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1 Introduction 

This article is an announcement of a forthcoming paper [4]. We refer the reader to [4] for 
more details. 
Fox's coloring is one of the fundamental tools in knot theory. For example, the Z/pZ-
coloring number not only distinguishes various pairs of knots but also gives a lower bound 
for the unknotting number of a knot [5], and the Z-coloring is useful for classifying rational 
tangles [3]. 
The Z/pZ-colorings of m-braids relate to the Hurwitz action of the m-braid group on 
(Z/pzr, and Berger [1] determines the orbits of this action. In this article we consider 
Z-colorings of m-braids corresponding to the Hurwitz action of the m-braid group on 
zm. For two elements v,w E zm, we write V ~ w if there is an m-braid admitting a Z-
coloring such that the top and bottom points receive v and w, respectively. See Figure 1.1. 
Equivalently, v ~ w holds if they belong to the same orbit. The main aim of this article 
is to characterize this equivalence relation ~ on zm by introducing several invariants. 

V → a1 am 

Z-colored m-braid 

W→ b1 bm 

Figure 1.1: v = (a1,..., am) ~ w = (b1,...，加） EZm

An (m, m)-tangle is an m-braid without monotone property. It is permitted that an 
(m, m)-tangle has a finite number of loops. Considering Z-colorings of (m, m)-tangles, we 

To define two coarser equivalence relations on zm than ~ defined above. We write v /.;!, w (or 
T 
v ;.,., w) if there is an (m, m)-tangle without loops (or possibly with some loops) admitting 
a Z-coloring such that the top and bottom points receive v and w, respectively. 
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A pure m-braid (or an m-string link) is an m-braid (or an (m,m)-tangle) such that the 
ith top point connects to the ith bottom point by a string for any i = 1,..., m. Then 

P 
we introduce three equivalence relations on左 suchthat v !:., w (v 5-9 w, or v £ w) if £ 

） 
there is a pure m-braid (an m-string link without loops, or an m-string link possibly with 
some loops) admitting a Z-coloring such that the top and bottom points receive v and w, 
respectively. 
By definition, the six equivalence relations on zm have a relationship as shown in 

T’ Table 1. 1. For example, if v ;.._, w holds, that is, v and w are connected by a Z-colored 
£。

pure m-braid, then we have v ~ w and v ~ w by regarding the pure m-braid as just an 
m-braid and an m-string link without loops. 

Table 1.1: A relationship among the six equivalence relations 

v~w 

w
 

介
p
~＞
 

To ⇒ v~W ⇒ 
介
£。⇒ v ~W  ⇒ 

T v~w 

w
 

介
"
£
~＞
 

Moreover, by permitting virtual crossings, we consider six equivalence relations,::.,, 

(connected by a Z-colored virtual m-braid), ~匹 (connected by a Z-colored virtual (m, m)-
vT 

tangle without loops),':.:., (connected by a Z-colored virtual (m,m)-tangle possibly with 

loops),巧（connectedby a Z-colored virtual pure m-braid), vf:_o (connected by a Z-colored 
v£ 

virtual m-string link without loops) and ~ (connected by a Z-colored virtual m-string 
link possibly with loops). 
For an element v = (a1,..., am) E Z叫 weset 

m 

• △(v) = L（ーl)i-1佑 EZ,
i=l 

• d(v) =gcd{a2-a1,--·,am —釘｝ 2: 0, 

• d2(v) = 28 for d(v) = 28t > 0 withs 2: 0 and t odd, and d2(v) = 0 for d(v) = 0, 

• M(v)N = {aし・・・,am} (mod N) as a multi-set, and 

→ • M(v)N = (a1,..., a叫 (modN) as an ordered set. 

Theorem 1. 1. The twelve equivalence relations onか (m2: 2) as above are characterized 
as shown in Table 1.2. 

