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We study the chiral phase transition of the strong interaction at finite temperature
and finite baryon density. This is usually accomplished by using chiral effective models
respecting the chiral symmetry of QCD. Near the phase boundary, the fluctuations of the
soft modes increase. We incorporate these fluctuations by using the functional
renormalization group (FRG) method, which is one of the machineries to evaluate an
effective action based on the renormalization group idea.

We first investigate the QCD phase diagram with isospin chemical potential. At finite
isospin chemical potential, charged pions can condensate and the effective potential
becomes a function of two variables, the chiral condensate and charged pion condensation.
We have numerically solved the renormalization group evolution of the effective potential
of two variables on the two dimensional grid. We find that it is necessary to solve the
FRG equation of the pion 2-point function simultaneously. When the pion mass is given
by the pole of the 2-point function instead of the curvature of the effective potential,
we find that pions start to condense at isospin chemical potential corresponding to the
pion mass in vacuum and we can solve the so—called Silver Blaze problem. We also discuss
the QCD phase diagram in three dimensions, temperature, chemical potential and isospin
chemical potential. The pion condensation phase boundary is found to bend in the higher
isospin chemical potential direction when quarks appear. By comparing the phase structure
with the mean field approximation and full FRG calculation, we have clarified the effects
of the fluctuation on the phase structure.

Next we study the QCD critical point and the critical region around it. Near the QCD
critical point, the fluctuation of the baryon number density in addition to that of the
chiral condensate diverges. We have taken account of the baryon number density fluctuation
effects by introducing a new field which represents the phonon and couples to the baryon
density in the quark-meson model. We solve the FRG equation of the effective potential
which is a function of two variables, the chiral condensate and baryon number density.
It is found that the mixing of the chiral condensate and baryon number density causes
a kind of level repulsion between the curvature masses, which in turn leads to an expansion
of the critical region around the QCD critical point, depending on the coupling in the
model yet to be determined from microscopic theories or hopefully by experiments.
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