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QUOTIENTS OF INVERSE SEMIGROUPS AND ETALE 
GROUPOIDS 

-~~~:keJ:.EIIeJ:-liff~~ nw ~* 
FUYUTA KOMURA 

DEPARTMENT OF MATHEMATICS, KEIO UNIVERSITY 

ABSTRACT. ;$:f/.Wic' /;j;~ '¥.lW (inverse semigroup), .:r.?? - Jv BE.lW (etale 
groupoid) 0) ~~I::: -:J \,' --C m:fl--t 0. ~I:::, ~'¥.lW, .:r.?? - Jv §,lWO)-t :h 
.:f:hO)Jlib'J{ 'c'O) J; -5 1:::~~9 0 ii>l:::-:J1,,--c, '¥~0),Jiff~$;*~M~'t 0. 

1. INTRODUCTION 

*•~~-ff©•~~,~~-~T6=t~§~tT6.=n6©•~~ 
r.& -5 ±t~xf~t;:J:.~*ff (inverse semigroup), I ,'7.- Jv:ffiff (etale groupoid) t 
C*ljl (C*-algebra) ~~6. *filli~ti, ~/:~*f¥t.r.3l.-Jv:ffif!f©l~H;iH:-:J 
1,,-cw §T 6. ~*ff'i~:@:t:f~~~t~xt~~~ 1J, .r.3l.-Jv:ffif!flif:v:t§ tf~ 
~©•~~3lfi:~fill1 .:z t::xt~ ~~ 6. c*••iiOO~fitH©-?t!ff t G -c:r.&vn 
-c1,,6, = = ~, =n6©xt~©OO~~fm~t:i~a~T6. 

{'Fffl·ljl-!i Hilbert ~FaiJ::©{'Fffl.iit~T{~~~t&-5 ?t!ffc·~ IJ, 00~ 
fifi©-1t!fftG-ct&vn6.Wffl••~-a~•m~~~~1J&ffl~~.:z 
6 = t 7y:~~ t t~ 6 iJ\ r.&-5 {ftt§©~JH: ~ -:J -c {tffl•ljl-ti C*ljl., von 
Neumann 3:jl•t:JtiJ,n6, *fil1i~r.& -5 C*ljl-~ti, ±/: .J Jvld> 6JE* 6{.V: 
t§ ~ ffl 1,, 6. C*ljl ~ 1E ~ T 6 = t gci {;;f;: tiff L, < tit~ 1,, iJ!, :Mfg, t~ ~i*Wll ~ ffl 
fflGT 6 = t tiIBlff~~ ··:d::. ~~ti~.t? t~ C*ljl©ffifflGtiiJ!~ .:z 6 n-c ;B IJ, 
-i-©$©--:J/:.r.3l.-Jv:ffif¥~ffl1,,6'tJ©iJ!~6 (Renault[lO] /:~6), £!Elf¥ 
t ti:@:-C ©ftiJ!PJ~ t t~6 ~ -5 t~1J\if~~ 6, i!©ffl~ t jjf/j:V:T 6{ftt§ ~{!111 
.:z t:::ffif!f tif.v:t§:ffiff t ~t£n6 iJ\ -i-© r:f:l~ti~i: ~ 6 ItJiff{•~ ~~-:Jf.v:t§:ffiff 
~ .r. ,'7.- )v:ffiff t ~✓~~- .r. ,';l. - )v:ffiffiJ!4.:z 6 n6 t, -i-©J::© convolution 
algebra ~~{Jllj{f:T 6 = t t: ~ '? -C:ffif!f C*ljlt ~ti'n6 C*fjliJq~ 6 n6. :ffi 
ff C*ljl©•l'iW ~ .r. 3l. - Jv :ffiff © i3 filf ~~~f-1 tt 6 :wf~ ti~~ < ©:wf~ff t: 
~ '? -C t~ ~ n -c 1,, 6. £!Elf¥ C*ljl©-1 7'7 JVf;fij~ t: -:J 1,, -C Ii [2], nuclearity t~ 
t:'©fitfr~t~•tiWt:-:J1,,-c Ii [1] iJ!~ L, 1,,. [5] ~Ii, :ffiff C*]:jl©7-~Jv{f: 
~ I 3J. - )v £!Elf¥©§ filt~!cJZI! L, f:: . 

