ uNN(xi) + uNN(xj)

(where x 
→ y = ( f NN(x), uNN(x))) is proposed for graph embedding,
and we prove that SIPS can approximate a wider class of functions,
called conditionally-PD similarities. A more expressive inner-product
difference similarity (IPDS) and its approximation theorem are also pro-
vided; IPDS is in fact capable of approximating arbitrary similarities,
i.e., continuous and symmetric functions. These contributions are de-
scribed in Chapter 4 of this thesis.

(iii) Hyperlink extension of link regression is considered. We propose hy-
perlink regression using Bregman divergence, that is especially called
Bregman Hyperlink Regression (BHLR). Similarly to the existing link re-
gression methods, that predict link weight wij by a function μθ(xi, xj) of
the corresponding data vectors, BHLR predicts hyperlink weight wi1,i2,...,iU
by a function μθ(xi1 , xi2 , . . . , xiU) trained via Bregman divergence.

Whereas BHLR encompasses a variety of existing methods including
graph embedding, and tuples Xi, Xi′ may be dependent as they may
share some data vectors therein, meaning that standard asymptotic the-
ories cannot be applied to, we prove that general BHLR possesses the
following two desirable properties: (P-1) statistical estimation consis-
tency, and (P-2) computational tractability, for general U ∈ N and gen-
eral Bregman divergence. Especially for (P-2), we propose a hyperlink
extension of negative sampling used in skip-gram (a.k.a. word2vec;
Mikolov et al., 2013) with its theoretical guarantee. These contributions
are described in Chapter 5 of this thesis.

1.4 Organization

Organization of this thesis is summarized as follows: In Chapter 2, we de-
scribe preliminaries, especially background knowledge about neural network,
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graph embedding, multi-view methods, and their related studies. As de-
scribed in the previous Section 1.3, we consider a multi-view extension of
NN-based graph embedding in Chapter 3, expressive power of NN-based
graph embedding and the proposed expressive similarities in Chapter 4, and
Bregman hyperlink regression and its theoretical properties in Chapter 5.
This thesis is concluded in Chapter 6.
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2 Preliminaries

In this chapter, we describe background knowledge and the preliminaries of
this thesis. Particularly, we describe neural network and its expressive power
in Section 2.1, and graph embedding in Section 2.2. For comparison pur-
poses, graph neural network (GNN) is also explained in Section 2.3, though
GNN is different from the graph embedding considered in this thesis. Fi-
nally, multi-view representation learning is summarized in Section 2.4.

Throughout this thesis, �(·) represents the indicator function, [n] denotes
the set {1, 2, . . . , n}, 1n := (1, 1, . . . , 1) ∈ Rn and In represents the n × n
identity matrix, for n ∈ N.

2.1 Neural Networks

In this section, we first define neural networks in Section 2.1.1, and subse-
quently, we describe universal approximation theorems in Section 2.1.2.

2.1.1 Definition

Given L, K, p ∈ N and p-dimensional data vector x ∈ Rp, vector-valued L-
hidden layer neural network f NN : Rp → RK, whose number of hidden units
in �th layer is specified by d� ∈ N (� = 1, 2, . . . , L− 1), is defined as

f NN(x) := A(L) f̃ (L)(x). (2.1)

f̃ (�) (� = 0, 1, 2, . . . , L) is recursively defined as

f̃ (�)(x) :=

{
σ(A(�−1) f̃ (�−1)

(x) + b(�−1)) (� = 1, 2, . . . , L)
x (� = 0)

,

where A(�) ∈ Rd�+1×d� (� = 0, 1, 2, . . . , L; d0 := p, dL+1 := K) are parameter
matrices and b(�) ∈ Rd�+1 (� = 0, 1, . . . , L− 1) are parameter vectors to be es-
timated. σ(·) applies a user-specified activation function σ(·) element-wise;
the sigmoid activation function σ(z) := (1 + exp(−z))−1 or the Rectified
Linear Unit (ReLU) σ(z) := max{0, z} is employed typically. Whereas the
numbers of hidden untis d1, d2, . . . , dL regulate the width of the neural net-
work f NN, its depth is parametrized by the user-specified parameter L ∈ N;
neural network with sufficiently large L is especially called deep neural net-
work (DNN), and analysis leveraging DNN is called deep learning (Goodfel-
low, Bengio, and Courville, 2016).
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Rigorously speaking, (2.1) is a special case of neural network, and it is
especially called multilayer perceptron (MLP). There exist a variety of other
possible forms for neural networks, such as convolutional NN (Goodfellow,
Bengio, and Courville, 2016). However, we mainly consider only the MLP in
this thesis as its theories have been well developed, as shown in the following
Section 2.1.2; throughout this thesis, the word “neural network" indicates the
MLP (2.1) unless otherwise noted.

Considering the linear activation σ(z) := z, neural network obviously
includes the linear transformation Ax + b as a special case, with the matrix
A := ∏L

�=0 A(�) ∈ RK×p and the vector b := ∑L−1
i=0 {A(L)A(L−1) · · · A(i+1)b(i)} ∈

RK. Note that the neural network with a small number of hidden units be-
comes rank-reduced linear transformation, as the rank of the matrix A can be
restricted to be smaller than min{d1, d2, . . . , dL}.

2.1.2 Universal Approximation Theorem

Unlike the neural network with linear activation, which reduces to the linear
transformation, it is widely known that the neural network equipped with
non-linear activation function and the sufficiently large number of hidden
units has high expressive power, in the sense that any of continuous function
can be approximated arbitrary well. Considering the simplest case K = 1,
to the best of author’s knowledge, Cybenko (1989) and Funahashi (1989) are
the earliest works proving that (L =)1-hidden layer neural network can ap-
proximate any continuous function over a compact set X := [−M, M]p (M >
0, p ∈ N). This theorem is especially called universal approximation theo-
rem (UAT). Although the UAT is proved for (L =)1-hidden layer NN, its
generalization to arbitrary L ∈ N, i.e., the adaptation to DNN, has attracted
much attention these days, by virtue of the remarkable success and recent
rise of deep learning.

Considering a function class

Sα(W, K) := { f NN : X → RK | neural network f NN has
W weights with depth L = O((W/K)α)} (2.2)

for some set X ⊂ Rp and a user-specified parameter α ∈ [0, 1], where the
activation function is specified by sigmoid or ReLU, Yarotsky (2017) and
Yarotsky (2018) proved the UAT for real-valued DNN (K = 1). The follow-
ing Theorem 2.1 summarizes the assertion. Note that the set Sα(W, 1) with
α = 0 corresponds to the set of constant-depth wide neural network, whereas
α = 1 represents the set of constant-width deep neural network; Theorem 2.1
simultaneously proves UATs for both shallow and deep neural networks.

Theorem 2.1: UAT for real-valued DNN (K = 1; Yarotsky, 2018)

For X = [−M, M]p, M > 0, p ∈ N and α ∈ [0, 1], we consider the set
of real-valued neural networks Sα(W, 1) for W ∈ N, that is defined in
(2.2). Let ω( f ; r) := max{| f (x)− f (x′)| : x, x′ ∈ X , ‖x− x′‖2 ≤ r} be
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the modulus of continuity. Then, there exist a, c ∈ R such that

inf
fNN∈Sα(W,1)

‖ f∗ − fNN‖∞ ≤ aω( f∗; cW
−1+α

p )

holds for any real-valued continuous function f∗ : X → R. Here,
‖ f ‖∞ := supx∈X | f (x)| represents infinity norm.

The above Theorem 2.1 evaluates the error rate of the real-valued neu-
ral network fNN for approximating the continuous function f∗; the obtained
upper-bound depends on the modulus of continuity. If f∗ is also assumed to
be continuously differentiable, more intuitive Corollary 2.1 is obtained as an
immediate consequence of Theorem 2.1.

Corollary 2.1

Symbols are the same as those of Theorem 2.1. Assuming that a fixed
function f∗ is continuously differentiable over X , we have

inf
fNN∈Sα(W,1)

‖ f∗ − fNN‖∞ = O(W
−1+α

p )

as W → ∞.

Proof. Proof is based on the intermediate value theorem. For x, x′ ∈ X satis-
fying ‖x− x′‖ ≤ r, there exists x0 ∈ X such that f∗(x)− f∗(x′) = ∂ f∗(x)

∂x |x=x0(x−
x′). Since b := supx∈X ‖∂ f∗(x)/∂x‖ is bounded because of the continuity of
the first-order derivative ∂ f∗(x)/∂x, Cauchy-Schwarz inequality indicates

| f∗(x)− f∗(x′)| ≤
∥∥∥∥∂ f∗(x0)

∂x

∥∥∥∥
2
‖x− x′‖2 ≤ br.

Thus we have ω( f∗; r) ≤ br, indicating

aω( f∗; cW
−1+α

p ) ≤ abcW
−1+α

p . (2.3)

Substituting (2.3) into Theorem 2.1 proves the corollary.

Corollary 2.1 proves that the approximation error rate of neural network

is upper-bounded by O(W− 1+α
p ); the error converges to 0 as the number of

weights increases, i.e., W → ∞. Therefore, sufficiently large neural network
fNN is in general capable of approximating any continuously differentiable
function f∗, meaning that neural network has high approximation capability.

Above Corollary 2.1 for real-valued NN (K = 1) is straightforwardly gen-
eralized to vector-valued NN (K ∈ N) as shown in the following Lemma 2.1.
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Lemma 2.1: UAT for vector-valued DNN (K ∈ N)

Symbols and assumptions are the same as those of Theorem 2.1. Let
f ∗ : X → RK be a vector-valued continuously differentiable function
over X such that supk∈{1,...,K},x∈X ‖∂ f∗k(x)/∂x‖2 ≤ b for some b which
does not depend on K. Then, as W/K → ∞, we have

inf
f NN∈Sα(W,K)

‖ f ∗ − f NN‖2,∞ = O(K
1
2+

1+α
p W

−1+α
p ),

where ‖ f‖2,∞ := supx∈X ‖ f (x)‖2.

Proof. Proof is based on applying Corollary 2.1 to each of K output units of
f ∗. We consider K real-valued neural networks of depth L = O((W/K)α)

Weights

Output units

Input units

weights weights weights

: Constant-depth shallow NN
Deep NN with growing 

depth as increases

FIGURE 2.1: A structure of vector-valued neural network f NN :
Rp → RK having W weights. We allocate W/K weights to each
output unit, so that weights are not shared by the K output
units. In practice, internal units are often shared by the out-
put units, but we consider the above structure for showing the

upper bound of the approximation error.

with W/K weights as shown in Fig. 2.1. Since such NNs are included in
Sα(W, K), we have

inf
f NN∈Sα(W,K)

‖ f ∗ − f NN‖2,∞ = inf
f NN∈Sα(W,K)

sup
x∈X

‖ f ∗ − f NN‖2

≤
( K

∑
k=1

inf
fk∈Sα(W/K,1)

| f∗k − fk|2
)1/2

,

where f ∗(x) = ( f∗1(x), f∗2(x), . . . , f∗K(x)), f NN(x) = ( f1(x), f2(x), . . . , fK(x)).
We apply Corollary 2.1 with W/K weights to each f∗k, where the same bound

b is used in (2.3). Then the error is bounded by
√

K × abc(W/K)
−1+α

p =

O(K
1
2+

1+α
p W

−1+α
p ).
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2.2 Graph Embedding

We here first summarize the data structure considered throughout this thesis
and the purpose of graph embedding. Subsequently, we describe existing
graph embedding methods in Sections 2.2.1 and 2.2.2.

Data structure

Assuming that v1, v2, . . . , vn are nodes of a graph, observed link weight

wij(= wji) ≥ 0

represents the strength of association between two nodes vi, vj. Typically the
weight is specified by a weighted adjacency matrix W = (wij) of the graph.
As introduced in Section 1.1, we may also consider observed data vectors

x1, x2, . . . , xn ∈ Rp

representing individual properties of nodes v1, v2, . . . , vn, in addition to the
link weights. Friend network shown in Section 1.1 is a typical example of
such an attributed graph; therein, individual properties of people such as
gender, age, and birthplace specify each of the data vectors, and their friend-
ship specifies the link weights.

FIGURE 2.2: Data structure considered in this thesis; dataset
consists of data vectors {xi} and link weights {wij}. xi ∈ Rp

represents individual properties of node vi, and wij(= wji) ≥ 0
represents the association strength between nodes vi, vj.

Although both data vectors {xi}n
i=1 and their link weights {wij} are as-

sumed to be separately observed, either of them may not be obtained in prac-
tical cases; even in this case, we may consider alternatives for the unobserved
data vectors (or link weights), that are defined as follows.

• If link weights {wij} are not observed: We here consider computing
alternatives of unobserved link weights W = (wij) from data vectors
{xi}n

i=1. Chung (1997) and Belkin and Niyogi (2001) consider

wij := exp(−‖xi − xj‖2
2/s2)1(‖xi − xj‖2 ≤ ε) (2.4)

for all 1 ≤ i, j ≤ n, where s > 0, ε ≥ 0 are user-specified parameters. As
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aas are distant.
a as is 

nearer than to .

FIGURE 2.3: wij ≥ 0 computed from data vectors
x1, x2, . . . , x6 ∈ R6. The weight between nearer vectors is
greater than that between distant vectors, and the weight is

specified by 0 if the distance between two vectors is > ε.

(2.4) is large/small if xi, xj are near/distant each other, (2.4) is expected
to represent the association strength as shown in Figure 2.3. Thus (2.4)
can be employed as an alternative of the link weights. Although (2.4)
is mainly employed in existing studies, that are in line with Laplacian
eigenmaps (Belkin and Niyogi, 2001) described later, the function may
be replaced with arbitrary kernel K : X 2 → R, i.e., continuous function
satisfying symmetry K(x, x′) = K(x′, x); Guo, Gao, and Kwan (2006)
employs

wij := K(xi, xj). (2.5)

• If data vectors {xi} are not observed: Conversely, we here consider
computing alternatives of unobserved data vectors {xi}n

i=1 from link
weights W = (wij). One of the simplest approaches for computing
alternative data vectors is called 1-hot encoding, that specifies the data
vectors by

xi := (0, . . . , 0︸ ︷︷ ︸
i−1

, 1
ith

, 0, . . . , 0︸ ︷︷ ︸
n−i

) ∈ {0, 1}n (p := n) (2.6)

whose ith entry is 1 and the remaining entries are 0, for i = 1, 2, . . . , n. It
is also known as dummy coding or dummy variable (Hastie, Tibshirani,
and Friedman, 2009), especially in statistics literature.

Another possible alternative is

xi = (wi1, wi2, . . . , win) ∈ Rn
≥0 (p := n),

representing the association structure of the node vi to all the other
nodes, as illustrated in Figure 2.4.

Furthermore, data vector xi may also be specified by a vector aligning
several real-valued topological properties of the graph, such as node
degree, clustering coefficient, and between centrality shown in Prado
et al. (2013) Section 2.
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Node is connected to .

FIGURE 2.4: Data vectors x1, x2, . . . , x6 ∈ R6 are computed from
binary link weights wij ∈ {0, 1}.

Therefore, the data structure we consider in this thesis encompasses a
broad range of real-world datasets.

Purpose of graph embedding

Graph embedding aims at computing new feature vector yi ∈ RK for node
vi (i = 1, 2, . . . , n), by leveraging the attributed graph consisting of the data
vectors {xi}n

i=1 and the link weights {wij}. Typically, a function f : Rp → RK

such as neural network trained with link weights {wij} is applied to the data
vectors. Then, feature vectors are obtained as

Rp 	 xi 
→ yi := f (xi) ∈ RK, (i = 1, 2, . . . , n). (2.7)

The obtained feature vectors {yi}n
i=1 ⊂ RK are expected to be

(i) containing richer information than the original data vectors {xi}n
i=1, as

the function f is trained with not only the data vectors but also observed
link weights, and

(ii) computationally tractable, as the user-specified dimension K of the fea-
ture vectors is usually smaller than the dimension p of the original data
vectors.

These feature vectors {yi}n
i=1 can be used for a variety of downstream tasks in

machine learning and statistics, such as clustering and discriminant analysis.

This thesis mainly considers graph embedding methods in line with large-
scale information network embedding (LINE; Tang et al., 2015), which is
shown in the following Section 2.2.2. However, graph neural network (GNN),
that gathers attention these days, is different from the graph embedding
methods considered in this thesis; we further summarize the GNN and the
difference from LINE in Section 2.3.

2.2.1 Spectral Methods

Laplacian eigenmaps

Considering the observed data vectors and link weights, one of the most clas-
sical and widely-applicable approaches for graph embedding is Laplacian
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eigenmaps (Belkin and Niyogi, 2001; Belkin and Niyogi, 2003), that is also
known as spectral graph embedding (Chung, 1997).

By leveraging the link weights {wij}, Laplacian eigenmaps computes fea-
ture vectors y1, y2, . . . , yn ∈ RK by minimizing an objective function

1
2

n

∑
i=1

n

∑
j=1

wij‖yi − yj‖2
2, (2.8)

under a quadratic constraint ∑n
i=1 ∑n

j=1 wijyiy
�
i = IK. The constraint pre-

vents the obtained feature vectors from being trivial solution, and the con-
strained optimization problem can be easily solved by the following way.

By leveraging the degree matrix M = diag(W1n), the objective function
becomes (2.8) = trY�(M −W)Y and the quadratic constraint is Y�MY =
I; the above Laplacian eigenmaps is one of the simplest cases of quadrati-
cally constrained quadratic programming (QCQP; Boyd and Vandenberghe,
2004), thus it can be simply solved via eigen-decomposition. More specifi-
cally, the solution is obtained by following Lemma 2.2 by specifying A :=
M −W , B := M, C := Y .

Lemma 2.2: Solution of a simple QCQP

Let n, m ∈ N, m ≤ n, and let A, B ∈ Rn×n be symmetric matrices,
where B is also positive-definite, i.e., x�Bx > 0 for any non-zero vector
x ∈ Rn. Then, a solution of

minimize: trC�AC w.r.t. C ∈ Rn×m such that C�BC = Im (2.9)

is Ĉ = B−1/2(u1, u2, . . . , um), where u1, u2, . . . , un are eigenvectors of
B−1/2AB−1/2 whose corresponding eigenvalues λ1, λ2, . . . , λn are in
ascending order. Furthermore, the minimum value is

trĈ�AĈ =
m

∑
k=1

λk. (2.10)

Proof. See e.g., Belkin and Niyogi (2001) and Yan et al. (2007); we here pro-
vide a brief proof of Lemma 2.2. We consider a set O(n, m) := {U ∈ Rn×m |
U�U = Im}. Due to the constraint C�BC = Im, it holds that U := B1/2C ∈
O(n, m). Substituting C = B−1/2U into the objective function leads to

trC�AC = trU�{B−1/2AB−1/2}U.

It is obviously minimized if U = (u1, u2, . . . , um) are eigenvectors of the ma-
trix B−1/2AB−1/2 whose eigenvalues are in ascending order; the solution of
(2.9) is obtained by Ĉ = B−1/2U. Then, (2.10) takes minimum value

trĈ�AĈ = tr(u1, u2, . . . , um)
�{B−1/2AB−1/2}(u1, u2, . . . , um)
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=
m

∑
k=1

u�k {B−1/2AB−1/2}uk =
m

∑
k=1

λk.

Considering Lemma 2.2, feature vectors obtained by Laplacian eigenmaps
are based on eigenvectors of

M−1/2(M −W)M−1/2 = In −M−1/2W M−1/2;

they are also eigenvectors of the matrix

M−1/2W M−1/2. (2.11)

Although link weights W = (wij) in (2.11) is normalized by the degree matrix
M = diag(W1n), eigendecomposition of the (unnormalized) weights W can
be considered, and it is also referred to as a case of matrix factorization (Ci-
chocki et al., 2009).

Locality preserving projections

Locality preserving projections (LPP; He and Niyogi, 2004; Yan et al., 2007)
further imposes an additional linear constraint

yi = A�xi

to Laplacian eigenmaps, and estimate the matrix A ∈ Rp×K instead of esti-
mating Y = (y�1 , y�2 , . . . , y�n )� directly. Considering the relation Y = X A for
X = (x�1 , x�2 , . . . , x�n )�, the minimization problem of Laplacian eigenmaps
is then reduces to minimizing trA�{X�(M −W)X}A with respect to the
matrix A ∈ Rp×K, under a quadratic constraint A�{X�MX}A = IK; the
minimization problem is yet in the form of QCQP. Thus it can be solved by
Lemma 2.2.

Although these graph embedding methods are widely developed so far,
they rely on eigendecomposition, whose computational complexity O(n3)
increases rapidly as the number of nodes n increases. Thus it is known that
these graph embedding methods do not scale; computational complexity is
an issue of the spectral graph embedding methods.

For reducing the computational cost, several attempts have been devel-
oped (Mantziou, Papadopoulos, and Kompatsiaris, 2013; Ravi and Diao, 2016),
and more generally, studies on fast computation of eigendecomposition (Lanc-
zos, 1950; Golub and Kahan, 1965; Hernandez, Roman, and Vidal, 2005) are
also applicable. However, in the first place, the computational difficulty for
solving the QCQP (2.9) is attributed to the quadratic constraint, that prevents
feature vectors from being trivial solutions; the following structural deep
network embedding incorporates autoencoder into Laplacian eigenmaps in-
stead of imposing the quadratic constraint, and avoids eigendecomposition.
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Structural deep network embedding (SDNE)

Structural deep network embedding (SDNE; Wang, Cui, and Zhu, 2016) in-
corporates autoencoder (Hinton and Salakhutdinov, 2006; Goodfellow, Ben-
gio, and Courville, 2016) into Laplacian eigenmaps. SDNE trains two neural
networks f NN : Rp → RK and gNN : RK → Rp called encoder and decoder,
respectively, by minimizing an objective function

n

∑
i=1

n

∑
j=1

wij‖yi − yj‖2
2 + α

n

∑
i=1
‖xi − gNN(yi)‖2

2︸ ︷︷ ︸
Reconstruction Loss

with a constraint yi := f NN(xi) (i = 1, 2, . . . , n). α > 0 is a user-specified
parameter. Once the NNs f NN, gNN are trained, the feature vectors are im-
mediately obtained by applying f NN to the data vectors. Gradient-based ap-
proaches (Rumelhart, Hinton, and Williams, 1987; Goodfellow, Bengio, and
Courville, 2016) are typically employed for optimization therein. The first
term of the objective function is obviously that of Laplacian eigenmaps de-
fined in (2.8), and the second term represents the reconstruction loss for the
autoencoder, that prevents the feature vectors from being trivial solutions.
As the obtained feature vectors are computed by applying the NN f NN to
the data vectors, SDNE can be regarded as a non-linear NN variant of LPP.

The above methods rely on the objective function (2.8), that is expected to
make feature vectors yi, yj closer if the corresponding weight wij is positive.
However, the function (2.8) is rather indirect to specify the relation between
the link weights and the feature vectors; more direct specification may be
considered, as we are already not in line with the spectral approaches once
the neural network is incorporated. For specifying the relation more directly,
large-scale information network embedding (LINE) simply considers a con-
ditional probabilistic model of the link weights defined via feature vectors,
and optimize the likelihood function. The similar model is considered in
skip-gram (a.k.a. word2vec; Mikolov et al., 2013) and several existing stud-
ies (Perozzi, Al-Rfou, and Skiena, 2014; Dai et al., 2018); we mainly consider
the LINE-based approaches in this thesis, but not the spectral approaches.
We hereby summarize the LINE in the following Section 2.2.2.

2.2.2 Large-scale Information Network Embedding (LINE)

Assuming that link weights take binary values {0, 1}, large-scale information
network embedding (LINE; Tang et al., 2015) considers a probabilistic model

wij | yi, yj
indep.∼ Bernoulli

(
σ(〈yi, yj〉)

)
(1 ≤ i < j ≤ n). (2.12)

where σ(z) := (1+ exp(−z))−1 represents sigmoid function and Bernoulli(μ)
denotes Bernoulli distribution whose expectation is μ ∈ [0, 1]. The proba-
bilistic model (2.12) is also known as latent position random graph (LPRG)
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model considered in Tang, Sussman, and Priebe (2013) and Athreya et al.
(2018) Definition 6, if y1, y2, . . . , yn are latent variables. LPRG model is orig-
inated from the random dot product graph model (Young and Scheinerman,

2007) wij | yi, yj
indep.∼ Bernoulli

(
〈yi, yj〉

)
.

LINE computes feature vectors yi by maximizing the log-likelihood of
link weights {wij}, that is

∑
1≤i<j≤n

{
wij log σ(〈yi, yj〉) + (1− wij) log σ(−〈yi, yj〉)

}
. (2.13)

Although LINE originally computes feature vectors {yi} without leveraging
data vectors {xi}, finding such feature vectors corresponds to training neural
networks applied to 1-hot vectors (2.6). Thus data vectors are naturally in-
corporated to the above LINE formulation, by considering yi = f NN(xi); the
NN f NN is trained by maximizing (2.13). Once the NN is trained, the feature
vector is obtained by

yi = f NN(xi) (i = 1, 2, . . . , n).

As we may apply stochastic optimization methods, such as stochastic gra-
dient descent (Goodfellow, Bengio, and Courville, 2016) for minimizing the
objective function (2.13), LINE is not only intuitive but also computationally
efficient graph embedding method. Furthermore, by virtue of the proba-
bilistic formulation, the statistical estimation consistency can be proved, as
shown in Chapter 5 for more general settings.

Although the above formulation leverages only the binary link weights,
we may consider more general weights by replacing the distribution from
Bernoulli to others. For instance, Chapters 3 and 4 in this thesis consider
Poisson distribution instead, and Chapter 5 considers more general settings.

Although the above graph embedding methods employ standard NNs
taking only one data vector xi as its input, graph neural network (GNN), that
takes attention these days, outputs n feature vectors {yi}n

i=1 by taking all the
data vectors {xi}n

i=1 and link weights {wij}n
i,j=1 as inputs simultaneously. In

the following Section 2.3, we summarize the GNN for comparison purposes.

2.3 Graph Neural Network

Given a graph, whose nodes v1, v2, . . . , vn are equipped with data vectors
x1, x2, . . . , xn ∈ Rp and the weighted adjacency matrix is denoted by W =
(wij), we here first define an index set

Ni := {j ∈ {1, 2, . . . , n} \ {i} | wij > 0}, (i = 1, 2, . . . , n).

Entries in the setNi represents the neighbourhood of the node vi, i.e., indices
of all the nodes associated to the node vi. Then, (real-valued) graph neural
network, that is originated from Gori, Monfardini, and Scarselli (2005) and
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(A) Standard NN (B) GNN

FIGURE 2.5: (A) the standard NN used in graph embedding
methods considered in this thesis takes only one data vector xi
as its input. (B) GNN takes all the data vectors {xi}n

i=1 and link
weights {wij}n

i,j=1 as inputs simultaneously.

Scarselli et al. (2009), is defined by

fGNN,i(X, W) = g(h(L)
i ),

where g : RdL → R is a user-specified function, h(�)i : Rd�−1 → Rd� (i =
1, 2, . . . , n; � = 0, 1, 2, . . . , L; d0 := p) are recursively defined as

h(�)i :=

{
g(�)(h(�−1)

i , {h(�−1)
j | j ∈ Ni}) (� = 1, 2, . . . , L)

xi (� = 0)
,

and g(�)(·, ·) : Rd�−1 ×∏n−1
m=0(R

d�−1)m → Rd� is a user-specified aggregation
function to be trained.

FIGURE 2.6: GNN considers the neighbour data vectors; h(�)5 =

g(�)(h(�−1)
5 , {h(�−1)

1 , h(�−1)
2 , h(�−1)

3 }), as N5 = {1, 2, 3}.

Particularly, a special case of GNN called graph convolutional network
(GCN; Kipf and Welling, 2017) trains the function

g(�)(h(�−1)
i , {h(�−1)

j | j ∈ Ni}) = σ

(
A(�)h(�−1)

i + |Ni|−1B(�) ∑
j∈Ni

h(�−1)
j

)
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parametrized by A(�), B(�) ∈ Rd�×d�−1 for � = 2, . . . , L. σ(·) applies the user-
specified activation function σ(·) entry-wise. Once the GNN is trained, fea-
ture vectors are then obtained by

yi := h(L)
i (i = 1, 2, . . . , n).

By virtue of the aggregation function g(�), GNN is expected to fully leverage
the graph-structured associations therein.

Unlike standard NN defined in Section 2.1.1, for aggregation, GNN si-
multaneously takes all the data vectors X = (x�1 , x�2 , . . . , x�n )� and the weighted
adjacency matrix W = (wij) as its input; GNN cannot compute the feature
vector for any unseen data vector x, which is not included in the data vectors
X used for training.

For solving the issue, GraphSAGE (Hamilton, Ying, and Leskovec, 2017)
considers the setting that associations of unseen data vector x to other data
vectors x1, x2, . . . xn are observed; then, feature vector y can be computed for
the preliminary unseen data vector x. Although GraphSAGE can deal with
the unseen data vector x, associations to the training data vectors x1, x2, . . . , xn
are yet required for computation; GNNs including GCN and GraphSAGE are
different from the standard NN, that can compute feature vector for the un-
seen vector x without leveraging any association to any other node. Thus the
GNNs are not in line with the graph embedding equipped with the standard
NN, which is considered in this thesis.

Regarding the expressive power of the GNN, popular approaches in re-
cent studies are originated from Xu et al. (2019), which considers graph iso-
morphism problem. This problem asks whether two graphs are topologically
identical if their neighbourhoods are specified by two different weighted ad-
jacency matrices W , W ′; Xu et al. (2019) proves that the GCN and the Graph-
SAGE cannot distinguish some simple graphs, and even the most powerful
GNN is as powerful as a test of graph isomorphism proposed by Weisfeiler
and Lehman (1968). Then, Xu et al. (2019) develops a more expressive variant
of the GNN called graph isomorphism network (GIN). See, e.g., Sato (2020)
for a more recent line of works on the expressive power of the GNN. Note
that, theories for the expressive power of the GNN rather focus on the graph
isomorphism problem; it is different from those for graph embedding con-
sidered in Section 4 in this thesis, as ours is in line with the expressive power
of the standard NN described in Section 2.1.2.

2.4 Multi-view Representation Learning (RL)

Whereas graph embedding explained in previous Section 2.2 considers only
a single type of data vectors such as friend network, we here consider the
representation learning (RL) for several different types of data vectors. It is
called multi-view RL; we hereby summarize the multi-view RL.



22 Chapter 2. Preliminaries

Data structure

We consider D different types of data vectors. The data type called domain or
view is represented by an indicator d = 1, 2, . . . , D; for d = 1, 2, . . . , D, data
vectors x(d)1 , x(d)2 , . . . , x(d)nd ∈ Rpd of the type d are observed. The dimension pd
can depend on the view d. In addition, the following relations are considered
for the link weights. Note that, the notation of multi-view data here is differ-
ent from those in Chapter 3, for simply referring to existing studies. These
different notations are easily translated each other.

• One-to-one relation: n1 = n2 = · · · = nd, and data vectors x(d)i , x(e)i are
associated for all 1 ≤ d, e ≤ D and i = 1, 2, . . . , n.

• Many-to-many relation: n1, n2, . . . , nd can be different, and addition-
ally link weights within and across views w(d,e)

ij are observed. w(d,e)
ij

represents the association strength between two data vectors x(d)i , x(e)j ;

x(d)i and x(e)j are associated if w(d,e)
ij > 0.

Many-to-many relation obviously includes one-to-one relation as a spe-
cial case, by specifying w(d,e)

ij = 1 for i = j and 0 otherwise.

Purpose of multi-view RL

Similarly to the purpose of graph embedding, that computes feature vectors
yi by transforming data vectors via (2.7), multi-view RL aims at computing
new feature vectors from data vectors, i.e.,

Rpd 	 x(d)i 
→ y(d)
i ∈ RK, (i = 1, 2, . . . , nd) (2.14)

for each view d = 1, 2, . . . , D. The feature vectors are embedded in the same
dimensional common space, by leveraging the across-views graph w(1,2)

ij .

2.4.1 Multi-view RL (I): One-to-One Relation

In this section, we consider multi-view RL methods leveraging the datasets
consisting of one-to-one relations. Although the limited variety of relation is
here considered, multi-view RL with many-to-many relation is further dis-
cussed in subsequent Section 2.4.2

Canonical correlation analysis (CCA)

Canonical correlation analysis (CCA; Hotelling, 1936; Anderson, 2003) esti-
mates linear transformation matrices A(1) ∈ Rp1×K, A(2) ∈ Rp2×K by mini-
mizing

n

∑
i=1
‖A(1)�x(1)i − A(2)�x(2)i ‖2

2, (2.15)
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FIGURE 2.7: CCA considers one-to-one correspondence be-
tween two views; CCA finds transformation matrices A(d) ∈

Rpd×K (d = 1, 2) so that y(1)
i = A(1)�x(1)i ≈ y(2)

i = A(2)�x(2)i .

or equivalently, maximizing ∑n
i=1〈A(1)�x(1)i , A(2)�x(2)i 〉, under a quadratic

constraint ∑2
d=1 ∑n

i=1(A(d)�x(d)i )(A(d)�x(d)i )� = IK. The constraint is for pre-
venting matrices A(1), A(2) from being trivial solutions. By leveraging matri-
ces

X̃ :=

(
X(1) O
O X(2)

)
, Ã :=

(
A(1)

A(2)

)
, T :=

(
In −In
−In In

)
,

the objective function becomes (2.15) = trÃ�{X̃�TX̃}Ã and the quadratic
constraint is Ã�{X̃�X̃}Ã = IK; the minimization problem

minimize: trÃ�{X̃�TX̃}Ã such that Ã�{X̃�X̃}Ã = IK (2.16)

is in the form of QCQP, thus it can be solved by Lemma 2.2, similarly to spec-

tral methods for graph embedding. Using the solution Â = (Â(1)�, Â(2)�
)�,

we obtain feature vectors

y(d)
i = Â(d)�x(d)i ∈ RK, (i = 1, 2, . . . , n)

for each of views d = 1, 2, and Lemma 2.2 yields the minimum value

trÂ�{X̃�TX̃}Â =
K

∑
k=1

λk, (2.17)

where λ1, λ2, . . . , λp1+p2 are eigenvalues of (X̃�X̃)−1/2X̃�TX̃(X̃�X̃)−1/2 in
ascending order.

Whereas CCA considers 2-view data vectors, i.e., {(x(1)i , x(2)i )}n
i=1, it is

straightforwardly generalized to the setting that more than 2-view data vec-
tors {(x(1)i , x(2)i , x(3)i , . . .)}n

i=1 are observed. This generalization is called gen-
eralized CCA (Horst, 1961) or multiset CCA (Kettenring, 1971).
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Kernel CCA (KCCA)

Kernel function K : X 2 → R defined with a set X ⊂ Rp measures the simi-
larity between two data vectors x, x′ ∈ X . A typical example is linear kernel
K(x, x′) := 〈x, x′〉 and Gaussian kernel K(x, x′) := exp(−‖x− x′‖2

2/σ2) for
a user-specified parameter σ > 0. As CCA is based on the linear kernel,
namely the inner product, we here consider employing non-linear kernel in-
stead, for enhancing its expressive power.

