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Foreword

Here we will give a short hiétory of the method and the
theory of difference scheme for the problems of partial
differential equations, especially of hyperbolic equations
and tell our contribution to them. In 1928 Courant, Friedrichs
and Lewy wrote the paper "On the Partial Difference Equations
of Mathematical Physics" which has formed the basis of modern
investigations into the numerical analysis of partial differential
equations. At the time they were interested in difference
equations as a tool for proving the existence of solutions
of partial differential equations.*”'Here the portion of the

paper that was devoted to hyperbolic difference equaﬁions is

o , o
)See the inside of the back cover. .



reviewed in terms of its basic coptribution to the numerical
solution of partial differential equations: The authors start

" by pointing out that a scheme cannot be a convergent one if

the ratio of the time step and the space mesh width is so

large that the domain of dependence of a point in the difference
scheme does not contain all points of its domain of dependence

in the differential equation; such a scheme ignores information
which does influence the value of the solution of the differential
equation.” The authors constructela centered difference scheme
for the wave equation and provedits convergence by carrying

over the energy method. "The crux of that method is a gquadratic
identity for their scheme obtained as follows : multiply the
difference equation by the centered approximation to %%, write
the resulting quadratic function as a divergence sum over a
tetrahedral region bounded by diagonal planes and observe that

if the faces of the tetrahedron slope steeper than the chracteristic
cone, then the surface sums over them are positive:' "Once

the energy identities are derived, they prove convergence swiftly
and elegantly." But they gave no error estimate ;lgf course,
using the energy inequality the authors could have estimated

the difference between exact and approximate solution with

the greatest of ease, had they botheredou The method of C.-F.-L.
is applied also in our process of getting the energy inequalities

in Part IV .

The swift and dramatic rise of the computer during and after



World‘WarI[ as a new mathematical aid in every sort of human
endeavor has, as one might expect, been reflected in the field

of numerical analysis. It is known that at the time J.von

Neumann was convinced that numerical computation by high speed
electronic computer does itself give essential answers to many
complicated and unsolved problems in science and expounded it

to many peoples in various branches. Ana at the end of the 30's he
studjedhimself the theoretical problem in fluid mechanics, especially
methods solving partial differential equations analitically
unsolved. After the War he participated in meteorology which

has been expected to develop greatly by numerical computation, and
farther spended some time in helping computation of the continually
extended problems in nuclear physics. During those times he
obtained the same condition of the "mesh ratio" from a study of
error-growth (stability of the difference scheme) as Courant,
Friedrichs and Lewy did from a study of convergence. ‘The

partly heuristic technique of stability analysis developed by

von Neumann was applied by him to a wide variety of difference

and differential equation problems. This method was

very briefly mentiorned in his literature and a detailed discussion
was not yet . - published. O'Brien, Hyman and Kaplan

made such a discussion and numerical experiment. Later the

notion of stability turned out to be very important theoretically

as well as practically.

Before discussing the theory of stability we will mention



some works on numerical computation of the fundamental equation

of compressible and inviscid fluid mechanics. It is well

known that such anequation has generally a solution having
discontinuities as we call shock waves, When such a solution

is demanded numerically, we need some device. In the methods
used well up to the time, they solve the equation in a region having
smooth solution by the method of characteristics and connect
solutions on both sides of a shock by the Rankine-Hugoniot's
condition. However a shock wave moves against the fixed net

in space, the Rankine-Hugonit's condition is nonlinear and more-
-over the position of a shock wave is unknown beforehand, so

that an algorithﬁ of such a method is much complicated. Therefore
it was hoped that we can compute through by a difference

scheme without consideringthcposition.of‘a shock wave. When a
shock wavearises, of course, special device are needed in the
difference scheme. Otherwise thediscontinuity of a shock wave brings
about . oscillation in the solution which grows to overflow.
(Instability.) Then von Neumann and Richtmyer proposed a method of
solving a modified equation with an artificial nonlinear dissi-
pation term which makes a shock wave smooth, instead of solving

the original equation of fluid mechanics. Friedrichs proposed

a simple difference scheme containing a linear dissipation

term and Lax applied it to nonlinear equationsof fluid mechanics.
Furthermore Lax and Wendroff constructed an efficient scheme

with accuracy of the second order containing a quadratic dissipation

- -



term which assures a fairly narrow shock width. However Lax-
~-Wendroff's scheme needs matrix multiplication which is troblesome
“for computation. In order to avoid it Richtmyer and Morton
or Lapidus presented a procedure, the two-step Lax-Wendroff
procedure which also has second-order accuracy. We have almost
no stability theorems of these schemes for nonlinear equations,
while we often check stability roughly by von Neumann's condition
for the linearized equatioﬁ.

But it turned out that von Neumann's condition can not
prevent a "nonlinear instability", while it assures stability
for linear equations.practically. First Phillips found such
a fact, and Richtmyer and Morton considered a simple nonlinear
hyperbolic equation and proved that its leap-frog difference
scheme shows a nonlinear instability for a special perturbation
of a solution. * In order to show that there is an instability

- essential for nonlinear equations and it can not be checked
by a siﬁple extension of linear stability analysis, we also
give an example with nonlinear-instability feature. In Part I we
show the existence of an initial data with which the solution
cf the two-step Lax-Wendroff's difference equation(or the Lax-
-Wendroff-Richtmyer's equations) for the same simple hyperbolic
equation diverges from the corresponding exact solution of the
differential equation under even so small mesh ratio A +that
the von Neumann's condition is satisfied by linearized analysis.

Also in U.S.S8.R. computational methods for the hyperbolic



equation of compressible fluid méchanicsluwebeen studied in 1960'5°
Godunov proposed an excellent method which hasaclear physical
!.mcaning, in fact which takes account of decay of discontinuity
at each mesh and formally has dissipafive terms analogous to
the Lax-Wendroff's scheme. Recently we tried to compare such
schemes by numerical computation for a Riemann problem of the
equation of . ‘one-dimensional compressible fluid mechanics, ﬁhe
results of which is reported in our book "Thg foundation of
numerical analysis (1969)". ([4]) |

On the other handfg%ability theory of linear difference schemes
has.. been develoved during the last two decades.

"For simplicity we shall discuss first-order
systems and one-level difference operators associated with them.
In a one-level scheme the value of the approximate solution at
t+4t 1is obtained by applying an operator =S to its values

h
at time t. (At=Ah, A=const.). S, is a difference operator

h
of the form Sh=ZaaT°‘, a a multi-index, T° translation by hx,
and ay a matrix-valued function. The operators Sh act on
vector-valued functions normed by the L° norm. In the operator
languagefg%ability of a scheme is defined by the uniform boundedness

of powers of the operator Sh’ i.e., the existence of two constants

A and B such that

) HSE'HQ AeBt y where, t=nAt

) Pon
the norm being the b operator normj The accuracy of a difference



scheme is measured by how closely solutionsof the differential
equation satisfy the difference equation. A scheme is called
accurate of order m 1if for every smooth solution u of the

differential equation there is a constant C such that

m+4

fu(t+at) - Spu(t)ll < Ch

Lax proved that for a scheme with accuracy of order my]lthestability
is the necessary and sufficient condition for convergence in the

senseof
ha(t) - sﬁ‘u(o)n—w (as h-»0) , t=nat ,

for smooth data wu(o). (Lax's equivalence theorem.) Furthermore
it ‘carn be easily shown that for a stable scheme with accuracy of

order m the overall error is 0O(h™)

Et

lha(t) - 8 u(o)li<De "b™,  t=nat

Thus the problems of stabibily turns out to be most important
"
in the theory of difference schemes. The symbol (amplification

matrix) of the operator Sy is

S(x,8) = ) a (x)e "

ol

For operator with coefficients independent of x it follows

immediately from the isometric character of Fourier transformation

- 7 =



that neccessary and sufficient for stability is the uniform
boundedness of all powers of the symbol. This reduces a stability
question to a pure matrix problem. An obvious necessary condition,
the above mentioned one due to von Neumann, is for the spectrum

of such a matrix to lie in the unit disc in the complex plane.

An obvious sufficient condition is for the norm of this matrix

to be 1. A non-obvious sufficient condition is that the
numerical range of the matrix be in the unit disc. Necessary

and sufficient conditions were given by Kreiss, Buchanan, Morton

1

and Schechter. ! (see [4])

'&t is not hard to show that the von Neumann condition is necessary
for the stability of schemes with variable coefficient as well.
Von‘Neumann conjectured that it is also sufficient ; something

like has been demonstrated by a surprisingly elaborate extension
of the energy method.‘l "It is possible to derive energy inequalities
as was done by Lax and Wendroff with the aid of a certain amount

of dissipation, and by Lax and Nirenberg with the aid of nothing

at all except sufficient differentiability of the coefficients.

The theorem of Lax and Nirenberg reads : If the symbol is a

sufficiently differentiable function of x,% and if (S(x,é){gl

for all x and &, +then the operator Sh satisfies the inequality.
(*) S,11< 1+Kn |

Obviously the last expression implies stability in any finite

time interval. The more delicate problem of proving stability



when the symbol does not satisfy the inequality [S(x,8)[<1
but merely satisfies the von Neumann conditiorn has been handled
by Kréissen He introduced a notion of dissipation in the following
sense : the spectral radius r(x,%) of the symbol satisfies
the inequality [r(x,&)[< 1-51512P for all x,& , and integer p
and a constant§ . "And he found that if in addition to the
von Neumann condition one requires such dissipation then it
is possible to introduce a new norm equivalent to the L* norm
for which inequality (*) is true. The proof of the surprisingly
delicate matrix theorems needed to do this have been simplified
by Parlett. - These theories for systems with variable coefficients
were investigated mainly for symmetric hyperbolic systems.
But there is an important non-symmetfic hyperbolic system which
we call a regularly hyperbolic system. We found that there are
a kind of stable difference schemes which hold the same matrix
structureasintheoriginal hyperbolic system, in which, for example,
are contained the crude but useful method introduced by Friedrichs
and the more accurate method devised by Lax-Wendroff-Richtmyer.
For showing that we introduced an algebra of pseudo difference
operators analogous to that of pseudo differential operators
considered first by Calderon and Zygmund. The essential part
of the proof is given for the Friedrichs'scheme in Partl .

"Almost all problems of practical importance inveolve boundary
conditions as well as initial conditions. An analog of the

von Neumann condition has been given by Godunov and Ryabenkii using



some observations of Gelfand. Strang has found a relation to
the theory of Wiener-Hopf equations“and Osher has given a wide
class of stable schemes using the theory of Klein-Gohberg about
an integral equation with kernels depending on the difference
of arguments. Kreiss has given a general theory about dissipative
difference schemes for mixed problems as well. However in these
theories it is supposed that the boundary is non-characteristic,
and there is as yet no general theory for problems with charac-
teristic boundaries. In order to find efficient methods for
such problems we considered a piston problem as an example,
we tried several numerical experiments and found a nice method.
Here the plston problem is a simple model in hydrodynamics of
gun-tunnels, free piston shock tubes, etc. It has been so
difficult to be solved analytically that we cannot help to rely
upon approximate methods. Several ones in the past depend
mainly on characteristics and shock condition , so that they
are very inconvenient. Thus it is necessary and isouraim to
find direct algorithm solving the equation of hydrodynamics by
difference schenes. Our prbblem itself contains much mathema-
tical difficulty because it is not only a characteristic boundary
value problem but also it has an internal moving boundary.
Our method is an extension of Godunov's idea told above. This
work is developed in Part Il .

The above stateément concerns mainly with hyperbolic systems

of differertial equations of the first order. But we are

- 10 -~



interested also in the mixed initial-boundary value problems of
hyperbolic equations of the second order which arise in mathematical
physics. These problems stand on the line of those treated

by Courant, Friedrichs and Lewy who considered the initial

value problems of hyperbolic equations. Ladyzenskaya has

solved the mixed problems with the Dirichlet's boundary condition
for the general hyperbolic equation of the second order with
variable coefficients by a difference scheme. But as far as

we know, there has been no simple difference scheme for solving
the mixed problems with the Neumann's boundary condition or the
boundary condition of the third kind. Then we proceeded to
finding good schemes for those problems. For clearing the
position of our investigation we will first see the works about
difference schemes of boundary value problems of the equations

of the second order appearing in mathematical physics.

For the Dirichlet's problem of elliptic equations, for
example, the Laplace equation,Courant, Friedrichs and Lewy gave
a usual difference approximation and proved its convergence by
considering a minimum problem of corresponding quadratic forms.
Gershgorin showed the rate of convergence of the C.F.L. schemes
by the majorant method, and Collatz improved it by interpolation
of boundary values. In these estimates the magnitudes of the
higher-order-derivatives of the solution itself are contained,
while the estimates using only the data were given later by

Volkov, Bahvalov, Bramble and Hubbard, etc. On the other hand,



for the problems with the Neumann's condition or the condition

of the third kind for the Laplace equation Batchlet gave an
aléorithm in which normals through some numbers of boundary
pointé are drawed on the plane covered by square mesh, and

the function values on the. intersecting points of the normals
- with - the _.bcundary and the mesh lines are counted as
urknown values in the algebraic equation to be solved. Avoiding
such difficulty of boundary approximation, Lebedev has given

a simple scheme relying on the Green's formula and has proven
weak convergence in Wi

For such elliptic problems the finite element method, so
called, is very efficient and has grown up to be used often
lately. In tkis method a reduced minimum problem from an
original boundary value problem is solved approximately in a
subspace spanned by a class of finite number of "element" functions
and their translated functions, and then the equation and the
boundary condition are approximated naturally by the resulting
algebraic systems. Courant proposed such idea first, and we
have now the works of Demjanovié¢, Friedrichs and Keller, Oganesyan
Zlamal,etc.

But there were few works about difference methods for the
mixed initial and boundary value problems of hyperbolic and
parabolic equations with derivative boundary conditions in a
domain of any shape. Only a penalty method considered by

Lions is known to be a unified one, but it .is not so good



approximation to be used in practical aim. Such circumstances

led us to construct a useful difference scheme for mixed problems

of wave equation and heat equation with boundary condition of

the third kind (and also for boundary value problems of elliptic

equations) in an arbitrary region on the plane., Here we use

integral formulae of differential equations to construct the

scheme, and such idea is taken from consideration about practical

boundary approximation in our piston problems in Part ]| .

Construction and convergence of our schemes are reported in

detail in Part V .

In conclusion I should like to express my sincere gratitude

to Prof. K.Okugawa and Prof. M.Yamaguti who have given helpful

suggestion and successive encouragement, and also to my fellow

who have supported me in various ways. I am indebted to Miss

M.Kawamura for typewriting my manuscript.

(1]

(2]

[4)

(5)
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Part 1
Nonlinear instability of the Lax-Wendroff-

-Richtmyer's scheme

Phillips has given an example [1] of a non-linear partial
differential equation, a difference scheme for it that is stable
for the corresponding linearized equation, and an exact solution
of the non-linear difference scheme which explodes as exp{const./At}
when At-»o for fixed t. Richtmyer and Morton has given a similar

example in [2], where the simple hyperbolic equation
(L) 2+ é—--1-1-2= 0 u=u(t,x)
at ax 2 ? B ? L

is considered, together with the leap-frog difference scheme

ntl n-| A n <3 n 2
@ wm-ul = e Y- )
where A= %%, and u? denotes u(nAt, jax) etc. It was shown

that a special perturbation of a solution causes instability
under the linear stability condition. In (2] numerical
experiments also show that the leap-frog scheme is unstable,

whereas the Lax-Wendroff-Richtmyer's scheme

n+ n A 2 = nd
(3 we - Aoty -]

. 1 n A 2 2
(4) WS = 2—(115-‘“ tug)- g[(uaﬂ) -(uj)] )

- 14 -



- i n A\ n & Nz
) wi =3l A - @l Y]

gives a stable feature.
Here we show that there is an initial data with which
the solution of the Léx-Wendroff-Richtmyer's difference eqguation

diverges from the corresponding exact solution of the differential

equation under any small mesh ratio A. As an initial data
we take

u,(= constant >0)  (j=-1,-2,---)
(8) ug =

-u,(= constant <0) (3=0,1,2, - - - )

Then for any n >0 and j we have
(7) u? == q

In fact it is trivial when n=0 and if we suppose that it holds

at n we have from (3)

2

n+l 4 n _)é\_{(w+ >‘<W:J~_1 ):.:’ i

e R = ~3-1

Here from (7)

1 n n A 2 n 2
wh. = g(u + u_j_1)_ §{ku:3)_(u_j_1)J
1 n A no 2 n
=.§(uj_l+ ug)- ?{kuj—l)-Cuj)Z]

=—W.



and similarly w_ =-w§ , hence

J-1
.oh+t }_ — L _ n+1
u_g_q=uy- a{kwj) —(wj)] =-us .

