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QUOTIENTS OF INVERSE SEMIGROUPS AND ETALE
GROUPOIDS

B HE S E KL TR KL &K
FUYUTA KOMURA
DEPARTMENT OF MATHEMATICS, KEIO UNIVERSITY

ABSTRACT. AR CTIE#iEHf (inverse semigroup), T X —)LHfifff (étale
groupoid) OBEFRIZDOWTHEMNT 2. KT, ¥EH, =X —LVliffozh
FNOERED LD ITBRT DT DOWT, EF OISR 2T 5.

1. INTRODUCTION

AR CTIEEEDOWL 5], [4 2T 2 2HNE TS, ZNS5DFHRXT
D E R GULHLHE (inverse semigroup), T X — VIR (étale groupoid) &
C*Ei (C*-algebra) TH 5. AR TIX, FiZHPire =X — )VIEDORILRIZD
WTEHTS. #EREEEICREBINNRTH D, =X — VA &R
BOMEZIRQMA T NRTH S, CHEGR IO — 28 & U THhbh
TWa. 22T, 2ho DNROBRE EHIZHIAT 5.

fE B 1% Hilbert 22 LOEHZRI LT RBEE S 2B TH D, B
fEtrD—n% e UL THbnsd. FHRRE—RICERITTH O HEZE X
52 ENEBELRDEN, FONMHDERIZ X > THEHFRBR I C*BE, von
Neumann B&&lZ 5005, ARETH#H D C*EGRTClE, EIZ/ VANRSEE LML
MZEZHWS. C*BREZERT D I & BHRITH L <Id7R0as, bkx e BRG] % 1
95 ZEIIREETH o7, S TRMA 2 CHEROBEIENEZ SN TH D,
ZOHD DT X —)VHifEE W55 DN H 5 (Renault[10] 12 & 5). HHHE
CIEETORPAHE 2D X5 /NETH L. BOKEE L WS 5N % b
Z 7= WHE AL RE & WX DAY, 2 DT H 5T & 5 BRI % R D AL AH dRE
LR —)VHELIER, TX—)VHEHEREGZ 615 L, £D ED convolution
algebra Z 5Efii{b 925 Z LT & o THEE CER L IFIEN S CHERRAME O NS, Hl
B CYEROME 2 T X — )VERED S 55 CTHREU T 258138 < DI 12
FoTRINTWS., Hff CHEBRD A 7 7 IVREEIZ DWW T 2], nuclearity 74
E DM R EEIZ DWW T [1] AFEL . [5] Tk, HifE CHRD 7 — L1k
IR —)VEHOSFETIHAB L.

TR —)VHRE SRR 2 BRI CR o N5 . HlZIE, BT AR PSR L5
[EHEED O T X —IVHENIRONS. ARETEREEHEIrRONE T X —)L
FRHZEH 5. — I, PP MHEZERICER L TWS R, © X —) Vil
EHERTHIENTES (8] 22E K). 7z, HPEHOMEMAEZE Z 285
&, 7] THRRSNT WS K S1Z, 77 7 XV EDFFD “local symmetry”
Rtk A Z ih b, WX Z D idempotent semilattice D AT K~ F
LEHT 20T, AT IOFEHA» /oML TR —IIVHIZERHT 5.



ZDEHN» SR 6N S T X —)VHiEEIEH LD universal groupoid & IFIXH,
Paterson IZ & V%, W5t S N7z [8]. ¥R & universal groupoid DRRA
HEAE UL, BN TR CHERDAFE L Gt 2 Z & T CYERERDBGUT LR
EHWEZRBRBROND. Exel 32D &5 REETHEERZIT-oTED [3], £
HHZDHEE>T WD, [4] T, FEHODRE & universal groupoid Dp4, A
ZHEEOBRIZDOVWTHRAZ, B, TX—VIHOM, FAEEEEFHRS T
CAXHRE CHERDA T TNV EFRLZ L XU TWAIETH S, HiZ, =
A — VAL A CHERIT U BARIZHE 2 5 N A RS W B BRI & i A
INn5.

RET & D, [5], [4] 1B T 2FER L BIE T 2 EHEX Z DWEIT DWW TS 5.

