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The Chu-Vandermonde convolution
generates transformation formulas

for hypergeometric series*

by Kazuo UENO
College of Liberal Arts, University of Saga

1 Honjo, Saga 840, Japéh

PR ERER ONE E T — B

’ (*This note is an abbreviation of an article submitted for

publication in a journal.)

Abstract: Several well-known hypergeometric series identities are

proved using only powerseries computation and the Chu-Vandermonde

convolution for binomial coefficients.

Introduction. ‘

The close relationship between binomial coefficient identities
and hypergeometric series has been noticed by several authors; see
for example [1, 6]. In this note we will show how sdme of the

well~-known hypergeometric series identities can be derived by using

only powerseries computation and the Chu-Vandermonde convolution

Kummer transformations for

(the CV for short) for binomial coefficients (2.1).
In Section 2 we review the powerseries computation proof of the

1F1 and >Fy (2.2)-(2.3). Some

authors write this proof in their textbooks ( [4; p.76]1, [7;

p.31] )y however, since such a proof does not seem to be widespread

and the Kummer transformations are referred to in later sections, we

repeat the proof here.

In Section 3 the transformation formulas for the Lauricella
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series Fo and Fp " (3.1)-(3.4) are proved using only powerseries

computation and the CV. The proof(of (3.4) goes aiong a line
slightly different from those for (3.1)-(3.3), which appeals to
something of powerserieé 6peratof caiculus.v In fact we can also
give purely in an operator calculus manner a proof of (3.4) as well
as those of other identities for'hypergéometric series of one or
severalkindeferminates; see: [8]. | | '

In Section 4 we firstkréview the interreiétionship between the

CV, the Kummer transformation for Fl’ the Saalschiitz formula for

2

3F2, and a quadratic transformation for ‘ZF (4.2). We show three

1

more examples of quadratic transformations for 2F1 (4.3)-(4.5)

which can be proved using the CV through powerseries computation.
The proof of (4:5) would perhaps be more interesting than those of

(4.3) and (4.4), as it makes use of the Lagrange inversion formula.

2. Kumﬁer Transformations.
Throughout the present article we fix a base field K of

characteristic zero and the letters a, b, c,'...,’xl, xz,'... etc.

denote indeterminates; thus the hypergeometric series

' : » (1), (1) ;.
- ZF (a, b; c; ‘X) 1= a j_b Xi\"
. ieN c*'it

is considered to be an element of. K(a, b, ¢)[[x]]. and the

Lauricella series

F.(a; b,

D i cey bhi Ci Xyy seey X))
(Ly#000+i) (i) (i)
A ;oL b, T oedsb. T 1 %
.= 1 n X 1, x B
il,..;;inew é(il+f;.+ln) ’1‘ n

Téee 1
il. in.

is econsidered to be:an:ielement of.‘K(a,'bI;@..., bh,»c)[[xi.:...,



(1)

x 11, where a := a(a + 1)---(a + i - 1) denotes the rising
factorial. Similar consideration applies to all the powerseries
appearing in the sequel.

We have

a(k) ) (a + k - 1)

"5 ; - 1)(a - C) (k € N) (2.1)

i+§=k(c;+

by'the Chu-Vandermonde convolution which we call the CV throughout

this paper.

Theorem 2.1. The Kummer transformations
1Fl(a; c; X) = exlFl(c - a; c;‘—‘x), ’ (2.2)
F.(a, b; c; x) = (1 - x) P_F (c - a, b; c; —2—) (2.3)
21 b} , b4 21 , 7,'x_l’ aadid

and the formula (2.1) are equivalent to each other, where 1F1

denotes the confluent hypergeometric series.

Proof. The formula (2.1) is equivalent to

o0 (- @

C{kjk! ) i+§=k i!C(‘j)j! 4 . (2.’4)

Multiplying both sides of (2.4) by ~xk and>summing these terms over

k € N, we obtain (2.2). To show (2.3) we multiply both sides of
(2.4)'by b(k)xk and sum these terms 6vér k € N; the 1eff-hdnd
side equals 2F,l(a,‘b;‘c;nx). Noting that b(k):= b(q)(b + j)(i)

(i + j = k), we see that

the right-hand side

| L
s b(3) (e - a)<jj(_ ol 3 s

ey o gy 1eN
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X

, . b |
= (1 - x) 2Fl(cl- a, b; c; ;—:—I).

