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The geometry of hypersurfaces and lines in projective spaces and Hodge structure
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Atsushi Ikeda

1 Abstract

We denote by G the set of all lines in a complex projective space P™. For a
hypersurface X in P™, the set

Y., ={(p,L) € P* x G| L and X intersect at a point p with the multiplicity > m}

form a projective variety, whose defining equations are given by using the higher
derivative of the defining equation of X (Proposition 2.1). The projective variety Y,
is smooth for a general hypersurface X (Theorem 2.2). A purpose of the research is to
characterize some geometric properties of X by using the Hodge structure of Y,,,. In
this report, we give a method to describe the Hodge cohomology of Y;,, by Jacobian
rings, which is a new generalization of the theory of Jacobian ring for a hypersurface
in P" by Griffiths [2].

2 Varieties of intersection

We denote by P = Grass (V,n) the Grassmannian variety of all n-dimensional
subspaces in V = H%(P™ Op-~ (1)), and denote by Sp (resp. Qp) the universal sub
(resp. quotient) bundle on P. We have an exact sequence

0—Sp —0pV — Qp — 0.

Then P is naturally identified with P™, and Qp is identified with Opn(1). We denote
by G = Grass (V,n — 1) the Grassmannian variety of all (n—1)-dimensional subspaces
in V, and denote by Sg (resp. Qg) the universal sub (resp. quotient) bundle on G.
We have an exact sequence

0—Sg —0cg®V — Qg — 0.
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We remark that a point in G corresponds to a line in P®. We denote by I' the
subvariety of P x G defined as the zeros of the composition

p5Se — Opxc ® V — piQp,

where p; : P x G — P (resp. p2 : P x G — G) denotes the first (resp. second)
projection. Then I' is the flag variety of all pairs of a line in P™ and a point on
the line. By the first projection ¢ = p;|r, the subvariety I' is considered as the
Grassmannian bundle (P~ !-bundle)

¢ : 1" = Grass (Sp,n— 1) — P.

By the second projection 7w = pa|r, the subvariety I' is considered as the Grassmannian
bundle (P!-bundle)
7 :I' = Grass(Qg,1) — G.

We denote by Q4 the universal quotient bundle of the Grassmannian bundle ¢. We
have exact sequences

0 — 7"Sg — ¢*Sp — Qy — 0

and
0— 9y — 7" Qg — ¢"Qp — 0.

We introduce descending filtration
Sym®7* Qe = Fil’ Sym* 7" Qg > -+ > Fil**! Sym? 7" Qg = 0

on the d-th symmetric product of 7*Qg, where the subspace Fil™Sym®r*Qg is
defined as the image of the natural homomorphism

Sym™ Q4 ® Symd'"1 ™0 — Symd T 0q.

For F e Symd V', we denote by X the hypersurface in P defined as the zeros of the
image of F' by the natural isomorphism

Symd V ~ H(P, Symd Qp),

we denote by Yr r, the subvariety in I' defined as the zeros of the image of F' by the
natural homomorphism

Symd V ~ HY(I,Sym® 7*Qg) — H°(T, Sym® 7* Qg / Fil™ Sym¢ 7* Q¢),

and we denote by Zp the subvariety in G defined as the zeros of the image of F by
the natural isomorphism

Sym?V ~ HY(G, Sym® Qg).
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Then a point in Zg is corresponds to a line which is contained in Xr. Let L be a
line in P", and let p be a point on L. The fiber of the line bundle Q4 at the point
on I' corresponding to the pair (p,L) is naturally identified with the kernel of the

restriction
H°(L,Opn(1)|1) — H(p, Opn(1)])-

Hence, L and X intersect at p with the multiplicity > m if and only if the pair (p, L)
represent a point in Yz ,,. We have a diagram

P <L & G
U U U

Xr = ¢(YF,1) —  Yr, — W(YF,l)
U

U U
U U U

¢(YF,d) — Yrq — w(Yra)
U U U

d(Yrdar1) «— Yray1 — 7(Ypay1) = Zp.