Here, we first reformulate the CCA for defining its kernel variant. CCA
estimates the projection matrix Ã = (A(1)�, A(2)�)� ∈ R(p1+p2)×K, and the
matrix A(d) can be written as A(d) = X(d)�B(d) for some matrix B(d) ∈ Rn×K,
as long as the rank of X(d) is greater than or equal to pd, for d = 1, 2. Namely,

Ã = X̃�B

for some B = (B(1)�, B(2)�)�. Then, the objective function of CCA (2.15)
reduces to

trÃ�{X̃�TX̃}Ã = trB�{(X̃X̃�)T(X̃X̃�)}B = trB�{K̃T̃K̃}B (2.18)

for a matrix

K̃ =

(
K(1) O
O K(2)

)
=

(
X(1)X(1)� O

O X(2)X(2)�

)
. (2.19)

As well, the quadratic constraint reduces to

Ã�{X̃�X̃}Ã = B�{(X̃X̃�)(X̃X̃�)}B = B�K̃2B; (2.20)

considering (2.18) and (2.20), CCA is consequently equivalent to finding aa
solution B of a QCQP

minimize: trB�{K̃T̃K̃}B such that B�K̃2B = I. (2.21)

Lemma 2.2 solves the problem; the optimal B̂ yields feature vectors

Y = (y(1)�
1 , . . . , y(1)�

n , y(2)�
1 , . . . , y(2)�

n )� = X̃ Â = X̃X̃�B̂ = K̃B̂.

The above procedure is a reformulation of CCA.

The reformulated CCA is essentially based on the matrix (2.19), where
K(d) = (k(d)ij ) is obtained via the linear kernel k(d)ij = 〈x(d)i , x(d)j 〉 for d = 1, 2.
We may replace the linear kernel with other non-linear kernels

k(d)ij = K(d)(x(d)i , x(d)j ) for d = 1, 2;

following the above procedure yields kernel CCA (Lai and Fyfe, 2000; Akaho,
2001).
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Considering the QCQP (2.21) of the reformulated CCA, kernel CCA ap-
plied to pairs of data vectors {(x(1)i , x(2)i )}n

i=1 is in fact equivalent to linear

CCA applied to {(z(1)i , z(2)i )}n
i=1, where

z(d)i = (K(d)(x(d)i , x(d)1 ),K(d)(x(d)i , x(d)2 ), . . . ,K(d)(x(d)i , x(d)n )) ∈ Rn, (2.22)

for d = 1, 2 and i = 1, 2, . . . , n. Thus KCCA can be regarded as (i) first
computing n(≥ pd)-dimensional dimensional data vectors z(d)i for each view
d = 1, 2 by leveraging the user-specified kernels K(1),K(2), and (ii) second
applying CCA to the data vectors. By virtue of the high-dimensional data
vectors {z(d)i }, KCCA is in general more expressive than linear CCA.

Deep CCA (DCCA)

Similarly to kernel CCA, that corresponds to applying CCA to {(z(1)i , z(2)i )}n
i=1

defined in (2.22), deep CCA (DCCA; Andrew et al., 2013; Wang et al., 2016)
applies CCA to {(z(1)NN,i, z(2)NN,i)}n

i=1 where

z(d)NN,i = f (d)NN(x(d)i ) (i = 1, 2, . . . , n; d = 1, 2). (2.23)

f (1)NN, f (2)NN are DNNs to be trained. As shown in (2.17), the minimum value of
the objective function for CCA, that is applied to (2.23), is

K

∑
k=1

λNN,k (2.24)

where λNN,1, λNN,2, . . . , λNN,p1+p2 are eigenvalues of a matrix in ascending
order, that is computed via the data vectors (2.23); DCCA trains the neu-
ral networks f (1)NN, f (2)NN by minimizing the above function (2.24). Typically,
gradient-based approaches, such as stochastic gradient descent (Goodfellow,
Bengio, and Courville, 2016), are leveraged for the optimization. Once the
NNs are trained, we have obtained the feature vectors, by

y(d)
i = Â(d)�z(d)NN,i (i = 1, 2, . . . , n)

for each of views d = 1, 2. By virtue of the NNs f (1)NN, f (2)NN, DCCA is expected
to be highly expressive, compared to the linear CCA. Similarly to multiset
CCA, DCCA is also extended to general D(∈ N) views (Benton et al., 2019).

2.4.2 Multi-view RL (II): Many-to-Many Relation

Whereas CCA, KCCA and DCCA consider pairs of data vectors {(x(1)i , x(2)i )}n
i=1,

that have one-to-one correspondence across views, we here consider the set-
ting that some data vectors have many-to-many associations as shown in



26 Chapter 2. Preliminaries

Figure 2.8. The associations are specified by link weights {w(d,e)
ij }.

Cross-domain matching correlation analysis (CDMCA)

FIGURE 2.8: CDMCA considers many-to-many associations
among D views; CDMCA finds transformation matrices A(d) ∈
Rpd×K (d = 1, 2, . . . , D) so that y(d)

i = A(d)�x(d)i ≈ y(e)
j =

A(e)�x(e)j if w(d,e)
ij > 0.

Considering D-view data vectors having many-to-many associations, where
w(d,e)

ij ≥ 0 represents the association strength between the corresponding

data vectors x(d)i ∈ Rpd and x(e)j ∈ Rpe , cross-domain matching correlation
analysis (CDMCA; Shimodaira, 2016) estimates linear transformation matri-
ces A(d) ∈ Rpd×K (d = 1, 2, . . . , D) by minimizing

D

∑
d=1

D

∑
e=1

n

∑
i=1

n

∑
j=1

w(d,e)
ij ‖A(d)�x(d)i − A(e)�x(e)j ‖2

2, (2.25)

or equivalently, maximizing

D

∑
d=1

D

∑
e=1

n

∑
i=1

n

∑
j=1

w(d,e)
ij 〈A(d)�x(d)i , A(e)�x(e)j 〉 (2.26)

under a quadratic constraint ∑D
d=1 ∑D

e=1 ∑nd
i=1 ∑ne

j=1(A(d)�x(d)i )(A(d)�x(d)i )� =

IK. The constraint is for preventing the matrices {A(d)}D
d=1 from being trivial

solutions. By leveraging matrices W (d,e) = (w(d,e)
ij ),

W̃ :=

⎛
⎜⎜⎜⎝

W (1,1) W (1,2) · · · W (1,D)

W (2,1) W (2,2) · · · W (2,D)

...
... . . . ...

W (D,1) W (D,2) · · · W (D,D)

⎞
⎟⎟⎟⎠ ,
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X̃ :=

⎛
⎜⎜⎜⎝

X(1) O · · · O
O X(2) · · · O
...

... . . . ...
O O · · · X(D)

⎞
⎟⎟⎟⎠ , Ã :=

⎛
⎜⎜⎜⎝

A(1)

A(2)

...
A(D)

⎞
⎟⎟⎟⎠ , T := diag(W̃1n)− W̃ ,

where diag(a) represents the diagonal matrix whose diagonal entries are
specified by a = (a1, a2, . . . , ad) ∈ Rd and n := ∑D

d=1 nd, the minimization
problem of CDMCA reduces to the QCQP

minimize: trÃ�{X̃�TX̃}Ã such that Ã�{X̃�X̃}Ã = IK.

The minimization problem is the same as the QCQP for CCA (2.16); it can be
solved by Lemma 2.2. Then, the feature vectors are obtained by

y(d)
i = Â(d)�x(d)i , (i = 1, 2, . . . , nd)

for each of views d = 1, 2, . . . , D. A special case D = 2 of CDMCA is also
called cross-view graph embedding (CvGE; Huang et al., 2012). CvGE also
reduces to CCA, by considering the case that n1 = n2, W (1,1) = W (2,2) = O
and W (1,2) = W (2,1) = In1 .

Hyper-graph incidence matrix factorization (HIMFAC)

Here, we last consider the case that we have observed data vectors {x(d)i }nd
i=1 ⊂

Rpd for views d = 1, 2, . . . , D and their hyper-relations R1,R2, . . . ,RM. The
hyper-relation

Rm = {(dm1, im1), (dm2, im2), . . . , (dmom , imom)}

represents that data vectors x(dm1)
im1

, x(dm2)
im2

, . . . , x(dmom )
imom

are associated, for m =

1, 2, . . . , M.
Using the hyper-relations, we may compute link weights

w(d,e)
ij =

M

∑
m=1

�(both (d, i), (e, j) belong toRm),

indicating the number of observed hyper-relations associating data vectors
x(d)i , x(e)j , for i = 1, 2, . . . , nd; j = 1, 2, . . . , ne; d, e = 1, 2, . . . , D. The link weight

w(d,e)
ij represents the association strength, as the strongly associated data vec-

tors may have more relations than other pairs. Then, applying CDMCA to
the data vectors {x(d)i }nd

i=1 (d = 1, 2, . . . , D) and the obtained link weights

{w(d,e)
ij } yields feature vectors y(d)

i (i = 1, 2, . . . , nd; d = 1, 2, . . . , D). Above
procedure is mathematically equivalent to hyperlink incidence matrix fac-
torization (HIMFAC; Nori, Bollegala, and Kashima, 2012), that is originally
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formulated in a slightly different way; HIMFAC computes feature vectors of
data vectors, by leveraging hyper-relations among multi-view data vectors.
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3 Multi-view Graph Embedding

This chapter discusses the multi-view extension of NN-based graph embed-
ding, that is named probabilistic multi-view graph embedding (PMvGE).
Our contributions, descriptions, and materials including figures in this chap-
ter are mostly attributed to a published conference paper of ours (Okuno,
Hada, and Shimodaira, 2018).

TABLE 3.1: Existing multi-view / graph-embedding methods
are compared to the proposed PMvGE (grey); only PMvGE pos-

sesses all the following properties simultaneously.

(Nv): Number of views, (MM): Many-to-many, (NL): Non-linear,
(Ind): Inductive, (Lik): Likelihood-based.

(Nv) (MM) (NL) (Ind) (Lik)
CCA (Hotelling, 1936) 2 �
DCCA (Andrew et al., 2013) 2 � �
MCCA (Kettenring, 1971) D �
SGE (Belkin and Niyogi, 2001) 0 �
LINE (Tang et al., 2015) 0 � �
LPP (He and Niyogi, 2004) 1 � �
CvGE (Huang et al., 2012) 2 � �
HIMFAC (Nori, Bollegala, and Kashima, 2012) D � �
CDMCA (Shimodaira, 2016) D � �
DeepWalk (Perozzi, Al-Rfou, and Skiena, 2014) 0 � �
SBM (Holland, Laskey, and Leinhardt, 1983) 1 � � �
GCN (Kipf and Welling, 2017) 1 � � �
GraphSAGE (Hamilton, Ying, and Leskovec, 2017) 1 � � � �
IDW (Dai et al., 2018) 1 � � � �
PMvGE (Okuno, Hada, and Shimodaira, 2018) D � � � �

3.1 Introduction

With the rapid development of Internet communication tools in the past few
decades, many different types of data vectors become easily obtainable these
days, advancing the development of multi-view data analysis methods (Sun,
2013; Zhao et al., 2017). Different types of vectors are called as “views", and
their dimensions may be different depending on the view. Typical examples
are data vectors of images, text tags, and user attributes available in Social
Networking Services (SNS). However, we cannot apply standard data analy-
sis methods, such as clustering, to multi-view data vectors, because data vec-
tors from different views, say, images and text tags, are not directly compared
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with each other. In this chapter, we work on multi-view Feature Learning for
transforming the data vectors from all the views into new vector representa-
tions called “feature vectors" in a shared euclidean subspace.

One of the best known approaches to multi-view feature learning is Canon-
ical Correlation Analysis (CCA; Hotelling, 1936) for two-views, and Multiset
CCA (MCCA; Kettenring, 1971) for many views. CCA considers pairs of re-
lated data vectors {(x(1)i , x(2)i )}n

i=1 ⊂ Rp1 ×Rp2 . For instance, x(1)i ∈ Rp1 may

represent an image, and x(2)i ∈ Rp2 may represent a text tag. Their dimen-
sion p1 and p2 may be different. CCA finds linear transformation matrices
A(1), A(2) so that the sum of inner products

n

∑
i=1
〈A(1)�x(1)i , A(2)�x(2)i 〉

is maximized under a variance constraint. The obtained linear transforma-
tions compute feature vectors y(1)

i := A(1)�x(1)i , y(2)
i := A(2)�x(2)i ∈ RK

where K ≤ min{p1, p2} is the dimension of the shared space of feature vec-
tors from the two views. However, the linear transformations may not cap-
ture the underlying structure of real-world datasets due to its simplicity.

To enhance the expressiveness of transformations, CCA has been further
extended to non-linear settings, as Kernel CCA (Lai and Fyfe, 2000) and Deep
CCA (DCCA; Andrew et al., 2013; Wang et al., 2016) which incorporate ker-
nel methods and neural networks to CCA, respectively. These methods show
drastic improvements in performance in face recognition (Zheng et al., 2006)
and image-text embedding (Yan and Mikolajczyk, 2015). However, these
CCA-based approaches are limited to multi-view data vectors with one-to-
one correspondence across views.

Real-world datasets often have more complex association structures among
the data vectors, thus the whole dataset is interpreted as a large graph with
nodes of data vectors and links of the associations. For example, associations
between images {x(1)i }n1

i=1 and their tags {x(2)j }n2
j=1 may be many-to-many re-

lationships, in the sense that each image has multiple associated tags as well
as each tag has multiple associated images. The weight wij ≥ 0, which we
call “link weight", is defined to represent the strength of association between
data vectors x(1)i , x(2)j (i = 1, 2, . . . , n1; j = 1, 2, . . . , n2). The number of data
vectors n1, n2 in each view may be different.

To fully utilize the complex associations, where w(d,e)
ij ≥ 0 represents

the association strength between x(d)i and x(e)j , Cross-view Graph Embed-
ding (CvGE; Huang et al., 2012) and its extension to more than three views
called Cross-Domain Matching Correlation Analysis (CDMCA; Shimodaira,
2016) are proposed recently, by extending CCA to many-to-many settings. 2-
view CDMCA (=CvGE) obtains linear transformation matrices A(1), A(2) so
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that the weighted sum of inner products

n1

∑
i=1

n2

∑
j=1

w(1,2)
ij 〈A(1)�x(1)i , A(2)�x(2)j 〉

is maximized under a variance constraint.
CDMCA includes various existing multi-view / graph-embedding meth-

ods as special cases. For instance, 2-view CDMCA obviously includes CCA
as a special case w(1,2)

ij = δij, where δij is Kronecker’s delta and w(1,1)
ij =

w(2,2)
ij = 0. By considering 1-view setting, where xi ∈ Rp is a 1-view data

vector and wij ≥ 0 is a link weight between xi and xj, CDMCA reduces to
Locality Preserving Projections (LPP; He and Niyogi, 2004; Yan et al., 2007).
LPP also reduces to Spectral Graph Embedding (SGE; Chung, 1997; Belkin
and Niyogi, 2001), which is interpreted as “0-view” graph embedding, by
letting xi ∈ {0, 1}n be 1-hot vector with 1 at i-th entry and 0 otherwise.

Although CDMCA shows a good performance in word and image em-
beddings (Oshikiri, Fukui, and Shimodaira, 2016; Fukui, Okuno, and Shi-
modaira, 2016), its expressiveness is still limited due to its linearity. There
has been a necessity of a framework, which can deal with many-to-many
associations and non-linear transformations simultaneously.

Therefore, in this chapter, we propose a non-linear framework for multi-
view feature learning with many-to-many associations. We name the frame-
work as Probabilistic Multi-view Graph Embedding (PMvGE). Since PMvGE
generalizes CDMCA to the non-linear setting, PMvGE can be regarded as a
generalization of various existing multi-view methods as well.

PMvGE is built on a simple observation: many existing approaches to
feature learning consider the inner product similarity of feature vectors. For
instance, the objective function of CDMCA is the weighted sum of the inner
product 〈yi, yj〉 of the two feature vectors yi and yj in the shared space. Turn-
ing our eyes to recent 1-view feature learning, Graph Convolutional Net-
work (Kipf and Welling, 2017), GraphSAGE (Hamilton, Ying, and Leskovec,
2017), and Inductive DeepWalk (Dai et al., 2018) assume that the inner prod-
uct of feature vectors 〈yi, yj〉 approximates link weight wij ≥ 0.

For D-view feature learning (D ≥ 1), PMvGE transforms multi-view data
vectors to the corresponding feature vectors by applying neural networks.
Inspired by the existing graph embedding methods, the neural networks in
PMvGE are trained so that the inner product similarity between the obtained
feature vectors predicts the corresponding link weight. We introduce a para-
metric model of the conditional probability of link weights given data vec-
tors, and thus PMvGE is a non-linear and probabilistic extension of CDMCA.
This leads to an efficient computation of the Maximum Likelihood Estimator
(MLE) with minibatch SGD.

Our contribution in this chapter is summarized as follows:

(1) In Section 3.3, we propose PMvGE for multi-view feature learning with
many-to-many associations, which is non-linear, efficient to compute,
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and inductive; a method is called inductive if it computes feature vectors
for newly obtained vectors which are not included in the training set. A
comparison with existing methods is shown in Table 3.1.

(2) In Section 3.4, we define maximum likelihood estimator for PMvGE, and
propose an efficient minibatch sampling procedure for conducting stochas-
tic optimization, that leverages graph-structured associations character-
ized by link weights.

(3) In Section 3.5, we show that PMvGE generalizes various existing multi-
view methods, at least approximately, by considering the Maximum Like-
lihood Estimator (MLE) with a novel probabilistic model. Especially, we
prove that PMvGE at least approximately generalizes linear CDMCA, by
considering the quadratic approximation.

(4) In Section 3.6, the proposed PMvGE and other baselines are performed
on real-world datasets.

3.2 Preliminaries

In this section, we first define symbols for D-view data vectors and their
associations. In Introduction of this chapter and preliminaries in Chapter 2
in this thesis, data vectors in view d were denoted by {x(d)i }nd

i=1 by referring
to existing studies. However, in this chapter, we employ a simpler notation;
D-view data vectors are denoted by

x1(∈ R
pd1 ), x2(∈ R

pd2 ), . . . , xn(∈ Rpdn )

altogether, and di ∈ {1, 2, . . . , D} denotes the view to which the data vector
xi belongs. The dimension pdi of data vector xi depends on the view di.

FIGURE 3.1: {xi}n
i=1 are multi-view data vectors, and the associ-

ation strength between xi, xj is denoted by link weight wij ≥ 0.
di denotes the view to which data vector xi belongs.

See Figure 3.1 for example. Therein, data vectors x1, x3, x8 belong to view-
1, x2, x5, x6 belong to view-2, and x4, x7 belong to view-3. By virtue of the
simple notation, we may simply denote the link weights within/across views
in a unified manner; the link weight

wij = wji ≥ 0
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is defined to represent the association strength between data vectors xi, xj for
all i, j, and wii = 0.

Therefore, {wij}n
i,j=1, {(xi, di)}n

i=1 are observations hereinafter. By taking
wij as a random variable, we consider a parametric model of the conditional
probability of wij given the data vectors. In Section 3.3.1, we consider the
probability model of wij with the conditional expected value

μij = E(wij|{xi, di}n
i=1)

where {xi, di}n
i=1 is given, for all 1 ≤ i < j ≤ n. In Section 3.3.2, we then

define PMvGE by specifying the functional form of μij via feature vectors.

3.3 PMvGE

3.3.1 Probabilistic Model

For deriving our probabilistic model, we first consider a random graph model
with fixed n nodes. At each time-point t = 1, 2, . . . , T, an unordered node
pair (vi, vj) is chosen randomly with probability

P(et = (vi, vj)) =
μi′ j′

∑1≤i<j≤n μij

where i′ := min{i, j}, j′ := max{i, j} and et represents the undirected link
at time t. The parameters μij ≥ 0 (1 ≤ i < j ≤ n) are interpreted as
unnormalized probabilities of node pairs. We allow the same pair is sampled
several times. Given independent observations e1, e2, . . . , eT, we consider the
number of links generated between vi and vj as

wij = wji := �{t ∈ {1, . . . , T} | et = (vi, vj)}.

The conditional probability P({wij}1≤i<j≤n | T) follows a multinomial distri-
bution. Assuming that T obeys Poisson distribution with mean ∑1≤i<j≤n μij,
the probability of {wij}1≤i<j≤n follows

P({wij}1≤i<j≤n) = ∏
1≤i<j≤n

p(wij | μij)

where p(w; μ) is the probability function of Poisson distribution with mean
μ. Thus wij follows Poisson distribution independently as

wij
indep.∼ Po(μij) (3.1)

for all 1 ≤ i < j ≤ n. Although wij should be a non-negative integer as
an outcome of Poisson distribution, our likelihood computation allows wij to
take any nonnegative real value.

Our probabilistic model (3.1) coincides with Stochastic Block Model (Hol-
land, Laskey, and Leinhardt, 1983, SBM) by assuming that node vi belongs
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to a cluster ci ∈ {1, 2, . . . , C}. The model is specified as

μij = β(ci,cj), (3.2)

where β(ci,cj) is the parameter regulating the number of links whose end-
points belong to clusters ci and cj. Note that SBM is interpreted as 1-view
method with 1-hot vector xi ∈ {0, 1}C indicating the cluster membership.

3.3.2 PMvGE

Inspired by existing methods for feature learning such as LINE (Tang et al.,
2015), that is described in Section 2.2.2 in Chapter 2, we propose a novel
model for the parameter μij in eq. (3.1) by using the inner-product similarity
as

μα,θ(xi, xj; di, dj) := α(di,dj) exp
(〈

yi, yj
〉)

, (3.3)

yi := f (di)
NN(xi).

Here α = (α(d,e)) ∈ RD×D
≥0 is a symmetric parameter matrix (α = α�) for reg-

ulating the sparseness of W = (wij). For y = (y1, . . . , yn), y′ = (y′1, . . . , y′n) ∈
RK, 〈y, y′〉 = ∑K

k=1 yky′k is simply the inner product in Euclidean space. f NN :
Rpd → RK (d = 1, 2, . . . , D) represent vector-valued neural networks (see,
Section 2.1 in Chapter 2 for neural networks), whose parameters are alto-
gether specified by θ.

View-1 View-2 View-D

Neural netw
orks

Shared space

FIGURE 3.2: Data vectors {xi} in each view are transformed to
feature vectors {yi} by neural networks { f (d)NN}.

As shown in Lemma 2.1 in Chapter 2, universal approximation theorem
proves that sufficiently large neural networks can approximate arbitrary con-
tinuous function, meaning that neural networks are highly expressive. These
neural networks { f (d)NN} can be trained by maximizing the likelihood for the
probabilistic model (3.1) as later shown in Section 3.4.1. Then, feature vectors
are obtained by simply applying these trained NNs to the data vectors xi.
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Link weights across some view pairs may be missing

Link weights across some view pairs may not be available in practice. So we
consider the set of unordered view pairs

D := {(d, e) : Link weights are observed between views d, e}.

Although link weights between the view pair (d, e) /∈ D are not leveraged in
the proposed PMvGE, we formally set wij = 0 for the missing (di, dj) /∈ D
when needed.

Link weights are missing

FIGURE 3.3: D = {(1, 1), (1, 2), (1, 3)}

For example in Figure 3.3, D = {(1, 1), (1, 2), (1, 3)} indicates that link
weights (i) within view 1, (ii) across views 1 and 2, (iii) across views 1 and
3, are observed while link weights between other view pairs are missing.
We should notice the distinction between setting wij = 0 with missing and
observing wij = 0 without missing, because these two cases give different
likelihood functions.

3.4 Parameter Estimation

In this section, we first define the maximum likelihood estimator for PMvGE
in Section 3.4.1. We then present an efficient way of optimizing the likelihood
function in Section 3.4.2; we iteratively optimize the two parameters α and θ.
In the proposed algorithm, θ is updated by minibatch SGD, and α is updated
by directly solving an estimating equation.

3.4.1 Maximum Likelihood Estimator

Since PMvGE is specified by (3.1) and (3.3), the log-likelihood function is
given by

�n(α,θ) := ∑
(i,j)∈In

[wij log μα,θ(xi, xj; di, dj)− μα,θ(xi, xj; di, dj)], (3.4)

whose sum is over the set of index pairs In := {(i, j) | 1 ≤ i < j ≤ n, (di, dj) ∈
D}. The Maximum Likelihood Estimator (MLE) of the parameter (α, θ) is
defined as the maximizer of (3.4). We estimate (α, θ) by maximizing �n(α, θ)
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with constraints α = α�. Although not leveraged, we formally set α(d,e) = 0
for (d, e) /∈ D.

3.4.2 Stochastic Optimization

We propose an algorithm for optimizing the NNs f (1)NN, f (2)NN, . . . , f (D)
NN. The

algorithm iteratively updates the parameters θ, α therein.

Update of θ

We update θ using the gradient of �n(ᾱ, θ) by fixing current parameter value
ᾱ. Since W = (wij) may be sparse in practice, the computational cost of
minibatch SGD (Goodfellow, Bengio, and Courville, 2016) for the former half
of �n(ᾱ, θ) is expected to be reduced by considering the sum over the set
Pn := {(i, j) ∈ In | wij > 0}. On the other hand, there should be |In| =
O(n2) positive terms in the latter half of �n(ᾱ, θ), so we consider the sum
over node pairs uniformly-resampled from In.

We make two sets Ĩn, P̃n by picking (i, j) from In and Pn, respectively, so
that

|Ĩn|+ |P̃n| = m, |Ĩn|/|P̃n| = r.

User-specified constants m ∈ N and r > 0 are usually called as “minibatch
size" and “negative sampling rate". We sequentially update minibatches
Ĩn, P̃n for computing the gradient of

∑
(i,j)∈P̃n

wij log μᾱ,θ(xi, xj; di, dj)− η ∑
(i,j)∈Ĩn

μᾱ,θ(xi, xj; di, dj) (3.5)

with respect to θ. By utilizing the gradient, the parameter θ can be sequen-
tially updated by SGD, where η > 0 is a tuning parameter. Eq. (3.5) ap-
proximates �n(ᾱ, θ) if (i, j) are uniformly-resampled and η = |In|/(r |Pn|),
however, smaller η such as η = 1 may make this algorithm stable in some
cases.

This optimization procedure is strongly inspired by negative sampling
used in skip-gram (a.k.a. word2vec; Mikolov et al., 2013), and it requires
O(m) operations for each minibatch iteration. Thus θ is efficiently updated
even if the number of data vectors n is very large. The proposed stochastic
optimization and negative sampling are further generalized in Chapter 5,
and they are theoretically justified in a unified manner.

Update of α

Let θ̄ represent current parameter value of θ, and let f̄ (d)NN represent a neural

network f (d)NN whose parameter is fixed to θ̄, for d = 1, 2, . . . , D. By solving

the estimating equation ∂�n(α,θ̄)
∂α(d,e) = 0 with respect to α(d,e) under constraints

α = α� and α(d,e) = 0, (d, e) /∈ D, we explicitly obtain a local maximizer of
�n(α, θ̄). However, the local maximizer requires roughly O(n2) operations for
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computation. To reduce the high computational cost, we efficiently update α
by (3.6), which is a minibatch-based approximation of the local maximizer.

α̂(d,e) :=

⎧⎪⎪⎨
⎪⎪⎩

∑
(i,j)∈I′(d,e)

n
wij

∑
(i,j)∈I′(d,e)

n
exp(〈 f̄ (dNN(xi), f̄ (e)NN(xj)〉)

(for (d, e) ∈ D)

0 (otherwise)

, (3.6)

where I′(d,e)
n := {(i, j) ∈ I′n | (di, dj) = (d, e)} and I′n is the minibatch defined

for updating θ. Note that (d, e) is unordered view pair.

3.5 Relation to Other Multi-view Methods

Assuming that the activation function in the neural networks f (d)NN is identity
function, i.e., σ(z) = z, the neural networks reduce to linear models

f (d)NN(xi) = θ(d)�xi (d = 1, 2, . . . , D). (3.7)

Consider the linear model (3.7) with θ(1)� = (θ1, . . . , θC) ∈ RK×C, where
θc ∈ RK is a feature vector for class c = 1, . . . , C. Then,

μα,θ(xi, xj; di, dj) = α(1,1) exp(〈θci , θcj〉)

will specify β(ci,cj) for sufficiently large K, and {θci} represent low-dimensional
structure of SBM for smaller K. SBM is also interpreted as PMvGE with D =

C views by letting di = ci and f (di)
θ (x) ≡ 0. Then μα,θ(xi, xj; di, dj) = α(ci,cj) is

equivalent to SBM.
More generally, CDMCA (Shimodaira, 2016) is approximated by D-view

PMvGE with the linear transformations (3.7). The first half of the objective
function (3.4) becomes

1
2

n

∑
i=1

n

∑
j=1

wij〈θ(di)�xi, θ(dj)�xj〉 (3.8)

by specifying α(d,e) ≡ 1. CDMCA computes the transformation matrices
{θ(d)} by maximizing this objective function under a quadratic constraint
such as

n

∑
i=1

n

∑
j=1

wijθ
(di)�xix�i θ(di) = I. (3.9)

The above observation intuitively explains why PMvGE approximates CDMCA;
this is more formally discussed in Appendix A.1. The quadratic constraint
is required for preventing the maximizer of (3.8) from being diverged in
CDMCA. However, our likelihood approach does not require it, because the
last half of (3.4) serves as a regularization term.
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PMvGE represents neural network classifiers of multiple classes

For illustrating the generality of PMvGE, here we consider the multi-class
classification problem. We show that PMvGE includes Feed-Forward Neural
Network (FFNN) classifier as a special case.

Let (xi, ci) ∈ Rp × {1, . . . , C}, (i = 1, . . . , n) be the training data for
the classification problem of C classes. FFNN classifier with softmax func-
tion (Bishop, 2006) is defined as

hj(xi) :=
exp( fNN,j(xi))

∑C
j=1 exp( fNN,j(xi))

, j = 1, . . . , C,

where f NN(x) := ( fNN,1(x), . . . , fNN,C(x)) ∈ RC
≥0 is a vector-valued neural

network, and xi is classified into the class arg max
j∈{1,2,...,C}

hj(xi). This classifier is

equivalent to

arg max
j∈{1,2,...,C}

exp
(〈 f NN(xi), ej〉

)
, (3.10)

where ej ∈ {0, 1}C is the 1-hot vector with 1 at j-th entry and 0 otherwise.
The classifier (3.10) can be interpreted as PMvGE with D = 2,D = {(1, 2)}

as follows: f (1)NN(x) := f NN(x) and inputs are x1, . . . , xn for view-1, f (2)NN(x′) :=
x′ and inputs are e1, . . . , eC for view-2, and wij = 1 between xi and eci , and
wij = 0 otherwise.

3.6 Numerical Experiments

3.6.1 Experiments on Citation dataset (1-view)

• Dataset: We use Cora dataset (Sen et al., 2008) of citation network
with 2,708 nodes and 5,278 ordered edges. Each node vi represents
a document, which has 1, 433-dimensional (bag-of-words) data vector
xi ∈ {0, 1}1433 and a class label of 7 classes. Each directed edge repre-
sents citation from a document vi to another document vj. We set the
link weight as wij = wji = 1 by ignoring the direction, and wij = 0
otherwise. There is no cross or self-citation. We divide the dataset into
training set consisting of 2, 166 nodes (80%) with their edges, and test
set consisting of remaining 542 nodes (20%) with their edges. We utilize
20% of the training set for validation. Hyper-parameters are tuned by
utilizing the validation set.

• Baselines: We compare PMvGE with several feature learning meth-
ods: Stochastic Block Model (Holland, Laskey, and Leinhardt, 1983,
SBM), ISOMAP (Tenenbaum, De Silva, and Langford, 2000), Locally
Linear Embedding (Roweis and Saul, 2000, LLE), Spectral Graph Em-
bedding (Belkin and Niyogi, 2001, SGE), Multi Dimensional Scaling
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(Kruskal, 1964, MDS), DeepWalk (Perozzi, Al-Rfou, and Skiena, 2014),
and GraphSAGE (Hamilton, Ying, and Leskovec, 2017).

• NN for PMvGE: 1-hidden-layer fully-connected network, which con-
sists of 3000 tanh hidden units and (K =)1000 tanh output units, is
used. The network is trained by Adam (Kingma and Ba, 2015) with
batch normalization. The learning rate is starting from 0.0001 and at-
tenuated by 1/10 for every 100 iterations. Negative sampling rate r and
minibatch size m are set as 1 and 512, respectively, and the number of
iterations is 200.

• Parameter tuning: For each method, parameters are tuned on valida-
tion sets. Especially, the dimension of feature vectors is selected from
{50, 100, 150, 200}.

We conduct the following two experiments.

• Label classification (Task 1): We classify the documents into 7 classes
using logistic regression with the feature vector as input and the class
label as output. We utilize LibLinear (Fan et al., 2008) for the imple-
mentation.

• Clustering (Task 2): The k-means clustering of the feature vectors is
performed for unsupervised learning of document clusters. The num-
ber of clusters is set as 7.

Results: The quality of classification is evaluated by classification accuracy
in Task 1, and Normalized Mutual Information (NMI) in Task 2. Sample av-
erages and standard deviations over 10 experiments are shown in Table 3.2.
In experiment (A), we apply methods to both training set and test set, and
evaluate them by the test set. In (B), we apply methods to only the training
set, and evaluate them by the test set. SGE, MDS, and DeepWalk are not in-
ductive, and they cannot be applied to unseen data vectors in (B). PMvGE
outperforms the other methods in both experiments.

3.6.2 Experiments on AwA dataset (2-view)

• Dataset: We use Animal with Attributes (AwA) dataset (Lampert, Nick-
isch, and Harmeling, 2009) with 30,475 images for view-1 and 85 at-
tributes for view-2. We prepared 4, 096 dimensional DeCAF data vec-
tor (Donahue et al., 2014) for each image, and 300 dimensional GloVe
(Pennington, Socher, and Manning, 2014) data vector for each attribute.
Each image is associated with some attributes. We set wij = 1 for the
associated pairs between the two views, and wij = 0 otherwise. In ad-
dition to the attributes, each image has a class label of 50 classes. We
resampled 50 images from each of 50 classes; in total, 2500 images. In
each experiment, we split the 2500 images into 1500 training images
and 1000 test images. A validation set of 300 images is sampled from
the training images.
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TABLE 3.2: Task 1 and Task 2 for the experiment on Citation
dataset (D = 1). The larger values are better.

(A) (B)

Task 1
(D = 1)

ISOMAP 54.5± 1.78 54.8± 2.43
LLE 30.2± 1.91 31.9± 2.62
SGE 47.6± 1.64 -
MDS 29.8± 2.25 -
DeepWalk 54.2± 2.04 -
GraphSAGE 60.8± 1.73 57.1± 1.61
PMvGE 74.8± 2.55 71.1± 2.10

Task 2
(D = 1)

SBM 4.37± 1.44 2.81± 0.10
ISOMAP 13.0± 0.36 14.3± 1.98
LLE 7.40± 3.40 9.47± 3.00
SGE 1.41± 0.34 -
MDS 2.81± 0.10 -
DeepWalk 16.7± 1.05 -
GraphSAGE 19.6± 0.93 12.4± 3.00
PMvGE 35.9± 0.88 30.5± 3.90

• Baselines: We compare PMvGE with CCA, DCCA (Andrew et al., 2013),
SGE, DeepWalk, and GraphSAGE.

• NN for PMvGE: Each view uses a 1-hidden-layer fully-connected net-
work, which consists of 2000 tanh hidden units and 100 tanh output
units. The dimension of the feature vector is K = 100. Adam is used for
optimization with Batch normalization and Dropout (p = 0.5). Mini-
batch size, learning rate, and momentum are tuned on the validation
set. We monitor the score on the validation set for early stopping.

• Parameter tuning: For each method, parameters are tuned on valida-
tion sets. Especially, the dimension of feature vectors is selected from
{10, 50, 100, 150}.

