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Some results about the interactions of water waves are
presented. In chapter 1, some theories and experiments about the
nonlinear effect in water waves are reviewed.

In chapters 2 and 3, the reflection problem of a solitary
wave in shallow water at the rigid vertical wall 1is examined.
This problem 1is <closely related to the interaction of two
solitary waves. In chapter 2, the nonlinear effect in the
one—dimensional reflection of a solitary wave 1s examined
numerically in detail. It is shown that the larger phase shift
associated with the reflection 1is obtained for the larger ¢.
Here £ 1is the amplitude of an incident wave nondimensionalized
by the water depth h. Furthermore, the phase shift tends to zero
as €-»0 1in agreement with the existing theory based on the
perturbation method. It is also found that an incident solitary
wave suffers the slight distortion of its shape from the
reflection.. That is, a reflected wave has the amplitude. slightly
smaller than that of an incident wave, and is followed by the:
small oscillating part. This distortion nondimensionalized by h
is at most of 0(ed).

- iﬁ chapter 3, -the reflection- of . an  obliquely -incident
solitary wave 1is examined. The -equations which govern the
shallow—-water wave motion in two dimensions are derived and
solved numerically. If the angle of incidence « satisfies
> (3e)/?2 a regular reflection pattern emerges, while if a<(35)V2
a Mach reflection pattern ( geometrically similar to the

corresponding shock-wave reflection pattern ) is found. The

— ii —



solution for the latter case agrees well with the solution
composed of three resonantly interacting solitary wvaves
predicted by Miles,

In chapters 4 and 5, the long-short wave interactions
between an internal gravity wave and a surface gravity wave
packet in two—layer fluid are examined. This interaction occurs
when the phase speed of an internal wave coincides with the
group velocity of a surface wave packet. The equations which
govern the time development of a long wave and the envelope of a
short wave packet are derived and are solved numerically.

In chapter 4, the shallow-fluid case, 1in which the
wavelength | of an internal wave is much larger than the fluid
depths, is considered. It 1is found that a coupled soliton
composed of the depression of a long wave and a hump of short
wave packet emerges from a wide class of localized initial
distributions. In chapter 5. the deep—-fluid case, in which | 1is
much larger than the fluid depth of the upper layer and is much
smaller than that of the lower layer, 1s considered. The
governing equations for this case have the extra term
representing the dispersion of internal waves in comparison with
those for shallow—fluid case. The solitary wave solutions to the

equations are obtained numerically.
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Chapter 1

lrntreduction

The nonlinear effects in water waves have been one of the
most interesting subjects in fluid dynamics since they began to
be taken into account in the nineteenth century. The problem of
interactions of water waves, which <can be considered as one
manifestation of these effects, 1is examined 1in the present
thesis.

The history of nonlinear theories and the related
experiments for water waves are reviewed briefly 1in this
chapter. The developments in the investigations on surface vaves
and on the wvaves 1in two—layer fluid are described in
§1.1 and in §1.2 respectively. Several basic results for the

interactions of these water waves are reviewed in § 1.3.

§ 1.1 Surface Waves

The 1irrotational motion of 1incompressible and inviscid
fluid of uniform density on the horizontal bed 1is considered
under the existence of a free surface. Although this situation
is fairly simple, many 1interesting phenomena related to the
nonlinearity have been predicted and observed.

The x and vy coordinates are taken to be in a horizontal
plane and the z axis vertically upwards from the free surface in
quiet state. The geometrical configuration is shown in Fig.1. If
ve take (u,v,w) as the velocity of the fluid particle in the

(x,y,z) direction, and p as the pressure, the governing equation
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Fig.1 The geometrical configuration.

for the fluid motion can be written as
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denotes the time, and g and p are the

tion and the fluid density respectively.

conditions for the wave motion are given by

9¢
ot
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w=0,
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dx oy
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under the assumption of constant atmospheric pressure. Here

z=C(x,uy,t) denotes the free surface displacement, h 1is the water

depth in quiet state, and T 1is the surface tension, and

Ri and R» are the principal radii of curvature of the free

surface. For the irrotational motion eqs.(l1.1) and boundary

conditions (1.2) can be reduced to

3
&

az¢+az¢ 829
— +
8z ay* Bz
ac -

9¢ [ 92 8¢ 8¢ a¢ _ a¢

at dx Oz 3y dy 9z

= s =hlz<( (1.3a)

; at  z=¢ (1.3b)

ae 1 X" o9 o9

O s lp2fyz . (BP0 9% .2 _ T opi, pa

B e (ay> + (az) ]+ g¢ D(R|+R2>

= const. at z=C (1.8¢)
a¢ 0 "

E;; = 0, a z==h (1.3d)

where ¢ 1s the velocity potential satisfying

ae u ae y o9
- ’ - = s === W,
dx oy oz (1.4)

The linearized forms of =eqs.: 1.3) have the following

solution which propagates in the x direction

¢ = acos(kx-wt), ,
B e awcoshk (z+h) k . U.5a)
ksinhkh = ¢ ieEmet). (1.5b)

Here the wavenumber k and the frequency w satisfy the dispersion

relation

© = gk (1+Tk%/pg)tanhkh . (1.8)

The length scales which are important in the linear theory



of surface waves are the water depth h, the characteristic
wavelength ! (~k™' ), and the number (T pg)“/? . In the nonlinear
theory, the wave amplitude a as well as the above three length
scales must be taken into account. The theoretical treatment of
surface waves differs according to the ratios of these length
scales.

The nonlinear effects in the gravity wave 1in non-shallow
water ( hzl>(T/pg)Va a:finite ) are reviewed in § 1.1.1, and
those in shallow water ¢ I>h, >(T/pg)%, a:finite ) in
§ 1.1.2. The brief comments on the nonlinear theory of the
capillary—gravity wave ( Lg(T/pg)]Q, a:finite ) are made in §
1ol 3
1.1.1. Surface gravity waves 1n non-shallow water

The nonlinear effect iﬁ surface gravity waves was first
investigated by Stokes (1), . [(2y. He considered a steady
progressive one—-dimensional wave of the amplitude a and of the
wvavelength | (=27/k). Using a systematic perturbation technique
with respect to the wave steepness e.=ak, he calculated the
solution of the equations obtained by the neglect of the surface
tension 1in egs.(1.3) for finite depth to O(eg). It can be

written as

1 5 . 3
k¢ = escosf + —escothkh(l + ————=—)cos20 + 0(ed), (1 Ta
2 2sinh<kh
k2 hk h) . 3 h2k (z+
—(ﬁ = ESCOS' <Z+ )Slne + —Egcos. 4. h>Sln26 + O(Eg)y (1 7b
@ sinhkh 8 sinh’kh

where O6=kx-wt. The dispersion relation for k and o is



o 9
@ = 4Jgktanhkh{1 + éfg(l + ! + ). (1.8)

sinh®h  8sinh'kh

It is noted that the lowest-order terms of the solution (1.7)
and the dispersion relation (1.8) are the same as the solution
(1.5) and the dispersion relation (1.8) in the linear theory
under the neglect of the surface tension. The higher-order terms
in egs. (1.7) modify the sinusoidal wave form of the free surface
in the linear theory into that composed of steep crests and flat
troughs. The higher-order term 1in eq.(!1.8) represents the
amplitude dispersion.

Stokes [(2) also obtained the solution for deep-water case
(1l << h ) to 0(e2), and many workers computed the solution of
higher order by means of more sophisticated procedures for
finite depth (3)~(5), and for infinite depth, (86) (7).

Benjamin and Feir (8) examined the stability of a weakly

nonlinear uniform wavetrain in deep water given by

¢{ = acosbt + ékagcosze, (1.9a)

p = Lkging, (1.9b)
8 = kx - wt, (1.9¢)
@ = gk (1+k2a?), (1.9d)

which 1is derived from Stokes’ solution (1.7) and (1.8) by the
neglect of terms of 0(ed) and by taking the 1limit kh—e . They
found that the wavetrain (1.9) 1is wunstable to modulational

disturbances with wavenumber K in the range



0 < K < 22k,

Furthermore, they obtained the wavenumber of maximum instability

and the maximum growth rate. They also reported experimental
data in fairly good agreement with the prediction regarding the
wavenumber and the growth rate of instability. This modulational

instability was also predicted by Lighthill [8) and by Whithan

(10} by making wuse of Whitham's averaging technique [11]

Benjamin (12) and Whitham (10) showed that in the finite-depth

£

case this modulational instability occurs only for kh > 1.383.

It will be shown in § 1.3 that this instability has the close

relation to the resonant interaction of surface gravity waves.

Next the equation which describes the long-time
development of the weakly nonlinear wavetrain was attempted to

derive. Hasimoto and Ono (13) considered the following slowly

modulated wavetrain in finite—-depth water

¢ = ed (g, mrethet) L o o 1 0(ed)

where
€ = es(x—cql ), (1
T = g2t, (1
w? = gktanhkh, (1
o = 22 1
O dk .

’ (1.10a)

.10b)

10¢)

10d

.10e)

and c.c. denotes complex conjugate of the preceding term. They



then showed that the complex wavetrain envelope A is governed by

the so-called nonlinear Schroddinger equation

1%+“62A+ 1412
ar = g2 T YA =0, (1.11)
where
2
u:lM<O
2 dk?

\/

The coefficient v depends on kK and h, and is negative for kh
1.3683 and positive for kh < 1.383. Equation (1.11) had been
discussed by Benney and Newell (14] and by Taniuti and Yajima
(193] in the general context. Both of them showed that if pv<O
(up>0) the uniform wavetrain solution of eq.(l.11) 1is stable
(unstable) Therefore, the results for the modulational
instability of a uniform wavetrain in finite—-depth water are
again obtained by 1invoking +the results about phe signs of
L and v.

The nonlinear Schrodinger equation (1.11) with uv>0 was
solved exactly by Zakharov and Shabat (16] by means of the
inverse scattering method for the initial conditions which decay
sufficiently rapidly as | €| -, They also considered the
interaction between the following envelope soliton solutions of

8q. %1113

_ v . o Bf YV s 1 5
4 = aisech ( (—)"2aq;(¢—ciT)) exp (i (—¢+ (=af—cP)T) }, 1.12
2 2u 2  Apu } Ch o HE
where ay and ¢ are real constants. They then found that the

envelope solitons of different velocities pass through one
another without any permanent loss of identity and suffer only

phase shifts. This theoretical prediction of soliton properties



was confirmed by experiments (17). Some initial-value problems
of eq.(1.11) with pu»>0 were examined by Satsuma and Yajima
(18] for localized distributions and by Yuen and Ferguson (19])
for an unstable wavetrain.

1.1.2 Surface gravity waves in shallow water

It has been shown by Ursell (20)] that the linear solution
(1.5) 1is wvalid only 1if LhE(l/h)Sa/Z as well as the wave
steepness e€;, 1s small. Therefore, the waves which are too long
relative to the water depth must be treated by means of an
approach different from Stokes’ theory based on the expansion
with respect to e, .

The nonlinear theory for shallow-water gravity waves
(I>h,1>(T/pg)'/? ) was developed by Boussinesque. [21) and by
Rayleigh (22] by taking account of weak dispersion as well as
weak nonlinearity. The theory was put forward by Korteweg and de
Vries (23], who considered the time evolution of a
unidirectional shallow-water wave on the assumption that
sEa/hw(h/l")2 ( which means U,=0(1) ) and ¢<€1. The equation

derived from egs. (1 3) by them can be reduced to

B a8 8°B
— + 1B + v—
AT a¢ g3

=0, (1 13)

wvhere ¢=aB(¢,7). ¢=c/2(x-cpt), t=£%2t, c,=(gh)"/?, and u;=3c,/2
and vi=c,h’/6 are positive constants. Equation (1.13) is referred
to as the Korteweg—de Vries equation ( the K-dV equation ).
Korteweg and de Vries [(23) then obtained a solution of
eq. (1.13) describing a steady progressive periodic wave and
called it as a ’"cnoidal wave’. This solution comprises the

following solitary wave solution in the 1limit of infinite



period:

2 1
B = a;sechg[(fﬂgL)V“(f—§ﬂ|ayf)}, {1 .34

2])1

where a; 1s a positive constant. The K-dV equation (1.13) can be
solved exactly by the inverse scattering method for initial data
which vanish at ¢§=+< . The N-soliton solution, (247 =~ [27] of
eq. (1.13) 1indicates that the solitary wave solutions (1.14)
behave as solitons, that is, the solutions with different
amplitudes preserve their identities through collisional
interaction between them except for the phase shifts. Other many
interesting results related to the K—-dV equation were reviewed
by Miura (28] .

Shallow—water waves of large amplitude were investigated
by the integral-equation formulation or by the series—expansion
method with respect to ¢ ( or (h/l)2). The former method was
used for the examination of a solitary wave by many workers,
(29] ~(38] . Based on the latter method Laitone {37) ,
Chappelear (38) and Fenton (39) obtained higher-order periodic
solutions. Higher—order solitary wave solutions were computed by
Laitone L37] Fenton [(40] 5 and Longuet-Higgins and Fenton
(417 .

The stability of the solitary wave (1.14) as a solution of
the K-dV equation (1.13) has been established by Benjamin (42) .
Jeffrey and Kakutani (43) had earlier demonstrated stability
with respect to small one-dimensional perturbations. Kadomtsev
and Petviashvili (44) and Oikawa et al. (45) have shown that
the one-dimensional solitary wave (1.14) is neutrally stable

with respect to small transverse perturbations.



1.1.3 Capillary—-gravity waves

When | ( the wavelength of a wave ) is comparable to or
much less than (T/pg)'/?, the effect of surface tension must be
taken into account.

Crapper (46) 1investigated pure capillary waves in deep
water ( h>1,1<(T/pg )% ) and obtained an exact closed-form
solution for steady progressive waves of arbitrary amplitude.
Unlike (pure) gravity vaves, sSteep capillary waves are
characterized by deep troughs and broad flat crests.

Harrison (47) and Wilton [48) treated the problem of a
capillary—-gravity wave in deep water ( h>>lw(T/pg)‘/2 ) by using
Stokes’ expansion introduced in g 1.4, and obtained
higher—order solutions. Harrison 647] showed that the
sinusoidal wave form in the linear theory 1is modified by the
effect of nonlinearity in a similar way to a gravity wave or to
a pure capillary wave according as k( =27/l ) 1s smaller or
larger than (pg/ZT}l/2 respectively. Wilton (48] found that when
k=(pg/nT>/? ( n=2,3,... ) Stokes' expansion fails Dbecause
certain series coefficients become infinite. This breakdown 1is
closely related to the resonant interaction of a fundamental

wave with a higher harmonics as will be shown in § 1.3.

