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Fractional Calculus
(Generalized integral and derivative)

f‘
Katsuyuki Nishimoto Coll.of Engng.of

Nihon University

Chapter 1. Fractional derivative and integral

of the function of single variable.

§ 1., 1Introduction ;

Bertram Ross (Prof. of Univ. of New Haven) made a very useful
chronological list (with short comments for each paper), and this
list is shown in the volume "The Fractional calculus" of K.B.0Oldham
and J.Spanier (Academic Press, 1974).

An international conference (Director is Prof. Bertram Ross) for
fractional calculus was held June 15 and 16, 1974 at the University
‘ of New Haven, and this conference had 22 participants and 72 attend-
ees. All reports in this conference were published as the Lecture
Note in Mathematics Vol. 457 (Edited by Bertram Ross), the title of
which is "Fractional Calculus and 1ts Applications", by Springer-
Verlag. .

McBride, A.C. published a volume, the title of which is "Fraction-
al Calculus and integral transforms of generalized functions" (Re-
search Notes in Mathematics Series. Pitman Press), in 1979. Proba-
bly this volume is the newest book for fractional calculus at the
present time (Oct. 20th, 1979) [ 36].

§ 2. Some definitions for fractional differintegration of the
single variable. .

There are many papers, in which the fractional derivative and inte-
gral of the function of single variable are discussed (see Refer-
ences). And many definitions on the fractional integral of the
function of single variable are reported. .Some of them are. shown as
follows.

By Riemann-Liouville [1]:’ Fractional integral of order «

£F (2, x) = T7&7 Sz £(t)(x - )% at  (right hand), (1)

X)Ol-‘l

£o (x, b) = fﬁ&? SO dt  (left hand), (2)
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where agxg< b, >0 and Fis the Gamma function.
Practional derivative of order o

(@, )= 1% (s, x) (right hand), (3)
o (s D)=A 7 (x, ) (left hand), (4)

where a <x<b and 12> & 0.
By Weyl £27: Fractlonal 1ntegral of order «

f+ (00, x)= WO_O_S.X () (x - )%~ (5)
£y (%, +e)= ]"(0()5\ £(8)(t - )% (6)

where f(t) is a periodic function and its mean value for one period

is zero. But above formulae (5) and (6) are used as the definition

of the &K -th integral without any condition, at the present time,
By Erdélyi [3J: Fractional integral of order «

Iy £(0)= zy §5 (2 - %77 £(¢) at, 12 £(x)= £(x) (7)
K;‘ f(x)= —771@ S: (t - x) % £(%) dt, KO £(x)= £(x) (8)

By Kober [4]: Fractional integral of order « (using Erdélyi's

notation) S : :
12% £(x)=x"0"% 1% x T £(x), 1P 0 £(x) = £(x) (9)
KD R f(x)=x7 K;x'?'“ f(x), 'K}f’ ° £(x)=f(x) (10)
By Okikiolu L5J: Fractional integral of order o
w (D) =gizy S t(e) Lzl gy, )
Ky (f)(x)=m §oe) 1o -y, (12)
where g()=2(x) sin TE |

By Saxena [6]: Fractional integral of order (X
I[f(x)]= I[x, g,%¥, m; £(x)]

=‘ﬁ(_1——:—¢ﬁgx Flo, g+ msp;2)t° £(6) db, (13)

RE(x)]=R[« g5 5, m3 £(x]]

= sy Jx B B v ms e E0 P s(u)an, (1)

where F(«, @ ; ¥ ; x) is the ordinary hypergeometric function, and « ,

B> ¥, § are complex parameters. And if m=0, these are reduced to
the Kober's fractional integral.
By Kalla and Saxena [7]: Fractional integral of order &

I [f(x)]'-—— I [o(,p,b'; m, 4,7, aj; f(x)]
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-7 -1 ,
= Ay o, p + x;%%’;) t7£(t)dt, (15)
R[EG]= R[4, 8,75 myp, 5, a3 £(x)]

= %—)— SZ Flo , 0+ m5 73 %i)t"s_1f(t)dt, (16)

where «, 3, ¥, %, & and a are complex parameters.

By M. Riesz [8]: Practional integral of order «
00
£y (x) = S‘_ £(6) 1% - £1%°7 at (0< a<1) (17)

By T. J. Osler [93 Fractlonal derlvatlve of order a.of f(z) is

D“ if(Z)=-I3§iil S(Z+)f(é)(é z)™%" Taé (o + negative integer),(18)

where he made a branch cut from z to a, and 1ntegra1 curve is an
open contour which starts at a and enoloses z in the p081t1ve_sense,
and return to a. :
By B. Ross [10]: Fractional derivative order » of f(z) 1s
d I+ 1) £($) :

t(2)= mrt ) (g e as, (19)
where he made a branch cut from gz to infinity through the origin,
~and integral curve C is an open contour which encloses z in the
positive sense and z does not on C (that is, C is an integral curve
along that cut).

§ 3. Definitions of the fractlonal derivative and integral of
the function of single variable

Definition 1. (Derivative): If f(z) is an analytic function and

it has no branch p01nt inside of C and on C, and

QIV:C' ol i‘ Sg (é _ Z)v+1 ds (1)
[+ 7z, -ngarg(s - 2)<
k\/:*: -n, n=integer >0
T : Gamma function o '
]—7(_)/ 1) (O+) __(sJ_*_“l) .
= —«-~-~2;i S —eo )? f(Z + ?)d?, (é - Zz?): (2)
My + 1) (%
$f‘;---c,fy(Z): ""'—'2%‘1-" ¢ ‘(§—(—)—VTT' as (%)

($¢z,o<a@($ezk\ :)
\¥=%- n, n=integer >0

:I(‘/2;{|—ri_j_)_g‘(£+))?"(y+1) f(Z +?)d?, (é _ 22?)’ ‘ (4)
f—n:d‘f-—nzﬁ}irﬁln dfv (C'"‘{Qr ’ 9} ), (5)

where C and g are the integral curve which are shown in Fig. 1 and
Fig. 2 (that is, C is a curve along the cut joining points z and - o
+ iIm(z), and QAis a curve along the cut joining points z and e° +
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iIm(z)), them f,= £, (z) (v>0, c={C, g}) is the fractional deriva-
tive of order . ‘

-—
~ootilm = 3 @ oo +1Im (2
—_————\ 4
c

C
+

Fig. 1. Fig. 2. ‘

Definition 2 (Integral). fvév€:o) is the fractional integral of

order |v¥). That is, the derivative of fractional order 5y(y:>0) is
the fractional integral of order v [11][121].

§ 4. Formal unification of derivative and integral of the
function of single variable
Theorem 1. If f(z) is the analytic function and it has no branch
point inside of C and on C (C={C, g}), and

fy:dfv=igfv’ng} (1)
then
derivative for v >0
f, is { original for v=20 (2)
integral for v <0
for real v, and _
derivative for Re(v) >0
f,, is { original for v =0 (3)
integral ~for Re(®)< O ,

for complex w.

And in case of Re(¥)=0, fy.is only formal differintegration
regardless of Im(v) Z 0. That is, we have no derivative and inte-
gral for ¥=pure imaginary.

Proof: It is clear by Definition 1 and 2 in §3.

Chapter 2. -Fractional derivative and integral
of the function of many wvariables

§& 1. 1Introduction .
On the fractional derivative and integral of the function of many

variables, there are few papers ([13]~[183). And some definitions
of fractional integral of the function of many variables are shown
as follows. ‘ ‘

Riesz's fractional integral fV(P) of order w is given by
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£,(P)=H S rhg £(Q) de, (1)

-1
—t/2 ¥y [ = ¥y
where H 2 F(Z) Lr( 5 XJ (2)
E denotes all of Euclidean n-space, and r

betweenF’and Q (81, 1181).
And by G. V. Welland, following representatlon is used.