Thus (7) holds for n=0,1,2,°-*. From (3) we have for j=0,

ntl _ n Z\_[/ +42 - ’-]
uy =ug- | w) =(wl) .

Noting that by (7) with j=0,
- 1,..n n 1 N\ n o
W, = §(uo +u_ )- E{kuo) —(u_,)} =0 7

we have

2

n+ ! oA, +
(8) u =u - §(mo).

Hence ug is monotone decreasing with n. And from (3) with

j=1, we have
9) w7y - Bt -]
Adding the last two equations,we have
unﬂ + un? = u?+ ut— %[(wa--(wT;.+(w:f} .

However from (4) and (5) the relations

(10) wg = w5+‘ﬁ j=0,tl,t2, - - -

- 16 «



hold. Thus using (9) with j=0,we have

n+| ntl n n A P2
u, +u, =u-+ uo—‘g‘(wl)

. noo. :
which shows that the sun u?+ U, is also monotone decreasing

with n. Gernerally by using (8) and (10) the relation

g N N
nti NN, 2
SOBPRAEDR Y S
J:O =

N

holds for any N and the sum Z ug is monotone decreasing.
j=0

Also we see that
N N
n 0_
(12) ;uj < JZoua.——(NﬁL)uo (uo> 0).

Thus we can prove

Propnosition u2—> - 00 (n>00) .,

Proof = Now we suppose that {ug} is bounded. Then by the
monotonigity of {u(’; } there is a limit m_  such that
(13) ug»m,  (n-w)  (m<0)

o)

Hence by (8) we have
(14) W= %-(u?+ ug )~ %{(u’,‘)z _cugf] -0 (m»eo),

o

Thus {uvl‘} is bounded, and {u2+u?} is also bounded. The

- LT =



is monotone decreasing and has a limit. By this fact and

(13) there is a limit m, such téat
(15) ur>my  (nre) |

From (1%), (14) and (15) we have
(16) (m1+mo){l—K(ml-mo)}=O ,
Moreover from (14) and (10) with j=O

I

1—)0 (n—>oo)

Thus from (9) we have
(17) whe el - M) -3} > o

.

Hence {ug} is bounded and the sum {u§+ u?+ ug} is also
bounded (and it is monotone decreasing), and it has a limit.

Consequently {u?} has also a limit m,

(18) wy-om, (n-o0).

From (15), (17) and (18) the relation
(m,+ m,){l—K(ml— m,)}:O

holds. By similar deduction it is known that there is a limit

- 18 =



ms of the sequence iuglg for each j=0,1,2,--- and
(19) (B, mj){l-—X(ij- mj>}=o (520,1,2, - )
hold. Hence we have

(20) m, ,=-m, or w,, , = mj+%\-

On the other hand by taking n-oco in (12) we have

N

(21) ij < -(N+l)uo
J=0

Now we will prove that (20) conflictswith (21). For the purpose
the following lemma is sufficient.
Lemma If the sequence my (§=0,1,2,+--) satisfies the

condition (20), then the inequality
N
(22) %md 2 ([—?\mO] +l)mo

holds for any N, where the bracket [ ] is Gauss' symbol.

Proof of the lemnma. Now we suppose that there is a positive
integer Jj, with k>0 such that
(23) m. = m_+ % = mgx{m.; mJ.<O, o<j<jkz}

Jdk o i dJd

and ma.;fmj_ (§<jg), and the inequality
K.

-~ 19 -



b
1 k
(24) Jz_omy m +(m + )+ +(m+ )
holds, If we have first at Jj=j,,, ~ J«

k+1 :
(25) mjkﬂ = mo+ ™ = mj‘tx{mj; mJ-&O, OSJQJKH} ’

then for Jysq > detl

jk-vl_"
(26) > m,=0
J':jk"'l

(which will be proved later.). Thus by adding (24),(25) and
(26) we have

Jk+|
@7 %mj} m_+(m_+ Lys .o +(m + k1 ;

which holds also when J,, '=,j,c +1, Hence in general for k

satisfying
k
(28) n g+ 5 <0,
we have ’
Ik
1 k
(29) Jgo m, > mo+(mo+ 7\—)+"' +(mo+ X'> > (1«:+l)mo ;

if there is an my defined by (23). Such k satisfying
(28) is finite and at most equal to [-?\mO].

-

Thus there is a positive integer ko such that we have

anm .. defined by (23) but L ne m. for k>k .
dikg Jk o



~

It is the case in which elther there occur only the first
ko

cases of (20) for jpjx, or . . mg+ 35— S0 but
ko+l \ ~ (s : B o+l

m+ >0 (if there is N such that my=m o+ SR b Then
we have

N

J=jn;ri
for any integer N2Jjk,+1 (which will be proved later ).
From (29) and (30) the inequality

N

ij > (ko+l)mo
holds for any N 2Jj +1. However &s shown above k¢ [—KmO],

m, < O Consequently we have
N
(22) JZ_'_O n, 2 ([Am ] +1)m,

Proof of (26). In the sequence

71 m. m. e & o

thereoccurrs one of (20) between two adjacent terms. And we have

=1 _+ }-C—{—l- first at J=Juxe1 o From these facts it is

m.
Jdket ©
necessary that

(32) Imal Z‘mJ]J (jK+1 £J Sdga -1) .

Thus we have

- 21 -



(33) mjx+1—l s =-mjk+l

When in the sequence (31) there occurs the phase as following
(34) oMy =M, m, - -

(that is, there happens the former case of (20) twice successively),
even if the later two term -m, m are omitted, we have the
same value of the sum
Jer L
(35) 2 m,
J= et
We put the sequence which is constructed by omitting all the

concerned pairs successively from the head of the origiral

sequence (31) in the form

(L) (2) 42

(36) mjK+1= ., , " , 1O = mj;;.;.,l—l .

Then therearethe same relations between two adjoiningterms of

(%36) as in (31)

i . ) .
(37) m ) =-m(ﬁ or m(rHJ = m(”

L L
K.
But in the modified sequence such an order as (34) never happen.
When - the former case of3D holdswe call, for brevity,
that X occurs from (j) to (j+l), or simply X) occurs. When
the later case ofGNholdwe call that @ occurs. Then

we can say that C) never occur twice successively. It C)

occurs from (1) to:(2), then @D



occurs from (2) to (3). Therefore we must put m > = 1
Kra =

so that we have (26) (i.e. n+ n® = 0). Next we consider
the case that @ occurs from (1) to (2), & occurs first from
(r) to (r+l) &and C} occur n times successively from (r+l).

Then it must hold that n< r-1. Thus the total sum of the

(n+1) forward terms and the (n+l) backward terms to the central(X)

(r-n) r-n (reh) (r+2)

n @® --- ®n @ 150() m Pnmn P - @On

(r+n+1)

is equal to zero. Hence we can omit these terms from the

sequence (36) without varying the value of the sum (35).

(r=n) (r+n+2)
n =

And we have . If we write the sequence got by

omitting in the form of (36), then either relation of (37)
holds between each two adjacent terms and é@ does not occur

twice successively. Succeeding the omitting process we arrive

m n®=m
Je+l’ Jrre—1
whose sum is equal to zero by (33). Thus the original sum of

at the final form of the sequence such that n®=

(36) and consequently the sum (35) are egqual to zero, Q.E.D.,

Proof of (30). In the case that only the former equalities

of (20) occur for J 2Jg, » that is,
(38) m;. ="mj ) j_Z_jKo

we can easily prove (%20). In fact we have then

N -m_, 20 (N=j,, +2p-1)
J
(39) Z mj = ) (p=1,2,3, *** )
J=ht 0 (N=j, +2p)

I
ro
W
l



Next we consider the case in which there are terms in the sequence

_{mj} such that By_y= Byt %f—- and my= mo+ l{—;—’\—il- For any

interger N>j5¢ +1 we take the sum of the sequence

(40) By +10 Ty 2

[

We take awaysimilartothat in the proof of (26). In the case
that after two-times-occurrence cf (X) there occurs the phase of
(3%), we omit the later two terms, and so onJ'TheL%squng sequence

'‘i§ written as follows

e, @) ()
(41) ma.k.’o = m“i m, **°* mP=mN

Then in (41) X) does not occur twice successively. Let's
assume that X® occurs first from (r) to (r+l) and several numbers
of @ follow. (r=1 is also allowed,) Now we suppose that
Nmakhﬂlio but w50 (n=0 is allowed). Then ® must occur

n times or more before (X) occurs. Hence the sum of terms
(r-n) (r-n+1) (r-1) r) r (rint
n ®n @ @@ o®e™® - @n );

is zero, so that we can onmit these terms from our sequende.
Furthermore, two adjoining terms in the resulting sequence
are combined by the relation (37).15u£héuxomitting process
is succeeded,andthmall the negative terms n» are eliminated.

Thus we have
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(42) ij;o

it
(42) is trivial when N=j,, +1 Dbecause then m, > 0. Thus
(30) is completely proved.
We have shown that (24) holds for any integer N2Jj, +1.

However . - , on the way of the proof of (26) the inequality

for any N such that J <N<{j,, , is easily shown by the method
in the latter half of the proof of (30). Hence we have the

relation

from which (22) is again got. Thus we have proven our
lemma completely.

Remark 1. The proof of nonuniform-boundedness of the sequence
{ug} is more simple, because we have the boundedness of

each sum ji ug(N=0,1,2,-~-) immediately from the hypothesis
that the ségéence {ugk'is uniformly bounded.

Remark 2 As we understand from the above procf, we need
not limit initial values to (3). For example, if the initial

values satisﬁyw the relations

u; =-u_. (3=0, 1, 2, "= ), u3<0 (j=0,l,2,"‘))
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(1]

(3]

Z:ug =—0, then we have also for any A> O

n
ugy » -co (n>o0)
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Part J[
Stability of the Friedrichs'scheme for regularly

hyperbolic systems

Introduction

In 1956 Lax and Richtmyer fl] proved that for a well posed
evolutioral system of partial differential equations a solution
of a consistent difference analogue converges to thecorresponding
exact solution of the original problem if and only if the difference
scheme is stable. After that many works are devoted to the
investigation of stability. For pure initial value problems
with constant coefficients Xreiss [2] gave several necessary
and sufficient conditions for stability. For the history
and the detail, see the author's !M.C. thesis [13].

For the problems of the symmetric hyberbolic system of
first order with variable coefficients Friedrichs [5] gave a
simple stable difference scheme with accuracy of order one.

Lax and Wendroff [4] proposed an efficient scheme with accuracy
of order twothestability of which was proved in the case of
constant coefficients. Kreiss (5] proved by complicated technique
that the Lex-Wendroff's scheme (and more general dissipative
schemes) with variable coefficients 'is. stable. Furthermore

Lax and Nirenberg [6] also proved elegantly the stability of

the same scheme by using the sharp Garding's inequality.

However Yamaguti f7] showed that the Lax-Wendroff's scheme

w 2T =



foranonsymmetric hyperbolic system is not necessarily stable.

Here we will show that the Friedrichs' scheme and the modified
Lax-Wendroff's scheme for regularly hyperbolic systems with

variable coefficients are stable,by using a new novion of "pseudo-
~difference operator". This work was done In close collaboration with
Prof. Yamaguti, and see also [8]° Recently Vaillancourt [9]

gave a strong form of our stability theorem.

81 The Friedrichs'scheme

Let us consider the Cauchy problem for a hyperbolic system

of partial differential equations:
u au

7 & L

(1.1) = )3 A, (x) .

Here u=u(x,t)=(u,,u,, **- ,u,) is a complex valued m-vector
function depending on real variables xz(x,,--- sXn) &and b,
and A2=AQ(X) are mnxm mnatrices depending smoothly on X
(but for convenience not on t) and equal to constantsfor large x.
This doéé not lose grneraiity;f

” We make a difference analogue for (1.1)

(1.2) u(t+At)=Shu(t),

where Sh is a difference operator depending on a paraneter

h>o as the following;

z:[kI+XnAQ)T}Q+(I—XnAL)T}j:] ;

(1.3) S, =
h A

mra
B

Here At>o is the time step connectedwith a space mesh width

-



h by a relation At=Ah, A=const.>o, I 1is the unit operator

and Tx, and Tx (I=1,:++ ,n) are the shift operators:
(TXQu)(X)=u<X17 v ,Xg_j_’xﬂ"‘h)'—’c“i g 2 ,Xn> )
-1
(Txl u)(X)=u(X17 crt ’:{Q..i ,Xf.—h,xf-fi, R 3Xn) R

We call suchascheme the Friedrichs' one for (1.1).

82 Recvlarly Hyperbolic Systens

We assume that (1.1) is a reg%larly hyperbolic system ,
that is to say, that the matrix Z:Aa(x)€L=A(x,€) has . only
real distinct eigenvalues for all%géal E=(&y, +- - ,&,) and
every pair. of eigenvalues pj(x,é) and uk(x,i) satisfiesthe

following condition: there = is  a positive constant & such that

[ uj(x,é)-uk(x,i)pd for all xeRn, Eeg™?
(2.1) (Jfk)a j) k=l,-:+ ,m.
n-1 ) n
S : the surface of the unit sphere in R .

Then we know that there is a nonsingular smooth matrix N(x,i)
whose determinant is apart from zero for all xeRr", &es"',

and which diagonalizes A(x,&), i.e.
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D(x,8)=N(x,8)A(x,8)N (x,&)

p-i(xaé> O

(2.2) = n,(x,8)

L 0 uJX£)

Wellposedness in L* of the Cauchy problem for the regularly
hyperbolic system is well known under some conditions on the
smoothness of the coefficients 4,(x) ({=1,:-- ,n) (see [10])_

Now we state the stability theorem (see also Remark 2).

Theorem 1 If A< 7%52 then the scheme (1.2),(1.3) is
stable in the sense of Lax-Richtmyer. Here 1u,=max uj(x,é))
g=1, " ,m, [El€1, xR,

Proof First we remark that the stability means for
positive integerVsuch that Hsglu(x,o)ﬂfgCHu(x,o)H, vh<T where
C is aconstant independent of ¥ and h.

In order to show this inequality it is convenient to introduce
a new norm which is equivalent to the usual IL° norm. First

we explain its construction and equivalence.

We put h(x,@):N*(x,ﬁ)ﬁ(x,é), which is a strictly positive
definite function for xeRn, £es™"  and has the following properties
(which we call the ¥ -property),

1) h(x,8) is homogenecous of degree zero in &,

i) each h(x,€) is independent of x for [x|>R; R is a fixed

positive constant .
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P n
1) n(x,8) e C(Rxx(Ry-{o})) .
Now we assoclate a one-parameter family of operators Hh

with such a function h(x,&) by the following formula:
(2.3) Hhu=Q.i,qJeFx§h(x,sinh§)a(§)d€, uell ,

where sinhi:(sinhél,sinhéz,---,sinhin).and G(i)a7u=ﬁ.i.mjé_a§u(x)dx
We can prove that Hh is a bounded operator in Li . For that
we use the following

Lemma 1 (P.D.Lax [11]) Every h(x,%&) having the -

oproperty can be expanded in a series
e
(2.4) h(x, &)= Z;aaeldﬂl,
o

o varying over all multiindices so that the series, as well as
the differentiated series with respect to x or &, converge

uniformly.

