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ON DEDEKIND SUMS IL
REMARKS ON HIGHER- DIMENSIONAL DEDEKIND SUMS

EIKO HIROOKA(/z 1% %% 3)

Department of Mathematics,

Kobe University

. 81, Classical Dedekind sums

Dedekind uses the symbol s(a,c) for classical Dedekind sums.
He originally introduced these sums in connection with the trans-
formation properties, under the modular group, of his q;function

ﬂ@i):eriz/12=§(l—e2ninz) (Inz>0),

n=1
namely, for c>0,
z4+d | .
logq(§:+2) logq(z) + flogEI—g + 1(———<e s(d,c)),

where the principal branch is taken for the logarithm.
Let a, ¢ be integers such that (a,c)=1, c3l. Then s(a,c) was
evaluated by Dedeklnd and he proved the relation

s(a,c)= 3 (( ))(( Ky).

k=1 —
Here the symbol ((x)) is deflned by
((x))= x-[x]—1/2 1f x€z,
o if xeZ,

#here [x] denotes the greatest integer function. And these sums are

represented by cotangents,
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namely
mka
c

c=1 nk-
s(a,c)= f "I cot—g cot

he k=1

We forcus our attention now on its properties and its connectiop.

with other mathematical topics([6]).

Proposition 1. (Reciprocity Low)

Let a, ¢ be pogitive integers, (a,c)=1. Then,

2

(a2+c +1-3ac).

s(a,c)+s(c,a)=72ac

The number of lattice points in a tetrahedron has been related
to .Dedekind sums by L.J.Mordell([4]). He proved the following result:

Proposition 2. (Lattice Points)

Let a, b and ¢ be pairwise coprime, positive integers and let

N3(a,b,c) be the number of lattice points ‘in the tetrahedron

X . z
ngx<a, 0gy<b, Ogz<c, O« + L+ Zc1;
then
‘N3(a,b,c)= -{s(bc,a)+s(ca,b)+s(ab,c)}+ % abc + % (bc+ca+ab)
1 1 bc ca ab 1
* glatbre) + 30 =+ 5=+ =)+ g0 - 2

Since the Dedekind sums are rational, we can evaluate its

denominators:

Proposition 3. (Evaluation of the Denominators)

2c(3,c)s(a,c) is an integér.
The range of values of s(a,c) is not fully known. Sali€([5])
proved that s(a,c) always satisfies one of the following five

congruences: 6es(a,c) = 0, +1, +3 (mod 9). So the problém of the

r
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1 ]
'Missing‘Valuesv([l]) has arisen.

Dedeklnd sums -are connected w1th the Jacobl symbol

Prop031tlon 4 (Connectlon w1th the Jacobl Symbol)

If ¢ is odd, then

g%; -»(%)‘ (mod 4)

6cs(a c)E
ThlS means that the Dedekvnd sums become the Jacobl symbol 1f
we have them modulo 4 Hence we. can con51der that the Dedeklnd sums

'exnlaln the Jacobl symbol in detail. We have some other propertles,

for examnle, the ranoe of s(a c) 1s dense on the real ax1s and

connected with class numbers of cuadratlc flelds etc. Now we exolain
about the cla351cal Dedekind sums no more and we come. to the hlgner

dlmen51onal Dedeklnd sums that are one of the extented Dedeklnd sums.

§2.Higher Dlmen51onal Dedeklnd Sums

2.1 Let p be a p051t1ve 1ntever and let al | .,arl be integers
prime to p, and n 1s even. Then we deflne
, n/28 e o
d(p:al,...,an) = (-1) I cot ka /p .. cOt ka_/p .
| k=1 %

Remark.

If n is odd, the sum'ie clearly equal to zero.