£(x) = é—lg—_f-(—%)'—mdt (0<v <1), (3)

where x and t denote points (X;, Xz; +--s Xn) and (t,, t2y eeey ta)

denotes the distance

PQ

of n-dimensional Euclidean space, and |x|=( Z:% X )1/2 L171

§ 2. Definitions of the fractional derivative and integral of
the function of many variables
Definition 1 (Derivative): If f(z,, 22, ..., Zn) is an analytic
function and it has no branch point inside of Ck and on Ck for all
Zy and

c 'fy:y,---)\/ (Z,,Z27-°-, Zn) (1)

f f
v’%) 7‘, C Cn_,‘-oo, 1 1’ y n

n .
PURASAPA

6 f(S/, S’m'") g’ﬂ) dS, dsz -c-d$n,(2)

(i)™ n
I _ v, +1
R R 1
where f_mk =:‘%}@mk i“k (mk==integer >0, K=123,---,1) (3)°
o, =f{c.g}, 1 7 (4)
and —nsarg(ék - 'zk)é-n: for Cp.=C , ‘ (5)
Ogarg($, - z)<2w for Cp=¢ , | - (6)
then
fyl,ba,--.,»%'éﬂki>0) is the fractional partial derivative of order

v~y for z, . n _

Definition 2 (Integral); fy,,yz,...,whzélk-;o, K=12,+--n) is the
fractional integral of order Lyk] for Zy - That is, fractional de-
rivative of order - kaVk:>O) is the fractional integral of order
>, for z, [11].

Chapter 3. General properties of dfv

§ 1. On convergence of f_,= dfv

Theorem 1. If f(z) is an analytic function, and if M(= const.>0)
and ®K (= const. »0) such that
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| f(z + v)] <Me™®F (1)
exist, then Cxfy(C==ig, g}) converges absolutely for Re(v)< 0, where
+ sign for § and - sign for C.
Theorem 2. If f(z) is an analytic and periodic function, we have
then

(1) g.f)/:= -ﬁ{-;y‘go{gé € +1kT)WH} f(z - s)ds (2)
. e—iZ'irv T e ]
(ll) gfy= T‘(—TJTS‘ {f{?o (s + ,kT)v*i f(Z - S)ds (3)

for -1<Re(v)< 0, where T is the period of function f(z).

§ 2. On (f/u)y=f

pot

" Theorem 7. If f(z) is an analytic and one valued function, we have

then '
(=1, (1)
Css~ + 1) |

for g and + such that l T+ 1) T+ 1) lﬁM(const.).
And (1) is called as "index law" [111[121.

Proof: f (=T DT __£E) 34 (for ¢ =g) (2)

j‘— I’ 2wl g (& = z)mei
Therefore we have -

((03), = o[ 62, 02), ”"Z;i”g ARy (using (2))

F(V+1) ]—'(/'(+1)3 f(é)dis G

]
2r i P W1 (7 = z)ve1 97 (3)

Putting % - z=w and $ - 2=p ESeMS (S,?: real, $¥0), we have
then

C 1 (o+) [ put w=pu,
é(g_?)/‘*i 7 -z)7F1 d? o0 (p-w)RF Ty VT dw ( 1 : > (4)

then u=§e_3’¢w

= _p—(//(+\/+'l) S(i‘;) u—(\/+']) (1 _ u)"(/““l—']v) du‘ (for'[¢j<'"-'/2) (5)

- 1 21 I‘",u > + 1
=) L (©

for [#]<T/2 and - Re(u + 1)< Re(®)<O.
Substituting (6) into (3), we have then

1 $
g(gfﬂ(z))y = e 1) Sete ggﬂ)ﬂ’ﬂ 5= o, 2) YD
for | $1<m/2 and - Re(u + 1)< Re(v)< 0.
In the same way, we have
olofu®), = Ty (2 (8)

for /2 <|#|<T and - Re(m+ 1)< Re(®)< 0.
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Therefore we have

C(C‘f}b)v = cf/u+y , c:{g, 9.} (9)

in general for - Re(u + 1)< Re(+)< 0, from (7) and (8).
And this relationship of (9) holds good for w and » such that
[T+ + 1)/ T+ 1T+ )] M(const. ),
by the analytical continuation. Consequently we have this Theorem 1.
Theorem 2. If f(z) is an analytlc and one valued function, we have
then
(£ = (,fy)ﬂ_ | (10)

§& 3. Linearity

Theorem 1. If f(z) is an analytic and one valued function, we
have then ' ‘ v
(af), = afy, (f = f(z)), (1)
where a is a constant.

Theorem 2. If u(z) and v(z) are analytlc and one valued functions

espectlvely, we have then ,
(au + bv),=.auy, + bv,, (2)

where a and b are constants.

§ 4. Fractional differintegration of product uv
Theorem 1. If u(z) and v(z) are analytic and one valued functions
respectively, then
fractional derivative of product uv for Re(v) > 0.

{ule is { original of product uv for v=0. (1)
fractional integral of product uv for Re(v)< O.
where {u v} =={(u V)y, (v u)y}, (2)
(U V)y L‘ P(‘/ ’ n)u -n Vn P (3)
(v u), = jf: P(v , n)v _n Uy (4)
and Pv,n)=T&+1)/T-n+ 1) (n+1) [19] (5)
Proof: Through the author's definition, we have
=T (0B 8 0 ofe g
I'(v + 1 $) as 1 d
(2'1121_ )ga (1;( )z)y‘ﬁ omi gc, *'("E‘:).Tf ' (7)
€+, C,={Cy, C1}, -M<arg(-5)<m for C,, O<arg(§-4< 2mwfor ¢)
r‘(s/ + 1) °)———' S U(é) dé S V(E) dé (8)
(omi )2 =0 é _.Zyv—n+1 c‘(g _ Z)n+1
= (> 4+ 4 / 1S - 21\
_'§E6 ['(~ - 1n + g)/i(n?+ Y Y%en' 'n \for ‘é -‘§T<’/ (9)



=Z3 P(v, n)uy_n. v, = (uv)y, | (10)
In the same way, we have
{u v}y={v u.}v== ﬁV;é P(v, n)v},__n U, = (v u), (for lg :2 1-<1) (11)
But, in case Ofl; §i<1 we have
=2
{ u v}y:= - == P(v, n)uv_n.vn (12)
and {u VL/= {vul,=- g;;: Plv, n)v,_, u, . - (13)

Formulae (12) and (13) become zero because of existence of 'n +

1) in their denominator:. This means the fractional and integer
order's derivative of all products uv are zero. Therefore we can
not adopt them, we have then ' ‘

{uvh={vufo={Q vy, v )y} (14)

as the fractional differintegration of product uv, through (10) and
(11). This result holds good for Y=m=integer, of course, and if
v =m=1integer >0, (14) coincide with the Leibniz rule for products.
And in case of ¥= -m(m=-integer >0), 11m {u.v}:={u.v}_m means m
times integral of product uv.