Then, we conduct the following experiment.

• Link prediction (Task 3): For each query image, we rank attributes
according to the cosine similarity of feature vectors across views. An
attribute is regarded as correct if it is associated with the query image.

Results: The quality of the ranked list of attributes is measured by Average
Precision (AP) score in Task 3. Sample averages and standard deviations over
10 experiments are shown in Table 3.3. In experiment (A), we apply methods
to both training set and test set, and evaluate them by the test set. The whole
training set is used for validation. In experiment (B), we apply methods to
only the training set, and evaluate them by the test set. 20% of the training
set is used for validation. PMvGE outperforms the other methods including
DCCA. While DeepWalk shows good performance in experiment (A), Deep-
Walk and SGE cannot be applied to unseen data vectors in (B). Unlike SGE
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and DeepWalk which only consider the associations, 1-view feature learning
methods such as GraphSAGE cannot be applied to this AwA dataset since
the dimension of data vectors is different depending on the view. So we do
not perform 1-view methods in Task 3.

TABLE 3.3: Task 3 for the experiment on AwA dataset (D = 2).
The larger values are better.

(A) (B)

Task 3
(D = 2)

CCA 45.5± 0.20 42.4± 0.30
DCCA 41.4± 0.30 41.2± 0.35
SGE 43.5± 0.39 -
DeepWalk 71.3± 0.57 -
PMvGE 71.5± 0.48 70.5± 0.53

Locality of each-view is preserved through neural networks: To see whether
the locality of input is preserved through neural networks in PMvGE, we
computed the Spearman’s rank correlation coefficient between 〈x, x′〉 and
〈 f (d)NN(x), f (d)NN(x′)〉 for view-d data vectors x, x′ in AwA dataset (d = 1, 2).
For DeCAF (view-1) and GloVe (view-2) inputs, the values are 0.722± 0.058
and 0.811± 0.082, respectively. This result indicates that the feature vectors
of PMvGE preserve the similarities of the data vectors fairly well.

3.7 Conclusion

We presented a simple probabilistic framework for multi-view learning with
many-to-many associations. We name the framework as Probabilistic Multi-
view Graph Embedding (PMvGE). Various existing methods are approxi-
mately included in PMvGE. We gave a practical estimation algorithm. Ex-
periments on real-world datasets showed that PMvGE outperforms existing
methods.
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4 Expressive Power of NN-Based
Graph Embedding

This chapter discusses the expressive power of the NN-based graph em-
bedding. Firstly, we discuss the expressive power of inner-product similar-
ity (IPS) that is often used in graph embedding; we prove that IPS is limited
to approximate positive-definite (PD) similarities even if highly expressive
NN is employed for computing feature vectors. We then propose shifted-
IPS (SIPS), and we theoretically prove that SIPS is more expressive than IPS.
The expressive power is also illustrated in the following Figure 4.1. At last,
we also propose more expressive inner-product difference similarity (IPDS),
and prove that the IPDS can approximate arbitrary similarities; graph em-
beddings using the SIPS and IPDS are expected to demonstrate higher per-
formance.

Our contributions, descriptions, and materials including figures in this
chapter are mostly attributed to a published conference paper of ours (Okuno,
Kim, and Shimodaira, 2019), and experiments are partially attributed to an-
other workshop paper of ours (Okuno and Shimodaira, 2018).

(A) True (B) Existing (IPS) (C) Proposed (SIPS)

FIGURE 4.1: (A) For f ∗(x) = (x1, cos x2, exp(−x3), sin(x4 −
x5)) ∈ R4 with respect to x ∈ R5, the negative squared
distance (NSD) similarity −‖ f ∗(se1) − f ∗(te2)‖2

2 is plotted
on (s, t)-plane along with two orthogonal directions e1, e2 ∈
R5. This NSD is approximated by the two similarity mod-
els: (B) Existing IPS 〈 f NN(se1), f NN(te2)〉, and (C) Proposed
SIPS 〈 f NN(se1), f NN(te2)〉+ uNN(se1) + uNN(te2), where f NN :
R5 → R10 and uNN : R5 → R are two-layer neural networks
with 1,000 hidden units and ReLU activations. The proposed

SIPS approximates the NSD better than the existing IPS.
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4.1 Introduction

As discussed in previous Chapters 2 and 3, various graph embedding meth-
ods measure the similarities between feature vectors, for predicting the corre-
sponding link weights. Especially, inner-product is often employed for mea-
suring the similarity between two feature vectors therein; the inner-product
applied to the feature vectors, that are computed via a neural network to be
trained, is called inner-product similarity (IPS).

IPS is considered to be highly expressive for representing the association
between data vectors due to the universal approximation theorem (UAT;
Funahashi, 1989; Cybenko, 1989; Yarotsky, 2017; Telgarsky, 2017; Yarotsky,
2018) for NN. As described in section 2.1.2 in chapter 2, the UAT proves that
NNs having many hidden units approximate arbitrary continuous functions
within any given accuracy. However, since IPS considers the inner product
of two vector-valued NNs, the UAT is not directly applicable to the whole
network with the constraints at the final layer. Thus the approximation capa-
bility of IPS is yet to be clarified.

Meanwhile, similarities based on specific kernels other than the inner
product have received considerable attention in recent years. One example
is Poincaré embedding (Nickel and Kiela, 2017) which is an NN-based GE
using Poincaré distance for embedding vectors in hyperbolic space instead
of Euclidean space. Hyperbolic space is especially compatible with comput-
ing feature vectors of tree-structured relational data (Sarkar, 2011). These
methods efficiently compute reasonable low-dimensional feature vectors by
virtue of specific kernels. However, their theoretical differences from IPS, in
terms of the expressive power in line with the standard NN summarized in
Section 2.1.2 in Chapter 2, is not well understood.

For that reason, in this chapter, we first incorporate UAT into Mercer’s
theorem, and prove that IPS approximates any similarity based on Positive
Definite (PD) kernels arbitrarily well. For example, IPS can learn cosine sim-
ilarity, because it is a PD kernel. Although this result shows the validity, we
also prove the fundamental limitation of IPS, meaning that the IPS cannot
approximate non-PD similarities.

Furthermore, in order to provide theoretical insights, we will point out
that some specific kernels are not PD by referring to existing studies. To
deal with such non-PD kernels, we consider Conditionally PD (CPD) ker-
nels (Berg, Christensen, and Ressel, 1984; Schölkopf, 2001) which include
PD kernels as special cases. We then propose a novel model named Shifted
IPS (SIPS) that approximates similarities based on CPD kernels within any
given accuracy. Interestingly, negative Poincaré distance is already proved to
be CPD (Faraut and Harzallah, 1974) and it is not PD. So, similarities based
on this kernel can be approximated by SIPS but not by IPS.

At last, we further consider more generalization beyond CPD. We then
propose inner-product difference similarity (IPDS), which can approximate a
wider class than CPD. Especially, we prove that IPDS can approximate arbi-
trary similarities, i.e., arbitrary symmetric and continuous functions.

Our contribution in this chapter is summarized as follows:
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(1) In Section 4.3, we first show that IPS can approximate arbitrary PD sim-
ilarities, whereas it cannot approximate non-PD similarities. In subse-
quent sections, we propose SIPS and C-SIPS to go beyond the limitation,
and prove that they can approximate any CPD similarities arbitrarily
well. Approximation error rates are also evaluated.

(2) In Section 4.6, we conduct numerical experiments on approximation ca-
pability of IPS, SIPS, and C-SIPS. Subsequently, experiments on two real-
world datasets are also performed to show that graph embedding using
SIPS outperforms existing methods.

(3) In Section 4.7, we prove that even the proposed SIPS cannot approximate
non-CPD similarities. Inner-product difference similarity (IPDS) is also
provided to approximate such non-CPD similarities.

4.2 Preliminaries

We consider 1-view data vectors and graph-structured associations specified
by link weights. This is a special case (D = 1) of the problem setting consid-
ered in Chapter 3, which is again briefly summarized as follows.

We work on an undirected graph consisting of n nodes {vi}n
i=1 and link

weights {wij}n
i,j=1 ⊂ R≥0 satisfying wij = wji and wii = 0, where wij rep-

resents the strength of association between vi and vj. The data vector repre-
senting the attributes (or side-information) at vi is denoted as xi ∈ Rp. If we
have no attributes, we use 1-hot vectors in Rn instead. We assume that the
observed dataset consists of {wij}n

i,j=1 and {xi}n
i=1.

By specifying D = 1 and α(1,1) = 1, meaning that only a single type of
data vectors is considered, the Poisson model (3.1) of PMvGE equipped with
the similarity function (3.3), where they are defined in the previous Chap-
ter 3, reduces to

wij
indep.∼ Po(μθ(xi, xj)), μθ(xi, xj) := exp(hθ(xi, xj)). (4.1)

The similarity function hθ is specified by the inner-product similarity

hIPS(xi, xj; θ) = 〈 f NN(xi), f NN(xj)〉 (4.2)

using a neural network f NN : Rp → RK whose parameter is θ. IPS commonly
appears in a broad range of methods, such as DeepWalk (Perozzi, Al-Rfou,
and Skiena, 2014), LINE (Tang et al., 2015), node2vec (Grover and Leskovec,
2016), Variational Graph AutoEncoder (Kipf and Welling, 2016), and Graph-
SAGE (Hamilton, Ying, and Leskovec, 2017), and IPS is straightforwardly
generalized to a model

g( f NN(xi), f NN(xj)),

that is especially called siamese neural network (Bromley et al., 1994) in
neural network literature. Although IPS is often considered, a study called
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Poincaré embedding considers employing negative Poincaré distance for the
kernel g. In order to clarify which of the kernels is better to be employed, in
the remaining of this chapter, we discuss the expressive power of the simi-
larities in the form of siamese NN.

Throughout this chapter, similarity between the two feature vectors y =
f NN(x), y′ = f NN(x′) is measured by the kernel g, that will be formally de-
fined as a symmetric and continuous function in Definition 4.1. In addition
to the symmetry and continuity, some additional conditions, such as the tri-
angle inequality, may be imposed on the kernel g. Related to such additional
conditions, the negative-squared distance (NSD) between two feature vectors

hNSD(x, x′) := −‖ f NN(x)− f NN(x′)‖2
2, (4.3)

will be considered later in Section 4.4.4, and the corresponding NSD kernel
g(y, y′) := −‖y − y′‖2

2 satisfies the axioms of distance, such as the (sign-
reversed) triangle inequality (−g(y, y′))1/2 ≤ (−g(y, y′′))1/2 +(−g(y′′, y′))1/2

and the property that g(y, y′) = 0 if and only if y = y′.
For comparison purposes, the similarity (4.3) is evaluated in Section 4.6.2

numerically. In the experiments conducted on two real-world datasets, our
proposed shifted IPS model, which is free from the additional conditions,
outperforms both existing IPS and the similarity (4.3). Therefore, we only
assume the symmetry and the continuity of the kernel g, for developing more
expressive similarities.

4.3 Inner Product Similarity (IPS)

In this section, we consider the expressive power of IPS given in eq. (4.2).

4.3.1 PD Similarities

In order to prove the approximation capability of IPS, we first incorporate
the UAT for NN (Funahashi, 1989; Cybenko, 1989; Yarotsky, 2017; Telgarsky,
2017) into Mercer’s theorem (Minh, Niyogi, and Yao, 2006). Subsequently,
we describe the assertion that shows uniform convergence of IPS to any PD
similarity. To show the result in Theorem 4.2, we here first define a kernel
and its positive-definiteness.

Definition 4.1: Kernel

Let K∗ ∈ N and Y ⊂ RK∗ be a non-empty set. Then, a symmetric
continuous function g : Y2 → R is called a kernel on Y2.

Definition 4.2: Positive definiteness

A kernel g on Y2 is said to be Positive Definite (PD) if satisfy-
ing ∑n

i=1 ∑n
j=1 cicjg(yi, yj) ≥ 0 for arbitrary c1, c2, . . . , cn ∈ R and
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y1, y2, . . . , yn ∈ Y .

For instance, cosine similarity g(y, y′) := 〈 y
‖y‖2

, y′
‖y′‖2

〉 is a PD kernel on

(Rp \ {0})2. Its PD-ness immediately follows from ∑n
i=1 ∑n

j=c cicjg(yi, yj) =

‖∑n
i=1 ci

yi
‖yi‖2

‖2
2 ≥ 0 for arbitrary {ci}n

i=1 ⊂ R and {yi}n
i=1 ⊂ Y . Also poly-

nomial kernel, Gaussian kernel, and Laplacian kernel are PD (Berg, Chris-
tensen, and Ressel, 1984).

Definition 4.3: Similarity

Let g be a kernel on Y2 and let f : X → Y be a continuous function.
Then, a function h(x, x′) := g( f (x), f (x′)) is called a similarity on X 2.

Rigorously speaking, the similarity h can be regarded as a kernel on X 2.
However, our study focuses on graph embedding, which aims at computing
feature vectors; we especially call h as a “similarity" to distinguish it from
the kernel, in the sense that the similarity h is used for measuring how sim-
ilar two data vectors x, x′ are, while the kernel g is used to compare feature
vectors y, y′.

The similarity h equipped with a PD kernel g is also PD on X 2, since

n

∑
i=1

n

∑
j=1

cicjh(xi, xj) =
n

∑
i=1

n

∑
j=1

cicjg( f (xi), f (xj)) ≥ 0.

Assuming that a kernel is PD, the following Mercer’s theorem (Minh, Niyogi,
and Yao, 2006) proves that the kernel has a series expansion.

Theorem 4.1: Mercer’s theorem

For a compact set Y ⊂ RK∗ , K∗ ∈ N, we consider a positive definite
kernel g(PD)

∗ : Y2 → R. Then, there exist nonnegative eigenvalues
{λk}∞

k=1, λ1 ≥ λ2 ≥ · · · , and continuous eigenfunctions {ϕk}∞
k=1 such

that

g(PD)
∗ (y, y′) =

∞

∑
k=1

λk ϕk(y)ϕk(y′), (4.4)

for all y, y′ ∈ Y , where the series converges absolutely for each (y, y′)
and uniformly for Y .

Note that the condition (2) in Minh, Niyogi, and Yao (2006), i.e.,∫
Y

∫
Y

g(PD)
∗ (y, y′)2 dy dy′ < ∞,

holds since g(PD)
∗ is continuous and Y is compact. This theorem can be ex-

tended to closed set Y , but we assume compactness for simplifying our ar-
gument.
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It is obvious that IPS is always PD, because

n

∑
i=1

n

∑
j=1

cicj
〈

f NN(xi), f NN(xj)
〉
= ‖

n

∑
i=1

ci f NN(xi)‖2
2 ≥ 0.

We would like to show the converse: IPS approximates any PD similari-
ties. This is given by the approximation theorem (AT) for IPS shown in Sec-
tion 4.3.2.

Mercer’s theorem asserts that all the PD kernels contain only the posi-
tive eigenvalues. By additionally considering negative eigenvalues, it is fur-
ther generalized to the spectral decomposition, that will be described in Sec-
tion 4.7.3.

4.3.2 AT for IPS

The AT for IPS is built on a simple idea, that incorporates the UAT for NN
into Mercer’s theorem (Theorem 4.1). Considering an equivalent form of
Mercer’s theorem

g(PD)
∗ (y, y′) = lim

K→∞
〈ϕ̃K(y),ϕ̃K(y

′)〉, (4.5)

where ϕ̃K(y) := (
√

λ1ϕ1(y),
√

λ2ϕ2(y), . . . ,
√

λK ϕK(y)) ∈ RK, approximat-
ing ϕ̃K( f ∗(·)) by a vector-valued neural network f NN : X → RK with a fixed
K ∈ N immediately leads to the assertion

g(PD)
∗ ( f ∗(x), f ∗(x′)) Mercer

= lim
K′→∞

〈ϕ̃K′( f ∗(x)),ϕ̃K′( f ∗(x′))〉
Finite approximation≈ 〈ϕ̃K( f ∗(x)),ϕ̃K( f ∗(x′))〉
UAT for NN≈ 〈 f NN(x), f NN(x′)〉.

The assertion is formally given in the following Theorem 4.2, and is more
rigorously proved in Appendix B.1.1.

Theorem 4.2: AT for IPS

For X = [−M, M]p, M > 0, and some compact set Y ⊂ RK∗ ,
K∗ ∈ N, we consider a continuous function f ∗ : X → Y and a
PD kernel g(PD)

∗ : Y2 → R. We also consider a 1-hidden layer NN
f NN(x) = Aσ(Bx + c) with m hidden units and K outputs, whose
parameter θ = (A, B, c) ∈ Θ := RK×m × Rm×p × Rm is to be esti-
mated. σ(x) applies element-wise σ(·) function, which is ReLU or a
non-constant, continuous, bounded, and monotonically-increasing ac-
tivation function. Then, for any ε > 0, there exists K0 = K0(ε) ∈ N

such that

inf
θ∈Θ

∥∥∥∥g(PD)
∗

(
f ∗(x), f ∗(x′)

)− 〈
f NN(x), f NN(x′)

〉∥∥∥∥
∞
< ε
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with sufficiently large m = m(K, ε) ∈ N, for all K ≥ K0, where
‖h(x, x′)‖∞ := supx,x′∈X |h(x, x′)|.

Unlike Mercer’s theorem which indicates only the existence of the feature
map ϕ̃K, Theorem 4.2 shows that a neural network f NN : X → RK can be
implemented so that the IPS 〈 f NN(x), f NN(x′)〉 eventually approximates the
PD similarity g(PD)

∗ ( f ∗(x), f ∗(x′)) arbitrarily well.

4.3.3 Fundamental Limitation of IPS

In the previous Section 4.3.2, IPS is proved to approximate arbitrary PD sim-
ilarities arbitrarily well. However, there remains a fundamental limitation of
IPS; IPS cannot approximate any non-PD similarities, as we formally proved
in the following Proposition 4.1.

Proposition 4.1: Limitation of IPS

Let p, K∗, K ∈ N, X ⊂ Rp be a non-empty set, f ∗ : X → RK∗ be a
continuous function whose image is Y = f ∗(X ) := { f ∗(x) | x ∈ X},
and g(non-PD)

∗ : Y2 → R be a non-PD kernel on Y2. Then, there exists
ξ > 0 such that

inf
K∈N

inf
f∈S(K)

∥∥∥∥g(non-PD)
∗ ( f ∗(x), f ∗(x′))− 〈 f (x), f (x′)〉

∥∥∥∥
∞
≥ ξ,

where ‖h(x, x′)‖∞ := supx,x′∈X |h(x, x′)|, and S(K) represents the set
of functions f : X → RK.

Proof. Since g(non-PD)
∗ is non-PD, there exist n ∈ N, c = (c1, c2, . . . , cn) ∈

Rn \ {0} and {xi}n
i=1 ⊂ X such that 〈c, Hc〉 < 0, where the (i, j)-th entry

of the matrix H ∈ Rn×n is g(non-PD)
∗ ( f ∗(xi), f ∗(xj)). Therefore, the matrix H

is not PD; considering a set P(n) := {F̃ ∈ Rn×n | F̃ is PD.} and ‖A‖∞ :=
sup1≤i,j≤n |aij| for A = (aij) ∈ Rn×n, there is a positive gap between the non-
PD matrix H and any PD matrix F as ‖H − F‖∞ ≥ infF̃∈P(n) ‖H − F̃‖∞ =:
ξ > 0.

Here, we fix K ∈ N and f ∈ S(K), and define a matrix F whose (i, j)-th
entry is 〈 f (xi), f (xj)〉. Then, F is PD; we have

sup
x,x′∈X

∣∣g(non-PD)
∗ ( f ∗(x), f ∗(x′))− 〈 f (x), f (x′)〉∣∣
≥ max

x,x′∈{x1,x2,...,xn}
∣∣g(non-PD)
∗ ( f ∗(x), f ∗(x′))− 〈 f (x), f (x′)〉∣∣

= ‖H − F‖∞ ≥ inf
F̃∈P(n)

‖H − F̃‖∞ = ξ. (4.6)
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Since the inequality (4.6) holds for any K ∈ N and f ∈ S(K), the assertion is
proved by taking infK∈N inf f∈S(K).

Since any neural network belongs to the set S(K), Proposition 4.1 asserts
that IPS cannot approximate any of non-PD similarities arbitrarily well, even
if NN has a huge amount of hidden units with sufficiently large output di-
mension K. As there exists a fundamental limitation of IPS, we consider more
expressive similarities, that can approximate even non-PD similarities.

4.4 Shifted IPS (SIPS)

Theorem 4.2 shows that IPS can approximate any PD similarities arbitrarily
well. However, similarities in general are not always PD; there is a funda-
mental limitation of IPS to approximate non-PD similarities, as described in
Proposition 4.1. To deal with such non-PD similarities, in Section 4.4.1, we
first define Conditionally PD (CPD) kernels (Berg, Christensen, and Ressel,
1984; Schölkopf, 2001) which include PD kernels as special cases. In Sec-
tion 4.4.2, we then propose shifted IPS (SIPS) to approximate CPD similari-
ties. We also propose a simpler modification of SIPS as constantly-SIPS (C-
SIPS), and provide intuitive interpretations of SIPS and C-SIPS. In Section 4.4.3,
we prove that SIPS and C-SIPS approximate CPD similarities arbitrarily well.
In Section 4.4.4, we consider the negative squared distance between two
vector-valued NNs, that can be regarded as a special case of SIPS; we also
discuss its approximation capability.

4.4.1 CPD Similarities

Here, we introduce similarities based on Conditionally PD (CPD) kernels (Berg,
Christensen, and Ressel, 1984; Schölkopf, 2001), in order to consider non-PD
similarities that cannot be approximated by the existing IPS.

Definition 4.4: Conditionally PD (CPD)

A kernel g on Y2 is called Conditionally PD (CPD) if it satisfies the
inequality ∑n

i=1 ∑n
j=1 cicjg(yi, yj) ≥ 0 for arbitrary c1, c2, . . . , cn ∈

R, y1, y2, . . . , yn ∈ Y , n ∈ N satisfying ∑n
i=1 ci = 0.

The difference between the definitions of CPD and PD kernels is whether
it imposes the constraint ∑n

i=1 ci = 0 or not. According to these definitions,
CPD kernels include PD kernels as special cases. For a CPD kernel g, the
similarity h is also a CPD kernel on X 2.

Later in Section 4.7.4, CPD kernel will be discussed from the perspective
of the spectral decomposition; CPD kernel has at most one negative eigen-
value, whereas PD kernel contains only the non-negative eigenvalues.

A simple example of CPD kernel is g(y, y′) = −‖y− y′‖α
2 for 0 < α ≤ 2

defined on RK×RK. Other examples are−(sin(y− y′))2 and−1(0,∞)(y+ y′)
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on R × R. CPD-ness is a well-established concept with interesting proper-
ties (Berg, Christensen, and Ressel, 1984): For any function u(·), g(y, y′) =
u(y) + u(y′) is CPD. Constants are CPD. The sum of two CPD kernels is also
CPD. For CPD kernels g with g(y, y′) ≤ 0, CPD-ness holds for −(−g)α (α ∈
(0, 1]) and − log(1− g). Furthermore, negative Poincaré distance defined in
the following Example 4.1 is also CPD.

Example 4.1: Negative Poincaré distance is CPD

For open unit ball BK := {y ∈ RK | ‖y‖2 < 1}, negative Poincaré
distance between y, y′ ∈ BK is defined as

dPoincaré(y, y′) := cosh−1

(
1 + 2

‖y− y′‖2
2

(1− ‖y‖2
2)(1− ‖y′‖2

2)

)
, (4.7)

where cosh−1(z) = log(z+
√

z2 − 1). Then, negative Poincaré distance
−dPoincaré is proved to be CPD on BK × BK, in Faraut and Harzallah
(1974, Corollary 7.4).

Considering the generative model of Section 4.2 with 1-hot data vectors,
Poincaré embedding (Nickel and Kiela, 2017) learns parameters yi, i = 1, . . . , n,
by fitting σ(−dPoincaré(yi, yj)) to the observed wij ∈ {0, 1}. Lorentz embed-
ding (Nickel and Kiela, 2018) reformulates Poincaré embedding with a spe-
cific variable transformation, that enables more efficient computation.

Note that the negative Poincaré distance −dPoincaré is strictly CPD, in the
sense that−dPoincaré is not PD. A counter-example of PD-ness is, for example,
n = 2, K = 2, c1 = c2 = 1, y1 = (1/2, 1/2), y2 = (0, 0) ∈ B2.

4.4.2 SIPS and Constantly-SIPS (C-SIPS)

For approximating not only PD but also CPD similarities, we propose a novel
shifted IPS (SIPS) model

hSIPS(xi, xj; θ, ψ) = 〈 f NN(xi), f NN(xj)〉+ uNN(xi) + uNN(xj), (4.8)

where f NN : Rp → RK is a vector-valued NN, and uNN : Rp → R is a
real-valued NN representing a bias term, whose parameters are θ and ψ,
respectively.

For illustrating how SIPS expresses CPD similarities, let us consider a
very simple CPD similarity called negative squared distance (NSD) g(y, y′) =
−‖y− y′‖2

2 with the identity map f (x) := x. Then, the NSD

g( f (xi), f (xj)) = −‖xi − xj‖2
2 = 〈

√
2xi,

√
2xj〉︸ ︷︷ ︸

⇔〈 f NN(xi), f NN(xj)〉

−‖xi‖2
2︸ ︷︷ ︸

⇔uNN(xi)

−‖xj‖2
2︸ ︷︷ ︸

⇔uNN(xj)
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is expressed by SIPS with f NN(x) =
√

2x and uNN(x) = −‖x‖2
2. Later, we

show in Theorem 4.3 that SIPS approximates any CPD similarities arbitrarily
well.

Here, we also consider a simplified version of SIPS. By assuming uNN(x) =
−γ/2 for all x, SIPS reduces to

hC-SIPS(xi, xj; θ, γ) = 〈 f NN(xi), f NN(xj)〉 − γ, (4.9)

where f NN : Rp → RK is a vector-valued NN to be trained and γ � 0 is
a user-specified parameter. We call (4.9) as constantly-shifted IPS (C-SIPS)
model. As will be explained later in Theorem 4.4, C-SIPS also approximates
arbitrary CPD similarities in a weaker sense.

If we have no attributes, we use 1-hot vectors (2.6) for xi in Rn instead,
and f NN(xi) = yi ∈ RK, uNN(xi) = ui ∈ R are model parameters. Then
SIPS reduces to the matrix decomposition model with biases hSIPS(xi, xj) =
〈yi, yj〉+ ui + uj. This model is widely used for recommender systems (Ko-
ren, Bell, and Volinsky, 2009) and word embedding such as GloVe (Penning-
ton, Socher, and Manning, 2014), and SIPS is considered as its generalization.

Interpretation of SIPS and C-SIPS

Here, we illustrate the interpretation of the proposed SIPS and C-SIPS. As
explained in Section 4.2, exponential function is often applied to the sim-
ilarity function in practice, such that the function range is restricted to be
non-negative. Then, exponential function with SIPS leads to

exp
(
hSIPS(xi, xj; θ, ψ)

)
= exp

(〈 f NN(xi), f NN(xj)〉+ uNN(xi) + uNN(xj)
)

= β(xi)β(xj) exp
(〈 f NN(xi), f NN(xj)〉

)
= β(xi)β(xj) exp

(
hIPS(xi, xj; θ)

)
. (4.10)

Since β(x) := exp(uNN(x)) > 0 can be regarded as the “importance weight”
of data vector x, the exponential function with SIPS naturally incorporates
the weight function β(x) into the IPS-based model, that is used in a broad
range of existing methods. Similarly, applying exponential function to C-
SIPS leads to

exp
(
hC-SIPS(x, x′; θ, γ)

)
= α exp

(
hIPS(x, x′; θ)

)
, (4.11)

where α := exp(−γ) > 0.
As explained in Section 4.2, in graph embedding, link weight wij is often

assumed to follow a distribution Po(exp(h(xi, xj))) where Po(μ) represents
Poisson distribution whose expectation is μ. Considering the C-SIPS model,
the parameter α in

Po(exp(hC-SIPS(xi, xj; θ, γ))) = Po(α exp(hIPS(xi, xj; θ)))
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regulates the sparseness of {wij}; the same model is already defined as PMvGE
(3.3) in previous Chapter 3. Therefore, PMvGE is in fact capable of approxi-
mating CPD similarities, by virtue of the sparseness parameter α > 0.

4.4.3 ATs for SIPS and C-SIPS

In this section, we show in the following Theorem 4.3 that SIPS approximates
any CPD similarity g(CPD)

∗ ( f ∗(x), f ∗(x′)) where f ∗ : X → Y is a vector-
valued continuous function. Thus it overcomes the fundamental limitation
of IPS.

Theorem 4.3: AT for SIPS

Symbols and assumptions are the same as those of Theorem 4.2 but
g(CPD)
∗ : Y2 → R is a CPD kernel. We consider 1-hidden layer NNs

f NN(x) = Aσ(Bx + c) ∈ RK and uNN(x) = 〈e, σ(Fx + o)〉 ∈ R

with m f and mu hidden units, respectively. Their parameters θ =

(A, B, c) ∈ Θ := RK×m f × Rm f×p × Rm f and ψ = (e, F, o) ∈ Ψ :=
RK×mu ×Rmu×p ×Rmu are to be estimated. Then, for any ε > 0, there
exists K0 = K0(ε) ∈ N such that

inf
θ∈Θ
ψ∈Ψ

∥∥∥∥g(CPD)
∗

(
f ∗(x), f ∗(x′)

)− (〈
f NN(x), f NN(x′)

〉
+ uNN(x) + uNN(x′)

) ∥∥∥∥
∞
< ε

with sufficiently large m f = m f (K, ε), mu = mu(ε) ∈ N, for all K ≥ K0.

Proof. Basic idea for the proof is shown as follows. Berg, Christensen, and
Ressel (1984) Lemma 2.1 shows the equivalence between CPD-ness of a ker-
nel g(CPD)

∗ (y, y′) and PD-ness of

g0(y, y′) := g(CPD)
∗ (y, y′) + g(CPD)

∗ (y0, y0)− g(CPD)
∗ (y, y0)− g(CPD)

∗ (y′, y0) (4.12)

for any fixed y0 ∈ Y . Therefore, any CPD similarity has an expression

g(CPD)
∗ ( f ∗(x), f ∗(x′)) = g0( f ∗(x), f ∗(x′)) + u∗(x) + u∗(x′) (4.13)

where u∗(x) := g(CPD)
∗ ( f ∗(x), y0)− 1

2 g(CPD)
∗ (y0, y0). Approximating the PD-

similarity g0( f ∗(x), f ∗(x′)) and the continuous function u∗(x) by IPS and
the NN uNN(x), respectively, immediately proves the assertion. See Ap-
pendix B.1.2 for the proof.

Furthermore, the following Theorem 4.4 proves that C-SIPS given in eq. (4.9)
approximates CPD similarities in a weaker sense.

Theorem 4.4: AT for C-SIPS

Symbols and assumptions are the same as those of Theorem 4.2 but
g(CPD)
∗ is a CPD kernel. Here, we specify a sufficiently large r � 0 and
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γ = O(r2). We consider a 1-hidden layer NN f NN(x) = Aσ(Bx + c) ∈
RK with m hidden units, and θ = (A, B, c) ∈ Θ := RK×m×Rm×p×Rm

is a parameter to be estimated. Then, for any ε > 0, there exists K0 =
K0(ε) ∈ N such that

inf
θ∈Θ

∥∥∥∥g(CPD)
∗

(
f ∗(x), f ∗(x′)

)− (〈
f NN(x), f NN(x′)

〉− γ
) ∥∥∥∥

∞
< ε + O(r−2)

with sufficiently large m = m(K, ε) ∈ N, for all K ≥ K0.

See Appendix B.1.3 for more rigorous proof.
There is an additional error term of O(γ−1) in Theorem 4.4. A large γ

will reduce the error, but then it may lead to unstable computation for find-
ing an optimal NN. Conversely, a small γ increases the upper bound of the
approximation error. Thus, if available, we prefer SIPS in terms of both com-
putational stability and small approximation error.

In the following section, we last consider the approximation capability of
negative squared distance (NSD) between two feature vectors y = f NN(x), y′ =
f NN(x′) that can be regarded as a special case of SIPS.

4.4.4 NSD and Its Approximation Capability

Assuming that

uNN(x) = −1
2
‖ f NN(x)‖2

2, (4.14)

SIPS reduces to the negative squared distance (NSD) between f NN(x), f NN(x′),
i.e.,

−1
2
‖ f NN(x)− f NN(x′)‖2

2. (4.15)

(4.15) is expected to inherit the high approximation capability of SIPS. How-
ever, AT for SIPS, that is shown as Theorem 4.3, is not applicable to the
NSD (4.15) due to the constraint (4.14). The NSD (4.15) is in fact not capa-
ble of approximating arbitrary CPD similarities, as (4.15) = 0 for all x = x′
whereas CPD similarities between two same vectors are not restricted to be
0.

For showing the approximation capability of the similarity (4.15), we here
consider an additional condition

g(y, y) = 0, ∀y ∈ Y (4.16)

for kernel g : Y2 → R. The similarity (4.15) can approximate any similarities,
that are equipped with any CPD kernel g(CPD) satisfying the condition (4.16).
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The proof is straightforward. Similarly to Mercer’s theorem asserting that
any PD kernel g(PD) can be decomposed as in eq. (4.5), i.e., g(PD)(y, y′) =
limK→∞〈ϕ̃K(y),ϕ̃K(y

′)〉, Schölkopf (2001) Proposition 5 asserts that any CPD
kernel g(CPD) satisfying g(CPD)(y, y) = 0 can be decomposed as

g(CPD)(y, y′) = lim
K→∞

(
−‖φ̃K(y)− φ̃K(y

′)‖2
2

)
for some φ̃K : X → RK. Therefore, considering a CPD kernel g∗ and a
continuous f ∗, approximating φ̃K( f (x)) by the NN f NN yields

g(CPD)
∗ ( f ∗(x), f ∗(x′)) = lim

K′→∞

(
−‖φ̃K′( f ∗(x))− φ̃K′( f ∗(x′))‖2

2

)
(Finite approximation)≈ −‖φ̃K( f ∗(x))− φ̃K( f ∗(x′))‖2

2
(UAT for NN)≈ −‖ f NN(x)− f NN(x′)‖2

2.

The coefficient 1/2 in (4.15) can be ignored, as any CPD kernel remains CPD
if it is multiplied by any positive constant; the approximation capability of
(4.15) is thus proved.

PD: IPS

CPD: SIPS
Gaussian

NSD

CPD with (4.16): NSD

Inner product

Negative Poincare dist.

Sum of norms

Shifted NSD

Zero func.

FIGURE 4.2: Classes of similarities. IPS and SIPS can approxi-
mate any PD and CPD similarities, respectively. NSD (4.15) can
approximate the similarities, that are equipped with any CPD

kernel satisfying the condition (4.16).

We last show that, only one PD kernel satisfying the condition (4.16) is the
zero function, which is g(y, y′) = 0 for all y, y′ ∈ Y . The proof is obtained as
follows.

Proof. If a PD kernel g satisfies the condition (4.16), it holds that

2

∑
i,j=1

cicjg(yi, yj) = 2c1c2g(y1, y2) ≥ 0

for all c1, c2 ∈ R and y1, y2 ∈ Y . Considering the two cases (c1, c2) = (1, 1)
and (c1, c2) = (1,−1), two inequalities g(y1, y2) ≥ 0 and g(y1, y2) ≤ 0
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should be satisfied simultaneously for all y1, y2. These inequalities hold si-
multaneously if and only if g(y1, y2) = 0. Thus the assertion is proved.