For example, v ~ w if and only if△(v)＝△(w), d(v) = d(w) and M(vha(v) 
→ → M(wha(w)・ Also, v £ w if and only if△(v)＝△(w) and M（叫＝ M (W)2• 

2 Preliminaries 

For an integer m 2:: 2, let Bm be the m-braid group with the standard generators 
(J1,...'(Jm-l• The set zm = {(a1,..., am) I a1,..., am E Z} has the Hurwitz action 
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Table 1.2: Results 

classical case virtual c邸 e

乃 T T’ 匂 £ V 雙｝ vT vP 受O v£ ～ ～ ～ ～ ～ ～ ～ ～ 

△(v)＝△(w) 

゜゚゜゚゜゚d(v) = d(w) 

゜ ゜ ゜ ゜必（v)=必(w)

゜ ゜ ゜ ゜M(vhd = M(whd 

゜ ゜M（叫＝M（W)2d2 

゜ ゜M(V)2=M(W)2 

゜ ゜祐 v)2d＝祐w）2d

゜ ゜祐 v属＝祐w)2d2

゜ ゜豆（叫＝祐w)2

゜ ゜
of Bm from the right defined by 

v ・ ai = (a1,..., ai-I, ai+1, 2ai+1 -ai, ai+2,..., am) and 

v ・ a;1 = (a1,..., ai-I, 2ai -ai+I, ai, ai+2,..., am) 

for an element v = (aい・・・,am) E左． Seethe left of Figure 2.1. We say that two elements 
v, w E zm are (Hurwitz) equivalent if there is an m-braid(3E Bm such that v ・(3 ＝w, and 
denote it by v ~ w. The right figure shows that 

(1, -5, 4)・（叫望） ＝ （7, 7, 10) E Z尺

and hence (1, -5, 4) ~ (7, 7, 10). 
a1 佑— 1 ai 佑＋1 佑＋2 am 

びt=| • • I X ・ 
a1 a;-1 a;+1 2a;+1 -a; a;+2 arn 

a1 a;-1 a, ai+1 佑＋2 am 

び9-1=|| X 
a1 ai-1 2ai -a;+1 佑佑＋2 am 

Figure 2.1: The Hurwitz action of Bm on zm 

1 -5 4 

7 7 10 

An element v E zm is called trivial if v = a • l = (a,..., a) for some a E Z, where 
1 = (1,..., 1). By definition, if v ~ w and v is trivial, then we have v = w; in other 
words, the orbit of a trivial element v consists of v only. 



For an element v = (a1,..., am) E zm, we will consider two integers defined by 

m 

△(v) = I:(-l)i-lai and 
i=l 

d(v) = gcd { ai -aj I 1さiヂj:S m} = gcd { ai -a1 I 2 :S i :S m}：：：：： 0. 

We remark that v E左 istrivial if and only if d(v) = 0. In what follows, "a = b (mod O)" 
means "a= b E Z" for convenience. For example, the element v = (l, -5, 4) E Z3 has 

△(v) = 1-(-5) +4 = 10 and d(v) = gcd{-6,3} = 3. 

Lemma 2.1. For an element v = (a1,..., am) E左， wehave the following. 

(i) a1三...三％（modd(v)). 

(ii) If m is odd, then△(v)三 a1(mod d(v)). 

(iii) If m is even, then△(v)三 0(mod d(v)). 

Let Sm be the symmetric group on { 1,..., m}. For an m-braid(3 €叫 we denote 
by 7r(3E Sm the permutation associated with(3；that is,(3connects each ith top point 
to the 1r(3（i)th bottom point (i = 1,..., m). For a multi-subset X of Z and an integer 
N ：：：：： 2, wed血叩切ふ畑皿皿皿畑砒叫勾立畑蘊直直血畑印血叩血亨
of all integers in X modulo N. We also use the symbol X。=Xfor convenience. For 
V = (a1,..., am) E Z圧weset M(v) = {a1,..., am} as a multi-subset of Z. 
Now we consider the multi-set M(v)2d(v) C Z/2d(v)乙 IfV = a. l = (a,...'a) E zm is 
trivial, then we have d(v) = 0 and 

M(v)o ={a,...,a}。cz.
ヽ
m 

If v E zm is nontrivial, then it follows from Lemma 2.l(i) that 

M(vhd(v) = {[,..., r,, _r + d(V),..., r + d(v))2d(v) 、、プ
P m-p 

for some O :Sr< d(v) and 1 :Sp :Sm -1. For example, the element v = (1, -5, 4) has 

d(v) = 3 and M（叫＝ ｛1, 1,4}6. 