§ 1.2 Gravity Waves in Two-lLayer Fluid

When the density of a fluid is not uniform, there exists
the wave motion called an internal wave. In this section we
consider only the special case of two-layer fluid, which 1is

composed of two immiscible fluids of uniform densities.
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s Fig.2 The geometrical configuration. - -——-—m—r—

We assume that the fluid in each layer is 1incompressible
and inviscid and makes a one-dimensional irrotational motion,
and that the densities of the upper and lower layers are
oy and p2(>p;), and that the thicknesses of the‘ﬁpper and iéwer
layers are h; and he respectively. The x and z are taken as the
horizontal and vertical coordinates. The geometrical
configuration is shown in Fig.2. If the disturbed free surface
is specified by z=h+¢(x,t), the disturbed interface by
g=Cal, T ), the horizontal rigid bottom by =z=-h2, and the
velocity potentials in the upper and lower layers by ¢ ,(x,z,t)

and ¢»(x,z,t), the basic equations and the boundary conditions

are vwritten as

a¢ . ag, a¢ a9

— = 0, —
. FPa 72 at  z=h|+¢) (1.15a)
3, 1 99, 1 8%,
=t Gl & % + ———P s 0, 5
3t 2 B 2<82> at  z=h|+¢| (1.15b)

e Ll =



o° o, 82¢1
+

= — = 0, Colz<h|+ (|
ox- a2
8% %o 8%

2, 9P g _pa<z<co
ax* oz~

a¢ o9 Co

2 1 8¢ _ 8% _ 4 at  z=co

at dx dx oz
a9 1 0¢ 1 8¢

=L+ ger + = (D2 + —(—1)} 22 + g¢2
at 2 Ox 2 09z t
1 0¢» 1 0¢

L S22 (2P = o0, at  z=¢C
2 09dx 2 oz

o9
Z = 0 at z=—he

oz

Here we assumed that the surface tension is negligible.

(1.15¢)

(1.15d)

€l s

(1

(1

15e)

15F)

.15g)

(1.

15h)

The linearized forms of =eqgs.(1.15) have the following

solution

¢ = ae’® + c.c.,

k .
¢2 = (coshkh; — Lsinhkhdae® + c.c.,

W
By = 10 gk :
1= {sinhk (hi—z)—=5coshk(h;—z)}ae’® + c.c.
" o2 ,
$2 = —————(coshkh|—— . : o
ksinhichs 1 w251nhkh1>coshk(z+h2)ae + c.c.
0 = kx - wt,

where k and o satisfy the dispersion relation

— 12 —
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o2 = gO1toeE ((01+02)%-4A0,02 (1+(1-4)0,02]) } 2
2(1+(1-A)ojo2)

0y = tanhkh;, o2 = tanhkhs, A =1 - 21

ko)
]

Unlike the case of continuous stratification, only the
fundamental mode of an internal wave ( which corresponds to the
negative sign in eq.(1.17) ) can exist 1in addition to the
surface mode ( which <corresponds to the positive =sign in
8a. (T-170 ).

The case of a rigid upper boundary, 1in which =0, is
sometimes considered in order to examine an intepg@l vave
without unnecessary complexity. The equations obtained by the

linearization in egs. (1.15¢c~ h) and

o
1=, at z=hi
i (1.18)

have the solution of the form

¢o = ae'® + c.c., (1.19a)

twcoshk (z—hy) 6
= (o)

Py = e 4+ €.Cq,
ksinhkh; (1.196)
S0 = icocoshlc(z+h2_),2 0,
2, = ape c.C., i
ke wihiha t=15¢]
8 = kx—wt, (1.19d)
where
Aoio
Wl = gk 102 y (1.20)

gy + o2(1-4A)

— 13 —



Kakutani and Yamasaki [49) considered the case of a free
upper boundary on the assumption that ec=a/h; m(hL/l)Z L1,
hi~ho. Here | is the characteristic wavelength of a wave. They
then derived the K-dV eq. (1.13) both for a surface mode and for
an 1internal mode. In this case the variables 1n eq. (1.13) are
defined by ¢o=aB(¢,7), €=c¢%(x—cpt), t=£%?t. Furthermore, c,=w/k
is obtained from eq.(1.17) by taking the long wave limit
khi—0, kho—0 . They found that for an 1internal mode the
coefficient vy, in eq.(1.13) 1s always positive and pu; in
eq. (1.13) changes sign depending on hi/ho and A. They then
shoved that the solitary wave solution of eq.{1.13) describes a
depression of the free surface and an elevation of the interface
for hy/he > m and vice versa for h;/h2. < m . Here m depends on
A and is between 1 and 1.25. The same result for the critical
value of h;/h2 had been obtained also by Walker (50).

Tanaka (51] considered the long-time evolution of the
wave (1.19) in the case of a rigid wupper boundary under the
assumption l~hy~h2, and derived the nonlinear Schrddinger
equation (1.11). In this case the variables in eq.(1.11) are
defined by A4(¢,7)=ap/cs, g=€s (x—cgl ), -=¢3it. Furthermore, Co=
dw/dk is computed from eq. (1.20) By the examination of the
signs of p and v in eq.(1.11) he found that the existence of the
upper layer slightly supresses the modulational instability of a

uniform wavetrain.

§ 1.3 Wave—Wave Interactions

The problem of interactions between wavetrain or solitary

waves ( introduced in the previous sections ) is one of the most



important branches in the nonlinear theory of water waves.

In the shallow-water case, solitary waves are observed
usually and are generated from a wide range of initial
conditions. Therefore, the interaction between solitary waves
has been investigated by many workers. The results about this
interaction in one and two dimensions are reviewed in § 1.3.1.

On the other hand, if ! ( the wavelength ) is comparable
to or much smaller than the water depth, only a slowly-modulated
wavetrain can survive for a long time because the dispersion 1is
strong. The results about the 1interaction of wavetrains are
reviewed in § 1.3.2.

1.3.1. Interactions between solitary waves in shallow water

The problem of the interaction between two solitary waves
propagatiﬁg.to the same direction'with different velocities. can
be described by the K-dV eq.(1.13) to the first order. The
theory of the K-dV eq. predicts that two solitary waves of
different amplitudes pass through one another without any
permanent loss of identity and suffer only a forward phase shift
of the larger solitary wave and a backward phase shift of the
smaller one. Experimental confirmation of this prediction. has
been provided by Zabusky and Galvin (52}, by Hammack and Segur
(53], and by Weidman and Maxworthy (54]) .

Another : interaction problem in one dimension 1is the
head-on collision of two solitary waves. The reflection of a
solitary wave at the vertical rigid wall can be regarded as the
special case of this problem. The second-order solution for the
head-on collision of two solitary waves was obtained by

Byatt-Smith (55) and by Oikawa and Yajima (56). Oikawa and



Yajima found that two solitary waves suffer only phase shifts of
O(el) from the interaction. This phase shift is also included
implicitly in the results of Byatt—-Smith. However, the
experiments made by Maxworthy (57) gave the phase shifts quite
different from the above theoretical prediction. The study on
the nonlinear effect in the reflection of a solitary wave at the
vertical wall is made by the author, and the results are
mentioned in chapter 2.

The problem of oblique interactions between solitary waves
has been investigated theoretically or experimentally by many
workers. Miles (58) considered the <case in which the
intersection angle ¢ between two solitary waves is much larger
than ¢!/2. He then found that the first approximation to the
solution describing an oblique. interaction 1is obtained. by
superimposing the solutions for the individual solitary waves.

On the other hand, when @zO(EVz) the solution made by the
above superposition is found to be not wvalid even as the
lowest—order solution for the oblique interaction. Kadomtsev and
Petviashvili {44 derived the following equation 1in order to
examine the stability of a solitary wave propagating to the =z

direction with respect to small transverse perturbations

’ 3°B 82B
—Q—QQE + OB + V)t M 0, (k213
8¢ 0t - Of g¢ on "
where <¢=aB(¢,7), ¢=€%(z—cpt), n=3"2%ey, t=¢%2¢, co=(gh)?,

u1=3cp/2 and za:cﬁf/G. This equation is called two-dimensional
K-dV equation or Kadomtsev-Petviashvili equation, and was also
derived by Oikawa et al. (45). The oblique interaction between

solitary waves is governed by this equation (1.21) to the first

— 18 ==



order if =0(e'?). The solution of eg.(1.21) for intersecting
solitons has been obtained by Chen [59), Satsuma [60], Hirota
(61) and Miles (58] . Miles (58) found that this solution 1is
non-singular only if ¢>¢, or ¢<¢-. Here ¢. and ¢- are determined
from the amplitudes of two solitary waves. In this non-singular
case the solution describes the phase shift of magnitude
comparable to ! similarly to the <case of one-dimensional
interaction between two solitary waves propagating to the same
direction. Miles (58] also found that the condition ¢=9, or
p=¢p- 1s precisely that necessary for a resonant interaction
among three solitary waves.

The problem of oblique interactions between two solitary
waves 1s closely related to the reflection préblem of a solitary
wave obliquely incident to the vertical rigid wall. Based on the
results about the oblique interactions Miles (82) predicted
that a regular reflection pattern appears only when the angle of
incidence ¢« is larger than (85)”2 and that a Mach reflection
pattern ( geometrically similar to the corresponding shock-wave
reflection pattern ) appears for o<<(3€)1/2 The latter reflection
pattern 1s composed of three resonantly interacting solitary
wvaves.

Numerical study on the reflection of obliquely incident
solitary waves with arbitrary « 1is made by the author. In
chapter 3, the results are shown and compared with the above
Miles’ theory and with available experiments made by Melville
(B3] .

1.3.2 Wave-wave interactions in non-shallow water

In the case of weak nonlinearity the linear solutions
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written by

¢ = a;cos (kix—w;t), (1=1,244:.:) (1.22a)

w = wlk), (linear dispersion relation) (1.22b)

are regarded as fundamental waves. It is well known that if the
dispersion relation (1.22b) allows the satisfaction of the

resonance condition

n
Zsiwi = 0

1=]
Yisiki = 0, (1.23)

Si = +1, n=3
there exists the (n—-1)th-order resonant interaction among n
fundamental waves of wavenumber vector k; and frequency ;. If
the resonance condition (1.23) is satisfied significant energy
transfer among these n wave components is possible in spite of
weak nonlinearity.
In one—-dimensional case the resonance condition of lowest

order is written by

ki £ k2 = ks, (1.24a)
w £ w2 = w3. (1.24b)
This second-order resonant interaction 1is possible among

capillary—gravity waves (64}, among different modes of internal

waves in a continuously stratified fluid, and between two

e {8 =



surface modes and one 1internal mode in two-layer fluid
(B5), (B6) . Using a model equation displaying the property of
second-order resonance, Bretherton (87) derived equations which
govern time development of amplitudes a;( 1=1,2,3) of wave
components satisfying (1.24). He then examined the property of
the solution. Based on the same equation Hasselman (68) showed
that a uniform wavetrain in the system which allows second-order
resonance is always unstable.

The problem of resonant 1interactions between a short
wavetrain of wavenumber k; and a long wave of wavenumber ks also
has been investigated by many workers. This interaction can be
regarded as the second-order resonance among the wave components
of wavenumbers k;, ko(=k;) and k3. In this case the resonance

condition (1.24) with the minus sign is reduced to

—— (1.25)

where

dw
Cg = (E)\:>k=kl

is the group velocity of a short wavetrain, and

@
Cp = (=) k=k
P k,‘ 3

is the phase speed of a long wave. This long-short resonant
interaction was investigated by Djordjevic and Redekopp (69)
for capillary-gravity waves, and by Crimshaw (70)] for long and
short internal waves in continuously stratified fluid.

The long-short resonant interactions between & short

wavetrain of surface mode and a long internal wave in two-layer

y— G



fluid are examined by the author. The results for the case
I>hi,hs are shown in chapter 4. while those for the case h2>»[>h
are shown in chapter 5. Here | is a characteristic length scale
of a long internal wave, and h; and hy are the thicknesses of
the upper and lower layers respectively.

For <capillary—-gravity waves the interaction called
harmonic resonance 1is also possible. McGoldrick 71 and
Simmons [(72) pointed out that if klz(pg/2T>”Z the triad ki,
ko (=ky) and ks (=2k;) satisfies the resonance condition (1.24).
Therefore the initial wave of wavenumber Kk is expected to
become increasingly distorted as it propagates due to the energy
transfer to the component of wavenumber 2k;. This prediction was
confirmed experimentally by McGoldrick ~[71j. The nth-order
resonant interaction with higher harmonics is possible for the
fundamental wave of wavenumber (pg/nT)Vz. Nayfeh (731 and
McGoldrick (74) examined this interaction. The breakdown of
Stokes®™ expansion found by Wilton (48) for these special
wavenumbers 1s due to the inappropriateness of the assumption in
Stokes’ expansion that the nth Fourier component is of nth
order.

For gravity waves in deep water there exists no nontrivial
solution to the second-order resonance condition (1.24). It was

shown that the third-order resonance represented by

ki + k2 = k3 + ky (1.26a)
W + w2 = w3 + w4 (1.28b)
1s possible for this case, (75)~(77). The significant energy
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transfer among wave components satisfying (1.26) was observed in
experiments (78] (79]1 . In one—-dimensional <case Benney (80}
considered the weak 1interaction among four wave components

satisfying the resonance condition (1.28) and derived equations

which govern the time development of wave amplitudes
a;{(1=1,....,4). The modulational 1instability of a uniform
wavetrain of wavenumber k; in deep water mentioned in § 1.1.1

can be regarded as the phenomena caused by the third-order
resonant 1interaction between wave components of wavenumbers ki,
ko(=ki), ks(=k1+6), and ku(=k|—6). Here 6 is of O0O{(gs) and 1is
determined so as to satisfy the condition (1.286) under the use
of nonlinear dispersion relation 71.8d). The nonlinear
Schrddinger equation (1 11) derived for the description of the
long—time evolution of a slowly-modulated wavetrain 1is closely
related to the above third-order resonant interaction. In fact
eq. (1.11) can be derived from the above Benney’'s equation on the

assumption of narrow band ( Iki—k;!' <k, 1=2,3,4 ), (81}
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Chapter 2

Normal Reflection of a Solitary Wave in Shallow Water

§ 2.1. Introduction

Solitary waves 1in shallow water have been studied by many
research workers and are typical examples which exhibit soliton
phenomena in small amplitude (82].

In the present chapter, the reflection problem of a
solitary wave at a rigid vertical wall 1is solved numerically
under the assumption that the fluid 1s inviscid. Then, the
problem is equivalent to that of head-on collision between two
solitary waves with the same amplitude. Head-on collisions
between two solitary waves were investigated by several authors
by means of perturbation methods (55), (56), (58], (83),
(84) . Benney and Luke (83) gave a systematic expansion
procedure although their final results for the reflection
problem of a solitary wave are 1incorrect. Byatt-Smith ([55)
obtained the second order solution for the head-on collision of
two solitary waves on the basis of an integral equation for
unsteady surface waves. The solution gives implicitly the phase
shifts of the solitary waves due to collision. Oikawa and Yajima
(56]) 1introduced the phase variables into their expansion scheme
to give the explicit result for the phase shifts and they also
investigated the interaction of the quasi-simple waves in a
general weak nonlinear and weak dispersive system. The phase
shift obtained by them becomes +e/3h for the reflection problem

( for phase shift, see Fig.7 ), here h is the undisturbed fluid
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depth and e¢h the amplitude of the incident solitary wave. Up to
the second order of ¢, the ‘theoretical solution of the
reflection problem predicts that far after reflection the
solitary wave undergoes no effect of the interaction with the
wall except for the phase shift ¢E7gh and the wave changes 1its

shape only during its stay near the wall.