.r. 3l.- Jv:ffifftUJ.t? t~)fJi:t5t~f~ 6 n6. W!J.:z ti, tHf~1J~*~~~1*J::©~ 
Jitfij~iJ, 6 .r. 3l.-Jv:ffiffiJq~6 n6. *fil1i~ti~*f¥iJ, 61~ 6 n6 .r. 3l.-Jv 
:ffif!p/:w § T Q. -&,:, ~*ffiJ!fftt§~Fai t:{'Fffl L, -c 1,, Q B'iJ, I ,'7.- )v:ffiff 
~tfijfflGT 6 = t iJ!~ 2" 6 ([8] ~~!ffli:t ~ ). * t::, ~*ff©{'Fffl ~~ .:z 6Jh~ 
ti, [7] ~jzj! ~ 6 n -c 1,' 6 ~ -5 t:, 7 7 7 3l. Jvem~t~ t:'iJ!~-:J "local symmetry" 
~ !i:!JZI! T 6 = t /: ~ 6. ~ *ff ti-i- © idempotent semilattice © 7-. ~ 7 1' 7 
1,, t:WfflT 6 ©~, *mli~ti = ©f'FffliJ' 61~ 6 n6 .r. 3l.-Jv:ffifft:w § T 6. 
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.:=. O){/p.ffliJ~ G 1i G tL0 .::r:. ::$( - Jv £1EM/i~*ff0) universal groupoid t 11¥/itL, 
Paterson/: J:. 1J JE~, Wf~"2' tLt:: [8]. ~*Mt universal groupoid O)lffl~;IJ~ 
fUS,}j9:tJ,/£, fiJJ£0)£1Eff C*~O),lvf~ t ~;b-1±0.:. t c- C*~wl!O)ffl.~t:~*M 
~.ffl\i,f::BcJ£iJqiG:tL0. Exel /i.:.O)J:. -5 t~lb~c-Wf~~fr-::>tB IJ [3], ~ 
~'E> -f 0)1i ~~-::> L \,' Q. [4] c-/i, ~*ffO)iffj t universal groupoid O)iffj, ::f 
~~~O)iffl~t:--:J\i,tJ£-"t::. t~B, .::r:.::$(-1v£1EMO)iffi, ::f~~~~~-"-0.:. 
t /i£1EM C*~0)-1 T'7 Jv~~-"-0.:. t tMJ;tGt\i'0-lvf~c-J,:,0. ~/:, .::r:. 
::$(- Jv£!EM-\:'£1EM C*~/:xt L, §~/:~ .:z G tL0ffl$iJ~~*ffO);flwl!t: =l:illintrA 
"2' tl,0. 

t'XffiLt 1J, [5], [4] t: B It 0>%'ilL~ t lfflJ!l!9 0JE~-\:'-f O)•tlf{/:--:J\i ,-c.-M~9 0. 

2. ~*M 

*Wc-~~*M~lffl90~*~~-$~M~90.~@Gkll~~OOL,t 
Ii [7] t~ !!.' O)fl&flf.ifi ~ $!ffl-tt J:.. 

S ~*fft90. {£~0) s ES /:J-j"L, 

s*ss* = s*, ss*s = s 

t t~ 0 J:. -5 t~ s* ES ;IJ!~~t:-(¥t£9 0 ~' S ~~*Mt 11¥.-.K s* ii s O)~~ 
{~~:51; (generalized inverse) t Jl¥i;ftl,0. 

S 0)5~:51;~{,fi:iJ~Gt~0~~~ E(S) tiff<, --:J* IJ 

E ( S) : = { e E S I e2 = e} 

t 9 0. E(S) 0):51; ii1L\i' /: PJ~c-J,:, IJ, iJ~--:J E(S) ii S O)tf~'.fr~*Mt: t~ 0 
.:. t iJ~~□ G tL t \i' 0 . 

Example 2.1. X ~~~ t 9 0. I(X) ~, X J::O) partial bijection ~{,fi:;IJ~ G 
t~0~~t90; 

J(X) := {f: u-+ V I u, V C X, f ii~~M }. 

~~O)~~/:J:.-::>t I(X) O)fitiJ!JE*0. *f::, f E J(X) t:J-j"L, f* := f- 1 t 
9:tJ,/i, I(X) ii~*fftt~0. partial bijectionf: U-+ V t:xtG, -fO)JE~ 
~, fill~~ -f tL-t'tL dom(f) == U, ran(!) := V t iii< . 

E(I(X)) Ii X O)tf~'.fr~~J::O)•tl::i~~~~{;;fl:iJ~ G t~0~~t ~~9 0. * t::, 
X O),r1iJ~t: J:.-::> t I(X) 0):51;/:~ty]t~~{tf:~~9- ,WU.:zli, X ;1Jq1H§~Faic-J,:, 
0 t ~ Ii, I(X) ii X O)lffl~~n~ Glm~~A.O)jqJ;f,§~~~,f,fi:iJ~ G t~0~~tJE 
lb Q. 