§ 5. Convergence of (u vy

Theorem 1: If wu,_,&I(const.), | vl €M(const.) and Iv| <N (const.)
then (u v),, converges for

1. C21] (1)

u v v
’ vV -n n/uy—n—1 n+”

§ 6. Properties of fractional differintegration of products
Theorem 1. We have following relations.
(i) (v v), =(v u), for v=m=integer, ‘ (1)
(ii) (v v), +(v u)y for -v#ém =integer, ” (2)
where u=£v. : : -
Theorem 2. We have

: f,=(f 1)y (£=1£(2)) (3)
for v +integer. | )

Note 1. Some interesting papers concerning the fractional
derivative of products are reported by Profeséor T.J.0sler [22].
And in his paper, a brief historical survey on the fractlonal de-
rivative of products and a new proof for the formula

=, [(xs+1) P70, P
n=-oo [(x -y —n+1)[’(3’+n+1) »

(4)

oL
DT uv =
z

(where K#=integer <0) which is fractional derivative of product uv

8



are shown.

But, in T.J.0Osler's definition, the starting and end pcint of
integral curve have finite distance from the origin (his all results
are obtained by the integral curve which has the origin as starting
and end point), that is,his definition is a type of Riemann-
Liouville's definition, therefore by his treatment we can not obtain
the above author's results. Author's definition is a type of Weyl.

Note 2. We must notice that

(u v)y, #(v u),, for > # integer,

(u v), =(v u)y for ¥ =integer
and fy =(f-1)y for ~ # integer,
which are mentioned in § 6.

§ 7. Some properties of regular function (I)
Theorem 1. If H,,(z)l <M(const.), we have then

V(v 4+ 1)
- L

(1)

(1) (f'z-v+1 - + 1 (f-z)y=fg+1

(ii) (ﬂzb+2_uh+2(ﬂzb+1+(v+1)g/+2)(ﬂzb
Z

_ . (> + 1) + 2)
__fy+2 Z + 22 fy_1 (2)

for arbitrary v and z 0, where (f*z)y, ==(f(z)-2z), and £f,=1,(z).
Theorem 2. If |fu(z)|< M(const.) , we have then following relation-
ships for arbitrary », fu#+0 and for z 0.

(ii) ((f.Z)V)/u+1 _—_,..y{fg—-\ yfv-ft)/‘ (for /A lnteger<o) (4)

. Fy-y Ty . fg_ _ Y+ 1 (£ 2)v
(iii) g-—ifv‘z dz = Lj—ii[_ 5% " Sors (5)
(for V0. Omlttlng the constant of integration.)
. d
(iv) L ((f-z)v' fy)= (C£- 20,0 2,),

=228, f, 4 + ¥, _4f, , + (v+ 1)(£)%  (6)

v v+
(v) g(Zzﬁ;i;+1 +YE, i f, gt (v + 1)(fy) ) dz =(f-2z2),-
(Omitting the constant of integration) (7)

Theorem 3. If |f,(z)l <M(const.), we have then following equality
and inequalities for real z(#0),~ and for fy+0.

(i) i;_1£y+1==(fy)2 <= ((f.z)”}1~_1 for v=*0 (8)
(1) £, 4., S(f)° <= (\(ffi)")<1 for >0 (9)



(ii) f fi >(fy)2<:>((f-2)v

v =1"y+1 \ f” )1 >1 for v<0 (10)
.
(f-z2)Y
(1i1) £, T, . <(f )2<=;\»H 7)1 > for v>0 (1)
N )1—1 y+1 ™~ v l (f.z '\‘
' : ' (f7F~3}1 <1 for wv<O (12)
Vv

Theorem 4. If |f,(z)|< M(const.), we have then following ine-
gquatities

. [(fy-1fv+ f- <0 f ‘
(1) \ (fvv)zf)p?o _ (L_f_i_)y_)#” >0 fgi z’zg 2:2%
. . fy-1 T i)y 0 f V>0
(i1) ( (f;)/ﬂ)f ° (-(T\Z,L)/U.VI Zo fgi \/Zo %123

for real v, 250, £, 40 and for yxinteger £0.
Theorem 5. We have following relationships for | fy(z)i & M(const.)

(1) }i%-iifgli= z for &i% i%jiLkgM(const.), (17)
(i1) 3}}2(%5 1)1 =1 for lim —fz—z‘f—f—‘)’-zﬂ—isM(const.), (18)
(131)  1am (Bfspt) o for 1im DM _u(eonst.).  (19)

Where z+0, v+0 and fy=0.

& 8. Some properties of regular function (IT)
In this paragraph, some properties of the regular function which

are obtained through the fractional differintegration of product
are described.

Theorem 1. If u=u(z) and v=v(z) are one valued regular

functions respectively, we have then

(1) Sup vy az=(uv)y - ((uv),az | S

.. 1 1
(ii) Cup) dz=(u)y + § (v, dz (v+0). (2)
Theorem 2. If u=u(z) and v=v(z) are one valued regular

functions respectively and uv+0, we have then

(i) 1lim £3—22¥~=v for limrﬁiﬁlﬁkgm(const.) (k=integer >0 ) (3)
¥v2>0 Uy Y=ol Uy

N . u v s . . -
(ii) 3£% i_sflizgi% u=u for_}i%[uv__ﬂgm(const.) (k=integer >0 ) (4)

Chapter 4. Fractional differintegration :
of constant and of transcendental functions

§ 1. Exponential function [12]

- —inv -
Theorem 1. (e 2%), =e™7 Y eTe”

a” e (for a%0). (1)

10
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Y _az

Theorem 2. (eaz)yz-a e ~ (for a £0). (2)

§ 2. Hyperbolic function

Theorem 1. (cosh a,z)y_—:(—ia)y cosh(az + i%Ey) (for a#0). (1)
Theorem 2. (sinh az)y:.(—ia)y sinh(az +i325v) (for 2=+0). (2)

§ 3. Trigonometric function [12]

Theorem 1. (cos az),,:a” cos(az + —'}v) (for a=0) (1)
Theorem 2. (sin az)y.—_—a‘] sin(az + —gy) (for a=0) (2)

Proof: .We have . 7
. -iaz . .
(o0s 50l = (k6152 * Tt fen, o (orinn |

=a” cos(az + “213!)

with using the Theorem 1 and 2 of § 1.
(sin azL,=v£i {(eiaz)v - (e-iaz)y}::av sin(azrgy)
Another proof of Theorem 1.

'&¥+1) C cos ag .. . PR )
0w g Bz O (C=18, ¢p)

(o+) ' . S -z=¥%, and we have
_b}g(‘:}-_)_ ( -(V+1)COS(aZ+'a)?)d)2 {_co, —‘Ttéargvggfm for g}

Foo ‘\ +eo, ggarg < 27 for g

(cos az) =d(cos az)y—_-

(o+)

- (sin az) S 7"<V+1) sin an?} (3)

Using C for Re(a) »0 (that is, [arg akﬁ%) and ¢ for Re(a) <O
(that is,9§<]arg a|<m), we have

o Deos squ = oy o con o (£52 7 EHEI=0) o
(o+) _
g o ?—6J+1)Sln a7d7- ~u+T7'av sin %ZV (ggi —1<;ifgy)<:1> (5)

Foo
by contour integration.
Substituting (4) and (5) into (3), we obtain

o _aY voos Ty - sin az-sin Ev)
(cos az)y._d(cos az), =a {cos az-cos 5V¥ - sin az-sin B¢

for -1< Re(¥Y)< 0
=aY cos(az + 52'13’) (for a:}SO) ) (6)

11
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In the':ame way we can obtain Theorem 2.
And these theorems hold good for arbitrary v by the analytical
continuvation.

§ 4. Power function [20]

Theorem 1. If ;£¥%:27§l-<DMconst.), we have then

(s =7 Llgytd o o

§ 5. Fractional differintegration of 1
Theorem 1. We have 19 =(1)y =0 (1)
for ¥ #-m, where m=integer =0.
Proof: 1In case of a=0, we have z2=2%=1.

Therefore we have above Theorem by Theorem 1 of §4, for v=*-m.

