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ON p-ADIC FAMILIES OF THE D-TH SAITO-KUROKAWA LIFTS

KENJI MAKIYAMA

1. Introduction

Let p be an odd prime, N an odd positive integer not divisible by p and D the discriminant
of an imaginary quadratic field satisfying p | D. We will establish p-adic interpolation of Fourier
coefficients of the D-th Saito-Kurokawa lifts of primitive forms of level N varying in a Coleman
family. This generalizes known results for Hida families of tame level N = 1 to the case of Coleman
families of tame level N. The main theorem is Theorem 6.7.

Notation and terminology. Throughout the paper, we fix an odd prime p, a positive integer N
satisfying (IV,2p) = 1 and a non-negative rational number o. We assume that Np > 4 to ensure
that ['1(Np) is torsion-free. We denote by Q and @p an algebraic closure of the rational number
field Q, and the p-adic number field @y, respectively. Let C be the complex number field and C,, the
p-adic completion of @p. We fix two embeddings is, : Q < C and ip : Q— Cp, and an isomorphism
Cp & C which commutes with i, and i,. Let val, be the normalized p-adic additive valuation
on C, so that valy(p) = 1. For z € C, we define \/z = 2!/2 so that 7/2 < arg(z'/2) < 7/2 and
put 2%/2 := (/Z)* for each integer k. We put e(2) := exp(2my/—12) and e™(z) := e(mz). For a
Dirichlet character x, we denote by c, the conductor of x, xo the primitive character attached to x
and G(x) := Zfﬁal Xo(%)e(i/cy). For a non-zero integer a, we let x, denote the Kronecker symbol
Xa(b) := (%) defined by [MFM, (3.1.9)]. We call D a fundamental discriminant if D is either 1 or
the discriminant of a quadratic field. We denote by 1, the trivial Dirichlet character modulo M,
i.e., for any integer n, Iar(n) := 1if (n, M) =1 and 1p;(n) := 0 otherwise. By d || n, we mean d | n
and (d,n/d) = 1.

2. Siegel cusp forms
Let g be a positive integer. Note that our concern is only for g = 1,2.

2.1. Definition of Siegel cusp forms

Put 1, := diag(1,...,1),0, := diag(0,...,0) € My(Z) and

(2-1-1) Ty = ((I’Z ‘Oig> € GLay(Z)

For a commutative ring R and an integer M,

(2-1-2) GSpy(R) := {v € GLyy(R) | HyJgy = v(7)J, for some v(g) € R*},
(2-1-3) Spy(R) := {y € GLgy(R) | Jgy = Jg} = Ker(v),

(2-1-4) TY(M) = {x € Spy(Z) | ¢, = 0, (mod M)},

where we denote by c, the left lower g x g matrix of v and from now on we use the notation

(2-1-5) (Z ZZ) := v € GLy,(R).
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For a subring R of the real number field R, we put
(2-1-6) GSpy (R) := {7y € GLgy(R) | %Jyv = v(7)J, for some v(g) > 0}.

We denote by $, := {Z € Sym,(C) | Im(Z) > 0} the Siegel upper-half plane of genus g, where
Symg((C) is the set of symmetric g X g matrices whose entries in C. Let v € GSp;(R) act on Z € H,
by

(2-1-7) VZ = (ayZ + by)(cyZ + dy) 7L

Definition 2.1. Let x be a Dirichlet character modulo M. A Siegel modular form F' of genus g,
weight k, level M and character x is a holomorphic function on £, satisfying

(2-1-8) Fliy(Z) := det(cy Z + dy) ¥ F(7Z) = X" (det(a,))F(2)

for any v € T'§(M) and additional conditions of holomorphy at the cusps when g = 1. We denote
the space of all such functions F' by M(M, x). We call F € MJ(M, x) a Siegel cusp form of genus
g, weight k, level M and character x if F|¢y|® = 0 for any v € Spy(Z), where ® is the Siegel
operator (see [QFHO, Section 2.3.4]). We denote the space of such all functions F by S7(M, x).
Note that a Siegel cusp form of genus g, weight k, level M and character x is a cusp form of weight
k and character x for T§(M) in terms of [QFHO, p.78] and S7(M, x) is written as 9 (T'3(M), x) in
[QFHO, p.82].

For any F € Si(M ,Xx) and Z € §y, we write the Fourier expansion of F' as

(2-1-9) F(Z)= ) ar(Fe(trT2),
TeLso

where L is the set of positive definite half-integral symmetric g x g matrices (see [QFHO, Theorem
2.3.12] for the Fourier expansions).

2.2. Hecke algebras

For a group G, a subgroup I' of G and a commutative ring R, we put

(2-2-1) Hr(G,T) := RI'\G/T].

