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                         CHAPTER 1 

 INTRODUCTION 

  1. Historical Review and Abstracts on This Work 

        The phenomenological studies on drying mechanisms of 

  T.K. Sherwood and S. Kamei have been extensively developed 

  by R. Toei, A.H. Nissan and A.V. Luikov. For example, 

Toei and his coworkers have performed a lot of experiments 

  on dryings of various materials and made clear the charac-

  teristic of drying process from a view point of simulta-

                                 . 

  neous heat and mass transfer, and given the design basis 

  for dryer of granular materials. Luikov and his coworkers 

  have described the drying process of capillary porous 

  solids in elegant form by using the irreversible thermody-

   namics. 

        As a result of those studies, it has become more 

  important how to determine the transport properties, such 

  as liquid water transfer coefficients, effective thermal 

  conductivities of moist materials, effective gas diffusi-

  vities of pores and so on, appearing in the differential 

  equations of heat and mass transfer on drying of solid. 

        The studies on these. transport properties have been 

  conducted by O.A. Hougen, O. Krischer. D.M. Newitt, R. Toei 

Fa446/4 oog,.,wAks, Particularly in this field, the 
  enormous contributions were given by Krischer and his 
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coworkers. 

     In spite of these contributions, however, there are 

considerably large obstacles to predict the transport 

properties of porous materials appearing in industrial 

drying operations without any experimental data. 

     From the view point mentioned above, keeping 

accent on the transport properties of moist materials in 

drying process, some approaches to several unsolved 

problems concerning with drying mechanisms were tried in 

this work. 

     CHAPTER 2 refers to the drying process of coated film 

of polymer solution as an example of drying homogeneous 

materials. The key point of this study stayed at how to 

determine  theoadileil coefficients in wide range of 

polymer concentration. 

     CHAPTER's 3 ti 6 refer to drying operation of capillary 

porous solids. 

     CHAPTER's 3 and 4 refer to the prediction method of 

the effective thermal conductivities of dry and wet bed of 

granular materials. 

CHAPTER 5 refers to modeling of drying phenomena of 

capillary porous solids by hot air drying. 

     The object of CHAPTER 6 is to make clear the character------- 

istic of super-heated vapor drying in comparing to usual f 

hot air drying from an engineering point of view. 

      CHAPTER's 7 and 8 are fundamental studies on 

vacuum drying operation of solids. 

     CHAPTER 7 isi "'proposal of a new simple calculation 

- 2 -



technique of narrow channel flow of rarefied gases, and 

CHAPTER 8 refers to a theoretical approach to gas phase 

mass transfer coefficient in reduced pressures and determi-

nation of accomodation coefficient of mass transfer on 

sublimation.
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2.   Publications on This Thesis 

CHAPTER 2 Journal of Chemical Engineering of Japan, 

             7, 99 - 105 (1974) 

CHAPTER 5 Journal of Engineering Physics (USSR), 19, 

             464 - 475 (1970) 

CHAPTER 6 Kagaku Kogaku (Chemical Engineering, Japan) 

             30, 43 - 49 (1966) 

               Kagaku Kogaku (Chemical Engineering, Japan) 

             30, 947 - 948 (1966) 

               Kagaku Kogaku (Chemical Engineering, Japan) 

             30, 949 - 950 (1966) 

CHAPTER 8 Journal of Chemical Engineering of Japan, 

             1, 125 - 131 (1968) 

The contents of CHAPTER's 3, 4 and 7 are unpublished.

 i
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         CHAPTER 2 

DRYING MECHANISM OF COATED FILM 

     OF POLYMER SOLUTION

Introduction 

     In the maunfacture of photographic films, synthetic 

fibers and many kinds of polymer products, the drying of 

polymer solution plays an important role. It significantly 

affects the qualities of the products because it is the 

final process in their manufacture. The histories of 

solvent concentration distributions and temperature are 

more important than the  overall drying rate, however many 

problems are still unsolved owing to the complicated behav-

ior of polymer solutions. 

     Otake et al.9) studied the drying of cellulose-acetate-

acetone solution and explained the mechanism of the process 

by dividing it into two periods, namely the period of form-

ing solid skin and that of decreasing drying rate. Sano 

and Nishikawa12) performed drying experiments on a drop of 

polyvinylalcohol aqueous solution. They solved the diffusion 

equation taking into account the dependency of polymer con-

centration on the equilibrium vapor pressure of water. How-

ever, volumetric shrinkage which takes place during the 
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drying and the concentration dependency of the diffusion 

coefficient were not considered in those studies. 

     The purpose of the present work is to study the drying 

mechanism of coated film of PVA aqueous solution and to 

simulate the process of drying, considering the following 

three points of views: 

1. The concentration dependency of diffusion coefficient. 

2. The concentration dependency of equilibrium vapor 

    pressure of water. 

3. The effect of volumetric shrinkage of film accompanied 

    by evaporation of water.

1. Measurement of Mutual Diffusion Coefficients 

     Diffusion coefficients in polymer-solvent systems have 

been measured by several  workers5), but most previous data 

reported refer to extremely dilute solutions or nearly dried 

films, and there are few available data for the medium-

concentration range. Therefore the diffusion coefficients 

for almost the whole concentration range were measured to 

study the drying process of PVA-water solution, using the 

following three methods. These were the "micro-interferome-

tric method" for dilute concentrations, "film desorption 

method" for the nearly dried state and "modified micro-

interferometric method" for medium concentrations. 

- 6 -



1.1 Diffusion coefficients for low concentrations of PVA 

Experimental  

     Although there are several methods to measure the 

diffusion coefficients in low polymer concentrations, the 

micro-interferometric method developed by  Robinson and 

by Crank and Robinson6) was adopted in the present study 

because of the simplicity of the apparatus and the remarka-

ble saving of time. 

     The apparatus consisted of an optical assembly, an 

optical wedge (diffusion cell) and a microscope. The e-line 

O ray (5461 A) was used for interference. The diffusion cell 

was an optical wedge consisting of two partially-reflecting 

microscope slides. 

     Since an interference fringe produced in the cell rep-

resents a contour line of constant optical path in the 

wedge, the refractive index gradient is easily determined. 

There is a linear relationship between the refractive index 

and the concentration of PVA aqueous solution, so one can 

easily obtain the concentration gradient. The details of 

this method have been treated elsewhere7'8). 

     The mutual diffusion coefficient is defined by the 

following equation1): 

              awA 
jA = -pDaz(2 -1) 

The diffusion coefficient D(c) as a function of concentration 
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may be calculated from the concentration gradient curve, 

as shown in Fig. (2 -1), by Boltzmann's equation (2 -2); 

 0 

  D 2t(dS2)J zd2(2 -2) 

 0 in which the origin of z-axis must be chosen to establish 

the following equation: 

 (1 • 
J zd2 = 0(2 -3) 

0 where 

2 = (WA - wA2) / (wAl wA2)(2 -4) 

WAl and wA2 are the concentrations of the two contacting 

solutions, respectively. 

Results 

     The sample of PVA employed was a commercial grade 

having a viscosity-average molecular weight of 21,000 and 

a polymerization degree of 480. Linear relationships 

between refractive index n and concentration wB, as well as 

between specific volume and concentration, were obtained in 

the concentration range from pure solvent to wB 0.6. 

     The data obtained are shown in Fig. (2 -2). Measure-

ment was carried out at 25°C and 35°C. At both temperatures 

the coefficient is almost independent of concentration in 

the range from wB = 0.15 to 0.30, and increases with 

- 8 -
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increasing temperature. The Arrhenius activation energy is 

estimated to be about 5.6 kcal/mol.

1.2 Diffusion coefficients for intermediate concentrations 

     of PVA 

Experimental  

     Though several attempts have been made, it  can be said 

that there has not been established a reliable method to 

measure the diffusion coefficient of polymer solution in the 

intermediate concentration range. Thus the micro-inter-

ferometric method was modified for use in such a concentra-

tion range. 

     The apparatus used was the same as mentioned above. A 

solution was put in the diffusion cell, made of two 

partially-reflecting microscope slides so as to be U-shaped, 

as shown in Fig. (2 -3). Then the evaporation rate from the 

interior surface, A in Fig. (2 -3), was suppressed, so that 

the solution could flow freely to the outer surface during 

the observing time. By means of this device the growth of 

a meniscus formed on the surface at B shown in Fig. (2 -3), 

where the interference fringes were observed, was avoided. 

Solvent evaporation occurred at the outer surface and the 

concentration gradient was formed there. 

     Figure (2-4) shows the observed interference fringes. 

Polymer solution is shown at the right, air at the left and 

the meniscus, whose width was about 10-24, in the middle. 

- 10 -
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     The calculation procedure of concentration  gradients` 

from the interference fringes is as follows. 

In Fig. (2-5) , 

 n1d1= nd( 2 -5) 

d1d+x0(2-6) 

because angle 8 is very small (8 = 0.008 radian). When 

there is a linear relationship between refractive index and 

concentration, Eqs. (2-5) and (2-6) give the relation 

  n = n1/(1 - x8/d1)(2-7) 

whereas 

d1 = L8(2-8) 

Therefore 

  n = n1/(1 - x/L)(2-7') 

As a result, the refractive index gradient is easily deter-

mined from x and L by using Eq. (2 -8). 

Calculation procedure 

     The mass transfer equations in the system of two 

components are1) 

                              - 12 -
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  a p"PAv)awB 

     atA +azaz(PDazA)  (2-9) 

aPB a (pBv)aw 
Tt+azaz(PDazB)( 2 -10) 

Assuming volumetric additivity between PVA and water, 

OO 

(PA/PA) (PB/PB) = 1(2 -11) 

From Eqs. (2 -9)-( 2-11) one can obtain the following set of 

transfer equations. 

                     aw   By=az(Da zA)( 2 —12) wA + W 

                            aw 

   atA- (wA+w)az+vazA= 0(2-13) 

where v is the velocity of the mass center and 

w = .PA/ (PB - PA)(2-14) 

     Now let us consider a layer of polymer solution drying 

from one side, as shown in Fig. (2-6). The origin of z-axis 

is fixed at the evaporating surface. The volumetric shrink-

age of the layer may occur as drying proceeds, and its 

amount is equal to the volume of the solvent evaporated. 

Let us represent the shrinkage as an advance of the bottom 

surface. The shrinkage a is represented as

- 14 -



       J0PAdzS SO  apA +   = . j PAtt=Odz( 2r-15) 
 0 where s0is the initial thickness and s is that at an 

arbitrary time. The initial distribution of concentration 

is everywhere uniform. When one puts an imaginary initial 

bottom plane far away from the evaporation surface, the 

concentrations near the imaginary bottom plane are uniform 

and do not change appreciably. Then one obtains the 

following equations. 

                  s0 

a:(1/PA) {j (PAIt=0—pA)dz + PA0a}( 2 -16) 

0 Then 

                      rs0 a = {1/(PA  PAO) }1 (PA I t=0—PA) dz(2-17) 

                                                       0 Therefore, one can determine s from Eq. (2 -18). 

s0 

    s T s0- {l/(PAPAO) } j (PAIL=O—pA)dz ( 2 -18) 

0 In applying Green's theorem to Eq. (2 -9) with the boundary 

condition with respect to domain B on the t-z plane, as 

shown in Fig. (2 -7) , 

0 < t < T 

(2-19) 
     Z < z < s(t) 

one can obtain 

                              - 15 -
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   =aa`~ApA  oif  _pD) }dzdt 

           1{(PAv _ - pD a zp') dt - pAdz } 

There is scarcely any concentration gradient 

bottom plane, so that changing T, Z to t, z, 

and differentiating Eq. ( 2-21) by t give 

                s o =40 pA It=Odz +atJ pAdz + (pAv) 
  zz 

pAv + pDaz

( 2 -20)

( 2 -21)

at the imaginary 

respectively,

z=s

( 2 -22)

By integrating Eq. (2-12), we obtain the equation 

D awA v = az + vI z=s(2 -23) WA+W 

Substituting Eq. (2-23) to Eq. (2-22) , D .is given as 

     D = - (1 +(PazA) 1 

x{T-E1  pAdz + (pAI z=s PA) v l z=s }(2-24) 

On the other hand, the concentration gradient at z=s(t) is 

always equal to zero, therefore 

s 

   vl z=sdt(dtfpAdz)/pA(2 -25) 

0

- 17 -



    D = - (1 +~) {1/ (pazA) } 

 w 

 s s 

       x { atJ pAdz - (AAIz=s-pA) (atfpAdz) /AA}( 2-26) 
                                   J

O 

     One can determine the diffusion coefficients from the 

changes of concentration distribution curve with time by 

using the above equation. 

Results  

     The distribution curves of concentration obtained are 

shown in Fig. ( 2-8).  Figure ( 2 -9) shows the diffusion 

coefficients calculated from Eq. (2-26). During the time 

of measurement, vlz=s was approximately constant and equal 
to about -3 x 10-6cm/sec. The shrinkage of thickness of 

the imaginary layer was several percent relative to s0. It 

may be attributed to the complicated calculation that there 

was a rather large scattering of data. However, we may 

rely on the results obtained by the above method, because 

they join those obtained in the low concentration ranges.

1.3 Diffusion coefficients for high concentrations of PVA 

Experimental 

     The sorption method was applied to measure the diffusion 

coefficient in the high-concentration range. It has been 

reported that there is hysteresis between an adsorption 

process and a desorption. Thus the desorption method might 
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be favorable for application to the present purpose. The 

details of this method are described  elsewhere4,5,10). 

     If the concentration just within the surfaces of a 

plane sheet of thickness 2b is maintained constant, the 

amount of diffusant Mt taken up from the sheet in time t is 

given by the equation* 

  Mt11100 
     = 2Dtfl+ 2 (-1) nierfcnb}(2 -27) 

        b2 / n=0 

The downtake is considered to be a diffusion process 

controlled by a constant diffusion coefficient D, and M. 

is the equilibrium sorption attained theoretically after 

infinite time. The value of D can be deduced from an obser-

vation of the initial gradient of a graph of Mt/M. as a 

function of Jt/b2. 
     For systems in which the diffusion coefficient is con-

centration-dependent, the initial gradient of each desorption 

curve yields some mean value, D, say, of the integral 

diffusion coefficient. Crank3) has shown that D provides 

a reasonable approximation to 

                rwAO    D = (l/WAO)J D (WA) dwA(2 -28) 

0

*The diffusion flux of solvent and then v in Eq . (2 -9) are 

usually very small in the sorption method. The 2nd term 

of left hand side of Eq. (2 -9) was neglected in the 

derivation of Eq. (2 -27) . 
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where 0 to  WAO is the concentration range existing in the 

sheet during the experiment. By calculating values of D 

for each of a series of sorption experiments, a graph show-

ing DWAO as a function of WA0 can be drawn, and graphical 

differentiation with respect to WA0 gives a first approxi-

mation to the relationship between D and wA. This first 

approximation was adopted in the present work. 

Results  

     The cast films used for desorption measurements were 

made by the evaporation of PVA solution films on mercury. 

They were about 5 cm x 12 cm in scale and 10-2-5 x 10-3 cm 

in thickness. From the desorption curves observed, the 

diffusion of the PVA-aqueous solution is of Fickian type. 

The deduced values of D are shown in Fig. (2 -10) as well as 

those of D. 

     The temperature dependency of D for the high concentra-

tion range is somewhat larger than that for the low concen-

tration range. The activation energy was estimated to be 

about 7.3 kcal/mol. 

2. Drying Experiments of Coated Film of PVA Aqueous Solution 

Experimental 

     The measuring part of the apparatus used is shown in 

Fig. ( 2-11). Hot air of constant temperature and humidity 
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was fed through the rectangular duct on which an assembly 

of coated film was put, as shown in Fig. (2 -11). The 

deflection of the cantilever, 4, caused by the weight change 

of coated film was converted to an electrical signal by a 

differential transformer and was recorded continuously. The 

oil damper was set to minimize the influence of vibration of 

the static pressure on the weighing. The coating plate, as 

shown in Fig.  (2-12), was carefully thermal-insulated by 

keeping the temperature of the upper aluminum plate equal to 

that of the coated film during the time of drying by an 

electronic thermo-regulator within a temperature difference 

of +0.1°C. The base plate for coating of PVA-solution was 

made of polymethylmethacrylate. The measuring error on 

weighing the film was within +10 mg. 

Results 

     The experimental conditions are listed in Table (2 -1). 

An example of changes of weight and temperature is shown in 

Fig. (2 -13) . Figure (2 -14) shows the drying characteris-

tic curves observed. The drying process can be divided into 

two periods, that is, the constant and the decreasing drying 

rate period. With regard to the drying rate characteristic 

curve during the decreasing period, it can be recognized 

that the curve changes from convex for a thinner film to 

concave with increasing film thickness, irrespective of the 

same initial concentrations.
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Table  (2-1) Drying conditions of coated film

Run No.

110 

112 

117

Coated

0 

0 

0

amount

[g/cm2] 

.0985 

.127 

.0464

Initial conc. of 

coated soln. WAO 

[g-water/g-soln.]

0. 

0. 

0.

799 

799 

799

Initial thick-

ness of film s0 

     [cm]

0.0943 

0.122 

0.0444

Constant 

drying rate Rc 

[g/cm2. sec]

2. 

2. 

2.

86 x 10-5 

86 x 10-5 

86 x 10-5

All the experiments 

Temperature: 42.0°C

were carried 

, Humidity: 0.

out 

0047

at the following conditions of 

 g-water/g-dry air, velocity: 2

hot 

.7

 air. 

m/sec
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1
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 , , 
,

Run

cp=0.40 

pA 0.994

, 

,i

112

Averaged 

cal/g °C 

 g/cm3

 r 
r

2 

Water 

c
5=0.35 

pB=1.27

Drying 

   Air 

   Film

Observed 

Calculated

Condition 

 temp 42.0 °C 
 humidity 0.0047 (-) 

 Thickness ( initial ) 

 Run (cm) 

 110 0.0943 
 112 0.122 

117 0.0444

Content 

cal/g °C 

g/cm3

3• 
 - ) 

WAe=0.007275

4



3. Discussion 

Formulation of

of Drying Mechanism 

drying equations

     Let us consider the drying process of film as shown in 

Fig. (2 -15), where the origin is taken at the bottom of the 

film. Assuming that the temperature distribution is negli-

gibly small because of the film being very thin and that 

there is no convective flow in the film because of the high 

viscosity of the solution, we can obtain the following set 

of equations to represent the drying process of coated film. 

     Elimination of v from  Eqs. ( 2 -12) and ( 2-13) gives 

the following mass transfer equation. 

awA 2D 9wA2awA 

at+az)az(Daz)(2 -29) 
wA + w 

Initial conditions: 

    at t = 0, any z : wA = wAO = const.(2 -30) 

  at t = 0: s =s0( 2 -31) 

Boundary conditions: 

aw 
    at z = 0 (bottom) , any t : a

z`~ = 0(2 -32) 

     at z = s(t) (surface) , any t : 

                         A  pDwawA _____,• = k
g (p- pa)(2 -33) w

A + Wa z 
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 ̂   aw
°_ pDw. 8zpAdt( 2 -34) 

wA w 

 where 

  D = D(wA, 8)(2 -35) 

  P = p (WA, A)(2 -36) 

 Eq. (2 -33) is derived by applying Green's theorem to Eq. ( 

  2 -9), taking account of Eq. (2 -32), and setting v=0 at 

t=0. 

