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The asymptotic distribution of eigenvalues for

92 32
—s + QAx) in a strip domain
axz ay2

Fumioki ASAKURA

S 0. Let Q(x) be a positive function defined for x > O . We consider
the following boundary-value problem in a strip domain () = (0,00)x (0,%)
- ( u o+ Q(x)uyy) = u in QU
(0.1)
u = 0 on 9L .

i 32 32

Fol simplicity, we sometimes denote by A the operator - ( —3'“*2 +  Q(x) ‘é"‘z ) .
X ¥y

We say that a function f € Ck(G) , if f has continuous derivatives up to
order k in G . If q(x) € C°([0,e)) satisfies
(0.2) Q(x) = Qo > o , lim Q(x) = o
X —»<0
then there exist in Lz(ﬂ) a complete orthonormal system of eigenfunctions
4} Pnk and corresponding eigenvalues f;{n‘] satisfying
Let N().) denote the number of eigenvalues not exceeding A - We shall

study the asymptotic behavior of N(}Y ) as -5 o .

32
When we regard - Q(x) —9\-2 as a self-adjoint operator "Q,, (x) with a
J

[1]



parameter x and u(x,y) as an L2(O,n)—va1ued function U(x) , (0.1) is

reduced to the Sturm-Liouville operator proovlem studied in Kostyuchenko-Levitan [8]

v o (- B )u

I
o
&
o
"
=

Y
o

(0.4)
u(0)

i
(@)
.

.

Under certain conditions on gljx) s they obteined an asymptotic formula for

N(2.) 4in the form

<D
(0.5) NA) ~ = 2 (- an(x))l/de ’
n=l J 9 » a (x)

where an(x) is the n~th eigenvalue of 'gl(x) . Note that an(x) = an(x)
in our case., I1f we set

—

ulx) = > fon(X)sinny ’
n=1

then (0.4) is splitted into the following Sturm-Liouville problems

1]
(@]

e (A - 2t P for x > O

P (0)

(0.6)

1l
(@)

(nx1) .
Stordingly, our considerations in this article consist in studying the eigen-

values of the Sturm-Liouville problem (0.6) with particular care on the parameter

The eigenvalue problem for A may be interesting in itself, but it also plays

(2]



an important role in studying the asymptotic distribution of eigenvalues for

the Laplace operator with Dirichlet condition in an unbounded domain such as

o = ey e’ ocxce, 0<yenx] .
Auv + u = O in G
(0.7)
u = 0 on 3G .

We shall discuss the problem in § 4 of this article. Here we only mention that
vme Large eigenvalues of (0.7) are, roughly speaking, asymptotically equal to
the large eigenvalues of A with Q(x) = ﬂz/b(x)2 . H. Tamura [107] is the
first one obtainﬁ% the asymptotic law of the distribution of eigenvalues in the
form (0.5). In the previous paper F. Asakura [1], we also studied the problem
by another means. In the course of the study, we obtained an asymptotic formula

of the distribution of eigenvalues of A with remainder estimate in the form

0

8 wa) = L > , (A - %)M ax v o 12,
n=1 7L,3 n-Q(x)

assuming Q(x) & C4([O,oo)) to satisfy

A Q' (x) B Q' (x)1 ¢
0.9) TS W ¢ x o S
0.9
|lev(x)| C
< for large x .
x) x2
2k . o
Note that Q(x) = x satisfies (0.9) .

(31



In the present article, we study the asymptotic distribution of eigenvales

of A by different two methods. One is using the zeta function of the eigen-
values defined as

oQ

—-a

(OQlO) Z(\I,A) = Z An . .

n=1
The other is adopting a uniform asymptotic expansion of the solution to the
Sturm-Liouville problem (0.6) in a neighborhood o%i;urning point, which is employed

F. Asakura [1] and covers where the zeta function does not work.

In the first place, we review some basic spectral properties of A in a strip

domain () = (O,oo)x.(o,n) « In § 2, assuming Q(x) +to satisfy
Q' (x) 2
(0.11) =) < Lo, Q) >/ (21) ’

we obtain some estimates of the resolvent kernel, which are crucial in studying
the zeta function. We study the analytic extension of Z(a,A) in § 3. We may

well expect that the infinite sum (0.10) converges for sufficiently large a .
We shall show that (O.lO) converges if and only if the integral

(o]

(0.12) Ax) %2 gp
0

converges., Throughout this article we assume
[=9}

(0.13) 0 Q(x>‘1/2 dx = o

(4]



This corresponds to the condition that the area of G 1is infinite in the case

of the Laplace operator in un bounded domains ( see (0.7) ).

D

Let ¢ = infgaERl g Q(x)‘“+l/2dx<’°g (0> 1 by (0.13)). We
0
obtain the analytic continuation of the zeta function as the following
Theorem O.1. Let Q(x) € Cg(fO,dD)) satisfy (0.2), (0.11) and (0.13)

Then Z(a,A) has the analytic continuation across Re a = @© of the form

Ta-1/2) 6(2a-1) Q(x)—a+l/2
2Ja[(a) o

(0.14) z2(a,A) = dx + h(a)
wrere | (a) is the Gamma function, g(a) the Riemann zeta function and h(a)
is holomorphic in Re a > ¢ - § (§>0) .

The form of the singularity of the zeta function with the largest real part

reflects the asymptotic nature of the eigenvalues of A . We shall see later

that Z(a,A) may have various types of singularities at a« = @ . For example
2 -
when Q(x) = x /t( log x ) 2¢ for large x , the singulariiy is of the form
¥y = _n
¢ k+l \—-(1+ ) — A+1 \n K+l \\j
e - %2 x%ozj=ozxnj(a-%Hlog(a——ﬁn :

In such cases we introduce an Ikehara Tauberian theorem of the following form.
Proof of the theorem is put off until 8 6.

Theorem O0.2. Let N(Q,) be a non-negative, non-decreasing function. If

[5]



1

is convergent for Re a > ¢ and
1+p) L1tP1 n n J
(0.15) n(a) = 2(a) - (a-a) P =" = 4 (o-0) 108 (o -0))

0
can be extended to a continuous function in Re a » ¢ , then N(A) has the

asymptotic form

(0.16) N(x ) ~ boo X‘__( log ) as A = .

cT(1+p)

In §4, we turn our attention to the eigenvalue problem of the Lavlace operator
i™unbounded domgins (0.7) . We show that if the zeta function of the eigenvalues
of A with Q(x) = nz/b(x)2 has the same form as (0.15), then the asymptotic
formula of the distribution of eigenvalues is described as (0.16).

Our results show by the way that if (0.12) is not finite for any a ( for
example Q(x) = log x ), 2Z(a,A) will not converge for any a ; especially
the growth of RJH is slower than any small power of n . In § 5, we study

#se cases where the zeta functions are of no use in studying the asymptotic
distribution of the eigenvalues. We shall find the methods in F. Asakura [1]

still work there and obtzain

Theorem O.3. assume  Q(x) €& ¢*([0,0)) satisfy, instead of (0.9)

[e]



A Q' (x B atlx)l « _C
mé\gx\émx ’ \'QW%T)\\x ’
(0.17)
Q”'X)
lQ'(x;

Then (0.8) holds for large . .

< —5 for large x with some constents A, B and C .
x

Under the condition (0.17), we shall get a uniform asymptotic expansion in
), of the solution to the Sturm-Liouville problem (0.6) using the Airy functions.

For Q(x) = ( log x )2k we obtain

(0.18) N(Q) = Ec_.; 7\’1/1:—1/41«: exp( ll/k (1 + o l_l/zk ).

2 . .
This time, the operator A with Q(x) = = /b(x)2 is not a good approxi-
mation of the Laplace operator in an unBounded domain G = Gl U G2 such that
. 2 -k
G, is bounded and G, = (x,y) €& R°| R< x<C0 , 0« y < (logx) .

Here we can merely obtain the estimates of N(),) from above and below as the

following.

1/2% 1/2k
(0.19) Cle(l_ LA = NM) < cze(“s)}*
or any ¢  with certain constants C sy C .

In conclusion, I would like to express my hearty thanks to Professor S.

Mizohata and Professor N. Shimakura for valuable advice and incessant encourage-

ment.
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5 1. In this section we shall review some basic spectral properties of the
Ooperator A in a strip domain Il = (0,®)x(0,n) , assuming (0.2).
We denote by Lz(fl) the Hilbert space of square integrable ( real valued )

functions in Sil . In this article we shall work with real Hilbert spaces. Let

J:(QU? dx dy
_J:fflui + Q(x)gﬁ dx dy .

denote by Cé(fl,Q) the space of functions defined as

us denote

2
Il wli

|

E(u)

4

cg(f,a) - {u e ¢HM)INe%@R) lu=0 on L, ull®, 5w <~} .
The space Hé(fl,Q) is defined as the completion of Cé(Q_,Q) with resvect to
Hall = Bl « 5w .
In the first place we show the following inequality

Proposition 1l.1. If a function Q(x) defined for x » O satisfies

N

.2), then for any & > O there exist aJl,.......,LUN € L2(IL) so that

(1.1) hall? < = |<wj,u>|2 +  gE(u)

N
=1

1
holds for any u & HO(KI,Q) .

Proof. We have only to show the inequality for u & Cé(:l,Q) .

(8]



Since u(x,O) = u(x,n) = 0 for any x 2 0 , it follows

(1.2) " u (x,y)2 dy = i
o Y

2
u(x,y) dy .
0

Multiplying Q(x) to the both sides of (1.3) and integrating in x from R to

infinity, we have

" =]
7 2 . n 2
Q(x)uy(x,y) dv dx > ( inf Q(x) ) j S u(x,y) dy dx .
R 0

R 0 x2R
If we choose R such that inf Q(x) > E—l , we find
xR
2
(1.3) u(x,y)2 dx dy < 23§ Q,(}c)uY dx dy
x» R xZ>R ’

2 2
< E'SS ; u}C + Q(X)uy dx dy .

