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On periodicity of geodesic continued fractions: a
precis

By

Hohto BEKKI*

Abstract

This article is a research announcement of the paper [2] and is based on the author’s talk
at RIMS Workshop: Algebraic Number Theory and Related Topics 2016. In the paper, we
present some generalizations of Lagrange’s theorem in the theory of continued fractions.

§1. Introduction

In [2], we present a geodesic generalization of continued fractions motivated by a
geometric interpretation of the classical continued fractions in terms of geodesics on
the modular curves. As a result, for an extension F/F’ of number fields with rank
one relative unit group, we construct a geodesic multi-dimensional continued fraction
algorithm to “expand” any basis of F' over Q, and prove its periodicity. Furthermore
we show that its period gives a non-torsion unit in the relative unit group. By an adelic
argument, we also obtain p-adelic continued fractions and its periodicity for imaginary
quadratic irrationals. The aim of this article is to explain the main ideas of these results.

The central motivation for the study is to consider generalizations of the following
classical theorem of Lagrange, which claims:

(1) the continued fraction expansion of a real number becomes periodic if and only if
it is a real quadratic irrational;

2) its period “gives” a fundamental unit of the real quadratic order associated to
g
the given real quadratic irrational. (This is also known as a solution of the Pell
equations.)
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Our starting point is to observe an analogy between this Lagrange’s theorem and
the following fact which has appeared, for example, in the works of E. Artin [1], Siegel [6],
and Sarnak [5]:

(1)" ageodesic on the Poincaré upper half plane h becomes a closed geodesic on S Ly (Z)\bh
if and only if its two end points in RU{occ} are conjugate real quadratic irrationals;

(2)" the length of the closed geodesic equals to twice the regulator of the real quadratic
order associated to the real quadratic irrationals.

In the following, we first generalize this geometric framework to the homogeneous
space of GL,,, and then apply it to present some generalizations of Lagrange’s theorem:;
Theorems 3.3 and 4.3.

§2. Heegner objects

Here we explain an idea of the definition of Heegner objects, which generalize
geodesics on the Poincaré upper half plane with conjugate real quadratic end points. See
[2, Section 2] for details. First, note that the geodesic w on the Poincaré upper half plane
b connecting two conjugate real quadratic irrationals o and & can be obtained by the

o
11 € GLy(R),

i.e., w = WI. Therefore, in the following, we define Heegner objects by generalizing
each of the above objects b, I, W and w.

left translation of the imaginary axis I = iR~y C h by a matrix W =

Definition 2.1 (The generalized upper half space). = We define the generalized
upper half space for GL,,(R) as

(2.1) h" := GL,(R)/R*O(n).
For g € GL,(R), we denote by [g] the class of g in h™.

Remark.  In the original paper [2], we treat Heegner objects S-adelically, where
S is a finite set of places of Q containing co. However, in this article, we only treat the
case where S = {oo} for simplicity.

Let F'/Q be a number field of degree n, and let wy, ..., w, € F be a basis of F' over
Q. Set w :=Ywy,- - ,wy,). We denote by |F| the set of all archimedean places of F.

Let Fiw := F ®g R. We have F ~ HUQF
at v (fixed in C). Then F, is either R or C, and we fix an isomorphism F, ~ R™
(ny, = [F, : R]) of R-vector spaces using R = R and C ~ R?;x + iy — (y,z). Thus
we obtain ¢ : Fio ~ [] | Fo = HUQF‘ R"™ ~ R™ as R-vector spaces. Now, let T :=

|Fv, where F), is the completion of F

vE|F
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{t = (tv)v € [1,ejr R>olI1,ep to” = 1} Then T acts on [Loeip Fo = Fis (~ R") by
component-wise multiplication, and this induces a group homomorphism:

(2.2) I:T"— GL,(R).