Zagier calledrthese sums the higher dimensional Dedekind_suns
for the first time. Why he was interested in sums of this type ?
There are two reasons. Firstly the case n=2 is, up to a factor,
the classical Dedekind sums :

-1
d(p:al,a2> = -ups(ala2‘ ,p))

)



where az_l is an inverse of az(mod p). And as I mentioned at 381,
the Dedekind sums are connection with other mathematical topics.
So the same things may hold about higher dimensional analogues.
The second ground for studying this sum is that it arises in
topolégical éituétions. The first appearance of trigonometric
functions in this context was the index theorem of Hirzebruch,
which evaluates‘the signature (a certain ihvariant of the homology
of a differentiabie manifold) by means of a formula involving
cotangents([Bﬁ)} In that éase, if the dimeng§ion of the manifold
is four, classical Dedekind sums appear and generally if the
dimension of thé manifoldgis 2n, d(p:al,.;.,an) appears. After
.ﬁha£ we shall pay more attention to the number theorical pért of

higher dimensional case.

2.2 Some Properties of the Higher Dimensional Dedekind Sums

Proposition 5. (Rational Number ([ 71))

d(p:al,,..,an) is rational:

dpia.,...,a) = 2% 5 ((ke/p))...((k. /D).
1 » n o<k, <p 1 7 n

L +k a

p1klal+... n?h

Proposition 6. (Reciprocity Law ([ 71))

Let a <058, be pairwise coprime positive integers.

02

.‘a.¢..,an) =1 - lnCaO"“’an)/aij'ané
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‘where ln(ao,,..,an) is a polynomial defined by the next formula:

. n
n
nfén(aO""’an)t =3£Ogjt/tan2a.t ‘s o oy |
=§ (1 a%6%/3 —a e /s + 22,7 /945 )
5=0 ‘ R *

Remark.
ln(ao,;..,an)%is~nearly equal to the Hizebruch L-polynomial.

In Proposition S,d(p:al,;..,an) is rational ; so we can

evaluate the denominator:

Proposition 7. (Evaluation of the Denominators ([ 71))
“Let B o
c(n,p) = I [nLn/ﬁn—l)] , then

m :0dd: prime )

mf p

c(n,p)d(p:a;,...,a,) is an integer.

And fo: n=2,4 the denominator of d(p:al,;..,an) equals to éTn,p).

We want to add much more about the evaluation of the denomi-

nators, but before that let’s consider the generalization of the

“lattice points in the Proposition 2:

Proposition 8. (Generalization of the Lattice Points (Eg]))

Let Byse-s8) (n:odd) be positive integers and N a: ¢ommon

multiple of the ai’s. Let .

.n ,
- . - J: < < Z P <
tlag,...,a,) Cordf(xI,.,.,Xn)ﬁO xisai’o. i=iAxi/aifl’(mOd 2)}
_cOrd{(xl,...,xh)]0<xi<ai,l‘<iii xg/a4<2 gmod,Z)}..
Then ( )
n-1)/2 2N-1 o
| k=1,k:odd 1
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This is a kind of the higher dimensional Dedekind sums, too.
And the formula by which we define t(al,...,an) is the value

found by Brieskorn(|2]) for the signature of the (2n-3)-dimensional.

manifold defined by
n a a 2" 2

)eC 121 1 .+ 2% Mg, {24 ..tz -1},

\V={(Zl,'...,Z F ... n = -

n

2.3 - From now on we shall give some new . results for the higher

dimensional Dedekind sums.

The first is a result about the evaluation of the denominators,
In §1 we saw the congruence which s(a,c) satisfies. And for n=4
we have the next congruences:

Theorem 1.

Let
d(p,4) = d(p:al,az,a3,au).
Then
1) d(p,4) =0 (mod 2)  if 3,5|p,
2) 9d(p,4) = + 2 (mod 18) 1ir 3lp, Sip,
3) 5d(p,4) = 0 (mod 2), #0 if 5|p, 3)p,

4) 45d(p,4) = + 10 (mod 18) if 15|p.
From this the problem of the "Missing Values" arises. But we can’t
find the algorithm of the d(p:al,az,a3,au) yet.
To prove this theorem we need some lemmas.

Lemma 1.

For the ai’s we can choose ai’s as

d(p:a;,ay,a3,2y) = d(p:ai,a;,a%,l) (p,ai,aé,a% are pairwise coprime.)
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Proof. Since (p,ay)=1, aj exists such that auaazl (mod p).
Hence by the definition d(p:al,az,aj,au)=a(p:alau,aZau,gBau,l)_

And by Dirichlet’s theorem on primes in arithmetic progressions,

-

aiaa can be replaced by prime number a£ congruent .to aiau'mbdulo p.