The classes of similarities, that are approximated by IPS, SIPS, and NSD,
are summarized in Figure 4.2. CPD similarity encompasses all the similari-
ties in line with both IPS and NSD. Furthermore, SIPS outperforms both IPS
and NSD numerically, as will be demonstrated in the experiments shown in
Section 4.6.2.

4.5 Approximation Error Rates

Thus far, we showed universal approximation capabilities of IPS, SIPS, and
C-SIPS in Theorems 4.2-4.4. In this section, we evaluate error rates for these
approximation, by assuming some additional conditions. These conditions
are used for leveraging eigenvalue decay rate of PD kernels (Cobos and Kühn,
1990, Theorem 4), that is shown in Theorem B.1 in Appendix B.2.1, and a
slight modification of approximation error rate for NNs (Yarotsky, 2018), that
is shown in Theorem 2.1 in Chapter 2.

Regularity conditions

We consider the following conditions on the function f ∗ and the kernel g∗ for
the underlying true similarity g∗( f (x), f (x′)).

(C-1) Eigenfunctions {φk(y)}∞
k=1 of g∗(y, y′) defined in Theorem 4.1 are con-

tinuously differentiable, i.e., C1, and uniformly bounded in the sense of
sup

k∈N,y∈Y
|φk(y)| < ∞ and sup

k∈N,y∈Y
λk‖∂φk(y)/∂y‖2

2 < ∞.

(C-2) g∗(y, y′) is C1.

(C-3) f ∗ is C1.

NN architecture

We employ a set of K-dimensional vector-valued NNs for X = [−M, M]p.
The activation function is confined to ReLU σ(z) := max{0, z}. Let L ∈ N

be the number of hidden layers, i.e., depth, of the NN, and let W ∈ N be
the total number of weights in the NN. For example, L = 1 and W is the
number of elements in A, B, c in Theorems 4.2. Instead of the fixed network
architecture, here we consider a class of architectures specified by W with a
specific growing rate of the depth L. For 0 ≤ α ≤ 1, a set of NNs are denoted
as

Sα(W, K) := { f NN : X → RK | neural network f NN has
W weights with depth L = O((W/K)α)},
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where W/K → ∞. This set Sα(W, K) is already defined in (2.2) in Chap-
ter 2.1; α = 0 and α = 1 correspond to constant-depth shallow NNs and
constant-width deep NNs, respectively.

Approximation error rates

Considering the set Sα(W, K) and its universal approximation theorem that
is already shown in Lemma 2.1 in Chapter 2, we obtain the following Theo-
rem 4.5.

Theorem 4.5: Approximation error rate for IPS

Symbols and assumptions are the same as those of Theorem 4.2 except
for the additional conditions (C-1) and (C-2) for g(PD)

∗ and (C-3) for f ∗.
We consider the set of NNs f NN ∈ Sα(Wf , K) for Wf ∈ N. Then, the
approximation error rate of IPS is given by

inf
f NN∈Sα(Wf ,K)

∥∥∥∥g(PD)
∗ ( f ∗(x), f ∗(x′))− 〈 f NN(x), f NN(x′)〉

∥∥∥∥
∞

= O
(

K−
1

K∗ + K
1
2+

1+α
p W

−1+α
p

f

)
. (4.17)

See Appendix B.2.2 for the rigorous proof. Roughly speaking, the proof
is obtained by combining the decay of eigenvalues for kernel g∗ (Cobos and
Kühn, 1990, Theorem 4) and approximation error rate for NNs (Yarotsky,
2018).

In the above result, the first term O(K−1/K∗) in the error rate represents
the finite approximation error by Mercer’s theorem, and the second term

O(K
1
2+

1+α
p W

−1+α
p

f ) is attributed to the approximation error of f NN.
The error rate for SIPS is also similarly evaluated.

Theorem 4.6: Approximation error rate for SIPS

Symbols and assumptions are the same as those of Theorem 4.3 except
for the additional conditions (C-1) for g0 of (4.12), (C-2) for g(CPD)

∗ , and
(C-3) for f ∗. Instead of the 1-hidden layer NN, we consider the set of
NNs f NN ∈ Sα(Wf , K) for Wf ∈ N and uNN ∈ Sα(Wu, 1) for Wu ∈ N.
Then the approximation error rate of SIPS is given by

inf
f NN∈Sα(Wf ,K)
uNN∈Sα(Wu,1)

∥∥∥∥g(CPD)
∗ ( f ∗(x), f ∗(x′))− (〈 f NN(x), f NN(x′)〉+ uNN(x) + uNN(x′))

∥∥∥∥
∞

= O
(

K−
1

K∗ + K
1
2+

1+α
p W

−1+α
p

f + W
−1+α

p
u

)
. (4.18)

Proof is almost similar to that of IPS; see Appendix B.2.3 for the rigorous
proof.
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In Theorems 4.5 and 4.6, the commonly appearing term O(K−1/K∗) may

be a bottleneck when K∗ is very large. We may specify Wf = O(K1+
p

1+α (
1

K∗+
1
2 )) ≈

O(K
1+

p
2(1+α) ) and Wu = O(K

p
(1+α)K∗ ) so that the overall approximation error

rate is O(K−1/K∗).

4.6 Numerical Experiments

In this section, we conduct numerical experiments to compare existing IPS,
proposed SIPS, and its simper variant C-SIPS. We first examine the approxi-
mation capability of IPS, SIPS and C-SIPS in Section 4.6.1. Subsequently, we
perform these similarities on real-world datasets in Section 4.6.2.

4.6.1 Experiments on Approximation Capability of SIPS

In this section, we examine whether SIPS and C-SIPS have higher approxi-
mation capabilities than IPS, by leveraging synthetic datasets generated via
CPD similarities.

• Kernels: Three types of kernels are considered as g∗(y, y′) for gen-
erating simulation data: (i) cosine similarity 〈 y

‖y‖2
, y′
‖y′‖2

〉, (ii) negative

squared distance −‖y − y′‖2
2, (iii) negative Poincaré distance defined

in Example 4.1. These kernels are PD, CPD, and CPD, in this order.

• Synthetic data: For kernels (i) and (ii), data vectors {xi} ⊂ Rp are gen-
erated independently by uniform distribution over [−2, 2]p with p = 5.
Feature vectors of dimensions K∗ = 4 are computed by a continuous
map f ∗(x) := (x1, cos x2, exp(−x3), sin(x4 − x5)) ∈ R4, and similarity
values are given as

h∗ij := g∗( f ∗(xi), f ∗(xj)) (4.19)

for all 1 ≤ i, j ≤ n. For kernel (iii), data vectors {xi} ⊂ Rp are generated

by xi := ri x̃i/‖x̃i‖2 with x̃i
i.i.d.∼ Np(0, I), ri

i.i.d.∼ B(5, 1), so that ‖xi‖2 < 1.
B(α, β) is the beta distribution with parameters α, β > 0, and Np(0, I)
represents the p-variate standard normal distribution. Feature vectors
of dimensions K∗ = p = 5 are computed by the identity map f ∗(x) = x,
and similarity values {h∗ij} are given as (4.19). In order to simplify the
experiment just for illustrating the differences of similarity models, we
do not generate {wij} and treat {h∗ij} as observed samples. For each
setting (i)-(iii), we generate n = 1,000 training samples and n = 3,000
test samples.

• NN architecture: Three models are considered for similarity function:
(i) IPS (existing) defined in eq. (4.2), (ii) SIPS (proposed) defined in
eq. (4.8), (iii) C-SIPS (the simpler variant of SIPS) defined in eq. (4.9).
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For each model, f NN : Rp → RK, uNN : Rp → R are two-layer NNs
with T hidden units and ReLU activations. We denote T as “�units”.

• Training: For training the three similarity models, we minimize the
mean squared error between h∗ij and h(xi, xj). The loss functions are �2-
regularized with a coefficient 0.01, and they are minimized by 10,000
iterations of full-batch gradient descent. The learning rate is starting
from 0.001 and attenuated by 1/10 for every 100 iterations.

• Evaluation: Neural networks are trained with 1,000 samples, and they
are evaluated by the Mean Squared Prediction Error (MSPE) with re-
spect to 3,000 test samples. We compute the average and the standard
deviation of 5 runs for each setting.

Results: In the following plots, black, blue, and red lines represent the MSPE
of IPS (Existing), SIPS (Proposed), and its simpler variant C-SIPS, respec-
tively.

Table 4.1 shows the MSPE for the cosine similarity. Error bar shows the
standard deviation (=1σ). In accordance with the theory, all of IPS, SIPS, and
C-SIPS show the good approximation performance since cosine similarity is
PD. Interestingly, output dimension K = 3 is sufficient to approximate the
function g∗( f ∗(x), f ∗(x′)) regardless of the number of hidden units.

TABLE 4.1: Cosine similarity: 〈 y
‖y‖2

, y′
‖y′‖2

〉
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Table 4.2 shows the MSPE for the negative squared distance (NSD). In
accordance with the theory, NSD is well approximated by SIPS but not by
IPS due to its CPD-ness. The approximation error of SIPS with m = 1,000
becomes almost zero at K = 4 as expected from K∗ = 4. In theory, C-SIPS
can approximate CPD kernels, but it does not perform well in this setting.
Since C-SIPS requires the parameter γ to be very large for minimizing the
approximation error, its computation becomes unstable in some cases.

Table 4.3 shows the MSPE for −dPoincaré. In accordance with the theory,
the generated similarity values are well approximated by both SIPS and C-
SIPS, but not by IPS due to the CPD-ness. The approximation error of SIPS
and C-SIPS with m ≥ 100 becomes almost zero at K = 5 as expected from
K∗ = 5. However, the standard deviation of MSPE for C-SIPS is large with
T = 10.
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TABLE 4.2: Negative squared distance: −‖y− y′‖2
2
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TABLE 4.3: Negative Poincaré distance: −dPoincaré(y, y′)
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4.6.2 Experiments on Graph Embedding with SIPS

In this section, we evaluate similarity models (NSD, Poincaré, IPS, SIPS) on
two real-world datasets: Co-authorship network dataset (Prado et al., 2013)
and WordNet dataset.

Experiment on co-authorship network

• Dataset: Co-authorship network dataset (Prado et al., 2013) consists of
n = 42, 252 nodes and 210, 320 undirected edges. Each node vi rep-
resents an author, and data vector xi ∈ R33 (p = 33) represents the
numbers of publications in 29 conferences/journals and 4 microscopic
topological properties describing the direct neighborhood of the node.
Adjacency matrix W = (wij) ∈ {0, 1}n×n represents the co-authorship
relations: wij = wji = 1 if vi and vj have any co-authorship relation,
and wij = wji = 0 otherwise.

• Preprocessing: We split authors into training set (90%) and test set
(10%). Co-authorship relations for the test set are treated as unseen.
We use 10% of the training set as validation set.

• Author feature vectors: Using the data vectors for authors {xi}n
i=1 ⊂

Rp, feature vectors {yi}n
i=1 ⊂ RK are computed via a neural network

yi = f NN(xi). We employ 1-hidden layer perceptron with 10, 000 hid-
den units and ReLU activation function. For implementing SIPS, one of
the K output units of f NN(xi) is used for the bias term ui = uNN(xi), so
actually the feature vector is computed as (yi, ui) = f NN(xi) ∈ RK with
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yi ∈ RK−1. Model parameters are trained by maximizing the objective

∑
1≤i �=j≤n

wij log
exp(h(xi, xj))

∑k∈Sr(Nij)
exp(h(xi, xk))

, (4.20)

where h : X 2 → R is a similarity function and Sr(Nij) is a subset that
consists of r = 10 entries randomly sampled from Nij := {k|1 ≤ k ≤
n, wik = 0} ∪ {j}.

• Similarity models: (i) NSD uses h(xi, xj) = −‖yi − yj‖2
2. (ii) Poincaré

embedding (Nickel and Kiela, 2017) uses h(xi, xj) = −dPoincare(yi, yj)

defined in (4.7). (iii) IPS uses h(xi, xj) = 〈yi, yj〉. (iv) SIPS uses h(xi, xj) =

〈yi, yj〉+ ui + uj.

• Optimization: All parameters are initialized as He et al. (2015) and
trained by Adam (Kingma and Ba, 2015) with initial learning rate 0.01
and batch size 64. The number of iterations is 300,000. To ensure robust
comparison, we save model parameters at every 5,000 iterations, and
select the best performance parameters tested on the validation set.

Results: Models are evaluated by ROC-AUC (Bradley, 1997) on the task of
predicting unseen co-authorship relations. ROC-AUC scores are shown on
the left-hand side of Table 4.4. Although NSD demonstrates a good perfor-
mance for K = 2, SIPS outperforms the other methods for K = 5, 10, 20.

TABLE 4.4: Experiments on Co-authorship network evaluated
by ROC-AUC score (higher is better). Sample average and the

standard deviation of 5 runs are shown.

Co-authorship network

K = 2 K = 5 K = 10 K = 20

NSD 0.8220± 0.010 0.8655± 0.014 0.8771± 0.012 0.8651± 0.033
Poincaré 0.7071± 0.021 0.8738± 0.001 0.8822± 0.001 0.8835± 0.001
IPS 0.7802± 0.005 0.8830± 0.001 0.8955± 0.001 0.8956± 0.001
SIPS 0.7811± 0.001 0.8853± 0.001 0.8964± 0.002 0.8974± 0.001

Experiment on WordNet

• Dataset: WordNet dataset (Miller, 1995) is a lexical resource that con-
tains a variety of nouns and their relations. For instance, a noun “mam-
mal" represents a superordinate concept of a noun “dog", thus these
two words have hypernymy relation. We preprocess WordNet dataset
in the same way as Nickel and Kiela (2017). We used a subset of the
graph with n = 4027 nouns and 53, 905 hierarchical relations by ex-
tracting all the nouns subordinate to “animal”. Each noun is repre-
sented by vi, and relations are represented by adjacency matrix W =
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(wij) ∈ {0, 1}n×n, where wij = wji represents any hypernymy relation,
including transitive closure, between vi and vj.

• Word feature vectors: Since nodes have no attributes, data vectors
are formally treated as 1-hot vectors in Rn. Instead of learning neu-
ral networks, the distributed representations {yi}n

i=1 ⊂ RK of words
are learned by maximizing the objective (4.20) with r = 20 for NSD,
Poincaré and IPS, and {(yi, ui)}n

i=1 ⊂ RK are learned for SIPS. Similar-
ity models are the same as those of co-authorship network experiments.

• Optimization: the most settings are the same as the experiments for co-
authorship network. All parameters are initialized as He et al. (2015)
and trained by Adam with initial learning rate 0.001 and batch size 128.
The number of iterations is 150,000.

Results: Models are evaluated by ROC-AUC of reconstruction error on the
task of reconstructing hierarchical relations in the same way as Nickel and
Kiela (2017). ROC-AUC score is listed on the right-hand side of Table 4.5.
SIPS outperforms the other methods for K = 2, 20, and it is competitive to
Poincaré embedding for K = 5, 10.

TABLE 4.5: Experiments on WordNet evaluated by ROC-AUC
score (higher is better). Sample average and the standard devi-

ation of 5 runs are shown.

WordNet

K = 2 K = 5 K = 10 K = 20

NSD 0.7924± 0.0072 0.8997± 0.0009 0.9569± 0.0005 0.9836± 0.0001
Poincaré 0.8401± 0.0073 0.9792± 0.0006 0.9866± 0.0003 0.9851± 0.0002
IPS 0.7245± 0.0056 0.7604± 0.0055 0.7688± 0.0023 0.7918± 0.0018
SIPS 0.9632± 0.0008 0.9766± 0.0006 0.9825± 0.0005 0.9865± 0.0004

Visualization: Feature vectors computed by SIPS with K = 5 are visualized
in Figure 4.3. Since (yi, ui) ∈ R5 for SIPS, we actually used yi ∈ R4 for
the visualization. We extracted 97 words from the n = 4027 nouns, and
applied t-SNE to {yi} for the extracted words. Words with any hypernymy
relations are connected by segments. In other words, vi and vj are connected
when wij = 1. For extracting the 97 words, we chose the word “animal” as
the root. Then chose four subordinate words (“mammal", “fish", “reptile",
“invertebrate") connected to the root, and sampled more subordinate words
from these four words, so that the total number of words becomes 97. Words
are grouped by the four subordinate words of the root, which are indicated
by the colors.

4.7 Inner Product Difference Similarity (IPDS)

SIPS is proved to approximate arbitrary CPD kernels, which include a broad
range of kernels, and SIPS also empirically demonstrates a good performance
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FIGURE 4.3: Visualization of word feature vectors for WordNet
dataset computed by GE with our proposed SIPS model. See

Section 4.6.2 for details.

in the previous Section 4.6. However, there exists a variety of non-CPD ker-
nels, such as Epanechnikov kernel, Gaussian mixture and Jeffrey’s diver-
gence, and SIPS is in fact not capable of approximating similarities based
on such non-CPD kernels as shown in the following Section 4.7.1. To approx-
imate the similarities based on such non-CPD kernels, we propose IPDS in
Section 4.7.2, yet based on inner product, with high approximation capability
beyond SIPS. Its high approximation capability is provided in Section 4.7.3.
The approximation theorem of IPDS is based on the spectral decomposition
of the kernel; we last revisit the PD and CPD kernels in Section 4.7.4 from the
perspective of the spectral decomposition.

4.7.1 Fundamental Limitation of SIPS

Although SIPS is capable of approximating wider class of functions than IPS,
still there exists a fundamental limitation of SIPS, as shown in the following
Proposition 4.2.

Proposition 4.2: Limitation of SIPS

Symbols and assumptions are the same as those of Proposition 4.1 but
g(non-CPD)
∗ : Y2 → R is a non-CPD kernel on Y2. Then, there exists

ξ > 0 such that,

inf
K∈N

inf
f∈S(K),u∈S(1)

∥∥∥∥g(non-CPD)
∗ ( f ∗(x), f ∗(x′))
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−(〈 f (x), f (x′)〉+ u(x) + u(x′))
∥∥∥∥

∞
≥ ξ,

where S(K) represents the set of functions f : X → RK

Proof. Proof is almost the same as that of Proposition 4.1. Since g(non-CPD),
there exist n ∈ N, c = (c1, c2, . . . , cn) ∈ Rn \ {0} and {xi}n

i=1 ⊂ X such that
〈c, Hc〉 < 0 and 〈c, 1〉 = 0, where the (i, j)-th entry of the matrix H ∈ Rn×n

is g(non-CPD)( f ∗(xi), f ∗(xj)). Considering a set of CPD matrices, i.e.,

C(n) := {F ∈ Rn×n | 〈c, Fc〉 ≥ 0, ∀c ∈ Rn satisfying 〈c, 1〉 = 0},

obviously it holds that H /∈ C(n); there is a positive gap between the non-
CPD matrix H and any CPD matrix F as

‖H − F‖∞ ≥ inf
F̃∈C(n)

‖H − F̃‖∞ =: ξ > 0.

The assertion is proved similarly to Proposition 4.1.

Therefore, the SIPS model cannot approximate the similarities, which are
equipped with the non-CPD kernels. Simple examples of such non-CPD ker-
nels are, Epanechnikov kernel

dEpan(y, y′) :=

(
1− ‖y− y′‖2

2
σ

)p

�

(
‖y− y′‖2

2
σ

≤ 1

)

and Gaussian combination

dGauss.Comb.(y, y′) := exp

(
−‖y− y′‖2

2
σ1

)
− exp

(
−‖y− y′‖2

2
σ2

)
,

as shown in Ong et al. (2004). For approximating the non-CPD similarities,
in Section 4.7.2, we develop more expressive inner product difference simi-
larity (IPDS).

Before developing the IPDS, in the remaining of this section, two interest-
ing examples of non-CPD kernels are also described by formally generalizing
the set Y from the subset of RK∗ to a set of functions.

Example 4.2: Wasserstein distance

Let Z be a metric space endowed with a metric dZ, which we call
“ground distance”. For q ≥ 1, let Y be the space of all measures μ on Z
satisfying

∫
Z dZ(z, z0)

qdμ(z) < ∞ for some z0 ∈ Z. The q-Wasserstein
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distance between y, y′ ∈ Y is defined as

d(q)W (y, y′) :=
(

inf
π∈Π(y,y′)

∫∫
Z×Z

dZ(z, z′)qdπ(z, z′)
)1/q

.

Here, Π(y, y′) is the set of joint probability measures on Z × Z hav-
ing marginals y, y′. Wasserstein distance is used for a broad range of
methods, such as Generative Adversarial Networks (Arjovsky, Chin-
tala, and Bottou, 2017) and AutoEncoder (Tolstikhin et al., 2018).

Example 4.3: Jeffrey’s divergence

Let Y be a set of distributions over a set Z ⊂ Rq. Geffrey’s divergence
between two distributions y, y′ ∈ Y is defined via Kullback-Leibler
divergence (Kullback and Leibler, 1951) by

dJeffrey’s(y, y′) := dKL(y, y′) + dKL(y′, y),

dKL(y, y′) :=
∫

Z
y(z) log

y(z)
y′(z)

dz,

where y(z) is the probability density function corresponding to the dis-
tribution y ∈ Y .
Kullback-Leibler divergence is used in Gaussian embedding (Vilnis
and McCallum, 2015), that embeds data vectors into q-variate normal
distribution Rp 	 x 
→ y := Nq(μ(x), Σ(x)) ∈ Y , where y is also in-
terpreted as a vector of dimension K = q + q(q + 1)/2 by considering
the number of parameters in μ, Σ. Its deep NN extension is called deep
Gaussian embedding (Bojchevski and Günnemann, 2018). Although
these Gaussian embedding methods employ non-symmetric functions
such as Kullback-Leibler divergence (Kullback and Leibler, 1951) for
measuring the similarity, Jiang et al. (2019) instead considers arbitrary
symmetric function. Thus KL divergence in Gaussian embedding may
be replaced with the symmetric Jeffrey’s divergence.

General Wasserstein distance is known not to be CPD (Gardner et al.,
2017). Moreover, negative Jeffrey’s divergence−dJeff is not CPD on P̃2

q , where
P̃q represents the set of all q-variate normal distributions; a counterexam-
ple of CPD-ness is, n = 3, q = 2, c1 = −2/5, c2 = −3/5, c3 = 1, yi =

N2(μi, Σi) ∈ Y (i = 1, 2, 3), μ1 = (2, 1)�, μ2 = (−1, 1)�, μ3 = (1, 2)�, Σ1 =
diag(1/10, 1), Σ2 = diag(1/2, 1), Σ3 = diag(1, 1).

4.7.2 IPDS

For approximating non-CPD similarities, we propose inner product differ-
ence similarity (IPDS)

hIPDS(xi, xj; θ+, θ−) = 〈 f+NN(xi), f+NN(xj)〉 − 〈 f−NN(xi), f−NN(xj)〉, (4.21)
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where f±NN : X → RK± are vector-valued NNs whose parameters are θ±.
Once the IPDS model is trained, feature vectors can be obtained by concate-
nating these two NNs, i.e.,

yi = ( f+NN(xi), f−NN(x)) ∈ RK++K− (i = 1, 2, . . . , n).

4.7.3 ATs for IPDS

In this section, we first prove that IPDS can approximate arbitrary similarity,
i.e., symmetric and continuous function, in the sense of L2-norm

‖h‖2 :=
(∫∫

h(x, x′)2dxdx′
)1/2

.

Note that the previous ATs for IPS, SIPS and C-SIPS are in the sense of L∞-
norm ‖h‖∞ := supx,x′∈X |h(x, x′)|; AT for IPDS is in the weaker L2 sense.
Later, some additional conditions are described to attain the uniform conver-
gence in the AT of IPDS.

Here, we consider a kernel g∗ : Y2 → R defined for a non-empty compact
set Y ⊂ RK∗ (K∗ ∈ N). The kernel is symmetric, and square-integrable as it is
continuous over the compact set Y2. Then, we have a spectral decomposition

g∗(y, y′) =
∞

∑
k=1

λk ϕk(y)ϕk(y′), (4.22)

where {λk}∞
k=1 represents eigenvalues, {ϕk(y)}∞

k=1 denotes eigenfunctions,
and the convergence is in the sense of L2-norm, i.e., (

∫∫
g(y, y′)2dydy′)1/2.

The spectral decomposition theorem is also known as Hilbert-Schmidt theo-
rem. See, e.g., Riesz and Nagy (2012) Section 97 for Y = [a, b] with −∞ <
a < b < ∞; it can be straightforwardly generalized to the compact set
Y ⊂ RK∗ . Furthermore, Knapp (2005) Theorem 2.5 proves the continuity
of all the eigenfunctions {ϕk(y)}∞

k=1 of the continuous kernel g∗.
Eigenfunctions are orthonormal, i.e.,

∫
ϕk(y)ϕl(y)dy = �(k = l); thus∫

g∗(y, y′)ϕk(y)dy = λk ϕk(y′) and

∫
g∗(y, y′)ϕk(y)ϕl(y′)dydy′ =

{
λk (k = l)
0 (k �= l)

,

for all k, l ∈ N.
Considering the decomposition (4.22) and assuming that y = f ∗(x), y′ =

f ∗(x′), it holds for the similarity that

h∗(x, x′) := g∗( f ∗(x), f ∗(x′))
= ∑

k:λk>0
|λk|ϕk( f ∗(x))ϕk( f ∗(x′))− ∑

k:λk<0
|λk|ϕk( f ∗(x))ϕk( f ∗(x′))
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= lim
K+,K−→∞

{ K+

∑
k=0

λ+
k ϕ+

k ( f ∗(x))ϕ+
k ( f ∗(x′))︸ ︷︷ ︸

(�1)

−
K−
∑
k=0

λ−k ϕ−k ( f ∗(x))ϕ−k ( f ∗(x′))︸ ︷︷ ︸
(�2)

}
,

by rearranging the eigenvalues so that λ+
1 ≥ λ+

2 ≥ · · · ≥ λ+
K+
≥ · · · ≥ 0 ≥

· · · ≥ λ−K− ≥ · · · ≥ λ−2 ≥ λ−1 . ϕ+
k (y

′), ϕ−k (y
′), (k ∈ N) are corresponding

continuous eigenfunctions, and the convergence is in the sense of L2-norm.
Then, the terms (�1) and (�2) also can be written as

(�1) = 〈Φ̃+
K+

(x), Φ̃
+
K+

(x′)〉, (�2) = 〈Φ̃−
K−(x), Φ̃

−
K−(x′)〉,

where the k-th entry of Φ̃
±
K± : X → RK± is specified by

√
λ±k ϕ±k ( f ∗(x)).

Approximating Φ̃
+
K+

, Φ̃
−
K− by the NNs f+NN, f−NN immediately leads to the

following Theorem 4.7.

Theorem 4.7: AT for IPDS

Symbols and assumptions are the same as those of Theorem 4.2 but
g∗ is any arbitrary kernel, i.e., symmetric and continuous function.
We consider 1-hidden layer NNs f+NN(x) = Aσ(Bx + c) ∈ RK+ and
f−NN(x) = Eσ(Fx + o) ∈ RK− with m+ and m− hidden units, respec-
tively. Their parameters θ+ = (A, B, c) ∈ Θ+ := RK+×m+ ×Rm+×p ×
Rm+ and θ− = (E, F, o) ∈ Θ− := RK−×m− ×Rm−×p×Rm− are to be es-
timated. Then, for any ε > 0, there exist K+0 = K+0(ε), K−0 = K−0(ε) ∈
N such that

inf
θ+∈Θ+
θ−∈Θ−

∥∥∥∥g∗
(

f ∗(x), f ∗(x′)
)− (〈

f+NN(x), f+NN(x′)
〉− 〈

f−NN(x), f−NN(x′)
〉) ∥∥∥∥

2
< ε

with sufficiently large m+ = m+(K+, ε), m− = m−(K−, ε) ∈ N, for all
K+ ≥ K+0, K− ≥ K−0.

See Appendix B.3.1 for the rigorous proof.

Although the above Theorem 4.7 asserts that the IPDS can approximate
arbitrary similarity, this theorem is proved in the sense of L2-norm. However,
considering an additional assumption

• all but a finite number of the non-zero eigenvalues of g∗ are of the same
sign, positive or negative,

the spectral decomposition (4.22) converges uniformly. See, e.g., Riesz and
Nagy (2012) Section 98. Then, the L2-norm in Theorem 4.7 can be simply
replaced by the L∞-norm.
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In the AT of IPDS, the similarity h∗ is essentially decomposed into the
difference between two PD similarities. We here last note that, a similar
decomposition can be found in the studies in line with reproducing kernel
Kreı̆n space (RKKS; Mary, 2003; Ong et al., 2004; Oglic and Gaertner, 2018),
that further generalizes reproducing kernel Hilbert space (RKHS; Aronszajn,
1950). Therein, non-PD kernel g∗ is considered for kernel methods. If the
kernel g∗ is dominated by some PD kernel, namely there exists a PD kernel
g(PD) such that g(PD)− g∗ is also PD, the kernel g∗ is associated with a RKKS,
and the g∗ is proved to be decomposed into two PD kernels g+, g− such that
g∗ = g+− g−. Therefore, arbitrary similarity h∗ whose kernel satisfies the as-
sumption can be decomposed into the difference between two PD similarities
h+, h−, namely h∗ = h+ − h−; IPDS approximates these two PD similarities
h+, h− by the two IPSs.

4.7.4 Discussion on Kernel Eigenvalues

In this section, we last revisit the classes of kernels, from the perspective of
the spectral decomposition (4.22). It is widely known that all the PD kernels
contain only non-negative eigenvalues. However, it is harder to characterize
general CPD kernels. As a clue to characterize the CPD kernels, we herein
prove that any CPD kernel contains at most one negative eigenvalue.

Considering the decomposition (4.12), any CPD kernel g∗ can be decom-
posed as

g(CPD)
∗ (y, y′) = g(PD)

∗ (y, y′) + v∗(y) + v∗(y′)︸ ︷︷ ︸
(�)

(4.23)

for some PD kernel g(PD)
∗ and some continuous function v∗ : Y → R. If v∗

is a zero function, (4.23) contains no negative eigenvalue; we herein assume
that v∗ is not a zero function, in order to avoid the trivial case.

By specifying

r :=
∫

v∗(y)dy, ‖v∗‖2 :=
(∫

v∗(y)2dy
)1/2

, and ξ :=
√

r2 + ‖v∗‖2
2,

the eigenvalues of (�) are

λ1 := r + ξ and λ2 := r− ξ.

As ξ > |r|, (�) is proved to have one negative eigenvalue. Namely, (�) =
ψ(y)ψ(y′)− ρ(y)ρ(y′) for some (non-zero) functions ψ, ρ : Y → R; we obtain
another form of the CPD kernel

g(CPD)
∗ (y, y′) = g̃(y, y′)− ρ(y)ρ(y′) (4.24)

with a PD kernel g̃(y, y′) := g(PD)
∗ (y, y′) + ψ(y)ψ(y′). We last prove that the

function (4.24) contains at most one negative eigenvalue.
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Assuming that g(CPD)
∗ has more than one negative eigenvalues, we may

consider two eigenfunctions ϕ1, ϕ2 : Y → R of g(CPD)
∗ , where the correspond-

ing eigenvalues are λ1, λ2 < 0. We define a set

S := span{ϕ1, ϕ2} ∩ {ρ}⊥

where span{ϕ1, ϕ2} := {α1ϕ1 + α2ϕ2 | α1, α2 ∈ R} and {ρ}⊥ := {η : Y →
R | ∫ η(y)ρ(y)dy = 0}. Then, there exists a non-zero function τ ∈ S as
the codimension of {ρ}⊥ is 1 and the dimension of span{ϕ1, ϕ2} is 2. Such a
function τ ∈ S leads to the following inequalities∫∫

g(CPD)
∗ (y, y′)τ(y)τ(y′)dydy′ < 0 (∵ τ ∈ span{ϕ1, ϕ2}) and∫∫

g(CPD)
∗ (y, y′)τ(y)τ(y′)dydy′

=
∫∫

g̃(y, y′)τ(y)τ(y′)dydy′ −
( ∫

ρ(y)τ(y)dy︸ ︷︷ ︸
=0 (∵ τ∈{ρ}⊥)

)2

≥ 0.

These contradicting inequalities imply that the assumption cannot be true.
Therefore, the CPD kernel g(CPD)

∗ has no more than one negative eigenvalue.

Note that the converse is not always true; a kernel g∗ that contains only
one negative eigenvalue is not always CPD. One simple counterexample is
g∗(y, y′) = −yy′ for Y = [−√3,

√
3], where the eigenvalue and eigenfunction

are −1 and y, respectively: g∗ is not CPD as ∑2
i,j=1 cicjg∗(yi, yj) = −1 < 0 for

c1 = 1, c2 = −1, y1 = 1, y2 = 0.

4.7.5 Further Development

IPDS is harder to optimize than IPS or SIPS without a proper regularization,
because the expression of IPDS is redundant. For instance, considering NNs
f̃+NN(x) := ( f+NN(x), γ), f̃−NN(x) := ( f−NN(x), γ), it obviously holds for any
γ ∈ R that

〈 f̃+NN(x), f̃+NN(x′)〉 − 〈 f̃−NN(x), f̃−NN(x′)〉
= 〈 f+NN(x), f+NN(x′)〉 − 〈 f−NN(x), f−NN(x′)〉.

For solving the issue, weighted-IPS (WIPS) is presented and evaluated by
extensive numerical experiments in a successive paper of ours (Kim et al.,
2019).
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4.8 Conclusion

We studied approximation capability of IPS, and developed more expressive
similarities called shifted-IPS (SIPS) and constantly-SIPS (C-SIPS). We proved
SIPS and C-SIPS can approximate CPD similarities whereas IPS is limited to
PD similarities. We also evaluated the approximation error rates of IPS, SIPS
and C-SIPS, and these similarities were performed on our numerical exper-
iments. Furthermore, we also provided more expressive similarities called
inner-product difference similarity (IPDS), that is capable of approximating
arbitrary similarities.
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5 Hyperlink Regression via
Bregman Divergence

This chapter discusses the hyper-relational extension of link regression called
hyperlink regression (HLR), which is shown in Figure 5.1.

Conf. A 2
Conf. B 3
Conf. C 0

Conf. A 5
Conf. B 0
Conf. C 5

(A) U = 2

Conf. A 2
Conf. B 3
Conf. C 0

Conf. A 5
Conf. B 0
Conf. C 5

Conf. A 3
Conf. B 1
Conf. C 1

(B) U = 3

FIGURE 5.1: Whereas (A) existing graph embedding consid-
ers the link weight wi1,i2 defined between a pair of U = 2
data vectors (xi1 , xi2), (B) this chapter considers the hyperlink
weight wi defined for a set of more than 2 data vectors Xi =
(xi1 , xi2 , . . . , xiU ) called tuple. In co-authorship network exam-
ple, the hyperlink weight represents the number of co-authored

papers written by U ∈ N researchers belonging to the tuple.

Although one of the main points in this chapter is hyper-relational learn-
ing called HLR, where we propose HLR using Bregman divergence called
Bregman HLR (BHLR), this chapter also proves statistical estimation consis-
tency for general BHLR, and provides a general and theoretically guaranteed
stochastic optimization algorithm. The estimation consistency can be applied
to general BHLR, which includes a variety of existing methods, such as graph
embedding equipped with even the expressive SIPS and IPDS discussed in
the previous Chapter 4.