Put Zyyy = ﬂl|M Z(y (the intersection of the localizations Z, of Z at ¢Z for all primes £ | M) and
(2-2-2) AY(M) := GSpE (Q) N GLag(Zoar)) N Mag(Z)

For a prime £ 1 M, we denote the integral Hecke algebra at £ over Z by

(2-2-3) HG (M) = Hz(AG(M) N GLag(Z[¢]), T§(M))).

Then Hg(M ) is generated over Z by the following elements:

(2-2-4) T9(€) := T{(M)diag(1g, £19)LF(M),

(2:2-5) T (%) = DY(M)ding(Ly—s. £1s, €1y, EL)TY(M)

fori=1,2,...,g (see [QFHO, Theorem 3.3.23] and note Ly(q) = Hy(q) ®z Q). We define

(2-2-6) HI(M) = @[ HI(M),

where ®), is the restricted tensor product running over all primes £, i.e., H9(M) is defined to be the
Z-algebra generated by HJ(M) for all primes £ over Z. Note that HI(M) = Hz(A§(M),T§(M)) and



that H9(M) is commutative ((QFHO, Theorem 3.3.7 and 3.3.12]). We let T' := I'§(M)T§(M) =
U; T3(M )y € HI(M) act on F € S{(M, x) by

(2:2-7) T(F)(2) = v @00/ 37 x(det(ar)) Fleu(2)
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Since v(£134) = ¢9 by the definition (2-1-2), the definition (2-2-7) requires that
(2-2-8) T¢(£) acts as x(€9)592(k_g_1)/2 on SY(M,x) if £4 M.
We refer to F € S{(M, x) as a Hecke eigenform if F is an eigenvector for any T € HI(M).

2.3. Hecke fields

For a Hecke eigenform F € S7(M, ), we define A\p € Homc_alg(TE(SZ(M,x)),C) by Ag(T) to
be the eigenvalue of T" at F' and the Hecke field Q(F) of F by

(2-3-1) Q(F) := Q{Ar(T) | T € HI(M)}).

Moreover, we denote by Z(F) the ring of integers of Q(F), Z)(F) the localization of Z(F) at
the prime above pZ, Z,(F') the p-adic completion of Z(F), and Qp(F) := Frac(Z,(F')) the field of
fractions. For a Dirichlet character ), we denote by Q(F,) the field obtained by adjoining the
values of ¢ to Q(F), Z(F,v) the ring of integers of Q(F, ), Z,)(F,) the localization of Z(F, 1)
at the prime above pZ, Zy(F, 1) the p-adic completion of Z(F,v), and Q,(F,v) := Frac(Z,(F,v))
the field of fractions.

2.4. Petersson inner products

For F,G € SZ (M, x), the normalized Peterson inner product of F' and G is defined by

(2-4-1) (F,G) := [Sp,(Z) : I‘g(]\f)}_l/ F(Z)G(Z)det(Y)*0tD gz,
LE(M)\9Hg
where Z = X + /1Y = (z48) + vV—1(Yap):
(2-4-2) dZ = H AT opYas,
1<a<p<g

and (detY)~0tDdZ is a Sp,(R)-invariant measure ([QFHO, Proposition 1.2.9]). By [QFHO, The-
orem 2.5.3], (F,G) is absolutely convergent, independent of choice of the subgroup I'J(N) with
F.Ge S,f(N ,X) and a positive definite Hermitian form.

2.5. Notation and terminology for genus 1

We often omit g from any notation when g = 1 for simplicity. We denote by Spe¥(M, <) the
orthogonal complement of the subspace of old forms of level M in Si(M,e) with respect to the
Petersson inner product. We refer to a Hecke eigenform in Spe¥(M, ) as a primitive form of level
M if T*(n)f = an(f)f for all positive integers n, where a,(f) is the n-th Fourier coefficient of
f. We denote by Si(M,e)q the subspace of Si(M,e) spanned by the generalized eigenspaces for
eigenvalues A of T}, with val,(\) = a. Let Z[e] be the ring generated by the values of ¢ over Z. For
a Z[e]-algebra R and q := exp(2my/—1z), we put

(2-5-1) Sk(M, & R)a := (Sk(M, €)a N Zle][[gl]) Bz R,
(2-5-2) SpeV(M, &5 R)o == (Sp°¥ (M, €) N Sp(M, & Z[e])a) @1 R.



For f € Si(M,¢) and a Dirichlet character 1, we denote by f ® v € Sg(L,ev?) the -twist of f
defined by an(f ® ) := ¢o(n)a,(f) for all n > 1, where L is the least common multiple of M, c?/),
and cyce ([MFM, Lemma 4.3.10.(2)]). We put L(s, f) := > pey an(f)n™°.