2. R

AHC IR B B AR B2 % R 5. BN L I LT
I [7] 72 & OERE R ST &
SEVBELT B, (LD s € S ITHL

s¥ss" = 5%, 85" s = s

LB ED% s* € SH—TRITAFIET D0, S ZH PR LIPS, s* 13 s D—fR
{b3¥ % (generalized inverse) & FFIX 5.
S DEFE RN O HEEE B(S) £ &L, DX D

E(S):={ecS|e*=¢}

Y45, B(S) DiRIEHWCTTH D, 5D E(S) 1% S DI F LR S
ZERHSNT WS,

Example 2.1. X 2845295, I(X) %, X E® partial bijection &5 &
RHEELT D,

I(X)={f:U—=V|UVCX, fIiZ2H4}.

BBROEBIZE>TI(X) DEFEES. 72, fe [(X)IZHL f*=f1E
X, [(X) 1Z3EREE 72 5. partial bijectionf: U — V IZX L, ZDEHK
W, iz ZhZE 0 dom(f) := U,ran(f) =V & &EHL.

E(I(X)) 13 X O HEE LOEEGE2EP S8 —HT 5. £,
X OMEEIZ & o T I(X) DITITEY) 5289, M2, X BiHZERTH
B L E, I(X) 12X OEE» SHEANDRMEG KD SR 8E L E
D5,

Wagner-Preston OEH L, ERDOF LD 5 [(X) OFZEHEE U THE
BFENdZe2EiRT S, TNIERERD Cayley DEFH OO TH 5.

S LOFRERR Y C S x SIEPAF DM %1724 & 12 congruence & X
n5;
EEDae S & (s,t) € vITHU (as,at) € v, (sa,ta) € v DIED LD,

v 'S D congruence TH 5 & &, FHES S/v IFHRIZHE LR L 20, lEH
S — S/y NHEERTL L 72 5.
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Congruence @ EAKFI 235 DS /v H3BEE 72 % X 5 72 congruence v D
56, WEBRIZEL TRINDE D% vy, £EL. S/vg % S D maximal group
image X FE.R. S 3 Clifford TH 5 &1, {TED s € SIZXFU s*s = s5* DK
DIEDZ & THB. S/vHClifford £72% X 575 congruence v D 5 5, WERH
1'%6:5'5 bfﬁ%’b@%@% VQlif t%< . S/Vclif &i S @ Clifford fttﬂ%ihé
FRRIZ, S/v D3A[HL L 725 K 5 73 congruence v D55, AEHEFAKRIZEAL TH
INDED%E vy, EEEZ, S/vay 2 S DT — 0L LIRS, BEXR Al
Clifford 72 D T, vy C Vor, VClif C Vab N A RVASR

3. TX—)LifE

AREITIET X —)VHBIZB S 2 AR R FIHZ ST 5. Wmiic S 2, il
BRI TORBRTHLNETHS. AFTIIUTDE S BEFTE2H VS,

Definition 3.1. filf G & 1%
(1) unit space G c G,
(2) domain map & range map d,r: G — GO,
(3) G@ :={(a.8) € G x G |d(a) =r(a)} ETEHEINLH
G? 3 (a,8) —eaBeC
MOERI N, TNSIFA RO %727
o FED z e GO IZHU d(z) = r(z) =z HK D LD,
o [FRED (o, 8) € GAIZH L d(a)B = B, ar(8) = a AKX D LD,
o D (o, ) € GAIZH L, d(aB) = d(B), r(af) = r(a) DK D LD,
o EED (,8),(8,7) € GP LKL, (af)y = a(By) B LD
o EEDy e GIZHL, B+ € GHEIELT (V,7), (1,7) € GP,
d(y) ="y & r(y) =y BEH LD,
FOEI B A IF NS RIZEEEDTy L 2R

Example 3.2. B£iE unit space 8 1 sUEEG L R A HREL AT 252 LN T
E%. £E1F unit space B RIRE —ET L XS RHFLFE T LI LN T
x5,

BECR U CTHAMHBEE WHOBEEA D B & 512, FFICA U CEMAMEFERNZ2 %
Z 5. NAERE G 2%, B E inverse G 3 v — v~ € G i & A B0 HH%
MA7ZHBEGCDILTHS. d(y) =7 1y, r(y) =y L BMERED v € GioHf
U DANLDZ &6, MAMHHD domain map & range map I$#Kt TH 5.