Lemma 2.2. Let v = (a1,..., am) and w = (b1,...，如） Ezm be elements satisfying 
V・(3 ＝w for an m-braid(3E Bm. Then we have the following. 

(i)△(v)＝△(w). 

(ii) d(v) = d(w). 

(iii) b7f(J(k)三保 (mod2d(v)) for any k = 1,...,m. 

(iv) M(v)2d(v) = M(w)2d(v)・

For example, since w = (7, 7, 10) is equivalent to v = (1, -5, 4), we have 

△(w) =△（v) = 10, d(w) = d(v) = 3 and M(w)6 = M（叫＝ ｛1,1，4}6 

by Lemma 2.2(i), (ii) and (iv). 

17 
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3 The case m 2:: 3 odd 

Throughout this section we consider the equivalence relation ~ onか form=2k-1ミ3.
The following theorem provides a classification of z2k-l under ~. 
Theorem 3.1. For two elements v, w E z2k-1, the following are equivalent. 

(i) V rv W. 

(ii)△(v)＝△(w), d(v) = d(w) and M(v)2d(v) = M(w)2d(w)・

For example, v = (2, -4, 11, 8, -1) and w = (5, 5, 2, 2, 8) E匹 satisfy

△(v)＝△(w) = 8, d(v) = d(w) = 3 and M（叫＝ M(w)5= {2, 2, 2, 5, 5}6. 

Therefore we have v ~ w by Theorem 3.1. 
In the case m = 2k -1 = 3, the multi-set M(v)2d(v) can be uniquely determined by 
△(v) and d(v). In fact, we have 

M(v)2d(v) =｛△(v)，△(v) + d(v)，△(v) + d(v)}2d(v), 

which includes the case where v is trivial with d(v) = 0. Therefore we see that v ~ w Eか
if and only if△(v)＝△(w) and d(v) = d(w) only. 
To prove Theorem 3.1, we prepare Lemmas 3.2-3.6 and Proposition 3.7. 
For an element v = (a1, a2, a3) E Z叫weset 

lvl = max{ a1, a2, a3} -min{ a1, a2,%}~ 0. 

Lemma 3.2. Let v = (a1, a公％） bean element in匹 Ifa1, a2 and a3 are mutually 
distinct, then v is equivalent to some w Eか withlwl < lvl. 

Lemma 3.3. Any element v Eび isequivalent to (x,y,y) for some x::; y. 

Lemma 3.4. Let v E z2k-l be an element of the form 

v = (x,...,x,y,...,y,z,...,z 

‘‘‘ 
） 

2p-l 2q 2r 

for some x,y,z,p,q,r E Z withp,q,r ~ l andp+q+r = k. If x < y < z holds, then v 
is equivalent to 

(x I I 

'...'x, y'...'y'z'...'z 

‘‘‘ 
） 

2p-1 2q1 2r1 

for some y',z',q',r'E Z with x::; y':::; z'< z and {q',r'} = {q,r}. 

Lemma 3.5. Let v E z2k-l be an element of the form 

v = (.x,..., x,.Y,..., y,.z,..., z 

‘‘‘ 2p-1 2q 2r 

） 

for some x,y,z,p,q,r E Z withp,q,r ~ 1 andp+q+r = k. If x < y < z holds, then v 
is equivalent to 

(x I '...,x,y',...,y') 

‘‘ 2p1-l 2k-2p1 

for some y',p'E Z with x < y'and p'E {p,p + q,p + r }. 



Lemma 3.6. Any element v E z2k-l is equivalent to 

し＇~)
2p-l 2k-2p 

for some x, y,p E Z with x < y and l::; p::; k. 

By Lemma 2.l(i) and (ii), any element v = (a1,..., a2k_1) E z2k-l satisfies 

a1三・..三 a2k-l三△(v)(mod d(v)). 

Therefore we have ai三△(v)or△(v) + d(v) (mod 2d(v)). Moreover, the number of a/s 
congruent to△(v) modulo 2d(v) is odd. 

Proposition 3. 7. Let v be an element in z2k-l. Set△ ＝ △（v), d = d(v) and 

M(v)2d =｛△，．．．，△，△十d,...，△＋d}2d 、`-.2p-l 2k-2p 

for some p E Z with lさp::; k. Then we have 

v~（△，．..，△，△＋d,...，△ ＋d). 
‘｀ブ•一‘2p-l 2k-2p 

4 The case m ~ 4 even 

Throughout this section we consider the equivalence relation ~ on左 form=2kミ4.
The following theorem provides a classification of Z2k under ~. 
Theorem 4.1. For two elements v, w E訊 thefollowing are equivalent. 