Conversely, we can reverse the above reaéoning by taking the

~coefficients of xk (k € N).

Remark 2.2. Using the Hadamard product of powerseries (f«g

> figixi for £ = 3 fixi and g = 3 gixi), we can summarize
ieN ieN ieN _

the proof of Theorem 2.1 as

- 1 i
F.(a; ¢; x) = (1 - x) 8. >4
11 = ‘ iENcii;

[}

1 - “C(1 - x)°"). 1 i
(( x) ~( x)" ") iEN;TITX

exlFl(c - a; c; - Xx)

and

- (1)
F ., b; c; = (1 - -a, b i
2 1(8. (] X) ( X) iEN?TyX

(1)
1 - “C(q - c-ay, 5 b i
(( x) x)7 ) iEN;TITX

-b « os X
(1 - x) 2Fl(c -va, b; c3 X - 1).
3. Transformation formulas for the Lauricella series.
We give the proofs,‘making use of only powerseries computation

and the CV, of the transformation formulas for the Lauricella series

FA and FD:

(1) FA(a; bys oo b i Cy» seer Cpd o Xgw oeeey xn)



(L,+-++41 ) (i) (1)
a 1 n b 1 .eeb n i
2 () *1
1900051 €N ¢y R igteed !
(ii) FA(g; bl’ oo bn’ Cir +vvr Cpi Xyq,
- - -a . — .
= (1 xl) FA(a, cy bl’ b2’ . bn’
%2 *n )
l-x1 1—x1
(ii%) FD(a; bl’ cees Do €Y Xy aen, xn)
= (1 - xl)-aFD(a; c B, b2, ey bn’ c;
% - xn)
xl-l’
(iv) FD(a; bl’ cees bn; C3 Xiy eoey xn)

Proof of (i). We compute:

the right-hand side of (3.1)

= saMa - e e x D

ielN

(c; - by) veefc, - b

X

n)

(1))

n

i i
CO N C

i, +ece+i =1
1 n Cq. TreCh

1

..5.-

Peeed

(3.1)
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Substituting (1 - (gl +oeee + xn))-a—i - .2 (a +v12(d)x

' 3q

x 2 T3 TR %y " into (3.5) and noting that
SERARRAN FLN S n’ ,

+ i)(j) = a(k) with k =1 + j, we have

(3.5) = 3 alk)x

m=1 i +j =k AP
m vYm m im.jm.cm

The last summation factor is transformed into

1 2 (bm - Cm) (Cm + km - 1)
(km}i +j =k im Jm
Cm m m m

a(i)(a

(3.6)

- (3.7)

by the CV. Substitution of (3.7) into (3.6) yields the left-hand

side of (3.1).

Proof of (ii). .~ We compute:

the right-hand side of (3.2)

o 6‘-



(i,) (41 i’
s all)( -a-1i S (eq - By). : bz( 2)' n( n’
= a 1 X, ) x
ieN 1 fy4eeved =1 (i) (i)
: €1 cn
i i i i
(-1) 1, 71, 72,..x'n :
il!iz!--uin! * | :
' . (3) . ; o .
‘Substituting (1 - xl) a=1i ¢ > Lg—%Til———le into (3.8) and noting
jeN t
, (i) (3) (il+---+in¥j)
that a (a + i) = a , we have
(i,4c-+1 +3) i (i)
| a 1 D -1) Mey - byt
(3.8) = . 1 jen (11) (in) - x
1?°° ’ o e 0
1 "’"n Cq ch J!il!
(i,) = (i)
2 n
xb2 ---bn y il+jx 12 .X in
PSR ] 1 2 n
(k+iz+o--+in) (12) (in)
a b - b i i
- 2 ) (1) By gy Zreexg
kvizo ,1 _elN c 2 - Cki n i1 1 n
2 n . 2 n
i (i)
(_1) 1(C1 - bl) ! i . .
x 2 DI . (3.9)
i1+j=k 11 1c 1 - ;
Ji11°¢
The last summation factor is transformed into
b, - ¢ c, + k-1 . b (k)
. ( 17 1)( 1 ; - L (3.10)
°1( 511+j=k 1 , 01( Tkt

by the CV. Substitution of (3.10) into (3.9) yields the left-hand

side of (3.2).