2.6. Notation for genus 2
Let F € SZ(M,x) be a Hecke eigenform such that T?(¢)F = Ap(¢)F for any prime £ and
T2(2)F = \p(£?)F for each prime £ t M, where T?(¢) is defined as (2-2-4) even when ¢ | M.

Recall that we have always T2(£)F = x(£2)¢2*=3) F by (2-2-8). The spinor L-function L(s, F, spin)
attached to F' is defined by

(2-6-1) L(s, Fyspin) == [ (1 = Ar(e)e” HQ (=)t
4M oM

with

(2-6-2) Qe(X) :=1-Ap(O)X + (m(ﬁ) + x(6) (% + 1)4%-5) X2

— X(Cp(OFF X 4 x (e 0 X1
3. D-th Saito-Kurokawa lifts
Let k > 2 be an integer, M an odd positive integer and x a Dirichlet character modulo M.
3.1. Kohnen plus spaces

Put x := xex with € := x(—1). We denote the Kohnen plus space by
F10) S5, (M) = {g € S5 (M) | anlg) = 0 if x(~1)(~1)*n = 2,3 (mod 4)}

where .525,? ' 1(4M, X) is the space of cusp forms of half-integral weight k£ — 1/2 with level 4M and a
character x modulo 4M in the sense of Shimura [Shi73, p. 447]. For g € S}, /2(M ,x) and each
prime ¢, the Hecke operator T (¢) is defined by

(3-1-2) an(T*(0)9) = agzn(9) + XX(—1)-1n (O 2an(g) + X () an 2 (9)

for any positive integer n with x(—1)(—1)*"n = 0,1 (mod 4). For g,h € Sk 1/Q(M, X), we define
the Petersson inner product by

(3-1-3) (g, h)aps = / g(2)h(2)y* 2 dady (2 = z + V—1y),
To(4M)\$

(3-1-4) (g, h) == [SLa(Z) : To(4M)] g, h)ans

3.2. D-th Shintani lifts 0p

Let D be a fundamental discriminant with x(—1)(~=1)¥~'D > 0 and (D, c,) = 1. We define the
D-th Shimura lift Shp by

(3-2-1) Shp(g) ==Y . (Z xpx(d)d*~ nz;D/cﬂ(g)) q"

n>1 djn
(see [KT04, (3-1))).

Remark 3.1. Although [KT04] assumes (D, M) = 1, we see that the results below do not require
this assumption except for Theorem 3.3. Note that Shp = 0if (D, ¢,) # 1 by [KT04, (3-2)].



Assume that
(3-2-2) either k > 3, M is square-free, or M is cubic-free and x = 1.
Then the image of the D-th Shimura lift Shp is contained in the space of cusp forms ([Koh85, p.241,
1.4-9]). Now we define the D-th Shintani lift Op : Sor_a(M, x?) — 5:41/2(M* x) as the adjoint map
of Shp with respect to the Petersson inner products, i.e., the map satisfying
(3-2-3) (9.0p(f)) = (Shp(9), f)
for every g € S;'AI/Q(M, x) and f € Sop_o(M,x?). Since the D-th Shimura lift Shp is Hecke

equivariant in the sense that 71 (¢) o Shp = Shp oT*(¢) for all primes ¢ by [KT04, Theorem 3.1
and the Hecke operators are Hermitian operators with respect to the Petersson inner products, we
have the following:

Theorem 3.2. Let k > 2 be an integer, M an odd positive integer, x a Dirichlet character modulo
M and D a fundamental discriminant with x(—1)(—1)*"1D > 0 and (D, cy) = 1. Assume (3-2-2).
Then the D-th Shintani lift Op is a C-homomorphism from Sor_o(M,x?) into S,':_ (M, x) and

Hecke equivariant in the sense that T+ (€) o p = 0p o T1(€) for all primes £.

1/2

Suppose that ¢, || M. Let £ be a prime factor of M/c,, We put v, := valy(M/cy) = valy(M). Let
7 be an element in SLg(Z) such that
J1 (mod %),

(3-2-4) Ye = {12 (mod (M/é”‘)Q).

We put ny := v, - diag(¢¥¢, 1) (see [MFM, (4.6.21)]). We define the eigenvalue of f for the Atkin-
Lehner involution 7, by

(3-2-5) we(f) = x5 (€*)ax(f|ak—2me)-

If v, = 1, then we have a1(f|ok—2m¢) = *X62(é)é_k+2ag(f) by [MFM, Corollary 4,6,18.(2)] and
hence

(3-2-6) we(f) = =€ ay(f) € {£1}
by [MFM, Theorem 4.6.17.(2)].