The experiments on the head-on collision and the
reflection were made by Maxworthy (57). In the experiments it
was found that the phase shift of the solitary wave 1is
independent of the initial wave amplitude for both the head-on
collision and the reflection 1in contradiction to the above
theoretical results (see Fi1g.9). The secondary reflected wave
following the primary wave was also observed for a moderate or
large 1initial amplitude. Maxworthy (57) suggested two possible
reasons for this discrepancy between the experiment and the
above theories. First, the scaling procedure adopted in the
theories may be inappropriate for the present problem. Secondly,
if the scaling procedure is appropriate, the higher order terms
in the expansion may be needed. Recently, Su and Mirie (84) gave
the third order solution for the head-on collision problem
through a perturbation method similar to that of Oikawa and
Yajima (56] . The solution contains non-uniform phase shifts
which cause a distortion of the wave form of O(e®). Then, they
examined the time -evolution of this distorted wave and showed
that it eventually recovers its original form with the shedding
of a secondary wave group which propagates with diminishing
amplitude. Througn this procedure they obtained the wuniform

phase shift 4e/3(1+7¢/8)h for the reflection problem. With
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regard to the shedding of a secondary wave their result agrees
qualitatively with the experiments, but the discrepancy about
the phase shift still remains.

In the present chapter, we examine the reflection problem
by solving the Euler equations numerically with high accuracy.
The numerical solutions permit us to determine the wvalidity of
the scaling procedure adopted in the above theories and of the
approximate solutions. It 1is also useful to compare the
numerical solutions with the results of the experiment in crder
to find a cause of the discrepancy about the phase shift. A
numerical study of the reflection problem was made by Chan and
Street (85). However, they laid emphasis on the numerical
method itself, so that did not pay attention to the phase Shift.
They did not find the difference between the wave form of the
incident wave and that of the reflected wave.

In § 2.2 the formulation of the problem and the numerical
procedures are described along with the discussion on the
accuracy of the numerical solutions. The numerical results for
the phase shift and the wave form of the reflected waves are

described and compared with the theoretical and the experimental

results in § 2.3.

§ 2.2. Numerical Procedure and Accuracy

2.2.1 Formulation

The situation considered is shown in Fig.3. The
undisturbed fluid depth is denoted by h. The disturbed free
surface is specified by z = ¢(x,t), the horizontal bottom by z =

—h and the rigid vertical walls are by = = 0 and x = Lih. The
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Fig.3 Configuration of the problem.
fluid is assumed to be inviscid and the motion to be

two—dimensional and irrotational. The basic equations (1.1) can

then be reduced to the following dimensionless form

; dap’ :
Bu’ 8 oty ¢ ey = 22, 2.1)
at’ ax’ oz’ ax’
an” . (w'w' ) + —a—cw'z,) . 1, (2,.2)
at’ ax’ oz’ az’
pom A g BT g (2.3)

ax’ oz’

wvhere the dimensionless variables are defined by the relations
(x",z )=(z,z)/h, t' = t/(h/g)"?, (u ,w ) = (u,w)/(gh)"* and p’' =
p/pgh, and g and p denote the gravitational acceleration and the
uniform fluid density respectively. From eqs. (2.1) and (2.2) the

following Poisson equation for the pressure 1s obtained

(2.4)

+ =2 = -R,

N - - -



where

42 S , e , 5]
= (u'®) + —(w'") + e——@ww' ) + —D.
i axﬁxu ) @A dx’ 0z’ at

The boundary conditions on the rigid walls are derived by
use of the irrotational condition and egs.(2.1) and (2.2), and

written as
aw’

u = 0, =0 on x'=0, Ly, 2+
ax’

op_ _ g on xz'=0, Li, (2.6)

ax
ou’ .

w = 0, = D on z =-1, (2.7)
oz’

AP —ml,  ®m ==, (2.8)

3z

as

-
p’ =0 on z'=C". ( ('zz ) (2.9)

under the neglect of the surface-tension effect.
In the remaining part of this chapter the primes in
nondimensionalized variables are omitted.
2.2.2 Numerical procedure

In order to solve the reflection problem of a solitary
wave, we use the improved MAC ( SUMMAC ) method introduced by
Chan and Street (85). In this method the values of the velocity
field (u,w) and pressure field p are given at fixed points of
rectangular mesh, and the values of them at intermediate points

are given by certain interpolation. The free surface is



specified by a distribution of many massless "marker particles’.
The outline of the computational procedure is as follows. (i)
The initial wvalues of (u,w,p) and the initial locations of the
marker particles are determined from the solitary wave solution
described in the next subsection. (ii) The values of (u,u) at
the next time are calculated by means of the finite-difference
equations with the forward time and centered space difference
scheme derived from eqgs.(2.1) and (2.2). (iii) New locations of
the marker particles ( new location of the free surface ; are
determined from this new velocity field. (iv) New values of p
are obtained by solving the Poisson eq.(2.4) under the boundary
conditions (2.85), (2.8, and (2.9) The procedure (ii1)~ (iv, 1is
repeated as many as necessary.
2.2.3. Steady solitary wave solution

The 1initial data is given by the solitary wave solution,
1t being required to be accurate enough to obtain the solution
of high accuracy. For this purpose, we used the ninth order

solution of Fenton (40). It is of the form

9 g
¢ = )Y ¢ie'sech¥o.
i=}j=1
CE )
i DD 2
U=ZZZuijk€‘ (z+1)"“sech”9,
i=1j=1k=1

9 i

i
i u 2
w=tanh9§:§:§:wuk5”” (z+1)*'sech®9,
i=lj=1k=1

where



0 = alxz—xp+Upt ).

8
o = 4/3e/4(1+) 0et)
i=l

and

9

U = 1 + Zl:Uiei-
Here £ is the ratio of the amplitude of the wave to h, and xy 1is
the location of the peak of the initial wave, and Uy 1s the
velocity of the wave. He obtained the coefficients ¢;;, a; and U;
numerically, and gave the procedure for obtaining the
coefficients u;j and wjjk. We calculated these coefficients
explicitly and found that the solution is not so accurate for
large £ though 1t includes many higher order terms. We used this
solution only for e=0.2, because for ¢ 1in this range the
solution is sufficiently accurate for our purpose. The values of
p were calculated through Bernoulli’'s equation.
2.2.4. Accuracy of the calculations

The reflection problem was solved for ¢ = 0.0b5~ 0.2, and
the head-on collision problem of two solitary waves with equal
amplitude ¢ = 0.2 was also solved in order to check the results
of the reflection problem. We defined 1 as the difference of two
values of x for which ¢ = ¢/2 for the initial solitary wave. The
values of the mesh size Ax were chosen so that J/Ax=32. Much
larger value of A/Ax was chosen for a comparatively smaller g in
order to keep the sufficient accuracy of the computation of the
phase shift. The values of the mesh size Az were chosen so that

5=e¢/Az=11. The time increment At was determined so as to
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satisfy the approximate stability criterion At<2AxAz/(Ax+Az).
The initial distribution of the marker particles was taken for
the x coordinates of them to have the equal interval Ax/4. The
values of xp3 and L{ were chosen so that the vertical walls have
only a negligible effect on the initial stage of the evolution

of the wave.
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Fig.4 Profile of the solitary wave propagating in the region far from the
vertical walls. ¢ = 0.2, xg = 34.6, L; = 48.6, At = 0.0033, Ax = 0.16, Az
- 0.022., =———: Wave profile at t = 18.8. —— —: Deviation of the

wave profile from the steady soitary wave solution.

As a preliminary calculation, we examined the evolution of
the solitary wave with € = 0.2 given in the previous subsection
in the region far from the vertical walls. The profile of the
wave ( propagating to the left ) at t = 18.8 is shown in Fig.4.
The broken line denotes its deviation from Fenton's solution.
The value of maximum deviation 0.00031, or 0.04e3 indicates that
the wave propagates with a negligible distortion. The obtained
wave speed 1.0939 agrees well with Uy = 1.0943.

Next we computed the total mass above the still water

level, Z and the total wave energy, Q which are conserved
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quantities.

Both Z and @ decreased slowly in all calculations.

We suppressed the decrease of them by the choice of sufficiently

small At.

The relative

decreases

of them at the end of each

computation were less than 0.3% in most computations.
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Fig.5 Wave profiles resulting from the reflection at the vertical wall. ¢

= 0.2, xg = 14, L1 =41.3, At = 0.0033, Ax = 0.18, Az = 0.022.
Wave profile. —— —: Deviation of the wave profile from the steady
solitary wave solution. =:+«+«--

. Deviation of the wave profile at t = 0 in

the time-reversal solution from the initial solitary wave.

§ 2.3. Results and Discussion

The numerical results about the reflection of the solitary

wave with ¢ =

wave profiles at several instants are drawn

Small distortion of the

discussed on in § 2.3.3.

0.2 at the vertical wall are shown in Fig.5. The

with solid 1lines.

reflected wave was found and will be
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2.3.1 Wave run—up on a vertical wall

The values of wave run—-up on the vertical wall in the
present calculations agree well with the theory and with the
numerical results of Chan and Street (85) ( see Fig.6 ). The
calculated wvalue for ¢ = 0.2 is 0.424, while the corresponding
theoretical values of the second and third order are -0.-420 and
0.428 respectively. The maximum wave amplitude for the head-on
collision of two solitary wave with ¢ = 0.2 was 0.423, which 1is
consistent with the case of reflection.
2.3.2 Phase shift

The phase shifts were computed from the data of x,.., the
x—-coordinate of the peak of the wave. The value of 2 Vvaries
during the reflection as is shown in Fig.7. Far from the wall,
Tmax Can be written approximately as xmwe = -cjt + di (before
reflection) and xpx = Cplt + dp (after reflection). The

coefficients were determined from the data of x,,« by use of the
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method of least-squares. The velocities ci and c, are shown in
Fig.8. The values of cj are close to the theoretical values. On
the other hand, the values of Cy are slightly larger than those
of cj. The reason for this is probably that the reflected wave
continues to change its profile very slowly and Cy 1s determined
from the position of the peak of the slowly varying wave.
Strictly speaking, the phase shift varies in time. However, it
1s approximately constant in a considerably long interval far
after the reflection. Therefore, we define here the phase shift
B by the relation f = -cpdj/cj — dp. It is such a quantity that
was measured as a phase shift in the experiment. The calculated
results of B are shown in Fig.9 and seem to vanish as € tends to

zero 1in agreement with the theory. The values of f are a little
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larger than the theoretical results. The phase shift for the
head-on collision with & = 0.2 agreed well with that for the
corresponding reflection problem. These results show that the
reason for the discrepancy between the experiment and the
theories for the phase shift cannot be attributed to
inappropriateness of the scaling adopted in the theories. In
fact, the velocity fields obtained 1in our computation always
satisfied the scaling. Maxworthy's (57) order—of—-magnitude
argument to explain for the phase shift to be independent of ¢
1s 1invalid because according to his argument, the phase shift
will be 0(5_1/2) if w is O<53/2) as assumed in the theories.
2.3.3 Distortion of the reflected wave

In Fig.5, the broken lines designate the deviation of the
wave form of the ‘numerical solution rrom that of the initial
solitary wave shifted in the x—direction so as to have the same
value of xmy. It is noted that the deviation at t = 23.9 (after
reflection) is much larger than that at t = 1.9 (before
reflection) and the deviation at x,¢ 1S negative after
reflection. Maximum value of the magnitude of the deviation and
the magnitude of the deviation at x, are decreasing very slowly
in time. The part of the deviation behind the main wave tends to
go slowly away from the main wave. These properties of the
reflected wave were found also for smaller ¢ and for the head-on
collision of two waves.

In order to show that the distortion of the reflected wave

observed above is not due to the numerical error, we made for €

0.2 the time reversal calculation starting from the data at ¢

30.1. The solution of this time-reversal calculation agreed
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well at t = O with the initial solitary wave. The deviation of
the wave form is designated by the dotted line in Fig.5(a).
Consequently we conclude that the distortion of the
profile of the reflected wave does exist. However, the
computations suggest that the distortion is at most 0(53). This
result is consistent with the third-order theory of Su and Mirie
(84] . However, the form of the reflected wave 1in our
calculation is different from the wave form predicted to emerge
immediately after the reflection 1in their theory. The time
evolution of the reflected wave is so slow that the 1nformation
about the asymptotic state of it was not obtained in our
calculations The most acceptable prediction 1s that the
distorted reflected wave evcoclves to a steady solitary wave with
shedding a secondary wave behind 1it. The amplitude of this
solitary wave 1s expected to be slightly less than that of the
incident wave in consideration of the wave energy ( As far as
the amplitude of a solitary wave is not too large, the wave
energy increases monotonically as the amplitude increases ). As

the shedding of a secondary wave accelerates the main wave,

which reflects that cj < ¢y, 1t decreases the phase shift.
Therefore, a sufficiently long time computation would have
produced a little lower values of phase shift than our. Our

numerical computations show that the theoretical approximate
solutions are valid for sufficiently small e and the discrepancy
of the theory and the experiment for the phase shift cannot be

resolved in the framework of the inviscid theory.



Chapter 3

Obligue Reflection of a Solitary Wave in Shallow Water

§ 3.1. Introduction

We are concerned with the problem of oblique reflection of
solitary waves at the wall in shallow water. This problem 1is
very interesting 1in consideration of a close relation to the
problem of two-dimensional interaction of solitary waves.

Let €; and e» be the non-dimensional amplitudes of
solitary waves ( divided by an undisturbed depth ), and ¢ be the
relative inclination between the normals of these solitary
wvaves. Theoretical treatment of the oblique interaction of two
solitary waves differs according as sinz(@/2)>£L2 or ¢°= O(er2).
Miles [58) called the former case 'weak interaction’, and the
latter case ’'strong interaction’.

In the <case of weak 1interaction, the first order
approximation can be described simply by the superposition of
two solitary waves [(58), [(83).

However, 1if @Q:O(ELZ), the weak interaction approach
breaks down. The equations which describe strong interaction are
similar to the two-dimensional K-dV eguation. Chen [59) found
the Backlund transformation for the two-dimensional KdV
equation. Satsuma (60) solved the two-dimensional KdV equation
to obtain an N-soliton solution.

Miles (98] also obtained an explicit solution, which is
equivalent to that obtained by Satsuma, for strong interaction

of two solitary waves in shallow water. He found that this
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solution describes singular behaviour when ¢ is smaller than a
certain critical angle and that the resonance conditions among
three solitary waves are satisfied at this critical angle.
Yajima et al. [88) showed that the previous situation for
shallow water waves 1s quite analogous for 1l1on-acoustic waves.
In the theoretical treatment, the problem of oblique
reflection of a solitary wave 1s interpreted as a special case
of the oblique interaction of solitary waves ( that is, g = &2
= ¢ = a/h and ¢ = 2a for the reflection problem, where a is the
amplitude of an incident solitary wave, h is an undisturbed
depth, and a is the angle of incidence ). We call the «case of
QEVE_ { which corresponds to weak interaction ) as 'non-grazing
reflection’, and the case of a = O(JZ) ( which corresponds to
strong interaction ) as 'grazing reflection’ in this chapter.
The theoretical solution for non—grazing reflection 1is
derived from that for weak interaction, and it describes an

incident solitary wave I and a reflected solitary wave R far

avay from the wall (see Fig.10/a)).

e ¥ i
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A

patterns. (a),

Fig.10 Schematic representation of reflection

Regular reflection (non—-grazing reflection); (b), regular

reflection (grazing reflection); (c), Mach reflection.