Since the value of d(p:a ..,an) only depends on the.values. of the

1°°
. - = - d g 4 1
a; (mod p), d(p.al,az,aB,au) d(p.al,a2,a3,-). But they can be

chosen as arbitrarily large primes,so in particular the& can be
made prime to one another and then to p. Therefore we ba&e thé
résult.'w -
Lemma 2.
MSd(p:al,az,a3,a4) = 0 (mod 2)
Prodf. It suffices to prove this lemma for d(p;ai;a2;é3,ly

are pairwise coprime.) by lemma 1. We first assume

(p,a ,32,a

1 3
that p is odd. By proposition 5,

Kk k k.  k,
. = o 1 I ((=2yY((_3yy((_ 4
d(p.al,az,a3:l) . 2'p0<k,<é( p)z(( p))((’p?)f‘ p))..
= 1
plalkl+a2k2+a3k3+ku

- We fix one of the (kl,k‘ k3)_(O§ki<p). ForLthis (kl?kz,k3) on;y

2’
one k& (O;ku<p) exists such that plalkl+azk2+a3k3+ku. Therefore
k. k., k Np-(a k- +a kK +a.K-)
a(piaysay,ag,1) = 2" I (NP1 22 33,
0<k.<p P P
(131%2,3) | (N:integer)
' k k k a.k.+a k,ta.k '
- 2% o (RN (@) (D) (2222 733y
O<k,<p P p P P
=71
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| a.,k,+a k,*a X a.k._ +a k. +a k.
: ((——))((——))<( 3)){ : L 2 273%3 (Z117722773 73,

D

z
05k, p

P 1 ((——))((——))((-in.
0§k1<p P
p‘alkl+a2k2+a3x3

Here we pay attention to

s ((2)) = o0:

Ogk; <P P

for example

) kl k2 k3
z ((—E))((——))(( )k = 2 kl((—E))Z ((—5))2 ((—5))

0§k <p Kl k2 k3
=0 .
Therefore
' M k3 alkl+a K2+a3x3
° = —— / —
d(p.al,az,aB,l) =2 pozk ié p))( ))(( p>)[ 5 ]
—d(p:al,a2,a3)
a.k +a +a
s oty s (o2 “2)) (¢ 3))[ PR M i
Ogk;<p ° P
- 16p Pl 2K taok 2+a3k3 K1 Koy 8ay,
kigl[ 5 1« p))(( p))(( p))
k,+a.k k. .k, k 1
- 16p PRl AKatRRRetRIs ) Kakaky | Lok kprgkgtiogky)
"l[ D ]{' p3 2p2 172 373 l
: 1
+ —45(k1+k2+k3)- g} -

MSd(p:al,az,a3,l)'is an integer and since p is odd,

S el
45d(p:al,a2,a3,l) = MSP d(p-al:az;a3:l)

0 (mod 2)

rOf
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If p is even, we use the re01pr001ty low and we find
45al 2a3d(p 1 al, 55 3) + ’45pa2a3d(al :p,1 az,a ) -
+ u5pala3d(a2:p,;,al,a3) + 45pala2d(a3:p,l,al,§2)
. b 4 4 4 _ 2 2 2 g 2
= LtSpalaza3 +p o+ 1 +2ay 3, f a3‘55(p‘f p:al f'i'f'aZ;aB_}
modulo 2. Since a;’s are odd,

1285,23)

T

15d(p:1,a 14-5.6 = 0 (mod 2) .

Proof of Theorem 1.

1) Let’s recéll'that"

pomlA/ =1 a185,85,8,) €2 .
m:odd prime
m‘p

Now 3,5} p and m|p, so mx7. Hence [4/(m-l)] 0 ana n mtV(mDM
A o m: odd prime
) m|p
Therefore d(p:ai,az,a3,aa) ié'aﬁ'integer.AWe cbmbine'this fact
with lemma 2, and we have the result.
About 2) 3),4) it sufflces to prove for d(p al,az,a3,l)

(p,a 1 2,a3 are pairw1se coprlme ). Lherefore we use the rec1proc1ty

law:

(%) ‘ MSai d(p 1, al, 2;a3)”+ 45p3é33d(alrp,l,a2,a3)"
+45pala3d(a2:p,l,al,a3) + MSpalaad(a3:p,l,al,aé}f‘

4 4 Wb o2 2 28 2.2
=-§5pala2a3 tp * 1+a; + a, +"a3_~5(p +pag t...tayag ) .