The morphism 7|y, : Ypm — 7(YFm) is finite for 1 < m < d, and the morphism
T|Ypays : YFa+1 — Zr is a Pl-bundle.
We remark that the isomorphism

Sym? 7*Qg/ Fil™ Sym? 7*Qg ~ Sym? ™! ¢*Qp ® Sym™ ! n* Qg
is induced by the homomorphism
H(L,0p~(d)|)— H°(p,0pn(d—m+1)|p) @ H*(L, Opn(m — 1)|1);
A As =g Toes, (Ao Astdomin))lp ® Agia-m2) - Aoia)

where A; € H%(L, Opn(1)|1), and G4 denotes the permutation group of the index set

{1,...,d}.
Let zq,...,T, be a basis of V.

Proposition 2.1. The subvariety Yr, in I' is defined as the zeros of the section

gm1F
DD FT Sl L R
0<iy, cim—1<n -t

€ Sym* ™V @ Sym™ 'V ~ HO(I, Sym? ™ ¢* Qp @ Sym™ ! 7*Qg).

The following theorem is proved by the similar way as [1], in which the corresponding
results for the variety Zp is proved.



Theorem 2.2. Assumel <m <d+1.

1. If m <n—1, then Yg,, is connected for any F € Sym® V.
2. If m < 2n — 1, then Ygp,, is smooth of dimension 2n — m — 1 for general
F eSym?V.

If YF,, is smooth of dimension 2n —m — 1, then we can compute some topological
invariants of Yr ,,. For example, if m = d = 2n — 1, then dim Yg ,, = 0, and we can
compute the number of the point of Yr ,, by Schubert calculus;

(m=d=2n-1=1 =Yg, =1

m:d:2n-—-1:3 ﬁﬁYF,ng’
{m=d=2n—-1=5 = {Yp, =575,
m=d=2n-1=7 = §Yp,, = 99715,

L8

for general F'. It is similar to the case when dim Zg = 0;

(d=2n—-3=1 = §Zr =1.

d=2—-3=3 = §Zp=9x3=2T,
{d=2n-3=5 = fZp =575 x 5= 2785,
d=2m—3=7 = #Zp = 99715 x 7 = 698005,

\

for general F. When dimYr ,, = 1 and YF », is connected, we can compute the genus
of Yr m for general F.

3 Jacobian rings

We denote by
S = C[l‘o,...,l‘n,Zo,...,Zn] == @ Sl

P.9€Z

the polynomial ring bi-graded by degz; = (1,0) and degz; = (0,1). We define
homomorphisms § and € by

2. 0A
§: 9P Sp+1,q—1, o
, A ” ; az’L xl
and .
0A
- §pg Sgp-lag+l. 4 -z
£ — i A gﬁ 2.
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For F € Sym?V, we have a bi-homogeneous polynomial Fy € S%° by considering
Zg,-..,Tn as a basis of V. We set the bi-homogeneous polynomial Fy by

Fy, = e*(Fp) € §4-kFk
for k > 1. We define the bi-graded ring Sfm by
Sem =8/(Fr; 0<k<m-—1),

and we define the bi-graded ring Rr ., by

aFm_.l aFm—Q . .
RF,m=SF,m-1/( oz, x5+ (m—1) 9g, 3 0Sism 0] Sn)
for m > 1, where we set Spp = S. Since
1 G~ 0Fm -1 OF,, o
3 T4 -1 2i) = m—1,
2 (T ik (m = )2 ) = P

1=0

the Jacobian ring Rr , is a quotient ring of Sp .
In the following, we describe the relation between the rings Sg,, and Rf,, and
the variety Yr,,. Since the normal bundle Nyp_’m ;v of Yr ., in T' is isomorphic to

(¢* Sym? ™™ Qp ® 7* Sym™ ! 9¢)|Yp,m» using Lemma 4.5, we have the following
proposition.

Proposition 3.1. If Yg,, is smooth of dimension 2n —m — 1, then
HO(YF,maNYF,m/P) = S;;;n+1,m—1
forit<m<n-1.