The angle which corresponds to the critical angle in the

previous results for strong 1interaction 1is Jgg for the
reflection problem. The grazing reflection solution for a>J§Z
obtained by Miles also describes a regular reflection pattern
(see Fig.10(b)). However, there is a stem of the length O0(1)
perpendicular to the wall.

On the other hand. it was shown by Miles (58) that the
solution becomes singular for «a<43¢ under the assumption of
regular reflection. For this case, he predicted in consideration

of experiments ( Perroud (87 : Wiegel (88) ) that the singular

solution does not appear really, but that a resonantly
interacting solution appears as an asymptotic solution for the
initial-value problem of reflection (62] . The resonantly
interacting solution describes three solitary waves I, R and M
(see Fig.10(c)) and is called a 'Mach reflection’ solution, and
M is called a 'Mach stem’. The intersection of these waves, A 1n
Fig.10(c), moves away from the wall along a straight line with

the angle  to the wall contrary to the <case of regular

reflection. This solution., however, satisfies the boundary
condition of zero normal velocity at the wall only
asymptotically, and it 1is not <clear whether the Mach stem

appears and has the profile of a true sol}tary wave when the
initial-value problem is solved.

Recently Melville ([63) made experiments on this problem.
He obtained the critical angle which is close to ng through a
double extrapolation of the measured data. However, the measured
maximum run—-up on the wall and the profile of a reflected wave

indicated the discrepancy with the above Miles’' prediction.
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In this chapter, the 1initial-value problem of oblique
reflection of a solitary wave shown in Fig.11 1is solved
numerically in order to make it <clear whether the Mach
reflection solution predicted by Miles does appear
asymptotically if «a<y3¢ and to examine the behaviour of the
solution for a wide range of «. In § 3.2, the 1initial and
boundary value problem to be solved is presented. The numerical
procedure for the problem is explained in § 3.3. The results of
the numerical calculations are described and compared with the

Miles' prediction and with Melville's experiments in § 3.4. Then

it is concluded that the Mach reflection solution predicted by
Miles does appear as an asymptotic solution of the initial-value

problem for «a<y3c¢.

§ 3.2. Formulation

We assume that the fluid is inviscid and incompressible,
and that the motion is irrotational. Let (x,u)=({lx",ly ) and
z=hz' be horizontal and vertical co—-ordinates, tElt’/Jgﬁ the

time, (=a¢

the free-surface displacement and ¢=la®  '+4g/h the

velocity potential, where h 1s an undisturbed depth, | is a
characteristic wavelength and a is a characteristic amplitude.
Then the parameters relevant to the problem are ¢ = a/h and § =
h2/12. As we are concerned with shallow water waves of small
amplitude, we assume that 6/¢ = 0(1) and <€ 1. Neglecting the
terms of 0(e?), we get from egs.(1.3) through the well known

procedure, (58], (83), (89]
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= 1, (3.2)
under the neglect of the surface tension Here f' is the

nondimensional velocity potential at the bottom.

The boundary condition on the vertical wall is reduced to

=2 =, = 0. =0, - (8.3d,b,c)

up to O(e), where 8/9n implies the normal derivative to the

vertical wall.

In one-dimensional case of 9/0y=0, the following solution

(37) Satisfies egs.(3.1) and (3.2) with the error of O(ez)

¢ = (1 - %stanhze)sechze, WY
and
, 1 £ -
f' = —(1l——(5+4sech-6)]) tanh®, (3 4b)
ko 12
where
TS ; T 5
8 = ko(x'—xp'—ct’ ). ko = 4/3e/(46)(1 — §g>,
and
e =1+ -8 3 2
2 20’ (3.5)
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Fig.11. Schematic diagram showing the geometry of calculations.

where xp( =lxp’ ) 1s an initial position of the solitary wave.

This solution is taken as the initial condition.

§ 3.3 The Numerical Procedure

Evolution eqs. (3.1) and (3.2) for f' and ¢’ are integrated
with a finite-difference method under the boundary conditions
(3.3) and the initial conditions (3 4).

In eqs. (3.1) and (3.2), space derivatives vere
approximated using centered differences, and the time evolution
was calculated with the method which is similar to the leapfrog

method. Calculations were made in a rectangular region which was

transformed from the region shown in Fig.11 by certain conformal
mapping. Certain non—uniform mesh size which is finer near the

wall AOD was used. The boundary AOD in Fig.11 was removed inward
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by a small amount 1in order to avoid the singularity of
coefficients of the difference equations at the corner O caused
by the mapping. The details of the procedure are described 1in
Appendix.

In one series of calculations (Series A), the region of
calculation was restricted by a fixed boundary where the
conditions (3.3) were imposed (see Fig.11). In another series of
calculations (Series B), the rigion of calculation was shifted
according as the movement of the wave to save computational
works. In this case, the boundaries AB and CD 1in Fig.11l were
shifted to the right by one mesh size when the wave traveled to
the right by one mesh size. The values of f’° and ¢’ at the old

AB boundary were used as those at the new AB boundary. The

boundary conditions @ (3.3) were also imposed on the new
boundaries AB and CD. Furthermore. the boundaries were kept
sufficiently far from the 'interaction region’, the region where

an 1incident wave and a reflected wave ( and a Mach stem )
interact, so as not to affect the development of the wave in the
interaction region.

For most calculations, the position of an initial wave xp
was taken as 5.64h3/a. Since the variation of the ratio 6/¢
changes only the scales of the normalization of the horizontal
co—ordinates and of the time, the ratio can be chosen

arbitrarily if it is O(1). The ratio was chosen as 0.75 or 0.2

in the present calculations.
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The accuracy of calculations was checked wup with two
methods. First, the 1initial wave (3.4a) is expected to travel
along the wall BC in Fig.11 at the velocity (3.5) without
changing 1its shape so long as the distance between BC and AO 1is
not small. Deviations of the mean velocities on BC from the
theoretical value (3.5) were less than 0.2%. The wave amplitude
on BC increased slowly with the time, but the deviation of it
from the 1initial amplitude was less than 3%. This increase of
amplitude seems to be due to numerical error because the rate of
increase decreased as the mesh size decreased.

Secondly, it 1is shown from egs.(3.1) and (3.2) and the

boundary conditions (3.3) that

7 = fg'dy,
v

and

_ ,l , 2 ar’ 2
Q—_/;lzf -r—(l-f-s(‘ ) [ (—— af >]+_[

ox’ 2y av,

are conservative quantities which correspond to the excess mass
of fluid and the wave energy, where the terms of O(ez) are
neglected in the expression of §. The variations of Z and Q were
less than 0.23% and 0.75% respectively in the calculations of
Series A. On the other hand, the values of Z and Q vary with the
time for the calculations of Series B. The results of Series B,
however, agreed well with those of corfesponding calculations of
Series A as to the behaviour of the solutions in the interaction

region.
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§ 3.4. Discussion of Results

Calculations were made for £=0.05~0.2 and for «=7r/40~
7/3, and the properties of the solutions were examined in detail
for ¢ = 0.05. Furthermore, the results are compared with
Melville's experiments.
3.4.1 Reflection pattern

Figure 12 (a)~ (d) show the time evolution of the surface
displacement ¢’ for the oblique reflection of a solitary wave.
This calculation is made with ¢ = 0.05 and a = 7/6, and then the
ratio G/ng is 1.35. A reflected wave appears and develops into
a straight stems. The run-up at the wall increases monotonically
with the time and tends to a certain constant The 1intersection
of an incident and a reflected wave continues to be close to the
wall, thus the solution represents the regular reflection
pattern. Figure 12(e) shows the theoretical grazing reflection
solution for the same values of ¢ and «.

A similar calculation is shown in Fig.13 for ¢ = 0.05 and
o« = 7/20 ( these parameters satisfy the condition a<J§E ). In
this case, the intersection of an incident and a reflected wave
moves away from the wall contrary to the result in Fig.12, and a
Mach stem develops to join this intersection to the wall. Then
the solution represents the Mach reflection pattern and
approaches the solution predicted by Miles for a<¢5§ ( shown 1in.
Fig.13(e) ).

In most calculations the solutions have reached stationary
states. Here a solution is considered to be in the stationary
state when the values of the maximum run-up at the wall, the

amplitude of a reflected wave and the angle of reflection do not
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Fig.12. Time evolution of free—surface displacement which represents regular reflection

pattern (e = 0.05, 6 = 0.01, and a=n/6). Solid curves represent the contour lines of ¢’

of constant intervals (¢* = 0.1, 0.5, 0.9,...), and the contour line with A represents
¢ = -0.07r. (@), t© =0; (b), t” =10; (¢c), t° =20; (d), t° = 30 (the solution has
reached a stationary state at t° = 30). (e), Theoretical solution with the same

parameters predicted by Miles.

Fig.13. Time evolution of free-surface displacement which represents Mach reflection
pattern (¢ = 0.05, 6§ = 0.01, and a=t/20 ). Solid curves represent the contour lines of
¢’ of constant intervals (¢° = 0.1, 0.5, 0.9,...), and the contour line with yAN
represents ¢' = -0.07. (@), t° =0; (b), t- =50; (c), t° = 105 (the solution has
reached a stationary state at t° = 105); (d), t’ = 150. (e), Theoretical solution with

the same parameters predicted by Miles (t° = 105).
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depend on the time ( although the tip of the reflected wave
continues to advance ).

The time Tgh/yayg required to reach the stationary state since

an 1incident wave passes the line x = 0 in Fig.11 is shown 1in
Fig.14 for ¢ = 0.05. The value of Tg contains a fairly large
margin of error because it is difficult to determine when the
solution has reached the stationary state without ambiguity. The
value of it is about 200~ 400 if «a<43e, and decreases rapidly
as « lncreases 1f «a>4/83¢.

In order to classify the solutions into regular and Mach
reflection, we introduce a time-dependent variable g* = QJZ?Z;
which is the distance between two points A and B 1in Fig.10(b)
and (c;. Here, B is the point of maximum run-up, and A is the
intersection of the crest line of an incident wave and the
normal to the wall at the point B. The solution is concluded to
be of regular reflection type 1f g tends to a constant
asymptotically and be of Mach reflection type if ¢ increases
linearly with the time asymptotically.

The results of classification of the solution for each
pair of (a,e) are shown in Fig.15. The results are consistent
with the boundary line « = +/3¢ predicted by Miles when e< 0.2.

If « 1is slightly larger than 43¢, the theoretical

solution for grazing reflection 1implies that g diverges
. . — )
logarithmically as « tends to 43e¢. In this case, the solution

describes a 'Mach stem’ in the vicinity of the wall although the
intersection of an incident and a reflected wave does not move
awvay from the wall. The calculated values of q for a>4/3¢

increase rapidly as « decreases to 43g, but they are about 50%
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Fig.14. The time required to reach the stationary state since an

wave begins to be reflected. ¢ = 0.05.
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the boundary between these reflection patterns predicted by Miles.
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of the theoretical values.

The angle f in Fig.10(c) may be calculated from the

asymptotic values of dq' dt and the velocity of the point B © g3
= 0 for regular reflection ). The values of 3 are shown 1in
Fig.16 for ¢ = 0 05. They increase linearly as «a decreases from

JEZ to zero and agrees well with Miles' prediction 3 = J;;g( 1
- a/43e ).
3.4.2. The maximum run-up at the wall

The maximum run-up at the wall 1is the most interesting
quantity partly because it is important in the investigation of
the reflection of ocean wave and partly because Miles predicted
that it is much larger than that in linearized theory when a is
close to Jgg. The maxinum run-—-up at the wall aCpe(t) increases
monotonically with the time and then tends +to a constant
approximately for most calculations ( see Fig.17 as examples ).
We define this asymptotic value as the maximum run-up at the
wall for stationary state (... The value of 1t 1s shown 1n
Fig.18 for e = 0.05. If a<43e, then (¢, decreases to 1 as «
decreases to zero ( corresponding to a wave moving parallel to
the wall ) and agrees well with Miles  result :ITG/JEZ)Z. On

the other hand, 1if the value of a/43¢ 1s 1.3~ 2.7, then C(pur 1S

slightly larger than 2 ( the value in linearized theory ) and
agrees better with the result (poe = 2 + ¢ 8/(25in2a> - 3 +
2sin2q ] for non-grazing reflection rather than the result -—

= 4/(1 + 4/(0(2—88)/&2 ) for grazing reflection.

Stationary state was not attained when a is close to /3¢
( oa/43¢s = 1 01 and 0.81 ) owing to the limitation of

computational works. In this case, the values of <(,» at the
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Fig.17. Time evolution of maximum run—up at

interaction time t’',

Horizontal co-ordinate

is the non-dimensional

toag/h.

(t. is the interaction time of an incident wave with an oblique

wall. When the crest line of an incident wave passes through the line x =

0 in Fig.11 far from the corner, t. is chosen as 0. ).
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waves for e = 0.05. Q@ Calculated maximum run-up. (Q): Calculated

unsaturated maximum run-up at the largest time of the computation.

Theoretically predicted maximum run-up for grazing reflection.

—+——: Theoretically predicted maximum run-up for non-grazing
reflection. X3 Calculated amplitudes of reflected waves. (X):
Unsaturated amplitudes of reflected waves at the largest time of the
computation. =—-—-—: Theoretically predicted amplitudes of reflected

waves.
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largest time of the computation are considerably larger than 2
and are increasing slowly ( see Fig.18 ). Then (,« 1s inferred

to be close to that of Miles’' prediction.

The value of (he(t) at the largest observation time in
Melville's experiment was much smaller than the theoretical
value although measured ¢i,(t) increased slowly at that time for
most cases. Furthermore. measu}ed Craz (1) 1increased monotonically
as a increased.

The values of (i, (t) in Melville's experiments and in the
corresponding calculations dare shown as a function of the
co-ordinate along an oblique wall in Fig.19. The measured values
agree fairly well with the calculated values. However, the
calculated values of (¢}, (t) continue to increase for the
interaction time of 7 or 9 times as long as the largest
interaction time in the experiments. Therefore, 1if the
experiment with a little larger observation time 1is made, a
little larger value of ¢h,(t) may bg obtained ( although much
larger observation time does not necessarily give the much
larger value of it as is discussed in § 3.4.6 ).

3.4.3 The behaviour of reflected waves

Figure 20 shows the examples of profiles of the surface
elevation along the crest line of a reflected wave ( and a Mach
stem ). At the first stage of interaction of an incident wave
with a wall, the profile such as the broken line is obtained.
The amplitude of a reflected wave is not defined for this case.
After the sufficiently long interaction time, the profile such
as the solid line appears. We define the surface elevation at

the point P of locally minimum gradient as the amplitude of a
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%L Fig.19. Maximum run—up at the wall in the present calculations and 1in
Melville's experiments for each value of the non-dimensional distance
divided by h along an oblique wall from the corner. Open .symbols denote
experimental results. Solid symbols denote calculated results. @ and O:
€ =0.1, a = 100 (experiment), 9 (calculation). Mand A: ¢ =0.1, a =

25 (experiment), 25.7 (calculation). M and []: ¢ = 0.1, a = 30

surface elevation

Fig.20. Representative profiles of the surface elevaticn along the crest
line of a reflected wave (and a Mach stem). The horizontal co-ordinate is
the distance from the point of maximum run—up at the wall along the. crest
line of a reflected wave (and a Mach stem). ———! The profile at small
interaction time .————: The profile at the larger interaction time (B,

A and C correspond to those in Fig.10(b) and (c)).
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Fig.21. Time evolution of the profile of the surface elevation along the
crest line of a reflected wave. ¢ = 0.05 and a=x B (a/Jgg =1.82)
corresponding to regular reflection. Horizontal co—ordinate is the same

as that in Fig.20. The lines are for the interaction time ¢, =

5.08h/4::_, 6.47h/Ja; , ... of the same interval..
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Fig.22. Time evolution of the profile of the surface elevation along the
crest line of a Mach stem and a reflected wave. ¢ = 0.05 and « = /13
(a/Jgg =0.62 ) corresponding to Mach reflection. Horizontal co—ordinate

1s the same as that in Fig.20. The lines are for the interaction time t,

= 27.95h/4Jag , 39.13h/4fag , ... of the same interval.
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reflected wave at that time and write it as ag*r(t).