       On the other hand, the heat transfer equation deter-

 mining the temperature of the film is given as 

      {Wscs+ W(cp+cAw) }at- rAWat= hg(Aa - 6)( 2 -37) 

 the following replacements 

       x = z/s, y = (wA - wAe)/(wA0 wAe)' S = s/s0 
                                                      (2 -38)       K = D/so, V = v/s0, y = (w + wAe)/(wA0 wAe) 

 convert Eqs. (2 -29)-(2 -34) and (2 -37) to Eqs. (2 -39)- 

  (2 -45) . 

_ x.dS.2z 4.(22K11=a(Kay)( (2 -39) 
atSdt axy+y S2axaxax 

 Initial conditions: 

    at t = 0,. any x : y = 1(2 -40) 
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 att=0 : S=1, e=e
w(2-41) 

Boundary conditions: 

at x = 0, any t : ax = 0 ( 2-42) 
     at x = 1, any t : 

— wpK ak             -~'-_.a(P-p)( 2-43) 

        (y Saxs0a 

            =-
s—`(p p)PAdt( 2-44) 0 

     {Wscs+ cps0(POpA0) + cAs0(PAOpA) + cAsOPAS}dt 

 -rpsds=h(e- e)( 2-45) 
               ga 

Numerical solution 

     Eqs. ( 2 -39) and (2 -45) were solved simultaneously 

with the boundary conditions, Eqs. (.2 -40) - (2-44) , to give 

the calculated results of the drying process of the coated 

film, as described below. 

     Figure (2 -16) shows the diffusion coefficients observed 

at-'25°C in the whole concentration range. The lnD was repre-

sented by a polynomial expression of 7th degree with respect 

to concentration, wA (see Appendix-1). The Arrhenius 

equation having AE = 7.3 kcal/mol was adopted to estimate the 

temperature dependency of the coefficients. 

     The equilibrium vapor pressure of water on the PVA 

aqueous solution was expressed by the formula 
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 p  (WA, T) = .ps ,T. a (wA)(. 2-46) 

Where a(WA) is the activity at the concentration of wA and 

approximately assumed to be independent of temperature over 

a small range of temperature, and was numerically repre-

sented by a polynomial expression of 6th degree with respect 

to concentration by using Sano and Nishikawa's data12)(see 

Appendix-1). ps
,T is the saturated vapor pressure of water. 

     The numerical calculation was done by the finite-

difference method (see Appendix-2), in which At and Ax were 

2.5 - 5.0 sec and 0.1, respectively. The numerical solutions 

of the set of equations are shown in Figs. ( 2 -13) , (2-14) 

and (2 -17). An example of the calculated results repre-

senting the changes of water content distribution and film 

thickness with time are shown in Fig. (2 -17) for Run 117. 

As shown in Fig. (2 -13), calculated film temperature and 

weight were in fairly good agreement with the values 

observed. Values for critical water content coincided with 

each other too, but there were somewhat appreciable discrep-

ancies between those of the characteristic drying rate curve, 

as shown in Fig. (2 -14). These discrepancies, especially 

in the low water content range, may be due partly to the 

crystallization occurring in the high concentration range of 

polymer, which may affect both diffusion coefficient and 

equilibrium vapor pressure_ of solvent, although these effects 

could not be quantitatively estimated yet, and partly to the 

measuring methods of diffusion coefficient mentioned at 1 .3, 
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which neglect the influence of volumetric shrinkage assuming 

a small change of concentration of the system. In spite of 

these discrepancies, the calculated curves were similar to 

the observed ones as a whole.

 Conclusion 

     Drying of coated film of polyvinylalcohol aqueous 

solution was studied experimentally and theoretically to 

determine the change of distributions of local solvent con-

centration and temperature of film during drying. 

     Measurements of diffusion coefficient of the PVA-water 

system were performed in the whole range of concentration. 

A new method for measurement in the middle range is proposed. 

     A set of drying equations taking account of the volumet-

ric shrinkage accompanying the evaporation of solvent was 

formulated and numerically solved using the observed diffusion 

coefficients. 

     The calculated results were compared with the experimen-

tal ones obtained from drying experiments of coated film of 

PVA aqueous solution. 

     The agreement between them shows the reliability of the 

diffusion coefficient observed and the theoretical treatment 

proposed in the present work.
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 Appendix-1 

Diffusion coefficient

                   8 
D250C(WA) = exp{ 

                          n=1 
Fn(n=1, 2, ...,8) . 

     718.8218, -2233.989 

Activity of water vapor

(1 - WA)n-iF 

 -14 .20662, 

, 3310.831, 

pressure

n} 

0.7050937, 

-2341.191,

O 

at pB/pB < 0.572 : 

at pB/pB > 0.572 : 

Fn(n=1, 2, ...,7) 

31.54351, -36.5868

a 

a

= 1 

_ ( P
B/PB)n-1 ', 

-6 .000924, 33.63109, 

64.65406, -35.46261

(A-1) 

-92.66516, 

627.7167 

         (A-2) 

         (A-3) 

-51.77314,

Appendix-2 

Finite-difference equations

     The integration of Eq. ( 2.-39) by x give13) 

     x
fxrxt~ydx ='.(xy -ydx) - 2 K ( aX) 

00S Oy+y 

Now, let k = At and h = Ax = 1/N. 

The implicit finite-difference representation of 

becomes 

i-1 
Yi ,j+1 Yi,j 4- Y0,j+1) + 2n/1(Yn,j 

               +  

                 1 dS              kES
j+l.dtlj+l{iyi,j-B(Y)i,j+1} 
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dx + Kax 

       (A-4) 

 Eq. (A-4)

- y
n,j +l)



+

1 dS 

S. dtlj 

2k{21 
  Si+1 

h2{Kij

{iYi
^j  B(Y)i,j}] 

B(K).. + 12B (K)1
,3                                      S. J 

+1(Yi+1,j+1 Yi-1,j+1) 

    + Ki
,j(Yi+l,j Yi-1,j)/

(A-5)

where 

  K= 
          1"17'

,J) ,. (Yi+l•,jYi-1 , j) 2(A-6)      i
,j                y .. +y 

               ih 

B(X) = hj X(x,j)dx 

                0 X. + X i-1 
_ (  1'J 

20,J + Xn,.)(A-7)                                   n=1 

The semi-implicit representation at the bottom (i = 0) for 

Eq. ( 2 -39) is 

    Y0 ,+1•0,2h +2h2{K(YO,j)+K(Y1,j)}(171,j YO,j) 

2K(YO
.j) 1 2 

+yS](Y1,j YO,j)    YO,J 

+K(0
,1) + K(yi,j+1) } (Y1.j+1 Y0,•j+1) 

_ 2IC (YO J+1) 1(Y
1J+1 YO , j+1)2 2(A-8) Y

O,j+l + Y Sj+1
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  dtlj+l = (Sj+1 -Sj)/k(A-17) 

where  yN
,j is given from Eq. (A-15). 

Eq. (2 -45) is given as follows; 

ej+1 = 6j + k{hg(6a 6j) + rApAsOdtI}/(Al+ A23S.) 

                                       J 

                                                      (A-18) 

where 

0 Al = Wscs + cpsO(pO- pA0) + cAsO(pAO - pA)(A-19) 

0 

 A2= CAsOpA(A-20) 

Calculation Procedures 

     The principle of numerical calculation is as follows. 

(1) Substituting 6j,Si and dS/dtIj into Eq. (A-18) gives 

ej+l • 

(2) Substituting p(n)(yN ,j) which is the n-th approximate 

                                           q.7.11-1),value of p(yN,j) into Eq. (A-16) gives which 
     gives dS/dtlj+1 from Eq. (A-17) 

(3) yOnj+lis given by substitution of S(n+1) into Eq. (A-8) 
(4) By substitutingy(n+1)into Eq. (A-5), one can obtain                      O , j+1 

     the values yi(n+1)(i = 1, 2, ..., N-1) succesively. 
                  ,j+l 

(5) Substituting the values obtained above into Eq. (A-13) 

     gives Y(n+1,1),the first approximate value of Y (n+1)    N ,J+1N,j+l 

     and which gives y(n+1,1)from Eq. (A-15). Further                       N
,J+1 

     substitution of y(n+l,l)into Eq. (A-13) and (A-15)                      N
,J+1 

     givesy(n+1,2). By iteration of these calculations             N ,j+1 
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   dtlj+l=:(Sj+1 -Sj)/k(A-17) 

where yN
,j is given from Eq. (A-15). 

Eq. (2 -45) is given as follows; 

0j+1 = 0j + k{h
g(0a0.) + rApAsOdtj}/(Al+ A2S.) 

                                                        (A-18) 

where 

                                                                               0 

     Al= Wscs+ c
psO(pO- pA0) + cAs0(pAO - pA) (A-19) 

                       0 

 A2= cAsOpA(A-20) 

Calculation Procedures 

     The principle of numerical calculation is as follows. 

(1) Substituting 0j,S. and dS/dtlj into Eq. (A-18) gives 

0j+1 • 

(2) Substituting p(n)(yN ,j) which is the n-th approximate 
    value of p(yN,j) into Eq. (A-16) gives 5~+11)' which 

     gives dS/dtl. from Eq. (A-17) 

(3)y0nj+1is given by substitution of S~+11)into Eq. (A-8) 
(4) By substitutingy(n+1)into Eq. (A-5), one can obtain                       O,j+1 

the valuesy(n+l)(i= 1, 2, ..., N-1) succesively.                 1
,j+1 

(5) Substituting the values obtained above into Eq. (A-13) 

     givesY(n+l,l),the first approximate value ofy(n+1)    N,j+lN,j+l' 

     and which gives y(njfrom Eq. (A-15). Further                      N
,j+l+1 

     substitution ofy(n+1,1)into Eq. (A-13) and (A-15)                      N
,j+1 

     givesy(n+1,2) . By iteration of these calculations            N,j+1 
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     or by Newton's Method using the derivatives which are 

     estimated by the two-points approximation, finally 

    one can obtainy(n+l)which satisfies the following                     N
,j+1 

     criterion. 

    1(n+l,m) _(n+1m+1)(n+l,m+l)     Yj+l'N ,j+l''N, jyN,•j+l < 1 

                                                       (A-21) 

 Sl= 10-6(A-22) 

(6) S(114-1) and dS/dt1~+11)can be obtained by substitution 
     ofy(n+l )into Eqs. (A-18) and (A-16) .          N

,j+1 

(7) Then one interates the calculation procedures from (2) 

     to (6), and finally can obtain the value of yN
,j+1 

     which satisfies the following criterion; 

           (n+l)/I_(n+1)     117N11,j+11'N,j+1~'N,jyN,j+lS2(A-23) 

 62 = 10-4(A-24) 

These-calculations were performed by FACOM 236-60 of the 

Data Processing Center of Kyoto University, in the double-

precision program. 

Nomenclature 

b = one half of film thickness[cm] 

c = heat capacity[cal/g•°C] 
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-  - - 

, --m 

jlR5!4.ldss,.~ 

D = mutual diffusion 

D = integral diffusio 

d = interval distance 

hg = heat transfer coe 

K = D/s02 

kg = mass transfer coe 

L = distance from hea 

      (cf. Fig. (2-8)) 

Mt = amount of diffusa 

Mco = amount of diffusa 

n = refractive index 

p = partial pressure 

pa= partial pressure 

R = 1.987 (gas consta 

rA = latent heat of va 

S = dimensionless thi 

s = thickness of file 

T = absolute temperat 

t = time 

V = v/s0 

v = velocity of mass 

W = mass of dried-up 

Ws = mass of coating F 

w = averaged water cc 

x = dimensionless dis

 kiMksel

ffusion coefficient 

diffusion 

distance between 

sfer coefficient 

sfer coefficient 

from head of wedge 

(2-8)) 

 diffusant at time 

 diffusant in equil 

.e index of 

Iressure of water va 

pressure of water va 

.s constant 

at of vaporization 

less thickness 

 of film 

temperature 

of mass center 

ried-up film 

oating plate 

water content 

less distance.

t 
;t°  

                          ,t 1prvroirir 
 [g/cma ,] 

efficient in PVA-water system 

                           [cm2/sec] 

coefficient [cm2/sec] 

etween tical wedge [cm] 

icient at film surface 

[cal/cm2• sec •°C] 

[1/sec] 

icient at film surface 

                      [g/cm2-sec-mmHg] 

of wedge to observed point 

                               [cm] 

at time t [g] 

in ibrium state [g] 

PVA solution[-]. 

 water Lpor at film surface [mmHg] 

water Lpor in hot air [mmHg] 

[cal/g-mole •°K] 

rization of water [cal/g] 

ness of film, s/s0 [-] 

[ cm] 

e or time' [°K] , [sec] 

                               [sec] 

[1/sec] 

nter[cm/sec] 

lm[g] 

te[g] 

ent of .lm [g-water/g-polymer] 

[-] 
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y = dimensionless mass fraction of solvent 

 (WA - WAe) / (WA0WAe)[-] 
^ ^ 

y = (w + WAe) / (WAOWAe)[-] 

z = distance[cm] 

A = temperature or wedge angle[°C], [radian] 

S2 = dimensionless mass fraction 

   (WA - WA2) / (wAl . WA2)[-] 

p = density [g-solution/cm3-solution] 

pApB= concentration of solvent, polymer respectively 

                                                [g/cm3-solution] 
° ° 

pA, pB = density of pure solvent, polymer respectively 

                                                 [g/cm3] 

0 = length of shrinkage of film[cm] 

w = mass fraction[-] 

w = ,PA/ (PB - PA)[-] 

<Subscripts> 

A = solvent (water) 

a =hot air 

B = polymer (PVA) 

e = equilibrium 

p = polymer (PVA) 

s = coating plate 

w = wet bulb temperature 

0 = initial value
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                CHAPTER 3 

PREDICTION OF EFFECTIVE THERMAL CONDUCTIVITIES 

               OF PACKED BEDS

Introduction 

     The effective thermal conductivity of packed bed or 

granular material filled with a stagnant fluid which con-

ductivity is smaller than that of the particle at relatively 

low temperature is an important property in engineering 

calculation, and so has been studied experimentally and 

theoretically by numerous investigators. Schumann and 

Voss8), Yagi and Kunii12), Kunii and Smith4), and Zehner 

and  Schlunder13} have proposed the predicting formulas by a 

simple theoretical consideration based on a simplified geo- 

metrical model. Deissler and Boegli2), and Wakao and Kato11) 

have obtained numerical solutions by the relaxation method 

to the Laplace equation for the cubic (c = 0.476) and the 

orthorhombic (e = 0.395) lattice models of spheres. 

Krupiczka3) has derived and approximate solution for the 

cubic lattice and presented the correlating formula for the 

conductivity as a function of the void fraction. However 

these studies are those calculated only for the symmetrical 

axes of regular packings. Thus the purpose of the present 
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 study is to derive a predicting formula of effective thermal 

 conductivities of bed of random packing having an arbitrary 

 fraction of void in the case that only the conductive heat 

 flux is predominant and radiative or convective can be 

 neglected.

1. Modeling for the Heat Transfer Characteristic 

1.1 Coordination number and void fraction 

     The coordination number, that is the number of contact 

on one sphere made by the surrounding spheres, is of interest 

in the study of packed beds. Particulary when one evaluates 

the effective thermal conductivity, it plays a predominant 

role. Figure (3-1) cited from Ridgway and  Tarbuck°s paper7) 

shows the relationship, between void fraction. and coordina-

tion number for spheres of uniform size, which contains the 

calculated values for regular packings and also the observed 

by several workers1,5,6,9,10). The curve on the figure is 

the best quadratic regression line, obtained by Ridgway and 

Tarbuck7), which can be fitted to the points, and has the 

equation 

e = 1.072 - 0.1193 N + 0.00431 N2(3-1) 

                for e > 0.246
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 From Eq. (3-1), the coordination number N is given explic-

 itly as follows. 

   N = 13.8 -  1232 e - 57.8(3-2) 

                for c > 0.246 

 In the following analysis, Eq. (3-2) is used to give the 

 coordination number for arbitrary void fraction. 

 1.2 Equivalent number of contact points on hemi-sphere for 

      heat transfer 

      The contact points, whose number can easily be estimat-

 ed from Eq. (3-2), randomly locate on the surface of spheri-

 cal particle. Now let us cut a sphere by the plane, on 

 which there is the center of the sphere and also perpendic-

 ular to the macroscopic direction of heat flux. As shown 

 in Fig. (3-2), we denote a as the angle which is made by the 

 line OP connecting between the center of sphere "0" and a 

 contact point "P" to that plane. 

      First of all, we consider that the contact points 

 locating on the surface of hemisphere correspond to how many 

 number of contact point P' locating just on the macroscopic 

 direction of heat transfer at the view point of the contri-

 bution for heat transfer. 

      The following assumptions are postulated for simpli-

 fying of calculations. 
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   1. The temperature is uniform in the direction perpen-

       dicular to the macroscopic direction of heat 

         transfer. 

   2. Transfer of heat from a shpere to an adjacent sphere 

       through the contact point can be substantially 

       reduced to that from the center of the particle to 

       the one of the adjacent along the line between them. 

From these assumptions we can assume that the temperature 

gradient along the line  00' becomes sina.dt/dz where dt/dz 

means the gradient along the macroscopic direction. 

Further, the displacement from the center 0 to the center 

0' is equivalent to the displacement of 2R•sina along the 

macroscopic direction. Therefore finally we can assume that 

the heat flux through a point P having an (inclinating) 

angle of a corresponds to "sin2a" times of that at the point 

P'. 

     Now further we postulate the two assumptions as 

follows. 

   3. The probability of contact point to locate on the 

        surface is uniform everywhere. 

   4. The contact points have the independent contributions 

        for heat transfer each other. 

Then the number of contact points per unit surface area of 

shpere is given as N/47R2. The surface element corresponds 

to an angle element da is 2TrR2•cosa•da. Consequently the 

effective number of contact points on hemi-sphere based on 

the contribution of heat transfer is given by Eq. (3-3). 
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        J2sin2n =a  (N/47R2) 27R2 cosy da 

0 = 
6(3-3) 

1.3 Heat flux through a contact point 

     When the effect of radiation and contact thermal 

resistance at contact point are negligible, the heat flux 

near a contact point was given by Kunii and Smith4) assuming 

it to be unidirectional, as follows. (cf. Fig. (3-3)) 

        r00 
     q =Jdq = TrRk fAt (K--------1 2 [ln{~c- (K - l) cosO0} 

         0                               - 

            - (K 1) (1 - cos0
0) ](3-4) 

where the area possessed exclusively by one contact point 

and across which heat flows is assumed to be 1/n of the 

cross-sectional area of sphere, and therefore, in Fig. (3-3), 

the angle 00 which is the upper bound of integration for heat 

heat flux is given as Eq. (3-5). 