Wagner-Preston O)JE;EJ./i, {=f~O)~*MiJ~J,:, 0 I(X) O)tf~'.fr*M t L, L~ 
l]. "2' tL0.:. t ~ ±~9 0 . .:. tL/iffwl!O) Cayley O),E;flO)ffi{J;J,~c- J,:, 0. 

S J::O) '8}{@:00~ z; C S x S iiPJ TO)~{tf:~riMit:: 9 t ~ /: congruence t 11¥/i 
tL 0; 

{£~0) a ES t (s, t) E z; t:J-j"L, (as, at) E v, (sa, ta) E z; iJ!~ IJ ~--:J. 

v iJ~ S 0) congruence 'c'd':l 0 t ~, iffi~~ S/v ii §~t:~*M t t~ IJ, iffi~~ 
S-+ S/v iJ~~'81~ t t~ 0. 
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Congruence O),.~{lf>:ffeU~iH'l-9 Q. l)s/11 iJ!,fcp t t,.:: Q J: -5 t,.:: congruence 11 0) 
-5 70, B!. -eiOO{lH: 00 G --C ffl:Jj\O) tJ 0) ~ llgr t ~ <. . S / llgr ~ S 0) maximal group 
image tll¥✓~~- S iJ! Clifford 'c'ai:>Q t Ii, tf:J&'.O) s ES l:xtG s*s = ss* iJ!~ 
I) :V: "'.J ::. t C' ai:> Q . S / 11 iJ! Clifford t t,.:: Q J: -5 t,.:: congruence 11 0) -5 70, B!. -eiOO 
~t::.OOG--Cffl:1j\O)'t)O)~ IICJif t~<.. S/11clif Ii S 0) Clifford{~tJJ¥/;ftl,Q. 
~~I:, S / 11 iJ!PJ~ t t,.:: Q J: -5 t,.:: congruence 11 0) -5 70, B!.-eiOO{* I: 00 l, --C ffl: 
tJ\O)'t)O)~ llab C:~~, 8/11ab ~ 80)7-~Jv{~tJJ¥✓~~- li'P'?PJ~t,.::~¥,,fcpli 
Clifford t,.::0)--C-, IICJif C llgr, IICJif C llab iJ!~ IJ :V:"'.J. 

3. X ~ - Jv .!II!!¥ 

*Wc-~x~-~.!IE!¥~009Q~*~~-~~-~9Q.•~~~x~,.!IE 
li'P C'. li1t--C O)MiJ!PJ~t,.::1J\~C' ai:> Q. *fillic-li.PJ T 0) J: '? t..::ac %~ ffl \, \ Q. 

Definition 3.1. .!II!!¥ G t Ii 
(1) unit space G(o) c G, 
(2) domain map t range map d, r: G ----+ c(o), 

(3) G(2) := {(a,,B) E G x G I d(a) = r(a)} 1:--C-JE~~tl,Qfff 

c(2) 3 ( a, ,B) r-+E a,8 E G 

iJ, G:f\!iJ~~ n, ::. t1 G tiPJTO)~{lf:~trMtt::9; 

• {£)&'.O) x E c(O) 1:xtG d(x) = r(x) = x iJ!~ IJ :V:"'.J, 
• {£)&'.O) (a,,B) E G(2) l:xtG d(a),B = ,B, ar(,B) = a iJ!~ I) :V:"'.J, 
• {£)&'.O) (a, ,B) E G(2) l:xtG, d(a,B) = d(,B), r(a,B) = r(a) iJ!~ IJ :V:"'.J, 
• {£)&'.O) ( a, ,B), (,B, 1) E c(2) l:xt l,, ( a,Bh = a(,81) iJ!~ IJ :V: "'.J, 
• ffJ&'.O) 1 E c 1::xtG, ai:)Q 1' E c iJ!:(¥t£G--c h',1), h,1') E c(2l, 

d("'t) = 111 t r("'t) = 111 iJ!~ IJ :V:"'.J. 
J:: 0) J: -5 t,.:: 1' Ii 1 iJ, G -J&'. I: JE * Q 0) c- 1-1 t *9. 

Example 3.2. !¥Ii unit space iJ! 1 J~~if t t..::Q.!IE,fcpt ~-tl9 Q::. t iJ!c-
~ Q. ~if Ii unit space iJ!1t-f* t -~9 Q J: -5 t..::.!IE.tt¥ t ~-tl9 Q::. t iJ!c-
~ Q . 