The obtained values of a¢*,.(t) increase monotonically with
the time and approach to certain values. We define this
asymptotic value as the amplitude of a reflected wvave in
stationary state and write it as a¢y. The value of it is shown
in Fig.18 for ¢ = 0.05. It is equal to the amplitude of an
incident wave if a>«3e, and decreases to zero as « decreases
from ng to zero in agreement with Miles' prediction ¢, =
GE/QSE).

Time evolutions of profiles of the surface elevation along
reflected waves ( and Mach stems ) are shown in Figs.Zl and 22.
When a>4/3¢, a Mach stem is not generated as is shown in Fig.2l.
This corresponds to the regular reflection. On the other hand,
if a<4/3¢ a Mach stem elongates with the time. This represents
the Mach reflection pattern ( see Fig.22 ) The position of the
tip of a reflected wave can not be determined definitely because
the surface elevation decreases very siowly along the crest line

of a reflected wave at the region far from the wall.

60"

T

0 o1 2 .

‘ | a?ﬁéE i | . .
Fig.23. The angle of reflection for ¢ = 0.05. O: Calculated

Lo
results.

(O): The unsaturated values at the largest time of the computation

. Theoretically predicted values.
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The angle of reflection 0y ( see Fig.10(c) ) takes
approximately constant value after sufficiently large
interaction time and is shown in Fig.23 for £ = 0 05. If «a>4/3¢,
then 6, 1s almost the same as the angle of incidence. On the
other hand, the value of 60, 1s independent of « and agrees well
with Miles' prediction 8,=¢/3e if a<y3e.

Figure 24 shows the profile of the surface elevation
across the crest line of a reflected wave. When «a>4/3¢ the
profile which agrees well with that of an incident wave 1s

obtained asymptotically ( see the circles and a solid line 1in

Fig.24(a) ) Figures 24 (b) and (c) correspond to the case of
Mach reflection. The profiles agree approximately with those of

Miles’ prediction

a2
&

« 2 (44
&t = —meeh® [———
3¢ (3g)172
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after the sufficiently large interaction time, where l¢  1s the
horizontal co-ordinate along the normal to the crest line of a
reflected wave. The profiles for insufficient interaction time
are not symmetric and represent the more rapid decrease at the
backward side of waves as 1s shown by the triangles in Fig.24
Melville obtained "reflected wave amplitudes”™ which are
considerably smaller than the theoretical values except for
small «. The effect of viscosity seems negligible for his
observation time as will be discussed in § 3.4.6. I infer that
"the reflected wave amplitude’ obtained by him is the surface
elevation at some point on the crest line of the reflected wave
at an insufficient interaction time from the following two

reasons: First, the profiles such as the broken line 1in Fig.20
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Fig.24. Profiles of ‘the surfacé elevation across the crest iinek of a
reflected wave for ¢ = 0.05. Circles denote the profiles of sufficiently
developed reflected waves at the section where the maximum values of them
agree with the theoretically predicted values. Triangles denote the
profiles of insufficiently developed reflected waves. Solid lines denote

the profiles of an incident wave (in (a)) and of the reflected wave in
Miles’ prediction (in (b) and (c)). Broken lines denote the profile of a

Boussinesq solitary wave of the same amplitude as the profile of

16'8h/Ja; ; O, te = 72-7h/Ja; . (b), a = n/13, corresponding to Mach
reflection; A, t, = 39.1h/J5; : B £ = 274h/¢£; . (&), a=n/20

corresponding to Mach reflection; A, t, = 83-9h/Jaa : B, & =

330h/4/ag .

triangles. (a), a=n/6, corresponding to regular reflection; A, t, =

b
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are obtained in the present calculations for € and «

corresponding to his experiments at the interaction time
estimated «crudely from the contents of his paper ( see Fig.25
for examples ). Secondly, the much narrower profile than a

Boussinesq solitary wave of a reflected wave measured by him is
also obtained for the reflected wave at insufficient interaction
time as is shown by the broken line and triangles in Figs.24 (b)
and (c). Therefore, the larger interaction time seems to be
required for the measurement of fully developed reflected waves

although the viscous effect may not be negligible then.

Melville considered the model with a reflected wave of
finite length. In this model it is assumed that the surface
elevation varies as a step function along the crest 1line of a
reflected wave and that the incident and reflected waves and the
Mach stem have the solitary wave profiles. He determined the
length of the reflected wave by means of the conservation of
mass and energy. The result is inconsistent with the
conservation of momentum in the neighbourhood of the tip of the
reflected wave. For this reason, Melville suggested that Miles’
solution does not appear asymptotically. However, the result of
the present calculations differs from the assumption in this
model, and the calculated amplitude of the reflected wave agrees
with Miles' model. The above 1inconsistency seems due to the
defect of the model itself.

3.4.4 The behaviour of troughs

In the present calculations a trough appears behind a

reflected wave ( and a Mach stem ). The depth of it at the wall

attains a maximum value ady at the time Tih/4ay, and then
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Fig.25. The profiles of the surface elevation along the crest line of a
reflected wave at the time which 1is inferred to be the largest
observation time in Melville's experiment. Horizontal co—ordinate is the
same as that in Fig.20. One line is for ¢ = 0.1, a = 7/7 and interaction

time t, = 7.98 h/(ag)'/® . Another line is for € = 0.15, « = /5 and t, =

3. 17h/A ag
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Fig.26. The time required for the attainment of.théllaféestrdepth of a

trough at the wall. ¢ = 0.05.
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decreases slowly. The time is measured from the instance when
the incident wave passes through the line x = 0 in Fig.11. The
values of Ty are shown in Fig.26 for ¢ = 0.05. They 1ncreases
rapidly as « decreases to zero. The values of dt are shown in
Fig.27 for ¢ = 0.05. They are about 0.3 1independent of « if
o>+3¢ ; on the contrary, if «a<y3eg, they decreases to zero as «
decreases to zero ( corresponding to a wave moving parallel to
the wall y. The trough travels more slowly than the point of

maximum run—-up. The delay of the trough to the crest increases

as « 1increases. The trough was observed also in the experiment

made by Perroud [87) for a> 20° althbugh available data for
quantitative comparison were not given.
3.4.5 Mach stem

In all the solutions representing the Mach reflection
pattern, the surface elevation on the wall OA in Fig.l1! have the
sech® profile which was predicted by Miles as the profile of a
Mach stem. As an example, the result for a« = 7/20 and ¢ = 0.05
is shown in Fig.28 with the predicted values.
3.4.6 The estimation of the effect of viscosity

Although the accurate estimation of the viscous effect on
the oblique reflection phenomena 1is difficult, the crude
estimation may be possible if the theory for the viscous damping
of a one—-dimensional solitary wave 1is used.

Keulegan [91] examined the viscous attenuation of a
one—dimensional solitary wave in a channel of constant depth and

width. He derived an inverse—-fourth-power decay law for a



Fig.27. The largest values of the depth of a trough behind a wave for g =

0.05.
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co-ordinate along the wall
Fig.28. Free—surface displacement on the wall for € = 0.05, 6§ = 0.01 and

a=t/20. The wave is traveling to the right. X: Calculated results at t’ =

105. The profile of the Mach stem of the same parameters

predicted by Miles.
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shallow vater solitary wave of small amplitude on the
assumptions that the flow is laminar and that the thickness of
boundary layers is much smaller than the water depth and that
the dissipative and dispersive effect of viscosity on wave form
( except for the amplitude ) can be neglected. This lawv 1is

written as

p(t" 1 (3.6)

pi0;  (l+yt)?

where pi{t) is the amplitude of a solitary wave at the time t,

and

1 . 2h 0) g2,
v = ___,\f“____)(ﬁ_J._)l/‘r , (8.7)

12 b L

where h and b are the depth and the width of a channel, and vy 1is
the kinematic viscosity. This law was derived also by Ott and
Sudan {22! and by Kakutani and Matsuuchi (93] . Miles (84]) also
obtained a similar law. In his equation also the effect of
surface contamination 1is taken into consideration, so eq. (3.7)

1s modified as

(3.8)

)

) 0 2
Sy = 0.0839 (1+20 ) (RS ég” y1/4
b h

where K is a surface-contamination parameter and is chosen as 1
in the following.

We wuse the Miles’ formula (3.6) and (3.8) for the
estimation of viscous effect on the oblique reflection phenomena
as a crude approximation. Melville's experiments were made with
h = 20, 30cm and ¢ = 0.1, 0.15. The interaction time in his
experiment 1s inferred to be about 4 seconds. If t = 4sec., h =

30 cm, p(0) = 3cm, v = 0.0lcmz/s and b = e, Miles’' formula give
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the damping of 1.2% of an initial wave amplitude. If | = 4sec.,
h = 20cm, p{0) = 3cm and b = o, the damping of 2.2% 1is given.
Therefore, the viscous effect seems negligible in his experiment
although maximum run—-up at the wall may be affected also by the
viscous dissipation in the boundary layer at a side wall.

In the present calculations for ¢ = 0 05, the interaction
time required for the attainment of the stationary state depends

on « 1intensely as 1is shown in Fig 17. If «a/43¢ 1is larger than

1.5, then ¢}, (t) is saturated approximately in the interaction

time less than 20h/4ag, and the representative rate of increase

of ¢pow vty 1s fairly large On the other hand, if «/43c 1is less

than 0.81. the interaction time required for the saturation of
Crax {t>) 1s very large ( more than 200h/4ag ), and the

representative rate of inc¢rease of 1t is small.

Interaction times 20h/4ag and 200h/4ag correspond to

15sec. and 150sec. respectively if we use h = 30cm and a =
1.5¢cm. If h = 30cm, p(0) = 1.5cm and b = o, Miles’ formula with
t = 1bsec. and t = 150sec. give the damping of 4% and 30% of an
initial wave amplitude. Therefore, if h is 30cm, the viscous

effect on the oblique reflection phenomena seems approximately
negligible for «/43e>1.5. In other words measured ¢}, (t) is
expected to increase rapidly to the value close to that obtained

from the 1inviscid theory before the viscous effect reduce the

wave amplitude appreciably. However, for the Mach reflection
case of «/4/3e<0.81, the viscous effect is significant if h is
30cm. That is, the viscous effect on Chaw (1) becomes

non-negligible before (uu (t) increases sufficiently, so ¢i, ()
tends to the considerably smaller value than that of inviscid

theory, and then decreases.
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Fig.23. The rate of increase of maximum run—up at the wéll in inviscid
calculations and the estimated rate of decrease of it due to viscosity
for h = 30cm, and € = 0.05. Circles and stars denote
(d¢rae (L)/dt) /¢ty (t). They are shown as a function of interaction time
t.. Solid line denotes —{(dp{(t)/dt)/p(t) based on egs.(3.6) and (3.8).
(a), Circles are for o=z 13 and stars are for a=r/40, both corresponding

to Mach reflection. (b), Circles are for a=r/4 corresponding to regular

reflection.

Figures 29 (a) and (b) show the viscous effect a little
more definitely. The circles and stars represent the rate of
increase of calculated ¢;. (t) per 1 second for ¢ = 0.05 and h =
30cm. The solid line shows the rate of decrease of p(t) per 1
second based on eqs.(3.6) and (3.8) with h = 30cm, p(0) = 1.5cm
and b = o ( this seems to be underestimation of viscous effect

in consideration of the existence of a side wall and the larger
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values of ¢r,.(t) than 1 in the real problem ). These rates are
normalized by the values of (;n and p at the time when they are
calculated. When « = 774 ( «a/+43c = 2.0 ), the rate of 1increase
of (i (t) 1s much larger than the viscous damping rate for the
most time of evolution. On the contrary, if « is =w/13 or w/40
( a/ng = 0.62 or 0.20 ), viscous damping overcome the increase
of ¢rax (t) at the considerably smaller interaction time than that
required for the attainment of stationary state in inviscid
calculations.

Consequently, the large values of (,. Which were obtained
in the inviscid calculations for «~43c seem unrealizable for
small £ in the laboratory experiments with the apparatus of
ordinary dimensions. The viscous effect seems relatively small
for the large scale wave in the ocean. Therefore, the maximum
run-up at the wall may become much larger than twice of the

incident wave amplitude in the ocean.

Appendix

Calculations were made in a rectangular region 1in the
(¢,n)-plane (—-¢; =¢<¢>, -L=n=0 ) which was transformed from the
region OABCD in the (x,y)—-plane shown Fig.11. This
transformation 1is made by the following Schwartz-Christoffel
transformation:

dv

cdu

T _
= — —(p—1)IvEyen, (3.4.1)

where

"
I
8
+
o
P)l\')
I
l
=
I

exp(—%w) + 1, w= &+1n.
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If o« can be written as

o = Ein (my,n, : positive integers ), (3.4.2)
m
then eq.(3.A.1) can be integrated to give
e 27ri
-k Z pEETM )10ty — exp( )], (3.4.3)
T =0 mi m
where
1 W T
x = 1 = =378 ( O=argx=— ),
v my
2rri
-t < arg (x — exp( Y] £ w.
m
The corner O in Fig.11 corresponds to the point w = —-Li 1in the

(¢,n)-plane under this expression.
In this (¢,n)-plane, the evolution eqs.(3.1) and (3.2) are

written as

3
O% L b4 + £Va(CV i
at
of
: = @, (3.4.4a)
an
95 - Yopraur) 1 2
31 20p1 wf) + ¢ + Eem(%f) = (3.4.4b)
wvhere
b k) 2 2
Vw = (—’ —_)v Aw = a— +_a__,
a¢’ an g% an?



pi = 1F11%, pa= 41812, p3 = 4Re(FIE]), pu = 4Im(F\E}),

By = (L)"l/"'l, By = n]nvm/m—l (v—1 ')-—nl/m].