2) We first assume that SkaiifdrﬁéiiJaiis} Sinée"?*di for a4ll
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ai’s, d(ai:p,l,o..)é Z. Hence we consider (*¥) modulo 45 and we

have
“”5a1a2a3d(p:i,al,a2,a3) Expu‘+ 1+ a14‘¥ 8.2Ll +iaéu;§(512+
2" 332“- ay a0+ ?1’2"&32‘“ ay%a5") |
5<alia2a3)?+ S(aZial?3)2; 5(a3i31?2)2+‘§é+ 1 +aiu+-%2g+ aéu

2 2 2 2 2_ 2 ’
lOala2a3 10(&1l +a,"+ ay"ag ) (mod 45).

+1

Since either a ta, ,a; ., (1 mod 3) is a mu;@iple‘of,3 at the

same time,

5 L
= U
S(ai + ai+lai+2) =0 (mod .5),

Therefore

&Sal‘ d(p 1 al’ 2,33)

oy y 4 2. 2. 2.2, .2 2, =
=p+l+a +aytas- lO(al +ay T+ ayagtt alra3:) * 10a a5aq
_ b 4 i 2, /. 2 242
= p f 1+a;+ a2‘+ 3 + S(a —1) + S(a —1) +’5(a2,-a3 )
2 _ 2 R T N
+5(a,"-ag )2 % lOa 283~ lO(l tay +1§2 + gs )n
= pi- 9(1 + a u+ a 4+ a ) ¥ 10a,a.a (mod U45)
=P ! 2 3 1%2%3 .

The lést congruence is‘ground in the fact that either aiil‘is a
multiple of 3. Put

X = pu-- 9(1+alu+a 4+a3u)“ ) o |
then by 3|p we find 9| X. Since p)5 and a, {5 pq,atill ;l (mod 5).
Hence X =0 (mod 5) and x = 0 (mod 45). Therefore -

45a ,a3 d(p 1,a1,25523 )= +10a a2a3 (mod 45).

10
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By (ala2a3,45> 1 we have
45d(p:l,al,a2,a3)§ +‘lp (mod U5).
We combine this with lemma 2 and we have
9d(p:l,a),25,285) = *2 (mod 18).
If 5|ai, we may assume 5]a1. And we consider (*) modulo 45 so
45a1a2a3d(p:l,al,32:a3) + “5p8233d(31$p,l,32:a3)
4 I 2 2 2

4 2, . 4
1 5 + a3 - 5(a1»+ a, +..0F a2 a3

We multiply 5 in the both sides and we notice that

4

=p+*1l+a +a ) (mod 45).

225pa2a3d(al:p,l,a2,a3)Vz 0 (mod 45).
Then

225ala2a3d(p:l,al,a2?a3)

S | b 4 b
= 5(p+ 1+ al + a2 +,a3

By using the same way we have

L2 2_ 2
) - 25(al +°.f% 2, a3.) ‘(moﬁAEB).

225ala2a3d(p:l,al,a2,a3)

o 2 N2, er4 L. b 4 4
= 25(alia2a3)2+ 25(a2jala3) - 25(a3jala2) + 5(l,+ a; +a, t ag )

- 2 2 2. 2 2. 2
+ 50a,2,35- 50(a; "+ a,"+ ay"a3"+ a;7a, )

. : - 5
= 5(1 + al“+ a2u+ a3u) 1 50a1a2a3f+ 25(al?—l)?+,25(822—l)
2 2 i} b q
+ 25(a22-a32)2+ 25(31 -332)2— 50(1 + al + a2'+ a3A)
= - 45(1 + a14+ a2u+ a3u) F Sbalaza3
= $5Oaia2a3 (mod 145). ‘
And by (a2a3,u5)=1

225a1d(p:l,al,a2,a3) z ISOal (mod 45).

