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1 Introduction

In the past decades, a lot of studies have been devoted to investigations of the relations between
microscopic chaos and non-equilibrium behavior such as relaxation and transport, and it has
been found that microscopic chaos plays essential roles in non-equilibrium processes {12, 13].
For example, it is well known that, for fully chaotic (hyperbolic) systems, correlation functions
decay exponentially and their decay rates are characterized by the discrete eigenvalues of its
Frobenius-Perron (FP) operator 27, 28, 31, 30, 32]. As one of the examples of the hyperbolic
systems that permits detailed calculations, the baker transformation has been studied extensively
and its spectral properties of FP operator are fully understood [19]. In addition, the baker
map is considered as an abstract model of chaotic Hamiltonian systems, because it has the
area-preserving property, which is a universal feature of the Poincaré map of the Hamiltonian
systems of two degrees of freedom [5]. In fact, similarities of the baker map to the Lorentz gas
with finite horizon have been pointed out [37].

In contrast to the hyperbolic systems, dynamics in generic Hamiltonian systems is more com-
plicated and diverse. In fact, when a phase space of a Hamiltonian system consists of integrable
(torus) and non-integrable components (chaos), power law decays of correlations are frequently
observed [11, 15, 20, 22, 23, 26, 38]. Although such kind of systems, i.e., systems with mixed type
phase spaces, are more generic than the integrable or the fully chaotic systems, the theoretical
understanding of their statistical properties is not enough; for example the ergodic and mixing
properties of chaotic components of generic systems are still unclear from the theoretical point
of view.

In order to understand the mechanism of the sub-exponential decay of correlation functions in
dynamical systems, non-hyperbolic one-dimensional maps have been studied by several authors
[1,2,6,7, 14,15, 18, 8, 34, 35, 36]. In particular, Tasaki and Gaspard introduced piecewise linear

versions of non-hyperbolic one-dimensional maps in [34, 35, 36], and showed that the correlation
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functions for a class of smooth observables exhibit a sub-exponential decay. Thus, it is natural to
imagine a close connection of these non-hyperbolic maps and mixed type Hamiltonian systems.
Here, we review our work [24] in which we proposed a modified version of the above-mentioned
Tasaki-Gaspard piecewise linear map [34, 35] and extend it to an area-preserving system. We
also point out a connection with a billiard system called the mushroom billiard [9, 10|, which
also shows sub-exponential decay of correlations [25].

Our theoretical treatment is mainly based on Refs. [34, 35], where a piecewise linear version
of the Pomeau-Manneville map [21, 29] is proposed and its generalized spectral properties of
the FP operator in a sense of Refs. [16, 17| have been elucidated. In particular, they have
analytically derived a generalized spectral decomposition (the spectral decomposition in terms
of generalized functions) of the FP operator. Their model has a marginally unstable fixed point
(MUFP) and exhibits power law decays of correlations which they have found to be an outcome
of a continuous spectrum of the FP operator. In addition to the MUFP, the piecewise linear map
studied in the present paper has a singular structure, which suppresses injections of the orbits
into neighborhoods of the MUFP. Due to this property, the uniform density is invariant under

time evolution and the map can be extended to an area-preserving map on the unit square.

2 A Piecewise Linear Intermittent Map

2.1 Definition

The dynamical system we study in this paper is the piecewise linear map shown in Fig. 1. This
map ¢(z) : [0,1) — [0,1) consists of the left 0 < z < b and the right b < = < 1 parts. Each part
is formed by the infinite number of line segments; the circles plotted in Fig. 1 indicate endpoints
of these line segments. The map ¢(x) is defined by
7?;;(50—51:)+£;:_1 for xe[gk—vgk;__l) (k:1727),
P(x) = (1)
m( =&+, for zelglgly) (B=1,2,-1).
In this definition, £, (k= 0,1,--) represent the horizontal coordinates of the endpoints of the

line segments for the left part (z < b). And they are defined by
8 (2)
— — b (1Y _
§e1 — ke :C_(EG%) (k=1,2,---),

where 8 > 1 is a parameter. Furthermore, 7, is the slope of the k-th line segment and defined

as

e, ¢8) (k=1),

[T (k_ﬁjya (k:2,3,-~), (3)
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where we set £, = 1 for convenience. This definition of the left part (0 < z < b) is the same as
that of the piecewise linear Pomeau-Manneville map proposed by Tasaki and Gaspard [34, 35].
The map can be approximated as ¢(z) ~ z+ C'x% when £ — 0+, where C is a constant. Thus
the origin z = 0 is a MUFP and chaotic orbits stay near this MUFP for long times (sticking
motions).