.tt¥ 1::. :xt G --c f:iHEI !¥ t 1i, -5 m~ iJ! a1:> Q J: -5 1::. , .!II!!¥ 1::. :xt G --c t) f.v: tEI .!II!!¥ ~ ~ 
XQ. {.V:f§.!IE,fcp G t Ii, fftt inverse G ::l 1 r-+ 1-1 E G iJ!;it;jlftt ~Q{.V:f§~ 
ffilxt::.!IE!¥ G 0)::, C:C'ai:>Q. d("'t) = 1-11,rh) = 11-1 ;1Jq£)&'.O) 1 E G t:xt 
l, ~ IJ :s'z: "'.J::. t iJ> G, {.V:f§.!IE,fcpO) domain map t range map li;i!;j\ftc-cli:> Q. 

Definition 3.3. G ~{.V:t§.!IE,fcp t 9 Q. G iJ!x ~ - Jv'c' ai:> Q t Ii, domain map 
d: G ----+ c(o) iJ!mJpJr~f§21~1: t,.:: Q::. t --C-ai:> Q .2l x ~ - Jv{.V:t§.!IE,fcp ~, ~I: 
X ~ - Jv.!IE,fcp C'. JI¥ ✓~~-

1l-: ::--c_ffl1,,G:h,{l1Jc\?!Li~ < O)-j-::f-7-. r (-Wtlx./;:f [9]) t~tJ:{)O)'"C, {iJ!O)Jti'(~$~TQ~ 
/:i¥±~it J:: 
2)d: G-+ c<0 ) iJtf.,jp)rlc!],j-§'¥~--C~ {J t /:i, {f:~O) 1 E G 1:::xt L, 1 E U t tJ: {) lffl~-/§f UC G 
7'Jt;(¥;(:E L, d(U) C c<0 ) iJ{lffl~-/§fiJ>--::J dlu iJ{~A.O) lc!J,j-§'ij'.~ t tJ: Q:: t '"C~ Q. 
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{ftt§ .!!Rf¥/: 3S I,' -C inverse ~ C:: Q '¥~ /;:J:: iqJ f§ '¥~ tJ:, 0) --C, X ~ - Jv .!!Rf¥ 0) 

range map /;:l::Ji'upfrlq}t§'¥~/: tJ:, Q. 
*fii--Ct;:J::x~ -Jv_!IRf!pO) unit space iJ!Ji'upfr::r Y /\ -:7 1-- /\ 9 7-. FJv7ggFai--c-

2!!) Q::. c:: ~{.EzJE'.9 Q. x ~ -Jv.!!Rf¥t;:J:: domain map iJ!Ji'upfrlq}t§'¥~--C-2!!) Q::. 
c:: iJ> G Ji'u .PM!-9 ,: /;:J:: ::r Y /, -!7 1-- / \ r; 7-. F Jv 7 gg Fai--c- 21!) Q ::. c:: iJ!tf:. -5 iJ!, -15 --c x 
~ - Jv.!!Rf¥iJ!:k~i¥JI:/\ r; 7-. F Jv 7 ggFai--c- 21!) Q c:: ti~N G tJ:.\, '· ~~' *fii--Cr,& 
-5 ~~f!pO){/pffliJ> GJE'.::t Q x~ -Jv.!!Rf¥ti11/4' /: l,-C /\ 9 7-. r'Jv7if'i~~t;: 
tJ:,\,'. 

x ~ - Jv .!!Rf¥ ti, PJ T 0) J&. ~--c JiifUl~:'ti ~ ~ "':J. 

Proposition 3.4. G ~x~ -Jv.!!Rf¥C:: 9 Q. ::. O)B'if, {f:J&.O) X E c(o) /:xtl, 
Gx := d-1({x}) C:: ex:= r-1 ({x}) /;:J::Jffaaitc::tJ:,Q. 

lj.Jt G :tit;: x ~ - Jv .!!Rf¥iJ, Gffit;: tJ:,x ~ - Jv.!!Rf¥~1ijQ 15~ti 1.,, < "':J iJ,21!) 
Q. *fJi--C- /;:l:: 

(1) ::f~ait"'-O)tLl~N 
(2) :rEm'l'f~1t.!!Rf¥1: J:: Q iffi 

~ ffl 1.,, Q 0) --c, ::. :ti G t: "':J 1.,, -c IDlS~-t Q. 