Theorem 3.3 ([KT04, (4-19, 20, 21, and 22)]). Let f € S3e¥,(M, x?%) be a primitive form. Suppose
that ¢y || M and (D, M) =1. We put

a " 1— xoxg (¢ ()
(3:2-7) o) =1 (1+ xorotenyuy) (T2 ool ),

where [], is taken over all prime factors £ of M/c, and ag(f)¢ is the complex conjugate of as(f).
Then

(3-2-8) ap|(0p(f)) = Rp(f)|DI* 2= "I0(k — 1)L (k — 1, f 0 xpx ") -

Remark 3.4. Let the notation and the assumption be the same as the theorem above. If x2 = 1
and M/c, is square-free, then Rp(f) € {0,2"(M/x)} by [Shi72, Proposition 1.3] and (3-2-6), where
v(M/cy) is the number of distinct prime factors of M /c,. In particular, if x = 1, then the following
conditions are equivalent:

(1) Rp(f) #0.

(2) Rp(f)=2""™.

(3) xp(€) = we(f) for any prime divisor £ of M.



In this case, the formula (3-2-8) is nothing but the result of Kohnen in [Koh85] and the sign of
the functional equation of L(s, f ® xp) is (=1)*"xp(=1), ie., if (=1)*"'xp(—=1) = —1, then
3.3. D-th Saito-Kurokawa lifts SKp

Let £k > 2 be an even integer, M > 1 an odd integer, x a Dirichlet character modulo M with
Xx(—1) = 1 and D a fundamental discriminant with D < 0 and (D,c,) = 1. Assume (3-2-2). We
then define the D-th Saito-Kurokawa lift SKp by composing 6p with the Eichler-Zagier map EZ
and the Maass lift L (see [Mak, Section 4 and 5] for definition of EZ and L, respectively):

4 cus; L
(3_3_1) SKD : SQR:—?(M7 X2) _D‘) S;_I/Q(M, X) PE) ‘]k,lp(M7 X) — SZ(M) X)

Let f € Sax_2(M, x?) be any element. Since EZ is an isomorphism ([Mak, Theorem 4.2]) and L is
an injective homomorphism ([Mak, Theorem 5.1]), we see that
(3-3-2) SKp(f) # 0 if and only if 6p(f) # 0

(see [Mak, Theorem 3.6] for the non-vanishing criterion for 6p(f)). For T = [a, b, c] € L0, the T-th
Fourier coefficient of SKp(f) is given by

(3-3-3) ar(SKp(f) = Y. x(d)d*  agery/a (0n(f))-
0<d|(a,b,c)
(d,M)=1

For any prime ¢,

(3-3-4) T?(£) 0o SKp = SKp o(TH(£) + x(£) (572 + £5- 1Y),

(3-3-5) (ZTf(t’?) +x(0(€* + 1)e2k-5) oSKp =SKpo (X(e)(ek—l + T + 2x(e)2e%f3) _
Namely, we have the following;:

Theorem 3.5. Let k > 2 be an even integer, M > 1 an odd integer, x a Dirichlet character modulo
M with x(—=1) =1 and D a fundamental discriminant with D <0 and (D, cy) = 1. Assume (3-2-
2). Let f € SIY,(M,x?) be a primitive form. If Op(f) # 0, then SKp(f) € S3(M,x) is a Hecke
eigenform satisfying

(3-3-6) L(s,SKp(f),spin) = L(s — k + 1, x)L(s — k +2,x)L(s, f).

Remark 3.6. It is known that the image of SKp is characterized by the generalized Maass relation
(see [HeilT]).

4. p-adic families

Let K be a complete discretely valued subfield of C,. The weight space W attached to Ox[Z]
is the rigid analytic variety whose Cp-valued points are given by

(4-0-1) Hom®™(Z,C) = Hom@"' 1. (Ok[Z,], Cp).

For a K-Banach algebra R and an R-valued point k € W(R), we will use a notation t* instead of
k(t) for t € Z;. For a K-rigid analytic variety X, we denote by A(X) the ring of rigid analytic
functions on X and A°(X) the subring consisting of elements that are power bounded with respect
to the supremum semi-norm | | (see [BGR, Definition 6.2.1/2]). By [BGR, Proposition 6.2.3/1], we
have A°(X) = {f € A(X) | |f|] < 1}. We denote by Bxkla,r] the affinoid closed disk over K of
radius r € |K| about a € O whose Cp-valued points are given by

(4-0-2) Bgla,7|(Cp) = {z € Ok | |z —alp <7}



4.1. Coleman families
Let f € Spe¥(NN,e)q be a primitive form. Assume that the characteristic polynomial
(4-1-1) X2 —ap(/)X +e(p)p” " € Z(f)[X]
of T'(p) on the subspace spanned by f and f|V, has no double roots, i.e., a,(f)? # (p)p¥~!. Let
op(f) be the root of this polynomial satisfying val,(ap(f)) = a. We refer to
(4-1-2) F(2) = f(z) = e@)p® " op(f) " f(p2)
as the p-stabilization of f. The p-stabilization f* is the Hecke eigenform of level Np with the same

eigenvalues as f outside p and T (p)-eigenvalue ap(f*) = ap(f).

