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On the existence of Laplace hyperfunction solutions 

for a system of PDEs with constant coefficients 

By 

Naofumi HONDA* and Kohei UMETA** 

Abstract 

We introduce a Laplace transformation of a Laplace hyperfunction with a Cech-Dolbeault 
representative and its Laplace inverse transformation. As an application, we show the existence 
of Laplace hyperfunctions solutions for a system of PDEs with constant coefficients. 

§ 1. Introduction 

The theory of Laplace hyperfunctions of one variable was established by H. Ko-

matsu in order to consider the Laplace transform of a hyperfunction ([5] -[10]). The 

theory of Laplace hyperfunctions of several variables has been established by the au-

thors ([2], [3], [4]). In the paper [11], intuitive representation of a Laplace hyperfunction 

was constructed. Thanks to that, we become able to manipulate a Laplace hyperfunc-

tion like a function as it is represented by holomorphic functions of exponential type 

at infinity on wedges of type. Recently, N. Honda, T. Izawa and T. Suwa succeeded 

in constructing a representation of Sato's hyperfunction by Cech-Dolbeault cohomology 

groups in the paper [1]. In this note, we introduce a representation of Laplace hyper-

function by Cech-Dolbeault cohomology groups. Furthermore, we construct the Laplace 

transformation and its Laplace inverse transformation. We also give its application to 

PDE with constant coefficients. For the detail, we refer the reader to the forthcoming 

paper [2]. 
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§ 2. Laplace transformation for Laplace hyperfunctions 

In this section, we give a Cech-Dolbeault representation of a Laplace hyperfunction. 

Moreover, we introduce a Laplace transformation and its Laplace inverse transformation. 

§ 2.1. Laplace hyperfunctions 

Let M be an n-dimensio叫 realvector space with the norm II• II and E := M 露 C.
We denote by島：＝ ELJ s~-1 (resp. Il))M := M LJ sn-l) the radial compactification of 

E (resp. M)(see Definition 2.1 [3]). Set M00:＝恥＼MandE00:＝匹＼E.We define 

an恥+-actionon II)) E by, for入E恥十 andx E Il))E, 

入x= ｛入x ifx E E, 
X if XE E00. 

The股+-actionon砂 isdefined to be the restriction of the one in翫 to砂 Andwe 

also define an addition for a EM  (resp. a EE) and x E砂 (resp.x E島） by

a+x = {a+xifx E M (resp. X E E)， 
x if x E M00 (resp. x E E00). 

Definition 2.1. Let K be a subset in]]J)M. We say that K is a cone with vertex 

a EM  in]]J)M if there exists an lR+-conic set L C]]J)M such that K = a + L. 

Definition 2.2. Let V be an open subset in E. We define the open subset Vin]]J)E 

as follows. 

V:=]]J)い(E¥V)．

Note that we sometimes write ~y instead of V. For an open subset U in M, we can 
define an open subset fJ in ]D)M in the same way as that in ]D)E・

Definition 2.3. A closed subset Fin ]D)E is said to be regular if F n E = F holds. 

Let M* and E* be dual vector spaces of Mand E, respectively. We denote by !D)M* 

and ]D) M* the radial compactification of E* and M*, respectively. Set M~ = ]D) M* ¥ M* 

and E~ =醗＼E*.We also define the open subset V in ]D)か foran open subset V in 

E* in the same way as that in lI))E・ The canonical projection 匂oo:E~＼《可Mこ→ Mこ
is defined by 

(2.1) E~ ＼《コMこ 3 ~ + v'-l77 ((~, 77) E S2n-l, ~ #-0) f-t ~/1~1 EM~. 

Let Z be a subset in][))E・
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Definition 2.4. The subset N;c(z) in E~ is defined by 

{(EE;:,; Re〈z,(〉 >0(Vz E Zn E00)}. 