00= Sin-1() n > 1 
                                                          (3-5) 

= Tr/2 n < l 

As the heat flux per a sphere is nq, so the effective thermal 

conductivity of solid part, k
es, is 
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k=nq AL= es 
TrR2 At

2RnK TrRk fAt

TrR2At

= 2nkfK (3-6)

where

K = (KK1)2 [ln{K — (K'1) cOSQO}—(K -1) (1 - 
    c~'a'-----K

cos60) ] 

  (3-7)

1.4 Unit cell of packed bed 

     In the calculation of effective number of contact 

points, the position P' in, Fig. (3-2) was chosen as the 

standard position, so the cylinder, which consists of the 

solid part and the macro void part as shown in Fig. (3-4), 

can be assumed as the unit cell.

     Volume of the solid part = 2TrR3                                                          (3 -8) 

     Volume of the spheres in the solid part =3TrR3 

                                                             • The void fraction of the solid part in the cell is 1/3. 

Therefore the equivalent areas of the solid part and the 

macro void part across which heat flows are given as follows 

respectively.

at e > 1/3

at c < 1/3

[SOLID] = 3(1 - 6)/2 

[VOID] = (3c - 1)/2 

[SOLID] = 1 

[VOID] = 0

(3-9)
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1.5 Predicting formula of effective 

     The apparent heat flux through 

the flux through the solid part and 

macro void part. Then the effective 

ke is given as 

 k
e/k  f = [VOID] + 2nK[SOLID] 

= [VOID] + (NK/3) [SOLID]

thermal conductivity

the bed is the sum of 

the one through the 

 thermal conductivity

(3-10)

     Equation (3-10) is the predicting formula for the bed 

of spherical particles. Now let us consider the case for 

the bed of non-spherical particles. The experimental data 

of the coordination number of non-spherical particles can 

not be found anywhere, then as the first approximation the 

coordination number N of non spherical is assumed to be 

given as

N = N'F (3-11)

where N° is the number calculated by Eq. (3-2) supposing it 

to be spherical and F is a correction factor which must be 

determined to minimize the deviations between the observed 

and the predicted conductivities. 

     In order to satisfy the restriction that Eq. (3-10) 

always should give k./k= 1 at k /k = 1 regardless the 
        efs f 

void fraction of bed, the condition of n > 1, or N > 6, is 

required taking into account of the behaviors of Eq. (3-8) 
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and (3-10). As the void fraction which gives n = 1 is 0.51 

for spherical particles (or 0.55 for non-spherical because 

F = 1.1 of Eq. (3-11) gives the best fit as described below 

in detail), Eq. (3-10) can be rewritten as follows; 

                             Spherical Non-spherical 

ke/kf=3K: e<1e< 1 

 3e  - 1 NK (1 - e) 1 1 
2+ 2:< e < 0.51< e < 0.55 

          3e 
21 + 3K(1 - e) :e> 0.51 6 > 0.55 

                                                       (3-12) 

2. Discussion and Consideration 

     The representative formula to predict the effective 

thermal conductivity which have been proposed are as follows; 

Schumann & Voss8) 

     ke
= e3+1(1 -e3)K {1-p(1 +p) (K -1)  In (1P)1     k 

    f- p (K - 1)1 - p(ic -1)Kp 

     where e = p(1 + p)In(1 + p) - p                                   

1 (3-13) 

Kunii & Smith4) 
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    k 

    kf -  E  +  q + 2/(3K) 

                                                                                                                                        • 

               sin200 2 
    where cP, = 2nK 3K 

sin200 = 1/n 

            loose packing e = 0 

            closed packing E = 0 

• Krupiczka3) 

     k
e = KA - 0.0248.1nK 

    kf 

     where A = 0.280 - 0.329:lne 

Zehner & Schlunder13) 

    k       e = 1 - ,/1 - E+ J1 - E 
kB      f 

          - B + 1 _ B - 1} 
         2KK - B 

     where B = C(1 6)10/9 

            C = 1.25 . sphere 

             1.4 crushed 

             2.5 raschig 
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       The calculated standard deviations between the observed 

  and the predicted by the four formulas above and Eq. (3-12) 

  are listed in Table (3-1), with the 158 observed data 

 collected by Krupiczka having the void fractions above 0.250. 

 The formula of Schumann and Voss has the worst deviation of 

  35.8%, and Eq. (3-12) postulating F = 1.1 has the best of 

 23.8%. But the differences among the formulas except for 

  Eq. (3-13) are relatively small. 

       However when the accuracy of predicting formula is 

  examined, we must take into account of that all of the 

  observed conductivity, the void fraction and conductivity of 

  solid which is measured or estimated have inherently consid-

  erable errors respectively. If the standard deviation of 

  observed conductivity caused by these inherent errors is 

  considerably large, the differences in accuracy of predic-

  tion do not appear distinctly in the differences of the 

  standard deviations between the observed and the predicted 

  conductivities by the different formulas. Consequently 

  even the small differences might be a basis to persist the 

  superiority of the predicting formula. 

       When the correction factor F is equal to 1.1, the 

  deviation becomes minimum. Figure (3-5) shows the compari-

  son of examples between the observed and the predicted 

  conductivities (calculated) by the five formulas. As seen 

  in the figure, the formula of Schumann & Voss makes consid-

  erably under-estimation, but the others predict relatively 

 well. The comparison of the predicted conductivities by the 

  formulas at the void fraction of 0.395 which is the one of 
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Table (3-1) Comparison 

of prediction errors 

   Schumann &  Voss8) 

Kunii & Smith4) 

Krupiczka3) 

   Zehner & Schlunder13) 

   present work F = 1. 

                     F = 1.

 of standard 

      35.8 % 

      24.6 % 

      24.3 % 

      24.4 % 

0 24.1 % 

1 23.7 %

deviations

)
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 orthorhombic packing is shown in Fig. (3-6), and the 

conductivities predicted by Eq. (3-12) at various void 

fraction and various K are shown in Fig. (3-7). 

Conclusion 

1. A predicting fromula, Eq. (3-12), for the effective 

    thermal conductivities of beds, based on the effective 

    number of contact points around a particle for random 

    packing, was proposed. 

2. By comparing Eq. (3-12) to the other formulas proposed 

    by several workers, it was shown that the present 

    formula gives the best fit to the observed conductivi-

    ties collected by Krupiczka. 

3. It was given graphically the effective thermal conduc-

    tivities of beds for various ratios of solid and fluid 

    conductivities and void fractions.

Nomenclature 

F = correction factor for coordination 

      spherical particles in Eq. (3-11) 

K. = given by Eq. (3-7) 

ke = effective thermal conductivity of 
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k es = apparent  thermal' conductivity of solid part 

[kcal/m. hr • °C] 

kf = thermal conductivity of fluid[kcal/m•hr•°C] 

ks = thermal conductivity of solid[kcal/m•hr•'°C] 

L = length[m] 

N = coordination number of packed bed[-] 

N' = coordination number of non-spherical particle 

      calculated by Eq. (3-2) supposing it ' ' spherical 

[-] 

n = effective number of contact points on hemi-sphere[-] 

q = heat flux near a contact point[kcal/m2 hr] 

R = radius of sphere[m] 

t = temperature[°c] 

Z = length[m] 

a = inclination angle of contact point[radian] 

c = void fraction of bed[-] 

K = ks/kf[-] 

A = angle[radian] 

AO= upper bound of angle 8, given by Eq. (3-5) [radian] 
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CHAPTER 4

EFFECTIVE THERMAL CONDUCTIVITIES 

    OF WET GRANULAR MATERIALS

Introduction

     The prediction of thermal conductivities of wet 

materials such as sand, soil, solid catalyst and brick etc. 

is very important for engineering calculations. 

     A number of studies6,7,10,17) has been successfully 

conducted to develope techniques for predicting thermal 

conductivities of porous materials in dried-up and saturated 

state with water, both being two-phase dispersed system. On 

the other hand, there are many studies2,3,5,8,9,12ti16) also 

on the thermal conductivity of wet material which is a system 

consisting of three phases, however the prediction methods 

 seem:. to have some defects and be unaccomplished. 

Krischer and Esdorn5) has proposed a typical formula for 

prediction which is founded on the assumption that heat is 

transfered through a system of partially parallel and 

partially series resistances. The different modes of heat 

transfer considered in their model are 

(1) Conduction of heat through solid, water and air. 

(2) Enthalpy transfer by an evaporation - diffusion - 
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      - condensation process of water . 

Even though their model has been applied to correlate 

experimental results in many  works2,8,9,16) after them, it 

is somewhat incovenient for practical use because it has tie 

two parameters to be determined experimentally. 

     The purpose of the present study is therefore to 

establish a new method to predict the effective conductivity 

of wet beds of granular material without any experimental 

parameters except the void fraction, water content and 

thermal properties of each phases. The extension of the 

prediction formula for the two-phase system proposed in 

previous chapter has been carried out succesively for this 

purpose, providing the particles of bed were spherical and 

uniform in size.

1. Derivation of Prediction Formula 

1.1 Water configurations retained in beds of granular 

     materials 

     Although configuration of retained water in bed must be 

considered as an stochastic phenomena, the quantitative 

expression of it seems almost impossible. Then in order to 

simplify the analysis, the rather bold assumptions described 

below have been postulated. 

     An angle 6 made at the center of particle by wedge 
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water held around a contact point of two spherical 

particles, as shown in Fig. (4-1), has been defined as a 

measure showing the amount of a wedge water. If all of the 

wedge water in a bed uniformly increase, the pairs of wedge 

waters adjoining each other become to coalesce just at a 

certain angle  0c which is dependent only on the packing mode 

regardless the diameter of particle and the surface tension 

of water provided that the particles are fine. After 8 

reaches 0
c, the void space near contact point may be consid-

ered to be suddenly filled up with water as the water 

content increases. On the other hand, when a higher suction 

pressure than the entry suction pressure, which is defined 

as the minimum pressure to remove the water out from the 

saturated bed with water, is applied, the water is suddenly. 

removed out just to the extent that the angle 8 of wedge 

waters is equal to 0c_ Based on these considerations, the 

state of retained water can be expressed as follows; 

(1) Increasing process of water content : As the macro-

scopic water content of bed 0 increases gradually from zero, 

the wedge waters increase uniformly up to 0c at which 

0 is 0
c, and thereafter they do not increase anymore, but 

voids saturated with water begin to appear and increase in 

number up to whole voids to be saturated. 

(2) Decreasing process of water content : As decreases 

from saturated state, saturated voids disappear one after 

another leaving the wedge water whose 0 is equal to 8
c. 

After all of the saturated voids disappear completely the 

wedge waters begin to decrease in volume uniformly. 
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     With these assumptions, we can specify the configura-

tions of water in beds through the whole range of water 

content. 

1.2 Relationship between angle  0 and water content 0 

     When the periphery of the cross section of wedge water 

is assumed to be circular, the relative volume of wedge 

water to one of a particle is given as follows (cf. Fig. 

(4-2) ) 

     V = (3/2) [ (1 - cos8) {tan20 + (sec0 - 1) 2 

          - (1 - cos0)2/3} - tan0(sec0 - 1)2- 

(sin0•cos0 + 7/2 - 0) - (1 - cos0)2(2 + cos8)/3] 

                                                         (4-1) 

Therefore if the number of contact point per a particle is 

N, the degree of relative saturation of void with water V is 

V = NV(1 - 0/(26)(4-2) 

where N can be calculated by Eq. (4-3) proposed for spheri-

cal particles by Ridgway and Tarbuck10,11) (cf. Fig. (4-3)); 

                = 13.84 --/232c - 57.8 (E > 0.246) (4-3) Nspheric
al 

In the case of non-spherical particles10) (cf. Fig. (4-3)), 

Nn
on-spherical - 1.1-Nspherical(4-4) 
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    As the 

angle  0c_ 

represented

0' =

next problem, let us 

The angle 0' defined 

 as the function of 0

Sin-1(tame)+ 1 - sec0)

 consider the coalescing 

in Fig. (4-1) can be 

 (cf. Fig. (4-4)).

(4-5)

Because the rigorous expression of 0 c which is a function of 

N seems to be impossible, the following assumption was made 

for simplicity. The cross-sectional area possessed exclusi-

vely by one critical wedge water, when it is evaluated at 

the throat of wedge water as TrR2sin20', is postulated to be 

one - "N/2"th of one of a sphere TrR2. Therefore (cf. Fig. 

(4-5)) , 

of = Sin-1 J2/N(4-6)

While the theoretical0
cis 45° for the 

the orthrhombic packing, the calculated 

(4-5) are 44.5° and 29.3° respectively. 

because the critical water contentcis 

ed from Eqs. (4-6) , (4-2) and (4-1) , the 

between the water content of bed 0 and 

of wedge waters is expressed as follows;

cubic and 30° for 

from Eqs. (4-6) and 

 Consequently 

equal to 1pc obtain-

 relationship 

the configuration

(i) 0 < < 11)c _ 1Pc)

0 and 

(4-2)

0' can be 

and (4-5) .

obtained from rV by Eqs. (4-1) ,

(4-7)
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(ii)  c < < 1.0 

     =ai'
c+ 

   where 

 a =number

From Eq. 

a =

(1 - a)(4-8) 

of wedge waters in critical state.
   number of contact 

(4-8) ; 

(1 - 0)/(1 - tpc)

point in saturated state.

(4-9)

1.3 Modeling of heat transfer near a contact point 

      Let us consider the mechanisms of heat transfer at a 

moderate low temperature in beds of wet spherical particles, 

where there are no convection of fluid and radiative 

transfer. It is necessary for the present case to take into 

account of not only the conductive heat transfer through 

solid, liquid and gas, but also the enthalpy transfer 

accompanied with the water vapor diffusion. The calculating 

procedures proposed in the previous chapter has been 

successfully applied to analyse the present mechanisms. 

     In Fig. (4-1) showing a cross section of two particles 

in contact with each other it has been assumed that the heat 

transfer occurs in the vertical direction by the following 

mechanisms; 

(1) Heat transfer through the solid part. 
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a. Conduction through solid, liquid which is wedge water 

    and solid; 

     The heat flux  q
a by mechanism "a" per a contact point 

is@ ° 

  qa=Idqa = TrRk1K1At(4-10) 

          O where 

     K1 = ks/kl 

2 
    K1 = (

K1) [ln{K1- (K1- 1) cos0 ° } (4-1J)            1 

              K1-              

K---------(1 - cos@')]               1 

as described in the previous chapter. 

                                                                                                                                                                                                                                • b. Conduction through solid, enthalpy transfer through 

    gas around wedge water and conduction through solid; 

qb = fdq b = 7R(kg + kd)KdAt(4-12) 
0' 

where 

    Kd = k
s/ (kd + kg) 

Kd 2 Kd (Kd - 1)cos0 
    Kd(

Kd - 1) [ln{Kd - (Kd - 1)cos0'}(4-13) 

             Kd - 1               

K---------(cos@° - cos0)]                Kd 

  k - MvDvrl dps(4-14)      d R
VT (pT - ps) dt 
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c. Conduction through solid, gas and solid; 

         (00  qc = J  dqc = 7tRkgKgAt(4-15) 
              e' 

where 

     K = k
s/kg 

                 2 K — (K — 1) cose0 
    Kg( K---------~g1) Iln{~cg— (~c— 1) cose} (4-16) 

   gg g 

K — 1 
----------(cose - cos00)] 

g 

     The heat transfer area possessed exclusively by one 

contact point has been assumed to be one - "n"th of the 

cross section of particle, and n is the effective number of 

contact point for heat transfer defined as n = N/6 in the 

previous chapter. Then the angle 00 determining the above 

area is given as follows (cf. Fig. (4-5)); 

     00= Sin-1 /l/n for n > 1 
                                                        (4-17) 

_ 7r/2 for n < 1 

     According to the previous chapter, the unit cell of bed 

is given as the cylinder consisting of the solid and the 

macro void part as shown in Fig. (3-4), and the equivalent 

areas of the parts are given by 

E > 1/3 E < 1/3 

     [SOLID] = 3(1 - 6)/2 or 1 
(4'18) 
     [VOID] = (3E - 1) /2 or 0 
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     Consequently the contribution of the solid part to the 

effective conductivity ke is 

    (ke)  = (N/3) [SOLID] {k1K1 +  (kg + kd) Kd + kgKg} 

                                                      (4-19) 

where the condition of N > 6 should be satisfied, regardless 

the void fraction of bed, according to the previous chapter.. 

The void fraction which gives N = 6 is 0.51 for spherical or 

0.55 for non-spherical particle. 

(2) Heat transfer through the macro void part 

d. Conduction through gas in macro void space; 

     The contribution of this mechanism to keis 

  (k) = k [VOID](4-20)     e 
VG g 

e. Enthalpy transfer through void space; 

As 11)cis about 0.2 at most, the influence of wedge 

water on the void space is neglected and the contribution of 

enthalpy transfer is 

  (ke) _ E1.5kd(4-21) 
VE 

where as the tortuosity factor for diffusion in bed 1/ 

evaluated by Bruggemann1) is adopted.
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1.4 Prediction formula of effective thermal conductivity 

     As a result of above considerations, the effective 

thermal conductivity is given as follows; 

  k e (ke) + (ke) + (ke)(4-22)   eVEVG 

 (i) 0 -< Oc 

                             Spherical Non-spherical 

   k e = s1.5kd+ NkgK/3 e < 1/3e < 1/3 

     ke = s1.5kd + kg(36 - 1)/2 + NkgK(1 - E)/2 

1/3 < s < 0.51 1/3 < E < 0.55 

     ke = s1.5kd + kg(3s - 1)/2 + 3k K(1- e) 

e > 0.51 E > 0.55 

                                                        (4-23) 

     where 

    K = (k1/kg)K1 + (kg + kd)Kd/kg + Kg(4-24) 

(ii) 0 > 0c 

    k e = a(ke)crit + (1 - a)(ke)sat(4-25) 

     where (k
e)critand (ke)sat10) are the conductivities 

     at 0 = 0
c and = 1.0 (saturated state) respectively, 

     and "a" can be obtained from Eq. (4-9).
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  2. Measurement of Effective Thermal Conductivity of Bed of 

      Wet Granular Material 

       The ordinary stationary method and the transient 

  method were applied to measure conductivities for high and 

  low water contents respectively. 

        The apparatus of stationary method used is shown 

  schematically in Fig. (4-6). Two glass plates  (150 mint x 

  10 mmt) were used as the standard plates, and on the under 

  plate a thin ring of Bakelite having 10 mm in height was 

  fixed with adhesive and was served as the container of 

  sample bed. A perforated bronze plate (3 mint) which had 

  about 26% open area and the holes of 2 mm(1) was laid on the 

  container. Further a sheet of filter paper, which was 

  being fed with water by dipping its corners into water in 

  test tubes set by the side of the container, was laid on the 

  perforated plate to prevent the drying up of the upper part 

  of bed which might bring considerable errors on the meas-

  urement. The lower heating plate was served to control the 

  temperature difference across the bed within about 1°C. 