We denote by Tr (resp. Ty, ) the tangent bundle of I (resp. Yp,,). Then we
have the exact sequences

0-——>Or—+¢*81\;®7T*QG —Tr —0

and
0 — Tve,, — Trlvem — Nygyr — 0,

where Sp denotes the dual of Sp. We remark that the composition
VVe@n Qg — ¢"Sp ® 7°Qa — Tr — Ny,,.r

induces the homomorphism

VeV ~VVe HO(F,W*QG) N HO(YF,m7NYp,m/I‘) ~ Sg'—;:;n-{-l,m—l;
T ® T; — -(d-:ﬁ“)! 31:;’;:1 -zj+ (m—1) 32’;:2 “Z5),
where zg, ..., z} denotes the dual basis of z, ..., z,. Using Lemma 4.6, we have the

following theorem.
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Theorem 3.2. If Yp,, ts smooth of dimension 2n —m — 1, then there is a natural
injective homomorphism

p: Rt — B (Yem, Ty, ),
and it is an isomorphism form < n — 3.
We set the integers a(n,m,d, q) and 3(n,m,d,q) by

a(nvm,d,q)zmd—ﬂ(—';’_—l)—n—2+q(d—m+ 1),
B(nvm7d7Q): I"n-(!rgl—_-}'l'—-"'7’-*-Q(”'n'“"1)

Since the canonical bundle Qf,’;”mm'l of Yg,p, is isomorphic to (¢* Syma(”’m’d’o) Op®
Sym'g (n,m,d,0) Q4)lye.m using Lemma 4.5, we have the following theorem.
Theorem 3.3. If Yp,, is smooth of dimension 2n —m — 1, then there is o natural

injective homomorphism

70 : Ker (Sgon @ Pmmat 2, gplmd@etsnma=ly — HO(Yrm, Q3 ™),
and it is an isomorphism form <n—2 orm=n—1<5.

Here we remark that

ga(nm,d,0),8(n,m,d,0) _ o (S;’(Tr:l,m,d,o),ﬂ(n,m,d,o) 5 S;(n,m,d,o)ﬂ,B(n,m,d,0)~1)

—
2y M

for T—(—'%——l) <n.
The following theorem is proved by the similar way as Theorem 3.2, by using the
exact sequence

2n—m-—2 2n-m—1 2n-m—1
0 — QYp,m — TF;Yp,m & QYth — NYp,m/F (b2 QYqu — (.

Theorem 3.4. If m——('%:—l—) < n, and Yg, is smooth of dimension 2n —m — 1, then
there is a natural injective homomorphism

n,m,d,1),8(n,m,d,1 1 2n—m-2
7z Ry ™I — B (Y, Q)
and it ts an isomorphism for m <n — 3.

Theorem 3.5. If 7—"—(—"2‘;1) <n, and Yg ., is smooth of dimension 2n —m — 1, then
the diagram

d—m+1,m—1 a(n,m,d,0),3(n,m,d,0) |2 a(n,m,d,1),8(n,m,d,1)
Rpm - ®Spm —Rp,,

lp®7 In
H (Yem, Tye, ) ® H(Veym, Q20 ) o HY (Y, Q3272)
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commutes, where the homomorphism u is defined by the multiplication of the ring
Rpm, and the homomorphism v is defined by the composition of the cup product and
the contraction.

4  Calculation of cohomology

In this section, we enumerate several lemnmas, which is used in the proof of theorems
in Section 3. For simplicity of notations, we set the invertible sheaf Or(p,q) on I by

Sym?® ¢* Qp ® Sym* Qy (p=0,q20),
Or(pg) = 4 Y™ #79p B Sym™ Q (20, ¢<0),
Sym™ ¢*Qf @ Sym?Qy  (p<0, ¢ 20),
Sym P ¢*Qp ®Sym™7Qy (p<0, ¢<0),

and we set Qf = 7*Sym" Qg for r > 0. For a sheaf £ of Op-modules, we set

Lemma 4.1. Assume r > 0. HYT, Q4 (p,q)) = Ker (67+! : SPa+7 — Gprtlg—l),
Lemma 4.2. Assume ¢ <0 and r > 0.

1. H(T, Qg(p,q)) =0 for1 < j<n—2.
2. Whenn>2,ifqg>-n+1orp+r<-2, then H* (T, Q5(p,q)) = 0.

Lemma 4.3. Assume ¢ <0.