Consequently, we see that the constant 1 has the integer order's
integral only, by the above Theoremn.

And by direct computation we have (1),=0, for ¥ >0.

8§ 6. Logarithmic function (I) [193([20]
We have the following theorem for fractional derivative of the
function log az.
Theorem 1. If |I"’(¥)] €M(const.), we have then

-imy

(log az), = - e F(y)z—y (for a+0). (1)

az az s
Proof: log az==g 4t =& dt S e” "ds (Re(t) >0, a#0)
1 1 o

® ~az -s -azs
=§ S e84t g8 = S""e —S'e ds (for Re(az)>0) (2)
o 1 o]

Therefore we have

(log az), = d(1og az), = ”;ﬁ;” g(];f"f Z“?m 4 (3)
=5 _ e—aés
ds
P(yzglj)\y S: g3 (4)
(¢ - 2z)
o -3 -1
— e 1
—'So S ds E I(zﬂ; )5c (¢ - Z)V;Tdé }
00 1 ¢ -ds¢
- So Efds {]ﬂg%1+ ) Jg (Z —Z V¥ d§'j ' (5)
And we have seen (for Re(¥)>0)
rev +1) ] : »
Sa(1) T RSt d$ =0 (6)

12
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I’ + 1) .
Oy =5 3 T =0 (7)
in the previous section, and
Ity + 1) g~ass _—imy v -asz (fbr larg a|<:“72)
2% ¢ (s - z)¥¥t ds=e (as)”e see section 1 ()

y"(,, + 1)¢ e-’d“ —imy Y -asz for T/2<|arg aléﬂ'\
2Ri 3 (z = z)v+1 d$ =e (as)”e see section 1 }(9)

Substitutlng (6) and (8) into (5), we have then

(log az), =$(log az)v= —S:—;- e'iﬂv(as)" e~ 22834 (put azs=v)
= - 'ﬂ"yav(az)-v‘gmﬁv_1e—vdv (for |arg az|<W2)
=iy =Y larg al<%/2
= —e P rl(v) (for |arg azl<ﬂ’/2 ) (10)

In the same way, we have (using (7) and (9))

~iry -y for ®/2<larg al€ ™ v
(1log azl,==g(log az), = -e z (V) (for ]érglaz%< 572 >‘(11)

Consequently we have Theorem 1, for Re(¥)>0.

This theorem gives fractional derivative of order V(Re(v)>0) of
the function log az, because (1)y=0 for Re(¥)>0. But this theorem
holds good for ¥ such that |T"(¥)|< M(const.), by the analytical
continuation. That is, we can not obtain (log az)_m
for m=integer >0, by this theorem.

8§ 7. Logarithmic function (II) [21]
(I) Theorem 1:

(Log .Z)Vz 1‘?;; My —Ei‘éﬁ)kzr)'(nﬂj(log Z -1y _(._ﬁrr_(_‘:)_. 2 (1)

Proof: 1In this case, we must start from the following relation.

W p1-n" (2)yre

(log z)_1= z log z -~ z. (2)

We have then (log z)#_1==(1og z-zbu - (z)u, (3)
and

(Log 2+2) =37 mrre ey (o8 2), (), T2 (&)

by the theorem on the fractional differintegration of products (see

Chap.3 §4). . _ |
And we have (Z%4==e‘lm“ l—%gff—%% 51 M (5)

n,

by Theorem 1 of § 4. Substituting (4) and (5) into (3), we have
then

(Log 2),_; = I Trmness Prarmy (10 ), _s(a) pme ™™ [UD) ) 21K (6)

Putting # - 1= in (6), we obtain

13
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g2, T(v+2) iy (V) -
(log z),= Mv) A-n+2) [ (n+1)(1og 2)y 4+ 1-m (z) +e” Iﬂ(LT% (1)
Corollary 1. If ¥v=x-m(m=integer=>0), (log z)y satisfies follow-
ing fractional differintegral eguation. ,
(1log zl/+1 +5§-(1og z)y =0. (2)

Corollary 2. If m=integer >0, (log z)_m satisfies following
differintegral equation.

m A m-1 _
(log Z)—m+1 —-E-(log z)_m o =0 . (3)
Note 1. Solving (2) and (3), we have then
—-iny V) .
(log z)y=-e * ['(M)z - (for ¥=*integer <0), (4) -
" and , ,
1 m _,')m—k i
(log Z)—m==ﬁ' log 7+ Z—’k' =X ) T (a=K) (for m=integer>!) (5)
respectively.

Note 2. We can't find above results for (log z), in the volume of
A.Brdélyi et-al 1231, but in the volume of K.B.Oldham and J.Spanier
[24]1 we find :

q -q

And the same result is shown by Bertram Ross through the another
treatment from that of K.B.Oldham and J.Spanier, in the Lecture Note
vol 457 [25]. However, the starting point of this result is the
definition of Riemann-Liouville.

And in the paper of K.S.Miller (Riverside Research Institute), the
title of which is "The Weyl fractional calculus" [26], we can't
find (log z)y

Chapter 5. Special function and
fractional differintegration _
§& 1. Application of fractional differintegration to the solu-
tion of Legendre's differential equation [27]
In this chapter, some results which are obtained through the appli
cation of Nishimoto's definition for fractional differintegration to

the solution of Legendre's differential equation are reported.
Legendre's differential equation is

(1 -2 )w" - 2zw' + v(V + 1)w—— (1)
and a solution of this eguation is
1 _ii 2 n . '
Pn(z)“'ZﬁrﬁTj T (z. - 1) (Rodrigue's formula) (2)
] (&% - "

— I X3 . ' .
= svr o (- z)“+1d5 (Schlifli's integral) (3)

14
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for v =r=integer » 0.
Now we denote
— 1 g’

L.(z)= (22 - 1)¥ (‘here, we use Nishimoto's defi-)
YWEIT2VT(y +1) dz¥ nition for fractional order
2
- - 1 3
—QQB%i dé{.Z&?1d§ (é*Z,d—{§,$}), (4)

and ¢={¢, 22,58} , ¢={igrag, ¢}, where ¢ ={g, (G}Hk=1, 2,'3) is
the integral curves which are shown in Fig. 1. That is, all ¢ are
the integral curve along the cut joining z and - + iIm(z), and
along the cut joining z and e + iIm(z) for kG- And (C surrounds

only one point z, QC)surrounds two points z and 1, and ;C surrounds
three points z, 1 and -1.

*“1::::::::: §/ € %;::::::::::?-
-— ] + 00 +1Im (z)
-0 -ilm @) — = //":-——'

(I) We have then

— 1. e "2—.1 Y C= C, N ’h. R( )>‘O
1eLv(2)= 597 S&(é>— z)")“ ds ( E +{17| >g|zf - 1le>zs’ >0

-0 e e o & e e ven) )

2r 2?649

where g(v)=1/{lﬂ(y + 1)Iﬂ(-y)}, a=-M, b=ftand - (for double sign F)
for 4C and g(v)=e'““’/{)ﬁ(v + 1)["(—V)}, a=0, b=2%t and + (for double
sign ¥) for 1G.(m=integery o

Putting r;=VEE:7 eI-1¢ (/EE:T==SeL¢ 0. &, ¥, ¢: real), we have
then

89 = by S = VT comg- o ey @
—L Ty '

$Lv(z) [ﬂ(y - 1)]1( o) S {z ++z%2 =1 cosh(¢ - 1¢)} sl (7)
from (5), for z%2+1 and ¥ <O0. ‘

And Heine's integral representation for Legendre's function of the
second kind is

y(z)= -12— S:o{z + V2% = 1-cosh 4}} a<, (8)

therefore we have

(B == YTy 29(z),  (for $=0) (9)

A ST ) 20vE) . (for g =0) (10)

15
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EAY

and ILQL.V(_Z):e LS;L"(Z) . (11)
That is, cLy(z) contains Legendre function of the second kind.