On the other hand, since Q n{x <RI) is a bounded domain, then for any &

there exist wll"""’wlll < Lz(Qn {x <R')) such that

N
(1.4) u(x,y)2 x &y < 2, I(w’.,u)|2 + & ui + Q(x)u2 dx dy .
x<R =1 J x<R J

Combining (1.3) and (1.4), we get the inequality.
From Proposition 1.1, it follows that any sequence uj & H]é(_Q,Q) such

gat B(u.) < L has a convergent subsequence in Lz(Q) « Then employin
j ying

wx
N

variational methods to the form E(u) in Hé(ﬂ_,Q) ( see Courant-Hilbert

N

text book ), we get a complete orthonormal system of eigenfunctions?}ons of A

such that >0n e CZ(Q) a HlO(*Q"Q) and corresponding eigenvalues g}ns with

[91



(1.5) AP = P in )y B o= 0 on 3().

Later we shall make use of the boundary-value problem

1

XX

- (u + Q(x)uyy ) v in Q_
(1.6) u o= 0] for y =0, =

u = 0 for x =0 .
X

Employing the function spaces %%(Q,Q) and Iﬁé(Q,Q) defined similarily as

il

G,a) - {ue cH@A@) Tu = 0 for v = 0x , llull, B(u)<o)

H(Q,)

~] .
the completion of CO(Q,Q) with respect to || qu
)

we obtain a complete system of eigenfunctions {‘f'nl) of A such that }Ln é. C2(Q)

=l . . .
N HO(D_, Q) and corresponding eigenvalues /Ul-q’ with

(1.7) A‘/)n = /n¢n in () V’n = 0 for y = O,=, }bm = 0 for x=0 .

Mol



"

-n .
§ 2. Let Rn(x,y,g ,Q,/u) be the kernel function of ( A +/u—) . Rn 1s,

in generzl, a certain distribution in (x,y, 3, ) anc represented as

0
e Pn(x,y) Vn(§,'b)
j=1 (ln + /(, e

N

Rn(xh‘f‘ri 1VL) =

using the eigenfunotions{sgs and corresponding eigenvalues{ﬂqs . 4Ye may expect
Rn to be a smooth function for large n . In this section we shall obtain

certain estimates of

o0 5
= (xy )

R (x,y,%,y) = Z_. SDn . .

n =1 (o, +/1,L)n

We seek out the eigenfunctions in the form }9(x,y) = y;j(x)sin ny . Then

%<nj & L2(O,°°) and satisfies

o (L - ngQ(x)) k9

nj nj

}an:j(o)

Let'{yins be a complete orthonormal system of eigenfunctions,?lnjs be corres-—

1l
(@]

for x > O
(2.1)

it
o

0
ponding eigenvalues. We observe that {.?7.(x)sin ny . constitutes a complete
nj n,j=1
. 2 Sl . . .
orthonormal system in L ( ) with ;lng corresponding eigenvalues,
To proceed further, we assume Q(x) to satisfv (0.11) and (0.13) in addition
to (0.2).
Remark 2.1. Condition (0.2) guarantees the existence and regularitv of

10 +-%; ]



complete eigenfunctions. If Q(x)—l/2 dx < ©® , spectral properties of A

0
are somewhat very similar to an elliptic operator in a bounded domain. We shall
put aside such cases in the present article.
It is easy to verify the following properties of Q(x) .

Proposition 2.2. If Q(x) satisfies (0.11), then there exists a constant

A  independent of n, x and y , such that

(2.2) Palx+y ) - Qx| < aly lax) for |y | < 1
".3) nZQ( x+y ) < A en|y{ wx) /2 for |y | = 1 .
Proof. Set R(x) = 1log Q(x) , then it follows by the mean-value theorem
o x+y)
log ——— | = | R(x+y) - rR(x)| < 1Llyl .
a(x)
Hence
o x+y)
e“L|YI é é eL|Yl
(x) ’
and thken
Ax+y) - alx) ]
e"L|Yl - 1 i S eL[Jl - 1 .
Q(x)

In this way we can choose a constent A so that (2.5) holds.
. L
Since QU x+y ) < Ae ly‘Q(x) , we shall prove, instead of (2.3), a

stronger inequality

[11]
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(2.4) w20t < wenlylfato /2

Setting z = n,'Q(x) y we show that

vz/2 2 Ly
(2.5) Ae 2 3% holds for y > 1 and z > 2L .
By Taylor expansion of e* , we find
ae¥z/2 2 Ly

1

eLy {Ae(z/2 - L)y B Z2 ’-7}

uy{ 1 4,1 _ 2.2 2}
e A+ A(-§~z - L))y + 5 ('TTZ L )y z

\%

2R FUREC R DL O
Then we can see that there exists a constant A so thet (2.5) holds. (2.2) and
(2.3) corresponds to (17.10.3) and (17.10.4) in Chap. XVII of E. C. Titchmarsh [12].
We now give a brief review of the Fourier sine transformation. Let £ g Cl(O¢D)
satisfying f£(0) = 0 , xif(j) < L2(O,<ﬁ) for i, j = 0,1 . UYe define

the Fourier sine transform as

.6) f“(g) = y sin xéf(x)d_x .

0

Then f(x) is expressed by the Fourier inversion formula as
0

- = sin x - .
(2.7) £(x) = = ,5; 5§ (k) ak

Moreover the Parseval formula holds as

[12]



(2.8) }; | £(x) 1P ax = = S; | £~( %) lzdgé .
0

0
We set
(@ o]
i i $
(2.9) E(,_, ) - __@_X' s1nx§s:.ny a ( )O)
nxV/“' T O(.\;2+n2Q(x)+/~) é. /u
1 AL - /cn(my)s
= — - e
2 A { ©
where /4'1121 = an(X) + /l, . Then En(x,y,/u) satisfies
2
- ;—ZEn(x,y,/A) + /[iEn(X,y,/i) = S(x~-y)
(2.10) I
En(x,O,/l) = 0

wHere g(x) is the Delta function.

Remark 2.3. For the eguation (1.6), we obtain by separation of variables

prro+ (- o) g

0 for x > 0

(2.1)" p(0)

1
(@)

P ¥ & 1%(0,00) .
In order to study (2.1)', we adopt the cosine transform instead, then the following
Zuments are the same.
Lemma 2.4. Let $0nj(x) an eigenfunction of (2.1) with the eigenvalue /Lnj .
Then ﬁonj(x) is expressed as

-
(2.11) jonj(x) - Jo{ n2q(x) - n°Q(y) + /Llj + }LSEn(x,y,/t) )
[13]



Proof, Since 50nj is an eigenfunction with the eigenvalue ;}’nj y wWe

find

il

2 2 2 2
- f;—z ﬁj(y) L & an(y) {n Qx) - n"Qly) + /}-nj + /U'Bﬁj(y)

NG

(2.12) )
0 , where &fi = n g(x) +/“r .

1l

Substituting y - x for y in (2.6), we have

an(y) < Aen‘\‘Q(x)lx_YI/2 for ¥ > 1+ x

T™en it follows

En(x,y,/u,)znA’Q(y)2
- Azenm)lx-yl -2 \/anl(X)Jr/‘ | x=y|
~= | n2Q(X) + /LL_
Aée—lngQ(x)ffL]x—yl 22 —ﬁng*Y|
= ™ = e .
n"Q(x) + M An

2 2 . . .
Hence En(x,yafk)-{n,Q(x) - ng(y) + R‘nj +/h} 7;j(y) is integrable in y for

all x > O

Since En(x,y{/L) satisfies (2.10), we have

0 2
) 2
JO ﬁ;n(X’Y7/1) { - dy2 FHJ(y) + ﬁ:n Pn‘](y)} dy
<0
jo{an(y) - 2%y + 2 nj +/‘3 En(x,y%)fOnj(ﬂ dy
B fpnj(x)

By (2.11), we find

[14]



P (%) =
(2.13) J - So B (2,5, p) ﬁxj(i dy

ﬂ_nj+/k
n2 ~ @
).nJ+ /A fvo (Q(X) - {Q(y))dn(}c’y%) YHJ (Y) dy b

Differentizating m times in//i- the both sides of (2.16), we obtain

+

Lemma 2.5. There exist constants lek such that

(~1)m(9 ‘(X)
-y
= m' fo (“) (x,y,/l.) 50113(.')’) dy

C

mﬂk
(K o (xyp) = L. (x,0))

e T g s T

(2.14)

)l"H'l

where

[

Knjk(x’/"b) .
-4 (x+y)
Lnjk(xafL) n? k j{ﬂ(Q(x) - Ay))(x + y) f’ jo (y) dy

and Afﬂ = /{’n(X,/&) = 4/n2Q(X) + M

= -£lx-yl
ke f (2x) - QN lx -5l e 7 £ () a

il

Proof. Recall
O AL B ALY
En(x,y,/u) = -’2-—“?; e -
We observe that there exist constants Cjk independent of a and =z such that
—zf ] a+ ;
(2.15) )) e NN A g / ZJ c, zk( L
‘ \J+l/2 /J' °

3%‘ ,JE—;;Z (a f/k

Then by (2.15) together with the Leibniz formula, we obtain the lemma.

Now we carry out the estimates of (2.17). Ffirstly we settle the estimate of

(15]



the first term in (2.14).

Froposition 2.6.

