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Some properties of radial solutions to chemotaxis systems with nonlinear 
sensitivity functions 

Takasi Senba (Fukuoka University) 

We consider radial solutions to the following system; 

{
Ut = 1:J..U - V Cv~1a vv) in Rn X (0, oo), 

0 = /:J..V + U in Rn X (0, oo), 

U(-,0) = ur in Rn x (0,oo). 

Here, n 2: 1, a ER and ur is a positive and radial function on Rn. 

Winkler [7] consider the following system 

Ut = 1:J..U - V ( (1 + l:Vl 2)a/2 VV) inn x (0, oo), 

0 = 1:J..V- l~I L U(x,-)dx+ U inn x (0,oo), 

au= av= 0 on an x (0,oo), 
av av 
u(·, 0) = ur in n. 

(1) 

(2) 

Here, n is a bounded domain in Rn(n 2: 1) with smooth boundary an and ur is a continuous 
function on TI. He find a critical exponent 

{ 
-oo 

ac = n - 2 

n-l 

in the following sense; 

if n = l, 

if n 2: 2 

• If a > ac, then the solution to (2) exist globally in time; 

(3) 

• If n 2: 2, a < ac and n is a bounded ball, there exist radial solutions to (2) blowing up in 
finite time for some initial condition U I. 

Mao and Li [6] find blowup solutions to (2) whose initial function having sufficiently large mass 
in the case where a = ac. Furthermore, there are literature on blowup solutions and time 
global solutions to (2) or variants of (2). 

In [3], we see that steady states to (1) have an following explicit formula in the case of a= ac. 
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Proposition 1. Suppose that n ~ 2. Let us put 

n2n-1 1 
U (x) -

1 - (n - l)n-1 (1 + lxln/(n-l))n, 

For any>.> 0, U>.J) = .xnu1 (>.-) is a radial steady state to (1) satisfying 

Sketch of proof of Proposition 1. For a radial steady state (U, V), let us put 

V(lxl) 

M(r) 

U(x), 

1r U(r)rn-ldr. 

Since (U, V) satisfies (1), we know that the function M satisfies that 

d2 M n - 1 dM M(r) 1f(n-l) dM 
dr2 (r) - -r- dr (r) + r dr (r) = 0 for r > 0. 

Putting s = logr (r > 0) and 9Jt(s) = M(r), we see that 

dM _8 d9Jt 
dr (r) = e ds (s), 

whence we have that 

d29Jt - n d9Jt + 91tlf(n-l) d9Jt = 0 
ds2 ds ds 

!!_ { d9Jt _ n9Jt + n - l 91tn/(n-l)} = 0 
ds ds n 

Since lims--+-oo 9Jt( s) = limr--+O M ( r) = 0, we further derive 

d9Jt = n - 19)1 { __!j:_ _ 91tl/(n-l)} 
ds n n-1 ' 

dOl'> dOl'>lj(n-l) 
_;.,_.,~ = (n _ 1)9Jt(n-2)/(n-1)_;.,_.,~ __ 
ds ds 

and that 

_d9J1_1f_(n_-_1) = ~91tl/(n-l) {-n_2 __ 91tl/(n-l)} 
ds n n -1 

(4) 
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in R+- Putting 91 = 9.nI/(n-l), we obtain 

dlJl = .!.m{~ _ m} -.,~ -.,~ in R, 
ds n n - l 

d91 
91, -ds > 0 in R, lim IJl(s) = 0. 

s➔-oo 

A simple calculation leads us to 

n2 ens/(n-l) 
IJl(s) = _n ___ l _l_+_e_n_s/-(n--l-)' 

{ 
n2 }n-1 { ens/(n-l) }n-1 

9.Jt(s) = n - l 1 + ens/(n-l) 

for s E R+, whence the definitions of the functions M and 9Jt yield 

{ 
n2 }n-1 rn 

M(r) - -- ------ for r > 0, 
- n _ l (1 + rn/(n-l))n-l 

n2n-l An 
U(x) - --~-----~~ for x E Rn, - (n _ l)(n-1) (1 + IAxln/(n-l))n 

V(x) = C - (~)n-1 ).n-2 r1>-.xl T dT for XE Rn 
n - l } 0 (1 + 7 n/(n-l))n-1 

with C E Rand ). > 0. Furthermore, the explicit form of the function U tells us 

D 2U( ) 0(1) 
X ,..__, lxl(n-2)/(n-1) as lxl-+ 0 

for p E [1, n(n- l)), 
n-2 

and (U, V) solves (1) in a classical sense in Rn. In fact, U belongs to C(Rn) nL1(Rn) nL00 (Rn). 
Recalling U(lxl) = U(x), we see that 

dU ( n2 ) n2n-1 (Ar)l/(n-1) n2n+l (Ar)lf(n-l) 

dr (r) = - n - l (n - l)(n-1) (1 + (Ar)n/(n-l))n+l = - (n - l)n (1 + (Ar)n/(n-l))n+l, 

d2U 1 n2n+l 1 
dr2 (r) = - n _ l (n _ l)n (Ar)(n-2)/(n-l)(l + (Ar)n/(n-l))n+l 

(n + l)n n2n+l (Ar)2/(n-l) 