1
(I1) Put b=z + 722 = T £, 27 = T=s5¢1? (12)

(S, ¢; real, z%%1) for Re(z) >0, we have then

v
dLv(Z):211ti Szczvggz._zgs):u s (lz - 1< 8 <l|z + 1])
==§R-Sz{z + V2z? - 1 cos(® - ¢)}v ae, (13)

where a=-q, b=w for ,0, and a=0, b=27% for 7_9
And Laplace's first integral for Legendre function of the first

kind is
Py(z)=%,f S_T;iz + Y2% - 1 cos @ }v de, (14)
therefore we obtain L (z)_. Py(z)= L (z) (for $=0), (15)

$ v
for Re(z)> 0.

(III) 1In case z is a pure imaginary, if we put
; =2z + 8§ (s =e97y% + 1, where 0 $ <o and y = Im(z))

for integral curve 30-—{39, Cl, we have

31
..._1_ b z 7 : - 3 IR
3CLV(Z)—-2ﬂ Saiz + vz 1 sin(® 1?)} de (16)
where a=-T, b=1 for ,C and a=0, b= 2% for 3{;.
(IV) And the author want to make it clear that we must use

(i)-((z2-1)")v-=2_"_7%%ﬂlg V221 cos(6-¢)+z}” de (17)
(v>0 (Re(v)>0). Re(z)) 0)
=2" (v + 1)Py(z) (for ¢=0)

for(fractional) derivative ef the function(z?® - 1)¥, because in case
of ¥Y<0, z=1+1 change to singular point (since the author's defi-
nition does not allow of the existence of singular point of the
function in the integral curve C and on C), and we must use

% o0 ] ,
(1) (2= 17), = Emylud-e + 7= 1 cosng-ip)}” ay (18)
)
w2t (5 ?gieﬁg<—1) (v<0 (Re(v)<0))

for (fractional) integral of the function (z? - 1)¥, by thé author's
definition for fractional differintegration (we must use (7) for
z(real) >1).

And Heine's integral representation for Legendre's function of the
second kind is shown as |

16
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Qy(z)zw%giiz + Y2 - 1 cosh ?}yd? (for z >1)
in general. Therefore the form- 7
0,(2) =384z + Y27 = 1 cosn(¢ - 1$)f” ag  (for z=x1)  (19)

which is obtained by the author in (I) is the more general form of
Heine's integral representation.

$ 2. Some comments on treatment of § 1

(I) If we put Mr==gc (¢ - 2 v($)de (1)
as a solution to the Legendre's differential equation, we have
(Y + 1)(g2 - 1) _
[ e =0 (2)

as a equation to determine the integral curve C. The results men-
tioned in $§1 mean that we can choose the 1ntegral curves which are

shown in Fig. 1 for unrestricted V.
(11) Onlyic Jlof the'groupicLy,chy andscLy)contains the Nishimotds
fractional differintegration of order ¥ of the function

f(z)=(z% - 1)y Next, we have

ich—}g v c v sz) 2”]”(y + 1)((Z - 1) )
for y=n=integer >0. And aly contains Nishimoto's fractional de-
rivative for v >0. N

(1D 1, =i 3 gylas (874 gl Re(@) >0

¢ y"2y'2ﬂ11c S - z)Y+1 Iz + 1 >z + 1] > ¢ >0

4 (Z+) 2 v
— 1 1 $2_ .
T2VTH) E(Vz%r:i) ) (é( Z)J+)1 é—zylj.(yﬂ)((z?-_q)v)y

-oo+iIm(z
is a solution to the Legendre's dlfferential equation
2
(1-2*) T4 - 2234 v(v + 1w=o0. (3)
. _ 1 l(.2 _ Vv
That is, we have L ol cmra 62 1) )y ‘ | (4)
Putting u::-..(z2 - 1) (5)
_ 1 |

we have then W= Sy T 1) WY - (6)

and substituting this into (3), we obtain

(1 - z) U, ., = 22U + Y(¥Y + 1)uy =0 . (7)

v+
This is a fractional order's differintegral equation. This result

is an important one.

(Iv) 1If the‘éuthor's above treatment Tor Legendre's differential

equation was found in old time, perhaps the problem of fractional

calculus has been solved already. In this sense, the application

17
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which is shown in § 1 is very important.

(V) Xeith B.Oldham and Jerome Spanier [24] Bertram Ross [28] and M.
A.A1 - Bassam [29] [30] applied their definition to the solution of
Legendre's differential equation. The author hopes all readers
compare author's above treatment with those of Oldham and Spanier,
Ross and Al - Bassam etc. '

§ 3. Representation of the Bessel function of the first kind
with use of fractional differintegration .
Theorem 1. Bessel function of the first kind Jy(z) is represented
as follows

oo ( 1) —gt %‘t
J (z)=: m|]-—|(;+m+1)( )o-t(e )(V—*—Zm) (larg Zl<rT2—l") (1)

m=o0

(t)
where £\ (v +2m) means fractional dlfferlntegratlon of order Y+2m

(with respect to t) of the function et

§ 4. A representation of the Hermite function with use of
fractional differintegration ‘
Theorem 1. The Hermite function Hy(z) is represented as follows.

()= & S G () oo (P ooy (ere 2<B) ()

& 5. A representation of the Laguerre function with use of
fractional differintegration
Theorem 1. The Laguerre function Ly (z) is represented as follows
Ly(z)=e%(e™® 2Y), (v: arbitrary) ' (1)
where (e 2 zv)y means fractional differintegration of order w(with

respect to z) of the furction e % z¥ .

§ 6. Beta function and fractional differintegration of the
functions zP~ | and (1 - z)q_1
For the Beta function, we have following representations.
Theorem 1. If ![(zp—1)_q]zz1ls;M(const.); we have then

B(p, q)=e_mqsqr(1q%p8in P + q)[(zp'1)_q] 1 (1)
for D, o =1(@ »a)lp+m, g=mg0} (m=integer)
where (zp—1)__q means fractional differintegration of order -q of
function zP~"
Theorem 2. If ii}1 - z)q—T)_plZzo < M(const.), we have then

18



(o, )= [(p) oin ;tép + 9) U(q _ z)q”)_p_]zzo (2)
for Dp q= “p,q pxmgO0, q4ﬂn} (m=integer).

§ 7. Some contour integral representations for Hypergeometric
function _
We have following contour integral representation for Hypergec-

metric function.