Proof. of (iii). .. We compute:

the right-hand side of (3.3)
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_ a . -a-i
= iEN NE (1 xl) X
: (1,) (41,) (1)

(c - B) 1 b, 2’ ,.p_ D )

X 2 1,11 1---11 .
1y4eeewi =1 1°%2*° n
it 3 k
2 2 2
E +kz=i SPYIES (=x2) R kz—i In
2 72772 n n n

all)(-1) s (a+ fy(m g

= X, X
ieN c(l) melN m! 1
(1;) (3, +k,) (3, +k_)
(¢ - B) 1 b2 2727 nn
x ‘ SEEN IR EET X
1y+dorkotero+j +k =1 11.j2.?2. jn' n’
1.+, 4cce4] k. ++¢+k k
192 n 2 n 2
XXy (-1) Xy Teeex
(i+m) ,_,\1
= 2 a i§ 1! xlm z le(-l)k+jx
i,meN c m! - J+k=1i
(k,) (k_)
b, 2 eb "k, k
x X seeX
_ koleek ! 2 n
k2+~-»+kn—k 2
-c+B)( P2k - by - ky
gl "o | G T EEE I
11+32+---+jn=j 1 2 n
- Cc + b1 - k
The last summation factor is equal to ( 3 ) by the
multivariate CV. Thus, putting
(k,) (k_)
b, 2 «eb "k, k
Sk = 2 TR T %2
k2+v +kn=k -2 n
we have

j+k+m) (— c+ b, - k

: (
3.11) = 9;7———7——
( ) j,k?mew c J+k m! J

-8 -

)Skxl

(3.11)

(3.12)
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]

2 S 2 a(i+k)(c . j + k)(m) (- C +‘ bl - k)x1i

i,keN k j+m=1 c(i+k)m! J

(i+k) i - ¢+ b, -k
g, -2 c+1+k-1 1 . .
i,gem k cii+kyx1 j+§=i( m )( i ) (3.13)

n

b, + 1 -1
The last summation factor is transformed into [ 1 i ) =
bl(l)/i! by the CV. Substitution of (3.12) into (3.13) yields the

left-hand side of (3.3).

Proof of (iv). (See also  [8]. ) We make use of the Kummer

transformation (2.2). Writing L := K(a, byy ones bn’ c), we

define the L-linear endomorphism ¢ of 4L[[x1, ceey xn]] by

i i n i i
1 ny ._ R
(x4 SRR N ) &= jzl(bj + ij)xj Xy X
(il, ey in e N).
By induction we have
k) (k) k Kk
k k! ( 1 n 1 n
o (1): —_— b eeesbh X eeeX
ke ek sk K10 Rl n 1 n
n B
(k € N). _ (3.14)

With M Dbeing the maximal ideal we have a(Mi) c Mi+1

(i € N);
hence any f(o) € L[{o]] acts as an L-linear endomorphism of

L[[xl, ceny xn]]. Thus we have from (2.2) that
1F1(a; c; a)(1) = eolFl(c - a; cy - a)(1). (3.15)

The left-hand side of (3.15) is equal to that of (3.4) by virtue of
(3.14). The right-hand side of (3.15) is

. (
CcC - a
2 1),y

i
)<- o)ie?(1);
~-ieN ¢ : )
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hence it suffices to'show that

(- o)te’(1) = (1 - x;)

X

: R oS FEES
ll+ 3 o“o +in_i

1 n

i, i
x(xy/(xg = 1)) Teeex /(x = 1)) 7 (4 e N) . (3.16)

to obtain (3.4). We show an equivalent form of (3.16):