Proof of Lemma 1 Define

h1<X,F=)= qs( ‘EDI >h<X) E’) 1

where ¢(f) is an infinitely differentiable function equal

to 1 at f=1 and zero outside a small interval around f=1.
Regarding hl(x,é) as a periodic function in @,expand it in a
Ffourier series ; since hl(x,i) is smooth the series will converge
rapidly. For & =1 the function h, and h are the samej; thus

(2.4) is obtained. Q.E.D.



Hence the operator H, defined by (2.3) can be written

in the form

. %3 Ld!—% A
Hyu= Z_aaQ.l.m. e e u(é)ag .

o

Therefore by the Plancherel's theorem we have
iHpull .< Zsup 2, G flull, -

Remark 1 We can meke the algebra of one-parameter families
of bounded operators Hh mapping T into itself generated by
h(x,&) having the M -property and call it the algebra of "pseudo
difference schemes"”.

Now we can showthatforany u withasmall fixed support (Rthu,u)

is positive definite.* In fact
N
(Hhu,u)=(Hohu,u)+£; ((xn—xlo)Hiﬂhu,u) .
H,,: operator corresponding to h(x,,%).
H ¢p¢ operator corresponding to h,,(x,8) such that
n
hix,8)=h(x,,8&)+ 2{_(x -x ,,0h ,(x,8) |
o X 4000 1
x,=(x,» -+ ,%,,) is a point in the concerned support.

Naturally R@(Hohu,u)2>diHuH% Then if we take the diameter of

. 2
* (, ) means the scalar product in I .



that fixed support very small, we can show that (although Hlﬂh

does not belong\to the operator family discussed above)

| (Gey= % )Hyypu, u)[gel!ulﬁ .

Therefore we get
. 2
(2.5) Re(Hyu, w)> d,llull”

We consider now a partition of unity {@p} such that z:@g'=l.
Because of the assumption about A1<X> (L=1,---,n), wePcan take
a partition composed of finite number of @D's. If we take
the maximum of diameters of the supports of @p(which are not
contained in the region where Ab(x) (£=l,2,~',m) are constant)

sufficiently small, then the norm

2
1~ =
(2.6) iy %Ruﬁh%u, @)
is equivalent to the 1 norm. Tae inequality HuﬁngﬂuH is
evident by the boundedness of Hh“ The inverse inequality

results from (2.5) by summing up the inequality (2.5) for ¢Du,

Now we can say that it suffices to prove
(2.7)  Ispully € (10 iully

for the stability of (1.2). For we have then

C

v h
1, uly < (1+0n) Bulig< e fuly | O=const.



from which by noting yhgT and norm equivalency we get

c

T B
nsﬁ ull< G,e Jlull , G, =const.,

which means stability. The inequaiity (2.7) can be written

explicitly in the form

< ,
(2.8) % Re (B0 Spu, @ S;u) < (1+0(n)) PZ Re (B0 u, #u).

In orderto transformthe left side of the last inequality, we will
estimate the commutator fipp,oh] =@pSh"Sh@p° For that we note
some lemmas.

We define the operator /\h as follows;
[ in- A o
(2.9) /\hu=Q,i.m:) e ]sinhéfu(é)di .

Lemma 2 We assume that a(x) is smooth and is equal to
a constant for large |x]|. Then a(x)/\h- /\ha(x) is a family
of bounded operators with norm O(h).

Proof  Put al(x)sa(x)-a(oo)o For every square integrable

funcvion u, we get
/A [a(X)/\h- /\ha<>c>} u=?[a1CX>/\h— /\hal(X)] u
=fai(5-ﬂ){sinhﬂia(ﬂ)dﬁ -fQL(i_n)[sinhélﬁm)dn

=jgl(i_n)[{simﬂ('—-‘sinh@[}{\l(n)dn .

I
O
=
!



Hence

I [aGON - Apa(x)]ull € ;;Jlal(i-n)[- | sinh&-sinhn|-[u(m)lany

(a : SB(Een) ] fa
=1t} |8, (&-m)|-| 2s1n n Lo5M) [0ShLEXM | 15 nygny

< huj{ai<a-n>y|a-ny{a<n)|dnu
< nla (818 lip full . (Q.E.D.)

Lemma 3% We assume that a(x) hasS the same property

as in Lemma2 and k(&) has the M, -property . Denote %he

corresponding operator by X . Then we have for every ue L;
(2.10) AL (aGOK - X aG))ull < C h flull
(2.11)  W(aG)Ey= Kpa(x) A ull< ¢ n fuil,

where the constant C is independent of u and h.

Proof || /Ay (a(x)K, - Kyalx)ullp

uf&(é_n)lsin hér[k(sin hn)- k(sin héi]ﬁ(ﬂ)dﬂﬂzé

aN

nja('é-n)[[sin hé|-|sin hnl]- k(sin h7) um)dn;!ﬁ3

+

uja(i-n)[[sin nM k(sin h7)-[sin hé|k(sin h@)] -a(n) dnuLz;

A

Uﬁﬁ(é-ﬂ)“]sin n&[-|sin nn|| [Mein hn)ylﬁ(n)ldnﬂlé +



+ ”J[a(é—ﬂ)ﬁlsin h&- sin hn| x

V81n hilk(sin hM)=lsin h&€lk(sin h&) ]ﬁ(ﬂ)ldﬂ 1

|s;n he- sin hﬂ]

Hence by using the Hausdorff-Young's inequality we get

I Ay (aGOE - Kpa(x)du gz
< Chllﬁ(@-lilnL; lafiyz + Sh | Q(é)-)élﬁﬂ; laliyz

where S is a Lipshitz constant of [€|k(&) for [El<1. The
proof is to be done in the same way for (a(x)Kh— Kha(x))/\hu. (Q.E.D.

]

Now the Friedrichs' difference operator 2. can be written
h

in the form
where
: . n é
(2.13) Ehu=Qwi.m.je Lx3 5 cos BOL {(2)ak
- n ?
: 4
and Qh is the family corresponding to erQ<X 7ér having the
# —property. Denote the families corresvondlné to -—E— ( =1, ,7)

by KQh (l=1,-+ , n) respectively. Then Q= Z%AQ(X)KQh.

Therefore by using Lemma 2 and Lemma 3 we have

n

(o Qphy - Qi@ dull=l £ZL(@ A Kby - A K@ dull <



n
! I y:
sgz [LAQ(pr{Qh - Kpp@ pull + fla Ky (0 4y - /\h@p}uﬂ
=1

<

Q [mgx(Aﬂ(x)]‘ll(@pKﬂh - Kﬂh‘pp)/\hu”

1
+ 1Kl (o, - Ao yul]

< Ch [fufl .

And by using the definition of Eh and the regularity of @p(x),

we have easily
! E - < il
(e B, - B0 dull<C h fult.
Hence we get the desired estimate:
- | E - E |
1(e,8y - 8@ ull I By - E@ dull
+ )"”((p.DQ.hAh - hAh@n)uH
< Chfulf,

where the constant C depends only on the coefficients AQ(X)(Q=1," , )

and the partition of unity {@p(x)}. Thus
as
I %R;;(Iih<9p8hu, @pShu/- %R&(Hhsh@pu, Shﬁppu)
< %“( By (9,8, - 8,900, @pshu)|+J(HhSh@pu, (9,8,- Shwp)u)@

< Cr
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Therefore for stability it suffices to prove, instead of (2.8),
(2.14) - };Re<Hhsh<ppu, 59,1 < (1+0(1)) %RQ(HhﬁPpu, o)
Putting v=¥.u, we will show

J
(2.15) RG(HhShV’ Shv) <(l+0(h))R¢(Hhv,v),
whichmeans

(2.18)  Re((H, -S,*H,8,)v,v)> -0(@)iivi",

where the operator Sh* adjoint to Sh can be written in the

form
(2.17) 8, "= B - ixAhQ * Q,* is adjoint to Q, .

Now we put P, =H - S, K S, ~and we get, using (Bo1T )y

5 o0 iyt % p
(2.18) Ph—Ph + leh +A Ph y

where Ph = H, - E *H E
L
N o e
(2.19) 2y = N "B B - B RGN,
(2)

_ ®
P =M QA

Here we note three important lemmas :
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Lemma 4 if Kh is a family associated with k having

theaf'—property, then for every ueiL;
(2. 20) ALK, - KA ull <ol

Proof First we remark that if HAhKﬁm— KQleng Ch with C
independent of =n, and if Kéé_*Kh (n—> +09 with respect to
the operator norm, then HAhKh - KhAhH=£Ch. On the other
hand from Lemma 1 we see that the follwing finite sums of

special kernels are denselhtheclass of functions having the

% -property with respect to the topology of CL(R:><(RQ - {o})):

finite
zz'aa(x)ka(é), ka(é), al(x} having the # -property.
@
Here we can assume that k_(&) are scalar .| according to
A
the Lemma 1, Therefore it suffices to prove Lemma 4 for the

case of Kh associated with the finite sum:

tinite

(2.21)  k (x,8) = ) a (0K (8).
x

We have already
e,y - AyaGe) cn e (8) 1810y

but we also have

M

MO crxrre

*a

!
i
\O

|



for some constant M because by using the fact.thatthe support
of a1a(x) are contained in a fixed compact,

L
2

3 M
s M 1 ’ p < .
y S (Dxaa(x)! < Lot e J®
I/QIs n+1i
Here we can take k large enougk since a1a(x)6 C?. Then
we get
_, T,(n)_ - (n | - N ]
Mpky - B Agls 3 Ay, a Al 1K 1
$Ch
o B )
with C independent of n. (QeE.D.)
Lemma 5 If k, and k, have the # —property, then

'k1k2=k3 also has the #€ -property. If we denotebyK1h,K2h,
K, y°Ky, the associated family with Xk, ,k,,k; respectively,

then we have
(2'22) ”Ah<KIhK2h - K1h° th)“ g O<h) 9
(2-25) ”<K7hK2h - K{h"K h)/\hH S O(h> 2

Proof We can assume as in the proof of Lemma 4 that k, and
k, are some finite sums ofMtype, because of Lemma 1.

We put

- 40 -



)y )
ky = Z a (x)k (&), k,= Zﬂ b (x)kﬂ(é) y
and their corresponding operators
y B o i, _ NG
I{Th = ;aa(x/k{hx ’ th = %bﬁ (x,Khﬁo
Then we get

0 (=
iy = o_?_p 2 eV, G (800, €2)

and

(2)

Ko Koy = aoéx)b (X)Kha hs
B8

th K,y = aa(x)K b (X)K ﬁ .
op

. Therefore we have

Ny (B Koy = By Kop)= Zﬁ/\ (X><bﬁ<X>Kh(: K, b (x)) K h,s

= d% Nya, () - aa(x)/\h)(bﬁ(x)i(h Ko {3(,{))1{}1{3

- (0 L (D )
+%}aa(x)Ah(bB(x)Kha - Kpy by (x)) K

By Lemma 2 and Lemma 3 we know that

1A e, (=) - a, GIALlI< Cih

Iy (o GOEpy = Ky BN < Oy



with C, determined only by the Lipschitz constant of (élki(x,’c:)
and the C'-norm of ki(x,é) in x (i=1,2). Hence we get
easily the desired estimate (2.22). (2.23) can be proved
in the same way. (Q.ZE.D.)

Lemma 6 If k has the #® -property, then k*(complex

conjugate) has also the M -property. If we denotebyKh and
rﬂ

hh the associated family with k and k* respectively, then
we have

(2.24) A, (K - K )l < 0k,

(2.25) (&S - KA N € On) .

Proof As in the proof of Lemma 5, we put
finite
= S EN
x(x,8)= Z;aa(x/ka(é,)
X, = Zia (x) K
h « & ho
Then we get

K (x,8)= a3 Gk, (8)

Tr# % L) S
and %iam(x; Kha,

s
o
"

% _ 7 a %
Ky = z K25 (),

e Li2



Therefore the desired estimates (2.24) and (2.25) result directly
from Lemma 3. (Q.E.D.). Let us return to (2.19). By using

& - :
Lemmas 4, 5, 6 and the fact that Qh°Hh s HhOQh which results
from our definition of Hh, we get (in the following the notation =

means the equality in mod {the bounded operators of order O(h)},
ALQEE =A, G HE =QEAE =Q 0 AE
n 0 En = An“a™n®n = G \nh = % et

= Ho QA Ey = B Q /By = By Q By

il

™ s = T o XTT
Hy B Qphy = BBy = BB Ay
Therefore we get HPS\H<;O(h). Furthermore by Lemmas 4,5 and 6,
(2) _ ,\# . - %i — #
Py = ApQpHp @iy = QoA @Ay = QEp A @Ay
= #o = ﬁo 4 = #n o 2
= Qo Hp Ay @y = Qp Hth‘Ah = Qe He Ay

And we have also

So that
P, = H (I-E*E, )-QloH.o QA
n = By CI-EpEy )-Qpe Hye Qpiy
The Fourier transform of I'EﬂEh is expressed by

I-(l_<2cos hf,j)z) |

n
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and

Y coshé. 2
1- (——4)

Zposzhéj 32;(cosh€j— cosh@kf

=] Sl
1 n n?

= %[sinh€]2+ s Z(cosh%J - cosh€k>

K
. : q . . =]
Hence we can write using a notation Tjk=TXJ+ ij - '.DX.k - TXK ,
= l T m 2 #o o O =
Ph= 3 ‘*h'ak o(5 By - N QpeHy o)Ay

It can easily Dbe shown that {EHthk - Iakﬁhﬂs 0(h) and Tj;ﬂjk

, SO that
= i. B __]:.r 2 #o ° 2
Py nzPZk Tty v C gy - M QpeEpe Ay
And we can write

(

=8 Ly

Hh-)\Qo Qh)/\ - W (1-7\9 9)°hh,

wnere Nh andi}h are the pseudo difference schemes corresponding

to N(x,8) and D(x,&) respectively. Now we put
L
D) (x,8)= Ny o (-—- - ?\ﬁ o 5 )am

We know that under the assumption of Theorem 1 pi(x,i) is

positivedefinite. Then the associated family Pih satisfies



the following inequality for every uesLi,
. 2 2
(2.26)  Re(@;pfyu, w)y -O(m)lul” .

In fact we can find a non singular matrix function r(x,@) having

the # -property such that
p,(x,8)= »*(X,&)r(x,8)

We denote a family corresponding to r(x,&) by Rh. Then using

Lemma 4 and ©
2 B, 42 L oF _ -
Pyyfy = By Ry = RARASL R RA
SApRrRpfy |
Hence we get
™ e 2
Re (Pyyu, w=(R A u, R A uw)+0(m)ulf
v
>=-0(r)}jull” .
Thus we have

o 1 Cm , -
Re (P v,v) = Re Ekgifahijkv, Tjkv) + ﬁe<P1hA§ v,V)

> =0(a) v

;—O(h)Re(Hhv,v) ;



which is just the desired irequality (2.16). Thus the proof
of  Theorem 1 is complete,.

Remark 2 In the above we ' .i. proved the inequality
(2.26) in the case where p,(x,&) is positive definite. Then
the proof was done very simply. Recently Vaillancourt(9]uas
given the foilowing theoren !

Theorem 2  Suppose that p, (x,8&) has the M -property and

is nonnegative. Then

Re (P, Mo w, w3 - Knfulf®, weli

”

3 : 1

Therefore our Theorem 1 holds under the assumption of LSS Ereali
Mo

Remark This method works as well in proving the stability

of —other schemes, For example, the modified Lax-Wendrocff's
scheme with accuracy 2 which was proposed recently by Richtmyer
[12], can also be proved to be stable under the same assumption

as in (1.3). This scheme can be written as
S.u = [I+ iNQ A, (B + i 4 QA )]u
h T *hth h 2 *h''h ¢

he essential feature of these schemes is that they are both polynominals

of the same poerator Qh that comes from the original system (1.1).
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Part I

Difference methods for the piston problem

§1. Introduction

We consider the piston probleml(t)in hydrodynamics which
arise from some models of gun—tunneis{ﬂ,free piston shock tubes([2],
etc.. This problem has been difficult to be solved analytically,
while for the design of the aboveapparatuses several approximation
techniques are used and they depend mainly on characteristics
and shock conditions, éo that they seem to be very inconvenient.
Then we have arrived at the necessity of direct algorithm
solving the equation of hydrodynamics by difference methods.

