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Some properties of radial solutions to chemotaxis systems with nonlinear
sensitivity functions

Takasi Senba (Fukuoka University)

We consider radial solutions to the following system;

U o
Ut =AU -V (va) in R" x (0, OO)7
0=AV+U inR"x (0,00), (1)

U(-,0)=U" inR" x (0,00).
Here, n > 1, o € R and U! is a positive and radial function on R™.

Winkler [7] consider the following system

U
Ut—AU—V< )Q/QVV> in Q x (0,00),

(1+|VV]?
1
Q

ou oV
57570 on 09 x (0,00),

u(-,0)=U" inQ.

Here, Q is a bounded domain in R™(n > 1) with smooth boundary 99 and U’ is a continuous
function on 2. He find a critical exponent

-0 ifn=1,
Q=4 NT2 s 3)
—

in the following sense;

o If & > ., then the solution to (2) exist globally in time;
oIfn>2 a <« and § is a bounded ball, there exist radial solutions to (2) blowing up in
finite time for some initial condition U’.

Mao and Li [6] find blowup solutions to (2) whose initial function having sufficiently large mass
in the case where o = .. Furthermore, there are literature on blowup solutions and time
global solutions to (2) or variants of (2).

In [3], we see that steady states to (1) have an following explicit formula in the case of @ = ..
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Proposition 1. Suppose that n > 2. Let us put

n2n—1 1

U =
@) = Ao AT e oy

For any A > 0, Ux(-) = A"Uy(\) is a radial steady state to (1) satisfying

n2 n—1
M= Ol = [ UA(m)dx:Snl{ _1} .

n

Sketch of proof of Proposition 1. For a radial steady state (U, V), let us put
Oe) = UG,
M(r) = / U(r)yr"dr.
0

Since (U, V) satisfies (1), we know that the function M satisfies that

d>M n—1dM M (r)Y =1 apm
ar? (7’) — , W(T) + 7?01) =0 for r > 0.

Putting s =logr (r > 0) and M(s) = M(r), we see that

aM _.dm &M .M

W(T)—e E(S)’ W(T)Ze ds2 (s)—e E(S)a

whence we have that

>m dm 1 dm

et e [(n=1) 270 ; n
72 n 15 + M s 0 in R",
d [d —1

LA o T e L in R".
ds | ds n

Since lim, ;oo M(s) = lim, 0 M (r) = 0, we further derive

d?ﬁn—lm{ TL2 ml/(nl)}7

ds n n—1

M dom!/(n=1)
2 (n— 1/ 2
ds (n )m ds

and that

1/(n—1 2
CEUISE S peyrt (T
ds n n—1



in R,. Putting 9T = MY~ we obtain

an 1 n? )
ds—n‘ﬁ{n_l—fﬁ} IHR,

N, an >0 inR, lim 9(s) =0.

ds s——00

A simple calculation leads us to

n2 ens/(n—l)

N(s) =

n—11+es/(n=1)’

TL2 n—1 ens/(nfl) n—1
m(S) = {TL 1 } { 1+ ens/(n—1) }

for s € R, whence the definitions of the functions M and 9 yield

77/2 n—1 rn
M(T)—{n_l} e for r > 0,

U n2n—1 P ¢ RP
(x) = (n — 1)0=D (1 + [Azg[*/(=D)n orz e R,

712 n—1 ) [Az| T
_ _ n— f n
V(z)=C (n — 1) A /0 =T dr forz e R

with C' € R and A > 0. Furthermore, the explicit form of the function U tells us

U e CYR") NCAR"\ {0) N W2P(R") for p € [1, nln—1) 1>),

n—2
o(1)

2

and (U, V) solves (1) in a classical sense in R”. In fact, U belongs to C(R")NL'(R")NL>(R™).
Recalling U(|z|) = U(x), we see that

dU( ) < n2 > n2n—1 ()\,r.>1/(n71) n2ntl ()\T>1/(n71)
— T ) =
dr (

Tn—1) (n— 10 (14 (A /D)t T T (g = 1) (14 (/D
U 1 p2tt 1
PG (n — 1)n (\r)n=2/(=1)(1 4 (Ar)n/(n=D)n+1