G ~ .!!Rf¥ C:: 9 Q .F c Q(O) iJ!::f~ait--c- 21!) QC:: Ii, {f:J&.O) a E G /:xt l, 

d(a) E FtJ:.Gtir(a) E FiJ!pjzl)ft"':J::.c::--C-21!)-Q. %/:, {x} C Q(O) iJ!::f~ 
ait--C- d!) Q C:: ~ x E Q(O) ~ ::fi}Jg C:: JE'.~9 Q. F C Q(O) iJ!::f~-it--C- d!) Q C:: 
~' G F == d-1 (F) t;:J:: G O)'(f~11.!!Rf¥ c:: tJ:, Q. G F ~' G 0) FA. O)tLl~N c:: n¥✓1~. G 
#x~-~.!!Rf¥,::f~-it-FcG~#~-it::tk~M-it--C-2!!)QC::~F~Ji'u 
pfr ::r :,, /\ -!7 1-- /\ r; 7-. F Jv 7 ggFd'J c:: tJ:. IJ , G F /;:J::.j:lfcf x ~ - Jv .!!Rf¥ c:: ~ Q. ::t t;:, 
c O)::fiJJ,~~~iJ, i; tJ:, Qaittt cc0) O)Mait-1:tJ:, Q::. c:: iJ!9;a G :ti-c1.,, Q. c 
O)::fiJJg~~iJ, G tJ:. Q ait"'-O)tLl~N ~ Gfix c:: it< . 

5 [ ~ ~ ~ G ~ .!!Rf¥ c:: T Q. 'l'f~11.!!Rf¥ H c G iJ!ifil --C 21!) Q c:: /;:J::, PJ T 0) 2 ?k 
{lf: iJ ! mz IJ ft J ::. c:: --c- 21!) Q ; 

(1) Q(O) CH C Iso(G) iJ!pjz I) ft"':J. 
(2) {fJ&.O) a E G /:xt l,, aH a-1 c H iJ!pjz I) ft"':J. 

::. ::. --C, Iso ( G) c:: /;:J:: -1 'J 1-- P 1:: -

Iso(G) := {a E G I d(a) = r(a)} 

0) ::. c:'. --c 21!) Q . 

G ~ .!!Rf¥, H c G ~ iEil if~?t .!!Rli'f c:: T Q. G J:: 0) lqJ {@:00~ ~ ~ 
a~ /3 -{:::::=} d(a) = d(a) iJ>"':Ja/3-I 

t: J:: -::i -C;E'.clt) Q. G 0) H /: J:: Q iffi~ G/ H := G/~ C::/E'.~T Q. G/ H /: /;:J::iffi 
'¥~ q : G -+ G I H iJ!* lq} ~ c:: tJ:, Q J:: ? tJ:, .!!Rf¥ O),ffij~ iJ! A Q . 

G iJ!x ~ - Jv .!!Rf¥0):ijgit, G / H O){ftt§i¥JtJ:.'tiJ!! /: "':J 1.,, -c PJ T 0)::. c:: iJ!pjz IJ 
ft J. 

Proposition 3.5 ([5, Proposition 3.8, 3.11] ). G ~x~-Jv.!!Rf¥, H c G ~ 
~iEil'l'f~11.!!Rf¥c::9Q. ::_O)~, G/H t;:J::x~-Jv_!IRf!pc::tJ:,Q. ;tt;:, G/H iJ! 
/ \ 9 7-. r' J v 7 --C 21!) Q ::. c:: c:: H c G iJ ! M --C- 21!) Q ::. c:: I ;:J:: iqJ {@:--C- 21!) Q . 
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?xt:, ~~ffO)~Fai""-0){/pffliJ~ GfijG :h.:5 ::cJy.-;t,:ffifft: --:::i1.,,--cf!i~'"t .:5. 
~~ffO){/pffliJ, Gfij G :h.:5 ::c Jy.- Jv:ffiffiJ!*fiWiO)~~O)Jf~ t t~ 6. 

Definition 3.6. S ~~~ff, X ~{llf§~Fai t '9 6. S 0) X A-0){/pffl t Ii,~ 
~ffO)*IAJ~ o:: S--+ I(X) O):_ tc-~6. :_O)~, o:: Sn- X t~<. jJ:, 
s ES 0) o: t: J: 6~~ o:8 E J(X) t~ <. 
Definition 3.7. S ~~~ff, X ~fi'UP)r::J /'J'\'.7 }-1\177,. FJv7~Fai, o:: Sn­
X ~{fpffl t 9 6. ~i';-

S * X := {(s, x) ES x X Ix E dom(o:8 )} 

J::O)IAJ{1UJI~ ~ ~ PJ TO) J: -5 t:JE'.&IJ .:5; 

(s,x) ~ (t,y) ~ x = y iJ,--::;i se = te t~.:5 e E E(S) iJt(f'.tE'"t.:5. 