In the same way, f,j (k =0,1,--) are the horizontal coordinates of the endpoints on the

right part (z > b) and defined as

& =b(lvdy) &=L

S}

(4)
é-lj—l—g::ﬁ{-(k—_lﬁ_ﬁ_%%} for k:2737

and 7; is the slope of the k-th line segment and defined as

1-b .
e ey (=1

?7+ — kIQ k;;l — (5)

k §k~1_‘fk

This is the definition of the right part of the map ¢(x), b < z < 1. This part is different from
the Pomeau-Manneville type maps, but similar to a map proposed by Artuso and Cristadoro
[7]. ¢(x) behaves as ¢(z) ~ (z — b)ég_1 when = — b+. Therefore the derivative ¢'(z) of the map
is divergent at z = b. We also assume that n;” > 0, i.e. b < {(8)/(1 + ¢(B)) holds.

Note that the uniform density on the interval [0,1] is invariant under the time evolution of
this map and thus the relations 1/ n}j +1/n, =1 are satisfied for k = 1,2,---. Figure 1 shows
the shape of the map ¢(x) for 8 = 1.3 and b = 0.5. This system can be easily extended to an
two-dimensional area-preserving map, whose dynamics of the expanding direction is given by

the map ¢(z) (see below).

Figure 1: The piecewise linear map

0.
g #(z) for b = 0.5 and 8 = 1.3. The
. circles indicate endpoints of the linear
segments.
_.!
1
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Figure 2: The power spectral densities (PSDs) of z(¢) (log-log plot) for four different values of
the exponent 8 : 8 = 1.3, 1.5, 1.7, 2.0. These PSDs are obtained by 5000 realizations of the time
series z(t). (b) The scaling exponent v of the PSD S(f) ~ 1/f7 as a function of the exponent 3.
The circles are the numerical results obtained by least square fittings in a low frequency region
(below f = 10~%) of the PSDs S(f); and the solid line is the theoretical prediction.

2.2 Theoretical and Numerical Results

Figure 2(a) shows power spectral densities S(f) of time series z(¢) produced by the map ¢(x)
as z(t + 1) = ¢(x(t)). The power spectral densities in Fig. 2(a) exhibit clear 1/f7 scalings in
low frequency regions. In Fig. 2(b), the scaling exponent « of the power spectrum S(f) ~ 1/f7
is plotted as a function of the exponent 8. A theoretical prediction is shown by a dashed line in
Fig. 2(b), which is obtained by the generalized spectral decomposition of the Frobenius-Perron

operator of the map ¢(x) (For a derivation, see [24].). Obviously, the numerical results are

consistent with the theoretical prediction.

2.3 Area-Preserving Extension

The one-dimensional map ¢(x) can be extended to an area-preserving two-dimensional trans-
formation defined on the unit square [0,1) x [0,1) [24]. This extension ¥(z,y) : [0,1) x [0,1) —
[0,1) x [0,1) is defined as