(=)
1 o
(2.16) : )2;< ) (5/1) s Gy )0 By )
m! J= -2Kx
T(emt3/2) An3 e B 2m+1 y
= —am- —_— > ¢ (x &)
2 71 (2m+2) A ’ Kim+3 o ™ n

wh by i .
ere ka are constants independent of x and /LL

2 .
Proof. Since ﬁﬂnjg is a complete orthonormal system in L°(C,o0), we find

=, o foo
—_) 8 X4V = | ’—a_'\m.'?u (xy ’ )12
Zjd ( J (/L o€ y/u)jom(y) . (a}) e Sy

Differentiating (2.9) in M m-times, we have

m dasin x)g' sin y&
My (o oo o201 | T TS .
( U n( ,y,/l.L) T XO ( 22 . /fi )m+1 dg

By the Parseval formula for sine transform, we find
. D \m., 2
(2.16) ——-~2 _jﬁ '(Ef‘) £, Goy )l

<. Sln XE
7 ﬂ) ( 2 ’ti Tz as

o)
L1 a I cos 2x§
JO ( % I‘T,n 2m+2 E b o ( §2 + kr21 )2m+2 d%

B(om+3/2,1/2) {t—4m-3 _ 1 ( 2 ) 2m+1 cos 2A§ d§
on n n(2m+1)! e 0 ( i

r 2m+3/ 2 h:—-élm—-} + (3 )2m+l( e -2 Kh:>c
2 @[ (em+2) n T;.;T;‘ I AL .

Employing (2.15) again, we obtain the proposition.

For the second terms in (2.14), we can readily verify

(16]



(2.18) lKnjk(x,}L)I
oy T

< ma_x{ ank(x’/(_) anﬁ(x’/&)' ’S

= m+1 ’ 1/2, 2m+2
(A . +}L) /E (’l-nj + ) k.

< nak X ) M 3

< G A

where

0
S AESE
ank(xyL) = ng/fi | Jo (Q(x) = Q) |-yl ® jonj(y) dy |

We shall estimate ank in different two ways.

(1)

We divide the integral as the following

® -k xy |
Cogcles ) < A fo 2e) - aly) | lxegle B | P @)1 o

2 k |
n- ( Jﬁ + g‘ )
. lx-y| <1 lx-y| >1

c(1) 2
an(x€/L * é&k(x /“4

Employing (2.2) and by the Schwarz inequality, we find

(1)
Gan(xpr
-£ |x=y|
< An Q(X /cn J‘ I Ix—y'kfle‘ltn 7 ‘?HJ(y)I dy
| z—y 4
-2k |x-y|
< | %~ |2k+2 e q /2( JJA ; 2ay) /2
J-lx—yl ! lx-y| < 1 | ﬁ‘](y)l )
< a2 J 12625728 4y )1/2 5 | Py (era) 1% az )}/
0 lz] < 1
Then we obtain
(2.19) lc (1( < ¢k z)|?
s < ok, &ﬂs”ﬁoni(ﬁ)l :

[17]



Next applying (2.3), we find

(2)
ank<xﬂ/L)
-k | x-y|
< n2Q(x) /ﬁk |3c—;y|k e /Zn lyn‘)(y)l dy
T ) eyl 21

~ - & 1x~y|
+ ng/;:l; g ) lx-ylCe l}onj(y)l dy
lx-y|>21
é Kk+2 ( J |Z|2k e—2/€1|zi dz )1/2
n
‘Z‘>/ 1 -2k | 2|
LR g who(xen)?la] e R az )M/
|z| > 1

K_:rLl/e ( 500 G2 g2t gy y1/2
/{n

2
N A“"){(J“Z‘>l IZ‘2k R Q(x)lz{-2nQ(x)+/'~*|Z| . )1/2

n

1/2 ® 2k -2t 1/2 -1/2 P AL 1/2
Q/En ( kt e at ) +A/Ln ( ||)1|zl e dz )

n
£ Chi/z ( J‘:tzk ot a4t )1/2 .
n

Hence for any N , we can choose a constant CN which may depend on N , such

that

.20) lciil){(x,/,c)lz < o K;ZN“E )

Combining (2.19) and (2.20), we obtain

(2.21) e (G, u)l® € c/tng

(11) By the Bessel inequality, we find for any J

Me

0

ol
-2 \x—l
[ICY TR n“/zikf o) - a2 6T

3=1

(18]



Then similar computations as in (I) show that

-2/ |x-y|
2k
nt 2% l lax) - a1 eyl e " T oy
0
+
lx-y| €1 lx=yl > 1

—2N-2
< C/{n * CN “tn

it

Hence we obtain

J 2 _2N-2

(2.22) % ]ank(x,/u,n < CK o+ Oyl .
Employing (2.21) and (2.22), we get the estimate of (Lnj+/u')—(m—f+l)Knjk(
x,/,b) in the following way
r 2
Jk(x’/") ~4f-2
m—f+l)k
j=1 (Z.n3+ /“»)
(x, p)° J
L n ik -1, -4(m+l) = 2
< Z:T (Rys + ) y2(m) 7 2y JZ;ilank(x’/“)
¢k S - g o . (x+2)]% a
—_— N Ax+z z
= JZT()C .+/u)2(m+1> lzl < 1 50“
1
2N—4
foalk Jl(/l +/L)2(m+j
. /M /{4”‘" .G /.(1/t 2N-4m-6 ]
Then we obtain
Proposition 2.7.

—L (Xs/“t)Q $-2
(2.23) L an [

3=1( nj +j" Z(m—Tl) B

-1, —4m-3 -1/2 ( 2
< otk . NEYRE 1P Gey) 2,
Pk A= R (lz'gl Fas

[19]



K—2N—4ZJ 1
+ C
N n i=1 (;LnJ " /"")2<m+1)

Let us come back to (2.14). 4s before we have

|2 G )|
m-P+1 | 2¥+1
(2.24) ( A—- + /u ) K n

< npax njk(xyu) 1 Hn‘]],l/{ix’};) 2 %
- m+ ’ m+
( lnj +/u' Kn /b( K n

" £ (x+7)
- X+
n i | SO (a(x) - ey (x) e ® TP ) ay |

where

Hnjk(x,/bt) =

III) We divide the integral as before

* - K (x+y

1 ¢ (xy)
Hop(ow) < nzz‘ti fo [Q(x) = Q)] ()™ e i}flj(y)l dy

= n2l‘(§ ( g + g )
lxy| < 1 =yl > 1

o
= w3 v e

We find Wy (2.2)

1 ~K (x+y)
< wfalx) aE Iyl Gey)Ce BT 1P ()] ey
|z-y| <1 "

o -—K(x+ )
<1

< AKl/z (j 22 -2t 4 1/2 B IWn-(Xﬂf)lg az )12
la) <1 ° %

-~

N

Then we get

-kx
(2.25) IHfl?})c(x,/u.)!z < AK e . J anJ(Xer)lz dz

lz] <1

~



Next applying (2.3), we find

(2)
Hnjk(x’/u')
-£ (x+y)
< n(x) kK (xry)© e ® | P, )]y
" lx-y| > 1 (3 )
- K (x+y
v oKks (ery)* na(y) e ® | P01 ey
lx-y| 21 K (o)
-2 x+y
£ kP g (xy)™ e 7 ay )2
Xty > 1
: 2
Y j” (xey) 2 o RO Ixy - 2 [n2a(x)+ (x+y) ay )/2
n o +y > 1 -
= ¢ /Cr31/2 ( f 2k 2% gy )1/2 ck;l/‘? ( §2E ot gy )12
kn Kn
Hence we have for any N
(2.26) Hﬁ?i(x,};)2 < o kNP

with a constant CN depending on N .

Combining (2.25) and (2.26) , we obtain

-k x ;
2 n 2 ~2K-2
(2.21)  H ,Gou)" £ C e Slzlé X | an(xw)l dz + Oy kT

(1v) By the Bessel inequality, we find

J -2 X+y
2 2k 2 2k
> 1 o )" < n* K j lalx) = Q) (x+y)T e 7 dy .
- J ) n
J=1 0
Repeating the similar arguments as above, we obtain
J -k x
2 Ve n —-2N-2
(2.28) ?:l IHnJ.k(x,/u.)l < ¢ L@ + Gy kn .

Employing (2.27) and (2.28), we obtain

[21]



Proposition 2.8.

J (x /LL
(2.2 == “nji
.2.29) ‘Eif ( ) 2Un=FHT] T2
J lmﬂvk& K
X
-1, ~Am—
< op [
-fkx J
-1/2 T — 1 2
+ C/u. e 2 T Ijo <(K+Y)| dz
- 2(m+1) nj
= ) <1
Jl(/’tn3+/u) lz] <
J
—-2N-2 1l
+ Cy Kk .
N *n - 2(m+1)
T (g, M)
Comparing (2.23) to (2.29), we observe that Lnjk has better estimates than
-k x
K . in the point where e is multiplied to certain terms. But in this

njk
article, we shall gain no advantages from this observation in the following argu-

ments.

We recall (2.14). Square the both sides of (2.14) and se%

a3

P =2 )
_______——————(B:—— = — ( (—“*) B (X: ’ n
(/lnj +/L‘~)2 1) (m!) /LL -V jOJ

anj(x,}k) .

Then for any g satisfying 0 < S'< 1l , we have

‘anj(xaj’(’)l S ( J (57 \m (Y,y,_}() ?n‘}(y

(xyﬂ') . (fou'
an .
C/,( &Oko (2..+\/u>2(n?f:i—4f+2

Using Proposition 2.6, 2.7 and 2.8, we find

+

J
%llﬁnmj(x,/bt)l

[22]



$ )A—SZ. (\S‘ (7 Ln(x,y,)k) YnJ(Y)

C ~149,~4m-3 —l/2+'g - 1 [© (x+2z)|° dz
+ : ——————”“_-_T;I_
/A fen 9“ %Ei (1n3+/u)2 |<l‘?