Definition 3.3. G Z(ifH#fiff L 5. GARTX - TH 5 LIL, domain map
d: G — GO PREFAFEAHEEGEICRS 2 TH 5D TR—IVAHHERE, BIC

Dz 2 cHWoN2EERE L OFF AN (FIZE[9) & HARDDT, o XHkE ST 55
A &

Dd: G — GO BRATEMGTEGTH L L IE, EED vy e Gt U ye U L RBMEA U C G
PEEL d(U) C GO BPEEDD dly PENDFRMEGHRL 2522 TH 5.



FEAHFREIZ B W T inverse & & 5 BBIIFAMERL DT, =X —)VIHEED
range map (AT FEHGHIZLS.

AR TIXT X —)VEERED unit space BAEAT I /827 b A RV 7 ZE[H] T
HbHZeEMRET S, TX—IHHIE domain map VEAFAMEHRTH S Z
EMSRIFNZIZ TR ST ARV TZERETHLZEPRESH, — [T
B — )VHEREDS KIRINZANT Z RV 7 ZE2BTH S LIRS 7. FEEE, ARE Tk
DWOEHDIERANSOEE S T X — VEHBIIEXIZLTANT ARV T EE2 R
2\,

TR — VIR, DUN ORI CREREZ D,

Proposition 3.4. G 2T X —)V#iftL §2. ZO [LED 2 e GO Iz L
G, =d '{z}) & G* = r~'({x}) ZHEELG 2 5.

Bzonl-z X — VNS Hi72R T X —)VHilEZ 185 KXW D0 H
5. ARl

(1) PLEHLE DR

(2) EBGERD A X 508
EHVWAOT, TNSHIZDWTHIHT S,

GzHifEeT5F C GO DBPREEETHL LI, [EED a € GITHL
da) € Fb5lEr(a) € FAKRD DI ETHS. Kz, {2} c GO BEZ
EATHHLErc GO Z2RHHEEHTS. FCGO BPREEATHS L
& Grp=d Y (F)IXGOHAHREL %S, Gp %, GDF ANOHRLIER. G
MR —)VHERE, REEAGF c GO »HEAEZBHEATHL L E FIIRF
Fia X "N ARNVTERERD, GpldEOTX— VHEHE L5, £z,
G DR S 2D S5 5 E513 GO OMERIIREZ S NT WS, G
DARFREED 5725 ERAENDHIRE Gy & FE L.

BlEkE G5, MoHBEH CGHPERTHLLIX LFD 2%
PERR DD Z & Th B

(1) GO ¢ H C Iso(G) MK Y 32D,

(2) [TED a € GIZNU, aHa™! € H M b 31D.
ZZT,Iso(G) &iEZ1Y brtE—

Iso(G) :={a € G |d(a) =r(a)}

DZETH5.

GZxEiff HCGE2EMRTAHREL TS, G LOFREMER ~ %

a~f = d(a)=d(a) h2af™!

ILE-oTEDD. GO HIZLDW% G/H =G/~ EEHTD. G/H IZIXH
Gt q: G — G/H WERME 25 &5 R HlREOMIEN A S.

G TR —NVHRDEA, G/H OAMHNEEEIZOWTELTDO Z &Y
NED.

Proposition 3.5 ([5, Proposition 3.8, 3.11] ). G 2= X —)Vlfifff, H C G %
FERS I HEE 5. ZON, G/HIZZ R —)VHilEL 5. £/, G/HW
NTARNTTHEILE HCGHHATHS I LFFAMTHS.
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AT, WO ZEBANDER» O/ o NS T X — VIR DOWTHR T 5.
HREHOEAN SR 6N T X — VP AROZ RO R L5,

Definition 3.6. S Z ¥ ff, X ZiMHZEM L T5. SO X ~NOEMA LI, #
EHOHERMN o: S > I(X) DI eTHD. ZOF, a: S~ X &&EL. £,
SESDallkdB% as e I(X) &FEL.