['(B) T (x=B+1) < M(const.),

Theorem 1. If Izl >1 and

()
we have then
2Fi(o, =¥+ 1:X=g+ 12 1/2) Z+) ¥ 5
_gnlssp-mb T) Cla=pet) o (©7 3277070 0
2ri (@) w+ilm(z) (5-2)6 ,

where »F (o, &-¥+1: o=-B+1: 1/z) means ordinary Hypergeometric
function and we choose + sign for |arg z| < %2, -sign for "Y2<larg z|
<m, for double sign £ . '
'S ——
§ 8. Relationship (z* (1 - z)( * 1)

function
(I) We have following Theorem.

and Hypergeometric

, ’ [M() ' '
: - < . a
Theorem 1 If jzi>1 and @) T (w-p+1) M(const.), we have

then v
(Zﬂ"r (1 - Z)b’—“—1)

inef{-o £ (=) B
_ imeE=pdy (ﬁ_ﬂf{jlg:ZBH) 2% By (X, «=T+ 11 0= g+ 11 1) (1)

where we choose (+) sign for |arg z|<®2 and (-) sign for T/2<|arg z|
<T for double sign % . -
(II) Some comments

(i) Through the above results we see that the fractional differ-

B=T(y _ ) -%-1)

integrated function (z is a solution to Gauss'

g-1
Hypergeometric differential equation

z(1-z)——r+{x-(a+p+1)z;dw agw =0. (2)
Therefore, putting u=zP" (1 - z)f—c‘_1 , (3)
we obtain follbwing fractional order's differintegral equation for u
)i —

z(1 - z)up+1 + {7’— (ot +p+ 1)z;up - dpup_1-—o (4)

from (2), because £ 1is arbitrary and

_ -y T-x-1

w.-uﬂ__1 =(z (1 - z) )ﬁ—1 ] (5)

19



20

That is, u=z 1 is a solution of the fractional
order's differintegral equation (4).

ﬁ—b,< _ Z)T—(X—’l

And we have the relationship 2F4 (oL,,e: ¥: z)= I (13 LK ¥: z),
consequently we see that v==z«_Y(1 - Z)X-ﬂ—T (6)
is a solution to fractional order's differintegral equation :
21 -z)vyy, + {¥- (w+p+ ajvy - apv, =0, (7)
too.
(1) Twept  w= 3 (¢- 2 v($)as (8)
L

as a solution to the Hypergeometric differential equation (2), we
have [éﬁ-b’+1(1 _ g)f—“(é_ Z)-ﬂ—1]L=O. . . (9)

as a equation to detérmine the integral curve L. The results

mentioned in §7 mean that we can choose the integral curve L==C=4Q,g
Note. w=(-2)"%F (0 %= ¥+ 15 x- g+ 15 D) (10).

is a solution to Gauss' Hypergeometric differential equation (2).

Chapter 6. Some fractional order's linear ordinary

differintegral equations with constant coefficients

§1. Solutions of fractional order's differintegral équations
of type wy(z) + xw(z)=0 ¥ real)
There are some papers ( [24] [28] [31] [32] ) on the solutions of
fractional order's differintegral equation of type
wy(z) + »xw(z) =F(z) (XN: const. V: real), (1)

But all these treatments are discussed with use of infinite series
The author will treat the solutions of the fractional differintegrél
equation (1) with use of complex integral [34].

(I) Firstly, we will solve the fractional order's differintegral
eguation of ' wylz) + »w(z)=0, (2)
where wy(z) denotes Nishimoto's fractional order's differintegral of

function w(z).
That is,

wlz)= guy(z)= DLE 1 € vl g, (3)

where C={C, Q}. Consequently
(1) and (2) are differential equation for V>0,
and, .~ (1) and (2) are integral equation for V<0,

Now, we assume the solution of contour integral form

w(z) = {Leztvmdt, : (4)
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where v(t) is undetermined function and L is an undetermined inte-

integral curve. We have then

m
. zt
w(z)=M d,Evrxdt =M 2Ti gZ:O Ay e K (5)
i'r((l-rzx)},/,,

m
==%;g By c2{nE (Bk==M RITLA =const.) (6)

as the general solution of (2) by the residue theorem, where m is
determined according as v, that is
| m=finite for VY =rational number,
and =infinite for y::irrational number.
Formula (6) gives the general solution of fractional order's dif-
ferential equation for ¥ >0, and gives the solution of fractional

order's integral equation for V<0.

Table 1.
B Differintegral equation Solution
1/2 W (2)+iw(z)=0 w(z) =By exp {z(1ei7)?}
1/3 wys{2)+iw(z)=0 _ w(z)=Bexp {z(2e'7)®
2/3 W)+ Aw(z) =0 w(z)= By exp {2(4e'*)*2} + B, exp {z(ie*7)* 3}
—2/3 | W-23)(2)+ Aw(2)=0 w(z) By exp {z(7e'7)"%2} + B, exp {z(1e/37)™3 }
1 w (y)+ Aw(z)=0 w(z) =By exp {2(2e'7)} = Bye~ %
2 w(2)+ 2w(z)=0 w(z)= By exp {2(2e°%)/*} + B, exp (2(e'3~)1/*}
=Byexp {iv 2 2}+Biexp {—iv % 2}
' 1 -1
-2 w(_g)(z)+lw(z):Q w(z)=Boexp<i\/2 >+Blexp< Vo z>
=By exp (——772> + B, exp (7—7—z)
5/2 Wsy(2) +aw(z) =0 w(z)= By exp {z(1e'7)*/3} + B, exp {2(2¢37)23} 4 - - - + B, exp {z(2e'*)*¥/3}
—5/2 We-s2(2) 4 2w(2) =0 w(z)= By exp {z(2e'=)"%/3} + B, exp {z(2e'37)~2/3}
+ -« -« + B, exp {z(1e9%)~2/%}

Note. 1In case y=irrational number, f(t)_.eZt/(t +XN) has singu-
larities everywhere on the circle |t] _I}J (radius of the circle),
so these singularities are not isolated. However, every singulari-
ties never overlap each other, consequéntly above result (6) is cor-
rect formally, since we choose a closed Jordan curve L such that it

encloses all singularities of f(t).

§2. Solutions of fractional order's differintegral equations of
type wy(z)+xw(z)=TF(z) (V: real)
(1) Case of F(z)= 2%
A particular solution of fractional differintegral equation

w(z) + »i(z) =e?? (1)
is given by w(z)= Eg—%—ifeaz , (2)

for a¥ + X %0.
Consequently general solution of (1) is given as follows (with use
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of (2) and (6) in §&1.

m ¢ e
w(z)::%;% Bkexp[ziaelq(1+2k)}1h,} +'57%j:eaz (a¥ + x=#0). (3)

(II) Case of F(z)= cos az
The general solution of fractional order's differintegral equation
wy(z) + xw(z)=cos az. (4)
is given‘as follows. |

o -
_ i (1+2k)] 1/ ]
w(z)—-%%% B, exp[?{kell( )} Aj
1 . .
T T 2xna¥c05 &Y [((a" cos %Y‘F?\)COS az+(a’sin %—3’)8111 az} (5)
Vv
for 2’ + 2xa” cos -2'&3’ G +0. (6)

§3. Solutions of fractional order's differintegral equation of
type w%u(z)+bwﬂ(z)+xw(z)= F(z) (M: real)
In this section, the solution of differintegral equation of type
szu(Z) + buy(z) + aw(z) =F(z), (1)

where b and » are constants, and ¢ is real, is discussed. And wﬂ(z)
denotes Nishimoto's fractional order's differintegral of the funciion
w(z) again [12].

(1) wzﬁ(z) + bw#(z) + ywi(z)=0 (2)

is a differential equation for u>0,

and is an integral equation for u<O0.

Using matrix, we have following general solution for (2).

=27 % o 0y y o) (ror b7 - r w02y ()
where .
( (b + yTEIN) = §,el¢' _ gel¢’ . 127k (1)

for b2 - 4x %0, and

<= 151 i(¢s +2’tk)}1/)u =g://x,ei(¢1 /u), 12T/ )k
= g3 =0, (g=/h .o T(B/R) g HRTM) g 1 2,0 m) (6)
(A2 1M _ g1/, 1B/ ) 1(2T/ M)k
2 } “gz .e . e
h6k H, (neql /. 2@/ g  ARP/M) g 4 2, -, m) (7)
respectively{ And m is determined according as u, thdt is
m=finite for pum=rational number
and m=infinite for pm=irrational number.
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(II) Case of F(z)=e??