+ n - l (n - l)n (1 + (Ar)n/(n-l))n+2' 

which means that DUE C(Rn) n L1(Rn) n L 00 (Rn) and that D 2U E D'(lxl < 1) n L00 (lxl > 
1) n L1(Rn) n C(Rn \ {0}), where p E [1,n(n -1)/(n - 2)). Then, the stationary solution U 
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belongs to C1(Rn) n C2(Rn \ {0}) n w2,P(Rn), where p E [1, n(n - 1)/(n - 2)) and !1U has 
asymptotic behavior 

n2 -2n+2 n 2n+l l+o(l) 
!1U(x) = -----~-~~~~~ as lxl--+ 0. n - 1 (n - l)n lxl(n-2)/(n-1) 

□ 

Remark 2. In the case of n = 2, we see that ac = 0 and that the steady states mentioned in 
Proposition 1 is the following function 

satisfying M* = 81r. 

For L > 0, put B(L) = {x E Rn: lxl < L}. 
The L1-norm M* of those steady states is the critical number in the following sense; 

Ut = f1U - V ( IV~I" v'V) in B(L) X (0, Tm), 

IIU1IIL1 
0 = 11V - IB(L)I + U in B(L) X (0, Tm), (5) 

oU = oV = 0 on oB(L) x (0, Tm), on on 
U(·, 0) = U1 on D. 

has the following properties; 

Theorem 3 ([4]). Suppose that U1 is a radial, non-negative and continuous function on B(L). 
Then, there exists a unique mild solution U to (5) in B(L) x (0,Tm) satisfying IIU(•,t)llu = 

IIU1llu fort E [0,Tm)- Here, Tm E (0,oo] is the maximal existence time of the mild solution to 
(5). Furthermore, the following hold; 

(i) If llU1IIL1 < M*ISn-11, the solution U to (5) exists globally in time and is uniformly bounded; 
(ii) There exist radial solutions U to (5) such that those L 1 -norm is bigger than M*ISn-ll and 
that Tm < oo, that is to say, those solutions blow up in finite time. 

Proof of Theorem 3. Step 1. We find finite-time blowup solutions whose L1-norm is big­
ger than M*. Suppose that U1 is a radial, non-negative and continuous function satisfying 
IIU(·, t)llu = IIU1llu > M*lsn-ll and that 

1r UI(~)C-ld~ > IIUJllu rn = 11u111u (:_)n = M (:_)n for r E [0, L], (6) 
0 - nlB(L)I 1sn-11 L Ll L 
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where UI(lxl) = ur(x). Let Ube a mild solution to (5) with U(·, 0) = ur and let us put 

U(lxl, t) = U(x, t) for (r, t) E [O, L] X (0, Tm), 

M(r, t) = 1r U((, t)C-1d( for (r, t) E [O, L] X (0, Tm)-

Then, Mand MLl(r/Lt satisfy that 

which together with the comparison theorem we imply that 

M(r, t) ?: MLl GJ n for (r, t) E [O, L] X [O, Tm)-

(7) 

(8) 

(9) 

Multiplying lxl 2 by the first equation of (5), integrating over B(L) and using the boundary 
conditions, we obtain 

d 1 2 1 1 2x • VV(x, t) -d lxl U(x, t)dx = - 2x • VU(x, t)dx + U(x, t) IVV( )I°' dx. 
t B(L) B(L) B(L) x, t 

Since U is positive in B(L) x (0,Tm), then we see that 

1 1L dU 
- 2x. VU(x, t)dx = -21sn-l1 rn-d (r, t)dr 

B(L) 0 r 

= -21sn-1 1LnU(L, t) + 2n1sn-l11L U(r, t)rn-ldr 

:S 2n1sn-l11L U(r, t)rn- 1dr. 