(n + l)n n2ntl ()\T)2/(n71)

n—1 (n—1)" 1+ (\r)/(=1))n+2’

which means that DU € C(R") N L*(R™) N L>*(R") and that D?*U € L*(|z| < 1) N L>(|z| >
1) N LYR") N C(R"\ {0}), where p € [1,n(n —1)/(n — 2)). Then, the stationary solution U
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belongs to C*(R"™) N C*(R" \ {0}) N W*P(R™), where p € [1,n(n —1)/(n — 2)) and AU has
asymptotic behavior

n>—=2n+2 n 1+0(1)
n—1 (n—1)|z|(=2/(-1

AU(z) = as |z] — 0.

Remark 2. In the case of n = 2, we see that a. = 0 and that the steady states mentioned in
Proposition 1 is the following function

82

D = Ty

satisfying M* = 8.

For L >0, put B(L) ={xr € R™: || < L}.
The L'-norm M* of those steady states is the critical number in the following sense;

U
[VVie
(1%
|B(L)]
g—g = g—‘; =0 ondB(L) x(0,T,,),
U(-,00=U" on Q.

U =AU -V ( vv) in B(L) x (0,T,,).

0=AV —

+U in B(L) x (0,T,,),

has the following properties;

Theorem 3 ([4]). Suppose that UT is a radial, non-negative and continuous function on B(L).
Then, there exists a unique mild solution U to (5) in B(L) x (0,T,,) satisfying ||U(-,t)||1 =
U1 fort € [0,T,). Here, T,, € (0,00] is the mazimal existence time of the mild solution to
(5). Furthermore, the following hold;

(i) If | U] 1 < M*|S"=Y, the solution U to (5) exists globally in time and is uniformly bounded;
(ii) There exist radial solutions U to (5) such that those L*-norm is bigger than M*|S™| and
that T,,, < oo, that is to say, those solulions blow up in finite time.

Proof of Theorem 3. Step 1. We find finite-time blowup solutions whose L'-norm is big-

ger than M*. Suppose that U’ is a radial, non-negative and continuous function satisfying
|UC )|l = U ||z > M*|S™!| and that

T (e UM o WU pry™ Fn
/OU’(S)S dE 2 S = g (Z) = My, <Z> forre[0.L],  (6)
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where UZ(|z|) = U'(z). Let U be a mild solution to (5) with U(-,0) = U’ and let us put
U(|z|,t) = U(x,t) for (r,t) €[0,L] x (0,T},),
M(r,t) = / T(E. e "de  for (r,t) € [0, L] x (0, Th). (7)
0
Then, M and Mp,(r/L)" satisfy that

Mt:MM—n_lMT—Q—MT M—MLl(T/L)
r

Ty ORI
M(0,8) =0, M(L,t)=M, forte (0,T,,),

which together with the comparison theorem we imply that
M(r,t) > My, (%) for (r,t) € [0, L] x [0, T}). (9)

Multiplying |z|* by the first equation of (5), integrating over B(L) and using the boundary
conditions, we obtain

a

22U (2, t)dx = —/

2z - VU (z,t)dx + / Ulz, t)2m YV, )
B(L)

U .
B(L) |VV (z,t)|*

Since U is positive in B(L) x (0,T,,), then we see that
-
d
7/ 2z - VU (z,t)dx = 72|S"’1|/ r’L—U(r, t)dr
B(L) 0 dr
J— Li
= —2|S"L"U(L,t) + 2n|S”’1|/ Ulr,t)r™tdr
. 0
< Qn\S”’l\/ Ul(r,t)r™ ‘dr.
0

Since (9) and the second equation of (5) leads us to

x dV 1 " ONUH .
— . VV t) = — t) = —U t i
|z| (@) = 5 () 7”"’1/0 (B(L)| (o)

= (5) Mo} <0 for () € (0.0) % (0,T,),
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then we see that

Uz, t)—=——"Ldx = U(x,t) (M(|x|,t) — M — dx
I e T UL CU ORI G
n—1 n— 1 _ 1 A
=|S |/ (ryt)r M(nt) M, (L) } dr
1/(n—1)
> |S"T 1|/ (r,t)r" =t M (r, t)l/(" Dar — |S™ 1|/ (r,t)r ( ) P/ (=0 gy