On the other hand, the basis w = (w1, -+ ,w,) of F over Q defines an isomorphism
w:Q" 5 F;x — x - w of Q-vector spaces. Then, by tensoring R, we obtain w : R® =
Fy. We define W € GL,(R) so that ¢ o w maps any row vector x € R™ to zW, i.e.,

(2.3) tow:R" 5 Foy = R™x e aW.

Definition 2.2 (|2, Definition 2.1.1]).  We define the Heegner object w = w,,
associated to the basis w of F' over Q as

(2.4) w: T = b" t s [WI(L)).

Now, the discrete group I' := SL,,(Z) acts naturally on h™ from the left. We are

interested in the “periodicity” of the map:
(2.5) mow: T = T\bh",

where 7 : h™ — T'\h” is the natural projection. In the following, we define the “period
groups” which geometrically capture the periods of w, and relate them to the unit group
of F.

Definition 2.3 ([2, Definition 2.2.1]). A pair (A4,p) € ' x T! is said to be a
period of w (with respect to I') if it satisfies

(2.6) Aw(t) = w(pt) for all t € T,

Set ', := {A € ' | 3p € T such that (A, p) is a period of w} C T', and Ay := {p €
T! | 3A € T such that (A4, p) is a period of w} C T!. They are both subgroups.

Then we have proved the following:

Theorem 2.4 ([2, Theorem 2.2.3]).
(1) The map mow : TY — T\Bh™ factors through @ : T1 /Ay — T\b", and T'/A, is

compact.

(2) If A € T, then w is an eigenvector of A, and we denote by ¢,,(A) the corresponding
eigenvalue, i.e., Aw = p,(A)w. Then, the map

(2.7) Ow: D = F*5 A 0 (A)

1s an injective group homomorphism, and its image coincides with the norm one
unit group O, of the order O,, associated to w. Here Oy, :={x € F | x(Zwy+---+
Zwy) C Zwy + -+ + Zwy} is an order in F, and Oy, := {u € O} | Npjgu = 1}.
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Remark.
1. (1) of the above theorem is essentially Dirichlet’s unit theorem.

2. We have also proved a “yx-component” version of this theorem in order to treat
relative unit groups. cf. [2, Theorem 2.2.6]

8§ 3. Geodesic continued fractions

By Thereom 2.4, we can now study the unit group OL through the period group I'y,
which can be examined geometrically. In this section we present a method to capture
the periods in I', using the geometry of h” in the case where w is one dimensional.

We keep the notations in Section 2. In the following, we assume the Heegner
object w is one dimensional, i.e., #|F| = 2. We fix an isomorphism 7' ~ R-(. Then
w: T ~Ryy — h" is a geodesic with respect to the natural Riemann metric on h”.

Let F C h™ be a “good” fundamental set for I' = SL,(Z), e.g. the Siegel set for
SL,(Z). We will not reproduce the definition of a “good” fundamental set here. See
[2, Definition 3.1.2, Theorem 3.2.5].

Proposition 3.1 (]2, Algortihm 1, Proposition 3.1.3, Theorem 3.1.4.(1)]).  For the
Heegner object w, we can take a sequence {(Ag, Bk, @k ) tkez as follows:

o Setug:=1€Rsg~T", and take By € T so that w(ug) € BoF. Set wg := Bo_lw.

e Suppose up € Ryg, By € I' and wy (k > 0) such that wy(ug) € F are given. Let
tr € Rsq be the supremum element satisfying wi([ug,tr]) C F. Take upi1 > ty
and Ak+1 eI so that wk([tk,ukH]) C Ak+1f. Set Bk+1 = BkAk+1 and W41 =
A;jlwk.

e Suppose up € Rug, By € I' and wy, (k < 0) such that wy(ug) € F are given. Let

sk € Rsg be the infimum element satisfying wy([sk,ug]) C F. Take up—1 < s and
Ay, €T so that wy([uk—1,sk]) C AgF. Set Bi_q := BkA,;l and w1 = Apwg.