-1 m L
Here the primes in nondimensionalized variables were omitted.
Since the coefficients p2, p3, py diverge as p tends to zero. ve
removed the boundary AOD in Fig.11 inward by a small amount L,
( thus the actual calculation region is —-L+L,=n=0 ).
The finite—-difference scheme which we wused as an

approximation of egs (3.A.4) is

1 _
— (™ -y Lop (1 -

6p2) (Usf + Uyf)
oAt g !

o | —

1 &
+ £Ag (CAsjof ) + €A, (CAf) — gﬁ (p1 (Bif + Bif + 2B:B,f)

+ p3(BeAsf + ByAef) + pa(ABef + ABf))} =0, (3.4.5a)
1 n+l = L, + n+ n- =
LA —pr(Bgf”lJanf ' = Bef™! - B
1 a

+ ¢+ ad [(Aef)? + (4,f)% 1= 0. (3.4.5b)
where At is the time increment for one time step, and f™! and
¢"*! are the wvalues of f and ¢ at t = (nxl) At ( f* and ¢" are
abbreviated to f and ¢ ) The symbols 4;, B: etc. denote spatial

difference operators defined in the following. We define fk.; as
the value of f at the point (¢k>n;), where (£r,n;) 1s the (¢.,n)
co-ordinate of the 1intersection of the k-th mesh 1line of
constant ¢ and the j-th mesh line of constant 7. We introduce

the operators T and T, which are defined as

T’gfk,j = fk+m,j’ T”;,/fk.i = fk.]*'""

sy BB =



In the ¢ direction, we used the following spatial differences

1 2 .
A= D T - TE ), Age = —( TV - T§R,
2A¢ A€
Be = ——( T 2 + T
§F = ok il T & Ja
: Ag> g i g )
o 1 o 4
Us = —=( —T2 + 27, = 2, Apa _ LT;: ,,
Agm 12 3 2 3 12

where A¢ is a mesh size in the ¢ direction. Moreover, we used

the following formula

Chery2,5 = Chi ¥ Lhel,y 4 BRe.

1 s
5
In the 5 direction, we used the non—uniform mesh size of

exponential stretch in order to save computational works. The

spacing of each mesh line of constant n is written as
An; = i+t — N; = noYﬁﬁ,

where mg 1s a positive constant and y is a constant which 1is
slightly larger than 1 We used the formula of 4,, B, etc which
are 1in principle equivalent to As, B: etc. and can be reduced to

those corresponding to Ag, Bs etc. if y = 1. For example,

A’?} 1+Y 1+
1 2 2v2
B'7 = e _‘)TT) — 27 s 4 T;)I ]
An; I+y T+vy

We added a wvirtual mesh outside the true boundary. The
values at virtual mesh points were chosen so as to satisfy the
boundary conditions (8.3) at the true boundary. We used the

conditions

ey B e



at the boundary of constant ¢,

at the boundary of constant n,

corresponding to the boundary conditions (3.3a) and (3.3c). At

the boundary BC in Fig.11 ( corresponding to n=0 ). the

condition (3.3b) corresponds to

Fip
4 - o,

2

én

so we used the condition

at the boundary BC.

On the other hand, the condition (3.3b) for the boundary AOCD 1in

Fig 11 ( corresponding to n=-L+L, ) 1s written as
&2 a°
é =Rr~4é + Rzéi,
an a[’](_ af
where
R, = BH]II i)
mL v
2 | /i — b 1 1
Ro = — MTpp2tmm 1y 5 M yoge (1yIn().
mL* e miL v ]

Therefore, we used the condition

.—&,-,an = R]an + RzAgf,

Similar condition was imposed on

at the boundary of n=-L+L,.

the boundary of constant ¢.



The values of C“' can be calculated explicitly from the
values of ¢", C”‘ and f" by the use of eq.(3.A.D5a). However, the
values of /™' can not be calculated explicitly in eq.(3.A.5b),
so we used the iterative method which is called 'successive line

overrelaxation method’ ( see Varga [(90)] for particulars ).
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Chapter 4

The Resonant Interaction between a lLong Internal

Gravity Wave and a Surface Gravity Wave Packet T.

Shallow—Fluid Case,

§ 4.1. Introduction

It is well known that a strong interaction between long
and short waves occurs when the phase speed of the long wave and
the group velocity of the short wave are matched, and can be
interpreted as a limiting case of the three-wave resonant
interaction (857, (88) This 1interaction between a long
gravity wave and a capillary-gravity wave was 1investigated by
Djordjevic and Redekopp (89) for water of finite depth. The
same kind of interaction between long and short internal waves

was 1nvestigated by Grimshaw (701 . Both of them derived the

coupled equations of the form

2

(OB 94 B, (4.1a)
ot ag-

o8 - &EL(;A|3), (4.1b)
aT o¢

where A is proporticnal to the complex amplitude of a short
wave, and B denotes an appropriate quantity associated with a
long wave, and «, B and y are constants. The variables ¢ and T
are the appropriately stretched spatial and time coordinates in
the frame moving at the group velocity of a short wave.

The model equations for the interaction of a Langmuir wave

with an 1on-sound wave in a plasma

— T —



o

OE 1 3%

2t @ oEg (4.2a)

on . on BIVIE:

at ox ox ) (4.2b)
which are reduced to eqgs.(4.1) through the transformation
p=Feilt/Z2)  ¢=yv_t and t=t, were solved exactly by Yajima and

Oikawa [97] by using the inverse scattering method and shown to
have the N-soliton solutions. The equations (4 1) were also
solved by Ma (98) in the similar way. Ma and Redekopp (99]
gave some another solutions of egs. (4.1).

In this chapter, we examine the interaction between a long
internal wave and a short surface wave in a two layer fluid
under the assumption that the fluid depth is sufficiently small
in comparison with the wavelength of the internal wave Then it
is found that the equations describing the 1interaction become
the same form as eqgs. (4.1). The derivation of these interaction
equations is given in § 4.2.

Koop and Redekopp [100) made the experiments on the
resonant interaction between long and short internal waves in a
rigid-lid three layer fluid. They mainly 1investigated the
interaction of wavetrains. Here, we examine numerically the
resonant interaction of long and short waves with localized
distributions. It is shown in § 4.3 that asymptotic states for a
class of 1initial short wave packets consist of coupled-soliton
solution and a steady solution composed of a long wave alone and
a dispersing wave composed of short wave alone. The interaction
between a soliton and a steady long wave 1s also examined.

A supplementary comment is made in § 4.4.

— 71 — -



§ 4.2. Formulation and Reduced Interaction Equations

We consider the wave propagation 1in a two-layer fluid
which consists of the upper layer with the density pi=p2(l1-4A)
and the thickness h; and the lower layer with the density
p2 ( > p; ) and the thickness hes ( see Fig.2 ). The fluids are
assumed to be inviscid and incompressible, and their motions to
be two-dimensional and irrotational. If the disturbed free
surface 1s specified by z=h|+¢(x,t), the disturbed interface by
z=¢>(x,t) and the velocity potentials in the upper and lower
layers by ¢&,{(x,z,t) and ®>(x,z,t), and there is the flat rigid
boundary at =z=-ho, the basic equations and the boundary
conditions are given by egs. (1.1b).

Linear approximation of egs.(1.15) wyields the solution
(1.168) and dispersion relation (1 17). The relation {1 17) gives
the surface mode and the internal mode. We consider the
interaction of a surface mode and an internal mode in the
shallow fluid. We assume that e=a/A<1, A/h;~1, ho/h;~1 and
A/1<€1. Here a and 1 are a characteristic amplitude and a
characteristic length scale of the surface wave, respectively,

and | is a characteristic length scale of the internal wave. We

expand the solution in the following form

3, = ;:E(mn)/z,p(n;, ( j=1,2 ) (4.3a)
¢, = 2%5(&mh8§y0 _ ( j=1,2 ) (4.3b)

The variables ¢ ( and ¢ ) are regarded as functions of the
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stretched coordinates
£ = B¥%e — et 3, = £, (4.4)

as well as r, t ( and z ). Substituting eq. (4.3a) into
eqs. (1.15) and equating the coefficients of like powers of £, we
obtain a linear boundary value problem for ¢(ﬂ from the terms of
0(e™d/3 y  Both for ¢©® and for @), the equations and the
boundary conditions are given by the linearized forms of
eqs.(1.15). We assume that ¢(% ( j=1,2 ) consist of a long wave

alone and ¢} ( j=1,2 ) a short wave alone. Therefore, we take

@ = o;(¢,v), ¢ =0, (j=1,2) (4.5)

and

o

g} = %?A(E,T)ew{sinhk(hl—z) m EE skl TR =23 + E.o.,

Q)Z
¢ = a¢g,t)e + c.c., (4.8)
a0 = —— " ooompn — 2ooinnen, 34 8,7 jeRenshib feths) + .0
ksinhkhs w? B
. koo .
¢4) = (coshkhi-Lisinhkhi)A(¢.7)e®® + c.c.,
@
from eqgs.(1.18), where ©6O=kx-wt, and k and « satisfy the

dispersion relation of the surface mode ( relation (1.17) with
plus sign ), and c.c. denotes the complex conjugate of the
preceding term. It 1is noted that the 1long wave given by
eqs. (4.5) gives rise to a horizontal velocity of 0(54/3). In

0(54/3), we obtain
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o4 (¢,7),

Il

f 6@ = 0@ (¢, 7), 0@

(4.7)
o ‘C N & 2 a® 7 :
\cf” ~ By B0 e = Coc8%2 g 5,90y
g adg Ag 9¢ ag
The condition for no-secularity in 0(e2/3) yields
-
g ™ (4.8)
In 0(e2), we find that ®; and ®p must satisfy
2 \BZCI), 5%})
(ghy — cz 3 ~ + gh———= = Q,
j T lag T T gl
: 5 82<I> 5 2hn (4.9
\ (Agh, — c§ ) _J + c@éléi = 0.
a¢- a¢?
The compatibility condition for these equations becomes
c: = ¢2, (4 10)

where ¢, 1s the phase speed of the internal wave in the long

wvave limit and is given by

Co = { ( hy + ho — 4/ (hi+h2)?—4Ahih2) g / 2 ) /2, (4.11)

We assume kK to satisfy the resonance condition c¢g=c,. The

condition for no—-secularity in 0(57/3) leads to

84 1., 8%
1— + —W > = —adB, (4 12a)
art 2 gg-

where B=g¥>, and o” = d?w/dk?. The constant a is given by
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eq.{(4.A.1) in Appendix A. In deriving eq (4.12a), we have used

the relations

P
Cg -(2) a9 Gram .
e ——*( ;— . —_— f iz -— —_— v

ghi—c5 a¢ ghi~c3 / af ho

8 5
o8 _ Bzi;<|AIL>' (4.12b)

where [ is given by eq.{(4.A.2) in Appendix A. The equations
(4.12) give the desired coupled set of equations Numerical
computation shows that a and 8 are positive. The constant o’ 1is
negative as shown easily. Since gh1—cg>0, the signs of Cﬁ) and
Cf) are opposite each other.

The equations (4.12) are equivalent to egs.(4.1) which are
exactly solvable by using the inverse scattering method (97 ,
(98] and have the N-soliton solution (97), (99). The soliton
solution of eqgs.(4.12) propagates to the positive ¢ direction
and 1s accompanied by the depression of the interface as seen
from egs. (4.15). The solution of egs (4.12) has the similarity
in the sense that 1if A=f(¢,t) and B=g(¢,7) satisfy these
equations, Azraqf(rf,rzr) and BZTZQ(TE,TQT) also satisfy them.
Here r 1s an arbitrary positive constant. The latter can be
obtained by replacing scaling parameter ¢ with g =r32g

Therefore this similarity is trivial.

The equations (4.12) can be reduced to the forms
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GRS BER

L = & ~L.8, (4.13a)
aT aX*

a a

oL =-£L([Sl*>, (4.13b)
oT oN

by an appropriate scale transformation. These equations have an
infinite set of conservation laws (97), (88). The first four

conserved quantities are written as

I, = fALd.\’, Ing | S 12X,

88 8S* .. ..
Ing’“[LZ-wL(s*a\—s )] dX, (4.14)

I~
o~
Il

r(!asf2+LIS!2)d.X.

aX

The soliton solution of egs.(4.13) are written as

; T
SzJqusechq(X—pT—Xb)exp{zL—§X+(—q“+zp“)T+Go]}, (4.15a)

L = —-2¢°sech?q(X-pT-Xy), (4.15b)

where p and g are arbitrary positive constants, and Xy and 8g
are arbitrary real constants. The 2-soliton solution of
egs. (4.13) reduces to the breather solution (89]) when two
constituent solitons have the same velocity. The breather

solution is written as

S = =,

(4.16)

82
aX?

s

L = -2 (1InF).
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where

F = l+ajexp(2qip)+uzexp (2q20-2dy ) +Re {azexp [ (qi+q2)o—do+1 (qi—q3) (T

—Tg) ) }+asexp (2(qi+q2)9—2dp) ,

. 1 o 1 s
G = 2 ML TR . _ . 5
J—éXp{l ( 29@ (Q1+4p Y (T=Ty)+60) } {exp (qip )+exp (qop—do+1i (g7
=q2)(T=To)]) +biexp ((2q1+qz2 )o—do+1 (qT-q3) (T-To)) +boexp [ (q1+292 )¢
_ZdOJ } ’

= X—pT—Xp.

Here «aj~as4, by and b» are constants depending on p, q; and gz,
and are given in Appendix B. The positive constant p specifies

the velocity of the “center of mass”™ of the breather solution as

is expected from the following relations for eqgs. (4.16)

ZiE—ijdX:4(qH02), (4.17a)
al[mXLdY—
BE:ﬂQ X=-4p (q1+q2). (4.17b)

Furthermore, q; and g2 are arbitrary positive constants and play
the similar role as @ 1in egs.(4.15). Among the other real
arbitrary constants dy, Xo, To and 0y, do gives a measure of the

distance of two constituent solitons. As is shown easily, |S|
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and L for the breather solution are periodic in time with the

period
2r
TPZ_—_Iq?—q3|' (4 18

The uniform amplitude periodic solutions to egs.(4.13) are
unstable for modulational perturbations with small wavenumbers
(8S), [(99)].

§ 4.3. Numerical Study of the Reduced Interaction Equations

Although =egs (4.13) are formally solvable by the inverse
scattering method, it seems difficult to obtain the solutioﬁ
explicitly on this method for general initial-value problems.
Therefore, we solve the equations by a finite-difference method
and examine the properties of +the solutions starting from
localized initial distributions.

We adopt the following centered time and centered space

explicit scheme for the numerical integration of egs. (4.13)

1 & n- cymn 1
ZZF<U7;-'—Uj S Mzwj+|—2\f;+vg_l> - LMW1, (4.19a)
1 n+ = l i3
%”” l_yrly = —AYZ(L[’J-,,I—ZU'}+U’}_1) + LY, (4 19b)
1 + n- 1 ‘ 3 m : Tn
a7 L Ly = L 2+ (V32— (Ul (V)2 (4.19¢)

where S=U+1V, and U] is the value of U at T=nAT, X=jAX etc. The
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periodic boundary condition with sufficiently large period d 1is
used. The spatial mesh size AX was chosen so as to keep the
variations of I{~Iy 1in eqgs.(4.14) sufficiently small The time
increment AT was determined from the criterion AT < AX%QL based
on the linear stability analysis.

4.3.1 The dependence of the solution on the initial wavenumber

At first, the property of the solution starting from

S = sech(X-Xp)e'™, (4.20a)
L =0, (4.20b)
is examined. Here ¢ and Xy are real constants. This 1nitial

condition 1s adopted as the representative of the short wave
packet of the wavenumber deviating from the resonant one by
small amount e£*3c. |

Figure 30 shows the evolution of the solution for exactly
resonant case c¢c=0. The positive and negative parts of L are
generated at the first stage owing to the effect of the short
wave packet. The positive part of L remains there without
propagation and the value of |S| at the corresponding location
tends to zero, while the negative part of L is coupled with a
part of the short wave packet to propagate to the positive X
direction. These behaviours of the short wave packet can be
explained from the fact that eq.(4.13a) 1is the Schrddinger
equation with the potential L. After sufficient evolution time,
the solution separates into three parts : (i) the negative part
of L coupled with a hump of S| propagating to the positive X

direction, (11) the solution composed of a steady positive part
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Fig.30. Time development of the solution for the initial data (4.20) with
¢c=0. S=U+ 1iV. AX = 0.2. Since the periodic boundary condition with
the period d = 400 is used, the short wave dispersing to the left appears

from the right end.
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Fig.31. The solution for the initial data (4.20) with several values of
c. ——:|81 . ——:L. Xg = 90. d =400. AX = 0.2. For c=z-0.5 the

short wave dispersing to the left appears from the right end.

of L alone, (iii) the solution composed of only the short wave
packet which disperses to both directions.