Definition 3.7. S Z @8, X 2R N7 "ADT ARV T2, a: S
X 2EHE 5. &4

Sx X :={(s,2) € Sx X |z € dom(ay)}
FOFRERGR~ ZUTDOLSIZED S,

(s,2) ~ (t,y) <= z=y D se=te’ddec E(S) WFHET 5.
SKaX =S+ X/~ EED, (s,2) € S*x X DFMEH% [s,2] € Sxo X &EL.
Sxo X DHEME U TOREIZUTO LS IZEE 5. £, unit space &
(S xq X)) = {le,2] € S o X | & € dom(e)}

EREDD. B
(Sxa X)) 5[e,a] —»2eX

FRPHIZRE RPN EDT, ZORPHIZE>T (Sx, X)O & X %
H—f7d 5. S x4 X D domain map, range map % < 1% 1

d([s,z]) = z,r([s, z]) = as(x)
EREDD. [s,x],[t,y] € S Koy X DREIE z = ay(y) DIFIZEREL
[s, z][]t, y] = [st, y]

LED DD [s,x] DT [s*, as(x)] LEED. U LOMEIZE>T S xe X
EHilEE 5. 72, s € S LA U C dom(ag) 12X L

Z(s,U) :={[s,z] € Sxq X |2z €U}
EEDD. Sxg X DNMHE LT Z(s,U) RUEPERT D0MHEZZD. 2D
PFIZE >TSS x, X IFT X —)VHliBEIZ /5.

4. PATERSON D Hifff (UNIVERSAL GROUPOID)
WEROEHDP O T X - VHFZ2E 2 LN TE LD TH 7. AHiTIE
WERE S D spectral action OGO N5 T X — )VHFEIZDOWTHHT . Z
DL [8] 12 FD <.
SZEWEMHE TS, ARWTIE, {0,1} 2 EOHNTRIZ X > TERH L ART.
E(S) %, E(S) 75 {0,1} "D 0 THRWHERBMEAN 5258527 5;
B(S) = {6: B(S) = {01} | £ £ 0, ¢ MR ).
(@dﬂouﬂ$®%ﬁ$At&a¢ Z#T%é@flﬂ)@hﬁthf
{0, 1120 (2 A B REMAH DA 2 £ 2 5. Z DALHIC ZHIL T E(S) R
AYVNZ NN AR Tz 5.

3)domain map *° range map, fEPERRIZ well-defined TdhH b Z 1% IZHERD 5 ND.



S D E( S) ~DIEM (spectral action) B: S ~ E(S)) EEHETD. se ST
U,

dom(fs) := {¢ € E(S) | £(s"s) = 1},ran(8;) := {€ € B(S) | £(s5%) = 1}

LEFHT S, dom(Bs), ran(SBs) 1 E(S) DaAVNT MEHESTH L. GH
Bs: dom(Bs) — ran(f8s) %

Bs(&)(e) = E(s%es)
Ko TEDSD (2T, E€dom(Bs), e € B(S) & UT). B &G HE %

5. Gl s o B RERABI L 55 Z L RN BDT, Thk B S~ B(S) b
& S D spectral action & .38,

Definition 4.1. S Z ¥t L 5. S Ok At %
Gu(S) =S w5 E(S)
LEETD.

WRERE S b5 T & — VHIEE Gy (S) 2185 2 ENTET=. § & Gu(S) ORIE
ZHND Z L IFEANLHETH L. 4] T S D congruence & Gyu(S) DR,
BOBRIZOWTERLEDT, ZHhEMN

S % ¥, v & congruence, q: S — S/v %ﬁﬁ’é—@t?‘é. F, C E/(\S) %

Fyi={¢oqe E(S)| & € B(S/v)}

LEETD. ZOWN, F, 3 Gy(S) DEAAREESTH D Z L3315 ([4, Propo-
sition 2.1.2]). 7z, F, DMEEEH 1 250 T & (unital TH B Z &) X, &, k),
WXL, ZOREEn B0 TRWERGIXEy € F, THS, DFH F, H multi-
plicative TH D Z & H 305, #HiZ, G,(9) @F%T’Z{%é\fiﬁf)f unital 22D
multiplicative T®» % & DX, & 5 congruence P H 6N Z L HRH 5 ([4,
Corollary 2.1.6]).%