The general solution of fractional differintegral equation

WZIA(Z) + pr,(Z) + AW(Z)= eaz (/,(: real) (8)
is shown as follows.
m .
—_ ST GKZ HKZ} 1 az
w(z)=¢g=3 {Chk e + Cgk e Vo T A TN (9)

for b2 - 4x=%0 and for a%G,, a=H, (a®+bar+x=+0, axs).
k k

(III) Case of F(z)= cos az
The general solution of

wzﬂ(z) + bwﬁ(z) + >w(z)=cos az (m: real) (10)
mn
is w(z)=L%;% iC1 K eUKZ Co i eHKZ}

. I3 :
(a2#c081r+baﬁcos Zu+x)cos az+(a2 sinmubatsin Ex)sin az
+ = a 2 2~ (11)
(azﬂcosﬁw+baﬂcos %#+A)2+(a2Msinﬁw+baﬂsin‘g#)z

for b2 - 4A*0 and x2 + p2 +0, where
o =a?* cos wu + baM cos %/A + N, (12)
8 —a?* sin @y + baf sin %—,u. (13)

(IV) Miscellaneous and some examples
Some examples.

(i) In case of b=-5 and x=4, equation (2) becomes

W, (z) - 5wu(z) + 4w(z)=0, (14)
}L I
and some solutions of which are shown in Table 1.
Table {.
Erder /| Differintegral equation Solution w
1/2 w;—5wy,2+4w=0 C;, €%+ C; o€*
13 W 3 —bwy 34w =0 C, €%+ Cs o€’
1/4 wy e — 5w, +4w=0 C1,067% - Cs, 06" :
23 Wy —5we 5 +4w=0 Cy,0e%+C\,1 exp {8e372} -+ Cs,0¢” + Cs, L exp (€72}
3/2 w3 —5ws2+4w=0 Cyoexp (422} +Cy,1 exp {4*26' D72} +C) 2 exp (4267 P2}
+Ca ge*+Co 1 exp (6?72} +Cs 2 exp (€D 72}
1 ws 5w, +4w=0 Cy,0e*+Cs o6°
2 w,—5w.+4w=0 Cy,0¢%+C1,1 exp {26'72} + Ce 0e* + C 1 exp {e'72)
—2/3 Wos,3—~5W-gp3+4w=0 Ci,0exp {(1/8)z}+ C1,1 exp {(1/8)e~ =2} + Cs, ve* +Cs, exp (e~ 72}
—38/2 W3 —5W_g/2+4w=0 Ci,oexp {422} +C1,1 exp {472 1972} 4 C, s exp {43713z}
+C,0€*+Cs,1 exp {e 1 D3z} +Cs s exp {7137z}

(ii) In case of b=1, X=-2 and u#=1/2, equation (2) becomes

| w1(z) + wj/z(z) - 2w(z)=0. (15)
And, (4) and (5) are reduced to

i2wk
1 - e” ‘ (16)
§2=1§(- 1+ 91 + 8) = }l

(17)
23
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141k

We have then s = Gk;=e :'Go:=1 (for k =0)
from (16), and S==Hk==22eizmei¢nk . HO==4ei2%==4 (for k =0)
from (17). Therefore we obtain

w(z)=Cy  e% + 0, et (18)
as the general solution of (15). The same differintegral equation

with (15) is treated in the volume of K.B.Oldham and J.Spanier [24],
but the author's above solution is different from their solution. _
(iii) In case of b=0 and 2=V, equation (2), (8) and (10) are

reduced to

wy(2z) + aw(z) =0 (2)
wy(z) + aw(z) =e?? (8)
and w,(z) + xw(z)=cos az, (10) -

respectively. The solutions of these equations are obtained by (3),
(9) and (11) respectively, of ourse, in which b=0 and 2u=v. And
these solutions are coincide with those of previous section.

(iv) In the same way with (I), we can obtain the solution of
linear differintegral équation of type |

w%ﬂ+an_1w(n_1ylf---+a1wﬂ+aOW'=O (u=fractional, n=in§eger >0),(19)

where an_j,--',a1 and'ao are constants, in general, if we can gét
the characteristic value of following matrix A, we can obtain the

solution of above equation (19).

—COpy —Cn_s - cee —@, —@,
1 0 o0 0 0
0 1 0 0 0
A=| 0 0 1 0 0
. . 0 . .
. . e 0 .
0 00 0 - 1 0/

For matrix A, we have following characteristic equation
[A - s"En| = ( (E_ =unit matrix of n-th degree), (20)

for characteristic value $¥. And (20) is a n-th degree's equation
for &%, consequently, in case of n 25, we can not solve (19) in
general. But in.special case we can obtain characteristic value for

n »5. Therefore in that case we can solve (19) for n 35.

Chapter 7. Orthogonality, norm and some properties of

some fractional differintegrated functions

§1. Orthogonality and norm of function (cos az), [35]
(I) Orthogonality of function (cos az)y
Theorem 1. If ¥= M+ 2m + 1 (m =integer), we obtain
24
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J_Zgz Wi W dz =0 (1)

for a=+0, where w, =(cos az), and v is real.
(II) Norm of function (cos az),
S = .
Theorem 2. We have [lwy":ﬁVTwy, wJ)m:avV%% (2)

as the norm of the function wy=(cos az),, for real a >0 and for realw.

§2. Orthogonality and norm of_fuﬁction (sin az),
(I) Orthogonality of function (sin az)y
Theorem 1. If v¥=u+ 2m + 1 (m=integer), we obtain

T
SJ4§: %MWde=O ; “)

for a#0, where wy=(sin az), and v is real.

(II) Norm of function (sin az)y ,
Theorem 2. We have Hwa_./_EZT—":3¥=aVV§% s (8)

as the norm of the function wy={(sin az),, for real a »0 and for realw.

§3. Relationships of (cos az)y, and (sin az)y, [35]
We have following theorems through the results of §1 and §2

Theorem 1. We have
l(cos az)y”==u(sin az%,ﬂ::ayfgg , (1)
for real a >0 and real .
Theorem 2. We have
T T
g—éiga (cos az)u(cos az)ydz = _é;ga (sin az&i(sin azlydz (2)
—gMtY-T -g- cos -;L v - M (for a=0). (3)

§4. Differintegration (with respect to order v) of the fraction-
al differintegrated trigonometric functions (cos az)y and (sin az)y
[(35]
'We have following functional relationships for (cos az)y and (sin
z), , since they are regular functions for the order v¥. (for a=0).

Theorem 1.