11
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Hence
usald(pzl,al,aZ,a3) z IlOal (mod 9)
and by (5a1,9)=l, we have
9d(p;l,alfa2,as)'s +2 (mod 9).
By lemma 2 we have also

9d(p:l,al,a2,a3)”5 +2  (mod 18).

3) Since 3/p and SLp,Sd(p:l,al,az,a3) is an integer. By using
the lemma 2 we have

Sd(p:l,al,az,a3) = 0  (mod 2).

4) Since 3, S*ai for all a,’s, d(ai:p,l,...)e z.
Hence .
: ) . - oy 4 4 2 2.2
MSalazaBd(p.l,al,ag,a3) = lta, ta, +ag —S(al too.ayag )
(mod 9).

By using the same way of 1), we have

u5a1a2a3d(p:l,al,§2,a3) = —9(l+a14+a22+a u)lloalaZaB

3
= Ealaza3 (mod 9.). |

And by(ala2a3,9)=l

45d(p:l,ai,2,,85) = ¥ 1 (mod 9).
By lemma 2 we have

MSd(p:l,al,az,a3)

+10  (mod 18).

Q.E.D.

Higher dimensional Dedekind sums are connectéed with n’s

Jacobi symbols:

12
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Thearem 2.
Put

- I ntn/(m=-1)]

M
Vn/2” m:o0dd prime

If p is odd,then

: T a a :
(p - - - - 1y _ny
un/zd(p.al,..-,an) = Hn/z(p 1) 2n + 2{( p)+--i-+(~p)}
(mod 8)
Proof. We first show the theorem for the type a(p:B1,...,bp1,1).
By the definition

d(p:b b 1) = o L <<Ei>> <<k“>>
p: 120> = D “ e —5 .

n-1° Oéki<p
p|blkl+...+bn_lkn_l+kn
And we use the same way in the proof of lemma 2, then
_ b.k.+...+b k k k
n 171° -1"n-1 -1
A(pibyse--sby ;,1) = 2"p 3 I =22 ((=2)) - ((BER)
Ozk;<p '
(i=i,2,--~’n_l)
p-1 blk.+...+b k. - b ko+,..+4b_ 3k o
_ o 1 n-1"n-1 1710 n=-I"n-I
i .
where A is an integer and .
un/2A =0 (mod 8).
Therefore
v - p=1 S blkl+ +bn-lkn-l
un/zd(p:bl,..,,bn_l,l) = ukz=,(kl+...+kn_l)t : 5 ]
i
b ki+...+b k
171 ° n-1ln-1
2P p | 5 =] . (mod 8).
biki+...+b_ -k .
First we calculate I kl[ l‘l < .n—l n-1, modulo 2.

13



ool n-1"n-1; _
= |
kn—l 1 ‘
p-1 (blkl+...+bn_lkn_l {blkl+...+bn_lkn_l})_[blkl+,,,+bn_2kn_2
k_~,=0 P | P o P

where { } denotes the fractional part and
p-1 biki+...+b_ 4k

171 n-1n-1 _ p-1
Z=O S D = ) .
n-1
Hence
p-1 Cblkl+. +b ;1kn_l] T (p-1) (b, _;-1)
kz=l D 171 n-2 n-2 2
n-1
blk1+‘ +bn_2kn_2
- 5 1.
And by noticing that p is odd, .
p-1 biky+...+b 1k, b 5p(p-1)
. (z-[ 5 1) 2 ———
kn_o=l ko1
- pgl [blkl+" b _5 n—2]
k= P
n-2 :
_ Ppop(e-1) Kt th (-1 (b, 5-1)
- 2 171 - 3'n-3 2

b k,+...b k
R 5 4_3 n-37  (mod 2)
b
E(_ L _[l

kn—3 kn—2,kn-—l

kl+°"+b

k
-1 -
n-1n 1] ) =

bn_3p(p—l) n-1 b kl+°"+bn-3kn—3]

1 =
- 5 + ¢ [ > (mod 2).

kn_3=l ) .
We repeat this operation and we notice that n is even. So

14



b k. +...+b k
- -1 :

cak P
b,p(p-1) (p-1)(b,y-1) [blkl]