  The assembly shown in Fig. (4-6) was set in the box main-

  tained at the same temperature as the bed. The measuring 

  procedures was in ordinary manner. 

       The apparatus for the transient method is shown in 

  Fig. (4-7). The electric heating plate was a thin mica 

  plate, wound by 300 14 Constantan wire, which was sandwiched 

  in between two aluminum plates (50 mm x 50 mm x 0.5 mmt). 

  The termocouples were placed on the upper and lower surface 
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of it. After the temperature  across the sample bed became 

in uniform, the heater was switched on and the surface 

temperatures were recorded continuously. The surface 

temperature i
s is given as follows; 

is = 2q0 /T/ (kepCpTr) + t0(4-26) 

where t0is the initial temperature of bed. Therefore the 

conductivity ke were obtained from the gradient of Ats = 

is - t0to T1/2. 

     As the samples, glass bead (80 ti l00#) and sand (100 ,L 

150#) were used. The true thermal conductivity of the sand 

used was extrapolately decided by the method proposed by 

Koya and Kunii4) from the data on the saturated states with 

ethanol and water, and as the one of glass bead the observed 

values on the plate made of the same glass were adopted. 

The void fraction of sample bed was determined from its 

volume,., dried weight and the true density of material. 

3. Comparison between Observed and Predicted Conductivity 

     Figures (4-8) and (4-9) show the comparisons of the 

observed conductivities by several workers with the pre-

dicted at low temperatures where the effect of enthalpy 

transfer caused by vapor diffusion may be neglected. The 

predicted results seem to be in good agreement with the 
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observed over the whole range of  water content. The 

experimental conditions and properties used in the predic-

tion are listed up in Table (4-1). The values of k
s, kg 

and kl used for the prediction were taken from the publish- , 

ed papers. 

     The comparisons of the case of relatively high temper-

ature where the effect of enthalpy transfer must be taken 

into account for are shown in Figs. (4-10) % (4-15). 

Figures (4-10) and (4-11) are concerned with the data 

obtained in the present work and Figs. (4-12) ' (4-15) are 

the data of Yamakawa'et a116). By comparing with the case 

of low temperature, there are relatively large discrepan-

cies between the observed and predicted perhaps because 

there might be some imperfections on the measuring appara-

tus. In the present work, the continuous feeding water from 

the filter paper might disturb to attain the temperature 

equilibrium across the sample bed or the rearrangement of 

liquid has occured by vapor diffusion. However, in spite 

of the defections described above, the experimental points 

are seen to follow the predicted trend within the deviation 

of +25%. Finally it can be concluded that the simplified 

model proposed in the present work is adequate to predict 

the effective thermal conductivities of beds of wet granular 

materials.
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Conclusion

     On the configurations of water retained in beds of wet 

granular materials, the simplified model was proposed. 

     Based on the model, the extension of the prediction 

formula proposed in the previous chapter for the two-phase 

 systems, those are the states dried up and saturated with 

liquid was successfully carried out to give the prediction 

formula for the effective thermal conductivities of beds 

of wet granular materials. The formula proposed could be 

said to be adequate to predict the effective conductivity 

in comparison the predicted with the observed values.

Nomenclature

a

Cp 

D 
v 

k. 

k
e 

M 
v 

N 

n 

PT 

PS

(number of wedge waters in critical--state)
(number of contact point in saturated 

heat capacity of bed 

diffusion coefficient of vapor in air 

thermal conductivity 

effective thermal conductivity 

molecular weight of diffusing vapor 

number of contact point per a particle 

effective number of contact point per 

total pressure 

saturated vapor pressure of liquid 
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state)H] 

    [kcal/kg °C] 

        [m2/hr] 

  [kcal/m hr °C] 

  [kcal/m hr °C] 

[kg/kg-mol] 

[- ] 

hemi-sphere [-] 

[mmHg] 

[mmHg]



q = heat transfer rate[kcal/hr] 

 q0 = heat flux at the surface of heating plate [kcal/m2 hr] 

R = radius of sphere[m] 

Rv = gas constant.of vapor 8.314 x 107 [kcal/°K kg-mol] 

r1 = heat of vaporization[kcal/kg] 

T = absolute temperature[°K] 

t = temperature[°C] 

V = (volume of a wedge water)/(volume of a sphere) [-] 

e = void fraction of bed[—] 

A = angle[degree or radian] 

p = apparent density of bed[kg/m3-bed] 

T = time[hr] 

    = water content of bed (averaged degree of saturation 

    with liquid based on the voids)[-] 

  = degree of saturation of a void[-] 

(suffix) 

c = wedge water at coalescing angle 

crit. = critical state on wedge watera 

d = vapor diffusion 

g = air or gas" 

1 = water or liquid 

S = surface 

s = solids 

sat. = saturated state

- 96 -



Literature Cited 

1) Bruggemann, D. A. G.: Ann. Phys., 24, 636 (1935) 

2) Herminge, L.: Tappi, 44, 570 (1961) 

3) Kimura,  M.: Kagaku Kogaku (Chem. Eng., Japan), 23, 502 

    (1959) 

4) Koya, T. and D. Kunii: Kagaku Kogaku (Chem. Eng., 

Japan), 35, 887 (1971) 

5) Krischer, 0. and H. Esdorn: V. D. I. Forsch., 22, 1 

    (1956) 

6) Krupiczka, R.: Int. Chem. Eng., 7, 122 (1967) 

7) Kunii, D. and J. M. Smith: A. I. Ch. E.Journal, 6, 71 

    (1960) 

8) Morita, Y.: J. of J. S. M. E•., 63, 1177 (1960) 

9) Nissan, A. H., D. Hansen and J. L. Walker: Chem. Eng. 

     Progr. Symposium Series, 59, 114 (1963) 

10) Okazaki, M., S. Yamamoto and R. Toei: unpublished 

11) Ridgway, K. and K. J. Tarbuck: Brit. Chem. Eng., 12, 

    384 (1967) 

12) Saito, T. and 0. Okagaki: J. of J. S. M. E., 62, 741 

    (1951) 

13) Sugawara, A.: Oyobutsuri, 30, 899 (1961) 

14) Tanazawa, Y.: J. of J. S. M. E., 38, 207 (1935) 

15) Tanazawa, Y.: Trans. of J. S. M. E., 2, 352 (1936) 

16) Yamakawa, N., Y. Sasaki, T. Okada and S. Ohtani: 

     Kagaku Kogaku (Chem. Eng. Japan), 36, 1342 (1972) 

17) Zehner, P. and E. O. Schlunder: Chem. Ing. Tech., 42, 

    933 (1970) 

                               - 97 -



                CHAPTER 5 

DRYING  MECHANISM OF A CAPILLARY POROUS SOLID

Introduction

     It is important to investigate the drying process of 

capillary porous solids from the view point of transport 

phenomena, because the drying of those plays a very important 

part in drying technique. During the past thirty years a 

considerable amount of research has been directed toward 

evaluating the drying rate of various materials. Luikov3) 

and his coworkers have theoretically done the phenomenologi-

cal treatment of simultaneous heat and mass transfer in 

capillary porous solids, and given a plenty of the experi-

mental datum on the drying process. Krischer and Mahler2) 

have studied also the drying mechanism of capillary porous 

solids. They examined the water transfer coefficient, K, 

during the constant drying rate period, but did not intend to 

study the falling rate period. In order to evaluate a drying 

time, the quantitative analysis on the falling rate period is 

more important than the constant rate period. 

     According to the generally accepted picture for the 

drying mechanism of capillary porous solids, water in the 

solid is fed to the surface by capillarity and evaporates 
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there, during constant rate period. As long as the surface 

is wet with water, this constant rate period contiunes. At 

the end of this period the rate of drying begins to decrease, 

and at this time the  surface itself is almost dried up. The 

average moisture content of the solid at this time has been 

termed the "critical moisture content", and is governed by 

the conditions of stream of drying air and the water transfer 

coefficient. It seems that the internal evaporation of water 

does not practically take place until the falling rate period 

begins. During the falling rate period, the vapor transfer 

through the solid plays an important roll as well as the 

water transfer. But there have been many problems unsolved 

yet in this field. 

     In this work, the results of an experimental study of 

drying process on a capillary porous solid are reported, and 

a new simple mathematical model to represent the mechanism of 

drying is proposed. An unglazed pottery made chiefly of 

Al203 having a considerable good thermal conductivity was 

used as a sample.

1. Experimental Apparatus and Procedures 

     Hot air having a constant humidity and temperature 

flowed through the wooden test duct being one hundred and 

twenty millimeters in breadth and seventy in height. Two 

perfectly wetted samples, which were square columns of 
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unglazed pottery being 30  mm by 44 mm and 100 mm high, were 

inserted on the under surface of the duct, and were dried 

from the upper surface of them. The one of two was served 

to take the water content distributions and the other the 

temperature, and both of them were measured at moderate time 

intervals. The pore distribution curve of the sample observ-

ed by mercury porosimeter and the physical properties are 

shown in Fig. (5-1).

2. Determination of Local Water Content

     The electric capacitance method using high frequency 

alternative current which has been adopted by Mahler2) was 

taken to measure local water contents of the drying sample. 

The principle of this method is that an apparent dielectric 

constant of a porous material is a function of water content. 

The electric conductivity of water increases a great deal 

when small inpurities are present, but the dielectric constant 

scarcely changes. 

     The basic circuit used is shown in Fig. (5-2), where the 

porous solid containing water is simulated by a parallel 

circuit composed of a capacitance CX and a resistance RX, on 

account of the conductivity effect of the solid. In Fig. (5-

2), the impedances between "a" and "c", and between "a" and 

"b" are respectively 
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  • 
_ 1 __ Rx   Z

ac- 1+1_1 - jwC XRx45-1) 
       ZRZC 

     xx 
and 

            __ Rx_ 1           __    ZabZac +Zbc1 - jwCjwCF(5-2) 

     The total current flowing through the sample is 

        V 
 I =.0(5-3) 
Z

ab 

then the voltage V to be measured between "c" and "b" is 

given as 

          Z.1.- jwC R be x x V = IZb c=ZV0-1 - j w x (CF + Cx)(5-4) 
                                                              ab 

and thus 

V = `N2+ a (a + 1) }2 +Q2V(5-5)              
IS2 + (a + 1)2 0 

where 
          C

x 
  a = C
F'wC1R(5-6) , (5-7)    FFx 

Using the values of V measured at the two frequencies, w1 

and w2, we can calculate Cx and Rx from Eq. (5-5) separative-

ly. w1 and w2 were five and ten Mega-Cycles. The measuring 

circuit used in the present experiment is shown in Fig. (5-3) 

Eighteen brass plates, each being 44 mm in breadth, ,5 mm in 

height and 0.5 mm in thickness, were placed one above the 

other on the one side of the sample. One plate being 44 mm 

in breadth and 99 mm in height was placed on the other side. 
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These plates were fastened by epoxy resin and served as 

electrodes. CF was far larger than C
x,so the electric flux 

lines through the sample could be expected to be parallel. 

Then it may be said that this method has a fairly good preci-

sion for the determination of local water content. An example 

 of  a  'v IP relation curve of an electrode obtained in this ex-

periment is shown in Fig. (5-4). By using the a ti 1P. relation 

curve for each electrode, the local water content of the 

sample can be measured continuously. This method also is 

applicable to beds of granular or powdered materials. 

3. Experimental Results and Discussions 

3.1 Constant drying rate period 

     The water distribution curves observed are shown in Fig. 

(5-5). Fig. (5-6) is the characteristic drying rate curve 

calculated from Fig. (5-5). 

     The liquid water transfer coefficient K is defined as 

follows: 

 G = -pwcTxaX(5-8) 

     Assuming that the evaporation of water occurs only at the 

surface of sample during the constant rate period, the follow-

ing equation is obtained: 
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 ae =aX(Kax)(5-9) 

     Integrating Eq. (5-9) from x1, to L; 

 LL 

 j(ae)dx= 3l~Jdx = [KaX]L= -KaX(5-10) 
xlxlx1 xl 

ThusL 

  K = -asjlIdx/ax(5-11) 
       xlx1 

      Values of K which were calculated by using the experi-

mental data in Eq. (5-11) are shown in Fig. (5-7). The 

values of K drop over 200% as the water content drops from 

0.95 to 0.85. It remains essentially constant for the water 

contents between 0.4 and 0.7, and drops sharply at the lower 

water contents. It is of interest that the Krischer°s 

results show similar status. Krischer1) has applied his 

model to calculation of K. 

3.2 Critical water content 

     As shown in Fig. (5-5) and (5-6), water content distri-

bution corresponding to the critical water content w
e is 

roughly the one when 0 equals to 18 hours. At this time the 

water content at the surface is about 0.21 and is named $c 

                                                                   It seems reasonable to assume that there is funicular water 

at 1p >c, and all water is in the pendular state at Vp c' 

Consequently the surface water content becomes zero as soon 
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as 

at

it reaches  4)
c, and the falling drying rate period begins 

this instant.

3.3 Falling drying rate period 

     As mentioned above, the moisture transfer during the 

constant drying rate period is caused by the flow of water 

through the capillary porous solid. However during the 

falling drying rate period, drying is caused by the flow of 

water and vapor, or only by the flow of ,vapor at the last 

stage. 

     As shown in Fig. (5-5) and (5-6), the temperature 

increases of the surface and the bottom were less than 1°C, 

and the difference between the temperature of surface and 

bottom was less than 2°C, after 6 = 40 hr. Therefore the 

r drying process during the falling drying rate period in this 

experiment can be assumed to be an isothermal process. 

From the fact that the temperature of the sample is 

constant during the constant drying rate period and IUs is 

approximately equal to 4)
c at wc, it may be assumed for sim-

plicity that water transfer occurs at 4)> c, and vapor 

transfer or internal evaporation occurs at < 1pc, as shown 

in Fig. (5-8). Generally speaking, the falling drying rate 

is substantially determined by the resistance of the vapor 

transfer in the porous solid. 

     Fig. (5-8) shows a schematic model proposed for the 

drying mechanism. The solid is separated into three zones, 
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 i. e. the dried-up zone, the internal evaporation zone and 

the water transfer zone. 

Dried-up zone (0 < x <  61) 

     The vapor transfer only occurs in this zone, thus we 

obtain the following equation; 

            °2 

  sTael=Dva p1(5-12) 
              1 ax2 

where 
     DiiD 

D° = v_= v  v(5-13)           (ff p)
lm(pair)lm 

The value of the term of left hand side in Eq. (5-12) is 

generally far smaller than that of right hand side, then it 

may be taken to be nearly equal to zero. 

Internal evaporation zone (Si < x < 62) 

     Assuming that the vapor transfer is caused by the 

partial pressure gradient of water vapor, the following 

equation is obtained; 

EM  3p2 DVM a2P2  
     RTav 30 u1RT

av ax2+ [internal evaporation rate] 
                                                       (5-14) 

The internal evaporation rate is estimated as follows. The 

schematic model for capillary porous solid is shown in Fig. 

(5-9). The funicular water is held in primary pores and the 
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pendular water in secondary pores. The former can flow 

through the primary pores, but the latter cannot flow and can 

only be removed by evaporation and vapor transfer in pores. 

Then we assume that the water content at which all the sec-

ondary pores are filled with water corresponds with  IP
c. At a 

place where the water content is smaller than 1Pc, evaporation 

of water and vapor transfer occurs only and water transfer 

scarcely happens. On the other hand, water transfer predomi-

nates over at a place where the water content is larger than 

c' 

     At the secondary pores in Fig. (5-9) it is assumed that 

the length 1 is proportional to ("
c - 2), and the resistance 

of internal evaporation in the secondary pore is proportional 

to 1. Therefore, 

     [internal evaporation rate] =k (ps - p2) (5-15) 1' 
c  1P2 

Substituting Eq. (5-15) into Eq. (5-14); 

     apD'M a2p9 
   eM2= v 2t k (P-p) (5-16) 

    RTav a e p1RTav ax2c- T2                     s2 

   sTpw62k'(Ps - P2)(5-17) 
        c2 

The value of the term of left hand side in Eq. (5-16) is far 

smaller than that of right hand side in this case, then it 

may be neglected.
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Water transfer zone  (S2 < x < L) 

     At the early stage of the falling drying rate period, 

water transfer occurs in the inner part of the sample where 

   >I'c, so the following equation should be applied to this 

zone. 

 a03ax(~ax3)(5-18) 

     The initial and boundary conditions for Eqs. (5-12) "L 

(5-18) are as follows. 

Initial conditions: 

   at 0 = 0; 4'crit (x) '(5-19) 

        S1= S2= 0(5-20) 

1'crit (x) can be decided from Eq. (5-8) and Fig. (5-7) where 

I's = c 

Boundary conditions: 

DvM  apl
=-at x = 0'

uRTaxkg(P1pa) (5-21)                1av 

1P1 = 0(5-22) 

  at x = Sl' pl = p2,(5-23) 

apl apt 

     axax(5-24) 

1P2 = 0(5-25) 
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at x =

    at x 

Solutions of

 D'M'  apt 
_a3 s

2:~t1RT
av axETKpwax' 

1P2 = 3 = 4'
c' 

     p2 = ps (= const.) 

a. 3 
L; a

x= 0 

partial differential equat.i,ons

(5-26) 

(5-27) 

(5-28) 

(5-29)

     The set of partial differential equations obtained A 

above is a kind of two points boundary problem and is solved 

numerically under the following four assumptions. 

     (1) The terms of left hand side in Eq. (5-12) and 

           (5-16) are neglected. 

     (2) The water transfer coefficient K is assumed to be 

             constant. 

     (3) The term of internal evaporation rate is approxi-
                           1 91 

          mately linearised as follows and k and c are 

           taken as constant; 

           ck12(ps- p2) k''(1P2c1))(Ps - p2) (5-30) •

(4) The boundary condition of the third kind, Eq. (5-

           21), is approximated as the first kind. 

     Then the following conversions of variables are per-

formed on Eq. (5-12) ti (18).
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  P= PPa~_4=x-x-  62 
      Ps - pa  , Tc,1 Sl'2L - 62 

                                                       (5-31) 

A =L,C=, H = F6 
li'c 

Where 
     D

VM Kp.wST A = 

II1RTavL2kt'cD =L2k" (ps - pa),   '~ 

                                                        (5-32) 

         p1RTavpwsTKIpc k '(pspa) 
                                 _

_     E-DVM(
ps - pa) ,F6Tpw 

     Thus the following equations are obtained: 

                  a2 p2 
0 < E < 1 ; ------- = 0(5-33) 1 

DE2 

             a2PA--------------- 2  
   0 << 1 ;+ (1 - P2)  (0+ C) = 0     =2(A

2 - A1) 2 DE22 
                                                       (5-34) 

      90dAdA 90                       2
+A1'A { (1 _2)1+2 2}aE2          -

a H21d Hd H 2 

             = (1 - P2) (02 + C)(5-35) 

903 E3 - 1 dA7 903 
0< E3 < 1 ' + 1 - Aa 

a H2 d H3 

              D 9202-------    =(5-36) 2 
                    (1 - A2)2aE3 

In these equations, it is assumed that s is nearly equal to 

CT' for simplicity. 