Definition 2.5. We say that Z is properly contained in a half space of応 with

direction (E E~ if there exists r E良 suchthat 

(2.2) Z C ~{z EE; Re〈z,〈〉 >r},

where (is regarded as a unit vector in E*. If a subset Z is properly contained in a 

half space of応 withsome direction, then Z is often said to be proper in[))E・ Note 

that〈EN品(Z)if and only if Z is properly contained in a half space of DE with the 
direction (. 

Let心 (resp.fJ訂'(p))denote the sheaf of holomorphic functions (resp. p-forms) 
of exponential type (at oo) on[))E 

Definition 2.6. The sheaf on[))M of p-forms of Laplace hyperfunctions is defined 

by 

写Mp,（P)：＝洸恥（グ悶'(p)）露lilM T゚il])M/IlliE,

where orllliM /IlliE is the relative orientation sheaf over[))M, that is, it is given by洸恥(Zllli砂

Let U be an open subset in[))M, and V an open subset in因 withV n[))M =U. 

Then we have 

呪悶'(p)(U)= Hり(V;fJ~':,(p)) R叫(U)OTil])M/IlliE (U). 

§ 2.2. Cech-Dolbeault representation 

In this subsection, we give a representation of a Laplace hyperfunction by Cech-

Dolbeault cohomology groups. 

Let V be an open subset in加 andlet f be a measurable function on V n E. We 

say that f is of exponential type at oo on V if, for any compact subset K in V, there 

exists HK> 0 such that I exp(-HKlzl) f(z)I is essentially bounded on Kn  E, i.e., 

llexp(-HKlzl)f(z)IIL00(KnE) < +oo. 

We define the set I!lrr叫V)as follows. A 000-function f on V n E belongs to I!lrr叫V)

if any higher derivative of f with respect to variables z and乏isof exponential type on 

V. Then it is easy to see that｛硲llliE(V)}v forms the sheaf I!lllliE. Let I!2閲denotethe 
sheaf on lDlE of (p, q)-forms with coefficients in I!2砂． Define

勢 E:＝④碍':.
p+q=k 



177

NAOFUMI HONDA AND KOHEi UMETA 

We define the de-Rham complex 91D>E on][})E with coefficients in 91DiE by 

0→亨土亭上．．．土心党→ 0,

and the Dolbeault complex図尻 on][})Eby

0→立認互碍'El互．．．立旦恐'En→ 0. 

Set Vo= V ¥][})M, V1 = V and Vo1 = Vo n Vi. Define the coverings 

V]))M = {Vo, Vi}, V似＝｛Vi}.

][JIM, VIDIM') the Cech-Dolbeault complex We denote by ff)尻(V

0→字(VIDIM,VIDIM'）]辟闘(VIDIM,VIDIM1) ~... ~噂闘(VIDIM, VIDIM'）→ 0 

which is defined by 

碍';(vlDIM,vlDIM') = I52尉 (V1) 〶器'EK-1(Vo1) ，

73((ぃfo1)= (86, 6lvo1―8fo1) （（も， fo1)E認む'EK（し） €ぅよ恐'~k-1(Vo1)).

We also denote by ff)~E(VIDIM, VIDIM') the Cech-de-Rham complex 

0 → 9嵐(VIDIM,VIDIM1) ~ ff)加(VIDIM,VIDIM1) ~... ~ff)鈷 (VIDIM, VIDIM'）→ 0, 

which is defined by 

器E(VIDIM,VIDIM1)＝碕E(Vi)①考；1(V01),

D(v1, vo1) = (dv1, v叶v01-dvo1) ((v1, vo1) E I52合E(V1) 〶 I52t;1(Vo1)).

Let U = V n lDlM, Then we have 

Theorem 2. 7. There exist the canonical quasi-isomorphisms: 

RI'u(V; C]Il)E) c::c.t2;E (V]Il)M, V]Il)M'), Rru(V; o;XEp,（P)) ～紹訂（VII])M,VII])M'). 

It follows from the above theorem that we have 

(2.3) 況翌(p)(U)'::,:'H”（雰’E.（V][J)M,v][J)M'））露lilM(u)or][J)M/][J)E(U). 