Theorem 4.1 ([Col97]). Let f € Spe¥ (N, €)q be a primitive form with wo > a+1 and K a complete

0

discretely valued subfield of C, containing the p-adic completion of the Hecke field Q(f*). Assume
ap(f)2 # e(p)p° L. Then there exists a positive integer M and a formal power series

(4-1-3) =3 an(f)g" € A°(Bx[wo,p™])[lq]]

n=1
such that for any w in
(4-1-4) W(M):={weZ|w=w (mod (p—1)pM),w > a+1}

except for at most one, the specialization £f(w) at w given by
(4-1-5) f(w) ==Y an(f)(w)q"
n=1

is the p-stabilization of some primitive form in Spe¥(N,e; Ok)o and f(wo) = f*. More precisely,
there ezists a primitive form fy, € Sp®¥ (N, ; Ok )q satisfying the following conditions:

(1) f(w) = f3-

(2) fuwo =1

(3) f(w1) € SpSY(Np,€)q is primitive if there exists an exceptional weight wy € W (M).
In particular, for any positive integer m and w € W (M), if w = wy (mod (p — 1)pM*+™), then
(4-1-6) f3= " (mod p0Ox)

We refer to the family { fu, }wew(ar) of primitive forms obtained in the theorem above as a Coleman
family passing through f over K. By the theorem above, for any positive integer m and w € W (M),
if w = wp (mod (p — 1)p™*™), then for any positive integer n with p{ n,

(4-1-7) an(fw) = an(f) (mod p™Ok).
4.2. p-adic families of the D-th Saito-Kurokawa lifts

By Theorem 4.1 and Theorem 3.5, we immediately see that the family {F,, := SKp(fy)}w forms a
p-adic family in the sense that the T-eigenvalue Ag, (T') gives a p-adic analytic function w — g, (T')
from W (M) into K as follows:

Corollary 4.2. Let ko > 2 be an even integer, x a Dirichlet character modulo N with x(—1) =1
and D a fundamental discriminant with D < 0 and (D,cy) = 1. Assume (8-2-2) for k = ko and
M = Np. Let f € Spo¥(N, X)) a be a primitive form with wo := 2kg — 2 > a4+ 1 and K a complete
discretely valued subfield of C, containing the p-adic completion of the Hecke field Q(f*). Assume



ap(f)? # x*(p)p*o~L. Let {fwlwew ) be a Coleman family passing through f over K. Then for
any w in

(4-2-1) WSR(M) := {2k — 2 € W(M) | k € 27},

if w=wo (mod (p— 1)pM*+™), then for any T € H*(Np),

(4-2-2) A3 (T) = Ay, (T) (mod p™O),

where Fy, := SKp(fs). In particular, for any positive integer n with p { n, we have
(4-2-3) Ap, (T2(n)) = Ar,, (T%(n)) (mod p™O).

Remark 4.3. It is possible that {SKp(f)}wewskr) and {SKp(fuw)}twewsk sy vanishes iden-
tically. However, it does follow from 6p(f) # 0 that SKp(f}) # 0 and SKp(fw) # 0 for any
w € WSK(M) with sufficiently large M by p-adic interpolation of Fourier coefficients.

5. Cohomological interpretation

5.1. Modular symbols and elliptic cusp forms

Let Ag be a subsemigroup of My(Z) N GLo(Q) containing Io(M). Let Div®(P!(Q)) be the group
of divisors of degree 0 supported on the rational cusps P}(Q) = QU {ioco} of the complex upper half
plane $. We let Ag act on $) by fractional linear transformations, i.e.,

_ J(az +b)(cz +d)71if det(y) >0, _fa b
(5-1-1) = {(az +b)(cz +d)"! if det(y) <0, (7 B (c d) # € ﬁ) '

This induces a natural action of Ag on $* := $UPL(Q) and P}(Q). Then Ay acts on Div®(PH(Q))
by linear fractional transformations. Let R be a commutative ring and E a left R[Aq]-module. We
let v € Ag acts on ® € Homgz(Div®(PY(Q)), E) by

(5-1-2) (@|7)(D) :=v2(vD).

Then the abstract Hecke algebra Hr(Ao,Io(M)) acts on the group of E-valued modular symbols
over [o(DM):

(5-1-3) Symby, () (E) == Homz (Div*(P1(Q)), E)To ().

Let E be the locally constant sheaf on the open modular curve Y := I'g(M)\$ attached to E.
Assume that

(5-1-4) the orders of the torsion elements of I'o(M) act invertibly on E.