     The initial and boundary conditions are as follows; 
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   at H = 0 ;~30
crit3) ' (5-37) 

Al = A2 = 0(5-38) 

   at El = 1, E2 = 0 ; P1 = P
2,(5-39) 

2 = 0(5-40) 

l 3P11DP2 
Al 3E1=..A2 - Al DE2(5-41) 

   at E2= 1,E3= 0 ; P2= 1,(5-42) 

                             1 31)2 303  
                            A2 - Al DE2=1 - A2a3, (5-43) 

302 

a2 = 0(5-44) 

                2 = 03 = 1(5-45) 30
3    at E

3 = 1 ; a= 0 ,(5-46)                    3 

      P3 = 1(5-47) 

     Eq. (5-44) is an additional condition to shift S2 

smoothly. 

     The moment method proposed by Yamada4) was applied to 

solve this set of equations numerically. This method is 

composed of the following procedures; We assume the solu-

tions of P and 0 respectively as polynomials of E with 

unknown coefficients which are functions of H, and substi-

tute these polynimials into the set of partial differential 

equations. Then various integral moments on E are obtained
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as many as  the number of the unknown coefficients, so the 

new set of first order ordinary differential equations are 

obtained on these unknown coefficients. Therefore the 

problem resolves itself to solve this set of differential 

equations by an appropriate method of numerical calculation. 

     In the present calculation, the polynomials of second 

degree on were taken as the approximate solutions for P 

and 0. 

     The calculated solutions of the water content 14 and the 

partial pressure of water vapor in the sample are shown in 

Fig. (5-10) and (5-11) respectively. The numerical values 

used in this calculation are as follows: 

c' = 0.0473 [-] , k" = 0.935 1g/cm3atm hr] 

                         K = 0.233 jcm2/hr]   T
av = 310 1°K] , 

     p1 = 4.5 j-] ,T = 0.30 j-] 

The values of k', then k" and c°, are calculated from Fig. 

(5-5) and Eq. (5-16) , (5-17) as 

      D'2alb a~U 
    k' = u---------RTa2{(c-2)ae2}/(ae2)(5-48)           1av ax 

     Fig. (5-12) shows the calculated relation between 

drying time and averaged water contents during falling 

drying rate period to be compared with the observed one. In 

Fig. (5-10), there are some discrepancies between the calcu-

lated and the observed one. However this may be attributed 

to use the constant values of K and k°, then k" and c° 
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which are the  values at mid time of falling rate period., At 

lower water contents the adsorption effects of waterl might 

found also. 

     In spite of considerably rough approximations mentioned 

above, the calculated ones fairly agree with the observed 

ones. From thes facts, the model and the calculation proce-

deures proposed here on the mechanism of drying, then of 

transfer of water and vapor of a capillary porous solid may 

be regarded as appropriate.

Conclusion 

     A solid having fine capillary pores were dried and the 

water content distributions during the whole drying period 

were measured by the electric capacitance method, and the 

mechanism of drying was discussed. A new model for the 

drying process of capillary porous solid was suggested based 

on the experimental results for the falling drying rate 

period.

Nomenclature 

c' = constant in Eq. (5-30) 

C
x = capacitance of sample 
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t-] 

[?F]



CF 

 Dv 

I 

k' 

k" 

kg 

1 

L 

M 

p 

Pa 

Ps 

R 

R 
x 

r 

t 

T 

V 

w 

w c 

x 

Z 

E 

ET 

e 

K

standard capacitance 

diffusivity of water vapor in air 

electric current 

internal evaporation coefficient 

constant in Eq. (5-30) 

mass transfer coefficient 

diffusion distance in secondary pore 

depth of sample 

molecular weight of water 

vapor pressure of water 

vapor pressure of water in drying air 

saturated vapor pressure of water 

gas constant 

electric resistance 

pore radius 

temperature 

absolute temperature 

voltage 

average water content[c 

critical water content[c 

distance measured from surface 

impedance 

distance measured from surface to moving 

porosity 

total porosity 

time 

water transfer coefficient

[PF] 

        [cm2/hr] 

           [amp] 

[g/cm3atm•hr] 

[g/cmLtm•hr] 

    [g/cm.atm•hr] 

[cm] 

            [cm] 

        [g/g-mol] 

           [atm] 

Iatm] 

           [atm] 

[cm.atm/g-mol-°K] 

[Q] 

IP] 

PC] 

            [°K] 

IV] 

mn -ri20/cm3-pore] 

mn3-H2O/cm'-pore] 

            [cm] 

ing boundary [cm] 

[-] 

[-] 

           [hr] 

[ i2/hr] , [cm2/hr]
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 P1 

Tr 

A 
e 

Ps 

Pw 

1'crit 

pc

way factor of vapor diffusion 

(ul u1 diff/ET) 

total pressure 

thermal conductivity of solid 

true density 

density of water 

local water content; relative 

water to total pore volume 

local water content at w
e 

local critical water content 

local water content at surface 

frequency

through pores 

[-] 

                   [atm] 

[kcal/hr• m •°C] 

                [g/cm3] 

                [g/cm3] 

volumetric fraction of 

       [cm3-H2O/cm3-pore] 

       [cm3-H2O/cm3-pore] 

       [cm3-H2O/cm3-pore] 

       [cm3-H2O/cm3-pore] 

                [1/sec]
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CHAPTER 6

SUPER 

  OF

 -  HEATED 

POROUS

 STEAM DRYING 

MATERIAL

Section 6-1 Evaporation 

of Steam-air

from a Water 

Mixtures

Drop in the Stream

Introduction 

     On the liquid evaporation 

liquid into the stream of gas, 

heat transfer occur through a 

the liquid surface. They are 

of the gas as follows;

 from a free surface of a 

 unidirectional diffusion and 

stagnant gas film outside of 

classified by the composition

i) pA is far smaller than p
~ 

     There are many studies in such a case. About a single 

drop evaporation, Frosslingand Ranz et al?) have pres-

ented the experimental formulas of he and kG. These 

experimental formulas of kG contain the term of pBm. But 

they did not change practically the gas phase compositions 

in their experiments. Therefore at least, from the view 

point of the effect of pBm on kG, it may be said that these 
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results are attributed to the formal application of the 

"Film Theory" for unidirectional diffusion
, that is, kG is 

proportional to  1/pBm' 

ii) pA is equal to Lo
ll 

     The evaporation of a liquid into the super-heated 

vapor of its own liquid corresponds to this case. Since the 

evaporation temperature is very close to the boiling temper- 

ature under the surrounding total pressure3'4)kG is too 

large to take its value by experiment, but h
ccan be taken 

and there have been several reports on the evaporation and 

drying by super-heated steam from flat pans. Wenzel at al4) 

carried out the studies about super-heated ateam drying and 

air drying using the same experimental apparatus, and got 

the results that the value of jh in the former one was 

about 20% higher than the latter. Chu et at3'5)also gave 

the experimental equation of jh for the evaporation and 

drying from the flat pan by the super-heated vapor and the 

value of jh was higher than the Pohlhausen's theoretical 

equation6). 

iii) pA is considerably large 

     This case lies between i) and ii). As the study being 

consciously changed on pBm, there has been the one of water 

evaporation into high humid air using a wetted wall column 

by Cairns et al. The effect of pBm on he has been found 

as well as on kG. After that, Westkaemper et alb) and 

Shulman et al. have carried out similar works. The works 

• 
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cited above have shown the discrepancy between the "Film 

Theory" and the experimental results on kG also. 

     In this paper, the effects of  pB
m on he and kG are 

discussed, performing the experiments of evaporation from 

a single drop of water in the wide range of gas phase 

composition from air to super-heated steam. 

1. Heat Transfer Coefficients 

1.1 Experimental procedures 

     The experimental apparatus is shown in Fig. (6-1-°1). 

The steam generator of the wetted wall colmun type with 

nitre bath jacket (4) was used and water was supplied by a 

constant rate pump, so the steam was generated at a constant 

rate. The steam generated was heated up to the appointed 

temperature in the super-heater (5), and led to the calming 

section (6) to make the eddies in the stream disappear and 

then to the convergent nozzle10) (7) for uniforming the 

velocity distribution. The stream was flown uniformly 

through the rest section (8) and condensed out in the 

condenser (9). In mixing air and steam, air was supplied 

through the orifice (12) from the top of (4) at constant 

rate. 

     The details of the test section are shown in Fig. (6.1--

2). A droplet having about one to two millimeters diameter 
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  was suspended at the tail-end of a fine glass rod (3) by 

  using a syringe, in a vertically upward-flowing stream of 

  gas. Evaporation rates were determined by measuring the 

  decrease of the diameter of the droplet on the photograph 

  pictured by a camera at an interval 10 or 15 sec.. 

       The temperature of the drop was measured by the fine 

  thermocouple (4) with which the drop was suspended. (It 

  was estimated that the errors in measuring the temperature 

  of the drop were less than 0.05°C.) 

  1.2 Transport properties used 

        Transport properties used for the calculations were 

  cited from the following literatures. 

     Viscosity 

         air: D'Ans and  Lax11) steam: Licht and Stechert12) 

        mixed gas: Wilke's formula13) 

     Thermal conductivity 

        '
air: Keyes14) steam: Kagakukogaku-benran15) 

         mixed gas: Lindsay-Bromley's formula13) 

     Heat capacity 

         air: Keyes14) steam: Landolt-Bornstein16) 

         mixed gas: the weighed mean value on molar fractions

1-3 Calculation of heat transfer coefficients

- 129 -



     (1) Calculation procedure of heat transfer coefficients 

As neglecting the temperature distribution in the drop, the 

heat balance is taken as follows: 

    -  (p
1X/A)(dV/d6) = qT = qc + qk + qr(6-1-1) 

qc = q,1, - qr qk = hc' (tv tl)(6-1-2) 

(1/A) (dV/d6) = (1/2) (dD/d6)(6-1-3) 

Eqs. (6-1-1) and (6-1-3) give the next equation; 

          (p A/2) (dD /d6) + q+q            1 
 h

e prk(6-1-4)    - (tv - tl) 

Considering the sensible heat increase of the evaporate 

water vapor across the gas film;17) . 

 he = Nhc'(6-1-5) 

• where 
           CpA(ty - t1)/X 

   N-I
n{CpA(ty- t1)/X + 1}(6-1-6) 

     (2) Radiative heat transfer rate, qr In this experi-

ment, the wall temperature of the test section, t s, was 

adjusted equal to the gas temperature, ty. Hence qr was 

calculated by the following equation; 

                    t+ 2734t+ 2734 
qr = 1.356 x l0-4{( S                      100 )(1100 ) }FAFE 

                                                              (6-1-7) 
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FA was equal to one, because the drop was entirely enclosed 

with the  wall; As the surface area of the drop was far 

smaller than that of the wall, FE was estimated to be equal 

to the emissivity of water, 0.95. At most, q
r was less 

than 15% of qT. 

     (3) Conductive heat transfer rate, qk The rates of 

conductive heat transfer to the drop from the fine glass rod 

and the thermocouple were estimated as follows respectively: 

            Ak dtkfrrk2kk /(t v - t1) 
qk = kk (A ) dx 

x=0A 

a = 2hk/kkrk(see Appendix.) (6-1-8) 

The value of hk was estimated by the literature 18). At 

most, gk was less than about 5% of qT. 

     (4) The mean diameter of the drop, D The typical 

photographs are shown in Fig. (6-1-3). The arithmetic mean 

value of the two diameters measured on the directions of the 

diagonal lines, as shown in Fig. (6-1-4), was used as D. 

1.4 Experimental results for heat transfer 

     Experimental conditions were as follows: 

G = 2.52 x 10-2 ti 12.0 x 10-2 g/cm2sec 

     t = 42 ti 155°C 
v 

At = tv - t1 = 24 ,ti 55°C 
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drops

of drop

( c ) J



 (PB./P.r) = 0 ti 0.98 

    Re = 9 ti 120 P 

        (When there is no notice, mean values in transfer 

       path were used as transport properties in non-

       dimensional numbers.) 

During the evaporation of the drop, t1 was maintained at the 

constant temperature which might be considered as a sort of 

the wet bulb temperature decided by the gas phase condition. 

Of course as the decrease of pBm, t1 approaches the boiling 

temperature under the total pressure of the circumference. 

     In the case of super-heated steam, t1 was equal to the 

boiling temperature as same as the previous works3,4). The 

boiling of the drop has not been observed. The photographs 

of the drops suspended with the 4014 thermo-couple and the 

fine glass rod are shown in Fig. (6-1-3.a) and (b). The 

typical experimental results for heat transfer as shown in 

Table (6-1-1). 

     The correlation of• Nu vs. Re1/2Pr1/3 obtained in the 

present work is shown in Fig. (6-1-5). As shown in Fig. 

6-1-5), the results have no significant differences with the 

gas composition, therefore the equation for the correlation 

in Fig. (6-1-5) was obtained in the full range of gas phase 

composition (pBm/p,T = 1 ti 0) within 15% error as follows: 

    (h0Dp/k) = 2.0 + 0.65(DG/p) 1/2(Cp/k) 1/3(6-1-9)
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2. Mass Transfer Coefficients 

2.1 Experimental procedures 

     The precision of the measuring data was demanded more 

severely in the determination of mass transfer coefficient 

than in the one of heat transfer coefficient. For this 

sake, the junction of the fine thermo-couple was fixed 

about one millimeter below the tail-end of the fine glass 

rod. The drop was suspended with both, as the junction of 

the thermo-couple should be surely placed in the drop. 

   (Some error was produced by heat conduction through 

   thermo-couple in temperature measurement, but was 

   negligible when the junction of the thermo-couple was 

   submerged about 1 mm into the drop. (Fig. (6-1-3.c)) 

     The compositions of gases were obtained by analysis of 

the sample gas directly sucked from the test section. The 

water vapor was caught out in the  P2O5-tube and the volume 

of the air dried up was measured by the method of replace-

ment with salt-saturated water. (It was estimated that the 

errors in the analysis of the compositions of the gases 

were less than 0.2%.) 

2.2 Transport properties used 

     The diffusivity of water vapor in air that was calcula-
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ted by Ranz et alt) based on the literature 19) was used. 

2.3 Calculation of mass transfer coefficients 

     The mass balance is taken as follows: 

 -  (p
l/MAA)  (dV/do  ) = kG (pA0 pA00)(6-1-10) 

                                                               From Eqs. (6-1-3) and (6-1-10), kG was calculated by Eq = 

(6-1-11). 
        pl dD   kG 2M (P - P)(d6)(6-1-11)          AAOA~ 

The effect of mass transfer rate on kG20) was 0.9% at most 

on this case, therefore no correction was done. 

2.4 Experimental results for mass transfer 

     Experimental conditions were as follows: 

     G = 3.96 x 10-2 ti 12.0 x 10-2g/cm2sec 

     t = 42 ,L 142°C V 

6'13 pA. ,,_ 12.0 ti 24.9 mmHg 

(pBm/p7) = 0.38 ti 0.98 

    Re = 9 ti 120 p 

The typical experimental results for mass transfer are shown 
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in Table (6-1-2). The, correlation of Sh vs. Re 1/2S
c1/3                 p 

obtained  in>the present work is shown in Fig. (6-1-6). It 

is shown that as the decrease of pBm/p7, the values of Sh 

corresponding to the same value of Re1/2Sc1/3 decrease. 

The values of Sh at Re1/2Sc1/3 = 7.5 are plotted in Fig. 

(6-1-7), and it may be said that Sh is proportiona.1 to ( 

pBm/p7).0'20The correlation of Sh(pBm/pI)-0'20vs. Re Sc 

ReSc2/3 is shown in Fig. (6-1-8). Then the following 

equation was obtained within +15% error. 

    kGMmDpBmpBm-0.20D G 1/2 1/3     (Pp )()= 2.0 + 0.65(-2—)(pD) D
vv 

                                                            (6-1-12) 

3. Comparison with Previous Works 

     About the heat transfer coefficient hc, there has been 

no influence of composition of gas on Nu and the equation 

for Nu obtained in the present work agreed practically with 

the one of Ranz et al?) Hence these results do not agree 

with the one of Cairns et al. who have observed the effect 

of (pBm/p
ff) on Nu. The present result differs from the one 

of Wenzel et al' also; by which there was difference 

between super-heated steam and air. 

     About the mass transfer coefficient kG, the value of 

kG wasin proportion to (pBm/137)-0.8 in the present work. 

The previous works are summarized in Table (6-1-3) from the 
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 (A)

Table (6-1-3)

Author

Film theory 

Hanks & McAdams21) 

Hinchley & Himus22) 

Wade 2 3 ) 

Boelter, et a124) 
Gilliland & Sherwood25) 

Cairns & Roper7) 

Westkaemper8) 

Shulman & Delany9) 

This work

* n : k
G «

Effects 

on mass

of partial pressure 

transfer coefficient

System

Ammonia-air (Absorption) 

Water-air (Evaporation)

Water, acetone, benzene-air

of non-diffusional

0 

0

pBm/pff

(Evaporation) 0.

Water-air (Evaporation) 

Water, solvent-air (Evaporation) 

Water-air (Evaporation) 

Tetrachloromethane-air (Evaporation) 

Tetrachloromethane-air (Evaporation) 

Water-air (Evaporation) 

 -n

pBm

0 

0 

0 

0 

0 

0 •

35-0 

55-0

68-0

5-0. 

7-0. 

15-0 

30-1 

10-0 

38-0

component

n*

    1 

.94 1 

.99 1 

    0 

.99 1 

    0 

99 0.75 

99 1 

.97 0.83 

.0 (0.83) 

.50 2/3 

.98 0.80



view point of the effect of  pB
m on kG. The experiments by 

Hanks et al?1), Hinchley et al?2), Wade23), Boelter et al?4) 

were not carried out for the purpose of investigation the 

effect of pBm, and these results have been rearranged by 

Cairns et al. , Hence may not have a high reliability. The 

work of Gilliland et al25) had no wide variation of pBm and 
the effect of pBm on kG may not be so correct also. Cairns 

et al. have obtained experimentally the results that 

h ea(pBm/p)-0'27 and n = 0.83 for kG, in Table (6-1-3). 

Shulman et al9) have obtained that n = 2/3 for kG using the 

packed column. The present result shows fairly good agree-

ment with their results. 

    From Eqs. (6-1-9) and (6-1-12), the analogy between heat 

and mass transfer can be obtained. These two equations are 

shown on Fig. (6-1-9) and the results by previous workers 

for a single sphere are plotted on the same figure. The 

equations obtained in the present work show good agreement 

with those data for the wide range of RePr2/3 or ReSc2/3.