—2N=-2 >~
+ egh S T

»rtting S = 1/4 , we have obtained the following lemma which is crucial in

studying the zeta function.

Lemma 2.9, Assume Q(x) satisfy (0.11). Then we have
S Gyl LS (e ()
_ . E (x,7, ay )2
JZ: /Lﬂ +/u. 2(m+1) (m)2 5 0 2 Yy J 5?13 vy
' J

+ ;EZ:anj(xt}L) ,

J=1

where anj(x,/LL) has the following estimate

J
-
é2,30) élﬁmj(x,/,dl

-1/4, -(4m+3)
< G TRy
J -1/4
Jow { 2 -2N
+c > [P (x+z)]|“ dz + K
mle(k » /LLZGHI) g‘ziél (]onJ n
( ﬁ; = K (x _/n Q(x)+/“
g 3. In this section we study the zeta function defined as (0.10). In our

23]



case

Theorem 3.1. Let @(x) satisfy the conditions (0.11) and (0.13), then
S @
3 -£
(3.1) _S_,anj<°0 (6>1)
n=1 j=1
if and only if
=0
, —-£+1/2
'3.2) )P 4 <
0
Proof. Firstly assume (3.2). Pick an integer m such that 2m+2 > B .

I=Y)
_om—3/2 we fin
Then it follows x) m dx L e . By Lemma 2.9 and Proposition 2.
0
2

Ynj(x)
(3°3) Z. j +}A’)2m+2

2
L S'

J
o me -
< ) . (}/w) MET 2y ?nJ(y ay )° o+ %i anj(x,/.,)
m m ~(4m - Ax
< %5(4 +3) . kan(dr +3) %
I -1/4
! CmNZ*—'}i‘_T(mTT)—' J’ l?n (x+y)l2 dz + /-C;EN }
j=1(lnj+/~) lzl< 1 / J S
¢ LRV
5 /2 ve I ( l dz 1
S5 (HQQ(x)t;b)2m+3/2 m %ET (;Lnj+/L)2m+21 ] a f’ X+z + QNQ( )T}
Integrating in x the both sides of (3.3), we have
J
= 1
;izl( Aql 4—/& )cm+2
20" J -1/4 <o
! = M 1 -N
S C CmZ > 5 1 + Q’(«{) dx
")o (nQ(x)ﬁ/i)2m+3/2 3=1 (;Ln3+jk) e 2 0
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Hence we find that
o

J
(3.4) > .

< ,( L
3=1( an +/L)Tm+d - mJo (ngQ(X) +/L )2m+3/2

holds withla constant Cm depending only on m for sufriciently large//b .

ax

Recall the identity

J (s-s ) oy L TOEOT (oY) )
s ( % +/LL )m+l (m+1) ( t + s )m‘Y

Y
Multiplying (/u - s ) with Y = 2m+l—F to the both sides of (3.4) and

( -1<Y¥< m) .

integrating in‘/L from s to o , we find

s
T(2mt2-8) () 1 M(2me3/2) T(p-1/2) .
T (om+2) Z 1 (- )8 < ¢ (onr2) fo (an(x)+s)3—T/'2 dx

T(om+3/2) U (g-1/2) 1 —p+1/2
S =) 28- 1'[ Usx) ax -

Summing up the above expression from 1 to N , we have

NI 1 = —~+1/2
Z. 2 s < G5 G(2s-1) alx) ax .
n=1 j=1 (4_. + s ) 0
Fix s = So with a large constant S and let N,J> < . Then we obtain (3.1) .
Conversely assume (3.1). Pick an integer m such that 2m+2 2; B . By
Lemma 2.9 with J = e and Proposition 2.6, we find
oo 2
(3.5) > In
3=l (A, + )™
nj
_ T (2m+3/2)

2 [7 | (2m+2) (nZQ(x)+/LL)2m+3/2

A{n UAx)+M 2mil =
2 k/2
+ - Q<x o TR Z. ¢, (n°Q(x)+ W) i; Ry (%0 1)

[25]



oo
with Z \anj(x,/u_)l

(n Qlx)+ m
}L /1,\"1/4
+

C N T { |80n.(x+z)|2dz 5 L Nj.
) (;\_nj+}L) m+ |zl <1 J (n Q(x)wy>

+

Then it follows for x > Xy > 0

v

= (x)?

(3.6) %Z;' g)nJ 2m+2

> 2m+3/2 ( 1 - ¢ -1/4 )

7 T (ame2) (noa(x)r ) 2 2 o

- =L/4 ‘ 5 -1/4
521 (A_nj‘F)L)?m_FZ I(fnj(JHz)i dz -~ CH‘N~—~————*‘—\N

“(X)+/w/
Multiplying (}L— s ¥ (v = 2n+tl-8 ) +to the both sides of (3.6) and then

mN

|z] <

integrating from s to oo , we find

b )2
(3.7) T (2m+2-8) Y‘(ﬁ)ézzl nj *
T“T2m+2) 3= (Qna
T(2m+2-8) T (p-1/2) 1 _ -1/4
> 27toz‘(2m+2T (an(X) + s )6—1/2 ( 1 CBS ) -
- 1/4 7 V124 o 1 S8
- 6 —_— Ax+2z z -G, .
=1 (& +s)ﬂ lz]<1 7™ Bn2q(x)+s)¥P-L jop I
Integrating (3.6) in x from xo to X , we have
X i
(1-c_s~/4) L ix < ¢ (1ec. s Y4 S AP
B o (n2q(x) + 5)B-1/2 g R o1 o

Fix s = S5 with a large constant Sh and let X-?° . Then we obtain (3.2) .

If we are more careful in computing the constants which appear in the arguments

above, we can reacily show the following formula.

[26]



Theorem 3.2. Let Q(x) sztisfy the conditions (0.2), (0.11) and (0.13) .

Then it follows

r L@;u;z_)zg - dx
(3.8) é%m T~ ZRET ST Jo (nfat) 8 P12

as §8 — < .,

Applying the Keldysh Tauberian theorem to (3.8), we obtain the asymptotic

formula of the distribution of the eigenvalues in the form

<O

—

(3.9) MR ~ E 2 (

2 1/2
- Q(x)) d
1 ) s o2 X - nQx x

( see for the details A. G. Kostyuchenko~B. M. Levitan [8] ) .

Next we consider the analytic continuation of the zeta function. Recall the

identity

/[( T(1+ )T (n=-Y) ,—m+Y
(3.10) 0 T )m+1 d/u. = T (1) t (-1 < ReY <« m) .

Lemma 3,3. Let _Son(}k) and -fn(/*)

be bounded measurable functions
satisfying (i) ] ()l < E( ),
n n

(ii) +there exists a comstant (O~ such that

=) (=

Z E? Cy"-<°° for all 0<%

S B<CG .

Then F(a) J is a holomorphic function of a
=), F RO e

in 0 < Re a < 0 .

f27]



Proof. Let us denote

v
L

FnaRy 8(a) - S?_ jLa §n(/‘.) d/-‘( ’ Fn - Fn,<::c>,O )

Then Fn 2 8((1) is an entire function of & . For 2 > 1, 0<e<l, o, <0 ,
Ry

we find that

3 ® a
. 1
| Fn(a) - Fn’R’&(a) | = J‘O f_fn(/l.) L + B’R /-* %n(/u») d/u.

holds for all a such that 0 £ Re a < %) .

<his shows that Fn is uwniformly convergent to Fn for R>= ,£=> 0

Ry ©
in 0 € Re a < a, and then Fn(a) is holomorphic in 0 < Re a < a. .

- 1

Moreover since

oo 0
N-1 —_
Re a
| Fla) - S F (a)] € 2. qu 2 () a
n=1 ° n=N /0 s 0t/ o
R I chad = a
< $ S 1
S J- 00 ap + <21__J, In 2 (i) ol
N_1 n=N 0 n=N 0
§ Fn(a) converges to F(a) uniformly in O < Re a$ al . Hence F(a)
n=1
is holomorphic in 0 < Rea <« al .
o
. —a+l/?2 o0
Let g = inf } a | Q(x) dx < . Now we carry out the
0
proof of Theorem O.1l.
Proof of Theorem O.1. Choose an integer m such that 2m+2 >o0* . We

start with (3.5). Integrating in x +the both sides of (3.5), we have

[28]



- 5]

(3'12) Z .l+/’t)2m+2

J=1 (an
TT2n+3/2) j ix
Zﬁ T"(Zm+2 0 (n Q(x 2m+3/2
2m+l —21n Qlx +/4
+ ‘Z__ mlc 2m+3/2 x (n Q(x +/LL
50
% 0 nmJ(x’jA =

I

Let us denote
2m+l —oxJn®a(x)+ K, 2 /2
“(n Q(X)+/L) dx

(3.13) ()
SDn/u. o (n Q(x) +/A)2mT3/2x

+ )L) dx ’
J= l O 2
o0 e—‘wn Q)+ A

C - dx
m JO (n ax) +/"~ )2m 32

(3.24) ()

+ C 1/45 1 ax
v 0 (n°a(x) N jamie g,
-1/4 1 -N > 1
+ cm)x. (1+—nf2§ Q() >%(l +}L)2m+2
nj

'or sufficiently large C
o \ = —
we can readily see | n(/«)l < fn( W) . Multiplying /LL (v 2m+l-a )

to the both sides of (3.12) and integrating in /4,L from O to ov , we find

py (3.10)

om+2-a) I -a
(3.15) . r(2m+27( = Anj
ad

T (2m+2-a)T (a-1/2) 1 ax f 2m+1l-a N
j - c ) ) PG ) au

2/ 1T (2m+2) 0 (an(x))a 1/2

'N@

<a
}
[

We want to use Lemma 3.3 to settle the last term of (3 15 Let a ©be real.