S 2R, v % congruence, q: S — S/~ 254 LT 5. v D kernel
Zkerv:=q HE(S/v)) LEHETS. kerv X E(S) Ckerv %2729 £ 57 S
DEPFEREE LS. TE HW S & HRZ BpHHER Y

Gulkerv) 3 [s,&] — [s,¢] € Gyu(S5)

DEPND Z NN BEN, ZOHRFNT X > T Gylkerv) & G, (S) DR HiRE
2:&72@“: EWTED. Gulkerv) 3Gy (S) DRIES LD Z L EBBIZHD

—HT, Gylkerv) ¥ G (S) DIEBER D HREIZ 25 L IZR S22 0D, F, 1T
%UBET% ETUTNDEERIFEONS.

Theorem 4.2 ([5, Theorem 3.1.3]). S Z#EHE, v % congruence &9 5.
Z DM, Gulkerv)p, 1 Gu(S)p, OETERBAERL 5. X512, 2O
Gu(S) )G lker ), 1 Gu(S)0) & AR 725

Dx <, Gu(S) DMARZEESTH - T unital 2D multiplicative TH2ED & E(S) LD
“normal” 7% congruence 7' 1 X 1 IZWJ5T 2 Z &> TW\D.
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ZOEMIZED, S D congruence & G, (S) DHIBR, EDREBIE DM > 72, IR
fiTlk, S DEMIZR congruence IZXF U T, ZNAY G, (S) D ED & 5 7 HilBR,
MeglERI I 2MNT 5.

5. BRG]

AREITIX, WD AR congruence (26 U, ZN A& IZ D &
DI, AR SR TIMNT 5.

WRERET 23 Clifford TH 5 L 1E, AEED t € TIZHU t° = tt* AU D LD Z
ETH o7z, HEHES D congruencer ¥ Clifford Td 5 & 1%, S/v »* Clifford
2B EEHEI NS, Clifford 72 congruence D 5 5, A&EBFRIZE L T
Bz v 2 EL S @ Clifford (b2 SO = 5/ L& T 5. S H
5 Clifford ¥ ERE T ~OMEFEL L SO 2R B35, L5 HEiEs SCUIE
Fo. SO O EHAHFA T DL S IZFHETES.

Theorem 5.1 ([4, Theorem 3.2.2]). S &L T 5. G (SCH) 1X Gu(9)ax
RIS 5.

PROOF. FEHH DR % kR 5.
FiE, Gulker v p = Gukerv®) Q) A0S, Zug O i3

E(S) @& % normal congruence 39 % congruence & U CHEBITE S| &
WO HEEHNWS Z L TREHTE S [4, Proposition 3.2.1].

WIZ, Fyone DEEE T 5. Gu(S) DREMEED 52 5H£E6% Fy ¢ GO
r#EL T, SO A Clifford TH B Z M5 Flone C Fry PEIHICE > TH
n%. £7z,{0,1} 23 Clifford TH 5 Z & n 5, SO DWwElEZE WS Z & T
Fout D Fy D005

v

PLEX D, Theorem 4.2 55,
Gu(SN) = Gul(S) e /Culker v g o = Gu(9) /Gl S) ) = Gru(S)gix
MR D NLD. O

EOEH S Gy (SO = Iso(Gy(SCH)) £ 725 Z e R0 5 DT, [EED
€ € Gu(STMNO TR U G, (SO 13BEL 755, G (S BED &5 73EL
7% M3, [6, Theorem 3.1] % [4, Corollary 4.1.6] 72 & T, IRl CrEIZ & -
TREIN TV S.

WAERED Clifford b & FRRIZ LT, #EEE S @ abel /b S2P = S/v2b H3E %
INd. TIT, S/v AT 5 K 572 congruence v D D HAEERIZD
WTENDW % 17> L U7z, Gu(S™) 13 Gu(S) DT X — Vi LTDT —
UL G (9)2 L FAELZ 725 Z 2 HRENT WS [4, Theorem 3.2.3]. TX —
WHIRED 7 — RO [5] TEHR I N/ZBEETH 0, fifE CHERO T —~{b %
AR EIRTX—VHHTH .
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