The solutions for ¢= 0 are shown in Fig.31 They also
separate into these three parts as long as Ic/| is not so large.
The solution for ¢ = —1 seems not to contain the coupled part (i)
because the amplitude of short vave packet decreases
monotonically. For large positive ¢, the evolution of the
negative part of L is so slow that the definite coupled part(i)
is not obtained in the ordinary evolution time. Fairly large
part of the initial short wave packet evolves to part (i) for
small lcl , while most of it evolves to part(iii) for large
lct. The peak of ISI of the part(iii) for large lcl moves at
the speed -2c as 1s expected from eq.(4.13a) with L=0. The
larger steady positive part of L 1s generated by the short wave
packet of the wavenumber more close to the resonant one.

For -0.75< ¢ =1.5 the coupled part(i) of the solution
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Fig.32. Time development of |S!px » Lain and v for the initial data

(4.20) with ¢ = 0. The amplitude of the oscillation of v is very small.

looks 1like a 1l-soliton solution (4.15). However, (o p—
max | SX,T)l, Lgy.=—minL{X,T), and the velocity of the negative
part of L, v, calculated from the data of the part(i) oscillate
slowly 1in time with decreasing amplitudes as illustrated in
Fig.32. This kind of oscillation has been found for the
nonlinear Schrddinger equation (18). The relation |Sigs=vLlnin,
which must be satisfied by the 1-soliton solution (4 15), 1is
approximately satisfied at any time. This oscillation can be
considered as the result of the interaction between a 1-soliton
and a dispersing short wave ( part{(iii) ). Therefore, one
soliton 1s expected to emerge asymptotically. The values of
parameters p and q of the soliton will be calculated from |S|
and L,j, averaged over a period of oscillation, the averaged

values Dbeing practically constant. The dependence of p and q on
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Fig.33. Dependence of the parameters p and g of the asymptotic 1-sol:iton

sk
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Fig.34. The solution for the initial data (4.21) with several values of

8. ——=—=! |8l L. Xp =90. d =400. For So = 3 only the

state of one negative peak of L is observed.



c are shown in Fig.33. The slower soliton emerges from the
initial value of larger c¢. The dependence of q on ¢ 1is
relatively weak.

4.3.2. The dependence on the initial amplitude of a short wave

packet

In this subsection we examine the dependence of the.
asymptotic properties of the solution on the amplitude of the
initial wave packet of the resonant wavenumber. Therefore, the

solution starting from the initial condition,

S = Spysech (X-Xp),
{ 0 i 0) (4. 21)
- = 0,
is studied. Here S; 1is a positive constant. As 1s shown 1in
Figs.34 and 35, the solution again eventually separates 1nto

three parts(i)(i1i)(iii) introduced in the preceding subsection.
The larger steady positive part of L is generated for larger S;.
The time developments of the solutions shown in Fig.34 suggest
that one soliton emerges for 0.5 Sp= 3 and that no soliton for
Sp=0.2. On the other hand, it is suggested that the breather
solution (4.16) is generated for 3.5 Sy=4 because the state of
one negative peak of L and that of two negative peaks of L are
observed alternately. This breather—1like evolution is
1llustrated in Fig.35.

For Spy=0.5 | Slpax and Ly, defined in § 4.3.1 oscillate
in time with slowly decreasing amplitudes within the computation
time, while they decrease monotonically for Sy = 0.2. In the
case 0.5= Sy=3, the parameters p and q of the asymptotic soliton
solution (4.15) can be estimated in the similar way to the case

in § 4.3.1. The parameters p, q; and q» of the asymptotic
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Fig.35. Time development of the solution for the initial data (4.21) with
So =4. d=200. AX = 0.025. Breather solution for which S|, and L,
oscillate in time with the period 2.24 emerges asymptotically. The
solutions at t = 5.4 and at t = 14.4 have two negative peaks of L, while

the solution at t = 9.0 has one negative peak of L.

breather solution (4.16) for 3.5= Sy=<4 vere estimated by using
the relations (4.17) and (4.18). The computed values of the left
hand sides of eqs.(4.17) are approximately constant in time. We
adopted the period of the oscillations of [S|,.« and Lyin as the
approximate value for T,. This period 1is also approximately

constant in time. The parameters p and g (or q,, g2 ) for the
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Fig.38 Dependence of the parameters p, q, q1 and go of the asymptotic

1-soliton solution (4.15) or the breather solution (4.16) on Sj.

asymptotic soliton (or breather solution) are plotted in Fig.36.
The faster soliton <(or breather solution) 1s generated for
larger Sy. The extrapolation of p and ¢ to small Sy suggests
that no soliton emerges for Sy<0.2. This is consistent with the
behaviour of the solution for Sy;=0.2. Furthermore, the values of
a, q; and g2 suggest that two or more solitons including the
breather solution emerge for S;>3.4.
4.3.3. The 1interaction of a coupled =soliton and a steady
localized long wave

In this subsection we mainly examine the interaction
between the soliton solution (4.15) and the steady 1long wave

solution of the form

S =0,
(4.22)

’—/;ﬁ
l\

= bsech?kc (X=-X|),
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where b and X, are real constants, and K 1Is a positive constant

In the special case of b=—n(n+1)&2, € m=125..: )s
eq.(4.22) represents the steady n-soliton solution as 1s shown
in Appendix C, so the interaction of it with an incident coupled
soliton is already known theoretically (877, (99] . Both an
incident coupled soliton and the steady l-soliton, (4.22) with
b=—2KkZ. suffer only the phase shifts from the interaction
between them. The phase shifts A; and Ap of the incident soliton

{4.15) and the steady l-soliton, respectively, are written as

1 4(q+x)2+p2 .
by = =l i [————m—r] (), (4.283a
2q 4 (q—K )~+p°
By = g (4.23b

K

A positive (negative) phase shift means a position phase shift
to the right (left). However, if n=2, a steady n—-soliton
solution suffers the change of its shape from the 1interaction
because each constituent soliton undergoes a different phase
shift.

Since theoretical results are not obtained for b =
—n{n+1)k? or for more general steady long wave soluticn, the
interaction 1s examined numerically. An incident coupled soliton
suffers only the phase shift from the interaction with the
solution (4.22) as 1is illustrated in Fig.37, and the phase shift
A1 1s positive for b < O and negative for b > 0. Furthermore,
it 1s likely that A 1s positive for the arbitrary steady

localized negative long wave, and is negative for the arbitrary

positive one.
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Fig.37. The interaction between the solitcn solution (4.15) with p =g =
1 and the steady long wave solution (4.22) with xk = 0.8, b = -6 for (a),

Tt =22.4.

ad Kk =0.8, b=5 for (b)), ——=—i t = 0,

Figure 38 represents the dependence of A1 for the coupled
soliton with p=g=1 on the area I;=2b/k and the steepness bx of

the solution (4.22). For sufficiently small |71 |, Ay is close

to -2I;/5 for any values of bc. Furthermore, the relation Ay =

-2Is /5 is likely to be satisfied even for the steady long wave

of arbitrary shape of sufficiently small area Is. The value of

Ai/Is in the limit 1I,/—-0 can be predicted for general values

of p and q from the relation (4.23a) on the assumption that

k<qg, and is written as

Is p+4q?’ (4.24)



Fig.38. The phase shift of the soliton solution (4.15) with p =q =1
owing to the interaction with the steady long wave solution (4.22). Ig( =

2b/k) 1s the area of the steady long wave.

Several computations for different p and q support that this
relation 1is wvalid for sufficiently small |1 ] . Figure 38 also
shows that if |I,| 1is not so small then A1 depends on the shape
of the steady long wave as well as Is. For arbitrary values of b
and K, |A/Isi does not exceed 2/5. These results suggest that
[ Ay of the soliton (4.15) due to the interaction with the
steady long wave of arbitrary shape and area I 1s at most
2111/ (p%+4q%).

A steady long wave in general suffers the change of its
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shape in addition to the shift of its position from the

interaction with a coupled soliton as 1is illustrated in Fig.37
4s the measure of the shift of the steady long wave, Ve

calculate the following quantity from the steady part of L
sz\j%XLdX/ijdX]TFQ - R/ XLdX//iLdX]qu. (4.25)

where T, and T- are the instants sufficiently before and after
the interaction respectively. The value of A> is negative both
for any positive long wave and for any negative one. The values
of Ay and A; associated with the interaction between the soliton

4.15, and an arbitrary steady long wave of an area I must

satisfy
Isho—4qA, = 0. (4.26)

The derivation of the relation (4.26) from eq.(4.13b) 1s given
in Appendix D. By using the preceding results about the sign of

A:, 1t follows from (4.26) that A> is negative.

§4 4. Supplementary Discussion

In this section we make a brief comment on the previous
results about the evolution of a short wave and a long wave
starting from a short wave packet of near—-resonant wavenumber.

The short wave packet and the long wave corresponding to

the coupled part(i) stated in §4.3 keep the assumed scale
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a0

0 (a323y, (4.27a)

B
7]

o= 0¢a7'?y, (4.27b)
ar = 0(¢a¥?)y, (4.27c)
where «a; and a are the amplitudes of a short and a long wave,

and A, and &, are the length scales of a short wave packet and a
long wave. Here all the variables are nondimensionalized by the
water depth. However. the short wave packet corresponding to
part(iii) disperses and becomes not to satisfy the initial
relation (4.27a This short wave packet is expected to continue
to disperse until the relation A,=0(a;') is satisfied. The short
wave packet setisfying this relation 1is governed by the
nonlinear Schrodinger equation (1.11). Although the long wave
corresponding to the part(ii) does not propagate in the assumed
nondimensional time scale of O(aﬂ), 1t 1s known (49) to be
governed by the X-dV eguation (1.18) in the slower time scale of
0 (ar*?). The steady n—-soliton solution, (4.22) with
b = —n(n+1 )2, may be considered as the degenerate case of the

n—-soliton solution of the K-dV equation.

Appendix A

The coupling constants « and B in eqs.(4.12) are given by
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2 2

K2 2A K R =
= KQ (A1) (02-01 )+ (01— 1 )+ { (1—=) (01402
(g/hHV* Qt Qv, o2 V2-1 o

K 2 AK K . ,
—A02 (14501 ) ) ———( (1=A) (140102) +==01 (1—50") )} ) / (4 (1+ (1
02 Qv, : <
-A)ojo2) — 2&(01+02)],
5 5 K2 KV 5 .
B SN ((1-A)Vy(Q2-=)-2 (1-A)—2-2QV2 (1-A) (03
(g/h1)"? 2 (A6-V5) Q- Q
K B T T - - s K .
—~—04) (04——03 ) — {Q°Vy (Vg-1 ) (1 )+—(Vg-A)} (0°——04)7]) »
g g o . 02
wvhere
& 2
K=khy, Q=wih1 /9, Vo= — ==,
? (gh)!”? hy
01 = tanhK, 02 = tanhéK, 03 = coshk, 04=sinhK.

Appendix B

The coefficients 1in the representation (4 186)

breather solution are written as

1 1

@i = g j dz = s
4pqf 4pq3
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where

iy = p-i{qi—qz), Mz = p+rilqi+qz’,

Vi = q1—q2, v2 = q1—q2.

Appendix C

The eigenvalue problem in the 1inverse scattering

associated with eqs. (4.13) is written as [(97)], 798
oVt _ -3ic¢V, — 1‘, SVao—1L Vg,
ax 2!/
/5 1 e
0¥ -21¢V2 — S S*¥g,
oxX
aVs

= ——l(:v3 -+ iV],
oX

-

method

(4.C.1a)

(4.C.1b)

(4.C.1¢c)

where ¢ is the eigenvalue. If we assume that S=0, eqgs. (4.C.1la)

and (4.C.1c) reduce to the equation
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where
2icK

u = Vie

This is the Schrddinger equation of eigenvalue §2 and potential
L. When L take the form (4.22) this equation can be transformed
to Legendre’'s associated differential equation, and it is known
(101) that n discrete eigenvalues exist and the reflection
coefficient vanishes when b=-n(n+1)k%, *( n=1,2,... ). From this
result it i1s shown that the solution (4.22) satisfying

b=-n(_n+1)l<2 belongs to the steady n-soliton solution.

Appendix D

For the localized distribution of S and L, the integration

of eq. (4.13b) gives

af“, - .
aT—kadk——l:lSl dx. (4.0 1)

We assume that
ISI=f(X-pT}. L=L;(X)+g(X-pT). for T——co, (4.D.2a)

and

| S1=f(X-pT-A1), L=L2(X)+g (X-pT-A1), for = T—+ee (4.D.2b)

SN - ¥ (A



where f and ¢g represent the soliton solution (4.15). Integrating
eq.(4.D.1) from T=T| to T=T2, and wusing the asymptotic forms

(4.D.2), we obtain

‘[ XLz (X)dX - ]1XL|(X)dX = 4qA,. (4.D0.3)

Therefore, A; defined in eq.(4.25) can be written as

4qA

K =
Is (4.D.4)

where

Is = ]‘Ll(X)dX.
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Chapter 5

The Resonant Interaction between a long Internal

Gravity Wave and a Surface Gravityv Weve Packet I1,

Deep—-Fluid Case.

§ 5.1 Introduction

The long-short resonant interaction discussed in the
preceding chapter was restricted to the case 1in which a long
wave 1s not dispersive. It 1is also possible to consider the
resonant interaction between a dispersive short wavetrain and a
"dispersive’ long wave. Benney (98] discussed this interaction
between a short capillary-gravity wave and a long gravity wave
in deep water.

In this chapter, we examine the interaction between a long
internal wave and a short surface wave in two-layer fluid wunder
the assumption that h|<I<h>. Here | is a characteristic length
scale of a long wave, and h; and ho are the water depths of the
upper and lower layers respectively ( see Fig.2 ). The equations
describing the interaction are derived in § 5.2. They have the
extra term representing the dispersion of a long wave in
comparison with the egs.(4.12) for shallow-fluid case discussed
in the preceding chapter. It is difficult to find analytical
solutions of the derived interaction equations. Therefore, we
computed solitary wave solutions of them numerically in § 5.3.
It 1s suggested that the solitary wave solutions are specified

by two independent parameters. The interaction equations seem to

have only four conserved quantities. This suggests that the



equations are not completely integrable and that the obtained

solitary wave solutions do not behave as solitons.