(i) V rv W. 

(ii)△(v) =△（w), d(v) = d(w) and M(v)2d(v) = M(whd(w)・

For example, v = (-4, 11, 8, -1) and w = (5, 5, 2, 8) E Z4 satisfy 

△(v) =△（w) = -6, d(v) = d(w) = 3 and M（叫＝ M(w)6= {2, 2, 5, 5}6. 

Therefore we have v ~ w by Theorem 4.1. 
To prove Theorem 4.1, we prepare Lemma 4.2 and Proposition 4.3. 

Lemma 4.2. Let v E炉 bea nontrivial element of the form 

V = (x,..., x,x十入d,X + d,...'X + d) 
ヽ ‘ ィー ・ 

p 2k-p-l 

for some x,入，d,p E Z with d > 0 and 1 :S p :S 2k -2. Then we have 

v ~ v +2nd・ 1 

for any n E Z. 

19 
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Proposition 4.3. Let v be a nontrivial element in Z匹 Setd=d(v)and 

M (v)2d = {r,..., r, r + d,..., r + d}2d 
ヽ‘ィ—
p 2k-p 

for some r,p E Z with O::; r < d and lさpさ2k-1.

(i) If p 2 2 holds, then there is an even integer入suchthat 

v ~ (r,．．．，r, r十入d,! + d,..., r + ~). 
ヽ ‘ ィー

p-1 2k-p 

(ii) If 2k -p 2 2 holds, then there is an odd integer入suchthat 

V rv (r,..., r, r十入d,r + d,..., r + d). 
‘｀ィ＿．
p 2k-p-1 

5 Tangles 

To T 
In this section we define two coarser equivalence relations ;..;:, and !-v on zm than ~, and 
characterize them. Throughout this section we assume k 2 2 and m 2 3. 

5.1 Tangles 

By a k-string tangle T, we mean a tangle diagram of k strings possibly with some loops. 
A map C : { arcs of T}→Z is called a Z-coloring of T if the equation a + c = 2b holds 
at each crossing of T, where a and c are the integers assigned to the under-arcs at the 
crossing, and b is the integer assigned to the over-arc. The integer assigned to an arc is 
called the color of the arc. Let aい•..,a2k be the colors of the 2k endpoints of T listed in 
counterclockwise order. Then we say that the endpoints receive v = (a1,..., a叫 E研
For example, we consider a 3-string tangle T with a single loop admitting a Z-coloring as 
shown in Figure 5.1. Then the 6 endpoints of T receive (1, 5, 19, 20, 6, 1) E Zり

p roposition 5.1. For an element v E Z竺thefollowing are equivalent. 

(i) There is a k-string tangle T without loops admitting a Z-coloring such that the 2k 
endpoints of T receive v. 

(ii) There is a k-string tangle T'possibly with some loops admitting a Z-coloring such 
that the 2k endpoints of T'receive v. 

(iii)△(v) = 0. 

5.2 (m, m)-tangles without loops 

By an (m, m)-tangle, we mean an m-string tangle diagram possibly with some loops such 
that each string connects between top and bottom points. We denote by Tm the set of 
(m, m)-tangles, and by Tm,o C Tm that of (m, m)-tangles without loops. 
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Figure 5.1: A 3-string tangle with a single loop admitting a Z-coloring 

For two elements v, w E左， wewrite v瓦wif there is an (m, m)-tangle without loops 
admitting a Z-coloring such that the top and bottom points receive v and w, respectively. 
Figure 5.2 shows an example of a (3, 3)-tangle without loops admitting a Z-coloring which 

gives (-1, 2, 2)瓦（0,3, 2). We remark that (-1, 2, 2)f (0, 3, 2) by Lemma 2.2(ii); in fact, 
we have 

d((-1,2,2)) = 3ヂ1= d((O, 3, 2)). 