. (1,) (1 ) 1 i

ote?(1) = S . —I—T%%TI—Tbl Yo.p @ x4 lo..x_ P
i 4eev+i =1 T2t 1p! n n
1 n
-b, -1 -b_-i
x(1 - x;) et -x ) BT (e, (3.17)
We compute:
the right-hand side of (3.17)
(1,+3,)
171 R

_ it by 114dq
= 2 1. T+..1 1 2 J. T %1 reeX

ll+ooo+in=l 1° n jlelN 1°

(1_+3)
b " +3

x 3 n X n

. j.! n

JnEN n

1 3y il

= 2 37 2 S, PR RS B SR 2~i N PEEERS T

je]N j1+...+jn._ n 1+.-.+ n= n

o Gard) o Gprdn) dgrdy 0 dptdn

X 1 n 1 'xn .
_ 1 b (ky) b (k) Ky ky
h J! 1 *"""n X Xp %
JEIN k1+‘ . +kn=i+j v
il it a g i
XZA_ilg...in!jlg...jn!’ (3.18)

where the summation EA ranges over the set { (11,'..., in; jl,

- 10 -



2n
9jn)ElN Iil+j1=k1’ ey in"'jn.:knv il+"'+in=l,
APER RN jn = j }. Eliminating jl*""’ jd’ we have
ky k. ey
o n itj!
2pleee) = 2 i) T LR ekt
N il+-o-+i =i\l n/1° n’
n ,
(L + j)!
= kK 1ok 1 (3.19)
n

by the multivariate CV. Substitution of (3.19) into (3.18) yields

the left-hand side of (3.17) by virtue of (3.14), completing the

proof.

We note that, since (3.15) follows from (2.2) which is a
consequence of the CV, the proof of (3.4) is in fact performed using

only powerseries computation and the CV.

4., Quadratic transformations.
As we have seen in Section 2, the Kummer transformation for F
1= 2F1 (2.3) follows from the CV. Applying (2.3) twice, we have
F(a, b; c; x) = (1 - x)c_a—bF(c - a, ¢ - b; c; x). (4.1)

As shown in [3; pp.65-66] and [7; pp.48-497, (4.1) is equivalent

to the Saalschdtz formula for terminating L3F2. Thus we see:

Proposition 4‘1. ) . The Saalschiitz formula is a consequence of

the CV.

Using the Saalschiitz fdrmula, we can directly prove one of the

quadratic transformations for F = oF

1,
F(a, b; 1 + a - b; x)
- (1 - x)"®F(a/2, (a+1-2b)/2; 1 +a-b; - bx/(1-x)2);

- 11 -
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see

[(3; p66] or '[7; pp.49-50].

that (4.2) is also a consequence of the

(4.2)

By Proposition 4.1 we can say

the proofs of some other quadratic transformations for F

using only powerseries computation and t

(1) ( [35 p.65, (26)] ) F(a,

= (2/(1 + (1 - x)Y/?))2%F(2a, 2a -

(1- (1 -0+ 1 -xt?),

(ii) ( [3; p.65, (27)]

) F(a,

F(2a, 2b; a + b + 1/2; x),

(ii1) ( [3; p.66, (33)] )

F(a,

= (1 - x/2) 8F(a/2, a/2 + 1/2; b +

Proof of (i). It is sufficient to

(1 0+ t)-zaF(a, a+ 1/2; b; Ut/(1 +

F(2a, 2a - b + 1; b; t);

replacing t by (1 - (1 --x)l/z)/(l +

CV. We will further give

F

2'1

he CV:

a+ 1/2; b; x)

b + 1; b;

(4.3)

by a + b + 1/2; Ux(1 - x))

(4.4)
b; 2b; x)
1/2; (x/(2 - x))3).  (4.5)
show that-
£)?)

(4.6)
(1 - x)l/z) gives (4.3).