This implies that any Laplace hyperfunction u E 妥~~:,(p)(U) is represented by a pair ][J)M 
(w1, w01) of 000-forms which satisfies the following conditions 1. and 2. 

1.切 Efl2P,n(V) and Wo1 E砂p,n-l(V¥ U). 

2.函。1=叫 onV¥ U. 
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§ 2.3. Laplace transformation 

In this subsection, we introduce a Laplace transformation of a Laplace hyperfunction 

with a Cech-Dolbeault representative. 

Leth: E~ → {-oo} 喜 be an upper semi-continuous function. 

Definition 2.8. Let W be an open subset in ID) E• and let f be a holommorphic 
function on W n E*. We say that f is of infra-h-exponential type (at oo) on W if, for 
any compact set K C W and any E > 0, there exists C > 0 such that 

el(I h(1r(()) IJ(()I :,; Cecl(I ((E K n (E* ¥ { 0})), 

where 7r : E* ¥ {O}→(E* ¥ {O}）／股＋ ＝E;:, is the canonical projection. In particular, 
we say that f is simply called of infra-exponential type if h三 0.

We define the sheaf勾仇L―hon E;:, as follows. For an open subset n in E;:,, we set 

畳扉）：＝皿{fE tJ(W); f is of infra-h-exponential type on W}, 
w 

where W runs through open neighborhoods of n in lI)) E*. Then the family { fJ岱竺(9)｝Q
forms the sheaf fJ岱[-hon E~. Similarly, we define fJ尻thesheaf of holomrphic func-
tions of infra-exponential type on E~. We also define the sheaf叫雰 ofreal analytic 
functions of exponential type by 

威 exp:=0exp 
Il])M Il])E IIl])M 

and the sheaf在亨 ofreal analytic volumes of exponential type by 

ぢ';::=り訂＇（ n)
Il)M 
Rz][)M m゚M9

where or]]))M := (jM)* orM is the orientation sheaf on ID)M with the canonical inclusion 

jM:MY恥． Notethat we have 

(2.4) OTil])M /Il])E Q9 OTil])M':,:'OT[])』Il])M,

where orllllE is the orientation sheaf on⑰E befined by (jE)* o圧 withthe canonical 

inclusion JE : E'-----t翫． Fora subset K in詞 wedefine the support function h喜） ： 

E~ • ｛土CX)｝喜 by

(2.5) 量）＝［；E Re〈z,(〉
if Kn  E is empty, 

otherwise. 
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Let K be a closed subset in][))M such that立(K)cf-0. Take a point fo E N;c(K) n 
M~ and an open neighborhood V of Kin][))E・ Set U :=][))M n V and coverings 

(2.6) VK :={Vo:= V¥K,Vi:= V}, v~ := {Vo}. 

For simplicity, we assume that U and V are connected. Note that we have 

丘（U;尻悶R叫応Pぢ';}')-:::::Hn（立訂(VK,VK')) 71.-Rrm or]]))M/]]))E(U) R or]]))M(U). 
zlllM(U) --, - zllM(U) 

Let 

u=uRa][))M/]]))E Ra]]))ME rK(U;勿悶 R“:;py]]))e：門，

where a][))M/][))ERa][))ME or][))M/][))E(U) R or][))M (U) and let v =（巧， Vo1)E ff2闘(VK,VK') 
zlllM(U) 

be a representative of u, i.e., u = [v]. We define the Laplace transform of u as follows. 

Definition 2.9. The Laplace transform of u with a Cech-Dolbeault representative 

V=（巧， Vo1)E ff);悶(VK,VK') is defined by 

(2.7) £(U)（＜) ：＝ J /%  -J e―z<Vo1・
DnE JBDnE 

Here D is a contractible open subset in応 with(partially) smooth boundary satisfying 

the following conditions: 

1. K C D C D C V. 
2. D is properly contained in a half space of Il])E with direction f;o. 

Then we have the following theorem. 

Theorem 2.10. Assume Kn  M # 0. Then we have L(u) E外岱[-hk（心（K)).