Our contributions, descriptions, and materials including figures in this
chapter are mostly attributed to a published journal paper of ours (Okuno
and Shimodaira, 2020) and partially attributed to another conference paper
of ours (Okuno and Shimodaira, 2019).
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5.1 Introduction

Thus far, we have developed a multi-view extension of graph embedding
(GE) in Chapter 3, and more expressive similarities for GE in Chapter 4.
Along with the development of highly expressive GEs, estimation consis-
tency, that relies on the loss function used for learning GE, also plays an im-
portant role in obtaining better performance.

For instance, LINE (Tang et al., 2015) leverages logistic loss, and PMvGE
(Okuno, Hada, and Shimodaira, 2018) discussed in Chapter 3 and Okuno,
Kim, and Shimodaira (2019) discussed in Chapter 4 leverage the loss func-
tion based on Poisson distribution, where maximizing the likelihood of link
weights is equivalent to minimizing Kullback–Leibler (KL) divergence be-
tween link weights and the estimated similarities. In fact, the logistic loss
and the KL divergence can be easily proved to exhibit the following two de-
sirable properties:

• (P-1) statistical consistency, that is, it asymptotically recovers the un-
derlying true conditional expectation of link weights given data vec-
tors, and

• (P-2) computational tractability, that is, it can be computed efficiently
by stochastic algorithms using a minibatch sampling for relational data.

However, it is unclear whether the properties (P-1) and (P-2) above hold
for the limited function class, or if they hold for some larger function classes.
Because only the limited loss functions are theoretically proven to exhibit
such favorable properties, the present circumstance may limit the choice of
the loss function and may result in a missed opportunity to improve the GE’s
performance.

In addition to the problem of specifying loss functions, existing GEs are
limited to considering the link weight defined between only two nodes, de-
spite the fact that link weights can be similarly defined for a set of three or
more nodes. We call the weight defined for three or more nodes as hyper-
link weight. A hyperlink weight appears in many practical situations; in a
friend network, the existence of a group to which all the selected U(≥ 2)
people belong should be expressed as a binary hyperlink weight. Similarly,
the number of co-authored papers written by all the selected U(≥ 2) peo-
ple in a co-authorship network should be represented as hyperlink weights
assuming values in non-negative integers. The existing link regression, in-
cluding metric learning and GE, cannot address such complicated hyperlink
weights.

For simultaneously solving these two challenges, we propose Bregman
hyperlink regression (BHLR) by (i) extending link regression to hyperlink
regression (HLR) such that it predicts the hyperlink weight defined for a col-
lection of U(∈ N) vectors called U-tuple, and (ii) employing the Bregman
divergence (BD) that includes many loss functions such as logistic loss, KL
divergence, and β-divergence as special cases. BHLR is a general framework
for hyper-relational learning, that encompasses various existing methods;
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BHLR is, in general, demonstrated to possess the two desirable properties,
(P-1) statistical consistency and (P-2) computational tractability.

Our contribution in this chapter is summarized as follows.

1. In Section 5.3, we propose BHLR, that is a simple and general frame-
work for hyper-relational learning. BHLR predicts hyperlink weight
wi1,i2,...,iU ∈ S (⊂ R) from the corresponding tuple of data vectors
xi1 , xi2 , . . . , xiU ∈ X (⊂ Rp) through a user-specified symmetric similar-
ity function μθ(xi1 , xi2 , . . . , xiU); highly expressive nonlinear functions
can be employed for the similarity function.

2. In Section 5.4, we demonstrate that BHLR encompasses various exist-
ing methods, including the methods for representation learning, such
as graph embedding (U = 2), matrix factorization (U = 2), tensor fac-
torization (U ≥ 2), and their variants equipped with arbitrary BD; ob-
tained feature vectors through the representation learning methods can
be used for a variety of downstream tasks (e.g., clustering and visual-
ization) besides just predicting hyperlink weights.

3. In Section 5.5, we prove that general BHLR possesses the desirable
properties, (P-1) statistical consistency and (P-2) computational tractabil-
ity. Regarding (P-2), we consider a minibatch-based stochastic algo-
rithm; we propose a novel generalized mini-batch sampling procedure
for hyper-relations, for dealing with non-negligible computational com-
plexity O(nU). Consequently, BHLR including several existing meth-
ods, that have been examined experimentally, is theoretically justified
in a unified manner.

5.2 Preliminaries

In this section, we first define Bregman divergence in Section 5.2.1, and sub-
sequently, we describe the problem setting in Section 5.2.2. In Section 5.2.3,
we formally define conditional probabilities of hyperlink weights.

5.2.1 Bregman Divergence

In this section, we introduce Bregman divergence (BD) for formulating the
Bregman hyperlink regression (BHLR) later in Section 5.3. By virtue of the
nature of the BD, the proposed BHLR is also expected to be robust estimation;
the intuition of the robustness is also discussed in Section 5.3.3.

Here, we consider an index set I , which is specifically defined as the set of
tuple indices in our problem setting explained in Section 5.2.2. With a contin-
uously differentiable and strictly convex generating function ϕ : dom(ϕ)→ R

whose domain is a set dom(ϕ) ⊂ R, the BD (Bregman, 1967; Censor, Zenios,
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et al., 1997) between a := {ai ∈ dom(ϕ) | i ∈ I} and b := {bi ∈ dom(ϕ) |
i ∈ I} is defined by

Dϕ(a, b) :=
1
|I| ∑

i∈I
dϕ(ai, bi), (5.1)

where dϕ : dom(ϕ)2 → R indicates the difference between ϕ(a) and the
first-order Taylor approximation of ϕ(a) around b ∈ dom(ϕ) as

dϕ(a, b) := ϕ(a)− (ϕ(b) + ϕ′(b)(a− b)), (a, b ∈ dom(ϕ)).

Because ϕ is strictly convex, dϕ(a, b) is always non-negative, and attains the
minimum value 0 at b = a for any fixed a ∈ dom(ϕ). Similarly, Dϕ(a, b) ≥
0 (∀a, b ∈ dom(ϕ)|I|), and the equality holds if and only if a = b (basic prop-
erty 2 in (Cichocki et al., 2009) p.101). Thus, for any fixed a ∈ dom(ϕ)|I|,
minimizing Dϕ(a, b) with respect to b ∈ dom(ϕ)|I| is expected to cause b
to be closer to a ∈ dom(ϕ)|I|. In our proposed BHLR, a, b are specifically
defined as observed hyperlink weights and their predicted weights, respec-
tively, as explained in Section 5.3.2; the predicted weights are expected to be
closer to the observed weights, due to the BD’s property.

Some of the BD family members such as the KL divergence are originally
defined for measuring the difference between two probability distributions.
That is, they assume that a, b satisfy (1) ai, bi ≥ 0 (∀i ∈ I), and (2) ∑i∈I ai =
∑i∈I bi = 1. However, assumptions (1) and (2) are in fact not required for the
BD to hold the favorable property above. Thus, we do not assume (1) and (2)
hereinafter, similarly to some existing studies (Cichocki et al., 2009; Banerjee
et al., 2005; Sra and Dhillon, 2006).

The BD includes a variety of loss functions such as the KL divergence,
β-divergence, quadratic loss, and logistic loss, as shown in Table 5.1.

By removing the strict convexity assumption on ϕ and additionally as-
suming a ∈ {0, 1}, the BD includes margin-based loss functions. For in-
stance, ϕ(x) = max{−x, x− 1} results in the misclassification loss dϕ(a, b) =
I(a �= I(b > 1/2)), where I(·) represents the indicator function; other exam-
ples can be found in Zhang, Jiang, and Shang (2009) Section 6.2.

5.2.2 Problem Setting

In previous Chapter 3 and 4, we discussed graph embedding that predicts
link weight wij by a function μθ(xi, xj) of data vectors xi, xj. We hereby ex-
tend the problem to hyper-relation setting, i.e., hyperlink weight wi for i =
(i1, i2, . . . , iU) is predicted from a tuple of data vectors Xi = (xi1 , xi2 , . . . , xiU);
the extension reduces to the existing graph embedding by specifying U = 2.

For fixed p, n, U ∈ N and non-empty sets X ⊂ Rp,S ⊂ R, our dataset
comprises p-dimensional data vectors {xi}n

i=1 ⊂ X and symmetric hyperlink
weights {wi}i∈I (U)

n
⊂ S , where i = (i1, i2, . . . , iU) is a multiple index in a set
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I (U)
n ⊂ [n]U, and [n] represents the set {1, 2, . . . , n}. Formal descriptions for

a tuple of data vectors, hyperlink weights, and the index set are provided in
the following.

• U-tuple X = (x, x′, x′′, . . .) ∈ XU is an array of U vectors, where
x, x′, x′′, . . . ∈ X (⊂ Rp) are p-dimensional vectors. For an index i =

(i1, i2, . . . , iU) ∈ I (U)
n (⊂ [n]U), a collection of U data vectors xi1 , . . . , xiU ∈X constitute U-tuple Xi = (xi1 , . . . , xiU) indexed by i. Although the

order of the vectors is provided, it is in effect ignored in the proposed
method, by considering only the symmetric function for the tuple. Note
that two different tuples may share same data vectors. For instance,
X(1,2,3) = (x1, x2, x3) and X(1,3,4) = (x1, x3, x4) share two data vectors

x1, x3; we use the multiple index i ∈ I (U)
n for dealing with the duplicate

data vectors that appear in several different tuples.

• Hyperlink weight wi ∈ S (⊂ R) represents the strength of associa-
tion defined for the U-tuple Xi. Hyperlink is also called hyperedge
in hypergraph theory, and is assumed to be symmetric with respect
to permutation of the entries i1, i2, . . . , iU in the index i. Although we
practically consider non-negative hyperlink weights in many cases, i.e.,
S := R≥0 such that the weight taking value 0 represents no association
among the tuple, S is not restricted to be non-negative; S can be arbi-
trary specified depending on the setting.

• Index set I (U)
n ⊂ [n]U is typically defined as I (U)

n = [n]U, or I (U)
n =

{i ∈ [n]U | u �= u′ ⇒ iu �= iu′ } such that any tuple do not contain any
duplicate vectors in itself, though different tuples may share some data
vectors. A particular set I (U)

n = J (U)
n := {i ∈ [n]U | 1 ≤ i1 < i2 <

· · · < iU} is employed later in Section 5.5.1, for showing asymptotic
properties of the proposed method. Although the examples of I (U)

n
mentioned above basically cover all the combinations of indices under
some constraints, we can think of even a subset of them for I (U)

n in
order to allow the practical situation that a limited number of hyperlink
weights are actually observed.

Such hyperlink weights defined for U-tuples appear in many practical sit-
uations. Two different types of hyperlink weights for S := R≥0 are shown in
the following Examples 5.2.2 and 5.2.2. They are also referred to as a hyper-
network (Jeffrey, 2013).

Example 5.1: Hyperlink weights in friend network

Data vector xi represents the property of person i ∈ [n], e.g., age, gen-
der, education, etc., and the hyperlink weight wi ∈ {0, 1, 2, . . .}(⊂ S)
represents the number of social groups to which all the U people in-
dexed by i = (i1, i2, . . . , iU) belong.
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Example 5.2: Hyperlink weights in co-authorship network

Data vector xi represents the attributes of researcher i ∈ [n] such as
number of publications in each journal, and the hyperlink weight wi ∈
{0, 1, 2, . . .}(⊂ S) represents the number of co-authored papers written
by all the U researchers indexed by i = (i1, i2, . . . , iU).

Here, we consider a user-specified parametric model of similarity func-
tion μθ : XU → S with parameter vector θ ∈ Θ ⊂ Rq. For U-tuple X =
(x, x′, x′′, . . .) ∈ XU, we consider a random variable w ∈ S with conditional
expectation μ∗(X) := E(w | X). w and X are linked by a conditional prob-
ability mass (or density) function q, as will be formally described in the fol-
lowing Section 5.2.3. Then, learning the similarity function μθ so that

μθ(X) ≈ μ∗(X), X ∈ XU

is called hyperlink regression (HLR); this is analogous to the ordinary regres-
sion analysis, where w and X correspond to the response and explanatory
variables, respectively.

Given our dataset consisting of data vectors {xi}n
i=1 and hyperlink weights

{wi}i∈I (U)
n

, the parameter vector θ is optimized by minimizing an empirical
loss function so that

wi ≈ μθ(Xi), i ∈ I (U)
n

hold, similarly to graph embedding using the probabilistic model (4.1).
Although this chapter aims at providing a general framework for HLR

named BHLR, such that it encompasses a variety of existing methods, this
chapter also intends to provide theoretical guarantees for general BHLR; sev-
eral existing methods, that have been examined experimentally, are also the-
oretically justified in a unified manner, by leveraging the BHLR framework.

5.2.3 Probability Distributions of Hyperlink Weights

In order to obtain the conditional expectation μ∗(Xi) = E(wi | Xi), we first
formally define the conditional distribution of hyperlink weights given data
vectors, by straightforwardly generalizing the probabilistic model (4.1) con-
sidered in the previous Chapters 3 and 4.

Here, we explain why the extra attention is required for defining the con-
ditional distribution of hyperlink weights given data vectors. For any i′ ob-
tained by permutating the elements of i, tuples Xi, Xi′ consist of the same
vectors xi1 , xi2 , . . . , xiU , and it holds that wi = wi′ since the hyperlink weights
are assumed to be symmetric. In the case of U = 2, this symmetry coincides
with considering undirected links; link weights should satisfy wi1i2 = wi2i1
for all i1 and i2, implying the constraints on the distributions for wi1,i2 and
wi2i1 .

For specifying the distribution appropriately, we employ a simple idea.
We first specify the conditional probability density function (cpdf) or condi-
tional probability mass function (cpmf) q̃ only for wi1i2 | X i1i2 whose index
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is in non-decreasing order i1 ≤ i2. Then, the cpdf or cpmf q of wi2i1 | X i2i1
whose index is in reverse order, can be defined as that of wi1i2 | X i1i2 , since the
weights satisfy the symmetry wi1i2 = wi2i1 and both tuples X i1,i2 , X i2i1 consist
of the same vectors xi1 , xi2 . This idea of symmetry is readily generalized to
U ∈ N; we specify the cpdf or cpmf q̃ of wi′ | Xi′ only for non-decreasing
order index i′ ∈ [n]U such that i′1 ≤ i′2 ≤ · · · ≤ i′U, and consider a map-
ping r : i 
→ i′ such that i′ = r(i) is obtained by sorting the elements of i in
non-decreasing order. Then cpdf or cpmf q of wi | Xi is defined as

q(wi | Xi) := q̃(wr(i) | Xr(i)), (i ∈ I (U)
n ). (5.2)

Therefore, we have well-defined conditional distribution for hyperlink weights.
Then, the cpdf (or cpmf) of all the hyperlink weights {wi}i∈I (U)

n
given data

vectors x1, x2, . . . , xn ∈ X n is

∏
i∈I (U)

n

q(wi | Xi), (5.3)

meaning that hyperlink weight wi is conditionally independently generated
by following the probabilistic model (5.3).

Hyperlink weights wi, wi′ are independent, even if the corresponding tu-
ples Xi, Xi′ share some data vectors xij1

, xij2
, . . . therein. However, their prob-

ability density functions are related via the shared data vectors; similar prob-
abilistic models can be found in the case that U = 2. For U = 2, q(w | X) =
μ∗(X)w(1− μ∗(X))1−w represents the cpmf of Bernoulli distribution whose
expectation is μ∗(X) := E(w | X), and X = (x, x′) is a pair of latent vari-
ables, the probabilistic model (5.3) is also known as latent position random
graph (LPRG) model with kernel μ∗. LPRG model is considered in Tang,
Sussman, and Priebe (2013) and Athreya et al. (2018) Definition 6, and it is
originated from the random dot product graph model (Young and Scheiner-
man, 2007), that corresponds to a case μ∗(X) := 〈x, x′〉 for X = (x, x′) ∈ X 2.
Our probabilistic model (5.3) generalizes the LPRG model to arbitrary prob-
ability distribution with arbitrary U ∈ N, though the previous studies focus
on the spectral analyses on the matrix W = (wij) of Bernoulli link weights
with U = 2, and they assume that x1, x2, . . . , xn are latent variables.

Hereinafter, we note the probability distribution of the tuple Xi. We
will simply assume that the data vectors {xi}n

i=1 are i.i.d. randomly gen-
erated from a distribution qX in Section 5.5 for showing statistical consis-
tency of BHLR. Then, the joint distribution over all the hyperlink weights
and data vectors is specified as ∏i∈I (U)

n
q(wi | Xi)∏n

i=1 qX(xi). Note that

the marginal distribution for Zi := (wi, Xi) does not depend on the index
i, thus Zi, i ∈ I (U)

n are identically distributed. However, even if data vec-
tors {xi}n

i=1 are i.i.d. generated, two different Zi, Zi′ can be dependent, as
their tuples Xi, Xi′ may share same data vectors in common. For instance,
X(1,2,3) = (x1, x2, x3) and X(1,3,4) = (x1, x3, x4) share two data vectors x1 and

x3. Therefore, Zi, i ∈ I (U)
n are NOT independently distributed. This property
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for U ≥ 2 makes our setting interesting and needs special care in the asymp-
totic theory. In this regard, theories for HLR, that predicts hyperlink weights
from the constrained tuples, can be different from those of classical regres-
sion, that typically predicts response variables from i.i.d. data vectors. We
consider such constrained tuples, and the statistical consistency for BHLR is
proved later in Section 5.5.

5.3 Bregman Hyperlink Regression (BHLR)

In this section, we first discuss two different approaches to HLR in Sec-
tion 5.3.1, and subsequently, we propose Bregman hyperlink regression (BHLR)
in Section 5.3.2. By virtue of the nature of the Bregman divergence, the pro-
posed BHLR is expected to be robust estimation in line with β-divergence (Basu
et al., 1998), which is often employed in robust statistics; the intuition of the
robustness is also discussed in Section 5.3.3.

5.3.1 Two Different Approaches to HLR

As hyperlink regression (HLR) is introduced in problem setting in Section 5.2.2,
in this section, we show two different approaches to HLR with S := R≥0, and
explain why we employ the second approach. Although the case of U = 1 is
illustrated here, it can be easily generalized to arbitrary U ∈ N.

Considering a weight wi taking a value in the set {0, 1, 2, . . .} ⊂ S and a
data vector xi ∈ Rp (i = 1, 2, . . . , n), HLR predicts the weight wi ∈ S through
the function μθ(xi) ∈ S . However, there are two different approaches to
this problem. The first approach is based on matching conditional proba-
bility mass function (pmf) q(wi | xi) and the parametric generative model
pθ(wi | xi) whose expectation is μθ(xi) = ∑w∈N0

wpθ(w | xi). Although
this approach naturally extends the maximum likelihood regression, there
remain several challenges explained below. For solving these challenges,
we also consider the second approach, that instead matches only the con-
ditional expectation function μ∗(xi) := E(wi | xi) and the model μθ(xi).
Consequently, we employ and generalize the second approach, and propose
Bregman-HLR (BHLR) in Section 5.3.2.

Hereinafter, we describe the details of the two approaches to HLR.
The first approach is, matching the underlying conditional pmf q(wi |

xi) and the parametric generative model pθ(wi | xi). Let qiw = q(w | xi)
and pθ,iw = pθ(w | xi) for w ∈ N0, i = 1, . . . , n. They are put together
as vectors qi := (qi0, qi1, qi2, . . .), pθ,i := (pθ,i0, pθ,i1, pθ,i2, . . .), so that each of
vectors qi, pθ,i represents the distribution of wi | xi. Then, we may estimate θ
by minimizing

1
n

n

∑
i=1

Dϕ(qi, pθ,i), (5.4)

where ϕ is a user-specified generating function. However, the underlying
conditional distributions q1, q2, . . . , qn used in (5.4) cannot be observed in
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x

q(w|x)

w=0

w=1

w=2

w=3

w=4

(A) q(w | x)

w=0

w=1

w=2

w=3

E(w|x)

x

(B) E(w | x)

FIGURE 5.2: Examples of (A) underlying conditional probabil-
ity mass function q(w | x) whose conditional expectation is
E(w | x) = ∑w∈N0

wq(w | x), and (B) the conditional expec-
tation function μ∗(x) = E(w | x).

practice; we instead consider the empirical conditional distribution q̂i =
(q̂i0, q̂i1, q̂i2, . . .) whose wi-th entry is 1 and 0 otherwise, for i = 1, 2, . . . , n.
Considering I = N,

|I|Dϕ(q̂i, pθ,i) = ∑
w∈N

dϕ(q̂iw, pθ,iw)

= ∑
w∈N

{ϕ(q̂iw)− ϕ(pθ,iw)− ϕ′(pθ,iw)(q̂iw − pθ,iw)}

= ∑
w∈N

{ϕ′(pθ,iw)pθ,iw − ϕ(pθ,iw)− ϕ′(pθ,iw)q̂iw}+ Const.

= ∑
w∈N

{ϕ′(pθ(w | xi))pθ(w | xi)− ϕ(pθ(w | xi))}

− ϕ′(pθ(wi | xi)) + Const.(
∵ pθ,iw = pθ(w | xi), q̂iw =

{
1 (w = wi)

0 (w �= wi)

)

holds; minimizing (5.4) equipped with the empirical distributions {q̂i}n
i=1 is

equivalent to minimizing

1
n

n

∑
i=1

{
∑

w∈N0

(
ϕ′(pθ(w | xi))pθ(w | xi)− ϕ(pθ(w | xi))

)
︸ ︷︷ ︸

(�)

−ϕ′(pθ(wi | xi))

}
. (5.5)

(5.5) appears in some existing studies, such as Ghosh, Basu, et al. (2013) for
β-divergence in Table 5.1. However, the term (�) in eq. (5.5) is computation-
ally intractable due to the infinite summation ∑w∈N0

; there remain a com-
putational challenge in this approach. The infinite summation similarly ap-
pears in eq. (4) of Kawashima and Fujisawa (2019), and they compute the
term by the finite-sum approximation instead. Note that, the term (�) re-
duces to ∑w∈N0

pθ(w | xi) = 1 if the generating function is specified as
ϕ(x) = x log x− x; the computational issue does not occur if KL-divergence
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is considered.
For solving the computational challenge, we also consider the second ap-

proach. This second approach simply matches the underlying expectation
function μ∗(xi) = E(wi | xi) and the parametric model μθ(xi) without as-
suming any specific probability distribution for wi | xi; we may obtain the
estimator of θ by minimizing

Dϕ({μ∗(xi)}n
i=1, {μθ(xi)}n

i=1), (5.6)

where ϕ is a user-specified generating function whose domain dom(ϕ) in-
cludes the set S . However, the underlying expectation function μ∗ cannot be
observed in practice; we instead minimize

Dϕ({wi}n
i=1, {μθ(xi)}n

i=1)

=
1
n

n

∑
i=1

{
ϕ′(μθ(xi))μθ(xi)− ϕ(μθ(xi))− wi ϕ

′(μθ(xi))
}
+ C (5.7)

that approximates (5.6) in the sense that the underlying true conditional ex-
pectation μ∗(xi) = E(wi | xi) is replaced with the observation wi. C :=
1
n ∑n

i=1 ϕ(wi) is a constant independent of the parameter θ. (5.7) reduces to
Zhang, Jiang, and Shang (2009) eq. (20), if the model is specified as μθ(x) =
ν(θ�x) for some non-linear function ν : R → R, whereas arbitrary similarity
function μθ is considered in this study.

The second approach bypasses the computational challenge of the first
approach, since (5.7) does not include any infinite summation; we conse-
quently employ the second approach, and generalize it from U = 1 to U ∈ N

as shown in the next section.

5.3.2 Proposed BHLR

We here consider HLR with arbitrary U ∈ N, for predicting the hyperlink
weights wi taking values in a set S ⊂ R via a user-specified symmetric sim-
ilarity function μθ : XU → S . By generalizing the loss function (5.7) from
U = 1 to U ∈ N, we propose to minimize a simple loss function

Lϕ,n(θ) := Dϕ({wi}i∈I (U)
n

, {μθ(Xi)}i∈I (U)
n

)

=
1

|I (U)
n | ∑

i∈I (U)
n

{
ϕ′(μθ(Xi))μθ(Xi)

− ϕ(μθ(Xi))− wi ϕ′(μθ(Xi))

}
+ C, (5.8)

where ϕ is a user-specified generating function whose domain dom(ϕ) in-
cludes the set S , and C := 1

|I (U)
n | ∑i∈I (U)

n
ϕ(wi) is a constant independent of
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the parameter θ. Subsequently, the estimator is defined as

θ̂ϕ,n := arg min
θ∈Θ

Lϕ,n(θ). (5.9)

Once the estimator θ̂ϕ,n is obtained, we may predict wi by the estimated sim-
ilarity function μθ̂ϕ,n

(Xi). We formally define predicting wi by the function
μθ̂ϕ,n

(Xi) as the BHLR.
Since the hyperlink weights are symmetric, we assume that the function

μθ also satisfies the symmetry

μθ(xi1 , xi2 , . . . , xiU) = μθ(xi′1 , xi′2 , . . . , xi′U) (5.10)

for any i′ = (i′1, i′2, . . . , i′U) obtained by permutating the elements of i =

(i1, i2, . . . , iU) ∈ I (U)
n . This symmetry should hold for all xi1 , xi2 , . . . , xiU ∈ X

and θ ∈ Θ; the similarity function μθ in effect ignores the order of the vec-
tors, as long as (5.10) is assumed. An example of such a symmetric similarity
function is

μθ(xi1 , xi2 , . . . , xiU) = ν
(〈 f θ(xi1), f θ(xi2), · · · , f θ(xiU)〉

)
, (5.11)

where f θ : X → RK represents a function parametrized by θ, e.g., vector-
valued neural networks f NN, ν : R → S is a link function, e.g., expo-
nential function for S = R≥0 and sigmoid function for S = [0, 1], and
〈y, y′, y′′, . . .〉 := ∑K

k=1 yky′ky′′k · · · . The function (5.11) is employed in our
numerical experiments later in Section 5.6, and it reduces to tensor decom-
position explained in Section 5.4.3 if f θ(x) = θ�x, ν(z) = z, and xi is a 1-hot
vector.

The similarity (5.11) reduces to IPS defined in the previous Chapter 4 by
specifying U = 2. Then, more expressive SIPS and IPDS, that are also defined
in the previous Chapter 4, can be employed as the similarity model (5.11).

The BHLR reduces to several existing methods, such as logistic regres-
sion (U = 1), Poisson regression (U = 1), and link prediction (U = 2), by
specifying μθ and ϕ. Furthermore, BHLR also reduces to several methods for
representation learning, such as graph embedding (U = 2), matrix factoriza-
tion (U = 2), tensor factorization (U ≥ 2), and their variants equipped with
arbitrary BD. We describe the relation between the BHLR and these existing
methods in Section 5.4.

In addition to the rich examples for the BHLR family, the BHLR possesses
the following two favorable properties: (P-1) statistical consistency, and (P-2)
computational tractability. We further explain these properties (P-1) and (P-
2) in Section 5.5.1 and Section 5.5.2, respectively, along with the proposal of
a novel and generalized minibatch sampling procedure for hyper-relational
data that can be used for efficient stochastic algorithms.
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Furthermore, BHLR is also expected to be a robust estimation, by virtue
of the Bregman divergence; we discuss the intuition of the estimation robust-
ness in the following Section 5.3.3.

5.3.3 Estimation Robustness of BHLR

BHLR is expected to be a robust estimation, by virtue of the nature of the
Bregman divergence. In this section, we first describe the estimating equation
and the intuition behind the BHLR, for subsequently describing the intuition
of the estimation robustness.

Estimating Equation

The estimating equation for BHLR is

∂Lϕ,n(θ)

∂θ
=

1

|I (U)
n | ∑

i∈I (U)
n

γϕ(μθ(Xi))

{
(μθ(Xi)− wi)

∂ log μθ(Xi)

∂θ

}
= 0 (5.12)

where γϕ(z) := zϕ′′(z).
Let w, X be random variables of hyperlink weight and the corresponding

tuple, that are linked by the conditional probability function q defined in Sec-
tion 5.2.3. Under some assumptions with sufficiently large n, the law of large
numbers (LLN), that is formally described in Theorem C.1 in Appendix C.3.1
for hyper-relational setting, indicates that

EXU

(
γϕ(μθ̂ϕ,n

(X))︸ ︷︷ ︸
(�1)

(μθ̂ϕ,n
(X)− μ∗(X)︸ ︷︷ ︸

(�2)

)
∂ log μθ̂ϕ,n

(X)

∂θ︸ ︷︷ ︸
(�3)

)
≈ 0, (5.13)

where μ∗(X) := E(w | X) and EXU takes expectation with respect to the
tuple X. The factor (�3) represents a vector-valued function, usually high-
dimensional and non-zero; at least either of factors (�1), (�2) is expected to
be approximately 0 for each X, for simultaneously satisfying the entry-wise
estimating equation (5.13).

Intuition behind the BHLR

We hereinafter consider a typical case S ⊂ R≥0, meaning that the hyper-
link weights take only the non-negative values. Friend network and co-
authorship network shown in Examples 5.2.2 and 5.2.2 coincide with this
case. When considering KL-divergence, the function γϕ reduces to a con-
stant

γϕKL(z) = 1 (∀z ∈ S),
namely (�1) = 1. Then, the factor (�2) is expected to be approximately 0 for
all X, and it indicates that μθ̂ϕ,n

≈ μ∗.
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On the other hand, we here consider replacing the KL divergence with
other Bregman divergences. Regarding the other divergences listed in Ta-
ble 5.1, we obtain

γϕLogistic(z) =
1

1− z
, γϕβ

(z) = zβ, γϕItakura-Saito(z) =
1
z

,

γϕInverse(z) =
2
z2 , γϕExponential(z) = z exp(z).

Therefore, employing Bregman divergence corresponds to incorporating weight
function γϕ into the estimating equation of KL-divergence. We plot the func-
tion γϕ for Bregman divergences in the following Figure 5.3.
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FIGURE 5.3: γϕ(z) is plotted for each Bregman divergence
listed in Table 5.1.

As can be seen in Figure 5.3, the function γϕ(z) for β-divergence and
exponential divergence takes values near 0 if z ≈ 0. Therefore, (�1) in
(5.13) is not always non-zero unlike the KL-divergence case; (�2) does not
need to be nearly equal to 0, as long as these divergences are employed
and μθ̂ϕ,n

(X) ≈ 0. This property yields the robustness of the estimation,
that is also discussed from a different perspective in the original paper of β-
divergence (Basu et al., 1998). Then, the robustness property in our setting is
roughly described as follows.

Estimation Robustness of BHLR

By referring to the above intuition, we here describe the intuition of the esti-
mation robustness of BHLR. We consider the case that μ∗(X) = E(w | X) is
represented as a combination of the true function μtrue and the contamination
function μcont., i.e.,

μ∗(X) = μtrue(X) + αμcont.(X) (5.14)

for some small but nonzero α > 0. We assume that these functions μtrue, μcont.
are “far apart", and μcont. is also assumed to have a finite “small" support for
description simplicity, as illustrated in the following Figure 5.4. Then, we
aim at estimating the true function μtrue. via the contaminated function μ∗.
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FIGURE 5.4: Assuming that (i) functions μtrue and μcont. are “far
apart", and (ii) μcont. has a finite “small" support.

In this setting, the function μθ̂ϕ,n
estimated via KL-divergence fits μ∗ for

all X (as the factor (�2) is equally weighted by (�1) = 1 for all X), namely,

μθ̂ϕKL,n
≈ μ∗ (= μtrue + αμcont.).

It means that the function fits both functions μtrue and μcont..
However, on the other hand, β-divergence may ignore μcont. as long as the

estimated function satisfies μθ̂ϕ,n
(X) ≈ 0 for all the X in the support of μcont..

This is because, as described in the intuition behind the BHLR, the factor (�1)
in (5.13) takes values near 0 if μθ̂ϕ,n

(X) ≈ 0, whereupon (�2) does not need
to be 0. Similar also holds for exponential divergence. Therefore, the func-
tion estimated via β or exponential divergence may ignore the contamination
function μcont. and approximate the true function μtrue, i.e.,

μθ̂ϕβ ,n
≈ μtrue, and μθ̂ϕExponential,n

≈ μtrue,

depending on the setting and the user-specified function μθ. Although the
above estimation depends on which of the local minimum the estimator θ̂ϕ,n
approaches, and the explanation is adapted to our setting, it is empirically
examined that the β-divergence based estimation is robust against contami-
nation functions, especially in regression case (U = 1; Basu et al. (1998) and
Kanamori and Fujisawa (2015)). The estimation based on β-divergence is
considered in a variety of studies (Minami and Eguchi, 2002; Tan and Févotte,
2012), including matrix factorization and tensor factorization (Cichocki et al.,
2009).

In addition to the robust regression (U = 1), β-divergence can be ap-
plied to graph embedding (U = 2) instead of leveraging KL-divergence, as
published in a paper of ours (Okuno and Shimodaira, 2019). The graph em-
bedding based on β-divergence is especially called β-graph embedding, and
the estimation robustness is also empirically illustrated in the following Fig-
ure 5.5.

Although the β-graph embedding is limited to the case U = 2, it is further
generalized to arbitrary U and arbitrary divergences by the proposed BHLR.
In this sense, BHLR is expected to be robust against contamination function
in (5.14), by employing several specific divergences.
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(C) β = 1.0

FIGURE 5.5: β-graph embedding using linear transformation
f θ(x) = θ�x is applied to n = 200 synthetic data vectors having
graph-structured associations across 4 different clusters. Node
color represents the cluster to which the corresponding data
vector belongs, and the data vectors belonging to the same clus-
ter are associated. Gray lines represent (contaminated) posi-
tive link weights across different clusters; comparing to the KL-
based estimation shown in (A), β-GE shown in (B) and (C) well
recover the colored clusters. See, Appendix C.1 for further de-

tails on the synthetic dataset.

We last note the case that the remaining divergences are employed. Whereas
the function γϕ(z) increases as z increases for β and exponential divergences,
it decreases for Itakura-Saito and inverse divergences as shown in Figure 5.3.
Therefore, the BHLR equipped with Itakura-Saito or inverse divergence has
the opposite effect. Empirically speaking, the optimization of BHLR using
these divergences is not numerically stable in our problem setting; these di-
vergences are not employed in our numerical experiments in Section 5.6.

5.4 BHLR Family Members

In this section, we describe the BHLR family members by specifying U ∈ N

and the generating function ϕ in Sections 5.4.1–5.4.3 and Table 5.2.
Before explaining the BHLR family members, we first explicitly derive

the corresponding loss functions Lϕ,n(θ) associated with some generating
functions ϕLogistic(x) := x log x + (1 − x) log(1 − x), ϕKL(x) := x log x −
x, ϕQuad.(x) := x2 − x and ϕβ(x) := x1+β

β(1+β)
− x

β , that are listed in Table 5.1.
Subsequently, for an arbitrary U ∈ N, we have

LϕLogistic,n(θ) =
1

|I (U)
n | ∑

i∈I (U)
n

{− wi log μθ(Xi)

−(1− wi) log(1− μθ(Xi))
}
+ C(U)

Logistic, (5.15)

LϕKL,n(θ) =
1

|I (U)
n | ∑

i∈I (U)
n

{−wi log μθ(Xi) + μθ(Xi)}+ C(U)
KL , (5.16)

LϕQuad.,n(θ) =
1

|I (U)
n | ∑

i∈I (U)
n

(wi − μθ(Xi))
2, (5.17)
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Lϕβ,n(θ) =
1

|I (U)
n | ∑

i∈I (U)
n

{
− 1

β
wiμθ(Xi)

β +
1

1 + β
μθ(Xi)

1+β

}
+ C(U)

β , (5.18)

respectively, where

C(U)
Logistic :=

1

|I (U)
n | ∑

i∈I (U)
n

{wi log wi + (1− wi) log(1− wi)} ,

C(U)
KL :=

1

|I (U)
n | ∑

i∈I (U)
n

{wi log wi − wi} , C(U)
β :=

1

|I (U)
n | ∑

i∈I (U)
n

w1+β
i

β(1 + β)

are constants independent of the parameter θ. By utilizing these loss func-
tions (5.15)–(5.18), and sets

A(p, K) := {θ = (θij) ∈ Rp×K | θij ≥ 0, ∀(i, j) ∈ [p]× [K]},

F (p, K) := {θ | θ is a parameter for the vector-valued

neural network f θ : Rp → RK},
C(n1, n2, . . . , nU) := {i = (i1, i2, . . . , iU) | i1 = 1, 2, . . . , n1;

i2 = n1 + 1, n1 + 2, . . . , n1 + n2; · · · ;

iU =
U−1

∑
u=1

nu + 1, . . . ,
U

∑
u=1

nu},

various existing methods can be regarded as the BHLR family members, as
shown in Table 5.2. A detailed explanation of the BHLR family members are
provided in Section 5.4.1 for U = 1, Section 5.4.2 for U = 2, and Section 5.4.3
for U ≥ 2.