S ~a X := S * X/~ t;E'.&IJ, (s, x) ES* X O)IA]{@:~~ [s, x] ES ~a X t~ <. 
S ~ a X 0) :ffiff t L, --C O):f;fij~ tit) T 0) J: -5 t: JE i 6. i T, unit space ~ 

(S ~a x)C0) := {[e,x] Es ~a X IX E dom(o:e)} 

t JE'.&IJ Q. '.lj'.~ 
(S ~a X)(O) ::l [e,x] f----+ x EX 

ti1t¥!l,f /: t~ Q :_ C: iJ!71iJ> Q 0)--C-, :_ 0)1t¥j,f t: J: -:J --C (S ~a X)(O) C: X ~ 
IAJ-tl'"t.:5. S ~°' X 0) domain map, range map ~-f:h~':h 

d([s, x]) = x, r([s, x]) = o:8 (x) 

C: ;E'.&IJ Q. [s, x], [t, y] E S ~°' X O):fj'(/i x = O:t(Y) O)~/:;E'.~ L, 

[s, x][]t, y] := [st, y] 

t;E'.&IJ.:5.3) [s,x] O)~jc/i [s*,o:8 (x)] t;E'.i.:5. PJJ::0)-~t:J:-:J--C S ~aX 
ti:ffiff t t~ 6. it~, s E S t lffl~i'i- U C dom( o:8 ) t:Jf L, 

Z(s, U) := {[s, x] ES~°' X Ix EU} 

t JE'.&IJ 6. S ~°' X O){ftf§ t L, --C Z( s, U) 1t~iJ!Lt~'"t 6{llf§ ~ ~ x. 6. :. 0) 
{llf§ (: J: -:J --C S ~ a X /i X Jy. - }V :ffiff t: t~ Q. 

4. PATERSON O)'!JtfJJi:ffiff (UNIVERSAL GROUPOID) 

~ ~ff O){fp ffl iJ, G ::c 1y. - Jv !!Ell'¥~ fij 6 :. t iJ!c- ~ 6 0) c-~ -:J t~. *ffiic-li 
~ ~ff S 0) spectral action iJ, G fij G :h 6 ::c Jy. - Jv !!Ell'¥ t: --:::i \,' --C !!ii~ 9 6. :. 
O)ffl~li [8] t:~·:::f <. 

S ~~~ff t '"t .:5. *fitic-ti, {O, 1} ~trJiO)fHt•t: J: -:J --c ~ff t Jj.t~--t. 

E(S) ~, E(S) iJ, G {O, 1} A-0) 0 c-t~1.,,*IAJ~1t~iJ~ G t~ 6~-€';-t '"t 6; 

E(S) := {~: E(S)--+ {O, 1} I~-/= 0, ~ /i*IAJ~ }. 

E(S) Ii {O, 1 }E(S) O)tf~?t~i'i-t Jj.t~9:. t iJ!c- ~ 6 O)c-, E(S) O){llf§ t L, --C 
{O, l}E(S) t:}...:5fft{llf§O)f§Jt{llf§~~x.6. :_O){V:f§t:OOL,--C E(S) lim1PH 
::J/'1,:7 J-,1\177,. F1v7~Fait:t~.:5. 
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S (J) E(S) A.(J){/pffl (spectral action) (3: S rv E(S)) ~J:E'.~TQ. s ES/:: 
xtG, - -dom(/3s) == {<; E E(S) I <;(s*s) = 1},ran(/3s) := {<; E E(S) I <;(ss*) = 1} 

tJ:i::~TQ. dom(/3s), ran(/3s) liE(S) (J)::1:,,,1,7 )--td'.:lffl~~-e21i)Q. 't;~ 
/3s: dom(/3s) -+ ran(/3s) ~ 

/3s(<;)(e) := <;(s*es) 

t::J:-::i--CJ:E'.(\tJQ ( .:_ .:_ 1:, <; E dom(/3s), e E E(S) t l,f;:). /3s /;tlq]t§'t;~ttd'.: 

Q. 't;~ s f---+ /3s /;t*lqj~ t fd'.: Q .:_ t i/.-5fiP Q (])1:, .:_ rt~ (3: S rv E(S) t i'f 
~ S (J) spectral action t ll'¥ ✓.S~. 

