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81 Introduction.

Let M be a compact connected n-dimensional smooth manifold,
and C a conformal class of Riemannian metrics of M, i.e., a set
of Riemannian metrics which are conformally related to one

anoter. To be more precise, C is a set which can be written as
C = {eug; u'eC“TM)g,

where g is an arbitrarily fixed elementvof.C. The Yamabe func-
tional I:C > 1R is then defined as

5 R dv

I(g) = H n-2 for geC,

(.SMdV ) "
where Rg is the scalar curvature function of g, ahd dvg is the
canonical volume element. The exponent (n-2)/n in the denominator
is chosen so that I is invariant by scaling, i.e., I(g) = I(cg)
for any positive c€R and g€ C. It follows from the Gauss-Bonnet
formula that I is constant equal to 4w X(M) when n = 2. 1In
general, I is bounded below, and we denote by “(M,C) the greatest

lower bound of I:C-»> IR!

W(M,C) = inf I(g),
gec
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The first variational formula is computed as

" (R - a
dretugy o 0o o By~ Tgluavg
at-'¢ 9 }t=0~ n n-2 ’

n
(SMdvg)
rg = gRgdvg/deg

for uGCw(M) and g€ C. Therefore, when ng3, geC is a critial
point of I:C—->R if and only if Rg = const., and reR is a

critical value of I:C—->R if and only if there exists a metric

ngC such that Vol(M,qg) =‘1 and Rg= const. = r. The Yamabe
theorem (cf. [2,5]) asserﬁs that H(M,C) is in fact a critical
value.of I:C >R, and we:élways have at least one critical value
of I:C;9]R. The’purpose of this paper is to report some results

concerning the following

Conjecture. The number of critical values of the Yamabe func-

tional is finite.

§ 2 Known results.

As was mentioned, H(M'C) is the ﬁnique critical value of
I if n = 2, and we are interested in the case when n» 3. Then

C can be written as
C = {un— g; uec”(M) and u> 0§,

for any fixed geC. It is straightforward to see
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4 4(n-1) 2 (
y 25 n-7 . y ldul dvg + |uRgdVg
u g’ = 2n n-2 ’
: n- n
(SMu dvgy)
and 4
A(M,C) = inf I(u" 2%g).
uro

From this expression, we can see H(M,C) < max Rg for any ge C
with Vol(M,g) = 1. Moreover, from the Sobolev inequality, we
have min Rg < 0 for any geC if P(M,C) < 0. Then it is easy

to see the following.

Lemma. If H(M,C) ¥ 0, then min Rg < “(M,C) L max Rg for any

g €C with Vol(M,qg) = 1.
As a corollary we have

Fact 1. If &(M,C) < 0, W(M,C) only is a critical value of

I:C—>1R.

Here, the assumption P(M,C) <0 is essential, and the‘prob—
lem becomes more difficult when H(M,C)7 0. The following fact
due to M. Obata [4]is one of few results about the critical
values of the Yamabe functionél whiéh are applicable to cases

when H(M,C)) 0.

Fact 2. If C contains an Einstein metric, H(M,C) is the unique

critical value of I:C~> 1R.

Now suppose M = 81)< Sn_1, n 2 3, and g£ = d52-+ ho , where

hO is the standard metric of the Euclidean (n-1)-sphere Sn—1 and

d52 is a metric of S1 with length(S1,dsz) =f . Let Cq be the

conformal class containing the metric =5 of S1}<Sn_1. We can
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apply a theorem of Gidas, Ni and Nirenberg [1] in order to get

all critical points of I:Cxw>iR. As a result, we have -

Fact 3. There are only finitely many critical values of

I:C; = R.

An interesting observation about this example is that the number

of critical values increases to infinity as { goes to infinity.

$ 3 Almost critical values.

So far we have seen a few results which are partial evidences

to our conjecture. Here we change élightly our point of view.

Definition. reIR is called an almost critical value of the

Yamabe functional I:C R if for any © 7 0 there is a metric ge(C

with Vol(M,g) = 1 such that ‘Rg(x) - rf<t for all x¢&M.
It is clear that every critical value ‘is almost critical.

Theorem. If P(M,C)> 0 and dim M 2 3, there are infinitely many

almost critical values of the Yamabe functional I:C > R. Other-

wise, ﬁ(M,C) only is an almost critical value of I.

Proof. The latter part follows immediately from the lemma in §2.

| |

The first part is a restatement of Theorem 4 of [31.
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