Since (9) and the second equation of (5) leads us to 

X dV l r (IIUillu ) n-1 
~ -VV(x, t) = dr (r, t) = rn-i Jo IB(L)I - U(x, t) r dr 

= rnl-l { MLl GJ n - M(r, t)} :SO for (r, t) E (0, L) X (0, Tm), 
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then we see that 

1 x-v'V(x,t) 1 { (lxl)n}l/(n-1) 
U(x, t) I ( )I" dx = U(x, t) (M(lxl, t) - MLI - dx 

B(L) v'V x, t B(L) L 

{L { (r)n}l/(n-1) 
= 1sn-l1 Jo U(r, t)rn-l M(r, t) - MLI L dr 

{L r (M ) 1/(n-l) 
~ 1sn-ll 10 V(r, t)rn-1 M(r, t)lf(n-l)dr - 1sn-l1 Jo U(r, t)rn-1 L~l rn/(n-l)dr 

( ) 
( ) 

1/(n-l) { L }n/(2n-2) 
= 1sn-l1 n: 1 M2{(n-l) - 1sn-11Mi~-2)/(2n-2) ~~l 1 V(r, t)rn-lr2dr 

Putting 

we obtain that 

dI 2 M 2(n - 1) Mn/(n-1) AI -< n LI____ + 
dt - n LI 

= 2(n;: 1) MLI { (M*)lf(n-l) - Mii(n-l)} + AI. 

We can choose the initial condition U satisfying that ML1 > M* and that 

I(0) < ½ 2(n;: 1) MLI { Mii(n-1) - (M*)lf(n-l)}. 

(10) 

Since this means that I is decreasing with respect to t, then the solution blows up in finite 
time. In fact, if the solution exists globally in time, the solution U is positive in B(L) x (0, oo ). 
However, (10) ensure the existence of T E (0, oo) such that I(T) = 0. It contradicts the 
positivity of the solution. Then, the solution blows up in finite time, if MLI > M* and I(0) is 
sufficiently small. Therefore, (ii) holds. 
Step 2. Next, we show (i). For any,\> 0, we define MA as 

MA(r) = IS:_11 j UA(x)dx. 
lxl<r 

Since MLI < M* and limA--+oo MA = M*, then we can find a positive constant A such that M 1 < 
MA on (0, L]. Then, the mass function M defined as (7) satisfies M :S MA) in [0, L] x (0, Tm) 
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by using the comparison theorem, which together with the parabolic regularity argument we 
imply that the solution exists globally in time and that the solution is uniformly bounded in 
time. Thus, the proof is complete. □ 

This theorem says that the constant M* is the threshold number for blowup and time-global 
existence of solutions. Then, it is worth investigating behavior of solution whose L1-norm is 
equal to the threshold number M*. 
Behavior of solutions whose L1-norm is equal to Mast is related to stability of steady states. 
In [2, 1], stability of steady states is shown in the case of n = 2 and a = ac = 0. We also show 
the following stability of steady states in the case where n 2". 3 and a = ac. 

Remark 4. Any radial solution (U, V) to (1) blows up at a finite time in the case where 
IIUrllu > M*. This is shown by using an argument similar to the one in /5}. 

Theorem 5. Suppose that the radial and positive initial condition ur satisfying 

IIUJIIL1 = M*, 

Ln (l + lxl 2)IUI(x) - U>.(x)ldx < oo for some,\> 0. 

Then, the solution to {1) satisfies 

lim IIU(·, t) - U>-llux, = 0. 
t-+oo 

Remark 6. For 5; > ,\ > 0, we see that 

We will describe a sketch of the proof of Theorem 5. 
We define B as 

B = {f E L 1(Rn); f is radial and non-negative on Rn, llfllu = M*}. 

Lemma 7. There exists a functional W on Bx R+ satisfying the following; 

(i) For f E B and,\ > 0, W(f, >.) > -oo; 

(ii) If f E B satisfies 

Ln (l + lxl2)lf(x) - U>,(x)ldx < oo for some A> 0, 

then W(f, >.) < oo; 
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(iii) For any pair>. andµ with>. > 0, µ > 0 and>.=/-µ, W(Uµ, >.) = oo; 

(iv) !JUI is an element ofR and satisfies W(UI,>.) < oo with some>.> 0, the corresponding 
solution (U, V) to (1) satisfies 

! W(U(·, t), >.) :::; 0 fort E (0, Tm)-

Proof of sketch of Theorem 5. Since we see that M(r, t) :::; M>.(r) for any sufficiently large 
µ > 0, then it follows from the comparison theorem that 

M(r, t) :::; Mµ(r) for r 2'.'. 0, t 2'.'. 0, 

form which together with the parabolic regularity theorem we obtain boundedness of the so­
lution (U, V) and its differentiation. Then, this guarantees that the solution exists globally in 
time and that there exist a sequence { tm} and a constant >. > 0 such that limm➔oo tm = oo, 
limm➔oo U(·, tm) = U-5.. This and (iv) of Lemma 7 mean that W(U5., >.) is bounded. Combining 
this with (iii) of Lemma 7 we imply that >. = >.. Then, we see that limt-+00 U(·, t) = U>,. Thus, 
the proof is complete. □ 
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