(1) ég(cos az)y, = (cos az), log a - % (sin az)y (1)
(ii) g%(cos 7 )y = - %-(sin 7 )y ' (2)
(iii) é%(sin az)y = (sin az), log a + %—(cos az)y (3)
(iv) g%(sin ZL,=¥% (cos z)y (4)

Theorem 2;

25 .
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(i) a‘-i Sl sin az)y (cos az)«,:} =2(cos az)y (sin az)y, log a
+ %[i(cos az)y}2 - {(sin az)y }?’] (5)
~ T N . 2T
(ii) C—%,i(snl z), (cos z)yf_—z-zk l_i(cos z) ;2 _ f‘(sin Z)VFJ (6)
ooy 4 v _ { v 1Bl 2V -2
(1i1) 591%?:§7I_%L1 * {Teos e | § %" {(cos az)} (7)
o Gl - ] Bl 0] ©
Theorem 3. Omitting the constants of 1ntegrat10n, we have then
1

(1) S(COS az), dv= 2{W(31n az), + (3 f'(cos az)log a}(‘))

1+(7%10ga)

(ii) S(cos z)ydu-—-% (sin z)y, (10)
(iii) ((sin az), dvy = 5 L 2{-%(008 az)y+(—%)z(sin az)y log a}(ﬂ.)
J 1+ (% log a)
(iv) g(sin 7 )y Av = w%:(cos z)y . _ (12)
Theorem 4. Omitting the constants of integration, we have
(i) 1log a. S(cos az), dy - %'S(sin az)y dY =(cos azly (13)
(ii) 1log a-‘S(51n az)vdv + %—g(cos az)ydVy = (sin az%l (14)
. & 2 : . i 3
(iii) 2 log a- g(cos az)),(sin azl)y der—;TZ “(cos az),,} dy—g’ S{(sin az)y} av
=(sin az)y (cos az)y (15)
(iv) S{(cos zk}z ay - S{(sin Z)y}z J““%%(COS z)y (sin z)y (16)
1 2 (sin az)y
(v) g{(cos azldzidy wa®  (cos az)y (17)
. 1 2 (sin z)y
(v1)  §oesaugE = % teos 1)y (18)
Theorem 5. (cos az), and (sin az), satisfy following differential
equations (19), (20) and (21), (22) respectively for a 0.
2
(i) gyz-l og a- dy+<w) w-—-z-log a+(sin az)y (j9)
aw 7
(ii) vzt (= ) ( for a=t) (20)
(iii) -gyz - log a-%;— ( T ==%—log a+(cos az)y (21)
2, a2 .
(1) ¥+ B w=o, (for a =1) (22)

where w=(cos az), for (i) and (ii), and w =(sin az)y for (iii) and -

(iv).

§5. Some fractional differintegral equations satisfied with

26
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(sin az)y and (cos az)y
Theorem 1. Wy, =(sin az)y satisfies following differintegral

equations.

(1) Voo t a2wy==0, ’ (1)

(i1) Voo +‘awy+1 + azwy==a2 (cos az)y (2)
‘where a0, and ¥ is arbitrary.

Theorem 2. wy =(cos az)y satisfies following differintegral
equations. '

(1) Vyio - 32Wy =0 ' (3)
(ii) Wypo = awy g ¥ a2wy==a2 (sin az)y ‘ (4)

where a 0, and y’is'arbitrary.
Note 1. In case of v=integer, equations (1), (2), (3) and (4)
become integer order's differintegral equations. )
Note 2. Equations (1), (2), (3) and (4) are fractional order's
differintegral equations with constant coefficients, hence we can

solve them with the method which is shown in Chapter 6.

§6. Some fractional differintegral equations satisfied with
(sin z-2),, .
Theorem 1. W,, =(sin z-z)v satisfies following fractional differ-

integral equations.

2 2

: v+ 1 25 + Y5+ Y
(i) LATE Wy = > (cos 2z)y (1)
: 2 2
.. y+1 +z(V+2)+YT+Y .
(ii) Wy+2+wy+1—-z—wy::{z 2 > ) }(cos z),-(sin z),.2 (2)
Y42 ¥y +1) (¥+2 s vV +1) (V+2
(iii) wy+2——g—wv+1+£———%§—~ﬂ)wq =-z(sin zk,——L——~%g )(gos 2%1(3)
where ¥ 1s arbitrary and z 0.
§7. Some fractional differintegral equations satisfied with
(eaz Z)y
Theorem 1. w(z) =(e®? z)(az+0) satisfies following fraction-
al differintegral equations.
(1) wy(z) - & +X2——u(s) =0 (1)
. a
(i) wv+2(z) - awy+1(z) "‘EE?TTWV(Z)=:O » »(2)
) v +2 (v+1) (¥+2)
(111) wy,5(3) - —Fw,  (2) + =T w (2)
=27t 6% 5 Ny k1) 2)e?2 L (3)

27
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for arbitrary . That is, w= e®%3 is the solution of fractional
differintegral equation of (1) and wy =(e®?z)y is the solution of
fractional differintegral equation of (2) and (3).

§8. Orthogonality and norm of function (e2%z)
y _ v

(I) Orthogonality of function (e®%z),

Theorem 1. If

1 1
{ 2 or 2 (1)
_1 | 1
v==x(1 -8 V= 2(1+%)
’ .
we have then S wywydz =0 (2)
-1 .
for a+0, where wy, =(e%%z)y and =1 + 4a%
That is, functions (e z%l and (e2? 32)y

are orthogonal on the interval [-1, 1], for 4 and v which are shownin
(1) and for a#+0.

(II) Norm of function (e%? zyl

Theorem 2. We have

“WFH_ m hL 2 11(“-—1__2_(2 [‘T)Slnh 2a t (214—-1)008}1 23}]% (3)

as the norm of the function wuzz(eaz z )y for real a »0 and for real
M such that

2«—1{ 1M
a (1 + 2a* a?

In case of a=u, (3) is reduced to

M2y s L (ou - !
+ £3)sinh 2a + 2 (2 - 1)cosh 2aj 0.

o=

2M-1 | + 1 - 2u R ’
HWF[%={/‘/I (4# ) sinh 24 + (2 - ) cosh Zﬂ}} , \(4)

- 2 - 1
for leu ! i[—l‘—M ; jz 2'“) sinh 2 + (2 - 7Z) cosh 2/u,}>0.
/ \ # i
And in case of /4=-l-, (3) is reduced to
%W; =1 + 1/42> 1/s1nh 2a (for real a>0). (5)
2 |
Chapter 8

§1. Table of fractional differintegrations of elementary
functions (by Nishimoto)
Following is a table of fractional differintegrations of elementa-

ry functions which is obtained by the author's definition for

fractional calculus.

28



Table 1 28

Nishimoto's Fractional differintegrations

of elementary functions

£(z) £,(z)
1. 1 ‘ 0 (V¥ +-m, m=integer >0)
2. e 2% (a=%0) aV 2%
3. P (a=0) e_m:y aYy e 2%
, .\ T
L. cosh az (a=0) (-ia)” cosh(az + 1§v)
. .\ . k -1C
5. sinh az (a=20) (-ia)” sinh(az + 1§ﬁﬁ
6. cos az (a=0) aY cos(az + %?W
7. sin az (a=%0) ‘ a¥ sin(az + EQA
8. 2 o~ 1TV Llr-a) 22" Vnnbi_ili <M, M==const)
F-a) © \TTC-a)l S /
9. log az (ax=0)| - e ™ F(V)z- (! T'()’)! <M, M=const.)
' m-1 o ‘m-k
1 .m m 7 (-1)
10. log =z =% log z + 2 E%S‘K!{(m—K)!}(m—K)
(v=-m, m=integer 1)
2VF(V+1) T rerr— W
T “leﬂ/Z -1 cos(-B—?)}d.B Re(z) >0
' ' v >0
v oY
1. (2 - 1) I + )Py(a) (¢ =0)
s Y (=
b 2 = —_— - 2 _ -
(arg ¥z 1 ¢) F(—V)SQ“,{Z+VZ 1 cosh(g 1¢)}d?
J V<0
2
T'—(_:‘_’j 2QV(-Z) (¢——O, z(real) < -1)
im{-xe(¥-v-1)} _ rg ) -
- VT -V)
;
X JF (o, 0-¥+1: x-y: —)
o YIS (e 2™ z
[ + for |arg z}<f—'r2~, - for %(}arg zl< \
for double sign % and {z]|>1. )
Note. There are some tables for fractional integral or fractional

derivatives, for example, the tables of fractional integral by
A.Erdélyi et al. [23], and that of fractional derivative by T.J.Oslr
et al. [25]. The author hopes that all readers of this paper com-

pare above results in Table 1 with that of another papers.
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