In view of the studies of difference schemes themselves
many authors have attacked the Cauchy problem, while for mixed
initial-boundary value problems, we know only a few results
and we are not in the position having any practically effective
methods. Here we aimed to discover an appropriate method
for mixed problems.

As a simple one-dimensional model of a gun-tunnel we

take the following system.

tube
hi h T
(open) 9 low pressure (closed)
pressure .
piston
Fig.1, The model of the gun-tunnel
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Here the cross area of the tube is assumed tc be constant,

ct

initially the piston is positioned at some point and the states
of gas in .. both chambers rest uniformly, and the pressure

of the gas in the left chamber is higher than that in the right

Hy

chanmber. As soon as the piston is set free it begins to move
by the difference of the forces acting on both sides of the
piston. Cur aim is to introduce an algorithm to solve it :
nunerically.

The algorithm is mainly depending on Godunov's idea and
is constructed to calculate also in the neighbouhood of boundary

points.

§2. Differential equations and boundary conditions

Mainly we shall use the usual equation of hydrodynamics
in the Eulerian form and the polytropic relation to express the

motion and state of gas in each chamber:
ft + (pu)x =0

(pul)y + (p+pu”), =0
(2.1) |

{f(e+ é-uz)}t + {?u(e+ % u’+ ? )}x =0

p = (X—l)fe

where f is the density, u is the velosity, p» 1is the pressure,

€ 1is the internal energy per unit mass and % is the adiabatic



exponent.
The equation of the piston motion is as following :

2
(2.2) gaéégl = p(£,8(£)=0) - p(t,&(t)+0), &(0) =0,

where x = &(t) 1is the piston path, and we can assume by
éppropriately normalizingsothat the piston mass is unit.

The boundary condition being satisfied at the position of
the piston is

u(t,8(5)-0) = u(t,8(t)+0) = @é%ﬁl

Turthermore we have the following boundary coandition at

the right erd wall (x:xw) :
u(t,xw) = 0,

As initial conditions we suppose that the initial svtatic
states have uniformly constant density and pressure in respective

chambers.

83, The modified Gecdunov's scheme

For solving the above problem we must make up algorithms
in the neighborhocd of the piston, in that of the wall and
through the inner region respectively.

First we consider the scheme through the inner region.

Cne wants such schemes as reproduce especially shock waves



which are discontinuous solutions. Such schenes, as far as we
know, are divided into two classes, One is of the method using
"artificial viscosity" and the other depends on "the decay of

the discontinuity". An example of the former is the Lax-
-Wendroff's schene, and that of the latter is the Godunov's
scheme & Both are known to be excellent methods, but according
to our experiments for the Riemann problem it seems that the

modified Godunov's sc

e

eme is a little betiter than the L-W gscheme,

iy

o

and we used mainly the modified Godunov's scheme.

Now we will show briefly the Godunov's scheme and the
modified one. On a time level we consider thne grid function
as the step function having discontinuities at the half-intege
points, First we shall solve the decay cf the discontinuities
and secondly calculate the mean values arcund each grid point
cn the next time step. So formed grid functions are used to

take the next step, and so0 on.

ad bhetter

=

In order to proceed to such an algorithm we
use the following integral formula instead of the original

differential equations (2.1) :

1
O
Y

ﬁéﬁdx - Pudt
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At

mifeo
L

€

< f
w ¢
T

4AX
Pip.2,

In the Fig-2 we want to know the unknown value at the zrid
point A, Then we bvake the integral contour CEFD, For exanple,

we have for the first equation of (3.1),

g o —_ _ )
- T < 5
(502) AJ{JA_ = AXF-B = At{<Fd):FE Sl <fu>ch 5
so that we can know the mean value [, around the grid vpoint 4
A Je
if we know fPu's on the lines EF ard CD, which are obtained by
solving the decay of discontinuities at F,D respectively. For

solving the decay of discontinuities we must go through an

. iteration process. In order to avoid it we shall use below
the modified Godunov's scheme, in which the waves ars supposed
to propagate to right and left along characteristics, This

assumption is valid only for the case in which the quantities

of jump are small. Thus we have the followinz algorithm :

§33=§3._7\R.1U.l-}..17"." )

J <3+"§' dtp J=7 J‘"é‘ )

pjuj = P.u - A(P. 1 4+ R..1 U.21 - P. 1 ~R. 2 UZ1 )
JJ diy dFT  AVD J=7 J=7 == )

ASX:
!



(3.3)
- X«{R.+% Uu+§ (E.
- R, 1 U, 1(B. 1
J=5 J‘g( J=5
pd - (Y T Vodad _ Ax
E (G- Lpde”, A = 3¢
where the lower

level t=%t,, and the upper indicates fhat on

o+

C=’GO+A‘E°

The auxiliary values are calculated as follows

—jX Pi*Piyy P54
- > :

J-!—-,;—"é- 2 s
D U, o=,
Pa—--% = ——I—)-J—*—l\—:—l - a. 1 __J;:_]______;l
z J+5 z 5
g, 1 = —3x1™5  Pye3-Py
J+5 z 2aj+%. ’
<‘6 +l>p ‘_-__—1:_ + (\6 '*l)p s
fL N Jd+s J f
j+5 =~ (3-1)p. r(5+1l)p. j
J*s =« )pa+§kﬁ+ JP 5 3
. (\0/"-‘1>__‘03+,%. (75'-1)93_;_1
£ i+ = B oG e f el
) )_j_‘_,/;ﬁ' p,j+l J ’
aj+£
SJT‘ _]_ = . = < SR 1 = 1. -
303 TN T Ty 0 Pavs T T

Comnsequently we have the followinz four cases
9O

U,P,R and E :

a. 1
JFD

£5+1

+

for large

PJ,}
L ] -.-‘— -ré
i +=5U. 1+ = =
+75 2 +75 R. 1
Jd¥5 J*3 i+
2 Pj =
- "'1‘—‘ U . 1 b é“" )
2 "j-=  R..1
2 J+5 7

suffix inidicates the x-position on a time

capitals



1) Ir s¥1 >0, 8%.1>0, then
Jd*s J75
U, .1 = u. — -
3+ = %5, Tk TPy, R SR
. L - R
ii) If Djf% <0, Sj+%-< O, then
Uiz T Ve Fad t Pran Rgd v fya,
ii1) If s8Y1 <0, s®1S0, wu. 1S 0, then
J*s T g2 T Hes 2 Yy RE

U, .1 = u, P,1=p.1, RY1_pl
J+5 J+s’ Jz T Pges J+3 f}+% )
iv) 1+ st <o s¥1>0 u..1 <0 then
g <00 Spp” 00 Ve ) then
: R
U, > =u. 1 P. 1 = . R. = . ]
vz T e Ta T Pav e i TSy
P. 1
J+s
; - JF5
and 5.1 = T—"*—‘—“-
sy -1)R. 1

By the linear stability analysis it is know that this

scheme is stable under the C.F.L. condition.

84, The alzorithn in the neighbourhood of the piston

Next we consider the neighbourhoodof the niston.
Since the piston moves across the net, the algorithm becomes

complicated. In order to compare quantitatively the various

|
1
S
i



methods, we had the numerical experiments of the piston problem
for the linear wave equation in which the piston was +to be moved
with constant acceleration. And we have arrived at the method
having the comparatively small errors (see Appendix-1). This

s

method can be also applied to the nonlinear equation of the

fluid dynamics, In our experiment this method gave good results
(see Appendix-II). lere we are to interpret the method when

the piston moves to the right, vhe piston pathbeingdrawed on the

net in the following two ways for sufficiently small At. (Fig.3)

7 ’ 7 ’ ’ ’
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3y 4 (> "
=4 : ., i
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| o !
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| - |
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Fig.5-a,
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§ ;
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In the Fig. 3-a,b we suppose that the values of u,f,p

at the mesh points A,B,C,D etc. and that at the soint P of

the piston are known. Then we desire thosze values at the
points A',B',C',D' and P' after AL, For this we again use the
integral formulas (%.1). If we integrate along the contour

P'MgzﬂzP in the Fig.3%-a, we can have the integrated values
(consequently the mean values) on the,P’Mé using the integrated
values on the IMjM,, M,P and PP'. Therefore we ,shall first
calculate the mean values on the MM, and PP'. Kupposing

that the mean valuesare kept constant on the Ili,
piston runs along PP' with a known positive constant speed we
can decide the state in frontv of the piston by using the Rankine-
~-Hugoniot's relation across the shock wave generated at the

point P ;

we find first the shock speed U

0 = ;1:_ uD_u ” —C—Z + _J_._( J_D-‘\l )2 L2 ¥ -1
52T 2 ~ 4 S y BT YET
1-u 1

where U  1is the piston speed (the suffix p and the bar mean.
here and just below the mean values on the FP' and
of, "=" - at the back of ) and the barred values U and ¢ means
the mean values on the PIl, of the velocity and the sound velocity
respectively (the bars mean here and below the mean values on

the P, ) and furthermore we find
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(4.1) _ PP

pHL P,

- . » - . 5 )
The desired values on the I, M, are calculated by the
decay of the discontiaulty at the point i, as we have done

ebove in the interior region. Hereafter we have the mean

values -~ on the P'M' as follows :

il

35’

af = gy

™
s
o

s

-
o
]

fu "ﬁ{ <P+ﬁu2>”2”z' - pp} ’

5 55 312 7
f(e+% S = aID(e+§-) - ﬁ[(fu(e+% +.§'>>M2Pé ~ (pu)P}

where o = §§2/§Tﬁ£ » B=At/P'il, and (“)M2Mé indicates the
mean values on the M5 . On the other hand under the same
hypothesis of the piston motion the expansion wave propagates
backward.

We can also decide the state at the back of the piston

as follows

2%
- = -1
- Z{-‘U.T)—U. Nﬁ
p_ =D |1 - =" —
- Z = 5
2.
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where the doubly-barred values show the ne alues on the &, P,

The desired mean values on the MY P' are calculateld by using

s

again the integral formulas (3.1) along the path Al'P'PMlaOnthe
contrary ,' when the piston moves with a known negative constant
speed; we have the shock wave to the left and the expansion wave
to the right. Then we can calculate the meean valiues oxn the Mi?'

in a similar way. While in the case of the Fig.3-b,

ot
A}

]
2
we shall decide the states in the front of and at the back of

the piston Jjust in the same way as in the case of Fig.3-a,
the values at vze point D' are calculated by the interior

fornula. Thus we have the mean values in the nsighbourhocod

red

I

of the piston, and furtkhermore we can calculave the des
values at the grid points by the interpolation between the

es at the piston.

ct‘

corzsponding mean values and the sta

de

So far wc supposed that tne

ct

istonspeed was to be known

K3

in advance, but in reality it is unknown beforehand and is the
quantity to be desired. If we know the states atv both sides

of the piston, we can know the piston speed by integrating the

equation of the piston motion. Approximately we have the
follwing = .. formula :

3 -

r
el
|

(4.4)

=1
I
ol

P 2 '

Hence in order to know the states of both sides at the piston

and the speed of the piston, We can not bubt use ths 1teration



scheme among the formulus (4.1), (4.3) and (&.4). It is
easily seen that this iteration scheme converges for small At.
85. _The algorithm in front of +the wall

We suppose that the net is setv in front of the wall as
the following figure : 4 ’ ; ’

F‘

E W

| "

F

W e wall

\A A/

shall

i
1R

construct

values at mesh point E'

using the values at E and

line as in the neighbourhood

3

reflection of the shock wave

ask the state on the wall using

and furthermore apply the contour-integr

- =
COET

we have the

as in the interior rezion.

relevant values at thase

and we calculate the decay of the discont

Consequently

For this,along the same

piston we consider the

n the wall and

ine-Hugonict relation,

gl (3.1) alon FORRT A1

o
o

course, it is suppesed that we have a uniform state along

.. . Bl

inuity at ¥

this algorithm



is put in order as follows

e

Cp = ;
u 3 e+ ( =2
ST T 2(TwT ~4 %= 2{i-psy 7
U
2 3 2 2
(7
= = p={(1+p") ( )-—u}
\"J ek C—:\ ,
bk 7
o ¥ D3
w o T2 ~1 /
g —m ugllugtug) .
86, An _experiment

In order to check our method we usge the folle in
as an example : the length of the barrel between the initial
positicn and +the closed end is 3¢5 m, tvhe radius is 3.7 cm,
the pressure in the barrel (the right -chamber) is 2.8kg W/enm ,
that in the resevoir (the left chamber) is 66 kg W/cm , the
initial sound velocity in both chambers is 321 n/sec and the
pisvon weight W is 0.005 kg W. These data depend on that of
the hypersonic gun tunnel at the Kvoto University constructed

in 1962.03] we carry out, a2s usual, btomake dimensionless . as follows :

U—> 4 = = 02-?313
Cs ) o) 90 ’
— n P
PP =5 P—>pP =Y =
0 "¢ 7
en A ey A& f
— (O o~ u'OC
x> X = =20 | ff = oC
c3 WCo Y



where W is the piston weight, AO is the cross area of the
barrel and g is the gravitaetional acceleration.

The zerc suffix of the other values means the initisl
values in the right chamber. Thus we have the equaticns of

hydrodynauics (2.1) and the equation of the piston motiocn

(2.2), vhere the bar is omitted. iAnd the above initial data
are reduced to the following : . dimensionlessquaniities ;
P, =1 , Po=114, u, =0 (in the right chember
D, = 25057)9l = 13.27 , u =0 (ir the left ckamber)
-~

and the length of the barrel is 1.388.

In our experiments AX = 00694, A = 0.2 vhich zatisfies
the C.F.L. condition(T]lin our data and results. In Fig.5

we see how the pressure in the chambers vary . as time passes.

In the Fig.6 we see the piston path (the real line) and the

¢

aspect of the propagation of the shock waves. The pressure at
the cnd wall varies as in Fig.7. This pattern agrees fairly
with the experimental result . Futhermore the prezsure histories

in the front of the DlStO“ (the solid line) and at She vack of it
(the broken line) are shown in Fig.8, In order to check our
result we shall compute the theoretical nressure and the one of
our numerical experiment at the back of the forward shock wave
while the piston runs with constant speed. The former was

3,94 (with no dimension ) and the latter was %.96.
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Appendix 1

We shall consider the piston problem for the wave equation

]
d.

1

<

d.
»

.

Initial conditions :
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(I-1), (t) = 0.1 £° .

e -

And we shall try to compare the various algorithus in the

neighbourhood of the piston.

We shall approximate the differencial equation by the

= S

%)

]

ollowins difference equation (the Godurov's scheme)

3

n+l n ., A,n N L 5. 10 o R
Wi = U, + =\Vv -V + S - 2UL o+ U
3 %3 5 J+1 -1/ 7 2V55+1 3 T %501,
(I-2)
n+l n , A, n oy Lo e N
g = v. + ={u- - - oar(v - 2Vi o+ VI o
Vs ¥ §(JJ+1 Wa g4 F DNVaLT J J~l> .

)
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Now when the. net is fixed, the piston pati rums across i-

the following two ways :

ﬁt/ D A/// O

SB/ c /B | ¢ o
Pig.9-a

Fig.9-b
The problem is to determine the relevant values at the points
A and D wusing these at the points B,C, ste.
(1) Method-1 FPirst we shall introduce the most formal method.