-1 2
 
2
 

゜
3
 
2
 

Figure 5.2: A (3, 3)-tangle without loops admitting a Z.-coloring 

The following theorem provides a classification of zm under ;.;;,. 
冗

Theorem 5.2. For two elements v, w E Z叫 thefollowing are equivalent. 

(i) V瓦w.

(ii)△(v)＝△(w)，必(v)＝d2(w)and M(vh必(v)= M(wh必(w)・

To prove this theorem, we prepare Lemmas 5.3-5.5, Propositions 5.6 and 5. 7. 

Lemma 5.3. Let TE /m,o be an (m, m)-tangle without loops admitting a Z-coloring such 
that the top m points of T receive v = (a1,..., am) E左， and

佑＝ Cil,Ci2, ・ ・ ・, Cin(i) 
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the colors of all the arcs on each i th string of T from top to bottom (i = 1,..., m). If 
cij -a1 is divisible by an integer Nミlfor any i, j, then we have the following. 

(i) Cij―ai is divisible by 2N for any i, j. 

(ii) If ai -a1 is divisible by 2N for any i, then so is Cij―a1 for any i,j. 

For TE Tm,o, we denote by 町€ふ the permutation on {1,..., m} associated with 
T; that is, each ith string of T connects the ith top point to the可 (i)thbottom point 
(i = 1,..., m). For v = (a1,..., am) E Z凡 wedefine an integerん(v)2: 0 as follows: If v 
is nontrivial with d(v) = 28t for s 2'. 0 and t odd, then we set d2 (v) = 2凡 Ifv is trivial, 
that is, d(v) = 0, then we set d2(v) = 0. 

Lemma 5.4. Let T E Tm,o be an (m, m)-tangle without loops admitting a Z-coloring 
such that the top and bottom points receive v = (aい・・・,am) and w = (b1,...，加） EZ叫
respectively. Then we have the following. 

(i)△(v)＝△(w). 

(ii)ん（v)=ん(w).

(iii) b行（i)三 ai(mod 2必(v))for any i = l,...,m. 

(iv) M(vh必(v)= M(w)2必(w)・

Lemma 5.5. For any integers x, s, t E Z withsミ0and t odd, we have 

(x, x + 28t)瓦（X+ 28,X十が（t+ 1)). 

For any element v E Z叫 wehave 

a1三...三％（modd2(v)) 

by Lemma 2.l(i) and the fact that d2(v) divides d(v). In the case where m is odd, it 
follows from Lemma 2.l(ii) that 

ai =△（v) or△(v)十屯(v) (mod 2d2(v)), 

and the number of a;'s congruent to△(v) modulo 2d2 (v) is odd. 

Proposition 5.6. Let v be a nontrivial element in z2k-I _ Set△ ＝ △（v),必＝ d2(v)and 

M(v鳳＝ ｛△，．．．，△，△＋ d公．．．，△＋屯｝2d2
ヽ｀ ィー
2p-l 2k-2p 

for some p E Z with l S p S k -l. Then we have 

v 瓦（~'~ニジ•
2p-l 2k-2p 

We consider the case where m = 2k is even. For a nontrivial element v = (a1,..., a2k) E 
Z竺thereis an integer r with O -C::: rくん(v)such that ai = r (mod d2(v)) for any 
i = 1,..., 2k. Then it holds that 

ai三 TorT十必(v) (mod 2d2(v)). 
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Proposition 5. 7. Let v be a nontrivial element in Z2k. Set d2 = d2 (v) and 

M(v犀＝｛r,..., r, r + d2,... 、、 ィー
,r+屯｝2d2

p 2k-p 

for some r, p E Z with O :S r < d2 and 1 :S p :S 2k -1. 

(i) If p 2'. 2 holds, then there is an even integer入suchthat 

冗
v /-;:, ~,r+>..d2,~r+d2). 

‘va— 
p-1 2k-p 

(ii) If 2k -p 2: 2 holds, then there is an odd integer入suchthat 

v 瓦 ~,r+ 鳩， r`+ d2,..., r + d2). 
p
 

2k-p-1 

5.3 (m, m)-tangles possibly with loops 

T 
For two elements v, w E左， wewrite v !v w if there is an (m, m)-tangle possibly with 
some loops admitting a Z-coloring such that the top and bottom points receive v and w, 

To respectively. We remark that v ~ w implies v,:-., w by definition. 
Figure 5.3 shows an example of a (3, 3)-tangle with a single loop admitting a Z-coloring 

冗
which gives (6, 10, 4) :G (0, 0, 0). We remark that (6, 10, 4)f (0, 0, 0) by Lemma 5.4(ii); 
in fact, we have 

d2((6, 10,4)) = 2 :/= 0 = d2((0,0,0)). 