- n/(n— n— n— M n 1> L "/(2”*2)
—_ lS'rL—ll (n )ML{( 1) _ |STL—1|M[(/1 2)/(2n—2) L1 n 17"2d7' )
n 0

Putting

L
I(t) = / U(r, t)r™'ridr,
0
B B M 1/(n—1)
A= 2M[([’r{ 2)/(2n—2) ( Ll) 7
Ln
we obtain that

ﬂ < 2nML1 72(71 _ 1)

dt
2(n—1 n—
_2n=h - )0y, {(M*)UWU — M) ”} + AL (10)

MY ¢ AT

We can choose the initial condition U satisfying that Mp; > M* and that

12(n—1 - 1/
12n-1) . )Mm{Mi{‘ D (vt

I(O)<A

Since this means that I is decreasing with respect to ¢, then the solution blows up in finite
time. In fact, if the solution exists globally in time, the solution U is positive in B(L) x (0, c0).
However, (10) ensure the existence of T € (0,00) such that I(T) = 0. It contradicts the
positivity of the solution. Then, the solution blows up in finite time, if Mp; > M* and 1(0) is
sufficiently small. Therefore, (ii) holds.

Step 2. Next, we show (i). For any A > 0, we define M), as

1

MA(T) - |Sn71| |z|<r

Uy(z)dx

Since M1 < M* and limy_,oo My = M*, then we can find a positive constant A such that M! <
My on (0, L]. Then, the mass function M defined as (7) satisfies M < My) in [0, L] x (0,7},)
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by using the comparison theorem, which together with the parabolic regularity argument we
imply that the solution exists globally in time and that the solution is uniformly bounded in
time. Thus, the proof is complete. O

This theorem says that the constant M* is the threshold number for blowup and time-global
existence of solutions. Then, it is worth investigating behavior of solution whose L!-norm is
equal to the threshold number M*.

Behavior of solutions whose L!-norm is equal to M%st is related to stability of steady states.
In [2, 1], stability of steady states is shown in the case of n = 2 and a = a, = 0. We also show
the following stability of steady states in the case where n > 3 and a = «..

Remark 4. Any radial solution (U,V) to (1) blows up at a finite time in the case where
(U2 > M*. This is shown by using an argument similar to the one in [5].

Theorem 5. Suppose that the radial and positive initial condition U' satisfying
10" = 7,
/ (1+ |z|)|U" () — Up(z)|dx < 0o for some A > 0.
RTL
Then, the solution to (1) satisfies
lim [|U(+,t) — Uy~ = 0.
t—o0

Remark 6. For A > \ > 0, we see that

| @ laPs@) - U@)lds = .

We will describe a sketch of the proof of Theorem 5.
We define B as

B={f e L'(R"); f is radial and non-negative on R, || f|z: = M*}.
Lemma 7. There ezists a functional W on B x Ry satisfying the following;
(i) For feB and A >0, W(f,A) > —oo;
(ii) If f € B satisfies

/ (1+ |z|»)|f(z) — Ur(x)|dr < 00 for some A > 0,

then W(f, \) < oo;
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(iii) For any pair X and p with A >0, g > 0 and X # p, W(U,, \) = oo,

(iv) IfU! is an element of R and satisfies W (U, \) < oo with some X\ > 0, the corresponding
solution (U, V') to (1) satisfies

d
£W(U(-,t),)\) <0 forte(0,T,).

Proof of sketch of Theorem 5. Since we see that M(r,t) < M, (r) for any sufficiently large
4> 0, then it follows from the comparison theorem that

M(r,t) < M,(r) forr>0,1t>0,

form which together with the parabolic regularity theorem we obtain boundedness of the so-
lution (U, V) and its differentiation. Then, this guarantees that the solution exists globally in
time and that there exist a sequence {t,,} and a constant A > 0 such that lim,, ot = 0,
limy,, oo U(+,ts) = U;. This and (iv) of Lemma 7 mean that W (Us, A) is bounded. Combining
this with (iii) of Lemma 7 we imply that A = X\. Then, we see that lim,_,o, U(-,t) = Uy. Thus,
the proof is complete. |
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