Let G be an lR+-conic proper closed subset in Mand a EM. We denote by G° CE* 

the dual open cone of G in E*, that is, 

G0 : = { (E E*; Re〈<，x〉>0for any x E G}. 

Assume K = {a} + G c砂． Thenthe above theorem immediately implies the follow-
ing theorem. 

Theorem 2.11. Under the above situation, we have e心 (u)（〈） E{j昆C(G0)n 
E*） 00/. 
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ace inverse transformation § 2.4. Lapl ・

To construct a Laplace inverse transformation, we prepare some definitions. 

Let T be a real analytic manifold and set Y = T x]]))E and Y 00 = T x (]]))E ¥ E). 

Let W be an open subset in Y and f(t, z) a measurable function on W ¥ Y00. We say 

that f(t, z) is of exponential type on W if, for any compact subset Kin W, there exists 

HK> 0 such that lexp(-H叫zl)f(t, z)I is essentially bounded on K ¥ Y00. We define 

the setダ函(W)as follows. A locally integrable function f(t, z) on W ¥ Y00 belongs 
toダ払,(W)if any higher derivative of f(t, z) with respect to the variables z and乏in

the sense of distributions is a locally integrable function of exponential type on W. Let 

ダ考 denotesthe sheaf on Y of k-forms with respect to the variables in E, and let us 
define the de-Rham complexダff)yby 

0 一ダ喜生ダ母ユ．．．ユグ辱—→ 0.

We also denote by 公~,T the sheaf of locally integrable functions on T. 

Let I be a connected open subset in M~ and a E M and let h : M~ → {-oo} 直

be an upper semi-continuous function such that h (~) is continuous on I and h(~) > -oo 

there. Recall the definition of the map匂 00given in § 2.1. We define恥） onE~ by, 

for (= ~ + ✓可n EEこ（（ふry)E 32n-l), 

恥）＝｛：＜Ih（叫（＜））

((E ✓可M~),

((E E::0＼《コMこ）．

Let f € {jinf-h（匂―1(J)). By the definition ofりinf-h
鯰 OO Eこ'

we can find continuous func-

tions'ljJ : J x [O,(X)）→墨oand cp: [O,(X)）→恥0satisfying the following conditions: 

1. For any compact subset LC  I, the function sup'I/J(~, t) is an infra-linear function 
~EL 

of the variable t and f is holomorphic on an open subset WゅnE*, where 

(2.8) Wゅ：＝ ＾｛く＝ t~+ ✓コrJ EE*; rJ EM*, ~ E J, t>畷， lrJI)}・ 

2. r.p(t) is a continuous infra-linear function on [O,oo) such that 

(2.9) If((=l+ ✓可TJ)I :::; e―|t;lh（畷））＋孤¢|） ((E W,μ n E*), 

where 1r : M* ¥ {O} • M~ is the canonical projection. 

Define an n-dimensional real chain'Y* in E* by 

(2.10) 1* := { (= ~ + HrJ EE*; rJ EM*¥ {O}, ~ ='l/Jeo (lrJI) fo}, 

where fo E J and'l/Jeo(t) is a continuous infra-linear function on [O,(X)）with咋 (t)> 
ゆ(~o,t) (t E [O,(X)）） and心＆0(t)／（ゆ(fo,t) + 1)→ (X)(t→ (X)）.Let T = 3n-l and 
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y = 3n-l X]]J)E. Define coverings 

w=｛w。=y¥ (sn-l X如）， W1= Y}, W=｛w。}
with Wi。l= W。nW1. We denote by PT: Y→T (resp. p恥： Y →応） thecanonical 
projection to T (resp. IDJE), Then we have the isomorphisms 

(2.11) 

r(T；勾証）＝ I'(Y;j5戸芯，T）与 HPn贔(llliM/Y;Prl拿，T)＝H心雪(W,W')), 

where西：P贔(II))M)=TX IIJ)M→T is the canonical projection. Set 

0 := ~ {(rJ,z) E 3n-l x E;〈7/,Imz〉>0}CY. 