(3.16) JO/J_2m+1 O‘f /L) d),L

[29]



-y’n Q(x)+ M4
/*2m+l = - 5 dx q)*
a(x) + ) ™ 3/

c U(2m+2—a— 1/4 (a— 1/2+1/J
m T (2m+2-1/2)

1 dx
0 (p2f)(' )~k1 l/2+l/4

d <o
1 =N T(em+2-a-1/4) T (a+1/4) a-1/4
+ 6 (1+ o S-O Q(x) Tax ) T {2n+2) é nj

For the first term of (3.16), we find

2m+1-a n Q _+/&
}L n )2?1‘?‘_3/2 dx d/DL

Q(X
= 2m+l-a e_x n Qoff&
o :

=. — dx d
< T (2mt2-a) [ (a) 1
— r(2m+2) n21 Qg

Hence

)
2m+l—a
( d
J VAR VS

c (em+2—-a) T (a) §(2a)

n '\_(2m+2)Q; -
+ ¢ L1(20+7/4-0)T"(a-1/4) G (2a-1/2) ‘g Q)"+

0

I\

m T(2m+3/2)

(= ¢)
+ ¢ (1 + G (em) J{O )™ ax ) T“<2m+3§ﬁg;gj;§“-1/4> 2(a+1/4,4)

In this way we have proved

> 2m+l—-a ,
2:1 fo/k fn(/&) d/bL<°0 for (- 1/4 < o < 2m+l

Since m 1is arbitrary, we find by Lemma 3.3 that

o) - 5 2m+l-a
T T

is holomorphic in

0" -1/4 & Rea ¢ oo .

[30]



Now we introduce some examples.

x2t (0 <K< 1) for larze x

Lxample 3.5. (1) Qlx) =
1 L
[—(ﬁf_l) C,(K)/i+l + h(u) (o<}c<l) ’
2(a,0) -4 AFET(GE)0e -5 )
1 A : _
. + n(a) (k=1),

8( a =1 )° (a-1)

2‘K(logx)"g]/ (o< k< 1 ,72>20) for large x

(ii) Ax) =
TTu—l/2)r‘<2aY —Y+l)<;(2a”l) + h{a)
2 T(@) (2 Ka ) 1 )P0

TG0 T D S (%)

Z(a,A)

= 2(9K,)E+{{{;\/3l (K;l'l) ( _ %T >1+Y/b N
1+7/ k. .
{z z‘iAw-i‘%)“(log(a— ))d + le)
n=20 j=0
’ > X+ .

K +1
——= and continuous in Re a

~
where h(a) is holomorphic in Re a > Zm

When we know the form of the largest singularity of the zeta function, we

For me, it seems

can get the asymptotic form of N(}_) via Tauberian theorems.

difficult to describe beforehand what sort of singularity the zeta function has.

But anyhaw concerning Example 3.5, we obtain the following by employing Theorem

0.2. Proof of the Tauberian theorem is put off until § 6

(i) x) = XZK (0<K £1 ) for large x
(2 X (—”
T g K+1 )__l/2+l/2!<, (O<K<l) ’
o7 (K+1) )
N(A) BN 20
-lé—uogn (K= 1)
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(ii) x) = xeK'( log x )

T &) §(x)
+1

-2Y (o0<KC1,Y>0)

/ Y
N(A) A~ — - — &l/2+1/2/(( log X ) /K )
(2 k) I (=T Sic)
§ 4. In this section, we discuss the eigenvalue problem for the Laplace operator

in an unbounded domain ( see H. Tamura [10] and F. Asakura [1] ). Let G be

a domain in 32 . We consider the following Dirichlet problem

Av + Xu = O in ¢
(4.1)
u = 0 on 226G
where Au = u + 1 is the Laplace operator.
xx Jy

We assume G to satisfy the following conditions.
(4.2) (1) G is divided as G = G1 v G2 where G, is a bounded domain

1

with C2 boundary and G2 has the form
¢ ¢ € (x)
5 = (x,y) € 3° | A<x<oo,alx)<y<a2x,
. 2 . A
with C° functions aj(x) (3=1,2) ,
(4.3) (ii) al(x), az(x) satisfy
(1) b(x) = al(x) - az(x) —> 0 as x-— o ,

(2) ai(x), aé(x)——ﬁ 0 as x —> = ,

(3) |al"(x)| , Iag"(x)[ < M with a constant M

’



(4) ——— < M with 2 constant M ,
od
(5) b(x) d_X = (=) .
A
Wle denote by LZ(G) the Hilbert space of square integrable functions in
G and HI(G), H%(G) usual Sobolev spacesof order Jj . We can show the

next proposition just in the same manner as Proposition 1.1,

Proposition 4.1. Under the conditions (i) and (ii)—(l), the inclusion

1 2 .
wp from HO(G) to L°(G) is compact.
. . , . i 1

We regard the Dirichlet integral D(u) as a quadratic form in HO(G) .
Employing the variational method (see for example Courant-Hilbert text book ),
we find that there exists a complete orthonormal system of eigenfunctions of the
Laplace operator in G with the Dirichlet condition (4.1).

Now let us consider the Laplace operator as a symmetric operator from

2 0,= 2, .\ . .

o (G)f\CO(G) to L (G) . We can show that the self-adjoint extension is

unigue in certain cases,

Theorem 4.2. Assume the conditions (i) and (ii) and assume b'(x) < O
in addition. Then the closure of the Laplace operator defined in CE(G)/\Cg(a)

is a strictly self-adjoint operator with the domain HZ(G)/j Hé(G)

[33]
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A proof of the theorem is found in . Asalkura [2] .

For sufficiently large R we set

G(Elt) - {_(K,,V)G:Gl x < 2y,
G(é) = { (x,y) ed | x > R B

—(3)

For each j 1let the n-th eigenvalue of the problenm
A n

Auw + Au = O (x,y) & G(}%)
(4.4) _
a = O (x,¥) € 3G<§) .

In a similar fashion let :Efi) the n-th eigenvalue of the problem

Ao v xu =0 (ap) € &Y
(4.5). W= 0 (oy) € acldln ac
w = 0 (x,5) € Sc(g) with x = R .

We denote

. T
¥ - a1 <R

~ #
Don - Tar ) ead
-~ n
Then by Courant mini-max principle, we find
Proposition 4.3. Let N(A) be the number of the eigenvalues of (4.1)

not exceeding )ﬂ . Then N()J) is estimated as

[34]



(4.6) ﬁ(ﬁ)(&) L TP = W) < EEUCO R {2

Consider the following chznge of the varisbles and functions

and set G(§> = GR , {l = (R,o0)X (0,%) . Then we find

SL w(e,y)? ax ay - ﬂ P(y,n)° e an

R
Mgreover denote
D_(u) = dj]r u2 + u2 dx dv
R a x h'g
il
E(‘f)= ()0 +———~—§0 a¢ d
R 2
5 g b(% )7
Then we obtain
Proposition 4.4. For any small & > 0 , there exist constants R and

L such that
- 2 = - - 2
(4.7) (1 -€)8 (%) - Ll¥l" < D (u) = (1+&8)B(P) + Llpll
Proof is carried out in the same manner as Proposition 3.2 in F. Asakura [1].
Let /ZZn denote the n-th eigenvaluve of

50%% o (5,n) € [l

il

f

b
(4.8)

-

o (§5,1) & I,

[35 ]



similarly /L(,n the n-th eigenvalue of

‘ 2
+ L -0 (3, e (1
L N CTERL IR 5.7 R
(4.9) O = 0 (§.pi€ 30, with § = O,n
50§.= 0 ($,7)6& 30y with § = R,

By virtue of Proposition 4_4, we find employing the Courant min-max pripciple

(l*E);&—n—Léﬁf?é (l+€)}z—" + L
(4.10)
- -

(1-¢) M

Let us denote

W) - #{nlﬁnsx?)
c) - et
We obtain
Proposition 4.5. N(Q) 4is estimated as
(4.11) -k + '5(’};,;) < N) = cA o+ g(ll_?)

Proof. It follows from (4.10) that if J}_(i)s 2 s then M < ?* L

<
This shows _I}I_(;)( L) é c( ?ié)
Similarly we have
(2) x - L
R




< (1 . (1) 4
vlnce G(é) 1s bounded, we know thatl N(R)(R,) = 512, and N R (l ) = CQR«

hold with constants Cl ’ 02 . Hence we obtain the proposition .
n2
Set Q(%) = 5 - “e observe thot for large R
o( &)

(1) A¥) € cA(fr,o))

RIS 2] < o5 " )2
(11) \‘5‘({22\ < 21&{?? o, A 2 snz (53 )7 > o
as Py
(iii) ~J- Q )“1/2 a = FL.JP b(x) dx
ii . (§ } | b (
2
Let AGSO = -—(502,2 + m E’L

il
8

-

= (R, )x(0,n) .

]
Thus we have seen that the operator AG falls into the previous considerations.
Theorem 4.6. Let N(),) be the number of eigenvalues of the Laplace

operator in (4.1) not exceeding A - Assume that the zeta function Z(a,AG)

has the analytic continuation of the form

[14] »

(4.12) Z(a,A

)

+ gla) ( by, = 1 5, P2 0)

where g(a) is holomorphic in Re a > 0 and continuous in Re a >

N(A) has the asymptotic form

G

(4.13) N(x) n~v QFfﬁffﬁj’}jj A (10 2 .