5.4.1 U = 1

• Least-squares (LS) regression (Bishop, 2006) is equivalent to minimiz-
ing LϕQuad.,n(θ), and similarly, logistic regression (Bishop, 2006) and
Poisson regression (Cameron and Trivedi, 2007) minimize LϕLogistic(θ)

and LϕKL(θ), respectively. The regression function fθ : Rp → R used
in the regression methods above can be specified arbitrarily. Whereas
linear transformation θ�xi ∈ R is typically used (Zhang, Jiang, and
Chai, 2010), NNs are incorporated currently for enhancing the expres-
sive power of the regression function.

• Parametric Bregman-divergence regression (PBDR; Zhang, Jiang, and
Shang (2009)) generalizes Poisson regression, logistic regression and
least squares (LS) regression; it is equivalent to the BHLR equipped
with arbitrary generating functions ϕ and functions μθ(Xi) in the form
of ν(θ�xi1) for some function ν : R → R. The PBDR is a special case
of the BHLR. However, PBDR considers only the limited form of func-
tions μθ(Xi), whereas BHLR can employ arbitrary function including
neural networks.
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5.4.2 U = 2

• Matrix factorization (MF; Koren, Bell, and Volinsky (2009)) decom-
poses a given matrix V = (vj) ∈ Rn1×n2 into matrices ξ(u) ∈ Rnu×K (u =

1, 2), by minimizing the BD between entries of V and those of ξ(1)ξ(2)�.
Subsequently, we can expect that V ≈ ξ(1)ξ(2)�.

Here, we briefly explain that the BHLR includes MF as a special case,
by considering link weights

W = (wi) =

(
On1×n1 V

V� On2×n2

)
, (5.19)

and (n1 + n2)-dimensional 1-hot data vectors {xi}n1+n2
i=1 .

Using the parameter θ = (ξ(1)�, ξ(2)�)� ∈ R(n1+n2)×K and an index set
C(n1, n2) := {(i1, i2) | i1 = 1, 2, . . . , n1; i2 = n1 + 1, n1 + 2, . . . , n1 + n2},
it holds that

Dϕ({vj}j∈[n1]×[n2], {(ξ(1)ξ(2)�)j}j∈[n1]×[n2])

= Dϕ({wi}i∈C(n1,n2), {〈θ�xi1 , θ�xi2〉}i∈C(n1,n2)), (5.20)

where vj and wi represent elements of the matrices V and W , respec-
tively. Thus, MF minimizing the objective on the left-hand side is equiv-
alent to the BHLR minimizing the objective on the right-hand side. Al-
though MF employs the quadratic loss LϕQuad.,n(θ) in many cases, MF is
in fact defined with an arbitrary BD (Cichocki et al., 2009).

MF (U = 2) can be generalized to U ≥ 2, where the generalization is
called tensor factorization (TF). We describe TF in the following section,
and its relation to the BHLR is described in detail in Appendix C.2.

Finally, MF is called a non-negative MF (NMF; Cichocki et al. (2009))
if the entries of the decomposed matrices ξ(1), ξ(2) are restricted to be
non-negative.

• Graph embedding discussed thus far is a method for representation
learning, that trains the transformation f θ : X (⊂ Rp) → RK with a
user-specified dimension K ∈ N, such that the link weight wi ≥ 0
is predicted through μθ(Xi) = ν(〈 f θ(xi1), f θ(xi2)〉). As discussed in
Chapter 4, we may employ more expressive SIPS and IPDS instead
of the IPS therein. θ is a parameter vector to be estimated by mini-
mizing LϕLogistic,n(θ) with sigmoid function ν(·) = σ(·) in LINE (Tang
et al., 2015), and LϕKL,n(θ) with ν(·) = exp(·) in 1-view version of
PMvGE (Okuno, Hada, and Shimodaira, 2018) discussed in Chapter 3,
which we denote as KL-GE herein. The KL-divergence is replaced with
β-divergence in β-graph embedding (β-GE; Okuno and Shimodaira (2019)),
as discussed in Section 5.3.3.
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• Stochastic block model (SBM; Holland, Laskey, and Leinhardt (1983))
considers a graph for which each node i ∈ [n] is associated with the
cluster index xi ∈ [C]. The SBM learns θ1, θ2 ∈ [0, 1], representing prob-
abilities that a link exists between two nodes belonging to the same
cluster and different clusters, respectively. As the probability P(wi =
1 | Xi) is expressed as μθ(Xi) := θ11(xi1 = xi2) + θ21(xi1 �= xi2) and the
parameter θ = (θ1, θ2) is learned by minimizing LϕLogistic,n(θ), the SBM
is a special case of the BHLR.

5.4.3 U ≥ 2

• PARAFAC (Cichocki et al., 2009; Cong et al., 2015), that is also called
TF, CP-decomposition, and CANDECOMP, decomposes a given ten-
sor V := (vj) ∈ Rn1×n2×···×nU into matrices ξ(u) := (ξ

(u)
jk ) ∈ Rnu×K (u ∈

[U]), by minimizing the BD between entries of V and [[ξ(1), ξ(2), . . . , ξ(U)]]

whose j = (j1, j2, . . . , jU)-th entry is specified as ∑K
k=1 ξ

(1)
j1k ξ

(2)
j2k · · · ξ(U)

jUk .

Subsequently, we can expect that V ≈ [[ξ(1), ξ(2), . . . , ξ(U)]]. TF (U ≥ 2)
generalizes the MF (U = 2) explained in Section 5.4.2 because [[ξ(1), ξ(2)]] =

ξ(1)ξ(2)�. Similar to MF, TF is a special case of the BHLR. See Ap-
pendix C.2 for details.

• PARAFAC is called a non-negative tensor factorization (NTF; Cichocki
et al. (2009) and Kolda and Bader (2009)) or non-negative PARAFAC, if
the entries of the decomposed matrices ξ(u) (u ∈ [U]) are restricted to
be non-negative. Although this PARAFAC-based NTF can be applied to
general U ∈ N (Kolda and Bader, 2009), many different types of NTFs
have been developed especially for U = 3; by referring to Cichocki et
al. (2009) p. 54 Table 1.2, NTF1, NTF2 (Cichocki and Zdunek, 2006), and
shifted NTF (Harshman, Hong, and Lundy, 2003) decompose a given
tensor into 2 matrices and a tensor, and convolutive NTF (CNTF) and
C2NTF (Mørup and Schmidt, 2006) decompose the tensor into a matrix
and 2 tensors.

Other Related Works

• LPP (He and Niyogi, 2004) and CDMCA (Shimodaira, 2016), that are
explained in Sections 2.2 and 2.4 in Chapter 2, can be used as methods
for U = 2. Although they are not in line with the proposed BHLR,
they are approximately included in BHLR by considering the quadratic
approximation, as described in Appendix A.1.

• HIMFAC (Nori, Bollegala, and Kashima, 2012) explained in Section 2.4
in Chapter 2 can be used as a method for U ≥ 2, though HIMFAC
eventually becomes equivalent to CDMCA, that considers the case U =
2.
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• For U ≥ 2, Coordinated matrix minimization (CMM) (Zhang et al.,
2018) efficiently infers a subset of user-specified candidate hyperlinks
that are the most suitable to fill the training hypernetworks using a low-
rank approximation. However, CMM can find hyperlinks only among
the training nodes, implying that it cannot be used for obtaining hyper-
links among test nodes outside the training dataset. CMM is neither an
HLR or a BHLR.

• For U ≥ 2, Deep Sets (Zaheer et al., 2017) provides a permutation in-
variant expressive similarity function μ̃θ : 2X → R defined for sets of
data vectors. The function μ̃θ is trained by leveraging KL-divergence
and logistic loss, whereas BHLR is equipped with arbitrary Bregman
divergence. Although the similarity function of Deep Sets can be used
for BHLR, the functional form is more restrictive than those considered
in our setting. For paying the price of arbitrary size of vector sets, their
Theorem 2 proves that a function μ̃θ : 2X → R is permutation invariant
if and only if μ̃θ is in the form of μ̃θ(xi1 , xi2 , . . .) = ρθ(∑u φθ(xiu)) for
some functions ρθ and φθ, by assuming that the set X is countable, or
the dimension of X is 1.

5.5 BHLR Properties

In this section, we show two favorable properties of BHLR. The first prop-
erty (P-1) statistical consistency: the BHLR asymptotically recovers the true
conditional expectation of link weights, is explained in Section 5.5.1. Addi-
tionally, we explain the second property (P-2) computational tractability: the
BHLR can be efficiently computed by stochastic algorithms in Section 5.5.2.

5.5.1 Statistical Consistency

In this section, we demonstrate via Theorem 5.5.1 that the similarity function
μθ̂ϕ,n

(Xi) estimated by the BHLR asymptotically recovers the true conditional
expectation μ∗(Xi) = E(wi | Xi). For proving the asymptotic properties of
BHLR in Proposition 5.5.1 and Theorem 5.5.1, only in this section, we specify
the increasing order index set as

J (U)
n = {i ∈ [n]U | 1 ≤ i1 < i2 < · · · < iU ≤ n}, (5.21)

such that the set includes all the possible combinations of U different entries
i1, i2, . . . , iU ∈ [n], whereas no two distinct indices i, i′ ∈ J (U)

n are obtained
from each other by permutation. Then, hyperlink weights {wi}i∈J (U)

n
are

free from the symmetry constraints described in Section 5.2.2; the underlying
conditional distribution of wi | Xi can be defined without the constraints,
thus making the theoretical development easier.
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In the following, we list conditions (C-1)–(C-5) needed for theoretical de-
velopment. w represents a random variable that follows a cpdf (or cpmf) q of
w | X, for X = (x, x′, x′′, . . .) ∈ XU.

(C-1) Θ is compact.

(C-2) Real-valued functions μθ(X) and μ∗(X) := E(w | X) are continuous
on Θ×XU and XU, respectively. Especially, the function μθ(X) is Lip-
schitz continuous on Θ for each X ∈ XU.

(C-3) Hyperlink weights {wi}i∈I (U)
n

follow a distribution whose cpdf (or cpmf)

are specified as ∏i∈I (U)
n

q(wi | Xi), and data vectors x1, x2, . . . , xn i.i.d.
follow a pdf qX, where the support of qX is compact.

(C-4) E(w2 | X) < ∞ and E(ϕ(w)2 | X) < ∞ for all X ∈ XU.

(C-5) ϕ is C2 and strongly convex.

It is noteworthy that all the functions listed in Table 5.1 satisfy the condi-
tion (C-5); all the conditions (C-1)–(C-5) are not difficult to satisfy in practice.
Using these conditions, we demonstrate in the following Proposition 5.5.1
that Lϕ,n(θ) empirically approximates the expected value of dϕ(μ∗(X), μθ(X))
up to a constant.

Proposition 5.1

Let U ∈ N, I (U)
n = J (U)

n defined in eq. (5.21) and suppose that (C-
1)–(C-5) hold. Let EXU represent the expectation with respect to the
density of the U-tuple X = (x, x′, x′′, . . .) ∈ XU; more specifically,
x, x′, x′′, . . . i.i.d. follow a pdf qX. Then, for n → ∞, it holds that

Lϕ,n(θ) = EXU
(
dϕ(μ∗(X), μθ(X))

)
+ Cϕ + Op(1/

√
n)

for each θ ∈ Θ, where Cϕ := EXU (E(ϕ(w) | X)− ϕ(μ∗(X))) is a con-
stant independent of the parameter θ.

Proof is obtained by applying the law of large numbers for multiple in-
dexed partially dependent random variables. See Appendix C.3.2 for details.

As explained in Section 5.2.3, different tuples Xi, Xi′ may be constrained
as they may share some data vectors, even if data vectors xi are i.i.d. gen-
erated; theories for HLR can be different from those of classical regression,
that predicts response variables from i.i.d. explanatory variables. Due to the
constraint, the convergence rate of the loss function for BHLR is O(1/

√
n)

whereas the estimation leverages |I (U)
n | = O(nU) samples. The conver-

gence rate is similar to U-statistic (Lee, 1990), and is different from the rate
O(1/

√
nU) for classical regression using O(nU) i.i.d. data vectors.

Proposition 5.5.1 leads to the following Theorem 5.5.1, which claims that
the estimated model μθ̂ϕ,n

converges to μ∗ in probability, by considering that
dϕ(μ∗(X), μθ(X)) with fixed μ∗(X) is minimized if μθ(X) = μ∗(X).
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Theorem 5.1: Statistical estimation consistency

The symbols and conditions are the same as those of Proposition 5.5.1
except for the additional condition: there exists θ∗ ∈ Θ such that μθ∗ =
μ∗. Using a norm ‖ f ‖ := EXU( f (X)2)1/2 defined for functions f :
XU → R, it holds that

‖μ∗ − μθ̂ϕ,n
‖ p→ 0, (n → ∞), (5.22)

where θ̂ϕ,n is the estimator (5.9) computed with n data vectors {xi}n
i=1

and their hyperlink weights {wi}i∈I (U)
n

.

Proof is provided in Appendix C.3.3. As indicated in Theorem 5.5.1 above,
the estimated similarity function μθ̂ϕ,n

asymptotically recovers the underly-
ing expectation function μ∗ in probability, regardless of the choice of ϕ. Thus,
the BHLR is statistically consistent.

Interestingly, Theorem 5.5.1 does not rely on the underlying conditional
distribution of hyperlink weights; BHLR is also robust against the distribu-
tional misspecification for the weights, as long as the set of user-specified
similarity functions {μθ(X)}θ∈Θ includes the conditional expectation μ∗(X) :=
E(w | X) therein.

Note that similar property is already known for exponential linear regres-
sion models (e.g., Poisson regression model), that correspond to BHLR with
U = 1. See Cameron and Trivedi (2013) Section 2.4.2 and 3.2.3 for details.

5.5.2 Stochastic Optimization and Its Convergence

In this section, we discuss the optimization for the BHLR. We first consider
applying the classical fullbatch gradient descent (GD), i.e., GD using all data
for computing gradients to obtain the estimator (5.9). Subsequently, we demon-
strate that the fullbatch-based methods require considerable computational
cost when considering U ≥ 2. For reducing the computational complexity,
we introduce an efficient algorithm based on minibatch stochastic GD (SGD),
i.e., GD using a sampled small dataset for computing gradients. Further-
more, we prove the asymptotics of the minibatch SGD, and demonstrate that
it increases the ROC–AUC test score in our numerical experiments.

For notational simplicity, n, U ∈ N, generating function ϕ, index set
I (U)

n ( �= ∅) ⊂ [n]U, hyperlink weights {wi}i∈I (U)
n

, and data vectors {xi}n
i=1

are fixed in this section. It is noteworthy that the index set I (U)
n ⊂ [n]U can

be arbitrary specified hereinafter, whereas the set I (U)
n was restricted to have

a specific form J (U)
n = (5.21) in the previous Section 5.5.1 for making the the-

ory easier. For example, both (1, 2) and (2, 1) can be included in I (2)n while
only (1, 2) was included in J (2)

n .
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We begin by obtaining the estimator (5.9) by applying the fullbatch GD
with T ∈ N iterations started from a randomly initialized vector θ(1):

θ(t+1) := QΘ

(
θ(t) − γ(t)g(θ(t))

)
, t = 1, 2, . . . , T, (5.23)

where {γ(t)}t=1,2,...,T ⊂ R>0 are step sizes, g(θ) is the gradient function,
and QΘ(θ) := arg minθ′∈Θ ‖θ′ − θ‖2 is the projection to the parameter space
where ‖z‖2 := (∑

q
i=1 z2

i )
1/2 for z = (z1, z2, . . . , zq) ∈ Rq. This projection

is required for ensuring that the estimator θ̂
(t) is included in the parameter

space Θ; the projection can be ignored if Θ = Rp. The gradient function is
expressed as

g(θ) :=
∂Lϕ,n(θ)

∂θ
=

1

|I (U)
n |

{
∑

i∈I (U)
n

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

− ∑
i∈P (U)

n

wi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

}
, (5.24)

where P (U)
n := {i ∈ I (U)

n | wi �= 0} is a set of indices whose corresponding
weights are non-zero. After the T iterations, θ(T+1) converges to the estimator
(5.9) as T → ∞ under some assumptions (Dunn, 1981). However, comput-
ing the gradient (5.24) requires considerable computational cost O(|I (U)

n |) =
O(nU); the significant computational complexity is non-negligible especially
for U ≥ 2.

For efficiently computing the estimator (5.9), we alternatively employ
minibatch SGD (Ruder, 2016) that iteratively updates the parameter as

θ̃
(t+1) := QΘ

(
θ̃
(t) − γ(t) g̃(t)η (θ̃

(t)
)
)

, t = 1, 2, . . . , T, (5.25)

where g̃(t)η (θ) is a stochastic gradient as will be defined in (5.29) using the
sampled small dataset called minibatch.

Although minibatch sampling can be easily formulated in the case of
U = 1, several different sampling patterns may occur when U ≥ 2. For
instance, when U = 2, the negative-sampling used in skip-gram (Mikolov
et al., 2013) first randomly fixes the first entry i1 in the index i = (i1, i2)
and subsequently samples a minibatch as shown in Figure 5.6. On the other
hand, the minibatch SGD used for PMvGE, which is shown in Section 3.4.2 in
Chapter 3, samples a minibatch without fixing any entries in the index. Thus,
we unify both of these existing methods in this study, and propose a general
procedure for sampling a minibatch that can be used for both U = 1, 2 and
U ≥ 3. The proposed general procedure is explained in the following and
Algorithm 1.

In the proposed procedure, that generalizes negative sampling (U = 2, v =
1) used in skip-gram (Mikolov et al., 2013), we first specify v ∈ {0, 1, 2, . . . , U−
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is selected.

Obtained minibatch

For each iteration

FIGURE 5.6: Negative-sampling used in skip-gram (Mikolov et
al., 2013), that is illustrated with n = 7, u = 1, I (U)

n = [n]U

in this figure, is a special case (U = 2, v = 1) of the pro-
posed procedure. For each iteration, (i) j ∈ [n]v(= {1, 2, . . . , 7})
is randomly selected; j = 5 is selected herein. (ii) Ĩ (U)

n is
a set of all the possible indices whose u(= 1)-th entry is
fixed as j(= 5), i.e., Ĩ (U)

n = {(5, 1), (5, 2), (5, 3), ..., (5, 7)}, and
P̃ (U)

n represents a set of indices whose corresponding weights
are non-zero (shown as dot lines in this figure), i.e., P̃ (U)

n =
{(5, 1), (5, 3), (5, 6), (5, 7)}. (iii) m+, m− entries are randomly se-
lected from sets P̃ (U)

n , Ĩ (U)
n , and denote the sets as P̃ (U)

mini, Ĩ (U)
mini;

they are called “minibatch". We further generalize the negative
sampling from U = 2 to arbitrary U ∈ N.
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1}, that represents the number of entries in the index i to be fixed. v = 0 in-
dicates that no entry is fixed; we herein consider v ≥ 1. For fixing the entries,
we specify u in a set

{u = (u1, u2, . . . , uv) ∈ [U]v | u1 < u2 < · · · < uv}. (5.26)

Then, the proposed procedure is summarized in Algorithm 1 using a set of
i ∈ I (U)

n whose u = (u1, u2, . . . , uv)-th entry is fixed as j = (j1, j2, . . . , jv) ∈
[n]v, that is

I (U)
n,u (j) := {i := (i1, i2, . . . , iU) | i ∈ I (U)

n , iu1 = j1, . . . , iuv = jv} (5.27)

for j ∈ [n]v, and and a set

Ku := {j ∈ [n]v | I (U)
n,u (j) �= ∅}, (5.28)

that decomposes the index set as I (U)
n =

⋃
j∈Ku I (U)

n,u (j) without any over-
lap. pj represents the probability to choose j from the set Ku; we employ
pj = 1/|Ku| later in Theorem 5.5.2, whereas it can be arbitrarily specified
by users in practice. The proposed minibatch sampling for hyper-relations is
also illustrated in Example 5.5.2.

Algorithm 1 Proposed minibatch sampling procedure
Mv(I (U)

n , u, {pj}j∈Ku , m+, m−).

Require: An index set I (U)
n ⊂ [n]U, numbers of minibatch samples

m+, m− ∈ N, a vector u = (u1, u2, . . . , uv) in the set (5.26), and probability
pj that samples j from the set Ku. Note that u, {pj}j∈Ku are not required
for v = 0.
if v ≥ 1 then

Randomly choose a j from the set Ku defined in (5.28), with the proba-
bility pj.

Ĩ (U)
n := I (U)

n,u (j) defined in (5.27).
else if v = 0 then
Ĩ (U)

n := I (U)
n , as v = 0 indicates no fixed entry in the index i.

end if
P̃ (U)

n := {i | i ∈ Ĩ (U)
n , wi �= 0}.

Choose m+, m− entries uniformly and randomly from P̃ (U)
n , Ĩ (U)

n , and de-
note the sets as P̃ (U)

mini, Ĩ (U)
mini.

s+ := |P̃ (U)
n |/m+, s− := |Ĩ (U)

n |/m−.
Ensure: (P̃ (U)

mini, Ĩ (U)
mini, s+, s−).
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Example 5.3: Minibatch sampling for hyper-relations

We consider n = 7, U = 4, v = 2, I (U)
n = [n]U, u = (1, 3), and j =

(2, 5) is herein randomly selected. We define a set of indices whose
u = (1, 3)-th entry is fixed as j = (2, 5), i.e.,

Ĩ (U)
n = I (U)

n,u (j) := {(2, a, 5, b) ∈ I (U)
n | a, b ∈ {1, 2, . . . , 7}},

and a set of indices whose corresponding hyperlink weights are non-
zero, i.e., P̃ (U)

n = {i ∈ Ĩ (U)
n | wi �= 0}; they are sets of candidate indices

to be resampled. We uniformly and randomly choose m+, m− indices
from sets P̃ (U)

n , Ĩ (U)
n , and denote the sets as P (U)

mini, I (U)
mini; they are used

for computing the gradient (5.29) and update the parameter by (5.25).

It is noteworthy that the sampling procedure in Algorithm 1 can effi-
ciently pick up non-zero weights even if most of the weights {wi}i∈I (U)

n
are

zero. Similarly to Mikolov et al. (2013) and the stochastic optimization algo-
rithm shown in Section 3.4.2 in Chapter 3, the gradient g(θ) at the iteration t
can be stochastically approximated by

g̃(t)η (θ) := s(t)− ∑
i∈Ĩ (t)mini

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

− η · s(t)+ ∑
i∈P̃ (t)

mini

wi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ
, (5.29)

where the minibatch M(t) := (P̃ (t)
mini, Ĩ (t)mini, s(t)+ , s(t)− ) is obtained via Algo-

rithm 1 and η > 0 is a user-specified parameter. The coefficient s(t)− =

|Ĩ (U)
n |/|Ĩ (t)mini| is needed for adjusting the first term in the stochastic gra-

dient (5.29), since only the fixed size of minibatch Ĩ (t)mini is sampled from

the set Ĩ (U)
n whose size may depend on the selected j ∈ Ku. Similarly,

s(t)+ = |P̃ (U)
n |/|P̃ (t)

mini| is needed for adjusting the second term. Although

these coefficients s(t)+ , s(t)− are required for theoretical development, they may
be ignored in practice, as demonstrated later.

The computational complexity for the stochastic gradient (5.29) is O(m++
m−), and it can be significantly less than the complexity O(nU) of the full-
batch gradient (5.24), at least for each iteration. Moreover, the minibatch
SGD (5.25) using (5.29) reaches approximately the optimal value within a
reasonable number of iterations, as will be empirically demonstrated at the
last of this section; BHLR can be efficiently computed by the minibatch SGD.

The minibatch SGD equipped with Algorithm 1 and (5.29), can be applied
to general U ≥ 2 and v ≥ 0 whereas it encompasses several existing methods;
in our context, it reduces to the minibatch SGD using the negative sampling
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for skip-gram (Mikolov et al., 2013) if (U, v, ϕ, m+) = (2, 1, ϕLogistic, 1), and it
also reduces to the stochastic optimization algorithm used for PMvGE (Sec-
tion 3.4.2 in Chapter 3) if (U, v, ϕ) = (2, 0, ϕKL). The sampling procedures
are called “negative sampling: unigram” (v = 1) and “uniform link sam-
pling” (v = 0) in Veitch et al. (2019). Other major stochastic algorithms such
as AdaGrad (Duchi, Hazan, and Singer, 2011) and Adam (Kingma and Ba,
2015) can be employed as well, once the minibatch-based stochastic gradi-
ent (5.29) is formally defined with Algorithm 1.

Hereinafter, we discuss the asymptotics of the minibatch SGD when the
number of iterations is sufficiently large, by employing Ghadimi and Lan
(2013) Theorem 2.1 (a).

Whereas the standard stochastic optimization algorithms preliminary de-
termine the number of iterations T, for theoretical purposes, Ghadimi and
Lan (2013) randomly choose the number of iterations τ from the set [T] =
{1, 2, . . . , T} with the probability P(τ), and update the parameter θ within τ

iterations. In this setting, the expectation of the stochastic gradient g̃(τ)η (θ̃
(τ)

)
is proved to approach 0 as T → ∞; considering the Bregman divergence be-
tween the hyperlink weights multiplied by a user-specified constant η > 0
and the similarities {μθ(Xi)}i∈I (U)

n
, i.e.,

Qη(θ) := Dϕ({ηwi}i∈I (U)
n

, {μθ(Xi)}i∈I (U)
n

), (5.30)

we apply Ghadimi and Lan (2013) to our setting, and show in the following
Theorem 5.5.2 that the gradient of Qη(θ) approaches to 0 as T increases.

For applying Ghadimi and Lan (2013), we further assume the following
conditions (D-1)–(D-3):

(D-1) Differentiability of Qη(θ): the loss function Qη(θ) defined in eq. (5.30)
is differentiable with respect to θ.

(D-2) Lipschitz continuity for the gradient of Qη(θ): using the coefficient

α :=

{
|I (U)

n |/|Ku| (v = 1)

|I (U)
n | (v = 0)

, the gradient α ∂
∂θQη(θ) is H-Lipschitz

continuous for some H > 0, i.e., ‖α ∂
∂θQη(θ)− α ∂

∂θQη(θ
′)‖2 ≤ H‖θ−

θ′‖2, (∀θ, θ′ ∈ Θ).

(D-3) Bounded variance for the stochastic gradient: variance of the minibatch-
based stochastic gradient g̃(1)η (θ) is uniformly bounded with respect to

resampling the minibatch, i.e., supθ∈Θ trVM(1) (g̃(1)η (θ)) < ∞.

Symbols EM(t) (·), VM(t) (·) represent the expectation and the variance co-
variance matrix with respect to resampling the minibatch M(t), and Eτ(·)
takes expectation with respect to selecting τ ∈ [T]. trZ represents the trace of
the matrix Z = (zij) ∈ Rp×p, i.e., trZ = ∑

p
i=1 zii, and ‖z‖2 := (∑

q
i=1 z2

i )
1/2 for

z = (z1, z2, . . . , zq) ∈ Rq.
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(D-1)–(D-3) are assumed in Ghadimi and Lan (2013), and they are not
unusually strong assumptions in our setting; when assuming (C-1) compact-
ness of the parameter set Θ, Qη(θ) using any generating function listed in
Table 5.1 and the similarity function (5.11) equipped with vector-valued neu-
ral networks f θ : XU → RK activated by sigmoid function, satisfies the
assumptions (D-1)–(D-2). Then, (D-3) also holds since the stochastic gradient
g̃(1)η (θ) is C1 on the compact set Θ and the minibatch M(t) is a realization of
random variable taking value in a finite set.

Theorem 5.2: Convergence of SGD

Let m+, m−, q, T, U ∈ N, v ∈ {0, 1, . . . , U − 1}, η > 0, Θ := Rq, and
{θ̃

(t)}T
t=1 is a sequence of the minibatch SGD (5.25), and the condi-

tions (D-1)–(D-3) are assumed. If v ≥ 1, let u be a vector in the set
(5.26), and pj := 1/|Ku| for all j ∈ Ku. By specifying γ(t) = γt−1 with
γ ∈ (0, 2/H), and choosing the number of iterations τ ∈ [T] with the
probability P(τ = t) = 2γ/t−Hγ2/t2

∑T
t=1(2γ/t−Hγ2/t2)

, it holds that

Eτ

(
E{M(t)}t∈[τ]

( ∥∥∥∥ ∂

∂θ
Qη(θ̃

(τ)
)

∥∥∥∥2

2

))
= O(1/ log T)→ 0, (T → ∞).

See Appendix C.3.4 for the proof.
Theorem 5.5.2 indicates that the gradient

∂

∂θ
Qη(θ̃

(τ)
) =

∂

∂θ
Dϕ({ηwi}i∈I (U)

n
, {μθ(Xi)}i∈I (U)

n
)

∣∣∣∣
θ=θ̃

(τ)

approaches 0 as T → ∞. Considering limT→∞ P(τ ≤ T′) = 0 for any fixed
constant T′ ∈ N, indicating that large τ tends to be selected when T is suffi-
ciently large, the estimator θ̃

(t) computed through the iterative update (5.25)
approaches a set of stationary points of Dϕ({ηwi}i∈I (U)

n
, {μθ(Xi)}i∈I (U)

n
) as

t increases. Although the estimator can be trapped in local minimizers or
saddle points during the iterative update, gradient descent using randomly
perturbed gradients is proved to escape saddle points efficiently (Jin et al.,
2017). The similar is expected for minibatch SGD; the estimator may ap-
proach a good minimizer efficiently, depending on the situation. When the
estimator approaches a global minimizer, under some assumptions, we can
expect that

ημ∗(X) ≈ μ
θ̃
(t) (X), (∀X ∈ XU) (5.31)

for some sufficiently large n, t ∈ N, by considering Theorem 5.5.1 with E(ηwi |
Xi) = ημ∗(Xi). Although specifying η = 1 appears better in terms of ex-
actly recovering the underlying true similarity function μ∗, it is not neces-
sarily so in practice; only the ratio μθ(Xi)/μθ(Xi′) is required to infer which
of the tuples Xi, Xi′ exhibits a stronger relation. Thus η can be arbitrarily
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specified by users. In practice, we may set s(t)+ = s(t)− = 1, η = 1 in (5.29),

which is justified if the ratio |Ĩ (U)
n |/|P̃ (U)

n | is constant; this in effect specifies
η = (|Ĩ (U)

n |m+)/(|P̃ (U)
n |m−) in (5.31) and γ(t) being multiplied by |Ĩ (U)

n |/m−
in (5.25). Theorem 5.5.2 can be applied to general U ∈ N, whereas only a few
theoretical aspects of stochastic algorithms have been investigated even for
U = 2 (Veitch et al., 2019).

Here, we empirically demonstrate that a stochastic optimization algo-
rithm called Adam (Kingma and Ba, 2015) equipped with the proposed mini-
batch sampling procedure shown in Algorithm 1 appropriately optimizes the
similarity function within the reasonable number of iterations, in Table 5.3.

5.6 Numerical Experiments

In this section, we describe the numerical experiments that we conducted
on real-world datasets. In Section 5.6.1 and 5.6.2, we employ the attributed
DBLP co-authorship network dataset (Desmier et al., 2012) for performing
the BHLR with U = 2 and U = 3, corresponding to link regression and
hyperlink regression, respectively.

Hereinafter, we incorporate a regularization ϕKL(z) = z log(z + ε) with a
small constant ε := 10−4 into the KL divergence, for numerically stabilizing
the experimental results.

5.6.1 Link Regression (U = 2)

• Dataset: We utilize a network comprising n = 2,723 attributed nodes
and 37,322 positive binary link weights, that aggregates 9 snapshots
of the DBLP dynamic co-authorship network dataset (Desmier et al.,
2012). In the aggregated network, each binary link weight represents
whether the corresponding authors have at least one co-authorship re-
lation in the 9 snapshots; wi1i2 = 1 if the authors i1 and i2 have the
relation, and 0 otherwise. Each node has p = 43 dimensional data vec-
tors, representing the number of publications, summed up over the 9
snapshots, in each of the selected 43 journals/conferences.

• Similarity function architecture: Vector-valued NN f θ : R43 → RK is a
1-hidden-layer multilayer perceptron with 1,000 hidden units activated
by the ReLU and K unactivated output units. Using f θ, we exploit a
similarity function μθ(Xi) := σ(〈 f θ(xi1), f θ(xi2)〉), where σ(z) := (1 +
exp(−z))−1 is a sigmoid function.

• Learning similarity functions: NN f θ in the similarity function is trained
by Adam optimizer (Kingma and Ba, 2015) using Algorithm 1 for mini-
batch sampling. For computing the stochastic gradient (5.29), we uti-
lize s(t)+ = s(t)− = 1, η = 1, and batch sizes (m+, m−) are selected the set
{(1, 15), (3, 13), (6, 10), (10, 6)}. For each of batch sizes (m+, m−), the
weight decay is grid searched over {10−2, 10−3}.
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• Evaluation: The set of data vectors is randomly divided into 3 non-
overlapping sets for training, validation, and test, whose numbers are
ntrain = 1, 907 (70%), nvalid = 408 (15%), ntest = 408 (15%). In the test
dataset, 10 pairs are sampled from the set {i = (i1, i2) | w(test)

i = 0} for
each i1 = 1, 2, . . . , ntest, and combined with positive pairs {i = (i1, i2) |
w(test)

i > 0}; we compute the ROC-AUC score (Bradley, 1997) using
these link weights, and record the scores for each of the 50 iterations.
Similarly, we compute the ROC–AUC score for the validation dataset.
At the end of the iteration (T = 3ntrain), we record the test score whose
validation score is the best. We repeat this experiment 40 times, and
compute the sample average and the standard error for each (m+, m−);
the best validated score amongst all (m+, m−) is also computed.

• Baselines: We employ LINE (Tang et al., 2015), KL-GE representing
PMvGE (Okuno, Hada, and Shimodaira, 2018) discussed in Chapter 3
with D = 1, and graph embedding using β-divergence, that is pro-
posed in (Okuno and Shimodaira, 2019) and is discussed in Section 5.3.3.
They correspond to the BHLR equipped with LϕLogistic,n(θ), LϕKL,n(θ),
and Lϕβ,n(θ), respectively. LPP (He and Niyogi, 2004) is also conducted

for obtaining the linearly transformed feature vectors ỹi := Â�xi for
i ∈ [n]. Subsequently, similarities for the feature vectors are computed
by μθ(Xi) = σ(〈ỹi1 , ỹi2〉).