2/

X

F

In the case-a

Fig.10-a

We shall put
BA' ¢+ A'C = x B BC ¢ CE = ' ¢ 3z

(a+p=2a"+5"=1)

and
\
yaYe,

o= 5 . + =% (u, -

7y = wo + vy + g (ug - ug)

Un = AU + glug + S% (Ve - ve)
D i B8 “B I 5 =7,

Vo o= a'Ve 4 2've o+ A2 (un - uw)
D =T B YR T BE \YE 37



Al D
In the case-b ///4<f/
i N
\
I N
I \\
1
[ AN
I N
. I S
7ig3.10-b I N
[ R
I !
l/ l \
L N
A ’
/B Ci| A Cz
we snall put
sl _ . o
Un.{‘l‘ .A.‘C2 = O, . [3 ) (IX‘\"/_"=—L>
and
V, = AVA + BVs + A w W ) (k= =2
A Ve, " BVg (ug e, s M Rt
2 z 2 L
The relevant values at D are calculated by the formula L)
The experiment by this method is shown in Fig.ll, where A=1.0

x=0.2 and the parameter on the curve means tae time. The
broken line shows the exact solution of the problen (I=1}+
(These conventions are common among the following figures
(1ii) tiethod-2. In the result by the Method-l,the values ou
the piston become far from the exact ones and its effects are
propagated to the rignt. In order to dstermine the values
better we shall use the characteristics, thzt is, use the

property of the solution that u+v rerainsconstant along

the line QE = =1,
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raw the characteristic AA —4if = —1/) through The polny
A =and debvermine the position A'asin the Fig.l2 and set

-

If we determine the values v,,and Uy by inberpolation between
L e
C and E, we have the value v, (uA is given).

The method to determine the values at the point D is as

Method-1. By this algorithm we have the experimental results
in Fig-13. This result is certainly better than that of

Method-l end shows the broad aspect of the exact solution iy

ct

4

spite of the coarse mesh width Ax=0.2. A defect is, as we see

in the Fig-1%, the notable difference of the values at 4,D when
D is close to 4. This means a mistake in the way calculating

the value at D.

(1ii) Method-3 Another defect of Method II is ©taat when
it is applied to fluid dynamics, we must repeat the iteration
process (even in the case where the piston movion is known in

advance) to debtermine the relevant values &l s
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Here we consider the different way in which we do not use the

i

It depends on the icea of "decay of discontimuity

characteristics.
and "integral formula", by which Godunov's scheme also was
constructed in the internal region.

First we write the integral formule for (I-1)

7
? udx + vdt = 0

(-3

évdx-&udt:O %A/ =
!
i
|

o

Hence we have the Jump condition

L

1
|
, l
; [
|
- !
{u}s + LVE = 0 y i
|
] i 2 Ei l Eel
[v]s + [u] = O, \\\\\\;
|
ic.€e =
(I-4) s = =1, [u]= F[v) , 156 14=D

where s is the slope of the disconvinuity ling, and [ )
means the Jump of the quantitye . I- thic case the discontinuity
line coincides with the characteristic:z.

a and b :

[4§]

We consider the cas

L) D F
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e B, | E|
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In both states we consider that the integratedmean values

Upg » Vpp are kept constant between B and E , and that the

: 1 1.

val e = = A S N Lyom =LV, o are kent stant
mean value uy 2(uA ub), vy = 5{v, + vy) =zre kept constan
between A and B. Then the discontinuity line B3B,(s=1) is

¥

generated from the point B and along it we have by the jump
cendition (I-4)

u + = T I~
M+ VY = Ugg * Vmrm

and

From this formula vy , and thus v, are determined.

In the case a we take the integration pathiBIFA  and write

down (I-3) in order to determine the stvate of D,

?/lAE = E—E EE &+ {Vﬁ = <uM - V?\;T)}At

B i1 i i 9
VAT = Voo BT + {U- (W Ve + U ) tAL
: BE & M VMt Uy :

where AF and BE mean the lengths of the intervals AF and EE

respectively. The Caf&tal'.letters UE and VE mean the states
in the region E;BE, which are produced by the decay of the

. . 35 N old - o
discontinuity at the p01nbEandﬁfand v are the mean values

. Considering them as the valuesat the middle

kg

between 4 and
point of AF, we can calculate ones at D using also the values
at 4 by interpolation or extrapolation. In the case b, the
values at D are determined by (I-2). The experimental
result by the methced is shown in Fig.l5 and is very good.

In order toiéompare the above three methods we calqulated
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the sum e of the absolute value of the dificrences between
the exaot;and the numerica1,301Uti°niat mesh points éon the right
of the piston on each line t=const. These errors are shown

in Fig.16.
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Appendix II1

Here we shall report the numerical expriments for the equation
of fluid dynamics (2.1) in which the constantlyaccelerated piston

motion (on the half way, and then constsn -specd-motion) is treated

by several methods. The piston path is given by the equation
1
5t Ostsl
x=5(%) =
1
t- = 1t

Initial conditions are wu(0,x)=0, P(0,x)=10.0, o(C,x)=2.0.

- (1) Method-1 we shall again consider two cases
F A/ D
\\
\\
\\
N\

S N\

) \
& .
Q N

In both cases we use the formulas, fox example,

- (ou)=(Pr Tio +ATCo
Pa-Pyr  lewlg-(Pw)y N p“in Toog
at BC p ) )
PPy (Pu)g-(Pu)yg ~ T eTE ey
+ . ad D O p - : .
At IS ) "0 BE

- P =




Analogous construction is done for the rest equations.
The numerical result by this method is shown in the Fig.18.
(ii) Method-2 Instead of the last equation in the Method-1

we use the following formula,

At R = )

By

see the Fig.19.

(ii1)  Method-3  This method is that of §2. Here we have put

N P
2 =Py

' (see(4.1))

Py ¥ 8. :
2 =P,y

; where'the prime means the valves at A,
The result by this method is shown in the Fig.20. The
calculation overflowed and stopped halfway,

(iv) DMethod-4 This method also is that of §2. But we put

——

(seec{4.1))

©

Its results is shown in the Fig.2l.

This result is beswt.
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(v) vMethod—S In addition we shall report the caldulation in
'which the Lax-Wendroff's viscosity method was used in the
interior region. First in the neighbourhood of the piston we
use the same method as Method-l. The result is shown in the
Fig.22.
(vi) IHethod-6 As above we use the L-W's method. But in
the neighbourhood of the piston we use the same method-2.
The result is shown in the Fig.23.

Appendix 11T So far we considered the problem in the
Fulerian form, but we can treat it also in the Lagrangian form.

In this case the fundamental equation is

at ag

au __ a9
3t ag
(o B2
3t - aq -

’ AX
g =vfpdx )y Bz - ¢ ) .

Here g 4ic the Lagrangian coordinste and V 1is the specific

volune (= i). The other values are difined as in §2.
The equation of piston motion is given as follows :
d'\
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We shall show the result in which the practical problem

e}

of %6 was solved by the exact Godunov's method. (see 83, in
detail see 4)).  The calculation method in the neighbourhoods
of the piston and the wall is analogoug to that in §4,85. In

this calculation the mesh width Aq in the left region to the

- piston is 0.7897 and that in the reght is 0.4387. The time
“interval At is 0.02.

The piston path and the pressure history at the wall are
shown in Fig.6 and Fig.7, respectively,by the broken lines. This
result seems to be closer bo the experimental one than our result

derived by the Eulerian form. But this comparison is not fai

since the above mesh width Ag corresponds to the finer Ax.
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Part IV

»i _\A:Difference Method for Boundary Value Problems with

Derivative BoundaryvConditions

Introduction
‘“Pﬁre difference methoqs for elliptic boundary value problems
with derivative boundary conditions are treated by Batschelet[1],
Giese[2], Lebedev[B-BJ, Volkov[9-10] and Wigley[ll] etc.

For thé same problems a kind of difference methods, what is
called "Finite-element-method", are also investigated by Demja-
ndvié(l2], Friédrichs“and Keller[13], Oganesyan[l4-15], Oganesyan
and Rukovetz[16-17) and Zlam4l [18-19) etc. In this method a
reduced minimal problem from the original boundary value problem
is solved approximately in a subspace spanned by a class of
finite number of "element" fu;ctions and theilr translated functions.
The resulting difference scheme approximates automatically the
differential equation in the interior of the domain and the boundary
condition at pdints near the bdundary. In these works the
estimate of error between .the  exact. - and approximate solutions
is given either . in order of mesh width or precisely in an
" explicit form. ”

On the other hand, as far as we know, there were few works

about difference methods for hyperbolic and parabolic mixed initial

and boundary value problems with derivative boundary conditions
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in a domain of any shape. From mathematical interest we can
refer to Lions[20)and Chekhlov(21] whose method is called "penalty
ﬁethod", in which the problems with homogeous mixed (Dirichlet

and Neumann) boundary conditionsare considered and are reduced

dependlng on the mesh W1dth h over the reglonand with homogeneous

Dlrlchlet condltlons. But the rate of convergence is at most
O(fﬁ), which shows that this method is not fit for practical use.
-Here we propose a difference method with rate of convergence
Q(h) for mixed initial and boundary value problems of wave equation
and heat equation with the boundary condition of third kind (and
also for boundary value problems of elliptic equations) in a fairly
arbitrary region on the plane. Cur difference scheme correspoﬁds
to an integral formula of the original differential problem and
has natural structures. The proof of convergence relies on the
so called energy method. (¢f. Ladyzhenskaya[22])
By trivial modification our method will be‘easily applied
to the'a—dimensional case, to the equations with variable coef-

ficients and to the problem with mixed boundary conditions.

-



§1. A mixed problem of a wave equation under a derivative

boundary condition and its difference approximation

- We consider the mixed problem of the wave equation in
a cylindrical region Q(T) = x(0,T) inmn R> (Nis a bounded domain in

2 2 2
(Lo1) 2% - 2% 2. s(6,x,y) in D)
2t 3x 3y

RN

undexr the initia; conditions

uCO»XaY) = ‘P(X,y) N
(1.2)

'gl.é' (05x,7) = 4’(}:,:7)

and the boundary condition on the lateral surface

. o
glq3) %ﬁ - du = g(tax’Y)-
'Here-%ﬁnwmmtﬁe derivati#e along exterior normal to the

boundary surface. & is a constant. Under appropriate
1‘emoothness oondiﬁionsof the boundary T of ()axithe functions
f and g, as we'know, a unique emooth solution exists.[25]
Moreover we assume that at every poiht P e[ there is a circle
8 such that 5NQ =P . | |

' For the sake of the future treatment we transform the equation

Lobh.

’?(1.1) in an integral form by integrating the equation over any

O

ﬂt,x;j);region LDXEb,f;AtJ and using the Green's formula:



H [-g—}-;-(tmt,x,y)- %%(t,x,y)J dxdy
. (l.4> ‘ W t+at i+at

- - lau
= Jdt Jan ds + ]dt Jffdxdy ;

t w t w

where ds meanstheé ineelement of the boundary of w .

Now we cons#ruct a net in-R2 whose nodes have coordinates

of the form
x=mh, y=nk (m,n = 0, %1, %2, -;-.),

where h and k are distances between the two adjoining nodes
in the x-direction and'the?y—direction respectively.
Denote the set of all the nodes in (2 by‘[)L .

| We consider those nodes which adjoin to f)ﬁ. We call a
'ﬁdde adjoining to two ﬁodes of f); a boundary mesb point of
the first kind and call a node adjoining to one node of fQ; a
‘boundary mesh point of the second kind. Now we draw the
"broken" lines through half-integer points, but we erase a
~%foken segﬁent lying between a boundary mesh point of the
éécdnd:kind and the corresponding node of () .

Here we supposed that h and k are so small that no nodes
outside of () have three or more neighbouring nodes of o, .
(It is possible under our assumption about [".) Then if there
appearsa nocde being contained in a triangular mesh whose sides
consist of two broken segméents and a part of the boundary of (2 3
we count it in fﬁe class of boﬁndary mesh points of the first
'kind, so that we need not . consider original adjoining boundary
mesh pdints of the second kind. We express the set of the

left nodes of (Y}, by 2 , which we call the set of interior

mesh points.
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The concerned mesh points

I

And we express the set of all the boundary mesh points by n
- Finally we draw line segments connecting the two neighbouring
intersectiné points of the "broken" linesand the boundary 5
annd then we have the polygonal region;andexpressit by the

’same notation (2h. The polygon f2h consists of some triangle,
qﬁadrilaterél and pentagonal meshes having a boundary of - broken
lines or a side of the polygon “.

‘ In order to construct a difference scheme, we apply the
ihtegral'formula (1.4) over each quadrilateral or pentagonél

mesh and approximate each term by a corresponding difference

-quotient as follows; for example, over the hatched mesh in

ik,

5“18‘”1 we have a fomula (after dividing by At)

w ' : -
(1.5) S Ui = (g+6{u}x+h)ar -a_pug + &,U. - & us + ShT

where A", a_y,a, and a_kznftMSIength of the right, left, upper
and lower side respectively, and Sh means the areaof the mesh.

f‘ﬂ { hﬁhmeans that the gquantity in the bracket is calculated at
. the boundary mesh point of second kind, while .other terms are

calculated at the concerned node.
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For the forward and backward difference quotients we employed

the following notations;

n, = BlErAt, X, y)-ult,x,y) o ult,x,y)-u(t-Ab,x,y)
t , At . OF T At )
u = ultxrh,y)-ult,x,y) ue = Ultax,y)-(t,x-h,y)

% h ? Uk T h -

a = lt,x,y+k)-ult,x,y) ue = altyx,y)-ult,x,y-k)

Y k Yy k

and for difference quotients of second order, e.g.,

(uglg = vgg = Ugy

A%;[u(t+At,x,y)—2u(t,x,y)+u(t_ﬂm,x,y)],

T denotes themean value of f over the concerned mesh and g
' denotes the mean value of g along the corresponding part ofT" .

If we determine thevalue of u at the boundary mesh point (x,,y,) of the

second kind ' .7 . 'adjacent to the concerned mesh by the formula
a_jus = (g+dpu)al’ at (x,,¥.) or equivalently
& nly = (g"'s {u}X_,_h)Ar 8.‘?; (Xo"hayo)’ & nh =8mn ° k,

(which, ,we note, is only the replacement of notation and itself
does not mean the formal approximation of the boundary condition.),
the equation (1.5) takes the form

(1.6) Spuiy = 8,0, - &_pUsz f &,y = a_y s + 8, F.
We can use the above difference equation (1.6) at any quadrilateral

- mesh if we take
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a_yug =‘<é+5u)47 , 8y =
5, , & Y = -(é+6u)m’, =
(1-7) a - -
= a_jus = (g+6WAT , a_) =
a;kuy = -(B+6u)AT, a,, =

gnd &,y =8y = k, h

&k T 8%k <

For a pentagonal mesh we have

k | on a right boundary mesh point,
k on a left boundary mesh point,

h on anupper boundary mesh ﬁoint,
on ahloﬁér boundaryvmesh point,

h,

. . (¥)
on any interior mesh.

a formula

‘ y Q - = . et (& : f
(1.8) ”hutt = a+hu' _huxva+kuy-a_kuy+(g+6u)AT +8, T,
where a,,, a_y, a,, and a_, arethelength of the right, left,

‘upper and lower side respeotlvely,

51de of the Dolygon.fz Byu51ng the function 6

v uhltyonzanentagonal mesh and equals(g

Wlateral mesh,

form

S, u

(ﬁ;g) h*tt ~

-a u_+a -a
+hux -h ﬁuy

and A" is that - of the
which equals

. Zero on a ‘quadri-

6) and (l 8) can be written togetner in the

<

kui-réh(g+6u)AT +5, T,

Inwpnder to determinethe value of u at each boundary mesh point

of the first kind facing a triangular mesh we apply one of the

following formulae;

(*@f@nﬂmconstruction of our net it is known that =5/ =7 =%

S+x

and &

are uniformly apart.

a-h  a+h 8-k

'-h

- 84T

from zero and then

etc. are not zero for sufficiently small h.
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e

- 8_puzta_jus (Eféu)ﬂr at a right upper mesh point,

J
a_hui-a+kdy = (§+6u)AT at a right lower mesh poigt,
‘zi.lb)l -8, Uy ta_yUs ;‘(§+6u)AV at a left upper mesh point,
and -2, Uyl = (g+du)ar at a left lower mesh point.