Then by [AS86, Proposition 4.2], there exists a Hecke equivariant canonical isomorphism

(5-1-5) HX(Y, E) = Symbp, (yy(E).

Throughout the paper, we will identify the group of compactly supported cohomology classes with
the group of modular symbols under the assumption that (5-1-4). Note that (5-1-4) holds if either
E is a vector space over a field of characteristic 0, E is a Zp-module with p > 5, or I'g(M) is

torsion-free. The matrix ¢ := diag(1, —1) induces the natural involution on Symbr,(,;)(E) and the
decomposition

(5-1-6) Symbr,ar)(E) = Symbp ) (E) & Symbr /) (E)
if 2 acts invertibly on E. Indeed, each element ® decomposes as ® = & + &~ where
(5-1-7) ot = 271D + D).



For a non-negative integer n, let L(n; R) be the R-module of homogeneous polynomials in (X,Y)
of degree n with coefficients in R. For an R-valued Dirichlet character € modulo M, we denote
by L(n,e; R) the R[[o(M)]-module L(n; R) endowed with the following action; for v € ['q(M) and
P e L(n,e; R),

(5-1-8) (YP)(X,Y) = e(d)P((X, Y)").
For each cusp form f € Sy42(M,¢€), we define the L(w, e; C)-valued differential form on § by
(5-1-9) wy = f(2) (Z(—z)lxw—ly") dz.

i=0

The additive map

(5-1-10) ®; : Div’(PY(Q)) — L(w,&C) ; {ea} — {e1} / w;
c

defines a modular symbol in Symbr ) (L(w,€;C)) and the map

(5-1-11) D Syio2(M,e) — SymbITO(M)(L(w,a;(C)) ; f e @f

is an injective C[H!(M)]-homomorphism.

5.2. Cohomological interpretation of 6p

Proposition 5.1 ([Makl7, Propostion 3.2]). Let k > 2 be an integer, M an odd positive integer,
X a Dirichlet character modulo M and D a fundamental discriminant with x(—1)(—1)*=1D > 0
and (D,cy) = 1. Assume (3-2-2). Then we can define a C-homomorphism Op satisfying the
commutative diagram

©p

(5-2-1) Symby, ) (L(2k — 4, X% C)) Clla]]

L) Fourier expansion

0 L
Sar—2(M, x) P S5 a (M, X),

5.3. Algebraic litts ng and SK;;‘)lg

Let f € S33%5(N,e) be a primitive form. Let Vy and V- be the the representation spaces of
Galois representations py and ps- attached to f and f* over Q,(f) and Q,(f*), respectively. By
the Comparison Theorem between étale and Betti induced by a fixed isomorphism @, = C, we have

(531)  Vy®q,() Qp Symb(C)[f] = (| Ker (T(6) = ac(£)) | Symb, () (L(w,5C))) ,
14

(5-3-2) Vi ®q, () @p =~ Symb(C)[f*] := ﬂKer ((T(Z) —ag(f) ]| Symb;o(Np)(L(w, €; (C))) .
¢

Since the left-hand sides of both (5-3-1) and (5-3-2) are isomorphic by the Brauer-Nesbitt Theorem
and the Chebotarev Density Theorem, we have

(5-3-3) Symb(C)[f] = Symb(C)[f*].
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By [Kit94, Proposition 3.3], these are free of rank one over C, and hence we may assume that
&y — &y« gives the isomorphism (5-3-3). By [Kit94, Proposition 3.3], the eigenmodules

(5-3-4) Symb(Z ) (f))[f] := Symb(C)[f] N Symby, v\ (L(w, &3 Zy) (),
(5-3-5) Symb(Z) (f*))[f*] := Symb(C)[f*] N Symbp . (L(w, & Z (7))

are free of rank one over Z,)(f) and Z,)(f*), respectively. Let ®% be a generator of Symb(Z ) (f))(f],
which is contained in

(5-3-6) Symb(Zp) (/) f] := Symb(C)[f] N Symbr, . (L(w, & Zgyy (F)):
Then there exists Q(f) € C* such that

(5-3-7) 7 =) @ € Symb(Zg, (1)[f]-

Then the isomorphism (5-3-3) implies

(5-3-8) Qf)™ @5 € Symb(Z, (£9))[f*]-

Theorem 5.2. Let k > 2 be an integer, x a Dirichlet character modulo N and D a fundamental
discriminant with x(—1)(=1)¥"1D > 0 and (D, cyp) = p. Assume (3-2-2). Let f € SIew, (N, x%) be
a primitive form. Then

(5-3-9) (en(k, X)) () € Si_y 1y (N X3 Z) (£,X)) »
(5-3-10) (en(k, X)) 0p(f*) € 7 5 (NP, X3 Zi (7, X)) -

Remark 5.3. Note that the values of x? are contained in Q(f) for a primitive form f € SHew, (N, x2)
but the values of x are not necessarily.