6 10 4 

゜゜゜Figure 5.3: A (3, 3)-tangle with a single loop admitting a Z-coloring 

The following theorem provides a classification of zm under /v. 
T 

Theorem 5.8. For two elements v, w E Z叫 thefollowing are equivalent. 

(i) V ;(, W. 
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(ii)△(v)＝△(w) and M(v)2 = M(wh, 

To prove this theorem, we prepare Lemmas 5.9-5.11 and Proposition 5.12. 

Lemma 5.9. Let T E Tm be an (m, m)-tangle possibly with some loops admitting a Z-
coloring such that the top m points of T receive v = (a1,..., am) Eか， and

佑＝ Cil,Ci2,..., Cin(i) 

the colors of all the arcs on each i th string of T from top to bottom (i = 1,..., m). Then 
Ci]〒佑 (mod2) for any i, j. 

T 
Lemma 5.10. If two elements v, w E zm satisfy v,:-.., w, then we have the following. 

(i)△(v)＝△(w). 

(ii) M(vh = M(w)2-

Lemma 5.11. If two integers x, y E Z satisfy x三 y(mod 2), then we have 

(x,..., x)'!:, (y,..., y). 
ヽヽ2p 2p 

Proposition 5.12. Let v be an element in Z匹 Set

M(vh = {O,..., 0, 1,..., 1}2 

‘ ‘  p m-p 

for some p E Z with O :Sp :Sm. 

(i) If p：：：：：： 1 h〇ldふthen仇げeis an⑰ m 切杞，げ入額成仇叫

vL~, 入， 1 ，．．．， 1.
ヽ
） 

P-l m-P 

(ii) If m -p 2 1 holds, then there is an odd integer入suchthat 

T 
V,!...., (0,..., 0,入，1,...,1). 
ヽヽp m-p-1 

6 Pure braids and string links 

P £。£
In this section we define three finer equivalence relations :....,, ~ and ;::, on zm than ~, /.;;, 冗

T 
and,:..,, respectively, and characterize them. Throughout this section we assume m 2 3. 



6.1 Pure braids 

A pure m-braid is an m-braid /3 E Bm such that the permutation 1r13 E Sm associated 
with /3 is the identity e; that is, the ith top point connects to the ith bottom point by 
a string of /3 for any i = 1,..., m. Let冗 denotethe pure m-braid group, which is the 

p 
subgroup of Bm consisting of pure m-braids. We denote by:...., the equivalence relation on 
左 inducedfrom the Hurwitz action of凡 cf3加

→ For an element v = (a1,..., am) E左， weset M(v) = (a1,..., am) as an ordered set 
p 

of Z. The following theorem provides a classification ofか Under~． 

Theorem 6.1. For two elements v, w E Z叫 thefollowing are equivalent. 

(i) V之w.

→ → (ii)△(v)＝△(w), d(v) = d(w) and M(v)2d(v) = M(w)2d(w)・ 

For example, we consider v = (1, -5,4), w = (10, 7, 7) and u = (7, 7, 10) E Z3. They 
satisfy 

Then we have 

△(v)＝△(w)＝△(u) = 10, d(v) = d(w) = d(u) = 3, 

M(v)6 = M(w)6 = M(u)6 = {1, 1, 4}5 and 

→ → → M（叫＝ M(u)6= (1, 1, 4)6 # (4, 1, 1)6 = M(w)G. 

ア’
ア’

V rv w'V,f w and V /...., u 

by Theorem 6.1. See Figure 6.1. 