Note that 2/(1 + (1 - x)1/2) is a powerseries with constant term

unity so that (4.3) has no ambiguity as

Comparing.the coefficients of xk

have to show

a powerseries identity.

of both sides of (4.6), we

al®)(a + 172)(1)521 (55 4 24)(3)(L1)T

15k NEFETY

_(2a) ) (28 - b + 1)K)

(k € N).
by

- 12 -

(4.7)



We compute:

the left-hand side of (4.7)

(Za)(2%+j)(—1)j
i+j=k NEAFENT

2a) (k) (2a + k) P (o) p + 1))
ey, 3 11 I
b i+j=k v

<2a)éki(r1)%i+§=k(— 2a - k)(b + g - 1),

which is equal to the right-hand side of (4.7) by the CV.

Proof of (ii). Replacing a by 2a, b by a - b '+ 1/2, and

- Ux/(1 - x)2 by t in (452), we have
F(a, b; a + b+ 1/2; t) = (2/((1 - £)/2 + 1))%®F(2a, a - b +

1/2; a + b + 1725 ((1 - )2 - 1)y7((1 - ©)1/2 & 1)).

Applying (2.3) to the right-hand side of the above identity, we see
that 4

F(a, b; a + b +.1/2; t)
- F(2a, 2b; a + b + 1/2; (1 - (1 - t)1/3)y/2),

which is equivalent to (4.4) through the substitution x = (1 - (1 -

£)/2y/2.

Proof of (iii). We compute:

the right-hand side of (4.5)

s ot 5 (a/2) I (arz + 1) B -2
ien 1121 jew (b + 1/2)03) 5 |

_ xi+23+k§(i)(a/2)(j)(a/2 + 1/2)(j)(2j)(k)
1,5 ken 21*23% k5 (5 4 172)(3) 51

- 13 -
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xm a(i)a(zj)b(j)(Zj)(k)
meN 2@ 1+254k=m 11(2b) 23 j1i '

(4.8)

The last summation factor is transformed as

2(23)5(3) (1) 0o ()
=3 a)(25)" ")
2j§m (2b) (23D 4, i+k§m—2j itk!

(23), (3) |
a  *'b (-1)“'2J(' a - ZJ) (by the CV)

2j§m (2b) (B3 m - 23

a(m)y(9)
23<m (2b) (2351 (m - 29)1

a(m) : 2 b(j)(Zb + Zj)(m—zj)
(Zb)st 2j$m ] :]!(m - Zj)!

(m) _ m -
(2;??67 2j§m(_1)j( *) (5 -3 ')

(m) ; ‘
_g——TETX(the coefficient of x™ in the powerseries expansion
(2b) '

of (1 - x2)7P(1 + %)% _ (1 - x)P(1 4 x)PEL), (4.9)

We show that the coefficient in the parentheses 1is equal to

Zm(b * 2 - 1), which is the coefficient of x™ 4in the expansion of
(1 0+ 2x)P*™ 1. substitution of this equality into (4.9) will yield

that (4.8) is equal to the left-hand side of (4.5).
To show that the above two coefficients are mutually equal we
use a form of the Lagrange inversion. . formula [2; p.150, Theorem D]:

Let K be a field of characteristic zero. For f(x) € K[[x]]

invertible with respect to powerseries composition, g(x) € K[[x]]

its compositional inverse, and H(xl € K[[x]] any powerseries, the

coefficients of x™ in the expansions of xH(g(x))/g(x)f' (g(x))

and ng)(f(x)/x)_m are mutually equal, where f'(x) denotes the

- 14 -



derivative of f(x) with respect to x. Take f(x) := x/(1 - x),

g(x) := x/(1 + x), and H(x) := (1 - x)—b_m(l + x)b'”n-1 to obtain
the desired result.
Remark 4.2. As shown in [3; p.66], the formula

F(a, b; 2b; U4x/(1 + x)2) = (1 + x)zax

xF(a, a + 1/2 - by b+ 1/2; x2) | (4.10)

follows from (4.3) and (4.5); hence (4.10) is also a consequence of

the CV _through powerseries computation.
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