Proof. By Theorem 0.2, we find

[37]



A ¢

T : P
C(A) ~ (1) ~ O_r(l+F)’A_(logl)
Since ¢ A+ L ) has the asymptotic Ybehavior
1+ 8 '
7L A o £
) T f 1+P‘)(1+_a‘)l(1°‘9’>L>

then it follows from Proposition 4.6 that

. N(A) A
lim sv0 —mom-—-—mm—————

A== (1oga ) T (1-8)WoT(1+p)
Lim 1 N(A) A

im inf

l-—ywmz (1+&8)¢ T(1+p)

Since § is arbitrary we obtain

Lim N(A) A
x— e X(loga )f AEERE

11

387



S 5.

In this section we studv the distribution of eigenvalues of the operator
(0-1) in certain cases where the integral (0.12) does not converge for any «

( for example Q(X) = ( log x )gk ).

In this case, we can not make use of the
zeta function any more in studying the distribution of eigenvalues. Here we
shall adopt the methods in F. Asakura [1] , which is based on a uniform asymptotic

expansion of the solution to the Sturm-Liouville problem developped in ¥, C.

ai'bch_marsh 1] .

We come back to the problem (2.1). Let E?n(X’A“) be the solution of

$ + (% - n°e=n¥ = 0 for x > O
n n
(5.1) x
P 2
x,}\__) dx < Qv .
0 n

We observe that the solution is determined uniguely up to constant multiples.

We zlso Tind that ;Lnj is ar eigenvalue of the problem (2.1) if and only if

\ §n(ojkn3) = O .
Remark 5.1. For the problem (2.1)' we can see that A’nj 1s an eigenvalue

if and only if .§.A(O,21U) = 0 . Hence we need the uniform asymptotic ex—

pansioiof both fn(x,x) and fr'l(x,)_) .

&
Now, we assume Q(xiiféatisfy (0.17). To make the explanations simpler, we

<

mzy study the eguation (2.1) in the interval (R,a:) with the condition ?9(3)

[38+=1
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= 0 after we shift the interval (0,9 ) to (i,%; by translation of the

n
<

variable. woet Qn(x,}_) = — q(x) . Tuen Qr(x,k,) itself satisfies
(5.2) (1) o G, ) & C4(fi,oa)) in x , oG, x)> 0 , lim & (=, )
n n % —3 =0
Ql(x, A )
= . A i i B
(5.3) (x1) x log :{é' Qn(x,l)\ ¥ log x '°F oz R
@"(K,')«) (\l!l(x’k> C - N
(5.4) (iii) %—‘_‘)‘{é‘g‘ , jﬁ—.(———)‘ < orx oz R
Qn Xy A X Qh‘(’h' x
where A, B, C are independent of n and A .
We observe by (5.3) that
~ QTI(QX,Z/> < B
(5.5) 1 < -Q—(;?:ETT < u holds for 1 < < 2, .
Set Pn(x,x,) = 1 = Qn(x,l,) « Then the equation is expressed as
(5.6) ) o+ xpP (o) F (x2) = 0 .
Since Pﬂ(x,)_) < 0 , there exists the unique point x = Xn(),) satis—
fying Pn(Kn(},),7L) = 0 and Pn(x,l_) £ 0 for x > Xn()_) , Pn(x,k,)
> 0 for x < Xn(}«)
We introduce a function f’nﬂx,ﬂ,) in the following fashion.
hd
2 p )’ . g (0, (+,1) - o (x (1), 2))Y2 g
Xn
x 1/2 ..
(5.7) = gx (-—Pn(t,)_)) dt for x 2 Xn(k) y
, x®
2 3/2 n o, , /2
3(-7f>n(x,l)) jx (5 (& (X ),4) = (+,2))7" as
* 1/2
= . (r (+,2)) dt for x < X (1) .



3

We can readily see that #’n(x,/l) is clasz C in x and satisfies

(5.8) ?5n<<}gr'\ )2 =T Pn

Let Ai ard Bi +the Airy functions defined by

ad)
aiz) = -ij cos (=13 + zt ) at
™ 3
0
Bi(z) =.-l—fe_t/3+2t+ sin (=t~ + zt ) dt
g 3
0]
which are linearly independent solutions to y'' = xv . Set

A0 d) = P2 A3 P ()
B (1) - PG Vi A2 P )
Then An and Bn are linearly independent solutions of the equation

(5.9) Yer o+ kPn(x,),)Y + —% )f?bn,x} Y = 0

where b ,x is the Schwarzian derivative of defined by
J

4)1': 3 ﬁ 5
DEEE SN A
In our case
P" P P’
2
(5.10) *l" Kl) = ——n—- — ——i- {——-r—l— -+ ('l ) ‘E .
2 J?n’ 4Pn 16 ?5 3 Pn
We shall take An(x,ﬂ_ ) to be the first apprroximation to fn(xol) as

A tends to oo . Set

n

K Got,2) = = w730 A (6r 8 (5,1) - a (6,208 () ] .

[40]



Then the ecuation (5.1) is ecuivalent to the integral eauation

<0
(5.11) §n(x,k) = A (x,) - —%j (x,t,2) {f’ ,"GS (t,4) a

ps

For the solution of the integral equation (5.11), we can show

Proposition 5.1. Assume
0
~-1/2
(5.12) jR I§¢ -] 1ip (+,2)] dt < L
Wwith a constant L which is independent of n ard ), Then }?n has the

Kollowing asymptotic forms

(5.13) fbr'l(xyl )—1/2?&1( )'.1/3 %)n(x,l ) { 1+ o 1_1/2 )s
EH(X’Z) = for x > Xn(/'L ) ,
(5.14) Pl )2 A3 (ka1 ¢ oY)

P ool V2, ) 2 23 (x,20)

for x < KP(Z_) ,

as l‘?‘” sy Which hold unirormly in n and x .

Proof. We observe that A (x,2) # 0 for x » X (A1) . set
fn(x,l)
Zn(xil ) An(x7 2.)

Then Zn(x, 72U is the solution of the equation

= A A)
2 (x, ) = 1 - —%j (x,t,2 {‘P ts Z(t,})_) dt

X

(41]



Employing certain estimates of the Airy functions, we find

A (t,2-)
]Kn(x,t,l) { ?n’tﬁ b ()

cld ety

<
T el p G R
clif, ;) |

( see A. Erdélyi [61] ).

I\

Ther if we assume (5.12), we obtain

2 (x,n) = 1 + of L2

)

#pich shows (5.13) .

For x <« Xn(z,) , inserting (5.13) into (5.11), we find that the

-

equation is expressed as
X (1)
P ) = }'(2)&,1) - —;— an K (x,%,2) {Pn,tB % (t,) ab

where

=)
E(g)(x,%) = An(x,l) - % Kn(x’t’)“)‘,fbn’tg §n(t’l) dt

£ ()
= A (o) o+ ool A7V (2 )+ ol LM% (x,2))
set W (ox) = (14 XY YN RE () L then
by the similar discussions as above, we obtain (5.13) ( see for the details A.

Erdélyi [61] and P. Asakura [3] ).

for (5.12) we can show the following lemma which is crucial in our discussion.

[42]



Lemma 5.2. Assume Q(x) to satisfy (0.17). Then we have
o0

=1/ -1 . 1/2
(5.15) l{jﬁ e e (t,0] V236 < cx ()7 1ogA(2,))/
N n n n n
with a constant independent of n and A
Proof. For simplicity we omit A 1o denote Pn(t) = Pn(t, X), X,

Xn(),) e.t.c. Pick ay % 1. For 1 < a < a, , divide the integral as

-]
J’o gaX X SX /CL
n n n
+ + +
R aX X Kn/a R

In the following discussion, we abuse C to denote any constant which is

]

independent of n and A .

(1) Estimates of Il (x =2 axn )
Recall
Pt P p!
L S - U R G - I 2]]
(5.16) 2 {fn,t% - - 2 { 3 o+ (30)
n F n

L R
4Pn 16 753 Pn

We carry out the estimates of (5.16) term by term.

oQ
R -1/2
(5.17) {—i lp | dt
aX Pn n

f43]



-
gax ()1 (8) - q (x )72 as

<% naxn Q) (3,(1) - Q)%

<, ex) = )2

By the mean value theorem, we have

= —%372 Qrvl(§> for seme X < § < oK

Since by (5.3)"

AQ (%) AQ (x)
(5.18) inf Q;l(é‘) > inf th ——Q}’\n~

C

> , —_—
X<§< a‘{ % 1o:r$ s cu(nlog az(n 2 anog X_n

Xn$§s(lxn
we obtain
=)
%' 1/2
(5.19 \—— -1/2 c( log X )
) Sa}{ Pn IPnI / dt $ \n—xi
Co
(5.20) Y AN /2 g4 - gm (- Pn(t>)l/2 fn(t)—B dt
aX

Set q‘n = 3?3/2 , then we find gn’ = (_pn(t))l/2

and the integral (5.20) is expressed as

2D
= J thi(t)-g'n(t)'z at = -Z— Q'n(axn)"l

We observe

aX
X
n ak
2 inf  Q(§ 1/2§ " (t—-Xn>1/2d’c

Xs?SaX 4
n n

By (5.18), we have

(44]
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CX

R wrar

-EE—\ 2 M2 s

b

Hence we find
PY ]2

(5.21) ,S
aXn
—a % p 7Y2 gy

%
(5.22)
aX P
n

) J“°Z a1 ()2 (+) - a (x )2 at

c( log X )1/2

X
n

n

< £ (T awamem - e m) e
< '%; -J’izi (1) (%) - o (x )72 as

e

a0 - a)) T e

N

+ —%; Qn(Xn)