R T 2 i

2

= - bk, + E-e-l--i; L .(mod 2)‘;

b k. +...+b k

K. ,...,k 1 D
1°°° "2 pn-1 5
b,p(p-1)(2p-1) p(p-1) b kg |
- - + + 5 k. [ ] (mod 2).
6 I k. 1P i |
. . i 1 . :
Here ‘ "
n-1 bk n-1 bk (p-1)(b,-1) 1 by |
gk 211z p217: LTy (-1 (mod 2),
41 z p 2 2 p
k=1 k=1
T kl:odd
hence
' bk +...+b -k
I 5 kl[ 171 n-1 n-1y .
k p

l’..l,kn_l

2b,p(p-1)(2p-1) 5 | by - |
- 3 + p(p-1)° + U4(p-1)(b,-1) + 4{(—5)-1} . (mod 8),

" Since in the first term p or p-1 or 2p-1 = 0 (mod 3) and (3,4)=1,

Ejp-l)g20—l) = n-1 (mod 4).

Thus
blk1+"f+b

V n—lkn-lI =
P

qul[

o b
~25,(p=1) + 2(p-1) + 2(b;=1)(p-1) + 2{(-§>;1}»

o
2(p=1) (-b +1+b1-1) + 2((-D)-1}

b
2{(—%) - 1y (mod 8).
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Therefore

b,k,++<.+b_ :k
. 171 n-1"n~1
g g+ otk 1)L B -=1]
bn-l
z 2{(——) et ( ) - (n-l)} (mod 8).
p—- b,k,+: k_
Next we calculate g [ P 5 n-1n l] modulo 4.
T = ,
!
pgl Eblkl +bn—lkn—l] e bk 4e.-tb K +(p—l)(bn—l_l)
n-1 : .
Dylegte b oKy o
- . ]
b.k.+.:-b k
171 n-1ln-1
z [ ' 1 = (p-1){b k +---+b_ Kk
(p~1)(b,_1-1) b,_oP(p-1) byly+e-¥b Sk o
+ } o+ -z [ 7.
2 e i p
‘ : n-2 - 2
i [blkl+. '+bn—1kn-l] _ bn 3p (p- l) . b, _5p(p-1)
kn 3’kn 2’kn-l (p=1)(n 1)2 b ( 1)2
p-4i) o= _:P{p-1
~(p- l){b k 1t +bn-4kn—u + 2,n 2 } - _n 32
e ««++b k - - -
+ op o[22 n-3 n—3] (mod 4).
k P
n-3
We repeat this'operation and we obtain
DKt -+D k b,p( ;1)2 5.p( —1)2 ' (‘—1)2(b —1)
11 n-1n-1, _ 21P'P 2P\P _ P 2
. [ ] = 5 + 5
k., b
l . .
blp(p-l) b k
e (=]
2
b.k
.0 (p-1) (p-3) (o120 (=141} J11y
= + - + o)
2 2
k"l
5 1
(p-1)" byp(p-1)(p-2)  (p-1)(by-1)
= S + 5 + > (mod U4).

16



boki+...¥b 4k T

. M0t | - = pun/z{(p‘—l) +b,p(p-1) (p-2)
+(p-1)(b -1} T
= pun/2{2(1-0)+3b (p-1)+(p-1)(b -l)}

(p-1)(- 2+3b 1% -1)

pun/2 1

pu, /p(p-1)(40,-3)

-3Un/2p(p“l)
34, /2 (p-1) (mod 8).

Therefore .

1
1) = 2{{—p)+. .ot

un/zd(p:bl,. e ’bn—1,
b'l
= un/g(P-l)+2€(‘§)+j:t+

l)}+5un/2(p 1)

1-1)} (moa 8)

By the way

d(p al,az, ..,an) = d(p:alx,.i. n— 1 ,l) (gnxs}v(mod p)).

Hence

”n/Zd(Qial?""an? = “n/2§(p:alx"41’an-l¥’l)

. alx an_ X
'in/z(p"l_-)'l"z{ (T)+---+( D ')} 2(n-1)

Ho( —l)+2(x){(al)+ +( n—l) 2
n/2\P p izt t 5 }-2(n-1)  (mod 8).