(- + &0 ) for @ € [65,€74),

(@, y) =v(z,y) = (6)
(- +e, +k) foraelge)

where k = 1,2, - --. Obviously, the transformation for the horizontal coordinate z is the same as

the map ¢(z) defined by Eq. (1) and does not depend on the vertical coordinate y. This relation
between one-dimensional map ¢(z) and its area-preserving extension ¥ (z,y) is the same as that

between the Bernoulli and the baker transformations. The phase space (i.e. the unit cell) of
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Figure 3: The area-preserving map (z,y)
defined by Eq. (6) for b = 0.5 and 8 = 1.3.
The domains with labels {A, B, C, a, b, c}
in the upper cell (I) are mapped into the do-
mains with the same labels in the lower cell
(II), respectively. Each domain is uniformly
YRy a— ¥ stretched in the horizontal direction and uni-
, Y formly squeezed in the vertical direction, but
Y v , stretching and squeezing rates are different
for different domains. There are infinite num-
osk Bl el 2 4 | ber of such domains, in other words, there
exists an infinite partition. The domains are
o6l B | displayed only for the region {z € [£;,¢5]}
and {z € [£f, &1} in the upper cell (I); only
for {z € [£3, &7 ]} in the lower (II). The other
regions are not displayed because the struc-

.l cl b a | tures are too fine to see.

04F

Y 0.2 0.4 0.6 0.8 1

this area-preserving map can be partitioned into infinite pieces like

0,1 = Ul vl € & &)y € 0,0} U UL v)lz € [, 6,5 € [0, 1)}

k=1 k=1

[See Fig. 3(I).] By the map ¢(z,y), each domain of this partition {(z,y)|z € [Efgt,f,f_l),y S
[0,1)} is uniformly stretched in the horizontal direction, and uniformly squeezed in the vertical
direction, but stretching and squeezing rates are different for different domains . Then, domains
Uz, )z € [§,&_1),y € [0,1)} are mapped to the bottom part of the unit cell (domains
a,b,c,...) and the other domains {(z,y)|z € (6,68 D,y € [0,1)} are mapped to the upper
part (domains A, B, C, ...} as shown in Fig. 3(II). We call this upper part (domains A4, B, C, ...)
in Fig. 3(II) an injection domain. We also note that Fig. 3(I) can be viewed as an infinite
partition of the phase space (the unit square) in terms of escape time, i.e., each rectangle region

(a,b,c,...) has its own escape time. Here, we say that "a trajectory escapes” as it reaches the
region A, B,C, ... in Fig. 3(1).
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Figure 4: The shape of the table of the mushroom billiard, which consists of a half disk (the
cap) and a rectangle (the stem). A point particle inside the table moves freely except for the
elastic collisions with the walls. (a) A regular trajectory (torus) and (b) a chaotic trajectory are
displayed.

3 Mushroom Billiard

In the previous sections, we introduced an abstract dynamical system which is area-preserving
and shows a sub-exponential decay of correlations. But, is there a more realistic system with the
similar structure? To answer this question, we further review our another paper [25], in which
we studied a billiard system called the mushroom billiard.

The mushroom billiard is defined by the motion of a point particle on the billiard table
depicted in Fig. 4. This table consists of a half disk of radius R (the cap) and a rectangle of
width r and height h (the stem) [10, 9]. We define a Poincaré surface at the arc of the cap with
negative momentum in the radial direction, i.e., just after the collision with the arc. For the
coordinates of the Poincaré map, we use the angle 6 (the origin is defined as the center of the

cap) and the associated angular momentum L. This Poincaré map ®(L, 9) is area-preserving;

Figure 5: The Poincaré surface for R = 1,
7 = 0.5 and h = 1. The region |L| < 0.5
is chaotic and the other integrable.

-1 -075-05-025 0 025 05 075 1
L
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Figure 6: (a) The infinite partition constructed in terms of the escape time. The solid lines
represent boundaries between regions with different escape times. The right side of the broken
line is the injection domain where the trajectory which escapes from the cap returns again. The
boundaries of the domains with the escape times longer than 32 are omitted. (b) A magnification
of Fig. 6(a) in a neighborhood of the outermost tori (L = —0.5). Each number in the figure
indicates the escape time of the domain where the number is located.

this fact can be proved through a direct calculation of the Jacobian of the map ®(L,#), which
turns out to be unity everywhere. This coordinate system is slightly different from the Birkhoff
coordinates, because the Birkhoff coordinates are defined on the whole boundary of the billiard
table, but here we take the Poincaré section only on the arc.