Results: The experimental results are shown in Table 5.4. Overall, the NN-
based methods outperformed the LPP as the NN is highly expressive whereas
the LPP is linear. In addition, NN-based methods demonstrated better per-
formance by increasing the dimension K of the feature vectors, unlike the
LPP that imposes a quadratic constraint on the feature vectors {yi}n

i=1. Over-
all, the exponential divergence and logistic loss demonstrated good perfor-
mances; particularly, the exponential divergence demonstrated the best per-
formance among the KL divergence, β-divergence, logistic loss, dual logistic
loss, and exponential divergence employed in this experiment. In terms of
selecting m+ and m−, in this case, using more than one positive minibatch
sample (m+ > 1) is better.

5.6.2 Hyperlink Regression (U = 3)

Experimental settings are almost similar to those of U = 2. We employ the
same dataset used in Section 5.6.1, and compute synthetic hyperlink weights
from their link weights.

• Similarity function architecture: using f θ defined in Section 5.6.1, we
exploit a similarity function: μθ(Xi) := σ

(〈 f θ(xi1), f θ(xi2), f θ(xi3)〉
)
,

where 〈y, y′, y′′〉 = ∑K
k=1 yky′ky′′k . Similarity functions are trained and

evaluated similarly to those of U = 2.

• Evaluation: We first divide the set of data vectors into training, valida-
tion, and test sets, similarly to U = 2. However, these datasets contain
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only the link weights (U = 2) but not hyperlink weights (U = 3); in
each of the datasets, we compute synthetic hyperlink weights W :=
(wi) in two different ways:

(a) wi = wi1i2i3 = 1 if xi1 , xi2 , xi3 are connected, i.e., a path exists be-
tween any of the two in i = (i1, i2, i3), and wi = 0 otherwise.

(b) wi = wi1i2i3 = 1 if xi1 , xi2 , xi3 are fully connected, i.e., all of two in
i = (i1, i2, i3) are connected, and wi = 0 otherwise.

In the test dataset, 15 tuples are sampled from the set {i = (i1, i2, i3) |
w(test)

i = 0} for each i1 = 1, 2, . . . , ntest, and combine them with positive

tuples {i = (i1, i2, i3) | w(test)
i > 0}. Using these tuples, we evaluated

the experimental results by ROC-AUC score, similarly to U = 2.

• Baseline: We employ HIMFAC (Nori, Bollegala, and Kashima, 2012) for
obtaining the linearly transformed feature vectors ỹi := Â�xi (i ∈ [n]).
Subsequently, similarities for the feature vectors are computed by (i)
μθ(Xi) := σ(〈ỹi1 , ỹi2 , ỹi3〉) and (ii) μθ(Xi) := σ(∑1≤k<l≤3〈ỹik

, ỹil
〉).

Results: The experimental results are shown in Table 5.5 for the setting (a)
and Table 5.6 for (b). Overall, the NN-based methods outperformed HIM-
FAC, since the NN is highly expressive whereas HIMFAC is linear. NN-based
methods demonstrated a slight improvement by increasing the dimension K
of the feature vectors. There is significant difference between the settings
(a) and (b) for HIMFAC, unlike NN-based methods. Regarding the setting
(a), the logistic loss, exponential divergence and β-divergence with β = 1
demonstrated good performances for K = 10. On the other hand, the β-
divergence with β = 0.5 and KL-divergence, whose scores for K = 10 were
not that high, demonstrated good performance for K = 40; experimental
results depend on the choice of K. HIMFAC with (i) demonstrates a low per-
formance, since their feature vectors are consequently obtained via LPP, that
is based on the simple inner product 〈y, y′〉 whereas (i) is based on the sim-
ilarity for triplets 〈y, y′, y′′〉. On the other hand, HIMFAC with (ii) demon-
strates much higher performance than (i), since HIMFAC is compatible with
the simple inner product. In terms of selecting m+ and m−, in this case, using
more than one positive minibatch sample (m+ > 1) is better. Regarding the
setting (b), tendency of the results are almost similar to the setting (a).

5.7 Conclusion

In this study, we considered hyperlink weight wi defined for U-tuple Xi that
is a collection of U data vectors (xi1 , xi2 , . . . , xiU). The hyperlink weights are
assumed to be symmetric with respect to permutation of the entries i1, i2, . . . , iU
in the index. We proposed the BHLR that learns a user-specified symmetric
similarity function μθ(Xi) such that it predicts a tuple’s hyperlink weight wi
through data vectors (xi1 , xi2 , . . . , xiU) stored in the corresponding U-tuple
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Xi. The BHLR encompassed various existing methods such as logistic re-
gression (U = 1), Poisson regression (U = 1), graph embedding (U = 2),
matrix factorization (U = 2), stochastic block model (U = 2), tensor fac-
torization (U ≥ 2), and their variants equipped with arbitrary BD. We pro-
vided theoretical guarantees for BHLR including several existing methods,
in the sense that general BHLR possessed the following two favorable prop-
erties: (P-1) statistical consistency and (P-2) computational tractability. Novel
minibatch-sampling procedure for hyper-relations and theoretical guarantee
for the entire stochastic optimization was also provided.
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6 Conclusion

In this thesis, we discussed the neural network-based graph embedding and
its extensions. In Chapter 1, we described the background of graph embed-
ding methods, that are equipped with neural networks (NNs). Background
knowledge for representation learning, including neural networks, graph
embedding, and multi-view methods was described in Chapter 2. Consid-
ering the background, we posed the following three challenges, towards a
theoretically-guaranteed unified framework of NN-based graph embedding.

Challenges

(1) NN-based graph embedding cannot be applied to multi-view data vec-
tors. Although some existing methods such as CDMCA (Shimodaira,
2016) can be applied to multi-view datasets, they leverage linear mod-
els. Thus NN-based multi-view graph embedding is required.

(2) Although universal approximation theorems for standard NNs are widely
developed, a neural network used in the graph embedding can be re-
garded as a siamese neural network (Bromley et al., 1994); only a little
work sheds light on its expressive power. Theoretical analysis of the ex-
pressive power and more expressive similarities are required for improv-
ing graph embedding performance.

(3) Existing graph embedding methods are limited to considering the link
weight defined between only two nodes, despite the fact that link weights
can be similarly defined for a set of three or more nodes. Furthermore,
objective function plays an indispensable role for hyperlink regression
(including graph embedding); clarifying a class of functions, that has de-
sirable theoretical properties in general hyperlink regression setting, is
also a challenge considered in this thesis.

For solving these three challenges, we provided the following contribu-
tions.

Contributions

(i) In Chapter 3, the challenge (1) was discussed. We proposed PMvGE, a
multi-view extension of NN-based graph embedding. Various existing
methods are approximately included in PMvGE. We gave a practical
estimation algorithm to PMvGE. Experiments on real-world datasets
showed that PMvGE outperforms existing methods.
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(ii) In Chapter 4, the challenge (2) was discussed. We studied the expres-
sive power of inner-product similarity (IPS) used in NN-based graph
embedding, and proved that IPS is limited to approximated positive-
definite (PD) similarities. To go beyond the limitation, we proposed
shifted-IPS (SIPS). SIPS is capable of approximating arbitrary condition-
ally PD (CPD) similarities, which is a wider class of PD similarities.
We empirically evaluated the SIPS model, and we developed a more
expressive inner product difference similarity (IPDS). We proved that
IPDS can approximate arbitrary similarities.

(iii) In Chapter 5, the challenge (3) was discussed. We proposed Bregman
Hyperlink Regression (BHLR) that learns a user-specified symmetric
similarity function μθ(Xi) such that it predicts a tuple’s hyperlink weight
wi through data vectors (xi1 , xi2 , . . . , xiU) stored in the corresponding U-
tuple Xi. The BHLR encompasses various existing methods. We pro-
vided theoretical guarantees for BHLR including several existing meth-
ods, in the sense that general BHLR possessed the following two fa-
vorable properties: (P-1) statistical consistency and (P-2) computational
tractability. A novel minibatch-sampling procedure for hyper-relations
and a theoretical guarantee for the entire stochastic optimization were
also provided.

Considering the contributions, we further list remaining future works in
the following.

Future Works

• It would be worthwhile to simultaneously learn several BHLRs with
different sizes of tuples; it is straightforward to modify our method
to incorporate several U values. Because a single BHLR first fixes the
tuple size U ∈ N, the association strengths for the different sizes of
tuples cannot be measured by the similarity function. Although we
empirically demonstrated the BHLR only for U = 1, 2, 3 in this study,
a BHLR with a larger U can be conducted, and it would be natural to
learn tuples with several sizes at the same time.

• For BHLR, another interesting direction is designing a better similarity
function for U-tuples. Although we employed limited forms of simi-
larity functions in our numerical experiments in the current study, ar-
bitrary similarity functions can be employed for the BHLR; the expres-
sive SIPS and IPDS discussed in Chapter 4 may be simply generalized
to the setting of the BHLR with general U ∈ N.

• We considered only the independent hyperlink weights for theories of
the BHLR. Although such independent weights are theoretically tractable,
in real-world situations, hyperlink weights can be dependent, espe-
cially when their corresponding tuples share some data vectors. Thus
we may consider the dependent hyperlink weights.
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• The last direction is finite evaluation of the expressive power of the
graph embedding methods. Approximation theorems discussed in Chap-
ter 4 assumes that the dimension K of feature vectors goes to ∞. How-
ever, in NN-based graph embedding, K is usually specified smaller
than the dimension p of the original data vectors; it would be worth-
while to consider finite approximation instead. Although an approx-
imation error bound is already provided in Theorem 4.6 for SIPS, the
evaluation is not tight; better bound may be obtained under some stronger
assumptions, and it may give us an intuition to design better expressive
similarities.
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A Appendix to Chapter 3

A.1 Linear PMvGE Approximates CDMCA

We argue an approximate relation between CDMCA and PMvGE. In the be-
low, we will derive the solution θ̂CDMCA of a slightly modified version of
CDMCA, and an approximate solution θ̂Apr.PMvGE of PMvGE with linear
transformations. We then show that these two solutions are equivalent up
to a scaling in each axis of the shared space.

Solution of a modified CDMCA

As explained in Section 2.4.2 in Chapter 2, the original CDMCA imposes a
quadratic constraint

n

∑
i=1

n

∑
j=1

wijθ
(di)�xix�i θ(di) = I (A.1)

for maximizing the objective function (3.8). Here we replace wij in (A.1) with
δij = �(i = j) so that the constraint becomes

n

∑
i=1

θ(di)�xix�i θ(di) = I.

This modification changes the scaling in the solution, but the computation
below is essentially the same as that in Shimodaira (2016). Let us define
the augmented data vector, called “simple coding” (Shimodaira, 2016), x̃i :=
(0p1 , . . . , 0pdi−1 , xi, 0pdi+1 , . . . , 0pD) ∈ Rp where p := p1 + p2 + · · ·+ pD. Now,
data matrix is X̃ := (x̃�1 , x̃�2 , . . . , x̃�n )� ∈ Rn×p, and the parameter matrix is
θ := (θ(1)�, θ(2)�, . . . , θ(D)�)� ∈ Rp×K. With this augmented representation,
the D-view embedding is now interpreted as a 1-view embedding. CDMCA
maximizes the objective function

1
2

n

∑
i=1

n

∑
j=1

wij〈θ(di)�xi, θ(dj)�xj〉 = tr
(

θ�Hθ
)

(H := X̃�WX̃),

with respect to θ under constraint θ�Gθ = I where G := X̃�X̃. Let UK be
the matrix composed of the top-K eigenvectors of G−1/2HG−1/2. Then the
solution of the modified CDMCA is

θ̂CDMCA := G−1/2UK.
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Approximation of linear PMvGE

MLE of PMvGE maximizes �n(α, θ) defined in (3.4). Here we modify it by
adding an extra term as

�̃n(α, θ) := �n(α, θ)− 1
2 ∑

i:(di,di)∈D
μα,θ(xi, xi; di, di).

The difference approaches zero for large n, because |�n(α,θ)−�̃n(α,θ)|
|�n(α,θ)| = O(n−1).

Since the parameter α is not considered in CDMCA, we assume that D in-
cludes all the view pairs and ᾱ = (ᾱ(de)), ᾱ(de) ≡ α0 > 0 (∀d, e). We further as-
sume that the transformation of PMvGE is linear: f (d)NN(x) = θ(d)�x (∀d), and
data vectors in each view are centered. With this setting, we will show that
the maximizer of a quadratic approximation of �̃n is equivalent to CDMCA.

To rewrite the likelihood function as

�̃n(ᾱ, θ) =
1
2

n

∑
i=1

n

∑
j=1

Sij(gij(θ)),

we define gij(θ) := 〈θ(di)�xi, θ(dj)�xj〉 and Sij(g) := wij log(α0 exp(g)) −
α0 exp(g), g ∈ R. Since Sij(g) is approximated quadratically around g = 0
by

SQ
ij (g) = α0

{
−1

2
g2 +

(
wij

α0
− 1

)
g
}
+ Sij(0),

�̃n(ᾱ, θ) is approximated quadratically by

�̃Q
n (θ) :=

1
2

n

∑
i=1

n

∑
j=1

SQ
ij (gij(θ))

= α0

⎧⎪⎪⎨
⎪⎪⎩−

1
2

tr
(
(θ�Gθ)2

)
+

1
α0

tr
(

θ�Hθ
)
− tr

(
θ�X̃�1n1�n X̃θ

)
︸ ︷︷ ︸
=0 (∵{xi} is centered.)

⎫⎪⎪⎬
⎪⎪⎭

+
1
2

n

∑
i=1

n

∑
j=1

Sij(0)︸ ︷︷ ︸
Const.

, (A.2)

where G = X̃�X̃, H = X̃�WX̃. The function �̃Q
n (θ) has rotational degrees of

freedom: �̃Q
n (θ) = �̃Q

n (θO) for any orthogonal matrix O ∈ RK×K. Thus, we
impose an additional constraint θ�Gθ = ΓK := diag(γ1, γ2, . . . , γK) for any
(γ1, . . . , γK) ∈ RK≥0. θ satisfying this constraint is written as θ = G−1/2V KΓ1/2

K
where V K ∈ RP×K is a column-orthogonal matrix such that V�K V K = I. By
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substituting θ = G−1/2V KΓ1/2
K into eq. (A.2), we have

�̃Q
n (θ) = α0

{
−1

2
tr
(

Γ2
K

)
+

1
α0

tr (ΓKSK)

}
+ Const.

=
α0

2

{∥∥∥∥ 1
α0

SK

∥∥∥∥2

F
−

∥∥∥∥ΓK − 1
α0

SK

∥∥∥∥2

F

}
+ Const., (A.3)

where SK = V�K G−1/2HG−1/2V K and ‖ · ‖F denotes the Frobenius norm.
This objective function is maximized when ΓK = 1

α0
SK and V K = UK, be-

cause minΓK ‖ΓK − 1
α0

SK‖2
F = 0 is achieved by ΓK = 1

α0
SK, and maxVK ‖SK‖2

F
is achieved by V K = UK where UK is the matrix composed of the top-K
eigenvectors of G−1/2HG−1/2. Therefore, �̃Q

n (θ) is maximized by

θ̂Apr.PMvGE = G−1/2UKΓ1/2
K .

By substituting V K = UK into ΓK = 1
α0

SK, we verify that ΓK is a diag-
onal matrix with γk := λk/α0 where λk is the k-th largest eigenvalue of
G−1/2HG−1/2 (k = 1, 2, . . . , K).

Linear PMvGE approximates CDMCA

By comparing the two solutions, we have

θ̂Apr.PMvGE = θ̂CDMCAΓ1/2
K . (A.4)

This simply means that each axis in the shared space is scaled by the factor√
γk, k = 1, . . . , K. Let ŷ, ŷ′ be feature vectors in the shared space computed

by the approximate PMvGE with linear transformations, and y, y′ be feature
vectors in the shared space computed by the modified CDMCA. Then the
inner product is weighted in PMvGE as

〈ŷ, ŷ′〉 =
K

∑
k=1

ŷkŷ′k =
K

∑
k=1

γkyky′k.
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B Appendix to Chapter 4

B.1 Approximation Theorems for IPS and SIPS

B.1.1 Proof of Theorem 4.2 (AT for IPS)

Since g∗ : [−M′, M′]2K∗ → R is a positive definite kernel on a compact set,
it follows from Mercer’s theorem that there exist non-negative eigenvalues
{λk}∞

k=1 and continuous eigenfunctions {φk}∞
k=1 such that

g(PD)
∗ (y∗, y′∗) =

∞

∑
k=1

λkφk(y∗)φk(y′∗), y∗, y′∗ ∈ [−M′, M′]K∗ ,

where the convergence is absolute and uniform (Minh, Niyogi, and Yao,
2006). The uniform convergence implies that for any ε1 > 0 there exists
K0 ∈ N such that

sup
(y∗,y′∗)∈[−M′,M′]2K∗

∣∣∣∣g(PD)
∗ (y∗, y′∗)−

K

∑
k=1

λkφk(y∗)φk(y′∗)
∣∣∣∣ < ε1, K ≥ K0.

This means g(PD)
∗ (y∗, y′∗) ≈ 〈ΦK(y∗), ΦK(y′∗)〉 for a feature map ΦK(y∗) =

(
√

λkφk(y∗))K
k=1.

We fix K and consider approximation of hk(x) :=
√

λkφk( f ∗(x)) below.
Since hk are continuous functions on a compact set, there exists C = C(K) > 0
such that

sup
x∈X

|hk(x)| < C, k = 1, . . . , K.

Let us write the neural networks as f NN = ( f1, f2, . . . , fK) where fk :
Rp → R, k = 1, 2, . . . , K are 1-hidden layer neural networks with T hidden
units. f NN is parametrized by θ. Since hk is continuous, hk is approximated
by the NN. For any ε2 > 0, there exists a sufficiently large T = T(K, ε2) ∈ N

such that
inf
θ∈Θ

sup
x∈X

|hk(x)− fk(x)| < ε2, k = 1, . . . , K,

as indicated by the universal approximation theorem (Cybenko, 1989; Telgar-
sky, 2017). Therefore, we have

sup
(x,x′)∈X 2

∣∣∣∣g(PD)
∗

(
f ∗(x), f ∗(x′)

)− K

∑
k=1

fk(x) fk(x′)
∣∣∣∣
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≤ sup
(x,x′)∈X 2

∣∣∣∣g(PD)
∗

(
f ∗(x), f ∗(x′)

)− K

∑
k=1

hk(x)hk(x′)
∣∣∣∣

+ sup
(x,x′)∈X 2

∣∣∣∣ K

∑
k=1

hk(x)
(
hk(x′)− fk(x′)

)∣∣∣∣
+ sup

(x,x′)∈X 2

∣∣∣∣ K

∑
k=1

(hk(x)− fk(x)) fk(x′)
∣∣∣∣

≤ sup
y∗,y′∗∈[−M′,M′]K∗

∣∣∣∣g(PD)
∗

(
y∗, y′∗

)− K

∑
k=1

λkφk(y∗)φk(y′∗)
∣∣∣∣

+
K

∑
k=1

sup
x∈X

|hk(x)| sup
x′∈X

∣∣hk(x′)− fk(x′)
∣∣

+
K

∑
k=1

sup
x∈X

|hk(x)− fk(x)| sup
x′∈X

| fk(x′)|,

and applying infθ∈Θ to both sides yields

inf
θ∈Θ

sup
(x,x′)∈X 2

∣∣∣∣g(PD)
∗

(
f ∗(x), f ∗(x′)

)− K

∑
k=1

fk(x) fk(x′)
∣∣∣∣ < ε1 + KCε2 + Kε2(C + ε2).

By letting ε1 = ε/2, ε2 = min (C, ε/(6KC)) and ‖ · ‖∞ := sup(x,x′)∈X 2 | · |, the
last formula becomes smaller than ε, thus proving

inf
θ∈Θ

∥∥∥∥g(PD)
∗

(
f ∗(x), f ∗(x′)

)− K

∑
k=1

fk(x) fk(x′)︸ ︷︷ ︸
=〈 f NN(x), f NN(x′)〉

∥∥∥∥
∞
< ε

with m = m(K, ε) := KT(K, ε2), for all K ≥ K0.

B.1.2 Proof of Theorem 4.3 (AT for SIPS)

Since g(CPD)
∗ : Y2 → R is a conditionally positive definite kernel on a compact

set, Lemma 2.1 of Berg, Christensen, and Ressel (1984) indicates that

g0(y∗, y′∗) := g(CPD)
∗ (y∗, y′∗)− g(CPD)

∗ (y∗, y0)− g(CPD)
∗ (y0, y′∗) + g(CPD)

∗ (y0, y0)

is positive definite for arbitrary y0 ∈ Y . We fix y0 in the argument below.
According to Theorem 4.2 in this thesis, for any ε > 0, there exists K0 =
K0(ε) ∈ N such that

inf
θ∈Θ

∥∥∥∥g0
(

f ∗(x), f ∗(x′)
)− 〈 f NN(x), f NN(x′)〉

∥∥∥∥
∞
< ε/3,

with sufficiently large m f = m f (K, ε) ∈ N, for all K ≥ K0. f NN(x) : Rp → RK

is 1-hidden layer NN having m f hidden units and parametrized by θ. Next,
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let us consider a continuous function u∗(x) := g∗( f ∗(x), y0) − 1
2 g∗(y0, y0).

The universal approximation theorem (Cybenko, 1989; Yarotsky, 2018) indi-
cates that, for any ε > 0, by specifying sufficiently large mu = mu(ε) ∈ N,
we have

inf
ψ∈Ψ

‖u∗(x)− uNN(x)‖∞ < ε/3,

where uNN is 1-hidden layer NN having mu hidden units and parametrized
by ψ. Therefore, we have

inf
θ∈Θ
ψ∈Ψ

∥∥∥∥g(CPD)
∗

(
f ∗(x), f ∗(x′)

)− {〈 f NN(x), f NN(x′)〉+ uNN(x) + uNN(x′)
} ∥∥∥∥

∞

= inf
θ∈Θ
ψ∈Ψ

∥∥∥∥ (
g0

(
f ∗(x), f ∗(x′)

)− 〈 f NN(x), f NN(x′)〉)

+ (u∗(x)− uNN(x)) +
(
u∗(x′)− uNN(x′)

) ∥∥∥∥
∞

≤ inf
θ∈Θ

∥∥∥∥ (
g0

(
f ∗(x), f ∗(x′)

)− 〈 f NN(x), f NN(x′)〉) ∥∥∥∥
∞

+ inf
ψ∈Ψ

∥∥∥∥u∗(x)− uNN(x)
∥∥∥∥

∞
+ inf

ψ∈Ψ

∥∥∥∥u∗(x′)− uNN(x′)
∥∥∥∥

∞

< ε/3 + 2ε/3 = ε

for all K ≥ K0. Thus proving the assertion.

B.1.3 Proof of Theorem 4.4 (AT for C-SIPS)

With fixed y0 ∈ Y , it follows from Berg, Christensen, and Ressel (1984)
Lemma 2.1 and CPD-ness of the kernel g(CPD)

∗ that

g0(y, y′) := g(CPD)
∗ (y, y′)− g(CPD)

∗ (y, y0)− g(CPD)
∗ (y0, y′) + g(CPD)

∗ (y0, y0)

is PD. Since Y is compact, supy∈Y |g(CPD)
∗ (y, y0)| = a2 is bounded. Let us

take a sufficiently large r > a and define τ(y) :=
√

r2 + g(CPD)
∗ (y, y0). We

consider a new kernel

g1(y, y′) := g0(y, y′) + 2τ(y)τ(y′).

Since both g0(y, y′) and τ(y)τ(y′) are PD, g1(y, y′) is also PD. Applying Tay-
lor’s expansion

√
1 + x = 1 + x/2 + O(x2), we have

τ(y)τ(y′) =
√

r2 + g(CPD)
∗ (y, y0)

√
r2 + g(CPD)

∗ (y′, y0)

= r2
√

1 + g(CPD)
∗ (y, y0)/r2

√
1 + g(CPD)

∗ (y′, y0)/r2

= r2(1 + g(CPD)
∗ (y, y0)/2r2 + O(r−4))(1 + g(CPD)

∗ (y′, y0)/2r2 + O(r−4))
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= r2 +
1
2
(g(CPD)
∗ (y, y0) + g(CPD)

∗ (y′, y0)) + O(r−2),

thus proving

g1(y, y′) = g0(y, y′) + 2τ(y)τ(y′) = g(CPD)
∗ (y, y′) + g(CPD)

∗ (y0, y0) + 2r2 + O(r−2).

Let us define γ := g(CPD)
∗ (y0, y0) + 2r2 = O(r2). As the kernel g1(y, y′) =

g(CPD)
∗ (y, y′) + γ + O(r−2) is PD, AT for IPS can be employed. For any ε > 0,

there exists K0 = K0(ε) ∈ N such that

inf
θ∈Θ

∥∥∥∥g(CPD)
∗ ( f ∗(x), f ∗(x′))− (〈 f NN(x), f NN(x′)〉 − γ

) ∥∥∥∥
∞

= inf
θ∈Θ

∥∥∥∥g1( f ∗(x), f ∗(x′))− 〈 f NN(x), f NN(x′)〉
∥∥∥∥

∞
+ O(r−2)

= ε + O(r−2)

with sufficiently large m = m(K, ε) ∈ N, for all K ≥ K0. Thus proving the
assertion.

B.2 Approximation Error Rate

In Sections B.2.2 and B.2.3, we prove Theorems 4.5 and 4.6, which indicate
the approximation error rates for IPS and SIPS, respectively. For showing the
error rates, we begin with describing the error rate for Mercer’s theorem, in
the following Section B.2.1.

B.2.1 Error rate for Mercer’s theorem

We evaluate the error rate for Mercer’s theorem (shown as Theorem 4.1 in
this thesis) to approximate PD kernels g∗ satisfying conditions (C-1) and (C-
2) of Section 4.5.

We define the error rate for Mercer’s theorem as

ε1(K) := sup
y,y′∈Y

∣∣∣∣g∗(y, y′)−
K

∑
k=1

λkφk(y)φk(y′)
∣∣∣∣. (B.1)

Then, the error rate is given in the lemma below.

Lemma B.1: Error rate for kernels

For compact set Y ⊂ RK∗ , K∗ ∈ N, we consider a PD kernel g∗ : Y2 →
R which satisfies conditions (C-1) and (C-2). Then, ε1(K) = O(K−1/K∗).
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For proving the lemma, we first show a result of the decay rate for eigen-
values. The theorem below is a special case of Theorem 4 of Cobos and Kühn
(1990) by assuming μ as Lebesgue measure, and Ω = Y .

Theorem B.1: Cobos and Kühn (1990)

Let Y ⊂ RL be a non-empty compact set for L ∈ N, and let g : Y2 → R

be a positive definite kernel satisfying
∫
Y ‖g(t, ·)‖Cαdt < ∞, where

0 < α ≤ 1 and

‖g(t, ·)‖Cα := max

⎧⎪⎪⎨
⎪⎪⎩sup

y∈Y
|g(t, y)|, sup

y,y′∈Y
y �=y′

|g(t, y)− g(t, y′)|
‖y− y′‖α

2

⎫⎪⎪⎬
⎪⎪⎭ .

Then, the k-th largest eigenvalue of g is

λk = O(k−1−α/L).

We apply Theorem B.1 to g∗ by letting L = K∗ and α = 1. Then the
eigenvalues of g∗ satisfy

λk = O(k−1−1/K∗), (B.2)

where the condition of g in Theorem B.1 will be verified later. On the other
hand, Mercer’s theorem and the condition (C-1) lead to

ε1(K) = sup
y,y′∈Y

∣∣∣∣ ∞

∑
k=K+1

λkφk(y)φk(y′)
∣∣∣∣ ≤ ∞

∑
k=K+1

λk sup
y∈Y ,l∈N

|φl(y)| sup
y′∈Y ,l′∈N

|φl′(y
′)|

=

(
sup

y∈Y ,k∈N

|φk(y)|
)2 ∞

∑
k=K+1

λk = O

(
∞

∑
k=K+1

λk

)
. (B.3)

Therefore, substituting (B.2) into (B.3), we have

ε1(K) = O

(
∞

∑
k=K+1

λk

)
= O

(∫ ∞

K
k−1−1/K∗dk

)
= O

([
− K∗k−1/K∗

]∞

K

)
= O(K−1/K∗).

This proves Lemma B.1. Finally, we verify that g∗ satisfies the condition of g
in Theorem B.1. As g∗ is continuous on compact set,

sup
t∈Y

sup
y∈Y

|g∗(t, y)| < ∞ (B.4)
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obviously holds, and the condition (C-2) implies α-Hölder continuity, and so

sup
t∈Y

sup
y,y′∈Y
y �=y′

|g∗(t, y)− g∗(t, y′)|
‖y− y′‖2

< ∞. (B.5)

Inequalities (B.4) and (B.5) lead to

sup
t∈Y

‖g∗(t, ·)‖C1 ≤ max
{

sup
t∈Y

sup
y∈Y

|g∗(t, y)|, sup
t∈Y

sup
y,y′∈Y
y �=y′

|g∗(t, y)− g∗(t, y′)|
‖y− y′‖2

}

< ∞.

Thus g∗ satisfies∫
Y
‖g∗(t, ·)‖C1dt ≤ sup

t∈Y
‖g∗(t, ·)‖C1

∫
Y

dt < ∞,

because compact set Y ⊂ RK∗ is bounded and closed.

B.2.2 Proof of Theorem 4.5 (Approximation error rate for IPS)

Applying Theorem 4.1 to a PD kernel g(PD)
∗ , there exist eigenvalues {λk}∞

k=1,
λ1 ≥ λ2 ≥ · · · and eigenfunctions {φk(y)}∞

k=1 such that ∑K
k=1 λkφk(y)φk(y′)

absolutely and uniformly converges to g(PD)
∗ (y, y′) as K → ∞. Here, we de-

fine two vector-valued functions

ηK(y) := (λ1/2
1 φ1(y), λ1/2

2 φ2(y), . . . , λ1/2
K φK(y)),

φ̃K(x) := ηK( f ∗(x)),

so that 〈ηK( f ∗(x)), ηK( f ∗(x′))〉 = 〈φ̃K(x), φ̃K(x′)〉 =
K

∑
k=1

λkφk( f ∗(x))φk( f ∗(x′)).

Using these functions, for any f NN ∈ Sα(Wf , K), we have∣∣∣∣g(PD)
∗ ( f ∗(x), f ∗(x′))− 〈 f NN(x), f NN(x′)〉

∣∣∣∣
≤

∣∣∣∣g∗( f ∗(x), f ∗(x′))− 〈ηK( f ∗(x)), ηK( f ∗(x′))〉
∣∣∣∣ (B.6)

+

∣∣∣∣〈φ̃K(x), φ̃K(x′)〉 − 〈φ̃K(x), f NN(x′)〉
∣∣∣∣ (B.7)

+

∣∣∣∣〈φ̃K(x), f NN(x′)〉 − 〈 f NN(x), f NN(x′)〉
∣∣∣∣. (B.8)

These terms (B.6)–(B.8) can be evaluated in the following way.
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• Regarding the term (B.6),

sup
x,x′∈X

∣∣∣∣g(PD)
∗ ( f ∗(x), f ∗(x′))− 〈ηK( f ∗(x)), ηK( f ∗(x′))〉

∣∣∣∣
≤ sup

y,y′∈Y

∣∣∣∣g(PD)
∗ (y, y′)− 〈ηK(y), ηK(y

′)〉
∣∣∣∣

= sup
y,y′∈Y

∣∣∣∣g(PD)
∗ (y, y′)−

K

∑
k=1

λkφk(y)φk(y′)
∣∣∣∣ = O(K−1/K∗),

where the last formula follows by applying Lemma B.1 to g(PD)
∗ . Thus,

we have

inf
f NN∈Sα(Wf ,K)

sup
x,x′∈X

∣∣∣∣g(PD)
∗ ( f ∗(x), f ∗(x′))

− 〈ηK( f ∗(x)), ηK( f ∗(x′))〉
∣∣∣∣ = O(K−1/K∗). (B.9)

• Regarding the terms (B.7) and (B.8),

sup
x,x′∈X

{∣∣∣∣〈φ̃K(x), φ̃K(x′)〉 − 〈φ̃K(x), f NN(x′)〉
∣∣∣∣

+

∣∣∣∣〈φ̃K(x), f NN(x′)〉 − 〈 f NN(x), f NN(x′)〉
∣∣∣∣
}

≤ sup
x,x′∈X

{
‖φ̃K(x)‖2‖φ̃K(x′)− f NN(x′)‖2 + ‖ f NN(x′)‖2‖φ̃K(x)− f NN(x)‖2

}

≤ sup
x,x′∈X

{
‖φ̃K(x)‖2‖φ̃K(x′)− f NN(x′)‖2

+ (‖φ̃K(x′)‖2 + ‖φ̃K(x′)− f NN(x′)‖2)‖φ̃K(x)− f NN(x)‖2

}
= 2 sup

x∈X
‖φ̃K(x)‖2 sup

x′∈X
‖φ̃K(x′)− f NN(x′)‖2 + sup

x∈X
‖φ̃K(x)− f NN(x)‖2

2.

Here,

‖φ̃K(x)‖2 = ‖
K

∑
k=1

λkφk( f ∗(x))φk( f ∗(x))‖2

≤ ‖
∞

∑
k=1

λkφk( f ∗(x))φk( f ∗(x))‖2

= ‖g(PD)
∗ ( f ∗(x), f ∗(x))‖2

is bounded, because g(PD)
∗ ( f ∗(x), f ∗(x)) is continuous over the compact

set X 2. For applying Lemma 2.1 to φ̃K(x), we need to show that the
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constant b exists. Noting

‖∂φ̃k/∂x‖2
2 =

p

∑
i=1

(∂φ̃k/∂xi)
2 ≤

p

∑
i=1

λk‖∂φk/∂y‖2
2 ‖∂ f ∗/∂xi‖2

2, (B.10)

we have

sup
k∈N

sup
x∈X

‖∂φ̃k/∂x‖2
2 ≤ sup

k∈N

sup
y∈Y

λk‖∂φk/∂y‖2
2

× sup
x∈X

p

∑
i=1
‖∂ f ∗/∂xi‖2

2

< ∞, (B.11)

where supk∈N supy∈Y λk‖∂φk/∂y‖2
2 < ∞ and supx∈X ∑

p
i=1 ‖∂ f ∗/∂xi‖2

2 <

∞ follow from (C-1) and (C-3), respectively. We can take b2 as the upper
bound of (B.11), and then Lemma 2.1 implies

inf
f NN∈Sα(Wf ,K)

sup
x∈X

‖φ̃K(x)− f NN(x)‖2 = O(K
1
2+

1+α
p W

−1+α
p

f ) (B.12)

so that the evaluation of (B.7) leads to

inf
f NN∈Sα(Wf ,K)

sup
x,x′∈X

{∣∣∣∣〈φ̃K(x), φ̃K(x′)〉 − 〈φ̃K(x), f NN(x′)〉
∣∣∣∣

+

∣∣∣∣〈φ̃K(x), f NN(x′)〉 − 〈 f NN(x), f NN(x′)〉
∣∣∣∣
}

= O(K
1
2+

1+α
p W

−1+α
p

f ). (B.13)

Considering (B.9) and (B.13), we finally obtain

inf
f NN∈Sσ(Wf ,K)

sup
x,x′∈X

∣∣∣∣g(PD)
∗ ( f ∗(x), f ∗(x′))− 〈 f NN(x), f NN(x′)〉

∣∣∣∣
= O

(
K−

1
K∗ + K

1
2+

1+α
p W

−1+α
p

f

)
.