-1/2

)=3/2

S (g lex) - o (x) + == (q(ex) ~ @ (X))

c : -1/2 c . -3/2
5: —_— inf for(2)} + inf for(3)|
x¥2x sygax. P S XS;ZXg‘ggaX 23
n n n n n n
Then it follows from (5.18)
2 ¢( log xn)l/2

1/2
lpnl it < x_

P‘

=)
(5.23) Jﬁ =
aX P

n

—

n

In this way we have proved
C( log Xn )l/2
n

(11) Estimates of 12 ( Xn < X :s aXn )

Integrating (5.7) by parts twice, we find

(5.24) _§J?3é2 - (_Pn)3/2(pé)‘1§\ 1+ —%~P£’(P£)"2pn + S §

(45]



S 2 1 - * 2 1 3 112 4
where 5, = Pg-Pn(—Pn) 3/2‘j~ (_Pn)S/ { Pl (Pn) - B(Prx) (Pn) .}

X,
n
First we - show that we can make the magnitude of P;q'Pn(Pz;)—z and
Sn arbitrarily small, if we choose a sufficiently close to 1
(5.25) |pe(p) "% |
n'n n
= )™ (x) - q ()
BRI § £ (x -
Q‘::'L(‘{) Qﬂ‘y - n S 5 K
¢ sup Q( &)
< "X inf Q' (%) (x-X )
Since
(aX ) cq (aX )
(5-26) sup 7 Qi'l(g) < B sup Qn s Rz n— ’
Xn5 %g aXh Xn RS aX 7glog % Xn log Xn
we find together with (5.18)
t1{p1\—2 C Qh( aX
(5.21)  fprr(P))7°P I < X gy (% )

Then by virtue of (5.5), we find

(5.28)  [pr(e)™%p | < —;’(—n (x-% ) < ¢c(a-1)

' x _3/2 x Qt”( anl(t) 2
(5.29) s | = cqx)(q(x) - q(x)) XX ()"i(—t‘)‘ e )

o (£)7%(0_(%) - Qh(xnns/2 at

< —iz Q(x)(a_(x) - g (x )73 {ﬁxn 0, (+) 72, (8) - g (%)) %as
C_ sup Q‘n(% _ x
< -f,(lnf ey )7/2(x_xn>3/2yxn (t-x 15/2 g4

[46]



¢ lax) 7/2 2 c 2
< —E?(Qn z ) (x-x ) < —;E (x-X )
Hence we have
(5.30) sl < c(a-1 )2
By (5.28) and (5.30) we find
/2 o320y ) .
A A G Rl G R

If we choose a sufficiently clcse to 1 , we obtain

(5.31) "’;3

(—131&)"3(13;1)2 &1-—45—13;1'(13;1)“2% + o(sn) + o((PI'l')2(13;1)“‘4(Pn)2

Hence we find by (5.31) that the Schwarzian derivative is estimated as
2 -2 -2 2
(5.32) ¢ =) <€ {(PA'> (p1)7° + P (R} Sni>

We carry out the estimates of the right side of (5.32)

AN

C

- (=2 )2g L
L} 1

Pn Qn ~ X2
n

2

(5.33)

(5.30)  IP2(p)%s ] < a0¥(q(x) - o (x )7?Is |
( sup 9'(x) )°
e B x )s |

( inf QI(3))

Then it follows from (5.29)

—2/5,32 C
'Pn (Pn) SnI 5: X2 .
n
Hence we obtain
(5.35) oy < 5
L
n

(47]



It follows from (5.395)

S 1P, t}IIP(t)Il/zdt

aX
L n - q (X 1/2 dt
Xi Vn (a,(t) (

X ( inf Qn(g X,
In this way we obtain

c( log X )1/2

< ra -
n

11,

The estimates of I and I are carried out just in the same manner

3 4

as above. Hence we obtain the lemma.

Propositio
Employlggﬁ rrl)l and Lemma 5.2, we have shown

Theorem 5.3. The solution EEQ of the problem (5.1) has the asymptotic

form

(5.36) ?fn(xa) = fnl(xal)_l/g{:@ (X/vi (x,A)) + 0(1—1/2 )j
which holds uniformly in x and n as } 9 @ .

¥or the derivatives, we have

Proposition 5.4, Assume, in addition to (5.12)

+v|
(5.37) = < u
(q), )2\ ~

with a2 constant M which is independent of A‘oﬂu n . Then the derivative

(48]



of 3?11 has the asymptotic form

’
(5-38) PG ACR SRS L ACS RIR BRI IO S b
f;(x,x) = for x 2 X s
/3¢’ /2. .0 AY/34 . . -1/3
(5.39) %\/ ?n(x’l ) O f;(x,)t>) { e o A7)

+ O( %g(x’k)l/gAi( 11/3?{1(}{’ A))) + O(k"l/EBi'(
Xl/B n(x,l )+ O<2Zl/2fn,(X, )L 25 ¢ )\l/3fél<z’7t)))

for x « X
T~

Ouvtline of proof. Differentiating the both sides of (5.11), we find

xox

2
(5.40) B ) = arxl) - L Sﬂ 2k (x,5,4) P00 B (s ) as
Note

a1 (6,) = 11/3;{1(;{,/\)1/2{;&1'({1/3;{1@,1))

_1/3
;L I'll(xfk) A3 1/3 5
i( (x,))
2?;1(35’7&)2 R_ fn /’L

/ ,
11/37!;1(:«,2,)1/2 {Ai'( P v oA 3 76/3/;(;(,1 )

Inserting (5.13) and (5,14) into (5.40) and estimating the integral, we
obtain fthe result.
In our case we can show

Lemma 5.5. Assume Q(x) to satisfy (5.3) and (5.4). Then we have

[49]



, /3
‘ #ﬁ'(x l C( log X )l
(5.41) \
'(X,R \

with a constent C which is independent of x , A_ and n

Proof. We observe

' Py e
(5.42) n - - -

L A=
,1;;1 2%, 5 P, f

Choose ao) 1 , consider the case x 2 aXn for 1 a < a

(5.43) —_% fn(x,,u3/2 _ fx (=P (1-,))1/2 dt

Then it follows from (5.18)

(5.44) f—ﬁ%m- < ———";:L’—‘

(5.45) & (x, 102

1l
\_d
P
=
O
0
P {
ot
3
—~
O
o
—
ot
p—
|
-
»<
S
~
~.
n
2
ot
S
Q.
ck

< ol 10 s <-Pn<x,x>>3/2

Hence we have

P, (X ) |
‘( —323;:;;7 )

Using this we find

(5.46) S; cx 2/3 ( log x )2/3

1
—
&
=
—_—
S~
n
J»U
[ —

[50]



Q! (x)

SR VA n
< ¢ % log x ) q (x) - @ (&)
) ) q, (x)
- __°
(x 1o x )%/ g () - (%)
c q( a}(n)

5
A - ~n(\n)
e (2 )

S e
(Knlogxn )° 2, (a e

S 5/3 2/3 . ¢
X2 ( log X ) inf q;(%)

Then it follows from (5.5)

1/3
iﬁL 3/2 P c( 1og X, )
\<—Pn) 71??;\ S. X2/3

In this way we have proved (5.37) for x }af{n

in the same way in the case RS x < a.—an .

Next consider the case Xni x < aXn

cQ (ax )( log X_ )1/3

Qn(xn) x 23

n

Wle can proceed

Recall the proof of Lemma 5.2, then it follows from (5.24)

(5.47) —-(—;5'1——72 = -—2—132;%\-—% Pl (prvl)—QPn + Sn%_

and

(5.48) anl = /Pr'l)3/2P;1§l - —%Pf’l’(PI'l)_an o(sn)
+o((pr)3(r) 42 )}

Inserting (5.48) into (5.47), we find

(5.49) »{%;%—;Q = O(Pé'(PA)“4/3) + O((Pé)2/3p;15n))

n

We carry out the estimates of the right side of (5.48)

[51]



( ) Pl Q) < c
5.50 —\ = |—
’ \(13 )4/3\ \ 5, \

i
n

Then by (5.18) we find

P;l, C( log Xr;)vl/3
(5.51) \7;:3373‘ <

n

o) V75| o w0,
P, =) - e (h)
<

By (5.18) ,(5.26) and (5.29), we have

)
Mf\]
<

(P£)2/3sn c( log X_ )2/3 Qn(axn)2/3
T X 5/3 ——— (=-x)
n b Q, (Xn)

< ¢( log X )1/3

x2/3

n

In this way we have proved (5.40) in the case Xné x gaxn « We can

treat the case « Xn<\ x < Xn in the same way and then we obtain the lemma.

Propositioy
Employing Lemma 5.5 and 5.4

bR we obtain the asymptotic form of

the derivative of f n .

Theorem 5.6. The derivative of the solution to the problem (5.1) hes

the asymptotic form

55 Fi6 = NP QA - o

The Airy function Ai(z) has the asympiotic form

[52]



(5.54) 4i(~2)

1]
=
|
s
Z
N
IS
|
’_J
~
~
=
o
O
"
~~
wlm
IS
98]
~~
)
|
NE

)+ O(z—B/Q)S

(5.55)  ai'(-z) ) s oA

fl
]
1
}—‘
~
Ny
N
i
l_‘
~
~
w
'-J»
=
N
W
[y
(U
~
3]
1

=
4

( see £. mrdélyi [6] ) .

These asymptotic forms say that, for large n, 4i(~z) has one and only one

zero around (—%( n - i-)n )3/2 . The next lemmz tells that it is really

the n-th zero of Ai(-z) .

Lemma 5.7. If n is sufficiently large, 4i(-x%) has exactly n
zeros in the interval 0 <L x <{-22’( n + i )n} 2/3 .