We display an example of the Poincaré surface in Fig. 5. The Poincaré map ®(L,6) is
defined on D = {(L,#) € [-R, R] x [-7/2,7/2]}; the region |L| < r is chaotic, and |L| > r is
filled with torus. The Poincaré map is symmetric with respect to the origin (L, 8) = (0,0), i.e.,
®(L,0) = —®(—L,—6). Thus, we will restrict the domain of the Poincaré map to the region of
the negative angular momentum in order to simplify the discussion. Then we can construct an
infinite partition on this Poincaré surface in terms of an escape time as shown in Fig. 6(a)(b) by
solid lines. Here, the escape time is defined by the number of collisions with the wall until the
particle escapes from the cap region. We would like to point out a similarity of Fig. 6(a) and (b)
to Fig. 3(II) of the abstract model. In both cases, the infinite partitions in terms of the escape
times exist. Moreover, the scaling properties (of the areas of the domains; see [25] for detail)
in the mushroom billiard corresponds to the case § = 2 in the abstract model %(z,y). For
this parameter value (5 = 2), the correlation function decays as C(t) ~ 1/t (the power spectral
density behaves as S(f) ~ —log(f).). The numerical simulation of the correlation function of

the mushroom billiard is consistent with this rough prediction as shown in Fig. 7.
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4 Summary

In this paper, we reviewed a piecewise linear map we have proposed in [24]. This model is
a modified version of the map introduced by Tasaki and Gaspard (34, 35]. A main difference
between our model and Tasaki-Gaspard model is the normalizability of invariant densities. The
invariant density of the Tasaki-Gaspard model [34, 35] is not normalizable for a range of the
parameter values. This is a typical property of dynamical systems with MUFPs (2, 1], and is
caused by sticking motion in neighborhoods of the MUFPs. On the other hand, the uniform
density is invariant for the map ¢(z) presented in this paper; therefore the invariant density is
normalizable for any values of the system parameters, even though our system has also a MUFP.
This is because the present model has the mechanism suppressing injections of the orbits into
neighborhoods of the MUFP and this property prevents divergences of the invariant density at
the MUFP. As a consequence of the normalizability, the present model does not exhibit non-
stationarity, which is generically observed in maps with MUFPs {1, 2, 34, 35]. The spectral
properties of the FP operator of the present model is similar to those of the Tasaki-Gaspard
model [34, 35]. There are two simple eigenvalues 1 and A\g € (—1, 0); the former corresponds to
the invariant eigenstate and the latter to the oscillating one. The eigenstate associated to A4,
however, does not contribute to the long time behavior of the correlation functions because it
decays exponentially fast. There is also a continuous spectrum on the real interval [0, 1}; this
continuous spectrum leads to the power law decay of correlation functions. |
Furthermore, the piecewise linear map ¢(z) has been extended to an area-preserving in-
vertible map (x,y) on the unit square. In contrast to the baker transformation, which is
hyperbolic and shows exponential decays of correlation functions, this area-preserving map
(x,y) is non-hyperbolic and displays a power law decay of correlations. As is well known,

the mixed type Hamiltonian systems also exhibit a power law decay of correlation functions
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[20, 11, 22, 23, 15, 38, 26]. Thus, the area-preserving map ¥ (z,y) might well be considered as
an abstract model of the mixed type Hamiltonian systems in the following sense. Instabilities
of the orbits of the map ¥(z,y) [Eq.(6)] is weak in neighborhoods of the line z = 0, and the
escape time from the left part x < b to the right part z > b diverges as ¢ — 0. In other
words, the orbits stick to the line z = 0 for long times. This property seems to be similar to
dynamics of Hamiltonian systems near torus, cantorus, and marginally unstable periodic orbits,
where chaotic orbits beceme‘ stagnant for long times. In fact, similar dynamics is observed in
a Poincaré map of the mushroom billiard, which is a mixed type systems with sharply divided
phase spaces [3, 4, 10, 9, 33], as reviewed in the second part of the present paper. This relation
between the map ¥(z,y) and a billiard system is similar to the relation between the baker map

and the Lorentz gas [37].
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