B.2.3 Proof of Theorem 4.6 (Approximation error rate for SIPS)

By recalling the decomposition (4.12) of the CPD kernel g(CPD)
∗ , we first define

a function

u∗(x) := g(CPD)
∗ ( f ∗(x), y0)−

1
2

g(CPD)
∗ (y0, y0),



B.2. Approximation Error Rate 125

so that g(CPD)
∗ ( f ∗(x), f ∗(x′)) = g0( f ∗(x), f ∗(x′)) + u∗(x) + u∗(x′), and u∗(x)

is twice differentiable. Then, it holds that

sup
x,x′∈X

∣∣∣∣g(CPD)
∗ ( f ∗(x), f ∗(x′))− (〈 f NN(x), f NN(x′)〉+ uNN(x) + uNN(x′))

∣∣∣∣
≤ sup

x,x′∈X

∣∣∣∣g0( f ∗(x), f ∗(x′))− 〈 f NN(x), f NN(x′)〉
∣∣∣∣

+ 2 sup
x∈X

∣∣∣∣u∗(x)− uNN(x)
∣∣∣∣ (B.14)

We evaluate the two terms in (B.14). Since we have assumed that g(CPD)
∗ is C1

(the condition C-2), g0 and u∗ are also C1. Then, by applying Theorem 4.5 to
the PD kernel g0, the first term in (B.14) is evaluated as

inf
f NN∈Sα(Wf ,K)

sup
x,x′∈X

∣∣∣∣g0( f ∗(x), f ∗(x′))− 〈 f NN(x), f NN(x′)〉
∣∣∣∣

= O
(

K−
1

K∗ + K
1
2+

1+α
p W

−1+α
p

f

)
. (B.15)

By applying UAT for real-valued NN (Theorem 2.1 in Chapter 2) to u∗, the
second term in (B.14) is evaluated as

inf
uNN∈Sα(Wu,1)

sup
x∈X

∣∣∣∣u∗(x)− uNN(x)
∣∣∣∣ = O

(
W
−1+α

p
u

)
. (B.16)

Considering (B.14), (B.15) and (B.16), we obtain

inf
f NN∈Sα(Wf ,K)
uNN∈Sα(Wu,1)

sup
x,x′∈X

∣∣∣∣g(CPD)
∗ ( f ∗(x), f ∗(x′))

− (〈 f NN(x), f NN(x′)〉+ uNN(x) + uNN(x′))
∣∣∣∣

= O
(

K−
1

K∗ + K
1
2+

1+α
p W

−1+α
p

f + W
−1+α

p
u

)
.
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B.3 Approximation Theorem for IPDS

B.3.1 Proof of Theorem 4.7 (AT for IPDS; Arbitrary)

By following Section 4.7.3, the similarity h∗(x, x′) := g∗( f ∗(x), f ∗(x′)) is de-
composed as

h∗(x, x′) = lim
K+,K−

{
〈Φ̃+

K+
(x), Φ̃

+
K+

(x′)〉 − 〈Φ̃−
K−(x), Φ̃

−
K−(x′)〉

}
,

where Φ̃
+
K+

, Φ̃
−
K− are RK+ , RK−-valued continuous functions, respectively, and

the convergence is in the sense of L2-norm. By virtue of the UAT for NN, the
functions Φ̃

+
K+

, Φ̃
−
K− can be approximated by the NNs f+NN : Rp → RK+ , f−NN :

Rp → RK− having m+, m− hidden units. They are parametrized by θ+, θ−,
respectively.

Therefore, by following the same procedure as the proof of AT for IPS, for
any ε > 0, there exist K+0 = K+0(ε), K−0 = K−0(ε) ∈ N such that

δ1 :=
∥∥∥∥h∗(x, x′)−

(
〈Φ̃+

K+
(x), Φ̃

+
K+

(x′)〉

− 〈Φ̃−
K−(x), Φ̃

−
K−(x′)〉

)∥∥∥∥
2
< ε/3,

δ2 := inf
θ+∈Θ+

∥∥∥∥〈Φ̃+
K+

(x), Φ̃
+
K+

(x′)〉 − 〈 f+NN(x), f+NN(x′)〉
∥∥∥∥

∞
< ε/3,

δ3 := inf
θ−∈Θ−

∥∥∥∥〈Φ̃−
K−(x), Φ̃

−
K−(x′)〉 − 〈 f−NN(x), f−NN(x′)〉

∥∥∥∥
∞
< ε/3,

with sufficiently large m+ = m+(K+, ε), m− = m−(K−, ε) ∈ N, for all K+ ≥
K+0, K− ≥ K−0. Considering the above inequalities, we have

inf
θ+∈Θ+
θ−∈Θ−

‖h∗(x, x′)− (〈
f+NN(x), f+NN(x′)

〉− 〈
f−NN(x), f−NN(x′)

〉) ‖2

≤δ1 + δ2 + δ3 < ε/3 + ε/3 + ε/3 = ε.

Thus proving the assertion.
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C.1 Synthetic Dataset for Figure 5.5

For generating n = 200 data vectors {xi}200
i=1 of p = 20 dimensions, we first

prepared centers of clusters x(0)k ∈ R5, k = 1, . . . , 4, and a linear transfor-
mation A ∈ R20×5, where all the elements are generated from N(0, 1) in-

dependently. Then data vectors are generated by xi
i.i.d.∼ N(Ax(0)ki

, I20) for
i = 1, 2, . . . , 200, where ki := �i/50� represents cluster index to which xi be-
longs. {xi}50

i=1 are finally rescaled such that ∑200
i=1 ‖xi‖2/200 = 4. Then binary

link weights {wij}200
i,j=1 are generated from Bernoulli distribution. For ki = kj,

wij = wji ∼ B(0.05) (i �= j) and wii = 0. For ki �= kj, wij = wji ∼ B(ξ) with a
specified parameter ξ ∈ [0, 1].

C.2 Tensor Factorization as a BHLR

As explained in Section 5.4.3, tensor factorization (TF; Cichocki et al. (2009))
decomposes a given tensor V = (vj) ∈ Rn1×n2×···×nU into matrices ξ(u) =

(ξ
(u)
ik ) ∈ Rnu×K, by minimizing the BD between the entries of V and the ten-

sor product [[ξ(1), ξ(2), . . . , ξ(U)]] whose j = (j1, j2, . . . , jU)-th entry is specified
as ∑K

k=1 ξ
(1)
j1k ξ

(2)
j2k · · · ξ(U)

jUk . Namely, TF minimizes the BD

Dϕ({vj}j∈[n1]×[n2]×···×[nU ], {〈ξ(1)j1
, ξ

(2)
j2

, . . . , ξ
(U)
jU
〉}j∈[n1]×[n2]×···×[nU ]) (C.1)

where 〈y, y′, y′′ . . .〉 := ∑K
k=1 yky′ky′′k · · · , and ξ

(u)
l = (ξ

(u)
l1 , ξ

(u)
l2 , . . . , ξ

(u)
lK ) (l ∈

[nu]) are column vectors of the matrix ξ(u). Subsequently, we can expect that
vj ≈ 〈ξ(1)j1

, ξ
(2)
j2

, . . . , ξ
(U)
jU
〉 for all j ∈ [n1]× [n2]× · · · × [nU].

For showing that BHLR includes TF (U ≥ 2), we first briefly review the
relation between BHLR and MF (U = 2), that is explained in Section 5.4.2. In
the case of U = 2, factorizing the matrix V corresponds to BHLR using

W =

(
On1×n1 V

V� On2×n2

)
, (C.2)

that is defined in eq. (5.19). The link weights (C.2) indicate vj = vj1,j2 =
wj1,n1+j2 = wi; indices of the matrix V = (vj) are formally transformed into
those of the matrix W = (wi), by utilizing the conversion F : (j1, j2) 
→
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(j1, n1 + j2) =: (i1, i2). Although this conversion only considers the corre-
spondence between V and the upper-right part of the matrix W , the lower-
left part is specified by the symmetry of W . In the case of U ≥ 2, we general-
ize the conversion as

F : (j1, j2, . . . , jU) 
→
(

j1, n1 + j2, (n1 + n2) + j3, . . . ,
( U−1

∑
u=1

nu
)
+ jU

)

=: (i1, i2, . . . , iU),

whose inverse F−1 can be defined over a set

C(n1, n2, . . . , nU) := {i | i = F (j), j ∈ [n1]× [n2]× · · · × [nU]}
= {i = (i1, i2, . . . , iU) | i1 = 1, 2, . . . , n1;

i2 = n1 + 1, n1 + 2, . . . , n1 + n2; · · · ;

iU =
U−1

∑
u=1

nu + 1, . . . ,
U

∑
u=1

nu},

such that F−1 : C(n1, n2, . . . , nU) 	 i 
→ j ∈ [n1] × [n2] × · · · × [nU]. Since
F−1 converts the indices of W = (wi) to those of V = (vj), we may specify
the hyperlink weights as wi := vF−1(i) for all i ∈ C(n1, n2, . . . , nU), similarly
to U = 2.

Although the above specification is essentially sufficient for describing
the relation between BHLR and TF, the hyperlink weights W = (wi) are
assumed to be symmetric. The symmetry can be realized by considering
the non-decreasing order permutation r(i) defined for any i; a tensor W =

(wi) ∈ RNU
(N := ∑U

u=1 nu), whose entries are specified as

wi :=

{
vF−1(r(i)) (r(i) ∈ C(n1, n2, . . . , nU))

0 (otherwise)
(∀i ∈ [N]U), (C.3)

simultaneously satisfies the symmetry wi = wi′ for any i′ ∈ [N]U obtained by
permutating the entries of i ∈ [N]U, and the above specification wi = vF−1(i)
for any i ∈ C(n1, n2, . . . , nU). Therefore, (C.3) generalizes (C.2) from the case
of U = 2 to U ≥ 2.

Using the weights (C.3), one-hot vector xi ∈ {0, 1}N whose i-th entry is 1
and 0 otherwise (i ∈ [N]) and the parameter θ = (ξ(1)�, ξ(2)�, . . . , ξ(U)�)� ∈
RN×K, we have

(C.1) = Dϕ({wi}i∈C(n1,n2,...,nU),

{〈θ�xi1 , θ�xi2 , . . . , θ�xiU〉︸ ︷︷ ︸
=:μθ(Xi)

}i∈C(n1,n2,...,nU)), (C.4)

generalizing eq. (5.20) from U = 2 to U ≥ 2. Therefore, TF that minimizes
(C.1) is equivalent to BHLR minimizing (C.4); TF is a special case of BHLR.
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C.3 Proofs

In C.3.1, we first show and prove Theorem C.1, that is the law of large num-
bers for multiply-indexed partially-dependent random variables. In C.3.2,
we prove Proposition 5.5.1 by applying Theorem C.1. In C.3.3, we prove
Theorem 5.5.1, indicating that BHLR asymptotically recovers the underlying
conditional expectation of link weights as n → ∞. In C.3.4, we last prove
Theorem 5.5.2, showing the asymptotics of the minibatch SGD using the pro-
posed Algorithm 1, as T → ∞.

C.3.1 Preliminary for Proofs

Theorem C.1: Law of large numbers (LLN)

Let Z := (Zi) be an array of random variables Zi ∈ Z , i ∈ I (U)
n =

J (U)
n

(5.21)
:= {(i1, i2, . . . , iU) | 1 ≤ i1 < i2 < · · · < iU ≤ n}, and h :

Z → R be a continuous function. We assume that Zi is independent of
Zj if j ∈ R(U)

n (i) := {(j1, j2, . . . , jU) ∈ I (U)
n | j1, j2, . . . , jU ∈ {1, . . . , n} \

{i1, i2, . . . , iU}}, and EZ(h(Zi)
2) < ∞, for all i ∈ I (U)

n . Then the average
of h(Zi) over I (U)

n converges to the expectation in probability as n →
∞; that is

1

|I (U)
n | ∑

i∈I (U)
n

h(Zi) =
1

|I (U)
n | ∑

i∈I (U)
n

EZ(h(Zi)) + Op(1/
√

n).

Proof of Theorem C.1. Regarding the variance of the average, we have

VZ

⎛
⎝ 1

|I (U)
n | ∑

i∈I (U)
n

h(Zi)

⎞
⎠

= EZ

⎛
⎜⎝
⎛
⎝ 1

|I (U)
n | ∑

i∈I (U)
n

h(Zi)

⎞
⎠2

⎞
⎟⎠−EZ

⎛
⎝ 1

|I (U)
n | ∑

i∈I (U)
n

h(Zi)

⎞
⎠2

=
1

|I (U)
n |2

⎛
⎜⎝ ∑

i∈I (U)
n

∑
j∈I (U)

n

EZ
(
h(Zi)h(Zj)

)−
⎛
⎝ ∑

i∈I (U)
n

EZ (h(Zi))

⎞
⎠2

⎞
⎟⎠

=
1

|I (U)
n |2 ∑

i∈I (U)
n

∑
j∈I (U)

n \R(U)
n (i)

(
EZ

(
h(Zi)h(Zj)

)−EZ(h(Zi))EZ(h(Zj))
)

,

(C.5)
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where EZ, VZ represent expectation and variance with respect to Z. Consid-
ering EZ(|h(Zi)|) < ∞, EZ(|h(Zi)h(Zj)|) < ∞, |I (U)

n | = O(nU), and

|I (U)
n \ R(U)

n (i)| =
∣∣∣∣{(j1, j2, . . . , jU) ∈ I (U)

n
∣∣

∃u ∈ {1, 2, . . . , U} s.t. ju ∈ {i1, i2, . . . , iU}
}∣∣∣∣

≤
U

∑
u=1

∣∣∣∣ {(j1, j2, . . . , jU) ∈ I (U)
n

∣∣ju ∈ {i1, i2, . . . , iU}
} ∣∣∣∣

=
U

∑
u=1

U

∑
l=1

∣∣∣∣ {(j1, . . . , ju−1, il, ju+1, . . . , jU) ∈ I (U)
n

} ∣∣∣∣
= O(U2nU−1) = O(nU−1)

for any fixed i = (i1, i2, . . . , iU) ∈ I (U)
n , the formula (C.5) is of order O(n−2U ·

nU · nU−1) = O(n−1). Therefore,

VZ

⎛
⎝ 1

|I (U)
n | ∑

i∈I (U)
n

h(Zi)

⎞
⎠ = O(n−1). (C.6)

(C.6) and Chebyshev’s inequality indicate the assertion.
We note that the convergence rate is Op(n−1/2) but not Op(1/|I (U)

n |1/2) =

Op(n−U/2), even though we leverage |I (U)
n | = O(nU) observations {Zi}i∈I (U)

n
.

C.3.2 Proof of Proposition 5.5.1

By a simple calculation, we have

Lϕ,n(θ) =
1

|I (U)
n | ∑

i∈I (U)
n

{
ϕ(wi)− ϕ(μθ(Xi))− ϕ′(μθ(Xi))(wi − μθ(Xi))

}

=
1

|I (U)
n | ∑

i∈I (U)
n

{ϕ(μ∗(Xi))− ϕ(μθ(Xi))− ϕ′(μθ(Xi))(μ∗(Xi)− μθ(Xi))}︸ ︷︷ ︸
=dϕ(μ∗(Xi),μθ(Xi))

(C.7)

+
1

|I (U)
n | ∑

i∈I (U)
n

{ϕ(wi)− ϕ(μ∗(Xi))} (C.8)

+
1

|I (U)
n | ∑

i∈I (U)
n

{
ϕ′(μθ(Xi))(μ∗(Xi)− wi)

}
. (C.9)

Under the conditions (C-1)–(C-5), Theorem C.1 can be applied to the terms (C.7)–
(C.9) as shown in the following:
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specifying Zi := Xi, h(Zi) := dϕ(μ∗(Xi), μθ(Xi)) leads to

(C.7) Theorem C.1
=

1

|I (U)
n | ∑

i∈I (U)
n

EXU(dϕ(μ∗(Xi), μθ(Xi))) + Op(1/
√

n)

= EXU(dϕ(μ∗(X), μθ(X))) + Op(1/
√

n),

specifying Zi := (wi, Xi), h(Zi) := ϕ(wi)− ϕ(μ∗(Xi)) leads to

(C.8) Theorem C.1
=

1

|I (U)
n | ∑

i∈I (U)
n

EZi (ϕ(wi)− ϕ(μ∗(Xi))) + Op(1/
√

n)

=
1

|I (U)
n | ∑

i∈I (U)
n

EXU (E(ϕ(wi) | Xi)− ϕ(μ∗(Xi))) + Op(1/
√

n)

= EXU (E(ϕ(w) | X)− ϕ(μ∗(X))) + Op(1/
√

n)

= Cϕ + Op(1/
√

n),

and specifying Zi := (wi, Xi), h(Zi) := ϕ′(μθ(Xi))(μ∗(Xi)− wi) leads to

(C.9) Theorem C.1
= EZi

(
ϕ′(μθ(Xi))(μ∗(Xi)− wi)

)
+ Op(1/

√
n)

= EXU(ϕ′(μθ(Xi))(μ∗(Xi)−E(wi | Xi)︸ ︷︷ ︸
=μ∗(Xi)︸ ︷︷ ︸

=0

)) + Op(1/
√

n)

= Op(1/
√

n).

Thus proving the assertion

Lϕ,n(θ) = (C.7) + (C.8) + (C.9)

= EXU(dϕ(μ∗(X), μθ(X))) + Cϕ + Op(1/
√

n).

C.3.3 Proof of Theorem 5.5.1

Definition of the estimator (5.9) leads to

Lϕ,n(θ∗)− Cϕ ≥ min
θ∈Θ

Lϕ,n(θ)− Cϕ = Lϕ,n(θ̂ϕ,n)− Cϕ. (C.10)

We evaluate both sides of the inequality (C.10), for proving the assertion.

• Regarding the left-hand side of the inequality (C.10), Proposition 5.5.1
indicates that

Lϕ,n(θ∗)− Cϕ = Lϕ,n(θ)

∣∣∣∣
θ=θ∗

− Cϕ
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Proposition 5.5.1
=

(
EXU(dϕ(μ∗(X), μθ(X)))

∣∣∣∣
θ=θ∗

+ Cϕ + ε
(1)
n

)
− Cϕ

= EXU(dϕ(μ∗(X), μθ∗(X)))︸ ︷︷ ︸
=0

+ε
(1)
n (C.11)

= ε
(1)
n (C.12)

where ε
(1)
n := Lϕ,n(θ∗)−

(
EXU(μ∗(X), μθ∗(X)) + Cϕ

)
= Op(1/

√
n).

• We here consider the right-hand side of the inequality (C.10). Since the
function ϕ is strongly convex, the definition indicates the existence of
Mϕ > 0 such that

dϕ(a, b) = ϕ(a)− (ϕ(b) + ϕ′(b)(a− b))
(∵ srtongly convex)

≥ Mϕ · (a− b)2,

for all a, b ∈ dom(ϕ). This inequality indicates that the squared differ-
ence is bounded by the function dϕ. By substituting μ∗(X), μθ(X) into
a, b, respectively, we have an inequality

dϕ(μ∗(X), μθ(X)) ≥ Mϕ · (μ∗(X)− μθ(X))2, (∀θ ∈ Θ). (C.13)

Using the above inequality (C.13), the right-hand side of the inequal-
ity (C.10) is evaluated as

Lϕ,n(θ̂ϕ,n)− Cϕ

= Lϕ,n(θ)

∣∣∣∣
θ=θ̂ϕ,n

− Cϕ

Proposition 5.5.1
=

(
EXU(dϕ(μ∗(X), μθ(X)))

+ Cϕ + ε
(2)
n (θ)

)∣∣∣∣
θ=θ̂ϕ,n

− Cϕ

= EXU(dϕ(μ∗(X), μθ(X)))

∣∣∣∣
θ=θ̂ϕ,n

+ ε
(2)
n (θ̂ϕ,n)

Ineq. (C.13)
≥ Mϕ ·EXU((μ∗(X)− μθ(X))2)

∣∣∣∣
θ=θ̂ϕ,n

+ ε
(2)
n (θ̂ϕ,n),

= Mϕ · ‖μ∗ − μθ̂ϕ,n
‖2 + ε

(2)
n (θ̂ϕ,n) (C.14)

where ‖ f ‖ := EXU( f (X)2)1/2 for functions f : XU → R and ε
(2)
n (θ) :=

Lϕ,n(θ)−
{

EXU
(
dϕ(μ∗(X), μθ(X)

)
+ Cϕ

}
represents the residual in Propo-

sition 5.5.1 using the parameter θ, that satisfies ε
(2)
n (θ) = Op(1/

√
n) for

each θ ∈ Θ.
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By substituting (C.12) and (C.14) into (C.10), we have

ε
(1)
n ≥ Mϕ · ‖μ∗ − μθ̂ϕ,n

‖2 + ε
(2)
n (θ̂ϕ,n),

indicating that

ε
(1)
n − ε

(2)
n (θ̂ϕ,n) ≥ Mϕ · ‖μ∗ − μθ̂ϕ,n

‖2 ≥ 0, (C.15)

where ε
(1)
n = Op(1/

√
n) = op(1). The term ε

(2)
n (θ̂ϕ,n) is proved to be op(1),

as shown in the remaining of this proof; then, (C.15) immediately proves
Theorem 5.5.1.

Hereinafter, we last prove ε
(2)
n (θ̂ϕ,n) = op(1), by employing Newey (1991)

Corollary 2.2, indicating that supθ∈Θ |ε(2)n (θ)| = op(1) under the following

assumptions: (i) Θ is compact, (ii) ε
(2)
n (θ) = op(1) for each θ ∈ Θ, and (iii)

∃Bn = Op(1) such that |ε(2)n (θ) − ε
(2)
n (θ′)| ≤ Bn‖θ− θ′‖2 for all θ, θ′ ∈ Θ.

Above assumptions (i), (ii) and (iii) correspond to assumptions 1, 2 and 3A,
in Newey (1991). In our setting, the assumption (i) is assumed, (ii) is proved
by Proposition 5.5.1. (iii) is obtained as follows: since the product of two
bounded Lipschitz continuous (LC) functions is LC, C1-function applied to
LC function is LC, and the expectation of LC function is also LC, there exist
M1, M2 > 0 such that

|ε(2)n (θ)− ε
(2)
n (θ′)| ≤

∣∣∣∣Lϕ,n(θ)− Lϕ,n(θ
′)
∣∣∣∣+

∣∣∣∣EXU(dϕ(μ∗(X), μθ(X)))

−EXU(dϕ(μ∗(X), μθ′(X)))

∣∣∣∣
≤ 1

|I (U)
n | ∑

i∈I (U)
n

∣∣∣∣ϕ′(μθ(Xi))wi − ϕ′(μθ′(Xi))wi

∣∣∣∣
+

1

|I (U)
n | ∑

i∈I (U)
n

∣∣∣∣ ϕ′(μθ(Xi))μθ(Xi)︸ ︷︷ ︸
(Lipschitz)

−ϕ′(μθ′(Xi))μθ′(Xi)

∣∣∣∣
+

1

|I (U)
n | ∑

i∈I (U)
n

∣∣∣∣ ϕ(μθ(Xi))︸ ︷︷ ︸
(Lipschitz)

−ϕ(μθ′(Xi))

∣∣∣∣
+

∣∣∣∣EXU
(

ϕ′(μθ(X))μ∗(X)
)︸ ︷︷ ︸

(Lipschitz)

−EXU
(

ϕ′(μθ′(X))μ∗(X)
) ∣∣∣∣

+

∣∣∣∣EXU
(

ϕ′(μθ(X))μθ(X)
)︸ ︷︷ ︸

(Lipschitz)

−EXU
(

ϕ′(μθ′(X))μθ′(X)
) ∣∣∣∣

+

∣∣∣∣EXU (ϕ(μθ(X)))︸ ︷︷ ︸
(Lipschitz)

−EXU (ϕ(μθ′(X)))

∣∣∣∣
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≤ 1

|I (U)
n | ∑

i∈I (U)
n

|wi|
∣∣∣∣ ϕ′(μθ(Xi))︸ ︷︷ ︸

(Lipschitz)

−ϕ′(μθ′(Xi))

∣∣∣∣+ M2‖θ− θ′‖2

≤ M1

⎛
⎝ 1

|I (U)
n | ∑

i∈I (U)
n

|wi|
⎞
⎠ · ‖θ− θ′‖2 + M2‖θ− θ′‖2.

Denoting by Bn := M1

(
1

|I (U)
n | ∑i∈I (U)

n
|wi|

)
+ M2, Proposition 5.5.1 indicates

Bn = Op(1). Therefore the condition (iii) holds; Newey (1991) Corollary 2.2
proves

|ε(2)n (θ̂ϕ,n)| ≤ sup
θ∈Θ

|ε(2)n (θ)| Newey (1991) Corollary 2.2
= op(1), (C.16)

indicating that ε
(2)
n (θ̂ϕ,n) = op(1).

C.3.4 Proof of Theorem 5.5.2

Proof is two-folded. In the following, we first verify that (i) EM(t) (g̃(t)η (θ)) =

α ∂
∂θQη(θ), where

Qη(θ) := Dϕ({ηwi}i∈I (U)
n

, {μθ(Xi)}i∈I (U)
n

), α :=

{
|I (U)

n |/|Ku| (v = 1)

|I (U)
n | (v = 0)

,

and we next prove (ii) Eτ

(
E{M(t)}t∈[τ]

(‖ ∂
∂θQη(θ̃

(τ)
)‖2

2)
)
= O(1/ log T) by re-

ferring to (i) and Ghadimi and Lan (2013) Theorem 2.1 (a). Then, the assertion
is proved.

(i) We first verify that EM(t) (g̃(t)η (θ)) = α ∂
∂θQη(θ). Here, we first consider

the case U ≥ 2, v ≥ 1. A vector u = (u1, u2, . . . , uv) representing which
of the entries in the index i = (i1, i2, . . . , iU) is fixed, is preliminary
specified from the set {u = (u1, u2, . . . , uv) ∈ [U]v | u1 < u2 < · · · <
uv} by users. Then, considering a set I (U)

n,u (j) := {i := (i1, i2, . . . , iU) |
i ∈ I (U)

n , iu1 = j1, . . . , iuv = jv} for j ∈ [n]v, Algorithm 1 that defines
M(t) = (P̃ (t)

mini, Ĩ (t)mini, s(t)+ , s(t)− ) consists of the following two-steps. At
iteration t,

step 1. j is randomly selected from a set Ku := {j ∈ [n]v | I (U)
n,u (j) �=

∅} with the probability pj (in Theorem 5.5.2, pj is assumed to be
1/|Ku|),

step 2. m−, m+ entries are uniformly randomly selected from sets Ĩ (U)
n =

I (U)
n,u (j) and P̃ (U)

n = P (U)
n,u (j) := {i′ | i′ ∈ I (U)

n,u (j), wi′ �= 0}, and
denote the sets as Ĩ (t)mini, P̃ (t)

mini. Coefficients s(t)+ := |P̃ (U)
n |/m+ and

s(t)− := |Ĩ (U)
n |/m− are also defined.
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Therefore, the expectation of the stochastic gradient g̃(t)η (θ) with respect
to sampling the minibatchM(t) is,

EM(t) (g̃(t)η (θ))

= EM(t)

(
s(t)− ∑

i∈Ĩ (t)mini

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

−η · s(t)+ ∑
i∈P̃ (t)

mini

wi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

)
(∵ the definition (5.29))

= EM(t)

⎛
⎜⎝s(t)− ∑

i∈Ĩ (t)mini

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

⎞
⎟⎠

︸ ︷︷ ︸
(�1)

−η ·EM(t)

⎛
⎜⎝s(t)+ ∑

i∈P̃ (t)
mini

wi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

⎞
⎟⎠

︸ ︷︷ ︸
(�2)

, (C.17)

where the term (�1) is evaluated by taking expectation with respect to
the two steps in Algorithm 1 as

(�1) = Ej

⎛
⎜⎜⎜⎜⎜⎜⎝s(t)− EĨ (t)mini

⎛
⎜⎝ ∑

i∈Ĩ (t)mini

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ
| j

⎞
⎟⎠

︸ ︷︷ ︸
(expectation w.r.t. step 2)

⎞
⎟⎟⎟⎟⎟⎟⎠

︸ ︷︷ ︸
(expectation w.r.t. step 1)

= Ej

⎛
⎜⎝s(t)−

m−
|I (U)

n,u (j)| ∑
i∈I (U)

n,u (j)

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

⎞
⎟⎠

= Ej

⎛
⎜⎝ ∑

i∈I (U)
n,u (j)

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

⎞
⎟⎠

(
∵ s(t)− =

|I (U)
n,u (j)|
m−

)

=
1
|Ku| ∑

j∈Ku

∑
i∈I (U)

n,u (j)

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ(
∵ pj =

1
|Ku| (∀j ∈ Ku)

)
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=
1
|Ku| ∑

i∈I (U)
n

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ⎛
⎝∵

⋃
j∈Ku

I (U)
n,u (j) = I (U)

n

⎞
⎠ , (C.18)

and similarly,

(�2) =
1
|Ku| ∑

i∈P (U)
n

wi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ
. (C.19)

Substituting (C.18) and (C.19) into (C.17) leads to

EM(t) (g̃(t)η (θ)) =
1
|Ku| ∑

i∈I (U)
n

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

− η · 1
|Ku| ∑

i∈P (U)
n

wi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

=
|I (U)

n |
|Ku|

1

|I (U)
n |

{
∑

i∈I (U)
n

μθ(Xi)ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

− ∑
i∈P (U)

n

ηwi ϕ′′(μθ(Xi))
∂μθ(Xi)

∂θ

}

=
|I (U)

n |
|Ku|︸ ︷︷ ︸
=α

∂

∂θ
Dϕ({ηwi}i∈I (U)

n
, {μθ(Xi)}i∈I (U)

n
)︸ ︷︷ ︸

= ∂
∂θ Qη(θ)

= α
∂

∂θ
Qη(θ).

Thus (i) is proved for the case U ≥ 2, v ≥ 1. Here, we also consider the
case U ∈ N, v = 0. As v = 0 indicates that there is no fixed entry in the
index i, meaning that the step 1 in the above explanation is skipped,
Algorithm 1 consists of only the step 2. Thus, by noticing that P̃ (U)

n =

P (U)
n , Ĩ (U)

n = I (U)
n , following the same calculation leads to the equation

EM(t) (g̃(t)η (θ)) = α ∂
∂θQη(θ), which is the same as the case of U ≥ 2, v ≥

1.

Since v is limited to take value in {0, 1, 2, . . . , U− 1}, (i) is hereby proved
for all the possible (U, v).

(ii) We next prove that Eτ

(
E{M(t)}t∈[τ]

(‖ ∂
∂θQη(θ̃

(τ)
)‖2

2)
)
= O(1/ log T) by

referring to (i) and Ghadimi and Lan (2013) Theorem 2.1 (a). The fol-
lowing explanations are based on Ghadimi and Lan (2013), with cor-
responding symbols k ⇔ t, R ⇔ τ, N ⇔ T, γk ⇔ γ(t), xk ⇔ θ̃

(t),
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f (x)⇔ αQη(θ), G(·, ξk)⇔ g̃(t)η (·), L ⇔ H, Df ⇔ D, ∇ ⇔ ∂
∂θ .

Ghadimi and Lan (2013) Theorem 2.1 (a) shows that, the iterative up-
date

θ̃
(t+1)

= θ̃
(t) − γ(t) g̃(t)η (θ̃

(t)
) (C.20)

satisfies

Eτ

(
E{M(t)}t∈[τ]

(∥∥α
∂

∂θ
Qη(θ̃

(τ)
)
∥∥2

2

))
≤ H · D2 + σ2 ∑T

t=1 γ(t)2

∑T
t=1(2γ(t) − Hγ(t)2)

, (C.21)

where D :=
√

2
H

(
Qη(θ̃

(1)
)− infθ∈Θ Qη(θ)

)
, H > 0 is the Lipschitz

constant of α ∂
∂θQη(θ), γ(t) represents the step size satisfying γ(t) <

2/H, and the number of iterations τ is chosen from {1, 2, . . . , T} with

the probability P(τ = t) = 2γ(t)−Hγ(t)2

∑T
t=1(2γ(t)−Hγ(t)2)

, if (C-1) EM(t) (g̃(t)η (θ)) =

α ∂
∂θQη(θ) and (C-2) EM(t) (‖g̃(t)η (θ)− α ∂

∂θQη(θ)‖2
2) < σ2 for some σ ∈

(0, ∞), (∀θ ∈ Θ) hold. These assumptions (C-1) and (C-2) correspond
to eq. (1.2) and eq. (1.3) in Ghadimi and Lan (2013), respectively.

In the case of Theorem 5.5.2, the minibatch SGD (5.25) reduces to (C.20)
due to the assumption Θ = Rq, the step size satisfies γ(t) = γt−1 ≤
γ

(assumption)
< 2/H, (C-1) is proved by the above calculation (i), and (C-2)

is proved by

EM(t)

(∥∥g̃(t)η (θ)− α
∂

∂θ
Qη(θ)

∥∥2
2

)

= EM(t)

(
p

∑
α=1

(
g̃(t)η (θ)− α

∂

∂θ
Qη(θ)

)2

α

)

=
p

∑
α=1

EM(t)

((
g̃(t)η (θ)− α

∂

∂θ
Qη(θ)

)2

α

)

= trEM(t)

((
g̃(t)η (θ)− α

∂

∂θ
Qη(θ)

)⊗2
)

= trVM(t) (g̃(t)η (θ))

≤ sup
θ∈Θ

trVM(1) (g̃(1)η (θ)) =: σ2
(assumption)

< ∞,

where (z)α represents the α-th entry of the vector z = (z1, z2, . . . , zp),
z⊗2 := zz�, and trZ represents the trace of the matrix Z = (zij), i.e.,
trZ = ∑

p
α=1 zαα. Thus (C.21) holds; we last evaluate the right hand side

of (C.21) in the following.

Obviously, we have H = O(1) and σ2 = O(1) due to the assumptions,
and D = O(1) since the Lipschitz continuity of ∂

∂θQη(θ) proves that
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Qη(θ̃
(1)

) is finite with any fixed θ̃
(1) ∈ Θ. Then, it holds for γ(t) = γt−1

that

H · D2 + σ2 ∑T
t=1 γ(t)2

∑T
t=1(2γ(t) − Hγ(t)2)

= H · D2 + σ2γ2 ∑T
t=1 t−2

2γ ∑T
t=1 t−1 − γ2H ∑T

t=1 t−2

(�)
≤ H · D2 + σ2γ2π2/6

2γ log T − γ2Hπ2/6
= O(1/ log T). (C.22)(

∵ H = O(1), σ2 = O(1), D = O(1), γ = O(1)
)

The inequality (�) holds as ∑T
t=1 t−1 ≥ ∫ T

t=1 t−1dt = log T (≥ 0) and

∑T
t=1 t−2 ≤ ∑∞

t=1 t−2 = π2

6 . See, e.g., Hofbauer (2002) for the series
expansion of ∑∞

t=1 t−2. Thus, substituting α = O(1) and (C.22) into
(C.21) leads to

Eτ

(
E{M(t)}t∈[τ]

(∥∥ ∂

∂θ
Qη(θ)

∥∥2
2

∣∣∣∣
θ=θ̃

(τ)

))
= O(1/ log T)→ 0, (T → ∞).

By noticing that Qη(θ) = Dϕ({ηwi}i∈I (U)
n

, {μθ(Xi)}i∈I (U)
n

), Theorem 5.5.2
is proved.
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