Definition 4.1. S ~~*ff t T Q. S (J) "iMfi[~ff ~ -Gu(S) := S rx13 E(S) 

tJ:i::~TQ. 

~*ll'¥ Sn~ G x ?<'-Jv§ll'¥ Gu(S) ~T~Q.:. t iJ!--c: ~ t:=. S t Gu(S) (J)lffl~ 
~~.,,zQ.:. t li~*Ef9fd'.:Fcti~1:21i)Q. [4] 1: S (J) congruence t Gu(S) (J)$U~N, 
~(J)!ffl~/:: "'.J\,'--C~~ L, f;:(])1:, = tt~;m*"t Q. 

S ~~*ll'¥, v ~ congruence, q: S-+ S/v ~~'t;~C:TQ. Fq C E(S) ~ - ----Fq := {<; o q E E(S) I<; E E(S/v)} 

t J:E~T Q . .:. (])~, Fv iJ! Gu(S) (J)l¥]::f2£~~1:21i) Q.:. t iJ!-5}7'.)~Q ([4, Propo­
sition 2.1.2]). *f;:, Fv i)!•~_l[~'t;~ 1 ~-ei'V.:. t (unital --C:21i)Q.:. t) ~, <;,1]Fv 
t:: xt L,, f- (J) fit <;T/ iJ! 0 1: fd'.: \,' fd'.: G /i' <;''7 E Fv 1: 2li) Q, -:::> * I) Fv iJ! multi­
plicative 1: 2lf) Q .:. t :t-5f n~ Q. ~t::, Gu (S) (J)M::f2£~~1: 21i)-::i --C unital n~-:::> 
multiplicative --c:21f) Q :t (J)/;t, 2lf) Q congruence n~ Gf~G rtQ.:. t :t-5fn~Q ([4, 
Corollary 2.1.6]).4) 

.jij'Cf S ~~*ff, v ~ congruence, q: S ➔ S/~ ~~'t;~C:TQ. v(J)kernel 
~ kerv := q-1 (E(S/v)) tJ:i::~TQ. kerv /iE(S) c kerv ~?lMff;:T J: -5td'.: S 
(J) ff~-5f~ *ff t t<l'.: Q. .:. tt ~ ffl 1,, Q t § ?£J<l'.:-'-li"* iqj ~ 

Gu(ker v) ::l [s, <;] M [s, <;] E Gu(S) 

iJ!~n~ttQ.:. t iJ!-5}7'.)~Q ii\ .:. (J)-'-ftl:: J: -::i --C Gu(ker v) ~ Gu(S) (J){f~-5f §ff 
t J}.fJ'.:T .:_ t iJ!--C: ~ Q. Gu(ker v) iJ! Gu(S) (J)lffl~~ t fd'.: Q .:_ t 't)!g~ /::-5}7'.J~ 
Q. -15--c:, Gu(ker v) iJ! Gu(S) (J)i£:f;lif~-5f §ll'¥1::JJ'.:Q t /i~N G fJ'.:\,'h\ Fv /:: 
ffiU~NT Q.:. t --c: PJ ~ (J):±~iJ!f~ G rtQ. 

Theorem 4.2 ([5, Theorem 3.1.3]). S ~~*ll'¥, v ~ congruence C:TQ . 
.:. (])~, Gu(ker v)F,, Ii Gu(S)F,, (J)lffli£:f;lif~-5f §ll'¥ t fJ'.: Q. ~ G /::, f- (J)~ 
Gu(S)p,,/Gu(ker v)F,, /;t Gu(S/v) t lqj~/:: fd'.: Q. 

4) J:; IJ ~1 <, Gu(S) O)il:f~~-§'c'ai:l-::, -C unital iJ>-:J multiplicative -Cai:> 0 t, 0) t E(S) J::O) 
"normal" fd'. congruence iJ! 1 X'!' 1 1::: X'!' J;t T 0 ::. t iJ!?J' 7.J' -::, -C \,' 0 . 
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.:. O)JJ:'.:E!![t: J: I)' s 0) congruence t Gu(S) O)ffiLlml, iffjO)jffl~iJ!-frzP-::> t::.. {'JZ 
fi'j-Cti, S O)J'!_{:;fq'rk]t~ congruence t:Jij"l,--C, -i-tJ,iJ! Gu(S) 0) ~-0) J: -5 t~ffiLl~i, 
rfti:a:sr ~~-=- 9iJ,:a:il\Nfr'96. 

5. JHtfJLl 

:$:fi'j-Cti, ~~ffO)~,(;$:Erk]t~ congruence t:xt L,' -i-tLiJ!'!Mf~!IEff f: ~-0) J: 
-5 t~ffiLl~i, iffi :a: g I ~ ~.:. '9iJ,i\lN1r''9 6. 