Let j : n'----+ Y be the canonical open inclusion. We can take a specific w = (w1, wo1) E 
ダ勾(W,W') which satisfies the following two conditions: 

l. D][JI四＝ 0and [w] is the image of a constant function 1 E r(T;拿，r)through 

the above isomorphisms (2.11). 

2. SUPPw1 (w1) C !1 and SUPPw01 (wo1) C !1. 

Note that such a representative always exists (Lemma 7.0.2 [2]). Then we define the 

Laplace inverse transform as follows. 

Definition 2.12. The Laplace inverse transform I£ is given by 

I£(!)= ([Lら (fd()]R a砂／lD)E)RゅM

with 

《可
Iら (fdく）：＝（ 2T) J心）lt=ry/1"11e(z f(()dく

＝ （：『（［．伽（叫（贔z)e勺 (()d(,L Pn-,(wm)(>, z)e<zf(()d() 

Here (=  ~ + ✓コry are the dual variables of z = x + ✓コY, a]))M E 0叩 (]]J)M),

a]))M/]))EE O'r]))M/]))E(]]J)叫 sothat a]))M/]))EQ9a]))M has the same orientation as that of E 

through the isomorphism or]))M/]))E R or]))M ~ O'r]))El]))M, and the volume叫 isdefined 

by dzR a]))M with dz = dz1(¥ •..(\dzn and d(= d(1 /¥ ・ ・ ・(¥ dくn・

We have the following theorem and corollary. 

Theorem 2.13. Let G C M be an良+-conicproper closed convex subset and a E M. 

Set K = a+ G c]]J)M・ Then 

£:丘（恥；巧翌R“;；p1"][))e:り)→ e―a({j昆（心(K))
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and 

I£: e―a({j尻（心(K))→丘（砂；況悶瓦て 1'Il))e:り）

are inverse to each other. 

Corollary 2.14. Let K c]]J)M be a regular closed subset satisfying that K n M is 
convex and N;,c(K) n M~ is connected (in particular, non-empty). Recall the definition 
of the map hK given in (2.5). Then 

£ : rK(]]J)M；勿訂R咋;P誓り） → (j旦―hK（心（K))

and 

I£: fJ悶[-h門心(K))→丘(]]J)M;勿訂R吹勾ぢ：門）
are inverse to each other. 

§ 3. Application to PDE with constant coefficients 

We show the existence of Laplace hyperfunctions solutions for a system of PDEs 

with constant coefficients. 

Let沢bethe polynomial ring C[(1, ・・・，ふ]on E* and let'..D be the ring C［尻・・・，瓜］

of linear differential operators on M with constant coefficients. Define the principal 

symbol map Cl :'..D→沢 by

〇ぅ P(8)＝LCa8°'f----t Cl(P)（く）＝こぶ°'E沢．
lal=ord(P) 

For an'..D module洲＝ '..D/'.J with the ideal'.J C'..D, we define the closed subset 

CharE;;.,（洲） inE~ by 

CharE;;.,（畑）＝ {(EE~; Cl(P)(() = 0 (VP E'.J)}. 

Let Pi(8), ・ ・ ・, Pt(8) be in'..D. Set 

飢＝ '..D/(Pi (8), ・ ・ ・, Pt(8)). 

Then we have the following theorem. 

Theorem 3.1. Let K be a regular closed subset in恥． Assumethat K n M is 
convex and N';,c(K)n~こ is connected, and that Pぷ）， ...'P,ぷ）forma regular sequence 
over沢． Thenthe condition 

況c(K)n CharE;;.,（研）＝0

implies 

Exち（洲，丘(][J)M夏訂）） ＝0 (k=0,1). 
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It follows from Theorem 3.1 that we have the following corollary. 

Corollary 3.2. Let P(o) E'.t>, and let K be a regular closed subset in][))M satisfying 

that K n M is convex and心(K)n M~ is connected. Then the morphism 

fK(II))M夏訂）エ竺➔ fK(II))M夏訂）

becomes isomorphic if a(P)(() i-0 holds for any (E N';,c(K). 
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