Conclusion 

     For the purpose of determining the effects of the 

partial pressure of non-diffusional component on heat and 

mass transfer coefficients, the evaporations from a single 

water drop in the stream of super-heated steam and various 

steam-air mixtures were investigated experimentally. The 
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      heat and mass transfer coefficients were calculated from the 

      evaporation rates, and Eqs. (6-1-9) and (6-1-12) were 

      obtained. 

     Appendix 

           The schematic look of a fine glass rod submerged into 

      a water drop is shown in Fig. (6-1-A). The following 

      assumptions may be permitted for this case. 

      (i) The length of the rod is infinite. (ii) The tempera-

     ture distribution of the rod on radial direction is negligi-

      ble. (iii) The heat transfer coefficient between the rod 

      and gas is constant and far smaller than the one between the 

      rod and water. (iv) The temperature of the gas is constant 

      along the rod. 

           From these assumptions, the diffential equation of 

      stationary heat conduction is obtained as follows:   

•  ' d2t2r h' 

          dx2k - kkAkk (tk - tv) - 0 

    B.C.x = 0 ; tk = tl(a) 

x = co ; tk = tv 

     Solving Eq. (a) , 

     tk = tv - (tv - t1)e~x(b) 

   a = 2hk/kkrk(c) 
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Differentiating Eq. (b) with x 

    dtk 

   dx =  (tv - t1) x=0 

Eq. (6-1-8) is derived from Eq.

gives Eq. (d).

(d) .

(d)

Nomenclature 

                                                                                                                                                                                        • A = surface area of drop[cm2] 

C = specific heat of gas at constant pressure Ical/g°C] 

D = diameter of drop[cm] 

Dv = diffusivity of water vapor in air[cm2/sec] 

FA = angle factor for radiation[-] 

FE = emissivity factor for radiation[-] 

G = mass flow rate of gas[g/cm2•sec] 

he = heat transfer coefficient[cal/cm2. sec.°C] 

hc' = apparent value of heat transfer coefficient 

                                                  [cal/cm2• sec - ° C] 

hk = heat transfer coefficient between the glass rod and 

    the main gas stream[cal/cm2. sec•°C] 

jh = j-factor for heat transfer[-] 

k = thermal conductivity of gas[cal/cm-sec•°C] 

kG = mass transfer coefficient'[mol/cm2•sec•mmHg] 

kk = thermal conductivity of the glass rod [cal/cm-sec-°C] 

M = molecular weight[g/mol] 

N = correction factor of Ackermann's effect[-] 
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Nu 

 p 

 P 

 q 

qc 

r 

Re
p 

Sc 

Sh 

t 

V 

x

hcDp/k, Nusselt number 

partial pressure 

Cu/k, Prandtl number 

rate of heat transfer to 

rate of heat transfer to 

convection of gas 

radius 

DG/u, Reynolds number 

u/pDv, Schmidt number 

kGM
mDppBm/pmDv, sherwood 

temperature 

volume of drop 

distance

drop 

drop by

number

        [cal/cm 

conduction and 

        [cal/cm

[-] 

[fig] 

[-] 

2• sec] 

2- sec] 

[ cm] 

I-] 

[-] 

[-] 

[°c] 

 [cm3 ] 

Icm]

Greek letters 

A = difference in`value of variable 

     path 

p = viscosity of gas 

6 = time 

X = latent heat of vaporization 

p = density 

Subscripts 

A = for diffusing component 
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across the transfer 

[g/cm•sec] 

[g/cm•sec] 

      [sec] 

   [cal/g] 

   Ig/cm3]



B = for diffusing component 

k = for glass rod 

1 = for liquid 

 m = average value in the transfer path for gas mixture 

r = for radiation 

s = for wall of test section 

T = total value 

v = for gas mixture 

 7 = total value 

0 = at the interface 

00 = in the main stream 
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Section 6-2 Heat Transfer Coefficients on the 

 Steam Drying of Porous Solids

Super-heated

     There have been several discussions whether there is a 

difference between the heat transfer coefficient in super-

heated steam drying and in the usual hot air drying. It was 

confirmed in the previous section 6-13) that there 

was no difference in the case of evaporation from a single 

droplet in the stream of steam-air mixtures. The present 

investigation was undertaken to examine the effect of the 

composition of gas on the heat transfer coefficient between 

the gas stream and the surface of the porous solid. 

     In the stream of super-heated steam and various steam-

air mixtures, the drying of a single sphere of biscuit ware 

and through-flow drying of a fixed bed of spheres were 

performed. From the constant drying rate, the heat transfer 

coefficients between the spheres and the stream were obtain-

ed. The physical properties of the spheres used are shown 

in Table (6-2-1). The spheres of the fixed bed were made by 

baking a mixture of clay and sawdust. 

     The correlation of Nu vs. Re1/2Pr1/3 obtained from the 

constant drying rate of the single sphere is shown in Fig. 

(6-2-1.a). The results show no significant difference from 

the gas composition and agree with the following experimen-
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Table (6-2-1)

     Experiment 

Material 

Size  D [cm  4)] 

Bulk density [g/cm3] 

Porosity [-] 

Void fraction c [-]

Spherical biscuit

Single sphere 

    clay 

 1.00 ti 1.85 

    1.63 

    0.36

ware

   Fixed 

caly and 

   0.282 

      1 

      0 

   0.412

used

bed 

sawdust 

ti 0.909 

47 

50 

ti 0.462
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tal formula obtained from the single water droplet evapora-

tion in the stream of steam air mixtures  (Re = 9 ,v 120) by 

the authors3) . 

    Nu = 2 + 0.65Re1/2Pr1/3 (Re = 73 ti 1400) (6-2-1) 

     The correlation of jh vs. Re obtained from the through 

through-flow drying of a fixed bed using super-heated steam 

only is shown in Fig. (6-2-1.b), and practically agrees 

with the following experimental formulas obtained by Wilke 

et al5)and Gamson et al?). 

jh = 1.95Re-0.51Re< 350(6-2-2)5) 

jh = 1,.06Rep-0'41Re> 350(6-2-3)2) 

     As a result, it was confirmed that the heat transfer 

coefficients on the super-heated steam drying of spherical 

porous solids are not different from those on air drying, 

under moderate drying conditions.
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Section 6-3 Drying Characteristics of a Porous Solid in 

               Super-heated Steam Drying 

     The super-heated steam drying of solid is coming to 

play a very important part in drying technique. It is 

interesting to investigate the drying process during super-

heated steam drying, but there has been little work publish-

ed in this field. Therefore the present work was undertaken 

in order to evaluate the drying mechanism,  especially the 

drying characteristics of a porous sphere in the stream of 

super-heated steam1,2). 

     The properties of the sample used are shown in Table 

(6-3-1). This sample had considerably fine pores about 

      0 100A in radius. 

     The characteristic curve of the drying rate obtained 

at various constant drying rates are shown in Fig. (6-3-1). 

As the constant drying rate is the smaller, the constant 

drying rate period continues on to the lower moisture 

content. The effects of the gas phase composition on the 

drying rate characteristics under the same constant drying 

rate are shown in Fig. (6-3-2). There were differences 

between air drying and super-heated steam drying in the 

drying rate characteristic curves. The constant drying rate 

period of super-heated steam drying continued on longer than 

- 159 -



     Table (6-3-1) Spherical biscuit 

Material 

Diameter [cm] 

Density (true) [g/cm3] 

Density (bulk) [g/cm3] 

Porosity  [-] 

Thermal conductivity [kcal/m•hr•°C] 

Thermal capacity [cal/g.°C]

ware  used 

Clay 

1.20 

2.57 

1.63 

0.366 

0 : 0.383 

1 : 1.10 

0.217
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the one of air drying. The falling drying rate was affected 

by the gas phase composition also. 

     The falling  drying rate at the same water content 

becomes higher as the fraction of steam increases and the 

maximum value was taken in the super-heated steam vapor. 

So it may be concluded that the super-heated steam drying 

can save largely the drying time. About the precise drying 

mechanism, the study of moisture transfer in the bodies 

should be continued. 

Nomenclature 

D
p = diameter of sphere[cm ci)] 

G = mass flow rate of gas[g/cm2.sec] 

R = drying rateIg/cm2. sec] 

t = temperatureIC°] 

    = volumetric water fraction based on total pore volume 

                                                             [-1 

Subscripts 

v = vapor 
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               CHAPTER 7 

A  SIMPLE CALCULATIONS OF PLANE POISEUILLE 

        FLOW RATE OF RAREFIED GAS

 Introduction 

      Previous works on the flow of rarefied gases between 

 two infinite parallel plates (plane Poiseuille flow) have 

 not undertaken so many compared to those on the tube flow. 

 Gaede4), Dong2) and recently Iuchi et alb) reported the 

 experimental results of flow rates, which agree with each 

 other in the range of relatively low Knudsen number, however 

 are scattered in the range of high Knudsen number. Some 

 theoretical analysis by means of the non-equilibrium gas 

kinetic theory has been done by several workers. Takao12)has 

obtained an approximate solution of the B-G-K equation, and 

after him the same equation was solved numerically by 

Cercignani & Daneri1), and analytically by Huang & Stoy5) 

based on the discrete ordinate method. 

      Further analytical solutions of Maxwell moment equation 

using the two-sided Maxwellian model were obtained by Liu9) 

and Kanki & Iuchi7). However, on the other hand, the 

analysis using the elementary kinetic theory, which might be 

more convenient for technical purposes than the non-

                                - 165 -



equilibrium kinetic theory, has not been performed by any 

one other than  Iuchi et all) whose solution includes an 

arbitrary parameter to be determined experimentally _ The 

purposes of the present work are to consider the flow 

mechanism and to derive a simple analytical solution in 

which there is no experimental parameter.

1. Theoretical Treatment 

1.1 Course of analysis 

     As in the previous analysis of rarefied gas flow 

through long tube by the elementary theory, the flow rate 

between two parallel plates may be divided into the three 

flow terms, those are the term of viscous flow, ship flow 

and free molecule flow. The former two terms can be easily 

determined by applying a correction factor introduced by 

Fryer3) on tube flow. On the calculation of the last term, 

however the Smoluckowsky's method8) which is useful to tube 

flow cannot be applied because of the divergency of it in 

this case. Hence it is calculated as the sum of the skin 

and bulk self-diffusion term. 

     In the course of the calculation, the following 

assumptions were introduced. 

   1. The collision of gas molecule on the wall is 

diffusely-
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2.

3 

4

The pressure gradient in the direction of flow is 

sufficiently small to give the expression of 

  p dn p' = p+x-or n° = n +  xdx 

The two parallel plates are infinitely large . 

Assuming that the degree of non-equilibrium is very 

small, the velocity distribution function of gas 

molecules approximately follows the Maxwell distri-

bution function.

1.2 Viscous and slip flow term 

     Fig. (7-1) shows the macro-scopic flow pattern in the 

regime of slip flow. As in the figure, there is a slip of 

velocity just on the wall, and further it might be thought 

that the velocity profile of Poiseuille flow caused by the 

viscosity of gas is built up on its slip velocity-

     The pV flow rate Q'[cm3.atm/sec-cm2] is given as 

followings, in the usual manner. From balancing of forces 

acting on the surface of the shell denoted by hatching in 

Fig. (7-2), the following equations are given. 

 Pdz2=d(7-1) 
Boundary conditions 
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at  z  = 

at  z  =  0 •

du = d
z 

du v = .ca-7

(7-2) 

(7-3)

The solution of Eq. (7-1) with Eq's (7-2) and (7-3) is

u = -2a x(zD- z2 + ~D) (7-4)

Then the flow rate Q' is 

          rD/2 Q' _DJ udz=-lax(l+D~)(7-5) 

0 By substituting the Chapman-Enskog's solution of viscosity , 

Eq. (7-6), the Knudsen's expression of slip velocity Eq . 

7-7) and Eq. (7-8) into Eq. (7-5) , Eq. (7-9) is obtained .

p = 0.499pvA 2pva

 = 3a

p = pM/RT ,v= 2 JMRT,S= D/X 

Q' = Q`+Q'_DSI21rRT(18)dp 
      ps2244~JMSdx 

where the first term of right hand side is the viscous 

term and the second is the slip flow term. However it 

should be noted that Eq. (7-9) might be valid only for 

bulk of flow, that is the gas molecules having a macro-

scopic velocity "u", and consequently we must make some

(7-6)

(7-7)

(7-8)

(7-9)

flow

the
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corrections on it. For this purpose, the following correc-

tion  has been proposed by Fryer3) who performed a theoreti-

cal analysis on the tube flow. Concerning with the slip 

flow term, he thought that molecules whose last collision 

was at the wall can have no slip velocity (it being assumed 

that such molecules are diffusely reflected with no average 

flow velocity). When Ni and N
w denote the number of 

intermolecular and wall collision respectively, the fraction 

of such molecules may be evaluated as the ratio of N
w to 

(Nw + Ni). The remaining molecules, whose fraction F is 

Ni/(Nw+ Ni), are the only molecules to possess the calcu- 

lated slip velocity, and hence the corrected slip flow term 

is given as FQS. To correct the viscous flow term, Fryer 

applied the factor proposed by Scott & Dullien11) who had 

thought that the molecules which, on the average, did not 

collide with other molecules between two wall collisions 

should be excluded to obtain the net term of viscous flow. 

     For the present analysis, the former correction factor, 

F, introduced by Fryer3) to correct both the terms, was 

applied taking into account of the following considerations. 

In the elementary theory it is always assumed that the 

velocity distribution obeys the Maxwell's law shown by Eq. 

(7-10). 

             2/3 
f = n(27kT) expl----{(v xvx0)2+ vy2 + vz21l (7-10) 

where as the motion of gas is in one dimensional, the 

macroscopic velocities vy0 and vz0 disappear. vx0in Eq. ( 
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7-10) represents the macroscopic velocity which is concerned 

with the flow pattern caused by the viocosity of the gas 

 and the slip velocity at the wall. The motion of gas under 

a pressure gradient may be expressed by the elementary 

theory as the summation of the macro seopic flow contribut-

ed by V
x0 and the diffusional flux caused by the gradient'of 

number density of molecules. The generation of macro scopic 

velocity results from the viscosity of gas, that is the 

changes of momentum by intermolecular collisions. According 

to the mentioned above, it might be reasonably regarded that 

molecules whose last collision was at the wall had no macro-

scopic velocity. The molecules having V
x0 should be the 

ones whose last collision is an intermolecular collision. 

The problem that how many intermolecular collisions are 

required to get perfectly V
x0 is difficult to solve only by 

elementary theory. However it is well said that a group of 

molecules having an appreciabll deviation from the Maxwell's 

distribution approaches close to it after only one random 

intermolecular collision for each molecule. Therefore in 

the present calculation it was assumed that one collision 

was enough to get Vx0. According to above consideration it 

is reasonably concluded to apply the Fryer's factor to 

evaluate both the two flow terms. 

      The total number of wall collisions per unit length and 

width of the channel in unit time is nvb/2, and the total 

number of intermolecular collisions is Dbnv/A. Hence the 

proportion of molecules at any instant whose last collision 

was at the wall is given as follows.
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      nvb/2   =   l  (7-11) 
(nvb/2) + (Dnvb/a) 1 + 2S 

Then the correction factor F for plane Poiseuille flow is 

    F = 1 - 1/(1 + 26) = 2S/(1 + 26)(7-12) 

Therefore the corrected terms of viscous and slip flow are 

* given by the following equations, respectively_ 

QPC/QA = FQP/QA-326(1 +2626)(7-13) 

   Q/Q= FQ'/Q-Tr 26 )(7-14)     SCASA4(1 + 2S 

where QA is the rate of plane Poiseuille-flow derived by 

formalized application of free molecule flow through long 

tube.

*) Since the molecules whose last collision are at the 

wall distribute more densely near the wall than near the 

center, strictly speaking, it is incorrect to mutiply 

directly Eq. (7-9) by the correction factor. But the 

factor does not become effective untill S reaches to the 

extent ó < 3 where the distribution of macroscopic 

velocity considerably approaches to uniform. Hence the 

effect of the distribution of the molecules might be 

negligible. 
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       __8 S/27rRT dp=-'4D/27rRT dp  QA-33 ~rs M dx33  ~rM dx(7-15) 

   If the factor proposed by Scott & Dullien11), instead of the 

above factor, is applied, the flow terms can be expressed as 

follows. The fraction of molecules engaged on wall-to-wall 

paths to total number of molecules which collide at a point 

P of the wall as shown in Fig. (7-2), and are reflected 

diffusely is given as Eq. (7-16). 

7 7r7 Tr 

Fp =f~           2~2sinecsee-(S/cose)ded1P/2 2sinecoseded1P  J J 
0 00 0 

     = (1 - fle-e - S2Ei(-(3) (7-16) 

where 

                1dtr00Ei(-e) = - = loge + y+r~l(r1)(7-17) 

Then the viscous and slip flow terms are 

  QPP/QA 32S (1 - F)(7-18) 

  QSP/QA=4e(1 - F)(7-19) 

1.3Self-diffusion terms 

      In the former section, the flow rates concerned to the 

macroscopic velocity.,v0 of the Maxwell distribution were 
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calculated. Then let us consider the flow caused by the 

gradient of number density, n. The molecules passing across 

an element of cross section of the channel are divided into 

the molecules which come flying directly from the wall where 

they have collided and the ones whose last collision are an 

intermolecular collision. Then, let us name the flux of the 

first molecules as the skin self-diffusion term and the 

second as the bulk self-diffusion term. 

1.3.1 Skin self-diffusion term 

     Consider the flow of molecules across an arbitrary 

cross section of the channel and consider first the flow 

across an element of area dS of this cross section, as 

shown in Fig. (7-3). These molecules that cross dS come 

from various points on the wall, where they underwent 

reflection; let us select those that come from an element 

dS' on the wall distant x from the cross section, and also 

distant r' from dS in a direction making angles  A with the 

normal to dS and a with the nomal to dS', respctively. As 

molecules strike dS' they will leave it after diffuse 

reflection in the same manner as if they came from a gas in 

equilibrium with density n° and mean speed v of the gas in 

the neighborhood of dS', and 

     dN =4n'v cosadQdS' 

    =4(n + x-)cosadQdS'(7-20) 
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of them will pass downward through dS per second, here  dQ2 

is the solid angle subtended by dS at dS', and F is the 

probability to arrive at dS from dS' without any inter-

molecular collision. 

PP' = rsinw 

dO = cos edS/r' 

ZP = r' = .^ z2 + r2 
          •(7-21) 

     x = rcosw 

cosy = z/. /z2 + r2 

cos e = (r/r') cosw 

Therefore the following equation is given. 

    dN =4~(n + xdx)ros dSdS' 
(z2+ r2)2 

                              (7-22) 

    where dS = dydz 

    and dS' = rdwdr 

Method - lA As the manner of Pollard & Present10)for tube 

flow, let F be exp.(-r'/X). Hence by integration of Eq. 