Definition 3.2.  We call this sequence {(Ag, Bk, @k ) trez a geodesic continued

fraction (GCF) expansion of the Heegner object w, or of the basis w.

Remark.
(1) The geodesic continued fraction expansion may not be unique in general.

(2) The idea of geodesic continued fractions was originally considered by Lagarias [4]
and Beukers [3] to find good simultaneous approximations of real numbers in the
theory of Diophantine approximations, while any Lagrange type periodicity theorem
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was not known. Our definitions and arguments in [2, Section 3| are largely based
on those in [4] and [3]. However, their original arguments could not be applied to
our Heegner objects, and we generalize their formulation in the paper [2].

Now, using Theorem 2.4, we obtain the following theorem.

Theorem 3.3 ([2, Theorem 3.3.1], Rank one generalized Lagrange’s theorem).
F/Q be an extension of degree n with rank one unit group, and let w be a basis of F

over Q. Let {(Ag, Bk, @k)}kez be a GCF expansion of w as above.

(1) There exist ko, k1 € N, ko < k1, and p € Rsy such that wy, (pt) = wy, (t) for all
teT! ~ R<o-.

(2) Then, the period Ble,;Ol el, & Ol gives a non-torsion unit.

Remark.  Using the “y-component” version of Theorem 2.4, we can extend this
theorem to the case for relative extensions of number fields with rank one relative unit
groups. See [2, Theorem 3.3.2].

8§4. p-adelic continued fractions

In [2, Section 4], we extend the above idea of Heegner objects and geodesic continued

fractions to the setting:
(4.1) SLy(Z[1/p]) ~ b x by,

where b is the Poincaré upper half plane and b2 := GLy(Q,)/Q) GLy(Zy). We first
define p-adelic version of the geodesic continued fraction algorithm [2, Algorithm 2.
Then develop it into a more intuitive form [2, Algorithm 3]. In this article, we omit
Algorithm 2 and we directly present Algorithm 3 and its periodicity .

In the following, we fix an isomorphism C ~ @p of fields. Let D:={z€h| —1/2 <
N(z) < 1/2,|z| > 1} U {e? | 6 € [r/2,27/3]} be a fundamental domain for SLo(Z).

Proposition 4.1 ([2, Algorithm 3]).  Let 2 € hnQ, C C=Q,,. Set zy = z. For
zp € bNQ, (k> 1), we can define xi41 as follows:

Initialization: Define 6y, € {£1} so that :Ui’“ € ZLy. Set zp, 1= 5;@2’“ ehnNQ,.
p-adic reduction: Define a, € {0,...,p> — 1} so that z —ar, = 0 mod p?. Set
2ko = (21 — ax)/p?.

oo-adic reduction: For zi; (j > 0), if zi; € D, then set xp41 = 25 € hNQ, and
set l, == j. Otherwise, define by; € Z so that —1/2 < R(zp; — bxj) < 1/2 and set

Zhjr1 = —1/ (25 — brj).

Let
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Definition 4.2.  We call the above procedure the {oo, p}-continued fraction ex-
pansion of z, and formally express this as

p?
(4.2) z=61(a1 +p°bio — " )
bi1 —
1
) 1
1, —
2 r’ 5
d2(ag + p?bay — —1) 2
by — —
=1[01; a1; bio,...,b11,; 025 ag; bag,...,bapy;. . ]

Moreover, we associate each step of the above algorithm with an elements of S Ly (Z[1/p])
which corresponds to the linear fractional transformation of the step. That is, for k£ > 1,
we define notations as follows.

1 -1
watialization: Set Dy, = ( 1) if 0, =1, D = <1 > if 0 = —1.

1 1-—
p-adic reduction: Set Py = /p @
P 01

—1 —1
oo-adic reduction: Set Qi = 0 0 .
1 _bklk 1 _ka

Set Alzl = QkPka and Bk = AlAk Then we have Zk = DkIL‘k, 20 = szk,
Trpr1 = Qrzro, and xpy1 = Alzlxk = Bk_lxl, where the action is a linear fractional
transformation.