We fix, once and for all, the complex period Q(f) as (5-3-7) and define

(5-3-11) 0pE(f) = Q) 0p(f),

(5-3-12) OPE(F*) = Q) 0p(f*),

(5-3-13) SK3¥(f) 1= L (EZ (635(1)) ) = () SKn(f),
(5-3-14) SKRA(F) = L (B2 (635(£")) ) = (1) SKn(f7).

Note that cp (k, X) ™ SK*(f) € Zgp) (£, X)[la]] and ep (k, x) ™ SKHE(*) € Zy (%, X)([a]) by (3-3-3).

For a Dirichlet character ¢ and j € [1,k — 1] N Z with ¢(—1)(=1)’"! = —1, we have

G OTG)L G, f oY)
(=2mV/=1)19(f)

by [Kit94, Lemma 4.1]. If ¢, || N and (D, N) = 1, then

(5-3-16) ap(0p5(f)) = (~1)*Lep(k, X)(Dex)**Rp(£)L™ (k ~ 1, f @ xpx ") -

By inner product formula obtained in [Mak], we have the following:

(5-3-15) LME(j, f @ 1) =

€ Ly (f, %)

Corollary 5.4. Let k > 2 be an even integer, M > 1 a square-free odd integer, x a Dirichlet
character modulo M with x> = 1 and x(—1) = 1 and D a fundamental discriminant with D < 0
and (D, M) =1. Let f € S§¢¥,(M, 1) be a primitive form. Then

| SK3E(A)I12

(5-3-17) e

= Cp(k, M, x)L*8 (k, f)L*8 (k- 1, f ® xpx~!)



where || SKE(f)[1? == (SKDE(f), SKPE(S)), I£]1% == (f, f) and
(—2v=D)*~LRp(f)|D[F~32M?*cZ* 3 res 1 L(s, X)

5-3-18 Cp(k, M,y) =
( ) D( X) 233G(XDX)

In particular, if x = 1, then

[SKREC)I?

(5-3-19) 122p VI
1£112

Remark 5.5. Since res;—1 L(s, x) € Q if and only if x = 1 by [MFM, Theorem 3.3.4], we see that

N ISKRE(H)I2
(5-3-20) 1T

6. p-adic interpolation of Fourier coefficients

€ Q)
€ Q if and only if x = 1.

In this section, we first present p-adic interpolation of {an (0p(f;,)) }bwewsk(ar)- Using this result,
we establish p-adic interpolation of {ar (SKp(fw))}yewskur for T € Lso following Guerzhoy’s
method in [Gue00] which is discussed in [Kaw] as well.

. . - l *
6.1. p-adic interpolation of HaDg(f )

Theorem 6.1 ([Makl7, Theorem 5.7]). Let kg > 2 be an integer, x a Dirichlet character with
¢x | N and D a fundamental discriminant with x(—1)(=1)¥*~1D > 0 and (D, cyp) = p. Assume
(3-2-2) for k = ko and M = Np. Let f € Spo¥(N, x?)a be a primitive form with wy = 2k — 2 >
o+ 1 and K a complete discretely valued subfield of C, containing the p-adic completion of the
field obtained by adjoining cp(ko, x) to Q(f*,x). Assume ap(f)* # x*(p)p*° 1. Let { futwew (m)
be a Coleman family passing through f over K. Then for sufficiently large M, we can define
0p(f) € A(Bxlwo,p~™])([q]] such that for any w € WSK(M), there exists e, € K* independent of
D satisfying

(6-1-1) Op(f) (w) = eutp¥(f3)
and ey, = 1.

Lo . 1
6.2. p-adic interpolation of 635(f)

Theorem 6.2. Let kg > 2 be an integer, x a Dirichlet character with ¢y | N and Dy a fundamental
discriminant with x(=1)(=1)¥"1Dy > 0 and (Do, cyp) = p. Assume (3-2-2) for k = ko and
M = Np. Let f € SV (N, x2)a be a primitive form with wg := 2kg —2 > o + 1 and K a complete
discretely valued subfield of C, containing the p-adic completion of the field obtained by adjoining
epo (Ko, x) to Q(f*,x). Assume ap(f)? # x*(p)p*° L. Let {fwlwew () be a Coleman family passing
through f over K. Let D be a fundamental discriminant with x(—1)(—1)*"1D > 0 and (D, c,) = 1.