(7-22) over the whole surface, dN can be given as follows. 

     dN =4~rdS z3cos 2w2cxp (-/z2 + r2/a) dwdr(7-23)dx 
                 (z2 + r ) 

In Eq. (7-23), n is omitted because in the last integration 

the term in n vanishes. The flow rate Q is, 
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      _ D 
 mRT v  do   =-(—R--)577  dx JI(z)dz(7-24) 

where I(z) in this case is 

         fc it3 2 I(z) =f ---------------Z2+or2w2exp(- iz22 + r2/A) dwdr (7-25) 
0 0() 

After some calculations and dividing by QA, the flow rate 

QDP is given as follows 

QDP 
=3{ (S - 1 -2-2 -S+2+(S2 - 4)Ei (-S) }   Q

A32SS-7)eS2 

                                                      (7-26) 

Method - 2A For simplicity, instead of introducing the 

probability F, let us assume that all molecules have the 

same free path X and further the molecules reflected on dS' 

whose distance from dS, r', is less than X can pass through 

dS without any inter-moleculas collision, and the other 

molecules can never do so. Hence, the integral I(z) 

becomes 

           ,/A2 z2 ~r 32 
I(z) =fI Zrcosw2dwdr (7-27) 

         J
0O(z+ r2)2 

Therefore the flow rate QDMS is 

    Q
QMS=8(4?1n6) , S < 1 

      A 

                                                      (7-28)    

= -------3S > 1 

           3252 
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Method - 3A Ignoring some errors in the range of large  6, 

by changing the upper bound of r in Eq. (7-27) from 

Jz2 - a2 to X, the following equation is obtained. 

    QA----- =16ln(1 + 12),0 < S <00(7-29)  AS 

1.3.2 Bulk self-diffusion term 

     In the above section, we have evaluated the contribution 

of the molecules directly coming from the wall. Next let us 

consider the contribution of the molecules whose last colli-

sion is an intermolecular collision. 

Method - 1B Corresponding to Method - 1A, in order to get 

the number of molecules coming just after intermolecular 

collisions in the volume element dT, as shown in Fig. (7-4), 

and passing downward through dS per second by the method of 

Pollard & Present10). 

     We note that the collision frequency in dT is nvdT/X, 

so that 

   dN =(Xv)(4-~ff)e-r/AdT(7-30) 

where, 

   x = rcosacosw , case = cosacosw 
                                                      (7-31) 

     dT = r2cosadadrdw , dS2 = cos@dS/r2 

Hence 

     dN = vdS(n + xdn)cos2acosw e-r/Xdrdadw 4Trldx 
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             27r
IT z/sing(7-32) I(z) =2=A~J ,rcos3acos2w e-r/Adrdadw 

             0 0 0 

By substituting Eq. (7-32) into Eq. (7-24) and dividing by 

QA' 
    QBP3

{?S-1+ (1 ++S2)e-S} 
  QA4S233 3 

_S2~1nS_ 1 + Y + { (-1)1'8 }](7-33) 
4 4 16 4 r=1 r(r + 4) • r! 

Method - 2B In Method - 2A, assuming that there is no 

distribution of free path and all molecules have the same 

free path A, the contribution of the molecules coming from 

the part of the wall intercepted by the two parallel plates 

was evaluated. By extending this assumption on the evalua-

tion of the flow contribution of the molecules whose last 

collision is ,an intermolecular collision, it can be calcu-

lated as the contribution of the molecules coming from the 

intercepted partial spherical plane with one path. In 

Fig. (7-5) the number Of these molecules across downward 

through dS coming frOm dS' which is an element of the 

partial spherical plane is 

    dN =4ff(n + xaX) dS2dS' 

      = (n + xd)cosacoswdSdS'(7-34) 

 4~X2 

where 

    x = Acosacosw , cos° = cosacosw(7-35) 
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                 27r.Sin.-1 (z/A) 

 I(z) = A( Icos3acos2wdadw(7-36) 
0 0 

 Therefore 

     Q
QMS=16(6 - 62) , 6 < 1 

        A 

                                                       (7-37) 

1 
2(86 - 3) , 6 > 1             166 

 Method - 3B In Method - 3A, the contribution of the 

 intercepted part of wall by the cylindrical plane whose 

 radius is mean free path A was evaluated. Corresponding to 

 Method - 3A, the bulk self-diffusion term of this case 

 must be calculated as the contribution of the molecules 

 coming from the intercepted cylindrical plane by the two 

 plates. 

       In Fig. (7-6) the number of these molecules across 

 downward through dS, coming from dS' which is an element of 

 the cylindrical plane , is 

    dN = --(n + xaX) cosadS2dS °(7-38) 

 where 

     x = Acosw , cosa = A//A2 + (z - h)2(7-39) 

2Tr D 

I(z) =r f 2 A4cos2w2 2dhdw(7-40) 
           J

00{A + (zh) } 

 Hence finally the follwing equation is given as the flow 
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rate  QBMC
. 

   Q
QMC=86Tan-1d'0 < S < m(7-41) 

      A 2. Discussion 

     All calculated terms are plotted in Fig. (7-7), 

respectivelly. 

     As seen in Fig. (7-7), both the viscous flow terms, 

QPCand QPP,decrease steeply as S decreases, and approxi- 

mately vanish at 8 = o.2. However QPPis larger than QPC, 

the difference is not appreciable in the range of d where 

this term becomes significant. 

     The slip flow terms both moderately increase as S 

increase, and asymptote to the constant value 4 at S > 10. 
The difference between them reaches a maximum 13% at S = 2, 

but those coincides with each other at S } 0 and S } 00. 

     The terms of skin self-diffusion gradually increase as 

S decreases, and show a linear increasing on the semi-log 

chart at 8 < 0.1. However in the neighbourhood of S = 1, 

where the contribution of this term to the total flow rate 

is not controlling, QDMc is slightly larger than QDMS
,the 

difference of them might be neglisible in practice. Mean-

while QDP calculated by the method of Pollard & Present10) 

is somewhat appreciably smaller than the others. 

     Similar to the skin self-diffusion terms, QBMC 
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practically agrees with QBMSin the whole range ofS, and 

those asymptote to 3/8 at  S - O. Q
DP agrees with them at 

    0 and S co, but appreciably smaller than those in the 

intermediate range of S. 

     There might be various combinations of the terms to 

give the total flow rate. However in the view of the 

physical picture of the flow mechanism, as the correction 

factor of the viscous and slip flow terms, Eq. (7-12) seems 

to be more reasonable than Eq. (7-16). Hence the typical 

combination are given as follows. 

T1/QA = (4pC+ QSC+ QDP + QBp)/QA(7-42) 

QT2/4A = (4PC+ QSC+ QDMS+ QBMS)/QA(7-43) 

QT3/QA (QPC+ QSC+ QDMC+ QBMC)/QA(7-44) 

     Fig. (7-8) shows these three total flow rates 

comparing with the previous theoretical solutions and 

experimental data, and the characteristics of the solutions 

are listed in Table (7-1) . 

     Both QT2 and QT3, which practically agree with each 

other in the whole range of S, show a farily good agreement 

with the numerical solution of the B-G-K equation calculated 

by Cercignani & Daneri1) expect in the range of small S,` 

but even where the relative difference of them is very small. 

Therefore QT3 is more combinient to use than QT2 because of 

the simplicity of formula. On the other hand, QTl is 

somewhat smaller than the others at S < 2, however the 

principal characteristic of QTl seems to be approximately 
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Table (7-1) Camparison of theoretical solutions

 Cercignani & 

Daneril)

Liu9) Iuchi et. al.6) Present work

H 
co 
rn

Method of Calculation

T/QA I S- 0

Numerical Soln. 
of B.G.K.eq.

8(0.12 - 1nS)

Momemt Method 

(Two-sided 
 Maxwellian)

3 
4S

Elementary 

Theory

func. of exp. 

parameter

Elementary 

Theory

8(1 - 11115)

(QT/QA)min 1.02 1.15 func. of exp. 

parameter

1.02

min
1.2 2.8 1.0 1.2

T/QA~S;~
TrS 

32
+ 0.68 32 0.59

TrS 

32 32+ 0.79



equal to  the'one of the others. However the solution of 

Iuchi et alp, calculated as the arbitrary parameter E = 0.1 , 

roughly coincides with the present solutions, it gives 

somewhat the smaller minimum flow rate. Liu's9) solution of 

the two-sided Maxwellian functions shows appreciable divia-

tion from the others. 

     Compared with the experimental results of Gaede4), 

Dong2) and Iuchi et al. , the present solutions give larger 

value in the left hand side of the minimum flow points, 

neverthless in the right hand side they are in a good 

agreement. The reason why there seems to be upperbounds 

for the experimental data at S } 0 in spite of the diver-

gency of the theoretical results except only the one of 

Iuchi et al. , may be very difficult to be considered 

quantitatively at the present stage. The influence of the 

side wall of the channel used in the experiments might be 

considered to be the one of the most significant cause of 

that. However it is impossible to obtain a final conclu-

sion till the quantitative analyis for the side wall effect 

is accomplished.

Conclusion 

     The Poiseuille flow between two parallel plates was 

analysed by the elementary kinetic theory to investigate 

the flow mechanism and finally to derive the flow rate 
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equation in a simple analytical form. As the result of the 

present analysis, it was verified that the total flow rate 

was composed of the four flow terms, those are the terms of 

viscous flow, slip flow and skin and bulk  self-diffusion, 

and that the simple calculation procedures proposed here 

give the fairly good agreement with the experimental data 

in the range of the right hand side of the minimum flow 

point and with the numerical solutions of the B-G-K 

equation that has been regarded as the most reliable result. 

Hence it might be said that-these calculation procedures 

are useful to evaluate of the flow rates of gases through 

various channels. The difference between the experimental 

results and theoretical ones must be examined quantitatively 

in future.

Nomenclature 

b = width[cm] 

D = interstice between two parallel plates[cm] 

           x Ei(x) =e-uu-1du[-] 

F = correction factor[-] 

f = Maxwell's velocity distribution function of gas 

 molecules[-] 

k = Boltzmann's constant ( = "Rm/M)[cm3. atm/molecule.°K] 

M = molecular weight[g/mol] 

m = weight of molecule[g/molecule]

I
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 N 

N.  1 

 n 

 p 

Q 

Q' 

QA

R 

r 

S 

s 

T 

u 

v 

v 

X 

y 

z

a 

Y 

a 

0 

A

= number flow rate of molecule 

N
w = frequency of collision 

= number density of molecule 

= pressure 

= pV flow rate 

= pV flow rate uncorrected 

= pV Knudsen flow rate formally 

  tube 

= gas- constant 

= distance 

= area 

= wetted perimeter of channel 

= absolute temperature 

= macroscopic velocity of gas 

= velocity of molecule 

= averaged peculiar speed of molecule 

= longitudinal coordinate 

= transversal coordinate parallel to 

= transversal coordinate perpendicular

angle 

0.577215...: Euler's constant 

inverse Knudsen number 

slip coefficient 

angle 

mean free path 

viscosity

equivalent

plates

   [molecule/sec] 

[1/sec] 

   [molecule/cm3] 

           [atm] 

[cm3•atm/sec•cm2] 

[cm3• atm/sec •cm2 ] 

ent to circular 

[cm3. atm/sec.cm2 ] 

 [cm3• atm/mol • °K] 

[ cm] 

           [cm2 ] 

             [cm] 

             [°K] 

         [cm/sec] 

         [cm/sec] 

         [cm/sec] 

            [cm] 

ates [cm] 

to plates[cm]

 [radian] 

[—] 

[—1 

     [cm] 

  [radian] 

[ cm] 

[g/cm• sec]
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p = density[g/cm3] 

SZ = solid angle [-] 

 = angle[
radian] 

w = angle[radia n] 

Subscripts 

o = average 
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CHAPTER  8

MASS TRANSFER THROUGH RAREFIED  GAS 

     BETWEEN CONCENTRIC SPHERES

Introduction

     Mass transfer operations under reduced pressures, such 

as freeze-drying, molecular distillation, metallizing under 

vacuum and so on, are accompanied with phase change in all 

cases and play a very important roll in chemical engineering. 

Condidering the mass transfer phenomena with phase change, 

for example, sublimation, condensation and evaporation, two 

kinds of resistance for mass transfer should be evaluated. 

One is the resistance through the surrounding space, so called 

the resistance of gaseous diffusion and the other is the one 

for phase change at the interface, which is concerned in 

accomodation, condensation or evaporation coefficients. 

     For mass transfer through the surrounding space three 

regimes classified by the Knudsen number, Kn, have been con-

sidered. Those are the free molecular regime under highly 

rarefied condition, Kn > 10, the continuum regime under 

ordinary, Kn < 0.01, and the transition regime between them, 

0.01 < Kn< 10. The mass transfer under this transition 

regime has given a great interest to investigators of physics
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and technology. Especially its applications are very impor-

tant for chemical engineering but few theoretical and exper-

imental  works3,4'8'11) have been performed because of its 

complexity. 

      It has been generally accepted apriori by the previous* 

investigators8) that Stefan's equation with the pressure-

jump boundary condition which is analogous to Maxwell-

Smoluchowski's temperature-jump boundary condition for heat 

transfer would be correct. But there has been no theoretical 

basis on applying Stefan's equation to the mass transfer with 

large degree of rarefaction, high mass flux and large pres-

sure gradient between evaporating (or sublimating) and con-

densating surface. 

      The present work was undertaken to derive a theoretical 

equation of mass transfer under reduced pressures, especially 

transition regime, through the gas kinetic theory and compare 

with the experimental results. 

     The Maxwell moment method utilizing the two-sided 

Maxwellian distribution function2,6,7) was applied to the 

mass transfer between concentric spheres. The analytical 

solution obtained was compared with the experimental results 

obtained by the sublimation of naphthalene under reduced 

pressures (10-1'L10-3 mmHg in total pressure). 

1. Theoretical Works
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1.1 Distribution function and mean quantities 

     Let us consider a sphere of radius  RI placed at the 

center of hollow sphere of radius RII, with RI < RII (Fig. 

8-1) . 

     Sublimation (or evaporation) of molecule A occurs at 

the outer surface of the inner sphere and condensation at 

the inner surface of the outer sphere. The annular region 

(RI < R < RII) is filled with diffusion gas A and innert gas 

B. 

     By applying Lee's model2), the "two-sided Maxwellian" 

velocity distribution functions are defined at an arbitrary 

point in the annular space as follows (Fig. 8-1); all out-

wardly directed molecules with velocity vector , 

   _R+.fie +)l/2(8-1) 

    = tan-1{(fie+ E2)1/2E1}(8-2) 

lying inside "the wedge of influence"2) (region 1 in Fig. 

8-1) are characterized by one Maxwellian fl, 

2 
f = fl= nl(2mkT) 3/2exp (-2kT)(8-3) 

for 

  2 

        + a <1V<2  -- a 
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in which 

 a  =

      RI

(8-4)

Then, all molecules with velocity vector  E lying outside of 

region 1 are characterized by f2, 

i. e., 
2 

f = f2 = n2(2
TrkT) 3/2exp(2kT)(8-5) 

for 

    2- a < <2~+ a 

where n1(R) and n2(R) are unknown functions of radial dis-

tance. 

     In the above difinitions, we consider the case that the 

temperature difference between two spheres is small so the 

each temperature of two spheres can be approximately denoted 

as the same absolute temperature T[°K]. The Maxwellian 

velocity distribution for stationary gas is assumed applica-

ble when the net flow of molecule A between concentric 

spheres is relatively small. 

     Knowing the distribution function f, one can evaluate 

all mean quantities < Q > by averaging over whole velocity 

space, 
fQf2d< Q > = JQfd =IQf1dL+&-(8-6) 

       I II 

Jfd  = n = 2{nl(1 - sina) + n2(1 + sina) }(8-7) 

    JRduR=4(m~T) 1/2 (1 + cos2a) (n1 - n2)(8-8) 
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-  Jmfd 

 E

p = 3{P 

    T{ 
   2nl

PRR 

=2T    -{n
1(1 - 

RR + PA6 + P(14 

(1 - sina) + n

sin3a) + n2(1 + sin3a) }

} 

2(1 + sina) }

(8-9)

(8-10)

1.2 The Maxwell integral equation of transfer 

     In spherical co-ordinates the Maxwell integral equation 

of transfer for the spherical symmetric case is as follows: 

2 2    1 a(Rj2fr Qdr)1-------fQd-If(RA+)-----dR2 aRRRtanefAR R 

      Jf(0 +---2 -  a)12-12 + if( RE~+ e )aQ-d= AQ                 Rtn6 DER Rtan6 DES 

                                                       (8-11) 

where /Q is the collision integral. 

     There are two kinds of molecule, diffusing molecule A 

and non-diffusing,molecule B and one should take the distri-

bution functions for each molecule into account. Therefore 

there are four unknown parameters, nAl' nA2' nBl and nB2, 

and they could be evaluated by utilizing four Maxwell inte-

gral equations as follows. 

      (a) Mass Conservation for Molecule A Setting Q = mA, 

we find AQ = 0 because the mass is invariant during colli-

sions, and obtain the ordinary continuity equation as 
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     follows; 

     R2 9R(R2ffAmA''ARdA)  0(8-12) 
     From Eqs. (8-8) and (8-12), we obtain the following relation; 

         12mAk 1/2  a 2 

         4R2( )aR{R(1 + cos2a)(nAl - nA2)T1/2} = 0 

                                                           (8-13) 

    On the other hand; 

2(1 + cos2a) = 2RI = const. 
    Y' en t-  following equdtion is obtai

ned. 

     nAl,- nA2=y=const . ~~~4): 
          (b) Mass Conservation for Molecule B Setting Q = mB, 

            2mk 1/2           1
2(-------~B)aR{R2 (1 + cos2a) (nBl - nB2) T1/2}= 0 

         4R 

                                                             (8-15) 

    Here molecule B is the non-diffusing component, then 

nBl - nB2 = 0(8-16) 

          (c) R-momentum Conservation Summing up the momentum 

    transfer equations for molecule A and B, the collision 

    integral becomes zero • as the R-momentum is conservative as 

    a whole. Substituting Q =mAEARorQ = mBEBR into Eq. (8-11), 

a (Jfmr2d)+I{ _4(fAmAAR2 +fm2AAARAAAe 

• + ~2) +f     fAmA'AAmA'AR2}d = LQ(8-17) 
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Then we obtain the next equation, 

     d {(
nn)T}-  sin3aa{(n-n)T} =?AQ 

  dRAlA2dRAlA2kAB 

                                                       (8-18) 

likewise 

 1—{(n + n )T} - sin3ad{(n-n)T}=2AQ 
 dR Bl B2dRBlB2kBA 

                                                       (8-19) 

Summing up Eqs. (8-18) and (8-19) , 

d 
   dR(nAl + nA2 nBl + nB2) = 0(8-20) 

    nAl+ nA2+ nBl+ nB2=S'= const.(8-21) 

where S' is an integral constant. 