At a boundary mesh point of the first kind facing a
quadrilateral mesh we must apply another formula, for example,

at a left lower point of Fig. -1 we use the formula

(1.11) —a+hu# + a_h{ui}y+k - a+kuy = (§+6u)AF7

where { }y+k means that the quantity in the bracket is
calculated at (x,y+k), while . .other termsare calculated at
(x,7), and other.notationsamﬂmesame as above. At other
}boundary mesh points we can have analogous formulae. The
fformulae (1.10) and (1.11) approximate formally the boundary
condition %% -du=g with the error of order O(h)+0(k),while (1.7)
does not. ' ”

We also approximate the initial conditions (1.2) by the

formulae

(1.12)  u(0,x,y) = ¢(x,¥),

”~

u(At,X,y) = ¢<X’Y)+At‘p(xg:y}°
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Then we have the values of u on the ﬁlanes t =0 and t =4¢
by (1.12), and we can dermine the values of u on + = 24%,

3At,... successively by using (1.9), (1.10) and (1.11) etc.

S§2.  ‘Convergence of the scheme

Now we will prove that the solution of our difference scheme
converges to the solution of the original problem (1.1), (1.2)and
(1.3) under appropriate conditions.

~ We can rewrite the difference equation (1.9) in the form

Su o B h X K )
Shutt = 37(a,pudy + 5(a_pyugdy + 3lauds +5(a_jusdor
+ &, (g+roudal +shf ,
g-by using the fact that a h(x) = a,,(x-h) and a k(y) = a, (y—k)
FA =
We multiply the last equation by (ut +uE) and traasform it
~ with the aid of the following formulae:

,
upgluy +ug) = (ug )t 5

(a+h X) (u ) [ +hux(ut t)] "J{ +h%x (u UE/x }X—h

?

(a ~hY¥% ) <ut+ut> [a—hui(ut+u§) JX - {a—hui(ut+uf)i }x+h
etc.,

' where a curled bracket with a suffix havethesamemeaning as in. (1.11).
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Then we have the equation

| >
Sy (ugT)y

+

B [eamctoyrop) Jg v B[aumetapmp) ]
5 o

_léc_['a oy (ug+ug) J + kuir(ut“'uE) ]y

\Sjay

} s e (10 +u—-)—}
&) X(ut+ut) x-h™21"-h X"t t/X)x+h

!
\S by
s

{a_kuy(ut+u% §}y+k

6h(é +6u) (ut+uE)Ar + Shf(ut+ug) .

{_a+kuy(ut+u;;_)y ¥

+

We multiply the last equatibn by At and sum over

Qk' X [t=sAt; Bul 2 e .p-l] :

(2.2) ' Z s, us PAt -
1
ZM[ &ty (U +ug) - 22 2 Ux(Uprug)
i= Lq.(,) i= »,_())-1
+%_—Z U= (ut+ut> = 22 .‘u—(ut t>
1= Lq())'f' i= 1.1.‘))

T

N |
‘Q‘Z &, Uy (ugrug) - 22 +k “ Cut ug)

)quw )= JLuH

éZ KUy (U‘t ug) 2Za x U3 (ut““ut)

J= )aw+1 ; = JLL»)

- Zk{ Uy (BT ug Dy }x—h é; { AL t>x}7*h

h

) 2}:‘1{ +ku (ug+ug) } %ﬂ k{a ug(ugtug)y }y+k+
h

+

i

= GT s



+ Z(g+5u)(ut+uf)AT + Z_Sh}(ut+u€)] ;
rh,l i . Qh

where lG(J), 1L(a) —_— x-coordlnate numbers of right and left
%)

ends of each row segment of mesh p01nts on y=jk in Qh, and
Je(i), jL(i;) —— y-coordinate numbers of upper and lower ends
of each column segment: of mesh points on x=i} in (2, . Z means Zcfh,

o

-Here we note the following relations:

\ e - —
a+th(ut+u-; 4 _a_hu}—c(ut+uf) 41 -ha u, (ut+ut)x

g ig , ig 5
a_hui(ut+uf) i =8, U (ut+uE) 1-1 +ha_hux(ut+uf)i i )
a+kuy(ut+uf) Ja =_a_ku3—,(ut+uf) s “ka+kuy(ut+u5)y ie

a_kus-r(uta»uf) I it =2, Uy (ug+ug) ij_l +ka_kuy(ut+uf)3-r

Zh{ o Y (ut+u5> }x h Zh[ ¥z (u, +uf) }J{+h
-0 ,

b
= Zha_'_huX (ut"'uf)x + Z ha_hu}—c(ut+uf)i
Qp Qy,

jL?

and
gk{éfkuymtﬁ'uf )y} y-k T %k{a— ui{r@t*“f )':?r} y+k
h .

= Z ka+kuy(ut+u36)y + % ka_kus-r(ut+uf)3-r
h h

Applying these formulae to the right side of (2.2), we have

ZS uE At ’
=ZA1[ Z a hu-(u +uE) -Za % (u, +uf) +

S=1 b= el | “'LJ‘))" e
j

+ Z a_kus-,(‘ut+u,6) -Za+kuy(ut+uf) +

J:iq—(i.)r | j.—_j}_u)q
L L

pat

® If ') is not convex, some mesh lines y=jk may be divided into

several segments by the boundary .
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l’\)]i——'
mh—a

Z Z Jh a+hux<ut"'ut € Z‘ Z)h & u_(ut ugx

lﬁ()) el LL())

_2(Z Z ) & a,m (ug+u ty 2(Z Z, k a_ u_(ut+ut)_

JQ’(‘) ol : Jl.h.)

]I—'

Z(grgu)(u +ut)Ar + Z S f(ut+ut) ]
[ ‘

Applying the boundary conditions (1.7),(1.10)and (1,11), we have

- '%ZA [ e Z b ey uyplugra >x+<Z Z ot u"<ut*“t)“

=1 Laf)) b._())

Jel JL(L) 0,
p-1 L
+ Z At [Z Ar('g'+8u)(ut+u1—:)+ Z Al (§+6u) (u wug) +
s=1

Th (5
+ Z Sh-f(ut"'uf)J
0, d

We transform each term of the right sideas follows:

T T s e
T

4

p-1
Z At u (ut+ut) = - AtlquuXt.l—{uXuX—'E}(s-kl)AtJ At u uxtl
5=1 = o
=4, uxuxc‘ pat
o PAT
= U (g ~AE % uxt(pAt"At Wi | o :

, pAt
) ot ug(ugrugly = ug |, -OF Ugugg IpAt A uguzs | o
S=1

5 pAt I '
ZAt uy(ut t>y =u. |, -4t uyuy%‘pAt"At ughoy o
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-
|

— -+ — = pA -—
;.Atuy(ut uE)y uy o —dtus FUsE lpA”C Atuy S5 ls
p—I
At glug+ug) =£ZJSt[ku@) —{uoz}(s+l}At+(ug)f {Jgt}(s l)AtJ
S=| =
p-2
= ué! g%t+ug!(p"l}m ZAtugf - ZAtugt
S=2 S=0

=(8(pat)+E((p-1)at)ulpat)-atg ((p-1)at)u, ((p-1)At)

p-2
- iAtuén - ZAtu{v,'t
-<g<m>+@<o>>u<o>—At@<At>ug<m>

and

P -

Zatgu(utﬂlf) =ZAtg(uz)t-AtSu(o)ut(o)—AtSu(pAt)uE(pAt)

S=| §=0

=§u” (pat)-Atsu(pat)ug (pat)

~§u®(0)-atfulo)u (o).

Thus we have

. S o 2|pAat
(2.3) %\h Shut at
= - %—[(Z+Z} ha,,u_ +(Z Z ) ha_ u— +
. k) 2n L‘J) Q,

} +(Z Z)ka +(Z Z)ka u—J ;1

Jl,(l.) 2, JLlL)

%—[( Z Z )Ba Uy Uyt +<Z Z ha_,ugugzs +

6) 0, wo —
g Z ka we +() + )ka,u-——J. T
%;) ) k2, %%)%;q -kFUFE o as
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%—[<Z Z)ha+hux Yyt * (Z Z ) ha ﬁuiu}?t

‘-G‘;) Q. . LL()) 2,

. : ‘ +(Z Z)ka kuyuyt*(z

J(r() Qp Jm) %‘h) ka =k ius—rtJo
pAt
»‘+(Z +D)aTS W] -At (Y Z)Argu(pé\t)u (pat)
Tm .r‘h O . T;I T;;
At (o« Z)ATSuCO)u (o)
. ) rh Th
+(Z Z)Ar[(S(DA“)ﬂ“%((p 1)At))u(pAt)—Atg((p-l)At)ut((p-l)At))
T T :
-(Z Z)AT[(g(At%gCO))u(o) Atg(At}uf(At)]
rh .
"Z.At(,z e ; )Aruéf - ZAt (Z'*’Z )uét
S=2 W e s=e° T, N
P-1
+Z At Z S T(ut-rut)

Here we transform tie second bracketof the right . sideas follows:

At[(z Z )ha+h UyE (Z_ Z ) ha _nUzizE *

elp Q) LL(;) 2,
+ ( ) ka K u + ( + ) ka PREEB
) J%\l Zh vyt %;) gL Ky E’JE:)

e

) —At[ Z 2Z)a+h X(uf(x+h)—uf(x)) (Z EZ ) &_p Uz (uf(x)-uﬂ-(x-h))

i i LL()) L idj)
G'(j) L"F & 5

T(Z 2Z)a+k y<uE(y+k)-uE(y))+(Z 22)& U= (uf(y)_uf(y_kg))]

J(rh) ﬁj(z(t) ’ JL(L) JEjuliy
t
—At[(z Z ) Al (g+oulug -
77.. M
— Z_a+buxuf Z a )—E'Ll-t- - Za+kuyuf + Z‘_)a_-' u—u
, L&IJ) Jetd) Jett

3

N 2Za+h x(ufcxfm () + 32 a_yug g ()-ug (e-m))

¥ ig(p ‘j“{})
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+ 5 Z a0 y(uf\y+&)—uf(y))+ ?Z a_ u—(uf(y)—uf(y-k))J

ﬁ“)q—(} J*Jl)

By the last relation and intial conditions (1.12), the equation

(2.3) takes the form

(2.4) ZShuEZ (pAt)+ 5 [(Z Z )ha + (Z Z) ha _ | u- +
N 5.2, ;

igl)) Q2 LLlJ) 0
+(Z Z)ka +(Z Z ka u—z]
k2 -
Ja—(u) Q4 T JL(L) 2, < pAt
=At| - Z a pu ug + Z a_puglr - Z a+kuyuf +Z a_kuiu,g
Ltr ;) J Jq(é) JI-.“)
% %—Z a,,u x(ur (x+h)-—uf(x)) + 5 Z a_p Uz (uE (x)-uf(x—h))
L#}L(,(j) ) 7 L*}L ))
e
5 Z a, x¥ y(uf (y+k)—uf(Y)) t = Z a_ CUECY)—UE(Y-k))J
)*)c—u-) mcrm pAt

Z Z)Ar[éu - Atduug J

* (Z Z) AT[ (lpat)+g ((p-l)At ))ulpat)-atg ((p-1)at) ug (pAt )]
Tw T

- (Z Z) AT'[ ZAtugf izatuét]
R Y
iAtZS f(u +uf) +Z Shq/

S=|

+ %—[(Z Z)ha+h(cp + AGOY )+ (Z Z) ha h(ﬁp_ + ALOY)

L(‘l)) Qh LL(’) ’Qh
+ (Z +Z) ka+k(<p + AL9Y )+ (Z +5 ) ka k(cp_ - Atcpl,b_):]
Je(s) Q, JL(‘) Q

(2 [(E(A‘G)ﬂ;(o»*p Atg(At)q']
ih T’h



: _:Each term in the right | sideof the last equation can be

estimated as follows g

Av.t ["Z_ 2,y Uy Ur +Za_hu}-{u,5 -Z 2, i ug Z u-—uf]

Lelj) LL()) Jq—(u) J:. ) , .
e J :
L SIAY Z o ( ug 2u Za_h—“- + 2u-) Zaﬂ. o) y) "'Z.a*(%?“ '+2u_§;
- . - ) ) Ly
. Lq-()) LL‘J) . J(I i v
AJ[ ) By (ug(xh) mug(0) +) s vy (vglo-ug(x-h) +
2 U istey o L0
e
RS Z (u,é(y+k) y) ) +Z u-(uE(y)-u (y—k))]
: J*‘)(r(k) j#)x.(()
t Ug xth) *+ ug (O™ 2 L UE (O Us (xh)” o 2y
< 9_[ Z +h< 7 +2uy ) +Z a_h( = +2ux)'
Z ] *l‘r()) ’ L*LL())
: Jj o J
- U <7+l<)‘+ us * 2y L z)+ut(y K :
+ Za‘*k'(' 7 +2uy ) +Z_ K ( +2uy)
VL 3O 7 )#JL(\) 5 .
‘ v
- at a+h+ak ‘2 a+h+a h Sy + A
B 7[ Z Z u’e Z —Ss g
i=1¢()) L=-LL()) umg) i)
j
+Z_ afk+ A Z am + Ay +Z_ ark”r _ Qs t d-x u—"'
= )cr(u )Lu) ﬁ)&w JUi) .
+Z.2a_'_h % Z2a u- +Z 2a+ku Z2a ku— ]
¥ igl))- UF (j) ' Fietw J#_}Lh)
j “ ¢ ‘
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( Z + Z ) Al (&(pat)+8((p-1)at Ju(pat) (
: l'"

£ (Z Z) AT[u (pat)+ 5( Elpat) + g((P-JJat))}

And by us:Lng “he boundary condn.tlon we have

At Z Z)AT g (( -1)At)uf(pm:)

T,

b O3 3 ar [+ auons]
I, T

<

. - = 2= 2
< ClAt%: s, ug(paty + & (% + ;W [ &CCprat) + colERat*ag |,
h [ h

where Cl and 02 are constants independent of A%, h and k.

Other terms in the right side of (2.4) are also estimated by

Schwarz's inequality. Then we have the following inequality-.

Z bhu:(PAt) + [(Z +Z ) hz:z_,rhux2 + (Z +Z )ha_hu}_c?- +
2.5y k1, up

+ (,Z +Z.) ka g+ (Z Z ) xa ku_zJ DAL

. J
Jelv) ‘Q }L(L)
i
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;é“[2<%ﬂ+%i> PR R L

) LL(j) J& (l)

)
' a-k A+ a+h +a8-n 2 B+k +3-i 2.
£ Y (g ) ug e ) BEA g ) gl
J%U ¥ Lq-()) ij) J#Jgl. juli)
L
2,
- +Z +Z 2a =
+) 2a,uz ) 2a_ul 2a,, a_ s
e(j) Ll.()) Jq(L)

+) By * &_puz *) 2 Za “k yLmt

LTK(;(;) v o)) ,H—J(rtt) )*JL(t)

+ ClAtL Shu€<PAt>l iatz S uf

0 o S=1
I e
o+ ZAt (Z ) u (sat) aT
S=0 T'h Tu
+ ( Z + Z)A]” [25;((?-1)!11731 +at" (1+ glf?_-—lzg)gf(pAt)L
L L ‘
-
+ZAt (Y + Z)Ar B+ AtZ Shf2+z 5, 1
T L S=1 Qy Q,

5 () +Z7ha+h[<1*’%§>§’;+%§"b;] +(Q ) >ha_h[<l+%£>?£ 551 )

i{:(j) Q, L_L!j) Q,

D) k(13580 ]+ (D e o [598 %))

JC{(L) Qh’ JLU) Qn

+—- (Z Z)AT[g(oH(l-rAt)g(At) N }

T T



"Here we note two lemmas.

‘Lemma 1  For any u defined on Q.+ [h , we have the inequality
Z W AT + Z w? AT
T L

W
< E,ZE&(& u’?+ a . u= )+k(a ,u?+ a u=" )+C(s)2 S, u”
= 5 +h™"x -h”x +k7y -k7y rof h
b

'~ where € is an arbitrabily small constant. The constant C(g)
depends on € and becomes larger as € becomes smaller.