When both p | D and X p,pp2(p) = —1 holds, we further assume X =1, ap,|(0p,(f)) # 0, and
the following condition:

(6-2-1) N Ker ((T*(0) = ) IS¢, p(N0)) = C,

4N
where £{ N runs over all primes £{ N. Then for sufficiently large M, we can define a|p|(0p,(£°)) €
A(By[wo,p~M]) such that for any w = 2k — 2 € WSK(M), there exists e, € K* satisfying

(6-2-2) a1p| (00, (£)) () = ew (1= x0x5 )P 2ap(£2) ™) arpy (955 (f)

11
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and ey, = 1. In particular, for any positive integer m andw € W (M), if w = wp (mod (p—1)pM+™)
and m > val, ((1 - xDxal(p)pkO_Zap(f*)‘l) ap| (07;5(”)), then

(6-2-3) valy (e (1= x0x5 (0P 2ap(£2) ™) apy (635(f0)))

= valp ((1 - xDxal(p)p"°‘2ap(f*)‘1) ap| (%‘f(f))) :
Remark 6.3. Let the notation be the same as above.

(1) By (6-2-3), we see that 6p(fy) # 0 if Op(f) # 0.
(2) If N is square-free, then the condition (6-2-1) holds by [Koh82, Theorem 2.ii)].

Combining the theorem above with Theorem 3.3 gives the following:

Corollary 6.4. Let ko > 2 be an integer and x a Dirichlet character with c, || N. Assume (3-2-2)
for k = ko and M = Np. Let f € Spov(N, X%« be a primitive form with wy 1= 2ky —2 > a + 1
and K a complete discretely valued subfield of C, containing the p-adic completion of the field
obtained by adjoining cp,(ko,x) to Q(f*,x). Assume ap(f)? # x*(p)p*°~ L. Let {fuwtwew )
be a Coleman family passing through f over K. Let Dy and D be a fundamental discriminant
with Xpox(~1)(~1)R=2 = xpx(~1)(~1)%~2 = -1 and (Do, Np) = (D,Np) = p. Assume
aipo|(0po(f)) # 0 and ajp|(0p(f)) # 0. When Xp,p/p2(p) = —1 holds, we further assume x* = 1
and (6-2-1). Then for any w = 2k — 2 € WSK(M) with sufficiently large M,

L8 (k —1, -1 L% (ko — 1, -1
(6-2-4) val,, : ( fw@X’)oX_ ) = val, : (ko f®XDoX_ ) .
L8 (k — 1, fu ® xpx™1) L8 (ko — 1, f ® xpx™1)
Remark 6.5.
G L(k—1,fu®; -1 L2 (k —1, -1
(6-2-5) (XDoX) ( Juw ® XDy X )_ ( fuw ® XDoX )GQ(fw,X)

Gxpx)L(k— 1, fu® xpx71) L& (k—1, fu®xpx1)
6.3. p-adic interpolation of SK%(f*)

Theorem 6.6. Let ko > 2 be an even integer, x a Dirichlet character with c, | N and x(—1) =1,
and D < 0 a fundamental discriminant with (D, cyp) = p. Assume (3-2-2) for k = ko and M = Np.
Let f € Sy (N, x%)a be a primitive form with wo = 2kog — 2 > a + 1 and K a complete discretely
valued subfield of C, containing the p-adic completion of the field obtained by adjoining cp(ko, Xx)
to Q(f*,x). Assume ap(f)? # x*(p)po~L. Let {fwlwewr) be a Coleman family passing through
f over K. Then for sufficiently large M, we can define SK?)lg(f) € A(Bxwo,p™))[[q]]2 such that
for any w € WSK(M), there exists e, € K* satisfying

(6-3-1) SK}5(£)(w) = ew SKRE(f3)

and ey, = 1.
6.4. p-adic interpolation of SKf,l)lg(f)

Theorem 6.7. Let kg > 2 be an even integer, x a Dirichlet character modulo N and Dy < 0
a fundamental discriminant with (Do,cyp) = p. Assume (3-2-2) for k = ko and M = Np.
Let f € SpV(N, X))o be a primitive form with wo = 2kg —2 > a + 1 and K a complete dis-
cretely valued subfield of C, containing the p-adic completion of the field obtained by adjoining
cpo(ko, X) to Q(f*, x). Assume a,(f)? # x*(p)p“o~!. Let {fwlwew(ar) be a Coleman family pass-
ing through f over K. Let T € L~¢ such that D := — det(2T) is a fundamental discriminant with
(D,cx) =1 and D =1 (mod 4). When both p | D and xp,p/p2(p) = —1 holds, we further assume



X2 =1, apo|(0py(f)) # 0, and (6-2-1). Then for sufficiently large M, we can define an element
ar(SKp, (£°)) € A(Bx[wo,p~™]) such that for any w = 2k — 2 € WSK(M), there exists ey, € K*
satisfying

(641)  ar (SKpy(£°) (w) = ew (1= x0x5 PIP* 2ap(£2) ") ar (SKE ()

and ey, = 1.
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