1. H3(,Tr(p,q)) =0 for 1< j<n—3.
2. Whenn>3,ifq>-n+1 orp< -2, then H"2(I', Tr(p,q)) = 0.

Lemma 4.4. Assume ¢ <0 and r > 0.
1. HY(Ypm, Q&(P, @)lvsn) =0 for1 <m<n-—3.

2. Ifq>" 44 orp+r<(n—2)d- 22 5 then

H? (YF,n—27 Qé(p» Q)|Yp,n-2) =0.
Lemma 4.5. Assume r > 0.
1.
HO(Yem, Qia(py @)y, ) = Ker (571 : S — pirtbast)

forl<m<n-—2.
2. If min {g,0} > 3@-2—'—'-@4—2 orp+r1+max{q,0} < (n—1)d - "(%-3—)—3, then

H*(Yrn-1, Q& (P, @)lvp,a_) = Ker (871 - SEAY, — SEE170).



Lemma 4.6. Assume g <0.

1. HI(YF,mvTF(pa‘I)[YF,m) =0forl1<m<n-—4.
2. Ifq>"9 17 orp< (n—3)d — 220 _ 8 then

HI(YF,n——3sTF(p: Q)iYF,n—B) =0.

5 Thecasen=3and m =3
In this section, we consider a hypersurface X in P3.

Proposition 5.1. If the variety Yr3 s smooth of dimension 2, then the morphism
Plyis : Yrs — Xp is the double covering branched along By, where B is the divisor
on X defined by the equation

o*F
det (—) = ().
O0x;0x;/0<i <3
By the results in Section 3, we have natural injective homomorphisms

P R‘}i7232,2 — HI(YF,SaTYF,g)»

. @3d—8,0 0 2
Yo:Sps  — H (Yr3,9Q%,,)
and
. pdd—10,2 1 1
T ¢ RF,S —_— H (Ypyg,QYan).

Proposition 5.2. If d > 3, then the homomorphism
2

do € d—2,2 3d—8,0 pdd—10,2
RF,l _’RF,:; — Homg (SF,S >RF,3 )

is injective for general F € 40,
We consider the period map
v: M —W; [Xp)— [H*(Yr3)],

where M denotes the set of isomorphism classes of hypersurfaces Xz in P3 such that
Yr 3 is smooth, and W denotes the set of isomorphism classes of Hodge structures of
weight 2. By Proposition 5.2 and Theorem 3.4, the differential di of the period map
1 at a general point in M is injective, where we remark that the sets M and W have
geometric structure. Now we have a natural question of Torelli type.

Question 5.3. For smooth surfaces X, and X, in P3, if there is an isomorphism
H*(YF, 3) ~ H?(YF, 3) as Hodge structures, then is there an isomorphism Xp, ~ Xp,
as algebraic varieties?
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5.1 Thecased =3

In the following, we assume that d = 3. If Yz 3 is smooth, then Yp 3 is a minimal al-
gebraic surface with the geometric genus p, = 4, the irregularity ¢ = 0 and the square
of the first chern class ¢? = 6. Such algebraic surfaces are classified by Horikawa, and
Yr 3 is called of type Ib in [3].

Proposition 5.4. For F € S*9 the cubic surface X is smooth if and only if Yr3
is a smooth surface.

If Xr is a smooth cubic surface, then Xp contains 27 lines, which means that
8Zp = 27. Hence Yp 4 is a disjoint union of 27 rational curves, which are (—3)-curves
in YF’3.

Proposition 5.5. If Xp ts a smooth cubic surface, then B has at most nodes as its
singularities. A point p € X is a node of Br if and only if there are three lines in
Xp which contains the point p.

Since the morphism ¢|y,., : Yr,3 — P? is the canonical map for d = 3, we have the
following proposition.

Proposition 5.6. For smooth cubic surfaces Xp, and Xp,, there is an isomorphism
Xr, ~ XF, if and only if there is an tsomorphism Yp, 3 = Yp, 3.

In the case when d = 3, the Hodge structure H2(Xp) is trivial, but the Hodge
structure H?(Yr3) is not trivial. Hence the Question 5.3 is particularly interesting in
this case.
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