1 -5 4 1 -5 4 

10 7 7 7 7 10 

Figure 6.1: (1, -5, 4) ~ (10, 7, 7) and (1, -5, 4)'£ (7, 7, 10) 

To prove Theorem 6.1, we prepare Lemma 6.2. 
For an integer i with 1さiさm,we consider two subgroups of Sm defined by 

Sぃ＝｛7fE Sm I 1r(j) = j for i + 1 S: j S: m} and 
si,m = {1r E Sm I 1r(j) = j for 1 S: j S: i-1}. 
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Lemma 6.2. Let v E zm be an element of the form 

v=(.x,...,x.,x十入d,X + d,...'X + d). 、、ィ＿、
p m-p-1 

for some x,入，d,p E Z with d > 0 and l ::; p ::; m -2. 

(i) If入iseven, then for any 1r E S1,p+1 and 1r'E Sp+2,m, there is an m-braid fJ E Bm 
such that v •(3 ＝v and乃＝切r'.

(ii) If入isodd, then for any 1r E S1,P and 1r'E Sp+l,m, there is an m-braid(3E Bm such 
that v ・(3 ＝v and 1r f3 = 1r1r'. 

For example, we consider the element v = (0, 0, 2, 1, 1, 1) E Z6 as in Lemma 6.2 for 
X = 0,入＝ 2,d = l and p = 2. For the permutations 1r = (2 3) E S1,3 andが＝ eE S4,6, 
the 6-braid(3 ＝ （0頭；り四（び20'3りEB6 satisfies v •(3 ＝v and叩＝合'=(23). See 
Figure 6.2. 

0 0 2 1 1 1 

：口：
0 0 2 ー ー ー

Figure 6.2: The 6-braid f3 = a3a21び匹2a31with乃＝ （2 3) 

6.2 String links 

An m-string link is an (m, m)-tangle T possibly with some loops such that the permutation 
可€ふ associated with T is the identity; that is, the ith top point connects to the ith 
bottom point by a string for any i = 1,..., m. We denote by仁 theset of m-string links, 
and by Lm,o C Lm that of m-string links without loops. 

£。
For two elements v, w E Z叫 wewrite v ~ w if there is an m-string link without loops 
admitting a ::£-coloring such that the top and bottom points receive v and w, respectively. 

£。
By Lemmas 5.4, 6.2, Propositions 5.6 and 5. 7, we have a classification of zm under ~ as 
follows. 

Theorem 6.3. For two elements v, w E左， thefollowing are equivalent. 

(i) V ~ W. 



→ → (ii)△(v)＝△(w), d2(v) = d2(w) and M(vh必(v)= M(wh必(w)・

£ 
For two elements v, w Eか， wewrite v ;;:., w if there is an m-string link possibly with 
some loops admitting a Z-coloring such that the top and bottom points receive v and w, 
respectively. By Lemmas 5.9, 5.10 and Proposition 5.12, we have a classification of zm 

£ 
under ;;:., as follows. 

Theorem 6.4. For two elements v, w E左， thefollowing are equivalent. 

(i) 
£ 

11v~w. 

→ → (ii)△(v)＝△(w) and M(v)2 = M(w)2. 

7 Virtual versions 

In this section we define six equivalence relations ~, "rJ', ~, -;.:., 
v vTo vT vP vCo 1 vi:, 

~ and ~ on左 asvirtual ， 
冗 T P £。£

versions of~, ~,,:._,, :.V, ~ and ;:;::,, respectively, and characterize them for m 2: 3. 
Let VBm (m 2: 2) be the virtual m-braid group with the standard generators 

釘，．．．，Um-1and T1,..., Tm-1 

such thatびicorresponds to a classical crossing (see the left of Figure 2.1 again), and Ti 
corresponds to a virtual crossing between the ith and (i + 1)st strings (cf. [2]). 
The set左 hasthe Hurwitz action of VBm such that v ・びiis defined as the same as 
in Section 2 and 

V・ 冗＝ （a1,..., ai-I, ai+I, ai, ai+2,..., am), 

where v = (a1,...,am) E Z匹 Seethe left of Figure 7.1. We denote by v ~ w if there is 
a virtual m-braid(3E VBm with V ・(3＝w. The right figure shows that 

(1,-5,4) ・ (T位 26［国） ＝ （ー2,1,1)E訊

and hence (1 
V 

, -5, 4) ;_, (-2, 1, 1). 

1 -5 4 

a1 a;_1 a, ai+1 佑＋2 am 

Tt= | • • IX・ 
a1 佑— 1 佑＋1 ai 佑＋2 am 

-2 1 1 

Figure 7.1: The Hurwitz action of VBm on zm 
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Theorem 7.1. For two elements v, w E Z叫 thefollowing are equivalent. 