Proof of Lemma 1. We first note that for any v

) (2.6) Z a+h(x-h)v - Z a+h(x)v = Z ha v + Z(a+h(x)—a+h(x-h)) v,

'u,q));a-n Lu,'))_—\ Qe+ {11} Q)

>Whe1‘e* Z_ means the summation over all the mesh points of Qh

.Qh"" ‘:J)‘)') )
and all the boundary mesh points having the coordinate numbers

iL(j>—l. In fact,



Z ha+hvx

g
.=‘2i {a+h(iG)<VCinl)—v(iG)) + a+h(iG_l)(V(iG)‘v(iG?l)) +
7 .

o a+h<iL)(V(ilﬁl)‘V(iL)) + a+h(ilrl)(v(iL)-V(iL—1>

=) Agv(igh) - ) e (A-1)v(ipl)
J T

-22[(a+h(iG)—§+h(iG-l) v(ig) + (&, (ig-1)-a,, (ig-2) v(ig-1) +
] |

+.__+<a+5(ilg_a+h(iirl))v<i1)]

=2{ a+h(x;p)y(x) —Zi a+h(x)v(x) —‘Zl(a+h(x)—a+h(x5h))v(x)
‘ Lﬁ(})'*‘ 1 P iL/)')') Q° :

- S J ik

Hence we have the formula (2.6) . Similarly we have

(2.7) 2{_a+kty-k)V(§) - ) 2y v =25‘ka+kvy +) (8, (3)-a,, (7-K)v
el ) e O 2t i} Q, |

Now we define two functions ¥, and % over a region IZ’:)IZ
. ) .

which are equal to cos(n,x) and cos(n,y) respecti-

‘% cos(n,x) means the direction cosine between the outer normal.

‘and the x-axis.
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-vely at a point on each side of T}+¥ﬂJ , and which have
_ bounded derivatives of the first order inl(Y. It is.possible
if the boundary I’ of () is smooth. The expression to be

estimated canbe written as follows ;

o« 2o () < (G Jer
2 Ju-l 2 2
A B o (R (S er
JL-y

<
(o] e
B

=
S

a—k)z {a+h—a—h}z 2 [(Bex) -[(am"a_h}z J

(Ar U AT L o) A v

2 2 a+h"a—h)2 | a+k"a-k)l

+;u K ar- +< ar uk
h

where the right side is what was expanded in the case of

- ]

Fig, 1. The symbols g; and.g; etc. mean the summation over the
Jat] JIe

boundary mesh points of the first kind facing triangular meshes,

]
. and the symbol g% denotes the guantity at the boundary mesh points
)
of the first kind facing a quadrate mesh. Further 2; etc.
LG+

} A
denote the summation over the boundary mesh points of the second

kind. ' In .. other caseswe have only trivial changes.
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- Now the last equation becomes -
'Zuli\r + Zu‘zA}"
T T

-Z (B Foowt () B 2572)

)L'l
2 +h'a-h) Z ( _) 5 z(_a+k)
+ Za (—- a. . u|—-/ a. . u|l—=
g )CT“)"‘I -k A]_ jd{;)’l +k AT’
+
a

“h*
U e a2 -a 1?2 '
2| "+k T~k 2 z k -k A
+Zu{——-—————m_ }X_h’\r +Zul——-—-—-—r }whr +

le+] (-)
2 a a = ° P - 2
2 24n™%nl a1 2 [ &4n” —h} "
DA }y—k +Z:u§ ar oyl
Jet] el
8 A -
N uz[(a+h—d—n\ . <a+k"a—x) KAT-
p 7
/ . : .
where Z/ = Z.+ Z £ Z . By using the functions Zf,_ and .
G lem W )
we have’ Jerl a -1

Z u’al + Z u AT
r[m rh,/
= Z a_hu”{’, - Z ad}.hu”}l + Z”a_huz I8

L'({(j)fl ooy L~
+ Za__kuz yoo- Z_ a +kmf U,
')q(_i)ﬂ Jul :)—1
L
+ZuZ‘LEAT + Z_. u ‘zL al”
igx o
+yur¢ AT+ > wtal + Z [+ ]Ar
Jerl )L—' K
4

A.B}'applying (2.6) and (2.7), the last equation becomes
(2.8) ) u AT + ) 'l
| - X
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- 2 na, (hut), +2 (2 (x)-a,, (x-h)) u?

Qu{egpi}

t2 B k) g o (R )-a ) bt

Qi+ §j - }

Y . 2
+ Z_ _hlf- { -21<1m§,+kz us-r }
{—1 y‘i"k

le

+ Z Lut AT + Z#fuzAT'

LL)
A

) BAT + ) yrReT +Z[+ + ¥} Jurar,

e Jeo
‘Here we note that ‘because the equalities a_, (x)=a_, (x-h) and

a_k(y)=a+k(y-k') hold at some interior mesh points of (2, , we have
Z (a,y(x)-a y (x-h)) Yu?
<2y

(Z Z Z Z) cp (-2, (x-h))y v

(A) (A )
and

> (a2, ()-a,, (y-k) fu*

{2,

A ORDEDIDICRECORINCEON Y

i
(A) (&) TI.

‘where Z ( Z Z and ) ) denotes the summation over the mesh
i

jc
(A> (3) (4; (&)
points lG ( iL’. Jg @and jL) adjoining the boundary mesh point

of the second kind. Z denotes the summation over the mesh

W
point a&djoining two boundary mesh points of the first kind, one
of which faces to a quadrate mesh and another to a triangular

mesh.  (See the point g in the Fig. 1). Now



{VK_ (2, ()2, (x-h)) ¥ u*=- Z ¥, (r+0Y(ydu*aT
() (a)

= Z%[ ; -2kuu +k U= ]Ar +Zk ¥ (y+k) Lfly(y)u ar |

Je*l Jr
)

ZL <a+h(x)—a+h(x-h)) ¥ u®
(A)
- 21{1 [u +21cuuy+;c u ]Ar s Zkll'(y k) 7]I’ly(y)u ar

Jot
(A)

.Z ( a+k(y)—a+k(y—k)> A

L
@)

=— %I% [ -Ehuu§+h?-u}—:7-]Ar * LZq h ¥,(x+h) %X(X)UZAT
(«)

and

2 (232 (7-10)

V8
@

| =— Zl{/ {u +2huu_ +h™ u ]AT - Zhif;_(x-h) 7/"2}—{1114]" :

-l
A (a)

‘We note also that

S (2002, GED T 2 (8,0 ()2, G-
o n

= Z_( 1}1,2 5 I]L:)uz AT
Tw

' >‘ (a+h(x)—a+h(x—h))7{; u = Z (a+h(x)—a+h(x—h)) Y u*
8

rhdl "
2
%—Z hlf‘ u(y+k) - Za_hk 1)[’,3_11(2)‘"*1{)
L1 Lt
Ju=1 !
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Therefore from (2.8), we have
(2.9) Z ual” +Z'ula]"
o areTh Tl

=Zha+h(7ﬁu1) Z ke, (%u™),
Qh"l‘[(‘d}‘)‘lk’ . Ql,,+ {Jl(l]’,)
_2 1!’21 [_2huu3—c+h u}-c ]Ar +Z h?&(x.'_h) SLZ_X(X>U-LAT _
Wt ¢
(®)

A
- Z U [ 2huu_+h" u; ]AT’ ~ Z b Y, (x=0) ¥, zu*al
(L
(4)

I.Ll

- ; t [ 2luus +I us JAT + )kt ) o (war

Gt §
"1 o3

- Z%{ 2kuu +k U ]Ar Zk Y(y-k) H“ (you*ar
Jl i
* Z,a-hlh ["2kuu5’+kl u}'f} sk~ nk %yu(wk)l‘

;L“

g1

Applying the formulae

(% u D) -}Lxu +7}/I(x+n)u uﬂ—{ﬁ‘/uu }x +n

( H/zuf—)y= ‘lk—yul +-1h<y+k)uyu+ {%uugr}y+k

and using the Schwarz's inequality in the right side. of (2.9),

we have the estimate

Z uwi AT + Z u® Al
T I
2 2. -
< eZ[h(a+hux +a_jus )+k(a+kuy7‘ +aL__ku$-r2 )] +C(¢g) thuz
3 Qh

+ O(h)z u= AT )
- T



% ., vk
2T’ ? ?51
-From the last equat:.on we get Lemma 1 for small h.

“'where C(s) depends on € -and the bound of 7‘(), > 1rbz s etc.

Lexma 2 For any u defined on th[sAt; s=0,1,,P> pAté'ﬂ,

-we have the inequalities

(2.10) ) 8,u (pAt§g2TiAtZ s,ur (sat)+2 ) 8, u(o)
g, a3, o)

S=]

and

i1) iﬂtZShu (sAt)<2T ZAtZS U (sAt)l+2TZShu(o) .

$=0 Qh S=| QI’I Qh
fi‘he proof of Lemma 2 is easy. In fact

u(pat)= iAtuf(sAt) + u(o) ,

' s=1 N
2 7 P ’ 2 2
u (pAt-éE(pAt ZAtuE (sat)+ulo) ).
S=]

Hence we have the desired inequalities (2.10) and (2.11).

~.:Now we return to the inequality (2.5). At first we note

© that by the boundary conditions

2 C:. 2 ) 2 2
th AT 5% Zshuﬁ + C3h Z%’E AT
Th - L2y "

Using Lemma 1, Lemma 2 and the last equation, we have the foll owing
estimtes about the term of the 'summ'ation .- Z+ Z” on the right

iy I /

side . of (2.5), b i



Z Z)AF[(M fél)u"+At(l+ lél)uf ]
pAt

T % [ 2 N
< (1+5 h = -
< .(f +5 légl‘)s %_h (a+hux+a u _)+k(a+kuy+a U5 )]

pAt

+(1+3 !al)c(s)Zshu(pAt)

Qn
s GZ‘“ (1+15!>Za v (pat)+ QM-(HIM)Z &p (pAL)AT
Qy, i :
< [h(a +a L u= )-rk(a w2+ oa L ud )]
=T 29? . =hx x%y ~k7y e

~ +,g4(a=)}; Atz Spug (sAt)l

+Cs ZS WUE (pAt)+C4 (e’ )Z Shu(o)

+C5 N AP gf‘(pat) AT,
WL ir T B,

where & —-(l+ 6‘) C4<€ ) 2T(1+éléi>0&€)a CE 2 (-"}'Iél)a

c, (s )= 2(1+5— !6})0(5) and 03 ~*§-(1+I6!)

And

ZAU(Z 2w (sAt) Al

S=0 I"h rn

< e ZAtZ[h(a hu +a_ u_ )+{(a+ku; +8.
+C(g) ZA‘(:Z Shu%(sat)l
5=0 2, '

. N
2 2 a2 : ;
€ ZMZ[hCamux va_pug J+k(a, g +a_yus >}SAJG"
T 3=0 I

' #03 mZz;tZ S, ux (sAt)-Lu (e) Zs u(o)

S=p Qh 2,

ku_z.)] .
I Jsat

[17AN
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‘,X",Where Ce(E)=2’T2C(E) and C,(e)'=2TC(e). By é.pplying these results

J’

I\)lb_,CO f\)i

in(2.5), the following inequality holds:
e
’ a x, & J
J 'At(ﬁr kﬂ ug * Z[ 2 "At( é't) ufl
i S, ! a -+

+Z(ill _At<a+h+ -h ]ufz +Z[ h _At( iy a-k)JuEz

j

+ ha, (1-

S g ”
eaor| I3 a3 ug 5[ Bl 22
Y -y
% iglj), »irpz Ity 2 4
5)

. 1
= L >u; + 2‘éﬂha+h(1_

I;L()') [£] (J))

24% 24t
h h
+’Z ha_h(l— —2-%{—'- —s'> u}—: + ——Z ha_h(l- 2—% -2g') us-c2
J
+Z ka+k<l— 285 —e')ul + %.; ka k(l -2—33-
A\

—— —25')11
j(,_(() k J )it £
/ 2At & 240t i 2
+Zka_k(l— " ~e)us + ZZka-k(l' - —26)uy} .
JNo) )* juli) pA
' P
< Cq(e) ZA‘G Sy ug (sat)
S= n,
P
+ £ ) At [h(a ul+ a,us )+k(a +a u-l)}
SZ=’ ol +h"x ~-h"x +k% y -ky .
+ F(p) +G(p) +&
at®
where S (1-C,at ogm_lz) , Cq(e)=1+C,(e")+C(e),
p-1
F(p)= ) At ) S, T,
S= | Q,

G(p)- (Z+Z)Ar[ 25 ((p-1)at) +At*( 1+ JaghEy gf(pAtﬂ

T T
iAt(Z Y)argl +& (Y« 2 )a ol +aran)zary]

rh rh T,,l T'L,
I - 2
+ Cf At"hz;zr_ gz (pat) AT
h
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and

3 - %—{(Z+Z )ha+h[(

) o
;7

+ (Z +Z) ha [
(322 ra(

N

I\JLI_>1_
N—r
N
+
mlg
N‘G

g
f\Jll>
ct
~
—6
STV
+
mll>
<t
TN

1+
1+ ¢
1+

N

@£y
U
Jgtid
L

(2 +)) ka_k[(l+ at,

juli)
JLL Qh

+ ) 8. W+ (C (e )+C, ()" S, ¢*
PEASZERANORPY:

no
g
N—
5
Y
+
f\)lb
et
&
) N e j S

>
d
N
o
<oy
+
r\)ib
NG
<

e 5 (2 + 2)ar( §eav]

. T

Now we choose At, h and k as follows:

2Nt 2At
1 — TZ,2(X>O, 1~ TZ20{,>O 5

where o is & small constant. Then for sufficiently small At
it At(a+h : i:.fl) U5y atEgrey) +At(a—h C,S, CgS.at
g = 4 T g /=2~ m 5 - T - Sh
2 b (1- 888 B )>as
m2 O dpfe by etc.
and
S, ! a . +a & g .
h +h" “-h h 24 h h At
T-At< 4 )‘z?—-(l— h a_‘_-‘{i‘ak)—?—-(ClAtﬁ-Csm)
o
2_2— Sh etC.

Further we can take e€'(g) so small that

240t

ha y (1- =5~ - €')2 oha eto.
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Substituting thesé inequalities into (2.12) we have,

‘XZE_S ux(DAt) 4+ _-‘El [h(a+h ; +a_hu£')+k(a+ku; +a_ku§f)J
o DAL

‘P

Z tZS Lug (sat)

A T.SZEﬁﬁtZi [h(aﬂl2 + a_bu}—:')+k(a+ku2 +a kuf )]
! S=3 Qh * y - y SAt

+ F(p) + G(p)+ @ |

We set
D

2 2 k 24_ 2
ZAtZ[ RERE NCHUMIERWREDES (aly * 2y )]SA+

= 5(p)

Then the last inequaiity can be written in the form

(2.13) E21=8le=1) ¢ ¢,5(0)+ T(p),

where C =max (%ﬁl 02';(:5-) , Y(p)= Ol(—(ﬁ<p)+ G(p)+ @ ).

>

Hence we find that

(p) & T:@%gg‘S(P-l)+'—%éz*"§fp).

0]

POl

We choose At so small that 1-C/At 2 and we put T:%;ZE =R

Then

S(p) £ RS(p-1) + Rat P (p),
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‘We apply the last inequality successively, &and then

P
S(p)SERP-1s(1) + Rat Y RP™HE(s)

S=2
However
. o CspAt
RP=(1+ lg%AZt fpé e 1-Cg A% & eZCsT
8
since

CsAt £ 5 , DPAEKT .

"Therefore we get

s(p)< %% [5(1) + 1) ]

Finally we estimate S(1);

s(1)=) (8%
- %_h[hvf""

ol

a+h(fx+Aﬁ?xf'+ % a;h(f§+At¥if'+

+k<5oy+m1ry>z v 5 o (Fpranky]

+
I'\JIW

7+(x+h) (“‘ ?( )}

2

) 4 (eny+ (A2 ) 4 (x

[ 74

™

%
w “L

SLf

+k

2 {17 +
{?x o4
=

J
32 <88 ) pgacte(4L) l#cyf}

3ka

{90- +(é1-{-) % (3-k)+ k)lﬂy)z ]
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- where we used the fact that the functions ¥ and ¥ are smooth

in /> 0. Consequently we have
8(p) & C\o(T) F(p) )

P ;
i.e. 2 h 2 2 k 2 2
) ZA‘G Z[Shuf + 5 (a+hux + a_juz )+ > (a+kuy +a_ku§ )]
S=1 o, sAt

< Cio (T) T(p),

From the last inequality and (2.13) we have also a strong

inequality

Z:[Shuf + 3 (agug +a_pug )+ 5 (a,ug +a_jug )
Q- PAT

(2.1-’1-) < CII(T)§.(P).