§ 5.2 Formulation and Reduced Interaction Equations

We consider the wave propagation in a two-layer fluid
which consist of the "shallow” upper layer and the "deep’ lower
layer. The same symbols as those in chapter 4 are used for the
densities, water depths, displacements of free—-surface and
interface and the velocity potentials ( see Fig.2 ). Then the

basic equations and boundary conditions are again given by

egs.(1.15). The linear dispersion relation (1.17) reduces to
w = Jgk (5. 1e)
Agko o
w = [— =, ( o=tanhkh ). 4 ‘
1+(1-A)o (. 15
for hi=h and hp—co, The 1linear dispersion relation for the

surface mode (b5.la) 1is the same as that for surface gravity

waves 1n deep water.

We assume that ¢ = a/& << 1, 3/hy ~ 1, &/l << 1 and hp =
oo, Here «a and R are a characteristic amplitude and a
characteristic length scale of the surface wave, respectively.
From now on, we omit the subscript from h;. The vertical length

scale of long wave component in the lower layer is the same as
the horizontal one. This suggests that it 1is necessary to
introduce the stretched coordinate Z = ¢%32 in addition to ¢ and

T defined 1in § 4.2. In the linear approximation, the boundary

conditions at the interface require the continuity of the



vertical velocity there. This suggests that the leading term of
the velocity potential of the long wave component in the lower
layer 1is 0(54/3) because the vertical velocity of the long wave
component in the upper layer 1is expected to be 0(e2) from the

results in shallow—-fluid case. Therefore, we assume that the

solution 1is of the form

gy =y g@mBg ) (5.2a)
n=0
8o = y,e@mBg 0y, (5.2b)
n=1
¢y = Z€(2+n)/3€-{n), (B.2c )
n=0
Co = '>_'€(2+n)/3(>,£;n}, (5 2d)
n=|
Introducing Z = €?3z as well as the variables ¢ and T given by
eqs.(4.4)., we regard the 1long wave component of ¢“% as a

function of ¢, Z and 7. We assume that Q(% consists of a long
internal mode alone and #¢] and U} consist of a short surface

mode alone. Therefore, we take

2@ = ¢(¢,7), ¢f?=0, (5.3)
and

o) = —%“A(g,r)e“’e’“?h) + c.c., (j=1,2)

¢fP = A(g,t)e”® + c.c., ¢i = ¢flleh, (5.4)

B = kx—wt

by taking the limit hp—ee 1in the linear solution (1.16). Here &k
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and « satisfy the dispersion relation of the surface mode

(5.1a). In 0(e*®), we obtain

3 = o (e, ), 2@ =0 (,2,7),
—AC (5:8 )
<ﬂ3 _ Cq aél, R - _cg(l Ay 09
i g O4O¢ Ag dg
The condition for no-secularity in 0(e¥3) yields
b= 28 8 (5.6)
cdk 2k
From the compatibility condition 1n O(e- ) we obtain
et = Agh = ¢3; (5.7)

where cpz(Agh)'/2 is the phase speed of the internal wave in the
long wave 1limit, l/h—eo, We assume that &k satisfies the

resonance condition cg=c,. In this order of € we furthermore

obtailn

3 o 9% 3
(—o2) 720 = (1—-A)h—2, — -0 (Z— —oo). (5.8)
Z o¢g- a7

In 0(57/3), the condition for no-secularity leads to

=2 g 2y ~ = _gAB, (5.9)

i GO e



Skl 1= 20
o = = > 0.
1=A (l—e"‘““h)

In 0(58/3), we obtain from the compatibility condition

2

820, 5%

2 orh . O
N + 0g (=082 ) 700 + 4he?(1—e M) (1412) =
o¢aT dEe ot
and also
62 52
080+ ——efD) = .
a¢? 372 ° 0. Z<0

05 (5.107

(5.11)

From egs.(5.11) and (5.8) we can represent the second term of

eq.(5.10) by means of &;. Substituting this into
using eqgs. (5.5) we obtain

9B 2 '
=+ mids
ot ¢’

o >
) = B—(141%),
ag

where H represents the Hilbert transform

H(f) = 2pf L&D

A

dg ",

where P denotes the Cauchy principal value. The

v are written as
_ -2k !
B = (1-A)w(1-e2hy > 0, vy = E(l—A)fu/Agh >

From eqs. (6.5), we obtain
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The signs of ¢f? and ¢t? are opposite each other.

The equations (5.9) and (5.12) are to be compared with
eqs. (4.12). The extra term in eq.(5.12) represents the
dispersion of the internal wave in a deep fluid. The solution of
egqs. (5.9) and (5.12) has the same similarity as that of
eqs. (4.12). That is, if A=f(¢,t) and B=g(¢é,t) satisfy these
equations, A=rY2f(r¢,ric) and B=rlg(r¢,r°t) also satisfy them.
Here r is an arbitrary positive constant. This similarity is
predicted from the procedure for the derivation of the

equations.

The equations (5.9) and (5.12) can be reduced to the forms

88 a°S

f—— — = = LS, (5.13a)
aT axe

aL 9°L 3 5

— + BH(—) = —(I81%), (5.13b)
aT ax? ax

by an appropriate scale transformation. The coefficient & ( =
(1-A)/(2A) ) is a positive constant. In <contrast with
eqs (4.13), these equations seem to have only the following four

conserved quantities,

z]=f Ldx, Izzf | S12dX, (5.14a,b)
>0 . .88 _aSs*
Is:f (L%—1 (S*=2-85=2 )] dX, Y
el a/Y a/\,J <5 14C/
a8 > & . 0L
Iy = /m[l—l“JrLlSlZ——LH —3) dX.
M- > <aX>J (5.14d)
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The uniform amplitude periodic solutions to eqs. (H.13) are

given by

8 = Gt L = Ly (Sp,Lg: real constants). (5.15)

We consider the following perturbed solution

S = (Sp+e aj)exp(ilyT+1ie'8), L =Ly + ¢'b, (5.186)

where ¢’ is a small parameter. Substituting these into

eqs. (5.13) and assuming the solution of the form

(a,8.b) = (a, 6, brexp (1 (kX—vT)) (k>0).

we obtain as the condition for instability

3 < 2782 ((82+3) (f62+3-6)+128) 7", (5.17)
Therefore, the uniform amplitude periodic solutions to

eqs. (5.13) are unstable for modulational perturbations with

small amplitudes similarly to the shallow—fluid case.

§ 5.3 Numerical Study of the Reduced Interaction Equations

In contrast with the case of shallow fluid, it 1is
difficult to find analytical solutions to the reduced
interaction equations for deep fluid (5.13). Therefore, several
numerical computations are made 1in order to examiline the
properties of the solutions including whether the solitary wave
solution exists.

At first, egs. (5.13) with 6=1 are solved numerically for

the initial condition
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S = J2sech (X-30)e /DX, (5.18a)

(5.18b)

We wuse the explicit scheme which 1is the same as egs. (4.19)

except for the addition of the following term to the left hand

side of eq.(4.19c)

~

o yaul n n
A\/Z\ j+|'—2Q]"_Q]—1 ) .

where @ = H(L). Since the periodic boundary condition with a

period d is adopted, the representation of Q is modified as
1 d o, T .,
Q = —P| L(X",T)cot—(X"=X)dX" .
c YO d

The formula based on the Tavlor series of L around X'=X is used
for the above integration over the range X—-3AN=X =\X+3AX, and
Simpson’'s rule is used for the other integration range.

Figure 39 shows the evolution of the solution starting
from eqs. (b.18). The most remarkable difference from the
shallow—water case is the shedding of the wavetrain of L to the
negative X direction caused by the effect of the dispersion term

in eq. (5.13b). The negative part of L generated first propagates

to the positive X direction together with a hump of |S|. The
heights of these peaks are oscillating with decreasing
amplitudes in * the computation time. Figure 40 shows the
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Fig.39.Time development of the solution for the initial datéy(5.18). 6 =

1. AX =0.2.

evolution of the solution starting from eq. (b.18a) and

L = -2sech?(X-30). (5.19)

The behaviour of the solution is similar to that in Fig.39
These results suggest that a solitary wave solution of
eqs. (5.13) exists and that a class of the initial conditions

evolve to it asymptotically.
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Fig.40. Time development of solution for the initial data (5.18a),

(5.19). 6 = 1.

Therefore, we consider the solution of the form

S = f(X-uT)e',

(5.20a)
L = g(X-uT),
(5.20b6)
dop
a_\( = h(X—uT),
; (5.20¢)

where f, g and h are real functions, and v is a constant. The
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functions f and ¢ are assumed to vanish as | X—=uT | —oo,

Substitution of egs.(5.20) into egs.(b.13) gives the results

¢ _ L= _lu’ (6.21a)
oxX 2

9% _ const. (=u), (B .21}
oT

and the equations for f and ¢

r

- 1,
I + (u—zlﬂf = fg, (5.22a)

—vg + 8H(g”) = f2 (5.22b)

where the prime denotes the differentiation with respect to X -
uT. We obtained explicitly two solitary wave soluticons which
satisfy egs.(b.21) and (b.22) for 6=1 by a trial and error
method. These solutions give (v,1)=(0.86,-0.54) and
(v, 1)=(1.64,0.47). Figure 41 represents the profiles of |S] and
L of them.

The two solitary wave solutions belong to different family
of the similarity solutions stated in §5.2. Therefore, it is
suggested that the solitary wave solution of wegs.(5.13) 1is
specified by two independent parameters.

We can find only four conserved quantities (5.14) for
eqs. (5.13). This suggests that egs.(5.13) are not completely
integrable and that steady solitary wave solutions do not behave

as solitons.
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Fig.41. Two examples of the steady solitary wave solution to (5.13) with

6=1, ——: | S| : L. The velocity of the solution, v, is 0.86

and 1.64 for (a) and (b) respectively.
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Chapter 6

Concluding Remarks

In the present chapter, the results obtained in the
previous chapters are summarized and some related remarks are
presented.

In chapter 2, the one—-dimensional reflection of a solitary
wave 1in shallow water at the rigid vertical wall is examined
numerically by an improved MAC ( Marker and Cell ) method. The
problem is eguivalent to that of head-on collision between two
solitary waves of the same amplitudes. The phase shift
assoclated with the reflection and the slight distortion of the
reflected wave is found for any small but finite values of ¢.
Here ¢ 1is the amplitude of an incident wave nondimensionalized
by the water depth h.

The larger phase shift associated with the reflection 1is
obtained for the larger . Furthermore, the phase shift tends to
zero as ¢ decreases to zero. This tendency is consistent with
the wexisting theory based on the perturbation method. On the
contrary, the experiments made by Maxworthy (57) give the phase
shift independent of ¢. Although he suggested that this
discrepancy between the theory and his experiment is due to the
inappropriate scaling adopted in the theory or to the truncation
of the perturbation calculation at the insufficient order, the
results 1in the present thesis indicate that the theory based on
the perturbation method is valid for sufficiently small ¢ in the

framework of the inviscid theory.
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The distortion of the reflected wave nondimensionalized by
h is found to be at most éf O(e3). This result is consistent
with the existing second-order theories (BD) 5 (56} which
predict no distortion. Alghough the third-order theory by Su and
Mirie (84) predicted the distortion of O(e®), the wave form of
the reflected wave predicted by them is not similar to that 1in
the present thesis. Therefore, a new perturbation method may be
required for the description of the distortion of a reflected
wave.

In chapter 3, the reflection of an obliquely incident
solitary wave at the rigid vertical wall 1is examined. This
problem has a close relation to the problem of two—dimensional
interaction of solitary waves. The equations which govern the
two-dimensional shallow-water wave motion are derived by taking
only the terms of lowest order of nonlinearity and dispersion,
and are solved numerically.

The solution for the reflection problem depends strongly
on the ratio of the angleiof incidence a to e2. When o> (3g)!/?,
the regular reflection,péttern,composed of an ‘incident wave and
a reflected wave of the same amplitudes emerges asymptotically.
Lt a>e'/2  the incident ' and the reflected waves intersect
wapproximately at fthe po;nt ;oni the wall implying that - the
solution . can be approximated by the superposition of incident
and reflected waves. However, if « decreases to (3g)/2, the
position at which the incident and the reflected waves intersect
becomes more distant from the wall.

On the other hand, if a<(8¢)"2 "a Mach reflection pattern”

( geometrically similar to the corresponding shock-wave
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reflection pattern ) composed of three obliquely .oriented
solitary waves 1is obtained as an asymptotic solution. This
solution has the reflected wave of the amplitude smaller than
that of an incident wave, and "the Mach stem” perpendicular to
the wall, as well as the incident wave. As a tends to zero, the
amplitude of a reflected wave and a Mach stem decreases to zero
and eh, respectively, consistent with what is expected as ‘the
solution for the propagation of a solitary wave along the wall.

Other interesting ‘behaviour of the solution is the large
values of the maximum run—-up at the wall for a~(3g)2. Even the
value larger than 3.4ech is obtained, although the linear theory
predicts 2¢h for any values of non-zero «. This phenomena 1is one
remarkable manifestation of nonlinear effect.

The aforeméntioned asymptotic solution for:a{(Se)“Qfagrees
well with the solution composed of three resonantly interacting
solitary waves predicted by Miles (82) . Therefore, it 1is
confirmed that the predicted solution emerges asymptotically as
the solution for the initial-value -problem of oblique reflection
with a<(3€)”2._<

Recently Melville (83] made an experiment on this
problem. Although he .obtained the  results -indicating - the
émefgence of thé Méch-reflection'paﬁiefn:f;f7&<t3550é, ﬁe" c;uld
not observe the large maximum run-up at the wall for a~(3¢)'/2 in
contradiction to the Miles’' solution. The experiment with the
larger dimension may be required for the observation of the
large maximum run-up at the wall in consideration of the fairly
large evolution time required for the attainment of the

stationary state in the present numerical calculation.
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In chapters 4 and 5, the long-short wave interactions
between a long internal gravity wave and a short surface gravity
wave packet in two-layer fluid are examined. This interaction
occurs vwhen the phase speed of an internal wave coincides with
the group velocity of a surface wave packet. The equations which
govern the time evolution of the long wave and the short wave
packet are derived by the reductive perturbation method.

In chapter 4 the shallow—-fluid <case, in which the
wvavelength | of an internal wave is much larger than the fluid
depths, is considered. The governing equations for this case are
solved numerically for several initial localized distributions.

It is found that the coupled soliton (97), [(99) composed
of the depression of a long wave and a hump of shprt vave pdcket
emerges asymptotically from a - wide class ~“of initial
distributions of short wa;e packet. A part of the initial short
wave packet does not couple with the depression of a long wave
and disperses. The short wave corresponding to this part seems
to become to be governedlby the nonlinear Schrodinger equation
€1.11) after spfficienilyﬁlérge:_evo;ution _time. Thg rsplutiqn
composed of the elevation of a long wave alone is also found in
the asymptétic state. Althoughrthis solution is stationa}y__in
the assumed time scale, the long wave correspondiﬁg féﬂthiérbart
1s expected to be governed by the K-dV equation (1.13) in the
slower time scale.

In chapter 5, the deep—-fluid case, in which |l is much
larger than the fluid depth of the upper layer and 1is much
smaller than that of the lower layer, 1is considered. The

governing equations for this case have the extra term
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representing the dispersion of the internal waves in comparison
with those for shallow—flhid case. Solitary wave solutions to
the equations are computed numerically, since it seems difficult
to find analytical solutions to them. It is suggested that the
solitary wave solution§ are specified by two 1independent
parameters.

The governing equations for this case seem to have only
four conserved quantities. This suggests that the equations are
not completely integrable and that the obtained solitary wave

solutions do not behave as solitons.
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