~~ff T iJ!Clifford -Cib6 t ti, {3::~0) t ET t:Jij"L, t*t = tt* iJ!JtlG IJ ft--:>.:. 
t -C ib-::> t::.. ~ ~ff S 0) congruencev iJ! Clifford -C ib 6 t Ii, S / v iJ! Clifford 
(: t~ 6 -=:. t t JE ~ ~ tL 6 . Clifford t~ congruence 0) -5 1:J , §--@;' 00 ~ (: lffl l, --C 
~tJ\ t~ !Im :a= vClif t it < . S 0) Clifford {~ :a= 3Clif : = S / vClif t JE ~ 9 6 . S iJ> 
G Clifford ~ ~ff T A. 0) ~IP]~ ti 3Clif :a:~ EE 9 6, t 1.,' -5 '!Mf~'l'i :a: 3Clif Ii 
~"?. 3Clif O)~~!IEfftiPJTO)J: '5 t:m-•-c-~6. 

Theorem 5.1 ([4, Theorem 3.2.2]). S :a=~~ff t 9 6. Gu(SClif) Ii Gu(S)fix 
t [P]~t: t~ Q. 

PROOF. iiEB,§0),fffi;~:a:~,,.zQ. 
~ ti G (ker vClif)F . = G (ker vClif) (o) iJ! J1x I) ft--:>. -=. tL Ii I vClif Ii ' u vChf u Fvclif 

E(S) O);b 6 normal congruence iJ!~JtlG9 6 congruence t l, --C~:fl-C~ 6 J t 
1.,' -5 ¥~ :a= )'§1.,' 6-=:. t -ciiEB,§-C ~ 6 [4, Proposition 3.2.1]. 

?)Zt:, FvClif O)m-•:a:'96. Gu(S) O)::fi}Jg1t-f*iJ>Gt~6~i'i':a= Ffix c G(O) 
C: it < . j; T, 3Clif iJ! Clifford C' ib Q ,:_ C: 7J> G Fvcur C Ffix iJ!~t• t: J: -::> L -fr 
iJ> 6 . j; t::., { 0, 1} iJ! Clifford -C ib 6 .:. t iJ> G , 3Clif 0) ~~'['i :a: ffl 1.,, 6 .:. t -C 
FvClif =:J Ffix iJ!,friJ> Q, 

J)JJ: J: IJ, Theorem 4.2 ;/J> G, 

Gu(SClif) ~ Gu(S)Fvclif /Gu(ker VC!if)Fvclif = Gu(S)fix/Gu(S)A~ ~ Gu(S)fix 

□ 

J: 0) JJ:'.3:I ;/J> G Gu ( 3Clif) = Iso( Gu ( 3Clif)) t t~ 6 -=:. t iJ!,fr ;/J> 6 0) -C, {3::~ 0) 
( E Gu(SC!if)(O) t:xt l, Gu(SC!if)~ tiff t t~ 6. Gu(SClif)~ iJ! ~-0) J: -5 t~ff t 
t~6iJ>li, [6, Theorem 3.1] ~ [4, Corollary 4.1.6] t~ ~--c, 'Ri*~ffi~i~iffif: J:-::> 
--C ITT.~ tL --C 1.,' 6. 

~~ffO) Clifford{~ t [P]~t: l, --C, ~~ff S 0) abel{~ 3ab = S/vab iJ!JJ:'.~ 
~ tL 6. -=:. -=:. -C, S /v iJ!p_f~f: t~ 6 J: -5 t~ congruence v 0) -5 1:J §--@;'lffl{if:--:> 
1.,,--c~tj\O)tjm:a= vab t l,f::.. Gu(Sab) Ii Gu(S) O).:r:.:::$<'-Jv!IEfft l,--C0)7-
-A'.Jv{~ Gu(S?b t IP]~(: t~ 6-=:. t :t ~ ~ tl,--C 1.,' 6 [4, Theorem 3.2.3]. I:?<' -
Jv£!Rff0) 7--A'.Jv{~li [5] -CJJ:'.~ ~ tit::.,fffi;~-C ib IJ, £filff C*:flO) 7--A'.Jv{~ :a= 
~c~'96 J:-5 t~.:r:.:::$<'-Jv£filff-Cib6. 

Acknowledgement. :$:1i}f~li JSPS M1ilflt 20J10088 O)g}]J1JG:a='.5't(tt::. :t 0) 
C'9. 
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