Thus we have
Theorem 1 (Stability) Suppose that At, h and k satisfy
the condition | | | |
(2.15) I- o 2 ocl>o R pIr= = 2 ocl>o .

where &y is an arbitrarily small constant. Then the solution
u of the difference problem (1.9), (x.7), (1.10), (1.11) and
(1,12”) satisfies an energy inequality (2.14) for sufficiently
small At and pASLT.

- Immediately from the last theorem we have a convergence
theorn. In fact weexpressthe solution of the differential

problem (1.1), (1.2) and (1.3) by vandthe corresponding solution
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of the difference problem (1.9), (1.7), (1.10), (1.11), and
(1.12) by u. And we put w=v-u. Let's consider again -

the hatched mesh in Fig.l. Then = we have

SVug =H at’- axdy + Mns,
(§+§.{v }x+h) - -8_pvgta +k y~& vj'r = ;%‘Er al + Zl;hmzi ATy ;
s, T =‘_ﬂi‘ axdy |

2>v v v d*v a*v  a*v

‘under the condition that 363 3x3t7° 3yat:’ ox*’ ayr® xdy’

v av

5% and 2y are continuous, where M, depends on the magnitude |

1 ) 3 ) , ) i :‘ ) 4 - 2 i
2’v a’v a V. . v gV a9V

of 2T 2x3L° and Syat=" M,; depend on that of 5%2" 232 %3y’

2 and a;, and AT are:the ‘lengthsof . sides of the trapezoid .

ox

"Hence we have

Shvi;b% _[(’é + S{V}x+h) -a_ve +a +_kvy - afkv;;r}‘ Sh:

2 [ '
jfgtz Srdxdy - %‘g—%dr- ”f dxdy + MihSh - ZthLATL
L
2
AV

= MyhS) "Z.LhMZ‘ATL )

since v is the solution of (1.1). Therefore on the concerned

mesh point w satisfies the equation
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Sy = d0Wieen - 2z gy T 2"y

+ MBS, - ) uMy oT:,
; |

which can be written in the form

. SpVi =(g,+ S&w}x+h) - & Wy * AW - 8 s+ SR

By o,
deni

where fg1h;const.h and f=M;h. Analogous difference equations
are satisfied by w on the mesh points adjoining to the boundary
mesh poiht of second kind.

In the same way we have the equation satisfied by w at

the interior mesh point;
SpWeg = 2"y ~ Wz T 2y T 2§ T Spfy» £,=M%hb,

where 113 depends on the magnitude of the third derivatives of
¥ with respect to t, x and y.
. Therefore we have the difference equations over the region

), in the same form as in (1.9);
SpVeE = ¥y — Eon¥x T RaMy - Ayt ghﬂgl+gw)af + Spfy

under the boundary conditions in the form as in (1.7);

a_pws =(g, +sw)al , a_p=k on a right boundary mesh point,
8, Wy =—(g, +Swal", a =k on a left boundary mesh point,
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a;kw§ = (g +8w) a_y=h on anupper boundary mesh point,
-

+kwy =-(g1+8w) Ly a+k=h on a lower boundary mesh point.

‘At the boundary point of first kind, as we know, the

formulae (1.10) and (1.11) approximate formally the original

‘boundary condition %%»—Su=g with the error of order O(h).
This means
a_pWg + AWz =(g, +Sw) at a right upper mesh point,
'é_hwi - a+kwy =(g1+Sw) at a right lower mesh point,
1‘;a+hwi + a;gwi =(é1+8w)' ' at a left upper mesh point,
-8 W, - a+KW& =(g, +Sw) at a left lower mesh point,

:and

(in place of (1.11))

“Rehx * a-h{wi}y+k - afkwy=(gl+8w)AF'.

;,In all the above formulae about w we can recognize that g,;=0(h),
£,=0(n). So that we find that w satisfies the difference
problem with 9=0, $=0(At), g=0(h) and £=0(h)+0(at*). Therefore

we have from (2.14), using Lemma 1,

(2.16)  fwll,= liv-ull, = 0(k) when h-o
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uniformly for pat<T 5  where

o Hwnh = Z[Shwg +% -(a+hw; + a_hw}-z2 Y+ -1-5— (a+kWy2 + a_kwg) + Shwz]

Q,
‘and we supposed that a solution of the differential problem
has continuous third derivati\‘res in ﬁx [0, T]. : Hence
we have

. Theorem 2 (Convergence) Suppose that the boundary | of
() is sufficiently smooth and a solution of the differential
problem (1.1), (1.2) and (1.3)hastheregularity just stated.
When At,h and k tend to zero : . _under. the condition (2.15),
a solufion of our difference problem converges to t‘hecorrequnding

solution of the differential problem in the Sense of (2.16).

[
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' §3 A parabolic problem
We can construct an analogous difference scheme for a

mixed initial-boundary problem for an equation of heat con-

duction
G R-E-gEer mam,
(B;é) %%-—Su =8 on T x[o0, T] )(ﬂ
(3.3) u(o, x, y) = ¢(x, y).
Here the notationsarethesame as in §1. As an approximation

of the differential equatioﬁ (3.1) we set an implicit difference
equation analogous to (1.9),

(3.4) Spup = 8, U, - & _pus + 8ty 8 Us + & (B+EWAT + $hf.

As boundary conditions we use the formulae (1.7), (1.10) and
(1.11). As initial conditions we use
(3.5) u(o) = 9.
In the same way as in §2 we can prove a stability theorem
and a'convergence theoren. For the proof we multiply the equation

(3.4) by Atu and sum all over

flrﬁ<[t=sax; s=1,2, "’,p] , then

) As in §1, we assume here and in §4 that at every point

P e[” there is a circle S such that SnQ - '=P.
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Lo %Zdt; [h(a+hu ) o+ h(a u-) Ut k(a+ku )-u + k(a u-) u]
iAt Z 5 (g+&1)uAl" + 8 fu]
However we have ;
- % | p Z
ZAtuEuﬁ %ZAtzufz + %—u(pAt) - u(o) .
5=1 Te=r 0 :
.and ‘ | | ,
.Zh(a+hu ) —u= Z [(a_'_hm;txu,)}—c - {a+huxz} h]
. b o
Za+hx,-Z huu-Zha u}_{"

: Lq—()) : Ld})— :

Z a—hu_u - ) 2yt - Z na Z h"?_hu‘
u,(])ﬂ L W) kg :
J J .

%h(é:hux)xu
h
= Zé;hu}—cu Za+huxu - Zha u— - Zha+h -

E—fr(j )..,. 1 L,_()) } ' LL‘)
Zk<a+k y y : "
g 2
=_Z B k5" Zamu Sl Z_ka = Zka-ku{r :
gt }dn) -) Je () -
b . -
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%hk (‘va 8 57) U
Za u-u Za+kuu-Zka u——Zka .
Jc,(t)+ | Jx.(t)" J (L)

Therefore the equation (5.6) can be written in the form
15 s {upat) (o)} + éEZPAtZ S, ug
) niulp -u(o > Y%
Qh S=1 Qh
=iAt[ Z a_yuzu _.Z 8,y U, u +Za usu +kuyu

S=1 Lr:(;)*rl L..())— Jeliyt) Jui)
L L

(2 Z)m -3 (%%)ha_huiz

h u-())

(Z Z)kaﬂcy (Z L2 )ka_ uf’

Q, Jq—(s) Q jL(t)

e Z (§+Su)uAT' + Zshfu}
T Qy ‘

Applying the boundary conditions (1.7), (1.10) and (1.11) to

the last equation we have

ﬁ (3.7) '225 u(pAt) + ———ZAtZ Shuf

33 [(T 3yt + (3 D g+
=] Q, Lfrl;) : Q. LL{))
(T D+ (542 )k u-j
. Q, J(((u) Q, )Llr.) |
= —%Zshu(o) +2At[z Ar'(%ﬂﬁ\u)u +ZAT’(g+8u)u + ZS fu} -
Qh 3= T’h
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Now we estimate the second sum of the right side. by the Schwarz
ine quélity and Lemma 1:

S=| h

ZAt(Z 2) Ar[% E5+( % + m)u’-]

i At[z A["(g+§u)u + zAr(gﬂ?u)u]

IN

& Th I

N

ZMZ +2 ) EAT

w T

+( % +18De ZAtZ

LAY [h(a_‘_hu2 - u— )+1r(a uy + a ku— )}
% +fﬂ)C(s)z:AtziShuz
S=a| 2,

~and

P
’ 2 4% ) 8. Fu
S= Qh )

=2iAtZS(I+u)

S=)

If we take € so small that

then we have from (3.7) using the above estimates,

p
(5. 8) ZS u(pAt) + ;ZA‘EZ [h(a+hu +a_ u— )+k(a

2

Qh S=

+SZ,At ; Z)gAf+iAtZS

h

a? - 2')
+Ey T ExYy
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where C,= 1+(1+2/81)C(e).  Further if we put

S(p)= Z Atz Shu(sAt)

Sz

ZAtZAtZ [h(a+hu + a hu- J+k(a 0 ; a_kus-,z)J

z= 5=1

Y(p) ZShu(o) +iAt (>« Z)gAﬁfAtZshf,

= T T

we have from (3.8)

(3.9) S8l 6 500+ (o).
By the same way as in §2 we get
S(pls Czl‘E(P) ’

and by (3.9). we have consequently
2 li 2 2 2
Zshu(pAt) + 5 ‘Atz [h(a+hux + a_yuc )+k(a+ku; *a_jus )]

(3.10)  £C; [ZS u(o) +ZM >__ Z) g AT+ iAtZShFJ )
s=1 F. B Qn

S=|

where Cj= C,Ca+ 1. Thus we arrive at
" Theorem 3% (Stability) A solution u of the difference
problemn (3.4), (1.7), (1.10), (l.ll)’and (3.5) satisfiesthe energy
inequality (3.10) unconditionally for pAt £ T.(Unconditionaly stable)
Theorem 4 (Convergence) Suppose that the boundary [ is
sufficiently smooth and a solution v of the dlfferentlal problem

3 3
a>v 3’v v o) a3v (o)
has continuous derivatives Z=» F3aT° 250%’ ax3’ 3x20y aylax

33 —
v
and-a—f?ln QKEOJT]'I



Then the solution u of our difference scheme converges to the
correspondlng solution v of the dlfferen’clal problem for

AAt h and k—0 in the sense of
J | v=u ””;h _>‘o uniformly for pat g‘T’)
‘where

, 5 , |
2 ‘ 2
8, w(pat) + —%— ZAt % [h(a+hwx + a_hw.}_: )v

h s

Il e
v= 2

2 2
-rk_(a_kkwy + a—k}wf)-’ )] .



84  An Elliptic Problem
Here we consider the Neumann problem for an elliptic

" equation :

s
(#.1) =557 - .ay‘_j +u=2(xy) in O,
“1(4.2) %ﬁ = g(x,y) ‘ on [ .

We know that the above problem has one and only one solution
under appropriate smoothness condition on r , £ and g. Now
E wé can construct a scheme analogous to (1.9) or (3.4) on our
"f»;net in §1 as follows:

(#.3)  -a,puy +a_plg - Al A g =SB S = Byt

with the same boundary condition as (1.7), (1.10) and (1.11)
in 81. f

We will prove that this difference scheme is uniquely
soivable and its solution converges to an exact solution of
(4.1) and (4.2). _ For the purpose we multiply u on both sides

. of (4.6) and sum over Q‘h’ then we have

, _Zahu—u +Za+huxu-Za usu +Za uu

w,(,)ﬂ Wy ) ' : Sl Ju m—;

i} 1
‘+‘-2—(§+Z)ha+hu;+—2-‘(z Z)_ha hu)—;
h Ujr‘)) Q4 u;)

f 1
+%-(Z+Z)ka ?(Z Z)ka u-
h o Jeld) h JLh)

- gual+ ) Shul= > S,fu,
‘ T 0Q, -,y ’
" (see the case of a heat equation in §3).  Applying the boundary
conditions (1.7), (1.10) and (1.11), we have
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o+
—
N
+
5
[
+
jag
]
[ 8]
+
roj-

( Z+Z )ha_hu..

b el Q) tLl))

a
+ %(Z+Z)ka+ku;+%- (Z Z)ka u—z

Qu J_qti.) a, )Lw

+ Shu (ZZAFgu+ZSTu,

Q, (A Y
We can estimate the right $ide. by using the Schwarz's

inequality and Lemma 1 as follows::':

B33 naumg e} (523 )na s

Q, (.(T‘j) LL‘))
-%—(Z_ Z)ka 2-+-‘]2‘—(§_ Z)ka u— +Z S
2 2, )L“)
) é €. (Z+Z)u2Al—r +ZT%T(Z+Z)§ZAF
. ho T i £

| 1 2
+€ Z Shu2+ E_Z-Shf
| T4 o8

< € g Z[h(a+hu; + a_ u- )+k(a+k yz + a—kuj'-a )]
h &

o) T st i (F 45) Ea < g T

Q, T T Qh

where €, is an arbitrarily small constant, € and C(g) are
two constants appearing in Lemmal. We take €; so small that ‘
e g < zt— and sI(C(s)+1)<% hold, then we have from the last

inequality,



Z [h(a_._hu.x2 + a_jus )+k(a+ku; + a_kui" )] + Z Syu’
h . Q,
S E(2+2) s LT
s T Ta 10,
'immédiately from the last inequality the uniqueness of the
solution of our schemé, and consequently the existence hold.
And further We can prove a convergence theoremuin the same way
as in §2 and §3. Thus L
' Theorem 5 (Convergence) Suppose that the boundary T° of
() is sufficiently smooth and a solution of the problem (4.1)
,and (4.2) has regularity such that third derivatives are continuous
inzi o When h and k tend to zero, a solution of our difference
ﬁioﬁiém converges totﬁecorrespohding solution of the differential
prob‘lemin the sense of
Hth = 0(h) as h~o

where w is the difference‘between an exact solution and its

approximate solution. And

2 2 2 z 2
fwlly, = Zi [h(a_!_huX + a_pus )+k(a+kuy + e us )+Su ] _
Q
h
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85 A Numerical Experiment

| In order to test our scheme, we consider a simple problem.
Let (0 be a unit circle and T its boundary. The problem is

to find the function v(x,y) satisfying the equations%

2 2 2 :
1 - (&% + gy‘j)= 0 in Qx[o,2],
-g%=2 on FXEO,T],

v(o,x,¥y)= -g—%(o,x,y)=:x2+y2 in (.

We can easily see that the exact solution takes the form
v(t,x,y)=2t" +x +y° .

For simplicity we take the mesh width h=k=0.1 and the time
step t=0.05 which are considerably coarse. For the calculation
we have only to consider an octanant of the unit circle because

of symmetry.. . (See Fig. 2)
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The fesult of the numerical performance shows stable feature of our

scheme.

We compare the exact solution and our numerical result

=204t=1.0

and t

‘at  t=104t=0.5



t=0.5 Approximation
Exact

Table-1

Approximation and exact solutions
on the mesh points at t=0.5



=1.0 Approximation
Exact

Table-2

Approximation and exact solutions
on the mesh points at t=1.0 ‘
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We see that at t=0.5(t=1.0) the maximum error which arise
.ar to the boundary is O.'12(0.,27), while the minimum error is
05(0.10), which takes place away from the} boundary. These _
;sulﬁs shows that total error has order of o(h) in O<t<1.0.

i is tﬁe eﬁ»:pe'cted matter from our Theorem 2.
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— Note added after the thesis was submitted —

Up to the present the stabibity theory for linear schemes
has almost been established, and an excellent review has been
written by Lax in the paper [ 3 ] ( see p.iB ), which is now
indispensable for the study of the subject. In Forward we have

extracted sentences from his review, enclosing in quotation marks.
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