      (d) Mass Flux for Molecule A5) Since we are primarily 

interested in radial mass transfer, the mass flux equation 

is given by taking Q = mA. In the mass flux equation, the 

collision integral AQAB is evaluated with Maxwell's inverse- 

fifth-power force law F = KAB/r5 5), for simplicity. Then it 

should be noted that mass flux is influenced only by the 

collision integral AQAB involving the collisions between 

molecule A and B. 

     Assuming that a molecule A collides with a molecule B 

from a direction P (see Fig. 8-2), the collision integral 

AQABis expressed as follows: 

   AQAB Jfff(0'Q)fAfBVdAdBbdbde(8-22)
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and by  Maxwell5), 

2727 

       (Q' Q) ds j mA ( EAR' EAR) de 
 00 

                    m+-mABm(BRBAR) 4~rsin26'(8-23)            AB 

           K(m+ m)1/2 
  bdb = AB2AB }3ds(8-24) 

              VmAmB 

              r00    Al=J41rdsin26' = 2.6595(8-25) 

          0 Therefore
-AQABAl(mAA+BmBKAB)1/2fffAfB(EBREAR)dEAdEB 

              m
= A

l (mAA---------+BmBKAB) 1/2 (nAuBR - nBuAR)(8-26) 

Taking molecule B being at rest into account: 

           mAmB 1/2 
AQAB = -A1(m

A + mBKAB)uARnB 

                mkT+AB) }1/2Y'nB1 (RI)2(8-27)              -A
l {2~r (           AB 

     The diffusion coefficient for the Maxwell molecule is 

evaluated by the following equation1), 

37 kT(mA + mB) 1/2 2kT 1/2    [D
AB]{2~rmm} ()(8-28)         4 nA1F (22)ABK 

AB 

Eliminating KAB of Eq. (8-27) using Eq. (8-28), we obtain
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 14AB = -kTnB1i'2kT1/2         2n [D
AB](mAIT) 

R 
  (nAl + nA2)n[D

AB]( dR

RI 2 

R

2kT 

mArr
)1/2n y((21)2 

B1 R

(8-29)

(8-30)

where

R = R R

I

     Converting n to p 

we obtain the following

by utilizing the relation p = 

 set of equations;

nkT,

PA1 

PBl 

PA1

d( 

dR

PAl

PA2 

PB2 

PA2 

 2

PA2

y = const. 

0 

PB1 + PB2 = 6 =

) = - YPB1(1)2 
R

const.

(8-31) 

(8-32) 

(8-33)

(8-34)

where

_

RI

2pt [DAB]

Then the following 

ti (8-34) , 

PA1 =f{1(  + d +

PA2

(2kT)1/2 = 
mArr 

quations

= 2{-Y + S +

Mexp(

Mexp ( -

const.

are

CY)) 

R 

Y) 

R

obtained from Eqs.

(8-35)

(8-31)

(8-36)

(8-37)

and

PBl PB2 = - 2eXP (-
RY)

(8-38)
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where  M is an integral constant. 

     The set of Eqs. (8-36)  ti (38) can be solved by using 

the boundary conditions in 1-3. 

1.3 Boundary conditions and solutions 

     On defining the accomodation coefficient for mass 

transfer, it was assumed that when a number of molecules are 

impinging on a surface, the fraction a of them are stuck and 

condensated, and the fraction (1-a) are reflected diffusely . 

     Then 

_ RI 
    at R = R

I = 1;- AlpAl I =(1 - a)pA2 I + apAl 

                                                         (8-39) 

     at R =RII=R* 
              I 

             pA2pA2II12a{(1 + cos2a)p                                             IIAlII 

                   + (1 - cos2all)pA2II} + apAII (8-40) 

  pBlpB2pB1IlpB2II(8-41) 

where a denotes the accomodation for mass transfer, and pAI 

and pAIIare the saturated vapor pressures of substance A 

at the surfaces of the inner and outer spheres, respectively. 

Using Eqs. (8-39) L (8-41) and Eqs. (8-36) ti (8-38) yield
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 PAI

     On 

surface

the 

of

PAII _ {1+1 - a 
 aa

+ PB1IIE1

other hand, the 

the inner sphere

NAI= fmAA.

   mAkT 
  ( 2 7r 

    NAI

RfAd = mAu 

)1/2 (nAl - n

(1*)2}y 

R exp{-Cy (1 - lam) } 1 

R mass flux based on the 

is given as follows;

ARI

k =

A2) 

1/2

mA 1/2 
  (2irkT) Y

(8-42)

outer

   mA 
(27rkT I

' (8 -43)

g PAI PAII 

M = -2PB1IIeXP( 

6 = 2PAI - (a -

R 

1)y -

PAI PAII

Mexp (-cy)

(8-44)

(8-45)

When PAI' PAIIandp8111are known, one can obtain the value 

of y from Eq. (8-42) and then the mass transfer rate from 

Eq. (8-43) also. 

     It could be easily verified that Eq. (8-43) approaches 

to Hertz-Kundsen's equation under highly rarefied pressures 

and to Stefan's equation under ordinary pressures. 

               approaches to zero, Eq. (8-42) reduces to the If PBlII 

following equation. 

     - 1 
Y = F-(a)(PAI PAII)(8-46)

- 203 -



where 

  F(a)a+l a------a(R**)2(8-47) 

 Therefore 

m 

NAI F( a) (2TrkT)1/2(pAIpAII)(8-48) 

This is Hertz-Knudsen's equation. 

     If pB1II takes so large value that the first term in the 

right hand side of Eq. (8-42) is negligibly smaller than the 

second, then one obtains 

       {-~y(1 -1_ 1        ex       p
R*)} pBlII(pAII+pB1II-pAI)(8-49) 

and 

    pAII + pBlIIpAI-ptpAI= pB1I(8-50) 

                        P 
  y ° -{01 -11 BlI  )(8-51) 

RpB1II 

because the value of pt is approximately constant. 

Therefore 

     N=-( mA)1/2(mA7)1/2  2pt [D~] In (- B1I       AI2
TrkT2kT R

I (1 - 1/R* )pB1I I 

        mApt[DAB]  pAI pAII 
(8-52) 

kTRI (1 - 1/R ) (pB) 1m 

The above equation is Stefan's equation. 

     The distributions of the total pressure and the partial 

pressure of component A are expressed by 
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 pt =2{ (1 - sin)(pAl  +  pB2) + (1 + sina) (pA2 + pB2) } 

   =2(S - ysina)(8-53) 

and 

   pA=2{S+ Mexp(--y) - ysina}(8-54) 

2. .Experimental Apparatus and Procedures 

     The experimental apparatus used is schematically shown 

in Fig. (8-3). 

     The measurements of the sublimation rate of naphthalene 

coated on the inner sphere were performed under reduced 

pressure. The inner sphere was placed at the center of the 

outer spl }ere. working as a condensating surface. 

     The outer sphere, the sublimation chamber (150mmcpI. D. 

x 160mmcbO. D.), was made of bronze and jacketed by the copper 

cooling pipe through which methanol cooled by a refrigerator, 

0 ti 40°C, was circulated. 

     The inner sphere (about 22 ,L 3O") was the copper 

spherical shell having 1.5mm thickness in which the electric 

heater was provided, and-was coated with naphtalene about to 

2mm thickness and located concentrically in the outer sphere 

(see Fig. 8-3 and Fig. 8-4). The coating of naphthalene was 

carried out by dipping the inner sphere into a bath of molten 

naphthalene purified by recrystallization. The inner sphere 
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was electrically heated by supplying D. C. current and the 

surface temperature of naphthalene was regulated to be 

constant by a variohm and determined from the temparature of 

the surface of inner sphere taking account of the difference 

through the layer. 

     To determine the rate of sublimation, the weight loss 

of naphthalene on the inner sphere was measured by the dis-

placement meter using the differential transformer (see Fig. 

8-3 and Fig. 8-4) and recorded continuously. 

      For pressure measurement,  Atlas-MMM diaphragm vacuum 

gauge for relatively low pressures and oil manometer for 

relatively high pressures were used. The measured value of 

the pressure at the outer sphere by using vacuum gauge, pp, 

is 

pp =2{(1 + cos2alI)pAlII+(1 - cos2all)pA2II}+pB1II 

          (
R**)2pAlII+{1(*)2}pA2II+pBlII (8-55) 

From Eq. (8-55), the value of pBlIIcan be calculated. 

      In the experiments, the total pressures of the apparatus 

were kept constant in the range 10-1 ti 10-4mmHg by a variable 

leak valve. 

      The procedures of the experiments were as follows; 

after hanging the coated inner sphere from a hook below the 

core of differential transformer, the sublimation chamber 

was evacuated for several minutes to the prescribed pressure 

and the outer sphere was cooled to the prescribed tempera-

ture.
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       Then the inner sphere was electrically heated for the 

  surface temperature to be constant. The weight loss of the 

  inner sphere and the temperatures of the surfaces were 

  recorded continuously. 

       The measurements and regulations of the temperatures of 

  the inner and outer sphere were carried out within  +0.1°C and 

  +0.4°C in errors, respectively-

        The relative error on the determination of sublimation 

  rate was estimated to be in +2%.

3. Experimental Results and Discussions 

     The mass transfer rate based on the surface of the inner 

sphere, NAI, was calculated from the rate of weight loss of 

naphthalene by using the following equation, 

 NAI12 dt(8-56) 
4'rrRl 

The value of pB1IIwas calculated from the value of pp meas- 

ured by the vacuum gauge by using Eqs. (8-55), (8-31) and 

(8-36) . 

PD = (1*)2Y+pB1II"4-2{-y + 6 + Mexp (- i*) }(8-57) 
RR 

From Eqs. (8-45) and (8-57), we obtain the following equation; 

                       1(12(8-58) 
    pB1IIpDpAII()                             y 
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The experimental results are shown in Table (8-1).  Further 

the values of pBlII in Table (8-1) were calculated from Eq. 

(8-58) assuming that the value of a was equal to unity, 

because the error produced by this approximation was negligi-

bly small in the final value. 

     In Fig. (8-5), the observed values of the sublimation 

rate are compared with the calculated values from Eq. (8-43). 

The observed values fairly agree with the calculated ones 

from the continuum to the transition region. It can be ob-

served that in the free molecular region the observed values 

are a little smaller than the calculated ones as shown in 

Fig. (8-5). 

     The observed values of kg are also compared with the 

calculated values from Eq. (8-44) in Fig. (8-6). From Fig. 

(8-6) it may be said that the accomodation coefficient a for 

maphthalene is equal about to 0.9. It has been reported by 

Sherwood et al.9) that this coefficient was equal to 0.88 

about at -60°C. 

     The distributions of the total pressure and the partial 

pressures of component A and B are calculated by using Eqs. 

(8-53) and (8-54). An example is shown in Fig. (8-7). The 

pressure-jump is observed distinctly on the surface on inner 

sphere and the total pressure changes steeply near the inner 

sphere.
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 H 
 H

Run 
No.

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
11 

12 

13 

14 
15 

16 

17 

18 

19 

20 

21 

22 

23 

24 
25 

26

t  I

 [°C] 

 10.4 
 10.4 
  0.2 

 -0.3 
 -9.7 

-10.4 
-9.7 

-10 .2 
-10.0 
-19.3 
-20 .2 
-19 .7 
-20 .0 
-19 .3 
-20 .2 

  0.0 
-10.0 
-10 .0 

-9 .9 
 -9 .9 

-10 .0 
 -9 .9 
 -9 .9 

-10 .0 
 -9 .7 

-10 .0 

tI 

At1

AtI 

[°C] 

0.7 
0.5 
1.2 
0.6 
0.8 
0.9 
0.7 
0.5 
0.4 
0.2 
0.4 
0.2 
0.2 
0.2 
0.2 
0.6 
0.8 
0.8 
0.6 
0.6 
0.9 
0.9 
0.5 
0.7 
0.4 
0.7

tI

1°C] 

 9.7 
 9.9 

-1 .0 
-0 .9 
10.5 
11.3 
10.4 
10.7 
10.4 
19.5 
20.6 
19.9 
20.2 
19.5 
20.4 
-0 .6 
10.8 
10.8 
10.5 
10.5 
10.9 
10.8 
10.4 
10.7 
10.1 
10.7

tII

Table (8-1)

[°C] 

-0 .2 
-0 .3 

0.9 
-9 .3 
30.9 
30.0 
30.0 
28.3 
29.3 
26.9 
29.0 
29.3 
29.0 
28.1 
29.7 

.8 
30.5 
29.3 
29.5 
30.0 
31.0 
30.5 
30.8 
30.8 
29.8 
30.6

pAIx10

Experimental data 

3 
pAIIx103 pDx103

[mmHg] 

18.0 
18.2 
 5.40 
 5.48 
 1.75 
 1.58 
 1.75 
 1.70 
 1.75 
 0.55 
 0.485 
 0.530 
0.510 
 0.560 
 0.495 
 5.60 
 1.67 
 1.67 
1.74 
1.74 
 1.65 
 1.67 
 1.76 
 1.70 
 1.83 
 1.70 

throughace of 

[mmHg] 

5.90 
5.82 
1.65 
2.01 
0.118 
0.133 
0.133 
0.169 
0.146 
0.205 
0.152 
0.146 
0.153 
0.174 
0.139 
1.90 
0.124 
0.146 
0.143 
0.133 
0.115 
0.125 
0.119 
0.119 
0.136 
0.122

temperature of the surface of copper shell

   temperature difference 

The data of vapor pressure, 

were cited from I. C. T..

[mmHg] 

84.1 
143.0 

10.7 
 28.7 
  2.25 

3.78 
  7.56 
 22.0 

61.6 
  2.09 

  2.90 
  7.25 
 23.3 

 24.0 
72.5 
 35.2 
  5.14 

6.32 
13.2 
16.5 
  3.26 

  4.31 
24.9 
  8.68 
40.5 
  9.33

rough the coated layer of 

  thermal conductivity and

pB1IIxl03

[mmHg] 

 78.1 
137.1 
  9.00 
26.7 
  2.10 

  3.62 
  7.40 

21.8 
61.4 
  1.88 

2.74 
  7.10 

23.2 
23.8 
72.4 
33.3 
  4.97 

  6.14 
13.0 
16.3 
  3.10 

  4.15 
24.8 
  8.53 
40.4 
  9.18

NAIx105 

[g/cm- 
      sec] 

3.62 
2.32 
5.14 
2.96 
3.78 
3.50 
2.98 
1.51 
0.621 
0.703 
1.10 
0.700 
0.281 
0.355 
0.127 
2.50 
3.69 
3.67 
2.43 
2.00 
4.32 
3,94 
1.25 
3.13 
0.965 
3.21

 naphthalene 

diffusivity of

kx103 
 g 
[g/cm2 
 sec mmHg] 

 3.00 
 1.80 

13.7 
8.54 

23.2 
24.1 
18.4 
 9.84 
 3.88 

20.1 
33.0 
18.3 
 7.87 
 9.20 
 3.58 
 6.74 

23.8 
24.1 
15.1 
12.4 
28.1 
25,4 
 7.62 
19.8 
 5.71 
20.3

naphthalene
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Conclusion 

     The equation of mass transfer between concentric sphere 

under reduced pressures, especially under the transition 

regime, was derived through the gas kinetic theory using the 

two-sided Maxwellian distribution function. The observed 

values of the sublimation rate of naphthalene were compared 

with the values calculated from the equation derived in the 

present work and both were in good agreement. 

Nomenclature 

 Al = constant defined by Eq. (8-25)I-] 

a = accomodation coefficient for mass transferI-] 

b = impact parameter, or perpendicular distance from 

      molecule A to initial trajectory of molecule B 

  (see Fig. 8-2)[cm] 

[DAB] = diffusion coefficient of molecule A through molecule 

[cm2/sec]

F 

F (a)

f 

KAB

intermolecular force for the Maxwell molecule 

the function of accomodation coefficient: 

1 1- a 1 2 
a a (-*) 

velocity distribution function of molecule 

                       • constant in expression for central force field 

KAB 
F = 5 

     r 

                        - 215 -

[-] 

[-]



 k 

 kg 

M 

m 

N 

n 

p 

p 

Q 

AQ 

R 

R 

_* 
R 

r 

T 

t 

V 

w

I

Boltzmann constant[mmHg.cm3/°K] 

mass transfer coefficient[g/cm2.sec.mmHg] 

integral constant defined in Eqs. (8-36) 'L (8-38)[mmHg] 

mass of a molecule[g] 

                                             2 
mass transfer rate based on the inner sphere[g/cm sec] 

number density of molecule[1/cm3] 

component of pressure tensor'[mmHg] 

pressure defined by p = nkT[mmHg] 

physical quantity 

change in Q produced by collision; collision integral 

radial distance from the center of the inner sphere[cm] 

normalized distance from the center of the inner sphere 

sphere; R = R/RI[-] 

RII/RI[- ] 

distance between two molecules colliding each other[cm] 

absolute temperature[°K] 

time[sec] 

relative velocity between two interacting molecules 

[cm/sec] 

weight of the inner sphere[g]

Greek 

a = 

= 

Y= 

Yr =

Letters 

angle defined by Eq. (8-4)I-] 

variable concerned in variable b (cf. literature 5) 

integral constant defined by Eq. (8-31) [mmHg] 

integral constant defined by Eq. (8-14) [1/cm3] 
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0'

= integral constant defined by Eq . (8-21) [1/cm3] 

= angle between plane of the orbit and plane  containing. 

  the original relative velocity and the X-axis in a 

 binary collision (see Fig. 8-2)[-] 

= scattering angle , or angle between relative velocity 

 before and after collision[-] 

= velocity of molecule[cm/sec] 

= velocity vector of molecule[cm/sec] 

= angle defined in Fig . (8-1)[-] 

= constant defined by Eq . (8-35)[1/mmHg]

Suffix

A 

B 

R 

D

t 

1 

2 

I 

II

diffusing component 

stagnant component 

radial direction on polar co-ordinate 

pressure directed outwardly at the inner 

the outer sphere 

total pressure 

6-direction on polar co-ordinate 

q-direction on polar co-ordinate 

inside of the wedge of "influence" (see 

outside of the wedge of "influence" (see 

the inner sphere 

the outer sphere 

averaged value 

after collision

surface of

Fig. 8-1) 

 Fig. 8-1)
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                       POSTFACE 

     This thesis is a collection of several works on drying 

of solids which have performed by author for twelve years 

since he came back to the laboratory of professor R. Toei of 

Kyoto University in 1962. 

     This work covers only a small part of the study on 

drying mechanism, and there have been left many important 

problems unsolved. 

     Especially as mentioned in CHAPTER 1, the one of the 

most important problems to know how to proceed drying of 

moist material is the evaluations of the transport properties 

controlling the drying process. 

     Among the properties, the liquid water transfer coeffi-

cient of moist porous materials is the most difficult to 

evaluate, in spite of the extensive studies of Krischer and 

many other workers. It would seem then more profitable on 

the future to study the mechanisms of liquid water movement 

in porous materials from a more fundamental standpoint.
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