Then, using Theorem 2.4, we obtain the following theorem.

Theorem 4.3 ([2, Theorems 4.3.1 and 4.4.1]).  Let z € h N Q,, and we use the

same notations as above, e.g., xy, A, B, etc.

(1) If z is imaginary quadratic irrational, then {oo, p}-continued fraction expansion of
z becomes periodic, i.e., there exist ko,l > 1 such that xy, = Tgy+1-

(2) In this case, if | is the minimal period length, then an eigenvalue of BkOHBk_Ol gives
a generator of Oy[1/p]*, where w = Yz,1) is a basis of F = Q(z) over Q and
Ou[1/p]" = {u € Ou[1/p]* | Npjqu = 1}.

Remark.  In fact, in [2], we prove (2) of this theorem only in some special cases
(cf. [2, Theorem 4.4.1]). However we can also prove this similarly.
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§5. Examples
In this section, we illustrate the main theorems by presenting some examples.

§5.1. Examples of Theorem 3.3

Here we present two examples of Theorem 3.3 contained in [2]. We use the same
notations as in Theorem 3.3.

Example 5.1 (Real quadratic field).
Heegner object: (F =Q(V2),w =1v2,1),w(t) =
GCF expansion: (Bo,{Ar}r>1) =

10 11 0-1 1-1 1-1 0-1 11
01)’ 01)’\10/)’\01)/)’\01/)’\10)/’\01 '
Here the overlined part denotes the period as the usual continued fractions.

Period and unit: We obtain a period Blek_Ol = <:3 :;l), and unit € = —2v/2 — 3.

)

See Figure 1 below.

By F BF

il

—_ ==
N—
k,.l

O =

-2 =1 0 1 V2

Figure 1. The Heegner object associated to w = %(v/2, 1)
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Example 5.2 (Complex cubic field).

32/3t _32/3\/3/2 _32/3/2
t 0 1

Heegner object: | F = Q(3'/3),w =3%/3,33,1), w(t) = [31/3t 31/3y/3/2 —31/3/2

GCF expansion: (Bo,{Ak}r>1) =

101 100 110 101 10 0 10—1 0 —-10 1-11
(010), (011),(010),(010),(0 0 1),(01 1),(1 0 0),(0 1 0),
001 001 001 001 0-10 00 1 0 0 —1 001
10 0 100 0 -10 100 110 101 101
o 0-1],lot1],{-10 0 |,lo11],{010],[010],[010
0-10 001 0 0 —1 001 001 001 001

469
Period and unit: We obtain a period Blelgol = (3 4 6>, and unit e = 4 + 3 3/3 4 2 3%/3,

234

§5.2. Examples of Theorem 4.3

Here we present some examples of Theorem 4.3. Fix an isomorphism C ~ @p of
fields. We use the same notations as in Section 4.
Example 5.3. Let p = 5, and let 2 v—1 € Q5 C C be the imaginary

quadratic irrational such that J(z) > 0 and z = 2 mod 5. Then its {oco, 5}-continued
fraction expansion is as follows:

25

/I

where [—;~;] := [—; ~; ~;-- -], and we simplify the continued fraction form by deleting

) ) Y

the zero-terms as — 0_1 + = a. Then, from the period, we obtain a fundamental 5-unit
e=(3v—-1+4)/5 of Z[/—1].

Example 5.4. Let p = 3, and let z = \/—14 € Q3 C C be the imaginary
quadratic irrational such that (z) > 0 and z = 2 mod 3. Then its {oo, 3}-continued
fraction expansion is as follows:

V—14=[+1;2;0,1,0;+1;1;0,2,0;]

4-— -

Then, from the period, we obtain a fundamental 3-unit € = (—21/—14—5)/9 of Z[/—14].
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