- ) Coa
= X - (n
And since a x=1 (mod p), (p) = ( p).

By using this fact we obtain that

a a -
pn/zd(p:al,.;;,a ) = u“/z(p-l)+2(*§)f(—%)¥;..+ 1)

n

| %y, 21 |
un/2(P=+2( D)+ . +(n 3)}-2n

a
un/z(p—l)+2{(—5)+ +( )} 2n - (mod 8).

17
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We have the last congruence by notiging that
al a . o
(——)+ +(——) is always even.

Q.E. D
We use this theorem in the re01pr001ty law, and we obtaln
the next corollarys:

Corollary 1.

Let agse - a be odd and pal rwise coprime.
Then
n
21 {ai( Ly + 2, (——)}
1,§=0 * %1 %
i<J

S (u /2+2n)(a toota ) = n/280° " 3, (mod 8).

This formula is very beautiful but I don’t know what 1t means.
'To prove this we need the next lemma:
Lemma 3.

Jn is defined as the coefficient of tn in the poWer series

£ n+1 e
expansion of (EEHH—E) , where n is even. Then
Jn = 1.

This lemma has been shown ([3]).

Proof of the Cofollary 1.

Since a;’s are odd, a;” = @ (mod 8). Hence

(mod 8).

n/2 n(aO""’an) = un/2Jn /2
2 2

We multiply ag---a,° ( =1 (mod 8)) in the both sides of the. -

reciprocity law:

18



n . ,
'E ajd(aj:ao,...,aj,...,a ) = l-ay.-.a 1l (ags---52)) (mod 8).
=0 7, R
- a.d(a,:8 50c.,8.,50.0,8_)= -8, .8} 1l (anye..,a
un/2 j=0 J ( joo? o B ’ n) Mn/2780  %ntns2 n(“o’; ’an)
(%%) =un/2-un/2ao...an (mod 8).
Here we use the theorem 2: .
n 2, J a
: - - - +.\ - - i
the left side = ;_[ajun/z(aj 1) 2ajn ‘aj{(a.)+"'+(a.)}]
J=0 J - J
n aj : a;
- Z L= = L .
(n+l)Un/2 (11n/2~1-2n)(<':10+...+an)+2.l j=éa1(ai) + aj(aj)f (mod 8).
3 s .

- | 145
We substitute this for (¥¥) and then

n a. a. ) ) h
2L {a, (=) + a. (=)} =cnu_, +(M_, +2n)(a.+...+a )
1,520 12 i e, n/2 vn/2 0 n
i< ' '

- un/2a0...ah (mod:B)Q

Corollary 2.

Let a,b be odd and (a,b)=1. Then
a(®) + b(2) = 3(atl)(b+l) (mod 4).
a b 2 . ;
This is the quadratic recirpocity law. First we assume that
a,b = -1 (mod 4). Then the right side of the corollary is zero
modulo 4, ' v

namely

a(2) + o =0 (moa ¥).

b a
) + @

T,

(mod U4),.

"
o

Since (%) =
b a
(5) + ('5') = 0,

We use the same way in the remainder part and then we obtain the

19



result.

Proof of the Corollary 2.

The case n=2 we use the theorem 2. Since u,= I
m:odd prime

3d(asb,1) T 3(a-1)-t+2((2) + (%)}

= 3(a+1)+2(2)  (mod 8).
Similarly
3d(b:a,l) = 3(b+l)+2(%) (mod 8).
We substitute these formulas for the new reciprocity law ((#%) in
the proof of the cor.l)and then
a(3(a+1)+2(2)1+0{3(0+1)+2(P)} = 3-3a0  (mod 8).
Since a and b are odd, a25b2§l\(mod 8). |

Hence

3(a+1)+2a(2)+3(b+1)+20(F) = 3-3ab  (mod 8).

20a(2) + v(®)} = -3(atb+lvap)

-3(a+1)(b+1)

3(a+1l)(b+1l) (mod 8).

a(%) +o(d) = %(a+l)(b+l) (mod 4).
Q.E.D.

As previously stated we can’t find the algorithm yet. After

this to do first of all is to find the algorithm.

20
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