(i) v:.'-.,w_ 

(ii) d(v) = d(w) and M(v)2d(v) = M(w)2d(w)・

For two elements v, w E左， wewrite v咆 w(or v虹w)if there is a virtual (m, m)-
tangle without loops (or possibly with some loops) admitting a Z-coloring such that the 
top and bottom points receive v and w, respectively. 

Theorem 7.2. For two elements v, w E Z叫 thefollowing are equivalent. 

(i) V咆 w.

(ii)d2(v) = d2(w) and M(v)2必（v)=島(w)2d2(w)・

Theorem 7.3. For two elements v, w E Z叫 thefollowing are equivalent. 

(i)喜 w.

(ii) M(vh = M(w)2-

The virtual pure m-braid group is defined by 

VPm ={/3E VBm I 7rf3 = e }. 

Then V入 actson左 aswell as V瓜 does.For two elements v, w E Z叫wewrite v';.:.., w 
ゆ

if there is a virtual pure m-braid/3EV応 withv ・/3 ＝w. 

Theorem 7.4. For two elements v, w E左， thefollowing are equivalent. 

(i) V匹w.

→ → 
(ii) d(v) = d(w) and M(v)2d(v) = M(whd(w)・

For two elements v, w E左， wewrite v vf:,o w (or v ;:5 w) if there is a virtual m-string 
link without loops (or possibly with some loops) admitting a Z-coloring such that the top 
and bottom points receive v and w, respectively. 

Theorem 7.5. For two elements v, w E Z叫 thefollowing are equivalent. 

(i) V vf:,o W. 

→ → 
(ii)ん（v)=ん(w)and M(v)2必(v)= M(w)2d2(w)・

Theorem 7.6. For two elements v, w E左， thefollowing are equivalent. 

(i) V巧w.

→ → 
(ii) M(vh = M(w)2-



Proposition 7. 7. For an element v E Z竺thefallowing are equivalent. 

(i) There is a virtual k-string tangle without loops T admitting a Z-coloring such that 
the 2k endpoints of T receive v. 

(ii)△（v)三 0(mod 2ん(v)).

Proposition 7.8. For an element v E Z竺 thefollowing are equivalent. 

(i) There is a virtual k-string tangle possibly with some loops T admitting a Z-coloring 
such that the 2k endpoints of T receive v. 

(ii)△(v) = 0 (mod 2). 

8 The case m = 2 

In the previous sections we provide the characterization results of the twelve equivalence 
relations on zm for m 2': 3. This section extends them to the case m = 2. 

Theorem 8.1. For two elements v, w E Z2, we have the following. 

(i) v ~ w if and only if△(v)＝△(w) and M(vhd(v) = M(whd(w)・

(ii) V瓦wif and only if△(v)＝△(w) and M(vh必(v)= M(w)砂 (w)・

(iii) v'L w if and only if△(v)＝△(w) and M(vh = M(w)2. 

Theorem 8.2. For two elements v, w E Z2, we have the following. 

p → → 
(i) v £ w if and only if△(v)＝△(w) and M(vhd(v) = M(whd(w)・

£ 。→ → 
(ii) v ~ w if and only if△(v)＝△(w) and M(v)砂 (v)= M(w)2必(w)・

£ → → (iii) v ::::., w if and only if△(v)＝△(w) and M(vh = M(w)2. 

Theorem 8.3. For two elements v, w E宜， wehave the following. 

(i) v,::., w if and only if d(v) = d(w) and M(v)2d(v) = M(w)2d(w)・

(ii) V咆 wif and only ifも(v)= d2(w) and M(v)2d2(v) = M(w)2d2(w)・

(iii) V巧wif and only if M(v)2 = M(w)2. 

Theorem 8.4. For two elements v, w E Z汽wehave the following. 

→ → (i) Vだwif and only if d(v) = d(w) and M(v)2d(v) = M(w)2d(w)・

→ → (ii) v vf:,o w if and only if d2(v)＝d2(w) and M(v)砂 (v)= M(w)2必(w)・

以 ：→ → 
(iii) v ~ w if and only if M(vh = M(w)2-
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