For the proof of the lemma, we notice Ai(-z) = '% 21/2 §J1/3( §) +

J—l/3<< )g , where {Q(g ) is the Bessel function of order ) and

g = '§23/2 . The location of zeros of zl/2'{J1/3(Z) + J—l/S(Z)3
is well studied in § 7.9 of E. C. Titchmarsh [11]. It is known that there
exist exactly n zeros in the interval 04 x < ( n +‘i-)ﬁ s for sufficiently
large integer n . Then the lemma follows.

Now we are well prepared to show the asymptotic formula of the distribution

of the eigenvalues. We can see easily that Theorem 5.3 and Theorem 5.6

together with (5.54),(5.55) and Lemma 5.7 are all of what we need to employ
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the arguments in 5 7.8 ~ 7.10 in =. C. Titchmarsh [11] and 5 4 of F. Asakura [1].
We just follow the arguments there and then we obtain
Proposition 5.8. Let Nn(k) be the number of the eigenvalues of (2.1)
not exceeding KJ . Then we have
1 { *a 2, \y1/2
(5.56) (V) = = ( 2 - n%q(x)) 7 ax +  o(1)
" )R
as X —>o® , where the remainder estimate is valid uniformly in n .
Now we can carry out the proof of Theorem O.3.

Proof of Theorem O0.3. Let N(A) be the number of the eigenvalues of the

original problem (0.1) not exceeding A . We observe

-—
N = o w () :
n=1
Since Nn(l) = 0 for n 3 )(_1/2Q(R)_1/2 , the summation is in fact finite

and then we find

[ 2%/ 2q(r)"1/2]

N(x) = > N_(A)
n=1
= (X / /
- —izl Sl - o)) e+ oo M2 .

In this way we obtain the theorem.

For @(x) = ( log x )2k , it follows from above

/ 1/2k
(5.57) N(x ) = % t/z_l/d'k e 7"’/ {l +  0of x—l/2k )3 .
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Finally I would like to make an additional remark on the eigenvazlues of the

Laplace operator in a unbounded domain. If G = GV G, where Gy is bounded

and G2 is represented as

2 1
G2= {(X,y)edli<X<”,0<y<.—-—~kS ’
( log x )
the
then the large eigenvalues of the Laplace operator with(birichlet condition are

expected to behave like the large eigenvalues of the operator considered as the
example avove. But in this case we merely obtain

Proposition 5.9. N(X ) has the estimates

1/2k 1/2k
(5.58) . e(l_ g) & / < ) < c, e(1+8>l/

for any ¢ with certain constants Cl’ 02 depending on £ .

To show (5.58), we shall follow the notations in the proof of Theorem 4.6.
o 2 2k .
Set Q(x) = = ( log x ) . Then it follows from (5.57)

1/2k
= ) 1/2-1/4k
(5.59)  T(x) ~ o(r) ~ [E 3/ X :
Inserting (5.59) into (4.11), we have
1/2-1/4k A \1/2k
WP ()Y (1 0(1) < W) s

AL/ M4 exp<<f_% ME) (1 o1))

Then (5.58) follows.
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6. In this section we carry out the proof of Theorem 0.2. We follow the
proof of the Ikehara Tauberian theorem in D. V. Widder [13].

4 function f(x) defined in (-, « ) is said to be slowly decreasing, if

liminf%f(x-}-S)—f(x)i:O (x> 00 ,600,d>0).
Let K(x) be a smooth, positive and even function so that the Fourier transform
K~ ( is positive, even decreasing in § > O satisfying K*(0) = L ,
2 27

supp K~( ?) c [-1,1] . BSet Klﬁx) = 2K(ax) , then the Fourier trans-—

form Ki(g ) of Kﬂﬂx) is K“(;l) . We can readily verify

Porposition 6.1 ( Theorem 9, Chap. V, D. V. Widder [13] ). Let f(x)

be bounded and slowly decreasing satisfying

=)
lim K (x -1t )f(t) dt = 4 for all A > 0 .
X2 o X
- a0
Then
lim £(x) = A .
X =20

Let N(t) be non-negative, non-decreasing function and let
=)

7(a) = 7% an(t)
1

satisfy the hypotheses of Theorem 0.2. Without loss of generality we may

assume ¢ = 1 and N(1) = O . We set % = e° . Since N(e®) =



o(e*®)  for any a > 1 , we find

(=%
Z(a) = e HS dN(es)
0
po)
= ‘S e 25N (e®) as .
0

We shall prove the Tauberian theorem of the form
Theorem 6.2 ( see D. V. Widder [13], Chap. V, Theorem 17 ). Let N(x) be

non-negative and non-decreasing. If

[\

(6.1) L(s) = e S FN(x) dx
0

converges for Re s > 1 and with P> 0

[1+P] n .
(6.2) n(s) = L(s) - (s -1 )"+ F) Pl e )*( 1og (s -1 ))9
n= J=

can be extended to a continuous function in Re s > 1 , then N(t) has the

asymptotic behavior

AOO t.op
6. N(t) 7~ et as t <
Because
Proof. de may assume P> 0O . we can skip directly to (6.8), if P::O

For 1 £ t < A , x » 0, we find

=« b
oA -XSs -1
e (s -1t) P ds = -
t t 2A

<
T - P —xt -xt =X -
= | (P) FeTF L F A A T
A-t
We can see that the both sides of above make sense for 1 < Re t <4 , x>0,

(57]



Then we have
_ 24 1 t 2Ax
(6.4) L e (s -t Pt as = P 4+ e GA(x,t)
where GA(x,t) is continuous and uniformly bounded in 1 ¢ %X <=, 1 £ Re t
< A and the integral is taken along the path satisfying Re s ;; Re t .

In a similar fashion we have
24

; 1
(6-5) T()O) .

(s -1t )N _l( s -1 )—1_.Pd3 = r(l+j“)% t -1 * HA(t),

where HA<t) is continuous for 1 < Re t < A . VUWe find that the integral

24

(6.6) -quq (s-t P s-1 )P 10g (s-1))"gs
+

converges for 1 < Re t < A and continuous there, if n » 2 . When n=1 ,

can see n \ S .
we that the pf?éipal part of (6.6) as t—>1 is —~_ B.(log (t -1 ))J.
j=1,2 9
Then we find (6.6) is expressed as
(6.7). — _ B (log (t -1 + H (%) ,
; J A
J=1,2
Wwhere HA(t) 1s continuous for 1< Re t <€ A and Bj = 0 (j=1,2) for

n ;; 2 .

™ : s = —l -
For Re t > 1 , multiplying to (6.2) T-(P) (s -1 )P ! and integrating

from t to 24 5, we find



ad

(6.8) f(z) = § e_txx_PN(x) dx
0
A
00 _ vn
- . : > log (% -1 + 0, (%)
Tepi(s-1) 7 < ¢yl Los /) A
where hﬁ(t) is continuous in 1 € Re t < A . OSet
at) = < Puy Z (v
a(t) (1+ 1’ (+)
where Z+(t) is the characteristic function of the intervael (C,c ) Then it
follows from the hypotheses that
e E'ta(t) = (1 ) \a(t Z (t)
is a summable function in (-as, <) . Set
( 0
) _ -
Dy x) = J(% K (x -1 )Cat) - at) Je
o9
- f ([ 1\“(?5-) -1(x-t) a%)(a(s) - a(t)je” s at
0 e )
. f (375 (| () - alee” EFEST an ) ag
-] =l
Since

.f% (a(t) - a(t))e”

s

) ~ 1 B)il e -P
0

= (14 € -1}
LS ot
n=1,2

T+ gt
A
oo - Zt+i §t
N(t) - T 5
_ 00
T@@se)( g -1%
o S B (148 -i% )

b



and supp K2(3) C [-R, %], we find

A . ‘
i)y - f K (g e 3 zZ o (log (¢ -1% )% & n,(rE-1Y >} a

= n=1,2

We obs=zrve that hA( 1 +& - ii ) is uniformly bounded for |§ |g‘L ’
0L ¢ < 20 and hA( 1+ &'— ig ) converges to hA< 1 - i; ) as £ 0 .

Horeover, since

2 2 T
| log (€ -iF )l < <11 (£ + 37 ) + &
< ¢ maxé‘log |§ I, l‘S y
log ( & - i% ) is dominated by a summable function which does not depend on £ .

Then it follows from the Lebesgue dominated convergence theorem

A
lim I(i’)(x) = y LK&Q)J”%Z ¢ (1og (¥ N" + n, (1 - )3 at .

20 - n=1,2
Set I.(x) = 1im Igﬁ)(x) . Then we can express with a summable function
A €9 0
% that
X
L(x) - F(5)e7 ok
r -1
)
X =Tt
= lim K ( x-1 )(alt) - A(t))e dt .
D0 |-, *

We observe that

%
lim J K (x = % Ja(t)e” Lt gy
L—> 0 =)

- I
A
_ , (W) o .. -t
illm . I 7b(;{) + T(1+5 ) %i?O _ cfkﬁ X -t Je at



00 x
; K.(y) d .
X Taepy ) AW @

o)

Since K_( x -~y )a(t)e” Tt positive, increasing in § and converging to

A

KAS x -t Ja(t) , then it follows from the Bepvo-Levi theorem

A
I (x) = F g g
A -
%
= K (x -1 )(a(t) - A(t)) at .
_—.
®Bmploying the Riemann-Lebesgue lemma, we Ifind
25
lim K(x-1t)(alt) - a(t))dat = 0 ,
X ) ~=¢ A
which shows
= 250
lim g K (x -1t )a(t) at =
X > ) - [ (1+p)

We can easily verify that a(t) is bounded and slowly decreasing. Then it

follows from Proposition 6.1 that

A
4 _ o
1im e TP n(t) ’

t > i T‘(l+/°) )

School of sconomics

Otemon-Gakuin University

OSAKA
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